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Abstract: The focus of this study is efficient estimation in a quantile re-
gression model with partially linear coefficients for longitudinal data, where
repeated measurements within each subject are likely to be correlated.
We propose a weighted quantile regression approach for time-invariant and
time-varying coefficient estimation. The proposed approach can employ two
types of weights obtained from an empirical likelihood method to account
for the within-subject correlation: the global weight using all observations
and the local weight using observations in the neighborhood of the time
point of interest. We investigate the influence of choice of weights on asymp-
totic estimation efficiency and find theoretical results that are counter in-
tuitive; it is essential to use the global weight for both time-invariant and
time-varying coefficient estimation. This benefits from the within-subject
correlation and prevents an adverse effect due to the weight discordance.
For statistical inference, a random perturbation approach is utilized and
evaluated through simulation studies. The proposed approach is also illus-
trated through a Multi-Center AIDS Cohort study.
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1. Introduction

Efficient estimation has been attracting significant attention in parametric quan-
tile regression (QR) models for longitudinal data; see [9, 6, 19, 5, 11, 20, 14, 3].
However, this has not been investigated in semiparametric or nonparametric
QR models. In response to this gap in literature, this paper thoroughly inves-
tigates estimation efficiency in the partially linear quantile regression model;
for 7 € (0,1), the 7th conditional quantile of the jth response from subject ¢
measured at time ¢;;, denoted by Y;(¢;;), is formulated as

QrA{Yi(tij)| Xi(tiy), Zi(tis)} = Zi(tiy) T Br(tij) + Xi(ti)" ar (L.1)
fori=1,...,nand j = 1,...,m;, where my,..., m, are the number of mea-
surements taken from n subjects and Z;(ti;) = {Zi1(tij),- .., Zig(ti;)}T and
Xi(tij) = {Xa(tij), ..., Xip(tij)}T are a g-dimensional and p-dimensional co-
variate vector, respectively. We remark that model (1.1) allows us to explore
efficient estimation in various quantile regression frameworks, such as the para-
metric QR model including only X;(¢;;)7 a; and the time-varying coefficient QR
model including only Z;(t;;)T 8- (t:;). To fit the partially linear QR model for
longitudinal data, [21] considers B-spline basis functions, yet it does not achieve
estimation efficiency due to ignoring the within-subject correlation commonly
existing in longitudinal studies.

This paper extends the empirical likelihood based weighted QR approach
[19] to the partial linear QR framework. We develop a weighted marginal QR
and a weighted local linear QR for estimation of time-varying parameters 3, (t)
and time-invariant parameters a., respectively. Two types of weights are con-
sidered from the empirical likelihood: the global weight using correlations of all
observations and the local weight using correlations of observations in the neigh-
borhood of the time point of interest. For comparison purposes, we also consider
the equal weight where the within-subject correlation is completely ignored in
estimation. We have investigated the impact of the choice of weights and have
obtained very interesting results that oppose to one’s intuition in accommodat-
ing the local weight and global weight for efficient estimation of 3, (t) and .,
respectively. According to our theoretical results, the estimator of «., obtained
based on the aforementioned intuition is not always more efficient than that
obtained by completely ignoring the within-subject correlation.

The key finding in our asymptotic analyses is as follows. Asymptotic estima-
tion efficiency of o, can be gained when the global weight is used in the weighted
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marginal QR for estimation of c.. On the other hand, estimation efficiency of
B-(t) is not asymptotically affected by the choice of the weights in the sense
that the limiting variances of the estimator of 3, (t) are identical with the three
weights considered. One may conclude from the foregoing result that the choice
of weights in estimation of 8, (¢) is not crucial. However, it has a significant effect
on the asymptotic estimation efficiency of ., since a loss of estimation efficiency
of a; has been found from the discordance between the weights used for esti-
mation of 3, (t) and a,. In summary, the global weight should be used in both
estimation of 5, (¢) and «, to achieve estimation efficiency of «,; the amount of
estimation efficiency for a.; gained from the proposed approach corresponds to
that obtained in [19] under the parametric QR model.

For statistical inference on 3, (t) and «., we implement the random perturba-
tion approach [8]. This does not require estimation of the complicated limiting
variance of the estimators. Through extensive simulation studies, the proposed
inference approach accomplishes good empirical coverage probabilities very close
to the nominal level in all cases under consideration. In addition, the simulation
results confirm that estimation efficiency of a; can be achieved when the global
weight is used for both estimation of 5, (t) and .

This article is organized as follows. In Section 2, we introduce how to obtain
empirical likelihood weights and propose the weighted QR approach in the par-
tially linear QR model. In Section 3, we investigate asymptotic properties of the
estimators of 8,.(t) and «, under various combinations of weights and propose
the best strategy that leads to estimation efficiency of o, asymptotically. Sec-
tion 4 presents a two-step procedure to implement the proposed approach and
a cross-validation approach to choose the optimal bandwidth. In Section 5, we
assess the finite sample performance of the proposed approach through simula-
tion studies and apply this to the analysis of real-life data. Regularity conditions
and proofs of theoretical results are provided in the Appendix.

2. Estimation procedures with auxiliary information

For the ease of presentation, we denote Y;; = Yi(t;;), Zi; = Z;(t;j), and X;; =
X;(t;;) in (1.1) and write U;; = (ti5, Zij, Xi;). If repeated measures within a
subject are assumed independent, estimators of 5.(¢) and «, in (1.1) can be
obtained as

{B-(1), B3(6)} fargmmzzlpf ~ZG{B+B" (ty—t) I K{(ti;—t)/h}, (2.1)
and n m;
_argmmZZpT Y# XT ), (2.2)
=1 j=1

where p;(u) = u{r — 1(u < 0)} is called the check function with an indicator
function 1(-), Y =Y — XL @, and Y =Y — ZZJﬂT( i) are partial quantile
residuals, and K (1) is a kernel functlon with a bandwidth h. However, this
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procedure ignores the within-subject correlation and therefore can cause a loss
of estimation efficiency.

In order to account for the within-subject correlation, [19] proposed a weight-
ed QR with subject-specific weights obtained from the empirical likelihood
in the parametric mean regression model. Since these weights contain auxil-
iary information with regards to the within-subject correlation, estimation effi-
ciency of regression quantiles is improved. Here, we adopt auxiliary information
from the partial linear mean regression model. This is the counterpart of (1.1),
Yi; = Zi:gé( i)+ XE 7+ €ij, where 7 is a p-dimensional vector of time-invariant
parameters, 4(-) is a q—dlmensmnal vector of time-varying functions, and the er-
ror ¢;; satisfies the conditional variance o*(U;;) = E(€7;|Ui;) and the conditional
mean E(Eij|Uij) =0.

For efficient estimation of v and §(¢;;), [13] developed kernel estimating
equations and profile estimating equations involving a working correlation ma-
trix of the repeated measures, denoted by R;. Following the matrix expan-
sion idea of quadratic inference functions [17], i.e., R; ' = 3";_, byBi, where
Bj1,...,B;s are known basis matrices and bq,...,bs are unknown coefficients,
we extend the ith component in kernel estimating equations as g;{0(t|y)} =

(g {7}, - gis{ot) )T =
ZK(0)Y2v, 2By v 2Ki<t)1/2{Y; — ZT5(t]y)}

(2.3)
ZiK(0)Y2V, T P BV, V2 Ki(t)2{Y) — ZT5(t|y)}
and the ith one in profile estimating equations as
(X, + 27 % )V—WB VR - Xy hir(7)
hi(y) = = : , (2.4)
(X, + 27 gy QBisV;” 2 - XT) his (7)

where Y;-/ = }/z —X;T’y, }/i// = }/z — Z,L-T(Si, )/Z = (Yila”-yY;’mi)Ta ZZ = (Zz s
s Zimy)y Xi = (Xiny oo, Ximy), 00 = {6(taly), -, 6(tim, 1)}, Ki(t) =
diag[K{(tin — t)/ha}, ... K{(tim, — t)/ha}], and V; = diag{c®(Un),...,
0%(Uim,)}- In what follows, we omit conditioning v in §(t|y), denoted by (),
if no confusion arises. See Remark 2.1 below for discussion about the choice of
basis matrices.

To secure auxiliary information with regards to the within-subject correla-

tion, two types of subject—speciﬁc weights can be provided as L{4(t)} =

max {H w;{6(¢)

A{5(1)}g:{0(t)} = 0, sz{(s )} =1,0 < wi{d(t )}}

and

7) = max {me
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Since L{d(t)} and L(v) consider observations in the neighborhood of the time
point of interest and all observations, respectively, their corresponding weights,
w;{d(t)} and w;(7y), are called the local weight and global weight. Following [16],
the optimal local weight is given w;{d(t)} = n~'[1 + gi{S(t)}T)\g(t)]’l, where
5(t) = argmax(y L{d(t)} and Az, satisfies n™! 3700, gi{d()}1 + gi{d(t)}7T x
)\S(t)]*l = 0. Similarly, the optimal global weight is w;(¥) = n={1+h; ()T A5} 71
with 4 = argmax_, L(v) and Ay holding n™' Y77 | hy(9){1 4+ hs(9)" A5}~ = 0.

To incorporate the auxiliary information for estimation of regression quantiles
in the partial linear QR model (1.1), we propose weighted quantile regressions
for estimation of §,(t) and a,. With a given ar, the weighted local linear QR
is formulated to estimate G (¢) as {BT (t|ar), :(t|a7)} =

argmanw ZpT — ZT( + B (b — DK (%) XS

B8.8* i1

where V> = Y;; — X%aT and w]' are weights used for time-varying coefficient
estimation. Here, the superscript n in w]' stands for nonparametric estimation.
Given S, (t|a,) from (2.7), an estimator of o, is obtained by minimizing the
weighted marginal QR as

n m;
;= argminwaZpT (Yj Xla ) , (2.8)
=1 j=1
where Y# Yi; BT( ij), w are Welghts used for time-invariant coefficient

cstlmatlon and tho suporscrlpt p in w? stands for parametric estimation.

The performance of our estimation method relies on the choice of two weights,
wl and w?, that playb an important role to achieve estimation efficiency. With
the local welght w;{6(t)} and global weight w;(¥), four combinations for (wi, w?)

can be considered as (w;(7),w;(9)), (wi{6(t)},wi {6(8)}), (wi(5),wi{d(t)}), and
(wl{é( )}, wi(%)). Intuitively, the last one would be a natural choice because
they are obtained from the empirical likelihood for their counterpart in the mean
regression model. We note that w' = w? = 1/n is the case, where the within-
subject correlation is completely ignored, corresponding to (2.1) and (2.2).

Remark 2.1. Basis matrices B;1, ..., B;s are determined by the type of working
correlation structure. For example, if R; is assumed a first-order autoregressive
model denoted by AR(1), then R;l is decomposed as R;l = b01B;1 + baBis +
b3 B;3, where B;; is the identity matrix, B;s is a symmetric matrix with 1 on the
sub-diagonal entries and 0 elsewhere, and B;3 is a symmetric matrix with 1 in
elements (1,1) and (m;, m;) and 0 elsewhere. If R; corresponds to a compound
symmetry structure, two basis matrices B;; and B, are required, where B;; is
an identity matrix and B;s is a symmetric matrix with 0 on the diagonal and 1
elsewhere. See [17] for more details.
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3. Theoretical studies

In this section, we investigate the impact of auxiliary information on asymptotic
properties of 8, (t|&,) and &, based on three weights: global weight w;(¥), local
weight w;{0(t)}, and equal weight across subjects w§ = 1/n.

3.1. Asymptotic properties of B, (t|er)

We assume that U;(t) = {¢, Z;(t), X;(¢)} are independent realizations of the pro-
cess U(t) = {t, Z(t),X(t)} and t;; are independent and identically distributed
with a probability density function pp(-). Let &, (1) = Yi; — Q- (Y31 X5, Zij)
and denote fe (-|U;;) and Fe_(-|U;;) by the conditional density and distribu-
tion functions of &;;(7) given U,j, respectively. For simplicity of theoretical
derivation, we let m; = m for all subjects, yet the theorems derived in this
paper can be proved with different m; < oo in a straightforward manner. Ac-
cordingly, we let N = nm, simplify Ri_1 as R;l =R =3, _, byBy, where
By = Byy = -+ = By, and denote the (4,7)th component of the ¢th basis
matrix By by bfj. We define Q(t) = {TT()Z1()T()} L, Z(t) = B1 @ Z,(1),
I'(t) = B2 ® ¥,(t), where By is a ¢ by ¢ symmetric matrix with Z;”:l bﬁjbf; in
the element (¢, ¢'), Ba is a g-dimensional vector with Z;nzl bf ; in the £th element,
Yo (t) = E[Z(t)Z(t)T Jo?{U(t)}], and ® is the Kronecker product. We further
define M = 2(t)"HI — T(t)Q(t)TT (#)=1(¢)} with the identity matrix I, and
L =" (y){I-T(7)E(10)Y" (70)® " (1)} with ¥(y0) = E{h(y0)h(7)"},
Y (v0) = E{0h(70)/07}, and E(vo) = { X7 (70)® " (7)Y (70)} ", where 7o is
the true value of .

Theorem 1. Let Y5z (t) = E[Z()Z(t)" fe {0|U()}], px = [z v K (u)du, and
ox = [ K*(w)du. If &; is \/n consistent, under conditions (A1)-(A5) and
(B1)-(B3) in the Appendiz, for 7 € (0,1) and any interior point t in the support
of pr(+), we have

VNR{ B (tlas) - B, (1) - Br B (;)“’“ n2h 4 N(O, pf@) zfg(t)S(t)zf;(t)) .(3.1)

1. If the equal weight w§ is used in (2.7) for estimation of B-(t), i.e., wl =
wg, we have

S(t)=71(1—-7)Ez(t), (3.2)
where Yz (t) = E{Z(t)Z(t)T}.

2. If the local weight wi{6(t)} is used in (2.7) for estimation of B,(t), i.e.,
w = w;{(t)}, we have

S() = {r(1 = 1)S2() - A-(O"MA ()} = 7(1 - 7)S7(8),  (33)
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since A.(t)TMA,(t) = 0 always holds, regardless of the working cor-
relation structure, where A.(t) = Ba ® A, (t) and A, (t) = E[E{(T —
Le<o)elU (D} 20 2(1)" [ {U (1)},

3. If the global weight w;(¥) is used in (2.7) for estimation of B.(t), i.e.,
wl = w; (%), we have

mhpr(t)
Pk

where G()T = {G1 ()T, ..., Gs()T}T with GT (t) = E[Z(t) E{(T — 1¢<0)
hie(70)T1U (1)}

Theorem 1 states that the asymptotic theory of /3, (t|&;) does not depend on
G, if &, is 4/n consistent. Thus, in what follows we omit conditioning «., in
B (t|err). More importantly, the variances of 3,(t) under three different weights
are asymptotically equal. The results also suggest that the auxiliary informa-
tion through the empirical likelihood does not improve asymptotic estimation
efficiency in the time-varying coefficient QR model, which is a simple case of
model (1.1). The phenomenon that the additional term A, (t)TMA,(t) in (3.3)
is zero can be explained as follows: as bandwidth A — 0, at most one mea-
surement per subject is ultimately used in the estimation of 8.(t) and hence,
the working correlation structure does not make an impact on the asymptotic
result. The use of the global weight also fails to yield an asymptotically more
efficient estimator of 3, (¢) than the one assuming the independent correlation
structure. This is because the convergence rate of the additional term generated
by the global weight in (3.4) is faster than that of the variance of /3, (t).

St)=7(1—-71)%z(t) — GH)TLG(t) = 7(1 —7)22(t), (3.4)

3.2. Asymptotic properties of .-

According to the asymptotic result as in Theorem 1, the choice of weights among
the three considered weights seems to be trivial for estimation of 8, (). However,
in the semiparametric regression, the asymptotic results of the time-invariant
coefficient estimator is often influenced by those of the time-varying coefficient
estimator. For example, the invariant coefficient estimator is often biased in
the semiparametric regression unless undersmoothing is used [13, 1]. Therefore,
the choice of weights for estimation of §;(¢) may play an important role in the
asymptotic properties of &,. As shown in [19], the natural choice of weights w?
in (2.8) for estimation of « is the global weight w;(¥). Thus, we first investigate
asymptotic properties of &, with w? = w;(%) and discuss the impact of using
other weights for estimation of «. later.

To appreciate how the choice of weights w! in (2.7) for estimation of 5, (t)
influences estimation efficiency of «., its estimator is denoted by é&.(w}) in
this section. We define U = E(X;C;X]), where C; = (Ci,jk)§,k:1 is the con-
ditional correlation matrix for C;jr = E(7 — 1¢,<0,7 — 1¢,,<0|Xi), Hij =
D(ti)%5 4 (i) Zij, D(t) = Elfe {0U®}X () Z()T], Spx = Y7oy E{fe. (0|U;))
Xiniq;}v A = (Alv s ,AS), A = Z;nzl E[(X” — Hij)COV{T — 151.].<0,
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hz’g(’)/()”Uij}], B = (Bl,...,Bs), and Bg = ;’LZIE[HUCOV{T — 151:j<0’
hie(70)|Ui5}].
Theorem 2. Assume that conditions (A1)-(A5) and (B1)-(B3) in the Ap-

pendiz hold and the global weight w;(%) is used in (2.8) for estimation of a.,
i.e., wl = w;(%).

1. If the global weight w; (%) is used in (2.7) for estimation of B, (t), an asymp-
totic distribution of & {w;(¥)} at T € (0,1) is

. . Ry, d _ _

Vn [a.r{wi(’y)} —ar—— ba,] = N(0,Z;xVErx), (3.5)
where ba, = 3770, D(tiy) By (tij), and V = 7(1 — 1)U — ALA.

2. If the local weight w{6(t)} or the equal weight w¢ is used as w? in (2.7)
to estimate B, (t), oth & [w;{0(t)}] and & (ws) at T € (0,1) satisfies

7

. m h2u d _ _
\/ﬁ{aT(wi)—aT—kaaT} = N(0,%7x(V +BLB)S x).

Theorem 2 shows that the choice of weights for estimation of 3, (¢) has a sig-
nificant influence on the limiting variance of the estimator of .. An asymptotic
variance of &,{w;(§)} cannot be larger than that of a,[w;{5(¢)}] and d(w?),
due to a nonnegative definite matrix L. In general, L is most likely to be pos-
itive definite, since the number of estimating equations in (2.4) is larger than
the dimensionality of . It is important to note that use of the global weight in
both estimation of 3;(¢) and «, does not only improve estimation efficiency of
ar, but also prevents efficiency loss from the discordance between w}" and w?.

If X(t) and Z(t) are uncorrelated across time t with E{X(¢)}; = 0 or
E{Z(t)}+ = 0 and homogeneous errors ;;, then {D(¢)}; = 0 holds. Conse-
quently, it follows from B = 0 and the bias term b, = 0 that &, (w]") satisfies a
V/n-consistency and its asymptotic variance is identical regardless of the choice
of wf in estimation of 3. (t). However, the foregoing conditions are too strong to
satisfy in practice, since longitudinal data often involve heteroscedasticity and
the covariates from observational studies are more likely to be correlated. To
remove the bias of &, caused from nonparametric estimation, undersmoothing
is typically needed [13, 1].

When the equal weight is used for estimation of §,(t) and «., the limiting
variance of & is 7(1 — 7)%;x Uy, excluding X}y ALAY ¢ from %, VE ¢
in (3.5). This causes a loss of parametric estimation efficiency. In addition, use
of the global weight, only for estimation of ., might lead to a less efficient es-
timator than the one obtained from completely ignoring within-subject depen-
dence (w? = wl = wf), since ALA — BLB is not always nonnegative definite.
Therefore, it is essential to use the global weight for time-invariant coefficient
estimation as well as time-varying coeflicient estimation to obtain the desired
efficient estimator for o .
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3.3. Inference with a perturbation approach

The conventional statistical inference on f,(t) and «, that plugs a consistent
estimate of the limiting variance function into (3.1) and (3.5) can be very chal-
lenging in practice. A random perturbation approach provides a viable alter-
native [8]. We generate independent positive random variables {v;}!" ; from a
distribution having both mean and variance 1, such as an exponential distribu-
tion with mean 1. Then we obtain BT,v(t) and &, by minimizing two weighted
objective functions iteratively,

n

Yo viwi(3) Y pelYi; — ZHLB() + B (b — YK {(ti; — t)/R},
j=1

i=1
and

> viwi(3) Y oY - Xjal.
i=1 j=1

Theorem 3. Assume that conditions (A1)-(A5) and (B1)-(B3) hold. Given
the data {Y;;,Us;}, Bro(t) and &, satisfy that for T € (0,1),

; By (D), 5 (1= 7)pp ¢ -
VNI Bra(0) = 5r(0) = 55002 | 4 N (0, S (022 (0840,

and

N hQNk d -1 -1
\/ﬁ{aﬂv —ar - — ba,} = N(0,XxVErx).
Theorem 3 ensures that the asymptotic distributions of BAT’E(t) and &, are
same as those of 3(t) and @&, as shown in Theorem 2. This confirms that the
empirical distributions of B (t) and &, can be approximated by those of repeated
evaluations of Bm,(t) and & ,. Specifically, for statistical inference about 5(t)
and «., the covariance matrix of B(t) and &, can be evaluated by the sample
covariance matrix constructed from a large collection of Bm,(t) and G .

4. Implementation

After presenting a procedure that finds the local weight w;{5(¢)} and the global
weight w;(§), we implement estimation of 3,(t) and «,. In the first step, we
obtain two weights, w;{5(¢)} and w;(¥), via the following iterative estimating
procedure:

(1-1) Set the time-invariant parameter v varies over time and fit a time-varying
coefficient model, Y; = Xv(ti;) + Z6(ti;) + €ij, using the local linear
least squares to obtain an initial value of §(¢).

(1-2) Substitute §(¢) into (2.4), estimate v by maximizing (2.6), and compute

w; ().
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(1-3) Replace 7 in (2.3) with 4 and obtain 0(¢) and w;{5(¢)} that maximizes
(2.5).
(1-4) Iterate steps (1-2) and (1-3) until the convergence criterion is reached.

In the second step, we replace w! in (2.7) and w? in (2.8) with w;(¥) and
estimate G, (t) and «, as follows:

(2-1) Set an initial value of 3, (t) through the time-varying coefficient QR model,
Q- (Yi;|Xij, Zij) = X%aT(tij) + ZgﬂT(tij), using the weighted local linear
QR in (2.7).

(2-2) Update (,(t) in (2.8) and obtain &, that minimizes (2.8).

(2-3) Given &, from step (2-2), estimate 3, (t) by minimizing (2.7).

(2-4) Tterate steps (2-2) and (2-3) until the convergence criterion is met.

When we estimate d(¢) and v in the first step, both ¢;{6(¢)} and h;(y) con-
tain the diagonal variance matrix V;, which can be readily estimated using the
method of moments [12]. Moreover, we need to construct a consistent estimator
of 88(t|y)/dv in hy(7). Following [16], we have

3(t) = 3(0) = s AOTOR0 ™ Y 0udb(0)} +0,(1).
i=1

Then, we can easily show that

agéfylv) L%, (1) EZ(0)X (0 /o> (UM}

Since X, (t) and E[Z(t)X (t)T /o2{U(t)}] can be estimated by

Nh2 UZZZZ ZTK{ z] )/h2}/62(Uij)

i=1 j=1
and
(Nho) 23S 2y XK {1y — 1)/} /(U
i=1 j=1

respectively, an estimator of 85 (t|y)/8 is

L N ZuX Rt — 1) /he}
Z?:l E;n 1 Z; ZTK{( iy t)/hZ} .

Estimation of 8, (¢) and «, relies on the choice of bandwidths. We adopt a
leave-one-subject-out cross-validation approach [18, 23]. Given fixed bandwidths
hi in (2.3) and hg in (4.1), we fit a model to all observations except the ith
subject and obtain 6~%() and 4~ via the above first step. The cross validation
is defined as

(4.1)

n m

Vi, ho) = ZZ{ Xy - Z%S*i(tij)}Q,

=1 j=1
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We choose optimal bandwidths 4y and hg that minimize CV(hy, hs). To choose

a bandwidth h in (2.7), we first evaluate the bandwidth h;s through the local
linear least squares as

n m . - . 2
hys = arg}rlninzz {Yij - XA - Zij;fsﬂ(tij)} )

i=1 j=1

7 . n ~A—1 m 2
where 57" = argmin > wi(77) 205, (Y,fj—Xij’Y) ) Ykpj = Yy —
Z0 7 (trg),

{67(1), 6" (1)} =
. n . m . T . 2 tkj —t
argmanwi('y )Z (Y = Zp {6+ 0" (te; — 1)} K ( > )

N hie
06° i = Is

and Yk’; =Y, —X ,Z;fy*i. Similar to the proposed iterative estimation procedure

above, 0~i(t) and 5% can be estimated. Following [25], the bandwidth A is
computed as h = hy,[7(1 — 7)/$*{®1(7)}]'/°, where ¢ and & are standard
normal density and distribution functions, respectively. To eliminate the bias

terms in Theorem 1-3, at least theoretically, 3,(¢) should be undersmoothed,
and thus the bandwidth is adjusted as hn=2/1% [13].

5. Numerical studies
5.1. Simulation studies

We investigate the finite sample performance of the proposed approach (w! =
w] = w;(¥)) and its inference at 7 = 0.5, comparing it to procedures with other
combinations of w! and w!" with 500 simulation runs and a sample size of 100.
We design the ith subject’s measurement times as ¢;; = 0.5(j — 1) + U(0,0.5)
for 5 =1,...,5. This leads to five unequally spaced time points between 0 and
2.5. Each data set is generated from the partial linear model

Yij = Bo(tsj) + Bi(tij) Z1,45 + a1 X145 + o Xoi5 + €5,

where three covariates, Z ;;, X1, and Xo,;, are generated from a U(0,1)
with Cor(Zl,ijaXl,ij) = COI‘(Zl,ij,X27Z‘j) = Cor(Xl,ijaXQ,ij) = pP1 bCiIlg either 0
or 0.5, a3 = ag = 1, and two time-varying coefficient curves were followed as
Bo(t) = (t—2)?/3 and B4 (t) = —cos(tm/2). Here, we consider three distributions
for the random errors, €; = (€1,...,¢€5):

Case 1 (Homogeneous errors) : €¢; ~ N(0,%), where ¥ is an AR(1) correlation
structure with a correlation coeflicient pgy of either 0.3 or 0.7.

Case 2 (Covariates dependent heteroscedastic errors): ¢; = (0.7 + 0.2Z7; +
0.3X7;)Ci, where ¢; ~ N(0,%) and X is defined in Case 1.
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Case 3 (Time dependent heteroscedastic errors): ¢; = (0.8 + 0.1¢;)(;, where (;
is specified in Case 2.

We first obtain a global weight and a local weight using the empirical like-
lihood under the AR(1) working correlation structure. Next, we use the global
weight in (2.8) for estimation of a1,05 and a5 at 7 = 0.5 and investigate
how the choice of weights in (2.7) for estimation of Sy ,0.5(¢) and £1,0.5(¢) influ-
ences the time-invariant estimation based on three different weights of w}': the
global weight, the local weight, and the equal weight. For comparison, the con-
ventional quantile regression using the equal weight in both time-invariant and
time-varying coefficient estimation is also investigated. The standard Gaussian
kernel is used and the bandwidths are selected as shown in Section 4. To evaluate
estimation efficiency of the proposed approach, we compute the mean squared er-
ror for time-invariant coefficients, MSE(&) = 25:1 220:01 (dg?g_5—ai)2/1000, and
the mean integrated squared error for time-varying coefficients, MISE{B(t)} =
2?21 2?0201 21166:1{31%)5(%) — Bi(tr)}2/16000, where 5‘570).5 and 52(30)5@) are es-
timates of ;0.5 and B;,0.5(¢) from the jth simulated data set and ¢1,. .., 16 are
evenly space time points on [0.5,2.0].

TABLE 1
Empirical relative efficiency (relative to the proposed estimator with (w;(%),w;(¥))) for
Case 1-3.
p1 =0 p1 =0.5
Case  po wl w? B(t) a B(t) a

I 07 w{d(t)} wi(3) 104 113 0.98 1.21
we wi(§) 101 113 1.00  1.05

we we  1.02 155 0.99  1.40

03 wi{d®)} wi(§) 1.02 1.10 1.07  1.07

we wi(3) 1.01  1.10 0.99 1.02

we we 098 1.09 099 1.08

2 07 wi{d®)} wi(§) 1.04 121 0.99 1.18
we wi(3) 1.01 1.19 0.99 1.08

we we  1.03 145 098 1.52

03 wi{d®)} wi(3) 102 1.03 0.98 1.09

we wi(§) 101 1.06 1.00  1.05

wg we 100 113 100 1.12

3 0.7 wi{é®)} wi(§) 107 1.35 1.02 120
we wi(3) 098 1.08 1.00  1.03

w? we 099 141 100 1.39

03 wi{d(t)} wi(§) 1.03 1.00 107 1.01

wf w; (%) 0.98 1.02 0.98 1.00

w? w¢ 0.97 1.08 0.99 1.06

2

Table 1 reports a relative efficiency of the proposed estimator using (wZ", w? ) =
(w;i(4),w;i(§)) to the one using either (wz{g(t)}7 w;(§)), (wf,wi(¥)), or (w§,ws),
defined by the ratio of the mean squared errors and the mean integrated squared
errors. The larger the value of the relative efficiency, the more efficient the pro-
posed estimator. When the correlation coefficient pg is 0.7, the approaches uti-

lizing the global weight for time-invariant coefficient estimation outperform the
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one ignoring the within-subject correlation in terms of smaller values of the
mean squared errors. On the other hand, the relative efficiencies are closer to
one as the within-subject correlation becomes weaker. This suggests that ac-
commodating an informative correlation can improve the parametric estimation
efficiency when the within-subject correlation is presented. When the results of
the approaches using the global weight for time-invariant coefficient estimation
are compared, the proposed approach using the global weight for time-varying
coefficient estimation yields a more efficient estimator than the others, using
either the local weight or the equal weight in all cases. This confirms that the
additional parametric estimation efficiency gain can be achieved when the global
weight is used for both time-invariant and time-varying coefficient estimation.
On the other hand, the relative efficiencies of the estimated time-varying coef-
ficients are all close to one, as expected from the asymptotic results of Bf(t) in
Section 3.

We further investigate the statistical inference based on the proposed random
perturbation approach using the global weight on both estimations. We evalu-
ate the empirical standard error with 200 repetitions based on an exponential
distribution with mean 1 and compute coverage probabilities of pointwise con-
fidence intervals at the nominal 95% level. Since the coverage probabilities of
varying coefficients are measured at sixteen time points, we average them out
and provide those in Table 2. The results support that the proposed approach is
effective on the statistical inference in that the coverage probabilities are close
to the nominal level in all cases under consideration.

TABLE 2
Empirical coverage probabilities of 95% confidence intervals for the proposed estimator.
p1 =0 p1 =0.5

Case po  P1(t) B2)) a1 oo Bi(t)  Ba2(t) a1 oz

1 0.7 95.2 95.6 97.2 97.6 95.0 95.2 98.0 97.6

0.3 94.2 95.0 94.4  95.0 94.2 95.4 95.6  96.0

2 0.7  96.0 95.6 96.6 97.0 94.4 95.4 97.8 97.2

0.3 94.4 94.6 94.0 954 94.2 95.2 95.0 95.0

3 0.7 944 94.8 96.8 97.0 94.4 94.8 96.4 97.0

0.3 93.6 94.6 942 96.8 94.8 95.0 95.0 95.4

5.2. Application to real data

In this section, we apply the proposed approach to longitudinal data from the
Multi-Center AIDS Cohort study and evaluate the effects of pre-HIV infection
CD4 cell count, smoking, and age at HIV infection on CD4 cell count. In general,
CD4 cell count is considered a biomarker indicating the health status of HIV
infected patients. The objective of this study is to explore the dynamic change of
covariate effects on CD4 cell count over time and determine the trend of CD4 cell
count depletion after HIV infection at different quantiles. This dataset consists
of 283 homosexual men who became infected by HIV between 1984 and 1991.
Although each patient was supposed to be repeatedly measured every 6 months,
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many patients missed some of their scheduled visits. Thus, unequal numbers of
repeated measurements, which range from 1 to 14, are followed at different
times. [10] illustrated the study design, methods, and medical implications in
more detail.

[7, 4] confirmed that the baseline effect and the pre-infection CD4 cell count
effect on the mean response may vary over time, yet neither smoking nor
age has a significant impact on the mean response. Therefore, we postulate
the quantile regression model with partially linear time-varying coefficients,
Q-,—{Y(t)} = ﬁoﬂ—(t) + ,8177—(t)Z1 + o1, Xy 4 an - Xo, where QT{Y(t)} is the 7th
conditional quantile of CD4 cell count at year t, Z; is the centered pre-infection
CD4 cell count, X7 is 1 if the subject smoked after infection and 0 otherwise,
and X5 is the individual’s centered age at infection. Here, the covariates Z; and
X5 are computed by subtracting the averages of CD4 cell counts and age at
infection from the subject pre-infection CD4 cell count and age at infection, re-
spectively. This allows us to facilitate the biological interpretations, since 8y - (t)
corresponds to the 7th conditional quantile of CD4 cell count at year ¢ for a
nonsmoker with an average pre-infection CD4 cell count and an average age at
infection.

We assume an AR(1) working correlation structure and assess the covariate
effects on the post-infection CD4 cell count over time at 7 = 0.25, 0.5, and 0.75.
We apply the proposed approach with the global weight to the estimation of
both time-invariant and time-varying coefficients and use the cross validation
approach in Section 4 for bandwidth selection under the standard Gaussian
kernel. For statistical inference, the proposed perturbation approach with 200
repetitions and an exponential distribution with mean 1 is implemented to ob-
tain the empirical distributions of the estimators of «, and 3. (¢).

TABLE 3
Estimates and their standard errors (se) of a1 and as.
T =0.25 7=0.5 T=0.75

A1(se)  1336(1.00) 0217135  -1.250(1.19)
Qg(se)  -0.051(0.08) -0.096(0.99) -0.056(9.08)

Table 3 reports estimates of a; » and o, along with their standard errors
at 7 = 0.25, 0.5, and 0.75. The results confirm that age at infection is nega-
tively associated with the CD4 cell count regardless of quantiles, while the sign
of smoking effect at 7 = 0.75 is different from that of the smoking effect at
7 = 0.25 and 0.5. However, both smoking and age effects are not statistically
significant in all quantiles under consideration. Similar results are reported with
the conditional mean model in [7, 4].

Figure 1 provides the estimated time-varying coefficient curves of the base-
line and the pre-CD4 cell count and their pointwise confidence intervals at the
nominal 95% level. This figure indicates that the baseline CD4 cell count dete-
riorates over time at all quantiles under consideration, yet the decreasing rate
of CD4 cell count at 7 = 0.25 is higher than the one at 7 = 0.75. In addition,
the effect of the pre-infection CD4 cell count is statistically significant with pos-
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itive estimates overall at all quantiles. The pre-infection CD4 effect appears to
be constant over time at 7 = 0.75, while this effect decreases as time goes on
at 7 = 0.25 and 0.5. This finding at the median is comparable with the ones
illustrated by kernel smoothing methods [22, 23], an empirical likelihood [24],
and a profile weighted least square [4] for the conditional mean regression.

First quartile Median Third quartile

Baseline CD4
Baseline CD4
Baseline CD4

o H o H o -

10 20 30 40 50

10 20 30 40 50

10 20 30 40 50
1

0O 1 2 3 4 5 6 01 2 3 4 5 6 0 1 2 3 4 5 6
Year Year Year
e g e g e
3 S 3 S 3 S
? o % « % «
a © a © a ©
5 < T < 5 <
S o S « 8 «
o Y4 o 4 o
o | o | o |
° T T T T ° T T T T e T T T T
0O 1 2 3 4 5 6 01 2 3 4 5 6 0 1 2 3 4 5 6
Year Year Year

F1c 1. Estimated varying-coefficient curves (solid) for the baseline and the pre-infection CD/
cell count along with the 95% confidence interval (dotted) at the 25th percentile (the first
column), 50th percentile (the second column), and 75th percentile (the last column).

Appendix: Proofs

Write z,, < y,, if 2, /yn — 1, x,, = O(yy,) if sup,, |x,/yn| < 00, and z,, = o(yn)
if z, /yn, — 0. The bandwidths hy in (2.3) and h in (2.7) are different. However,
since h; = O(h), for the ease of presentation we abuse notation h = h; in the
proof. We also omit 7 from &;;(7). The following conditions are needed for our
asymptotic results.

(A1) fe(-|Uij) is bounded, positive, and twice continuously differentiable on
{v:0 < Fe(v|Us;) < 1}. fe{0|U(¢)} and pp(t) are continuously differentiable in
a neighborhood of t.

(A2) X (t) and Z(t) are bounded. Xz(t) = E{Z(t)Z(t)T} and Z;z(t) =
E[fe. {0|U(t)}Z(t)Z(t)T] are positive definite and differentiable.

(A3) Let m < 0o, nh — 0o and nh® < cc.

(A4) K(-) is symmetric with bounded support and bounded derivative.
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(A5) B-(+) is twice continuously differentiable in a neighborhood of t.
(A1)—(Ab) are the standard regularity conditions in studying nonparametric
quantile regression [2] and the following conditions are considered in the empir-
ical likelihood [16].

(B1) 6(-) is twice continuously differentiable in a neighborhood of t.

(B2) There exists g such that E{h;(70)} = 0, (o) is positive definite, and
Oh;(v)/0 is continuous in a neighborhood of 7o and is of full rank. There exists
d(t) such that E[g;{d(t)}] = 0 and 0g¢;(d)/0J is continuous in a neighborhood
of §(¢t) and is of full rank.

(B3) X,(t) and A, (t) are positive definite and differentiable. G} (¢) is differ-
entiable.

(B2) and (B3) are not required for the quantile regression, yet these are quite
standard for the marginal mean regression [12, 17], and thereby the proposed
method is generally applicable for longitudinal data.

Without loss of generality, the inverse of the correlation matrix is decomposed
as R~ = agI + C, where ag is an unknown coefficient and C is the matrix con-
taining off-diagonal elements in R™1. Accordingly, ¢;{6(¢)} in (2.3) is rewritten
as

(gﬂw)}): ZiK; (Y2 PV PR (0] - ZT6(1)) (5.1)
9:2{0(t)} ZK (Y2 Pev T PR 0 Ry - 285y )T

and use (5.1) to prove Lemma 1 and Theorem 1.

Lemma 1. Under conditions (B1)-(B3), we have
1 n
~h Zgi{5(t)}gi{5(t)}T = prpr(t)C1 ® (1), (5.2)

Nh Z 591{5 —pr(t)C2 ® X, (t), (5.3)

where

1 LS ¢l 1
C, = m m %1_1 27 ) , C, = < m )
! < 1 i 2oy € 2 e €
and ¢;; is the (i, j)th component of C.
Proof of Lemma 1. Write e; = Y/ — ZX§(t) and K,;; = K{(t;; —t)/h}. Recall

)
Ufj = E(e €;;1Uij), where €;; = Y; — ngy - Zgé(tij). Simple linear algebra gives

m m 2 2
s = (9o} _ D jm1 D=1 Zi K} Kilf eijr[(0ij0i5)
gi{é(t)} = 260} ) T m m 1/2 1/2
9i2 D1 2 Zig Ky e Ky ey [(0ij0ig0)

where e;; is the jth element of e;. To prove (5.2) and (5.3), it is sufficient to
show the convergence of block matrices of (Nh)™!>"" | g {6(t)}g:{5(t)}T and
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(NR)=1 3" 89:{6(t)}/06(t) in probability. Here we show the convergence of
the (2,2)th block matrix of (Nh)™' Y"1 | g;{0(t)}g:{6(t)}" and the 2nd block
matrix of (Nh) =1 3" | 9g;{5(t)}/95(t) in probability. The convergence of other
block matrices can be similarly shown.

Since the kernel function K has bounded support, it is sufficient to consider
[ti; —t| = O(h). By the boundedness of Z;; and Taylor’s expansion §(t;;)—d(t) =
(tij — )0’ (t) + o(h) = O(h), we have

E(ZZhe}; [obltiy) = E{Zi ZT/% (e3;1Uij)Iti

= B{Z;Z} /ol E(lei; + Zii{6(ti;) — 60} |Usj)|tis }
E(Zy ZT 2/a”|tu)+0(h)
= E(ZUZ”/O' ti;) = X (tij)- (5.4)

By the fact that m is bounded, E(K”Kw ) = O(h?) for j # 7§/,
E(K; K1/2K1/2) O(h®) for j # j' # j” and E(K.*K}JPK 17K = O(h%)
for j # 3" # 3" # 7", (5.4) and condition (B3), we can obtaln

[9:2{0(t) 912{5(15)}T}

zm: ii E{Zi; 75K 1/2K1/2K1/2K11k/’2
=1j/=1k=1k'=1

n
i 37

1 n
N 2 2
XCjjiCris €ijr€ikt [ (09§01 0ijTikr ) }

- hZZE (Zi; ZEK €3 /o) 2, + o(1)

=1 j=1

1 n m
- WZZE{K@. (ZijZkel; Jollti)}es; + o(1)

= 1] 1
= —ZZE{ B (tij)}ef; + o(1)
=1 j=1
— prpr(t ZCJJ’ (5.5)

and also

th [3922{5 }]

= Z Z > B{Z 25 KK e ) (0101)}

i=1j=1j'=1
1 n m
= ~Nh ZZE(KijZijZi?/U?j)ij +o(1)
=1 j=1

- _pT Z Cjj-
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Similarly, the variance of each component of (Nh)™!>"" | g;{6(t)}g:{0(t)}T
and (Nh)~t 3" 0g:{6(t)}/0é(t) converges to 0. This implies the assertion of
Lemma 1. O

For convenience, we recall important results in [16]:

(C1) By a similar argument in the proof of Theorem 1 in [16] and Lemma 1,

we have
1
Aippy = ———— Mg {6(t)} + 0, {(Nh)~1/2},
5(t) orpr(t) gn{d(t)} p{ (N R) }
where g, {6(t)} = (Nh)™* 31, 9:{6(t)} and M are defined in Section 3.1,
and

Ay = Lhn(v0) + Op(n_l/Q)
where hy,(70) =n "t 31| hi(70) and L are defined in Section 3.1.
A o -1 o
(©2) w0} = n LrgetbE) As ] = 07 1-gulB0 A5 (140, (1)]
“1

and w;(§) = n~! [1 + hi(’y)T)W] =n~1 {1 —hi(A)TA {1+ op(l)}] uni-

formly for i.
(C3) maxi<i<n [9:{0()} A5yl = 0p(1) and maxi<i<n [hi(5)T 5] = 0p(1).

Proof of Theorem 1. When &, is a y/n consistent estimator of o, we have

\/N_h{BT(ﬂdT) - /BT(t)}
= VNMB(tlar) = Br(tlar)} + VNR{B,(tlar) - B, (1)}

- m{%} ViAer — ay) + V(B (tlar) — B ()} + 0p(1)

daT
= m{é‘r(tla‘r) - BT(t)} + Op(l)

since 0, (tla,) /00T = S E[f{0IU)}Z()X ()] + 0,(1) = Op(1) due
to (5.13). As a result, the asymptotic distribution of 5, (¢|a;) is the same as
that of 5-(t|é&,), and thus we assume that «, is known. Let © = vV NA[{8 —
ﬂT(t)}T,h{ﬂ* — 5,’,.(15)}T]T and Jij = {Zg;,hil(tij — t)ZE; T Recall Kij =
K{(tij — t)/h}, Y5 = Yij — XLar and &; = Y5 — Z] B, (ti;). Then we can
write

Vi — Z5{B+ B (ty; — 1)} = dij + &; — JEO/VND, (5.6)

where di; = Z[B7 (ti;)—B-(t)—BL(t)(ti;—t)]. Since {37, B ()T }T minimizes
the criterion function in (2.7), by (5.6) © = VNR[{B-(t) — B-(1)}T, h{Bx(t) —
BL(t)}T]T minimizes the following re-parameterized function of ©:

£©) =3 S {pr(dis + & = TEO/VNR) = pr (dig + &) P K.
i=1

)
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Let 6;; = Jg@/\/ Nh. Applying Knight’s identity p-(u —v) — pr(u) = —v(r —
l,<0) + fov(lugs — 14<0)ds, we can write £(0) = —A,0 + I,,, where

m

1 n
A, = — wy T—14 4¢.. Ki»JiT,
\/N_hz:zl Z( du+$”<0) VRV

I = ZW?ZKMWJ’ Nij :/ (La,,+¢,;<s — La,;+e,;,<0)ds.
i=1 j=1 0

Consider I, first. By (C2) and (C3), we have
nIn =nl nl — nIng = ZZKHUZJ ZOP )ZKmﬂ”
=1 j=1 j=1

Recall |t;; —t| = O(h) due to the bounded support of K. Then, by the bound-
edness of Z;j, |0;;] < ¢1/V/Nh and |d;;| < ¢1h? for some constant ¢;. Applying
the inequality |f(;9(1u§S — lu<o)ds| < [0]1}y)<|0), we have

C1 1
|77ij‘ < ‘aij|1*|0ij‘ggij+dijglaij‘ < mlfcwnﬁfijﬁclﬂna Pn = \/ﬁ + hga

and E(KU%) = O(pn/N). By the Cauchy-Schwarz inequality and condition
(A3), we have var(nl,;) =

Zvar(ZK”n”> < Z {mZE KinZ) } (mzipn/]\f> — 0.(5.7)

i=1
Because d;; = O(h?), the Taylor’s expansion yields
0ij 62,
E(nij|Us;) = /0 {Fg(s — dij|Uij) — Fe( - dz‘j|Uij)}dS = 5 [e(0Uy), (5.8)

uniformly for all (i, 7). Then we have
Z ZE{KW 650 (01U:)} = pr(OTW(H)®, (5.9)

where W(t) = diag{¥¢z(t), puxXz(t)} is a block diagonal matrix. By a similar
argument with (5.7)-(5.9), it is easy to show that

nlny = 0p(1) Z Z ijMij = 0p(1). (5.10)

Therefore, by (5.7)—(5.10), we have the convergence in probability:

n

nl, = E(nl,) + 0,(1) ZZE{K”E(WUW)} +o,(1) % pTT(t)GTW(t)@.

=1 j=1
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By the convexity lemma [15], © has the Bahadur representation:

6= argénin{ 4,0 + pT( )G)TW( DO} +0,(1) =

pr(t)

From the first component of @, we have the asymptotic Bahadur representation:

5T(t|a'r) BT(ﬂaT)

m

Z - n .
- pj; t) Nh Z w; Z(T — ¢, <0+ Gij) Kij Zij + 0p{(Nh) 1/2}7 (5.11)
j=1

W(t)LAL 4+ 0,(1).

where Cij = 157‘,j<0 — 1d7‘,j+§7‘,j<0' Let R, = (Nh)fln Z?:l U/,:L Z;n:l CUKUZZ]
Similar to nl, above, the convergence of R,y = (Nh)™' Y 7" | Z;nzl CiiKiiZi
in probability should be shown, since R,z = (Nh) ™' 370 0,(1) 3200 GiiKij Zi
is negligible by (C3). By the arguments in (5.7)—(5.8) and Taylor’s expansion
dij = (ti; — 1)2Z[57(t)/2 + o(h?),

E(Rn1) = mzz {KUZUE <U|UU)}
pT( i

_ ) 51208, (OR + o(h?), (5.12)

and var(R,;) = o{(Nh)~1/2}. Thus, it follows from (5.11)—(5.12) that
M{war)—ﬁfmar) 5"(2””‘/12}
271
br

3

Toi +op(1 (5.13)

where 0; = Z;nzl Oij with Oij = (T — 1§¢j<0)KijZij-
(i) Suppose that wf = w{ = 1/n is used. Note that for j # j’, E(0i;0};/) =
O(h?). Thus,

ar <\/ﬁ ZQ1> = ﬂ ZZV&I‘{(T — 1§ij<O>KijZij} + m ;O(m h )

i=1 j=1

= 7(1 = 7)pr(t)exXz(t).

The desired result in (3.2) then easily follows from (5.13) and the independence

of 01,...,0n. )
(ii) Suppose that local weight w!* = w;{d(t)} is used. By (C2), we have

\/%h sz{g(t)}gz =

Recall g;(-) in (5.1). Since K has bounded support and §(t) — &(t) =
O,{(Nh)~1/2}, by a similar argument with (5.5), we have

W\

ZZ = g8} N5 {1+ 0p(1)}]
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3
3

E

Nih Z Z ijgiz{g(t)}j}

i=1 j=1

3

m

j=1 =1

1/2,-1/2
X E ZT/K / K /,, Cjr ]//67]///(Uij/0'ij//)
j// 1

{( -1, <0)6UK 7 ZTCJJ/O’”}—FO( )

+o(1)

1
N
1

B|B{(r = 1, <0)eu| Uiy } K2 2,25 0% | i + o(1)

3

Il ME Il MS

DIPIR2
i=1 j=1
>

i=1 j=1

— pT@)@KAT(t)% > e

j=1

and E{(Nh)*l/2 POHIRD D Qijgil{g(t)}T] — pr(t)pxA-(t). By the law of
large numbers,

ﬁ > 0ugi {0 5 prHexA- ()" (5.14)

By (5.14), (C1) and Lemma 1, using steps similar to those in the proof of
Theorem 1 in [19], we have

m

\/— ZZ ngz{(s } )‘

i=1 j=1

_ Var{m—m( )wKAT<t>TA5(t)}{1 +o(1)}
[VNRA, (" Mg, 3¢ D} {1+ (1)}

= var

= A ()ME] thgz{(S )}ai{0(t)} T MAL(H){1 + 0(1)}

= pr(t)prAc(t )TME( t)MA-(t) + o(1)
— pT<t)<pKAT( ) MAT(t) (515)

Similarly, we can obtain

cov(\/_lzngz&ggz{(s 6(t \/—igi‘g”)
= cov (A.r (t)TM)\g(t), zn: i Qz‘j) +o(1)

i=1 j=1

= pr(t)or A ()T MA,(t).
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Thus, we have

VNh

However, it is easy to show that A, (t)TMA,(t) = 0 regardless of the depen-
dence matrix C in (5.1) because C3CTH{I — Co{CIC['Cy}ICIC}Cy =
0. The desired result in (3.3) follows from (5.13) and the independence of

O015-++,0n-
(iii) Suppose that global weight w! = w;(¥) is used. By (C2), we have

var l n sz{S(t)}Qz‘| —>pT(t)90K{T(1 —7)Xz(t) — Ar(t)TMAT(t)}.
i=1

Do [1=hi(3) A {1+ 0p(1)}].

n
1
=1 j=1

>

?

Recall h;e(-) defined in (2.4).
We have

By the law of large numbers, we have

ﬁ YD 0ihi(A)T B prt)GE)". (5.16)

i=1 j=1

By (5.16) and (C1) using steps similar to (5.15),

- var{x/ﬂpT(t)G(t)T)\@}{l+0(1)}
{VNRpr ()G (1) L (0) {1 +0(1)}

= mhp(t)G(t) LG (t

Similarly, we can obtain

1 n m . 1 n m
COV(\/W Z Z 0ihi(9)" A5, TN ZZ Qij) =o(1).

i=1 j=1 i=1 j=1
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Thus, we have

var {\/% sz(&)gl} — T(l — T)pT(t)ngZZ(t).

The desired result in (3.4) follows from (5.13) and the independence of g1, . . ., 0n.
O

Proof of Theorem 2. Let 8 = \/n(a — ;). Then we can write
}/jf o Xga = Y;j - ZgBT(tier) - Xiq;‘a = fij - XE;H/\/E — dij,

where d;; = Zg{Br(tiﬂaT) — B (tijlar)}. Similar to the proof of Theorem 1, we
can find the asymptotic Bahadur representation:

nE_l n m
V(G — a) J; 2 wil1) (7 = Ly aiy<0) Xig + 0p(1)

Jj=1

= B, —C,+o0,(1),

where

I

B, = Zwi(w

(7 — 1, <0) Xy,

NE

(]‘Ez‘j*di_7’<0 - 1§ij <0)Xij'

Cn = Z w; (%)

<.
Il
—

By a similar argument in (5.8) and the result in (5.13), we have C,, =

ny7L » m A
\/%X 2 wi3) 2 JeOU) 2 {BT(tmaT) - BT(tij|Oér)} Xij +o0,(1)
=1 j=1
nE_l - - Z_l(t) n
RS o T fz\ti) N n
L) L A0 oy r
3 h2BY (tij)
XY (7= Le<0) Ky Zivyr + %}XU’ + 0p(1)
j'=1
nE*)l( n m "
= \/fﬁ Z w’? Z(T 51/]’<0){ Nh sz(’y)
i'= j'= =
- fE(O‘U’LJ) t” — ti’j/ Te—1
; pr(tij) ( h ) i%ij >z \tij j

\/ﬁh2ﬂ B n n X m
+TKZP1< " wi('V)Zf&(mUij)XijZij;' Y (tig) ¢ +op(1)
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m

nhZMK _
wa Z — Lg;<0)Hij + %Zf}(bm +op(1).

nE]?X

It follows that /n(d; — o) =

fX{sz Z = 1¢,,<0)(Xij — Hij)
i=1

j=1

i nh? _
St - 3o 1 o }”—bu
Jj=1

(i) Suppose that global weight w} = w; (%) is used. By Theorem 1 in [19],

N hQMk d -1 -1
Vil b, —a; — 5 bo, | = N(O,ZxVYy).

(ii) Suppose that w = w§ = 1/n is used. Then by (C2), n{wl — w;(})} =
hi(%)" A3 +0p(1). Let iy = Zy (7=, <0)Xij and Zpp = 3777 (7~ 1¢, <o) Hij.
We can write

% Z Zl — 1¢,,<0)(Xij — Hyj)
——= Z{w w; (%) Z(T - 1§ij<0)Hij
2{1 ()" A3} (T ~ Ta) th Wiz + op(L)

Since cov{n /2 Zl_lh( VN T, n Y230 ()TN T } =
cov{n™ /230 T, n V2SN hi()T AT} for k= 1,2 and k' = 1,2, we
have COV[n_1/2 Sl = ()N T = Zia),n V2 0 hi(A) TN Tia] = 0.
Using a similar step to (5.15), we have

I &,
var {_\/ﬁ E hi (%) )\;YL-Q} = BLB.
Thus,

2
vn {a - %b%} % N(,S;5(V + BLB)S L),

(iii) Suppose that local weight w? = w;{5(¢)} is used. Then by (C2), n{w? —
wi ()} = hi(H)T Ay — g {0(®)} Aae) + 0p(1). We can write
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3

m

w;(¥) , (17— 1¢;,<0)(Xij — Hij)

Jj=1

—%Zw ()} 3 — e, <o) H
= _Z "N (Za — L)

2 ™A = B0 Aao T+ 0y 1),

=

n

7

%\

Similar to (5.17), cov[pn™ Y231 | Ty, n~Y/? zl L9 {0} NagnyLia) = O(h)
and covn ™23 hi ()T ATk, m S S g0} NayZiz) = O(h) for k =
1,2 and var[n =2 2" | gi{8(t )} NatyZiz] = O(h). Then the rest of the proof is
the same as (ii) above. O

Proof of Theorem 3. The proof of Theorem 3 follows from almost the same ar-
gument as given in [8, 19], and thus it is omitted here but available from the
authors upon request. O
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