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Abstract

We derive asymptotic upper and lower bounds on the large deviation probability that
the level set of the Gaussian free field on Z¢, d > 3, below a level « disconnects the
discrete blow-up of a compact set A from the boundary of the discrete blow-up of
a box that contains A, when the level set of the Gaussian free field above « is in a
strongly percolative regime. These bounds substantially strengthen the results of
[21], where A was a box and the convexity of A played an important role in the proof.
We also derive an asymptotic upper bound on the probability that the average of
the Gaussian free field well inside the discrete blow-up of A is above a certain level
when disconnection occurs. The derivation of the upper bounds uses the solidification
estimates for porous interfaces that were derived in the work [15] of A.-S. Sznitman
and the author to treat a similar disconnection problem for the vacant set of random
interlacements. If certain critical levels for the Gaussian free field coincide, an open
question at the moment, the asymptotic upper and lower bounds that we obtain for the
disconnection probability match in principal order, and conditioning on disconnection
lowers the average of the Gaussian free field well inside the discrete blow-up of A,
which can be understood as entropic repulsion.
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0 Introduction

Level sets of the Gaussian free field on Z¢, d > 3, provide an example of a percolation
model with long-range dependence. Its study goes back at least to the eighties, see [3],
[12], [14], and it has attracted considerable attention recently, see for instance [9], [16],
[18], [21] and [6]. It is well-known that the model undergoes a phase transition at some
critical level h,(d), which is both finite (see [18]) and strictly positive (as established
recently in [6]) in all dimensions d > 3.

Remarkably, some results for the level-set percolation of the Gaussian free field have
been obtained by applying methods from the study of random interlacements, a model
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of random subsets of Z¢ introduced in [20] with similar percolative properties. In the
present work, we obtain large deviation upper and lower bounds on the probability that
the discrete blow-up of a compact set A C R? gets disconnected from the boundary of
the discrete blow-up of a box containing A in its interior, by the level set of a Gaussian
free field below a level «, when the level set above « is in a strongly percolative regime.
Disconnection problems of this type have been studied for the vacant set of random
interlacements in [13] (concerning lower bounds) and more recently in [15] (concerning
upper bounds), improving on an earlier result from [22]. The results of this article
substantially generalize the findings of [21], where large deviation upper and lower
bounds on the disconnection probability described above were derived for the case
where A was itself a box in R?, and the convexity of A played an important role in the
proof.

While the generalization of the lower bound is straightforward, the proof of the upper
bound requires an improved coarse-graining procedure to handle situations in which
A is not convex. Specifically, we make use of the solidification estimates for porous
interfaces of [15], where a uniform lower bound on the capacity of ‘porous deformations’
of arbitrary compact sets with positive capacity is given. It is plausible, but open at the
moment, that the asymptotic upper and lower bounds we obtain actually match. This
would result from showing the equality of h, and two other critical levels h and h.. that
we introduce below. We also consider the event that the average of the Gaussian free
field well inside the discrete blow-up of A is above —(h — a) + A for some A > 0 and
obtain an asymptotic large deviation upper bound on the probability of the intersection
of this event with the disconnection event described above. If the three critical levels
E, h, and h,, match, our bounds underpin a downward shift of this average that can be
understood as entropic repulsion.

We will now describe the model and our results in more detail. Consider Z%, d > 3,
and let P be the law on R’ under which the canonical process ¢ = (Yz)zezd iS a
Gaussian free field, that is

under PP, ¢ is a centered Gaussian field on Z? with ©0.1)
Elp.py] = g(z,y) for all z,y € 27, '

where ¢(-,-) denotes the Green function of the simple random walk, defined below in
(1.1). For o € R, we define the level set (or excursion set) above « as

B2 = {x € Zd; Oy > a}, (0.2)

which is a random subset of Z?. For any d > 3, one defines a critical level h, = h,(d) €
(0,00) as
ha(d) :inf{a € R; P [oﬁoo} :o}, (0.3)

with {:v 22 oo} denoting the event that 2 € Z? belongs to an infinite connected com-

ponent of £2%. To study disconnection problems, one can introduce a second critical
parameter h,, = h..(d)(> hy) via

heo(d) = inf {a € R lim inf P [BL JELN aBQL} - o} : (0.4)

where By is the closed sup-norm ball in Z? with radius L, centered at the origin, 9Bsy,
is the (external) boundary of By, and {B L <£> 0B> L} stands for the event that there

is a nearest-neighbor path in the excursion set £Z® connecting B;, and dB,;. One can
show (see [16], [18]) that h., < oo for all d > 3 and that for o > h,, the connectivity
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function P {x N y} (with hopefully obvious notation) has a stretched exponential decay

inlr—y , which actually, is an exponential
decay when d > 4. The range a > h,, is called the strongly non-percolative regime, and
it is conjectured that in fact h, = h... Recently developed techniques stemming from
the application of the theory of randomized algorithms to percolation models (see [7])
may provide a step towards a proof of this conjecture.

Consider a non-empty compact set A C R contained in the interior of a box of
side-length 2M, M > 0, centered at the origin, which we call Br«(0, M), i.e

A C Bga(0, M). (0.5)

We define the discrete blow-up of A and the boundary of the discrete blow-up of the box
that encloses A as

Ay = (NA)NZY, Sy ={x € Z%|z| = [MN]}, (0.6)

where we denote by | - | the sup-norm and by [-] the integer part of a real number. We
are interested in the large-/N behavior of the disconnection event

DY = {AN 28 SN} , 0.7)

corresponding to the absence of a nearest-neighbor path in E2® starting in Ay and
ending in Sy. Our main motivation is to investigate the large-/N behavior of P[D%] and
of the conditional probability measure P[ - |D%/].

As far as lower bounds on P[D%/] are concerned, we show in Theorem 2.1 that for
a < B,

1 2
ﬁ(h** — a)“cap(4), (0.8)

with cap(-) denoting the Brownian capacity, see e.g. p. 58 of [17]. The proof uses the
change of probability method and is a straightforward generalization of the proof of
Theorem 2.1 of [21]. We mention at this point that a result similar to (0.8) holds for the
vacant set of random interlacements below a certain level, which was derived in [13]
using so-called ‘tilted interlacements’.

Let us now turn to the (more delicate) upper bounds. One introduces another critical
level h such that the region o < h corresponds to a strongly percolative regime for £=¢,
see (5.3) of [21] for its precise definition. It can be shown that h < hy(< h.y), see Remark
5.1 of [21]. Apart from h > —o0, not much is known about &, not even that i > 0. It is
plausible, but presently open that h = h, = h,.. For a < h, as shown in Theorem 3.1,

1
thlnf Ni- 5 log P[DY] >

1 .
lim sup —— log P[DR] < (h — )*cap(A), (0.9)
~N = Nd-

" 2d
where A denotes the interior of A. If h = h. = h.. holds, then (0.8) and (0.9) yield in
the percolative case o < h, asymptotic upper and lower bounds for IP[D%] that match in
principal order, if A is regular in the sense that cap(A4) = cap(A).

As mentioned before, (0.9) is a genuine generalization of Theorem 5.5 of [21] to
non-convex sets A. It also has an analogue in the theory of random interlacements, see
Theorem 4.1 of [15].

In addition to the upper bound (0.9), we show in Theorem 4.3 that for any non-empty
open subset V of AwithV C A and any /3 > 0, one has in the region a < h:

hmsupN log]P{{ Vil Z 0y > —(h—a) -l—A} HD%}
reVN ) (0.10)
1 — 2 cap(A)
< __—_ (= e Sl
S —pq =t BA) T oy
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where Vy = (NV) N Z%, |- | denotes the cardinality of a subset of Z9, and cg(V, M)
is an explicit constant depending only on d, V and M > 0, see (4.22). Importantly,
B > 0 can be chosen small enough such that the right-hand side of (0.10) is strictly
smaller than the the right-hand side of (0.9). If h = h, = hy, and A is regular in the
sense that cap(A) = cap(A), one can infer from this and the disconnection lower bound
(0.8) a behavior reminiscent of entropic repulsion: for any non-empty open V with
V CA, conditionally on disconnection, the average of the Gaussian free field over Vy
experiences with high probability a push down by an amount —(h, — «), in the sense
that:

1
limP | — e < —(hs — —|—A’D’l =1 (0.11)
N V] Z ¥ ( ) N

zeVN

for any A > 0 and « < h,, see Corollary 4.4.

Classically, entropic repulsion results for the discrete Gaussian free field involve
conditioning on the event that ¢ is non-negative over a subset of Z? that can be written
as the discrete blow-up of a set in R?. For instance, if Dy = (ND) N Z% with D a box in
R?, it is known that conditionally on {¢s > 0 for all x € Dy}, the average of the Gaussian
free field over Dy is repelled to a level 1/4¢(0,0)log N for large N, see e.g. Theorem
3.1, (3) of [10]. In contrast to that, it seems that conditioning on disconnection lowers
the average of the Gaussian free field inside Vx by a constant value that depends on «.

Let us now describe the structure of this article. In Section 1, we recall some basic
notation and results concerning random walks, the Gaussian free field, the change of
probability method, and we state the capacity lower bound of [15] that will play a pivotal
role in the proof of our main result, Theorem 3.1, as well as the solidification estimates
of [15]. In Section 2, we state and prove Theorem 2.1, which corresponds to the large
deviation lower bound (0.8). In Section 3, we recall some facts about the percolative
properties of the level sets of the Gaussian free field, mainly from [21], and then proceed
to state and prove Theorem 3.1, which corresponds to (0.9). Finally, in Section 4, we
prove the asymptotic upper bound (0.10), see Theorem 4.3, and show in Corollary 4.4
that under the assumption h = hy = hys, (0.11) holds true for any A > 0.

Finally, our convention on constants is that ¢, ¢, ... denote generic positive constants
that may change from place to place, and depend only on the dimension d. Numbered
constants (cy, cs, ...) refer to the value assigned to them the first time they appear in the
text. We indicate dependence on additional parameters in the notation.

1 Notation and useful results

In this section we introduce further notation and review some results concerning
random walks, potential theory, the discrete Gaussian free field and the notion of relative
entropy. We will also include the solidification estimates and a related lower bound on
the Brownian capacity of porous interfaces from [15]. The latter will play a crucial role
in the derivation of the large deviation upper bound (0.9) in Section 3. Throughout the
entire article, we tacitly assume that d > 3.

We begin by introducing some notation. For a real number s, we write [s] for its
integer part. We consider on R? the Euclidean and ¢>°-norms | - | and | - |-, and denote for
r > 0by B(z,r) = {y € Z%|r — y|o < r} the closed ¢*-ball of radius r in Z<, centered
at x € Z%. For subsets G, H C R%, we denote by d(G, H) their mutual /*-distance,
ie. d(G,H) = inf{|z — y|o;z € G,y € H} and write for simplicity d(z,G) instead of
d({z},G) for x € R%. For K C Z<, we let |K| denote the cardinality of K and we define
the boundary 0K = {y € Z¢\ K;3z € K : |y — z| = 1} and the internal boundary
0K ={r e K;3y e Z\ K : |[vr —y| = 1}. If 2,y € Z¢ fulfill |z — y| = 1, we call them
neighbors and write z ~ y. We call 7 : {0,..., N} — Z? a nearest neighbor path (of length
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N+1>2)ifr(i) ~7(i+1) forall 0 <i < N — 1. For subsets K, K', U C Z%, we write
K& K (resp. K & K')if there is a path 7 with values in U starting in K and ending
in K’ (resp. if there is no such path) and we say that K and K’ are connected in U (resp.
not connected in U).

We will now state some well-known facts about the discrete time simple random walk
on Z<. To this end, let (X,,),>0 be the canonical process on (Z?)Y and P, the canonical
law of a simple random walk on Z¢ started at € Z¢. We denote the corresponding
expectations by F, and define the Green function g(-, ) of the walk,

=Y Pu[X, =y, forz,y € ¢, (1.1)
n>0

which is finite (due to transience), symmetric, and fulfills g(x,y) = g(z — y,0) et glx —y).
It is known that (see e.g. Theorem 5.4, p. 31 of [11])

Cy ‘ d d

Given K C Z¢, we also introduce stopping times (with respect to the canonical filtration
generated by (X,,)n,>0) Hx = inf{n > 0;X,, € K}, Hy = inf{n > 1;X,, € K}, and
Tk = inf{n > 0; X,, ¢ K}, the entrance, hitting and exit times of K.

We will now discuss some aspects of potential theory associated with the simple
random walk. For a finite subset KX C Z¢, we denote by

ex(z) = Py[Hg = ool1k (), for z € Z°, (1.3)
the equilibrium measure of K and its total mass

capyq(K) = Z ex(x), (1.4)

zeK

the capacity of K. We also recall that for finite X C Z¢, one has
P.[Hix < ] = Z g(z, 2" ek (z'), for z € Z, (1.5)
r'eK
see e.g. Theorem T1, p. 300 of [19]. For a box of size L, which we denote by B, = B(0, L),
one knows that (see e.g. (2.16), p. 53 of [11])
cL4™? < capya(By) < /L% for L > 1. (1.6)

An important quantity in potential theory is the Dirichlet form . (-, -), which is defined
for finitely supported functions f : Z¢ — R as

Eza(f. f) = 4d2 v)), (1.7)

T~y

and by polarization this definition can be extended to

E2a(f.9) = 4 Z )(9(x) - 9(y)), (1.8)

T~y

if at least one of the functions f,g : Z% — R has finite support. The capacity and the
Dirichlet form £z (-, ) are related via capya(K) = inf; Ez4(f, f), where f runs over the
set of finitely supported functions with a restriction to K bigger or equal to 1, see e.g.
(2.10), p. 18 of [23].
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We now turn to the Gaussian free field on Z¢, d > 3. Recall the definitions of (¢,),cz4
and P from (0.1). For any finitely supported f : Z¢ — R, one has

i) BIE(f, 0)pz] = f(x), for z € Z¢
it) BIE(f, )] = E(f, f),

see (1.14) of [21]. For U C Z? finite, one furthermore defines the harmonic average hv
of ¢ in U and the local field Y, via

(1.9)

W = Eulpx, )= Y PulX1, = yley, forz e 27, (1.10)
yez4
Y =, — hY, for x € 7. (1.11)

Obviously, ¢, = hY + ¢V and vV = 0 if x € Z? \ U, whereas hY = ¢, in that case. The
‘domain Markov property’ of the Gaussian free field asserts that

(¥) yeza is independent of o(p,;y € U°) (in particular of (hY),czq), (1.12)
and is distributed as a centered Gaussian field with covariance gy (-, -), ’

(where gy (-, -) is the Green function of the random walk killed upon exiting U, see (1.3)
of [21]).

Recall that for h,, from (0.4), one has 0 < h, < hy, < co. Above h,,, the probability
that there is a path in EZ“ connecting 0 to OB}, has a stretched exponential decay in L:

P[0 25 8B1] < c1(a)e 2 @L? for L > 0,a > hys, (1.13)

and in fact ¢c3 = 1 when d > 4 (and c3 < 1 due to a logarithmic correction when d = 3),
see [16]. This property plays a pivotal role in the proof of the lower bound (0.8) in the
next section.

We will also need a classical inequality involving the relative entropy of two probability
measures. For a probability measure @ absolutely continuous with respect to @, the
relative entropy of @ with respect to @) is defined as

H(Q|Q) = E? {log%} fo [dQ log 4 } € [0, 0], (1.14)

where E? and NEQ denote the expectations associated to () and @ respectively. If C' is
an event with Q[C] > 0, one has

~ 1
Q[C]ZQ[C]GXP<—Q[O]< @Q) + )) (1.15)

see e.g. p. 76 of [5].

We conclude this section by recalling a uniform lower bound on the Brownian capacity
of ‘porous interfaces’ surrounding a compact set A C R?, as well as an asymptotic lower
bound on the trapping probability of Brownian motion by such porous interfaces, both
from [15]. Consider a non-empty bounded Borel subset U, of R? with complement
U; = R%\ Up and boundary S = 9Uy = 9U;. Forz € R? and | € Z, let

|Bga(z,27") N U1

) = B @ 2] (10

be the local density function associated to U;, where |- | stands for the Lebesgue measure
on R? and Bga(z,7) = {y € R% |z — y| < r} for the closed ball around » € R? in
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| - |co-norm with radius r > 0. Moreover, for [, > 0 and a non-empty compact subset A of
RY, introduce

U, a = the collection of bounded Borel subsets Uy C R? with
(1.17)

~

1
o(x) < 3 forallz € Aand ! > [..

Furthermore, denote by W, the Wiener measure started at z € R? under which the
canonical process (Z;);>0 on C(R, R?) is a Brownian motion on R¢, starting from » € R
Similarly as for the random walk, one can introduce stopping times (with respect to the
canonical filtration generated by (Z,),>0) Hg = inf{s > 0; Z, € B} for B C R< closed,
the entrance time of Brownian motion into B, and Ty = inf{s > 0; Z; ¢ U}(= Hye.) for
UCRY open, the exit time of Brownian motion from U. Moreover, one defines the
first time when Z moves at | - |-distance r > 0 from its starting point (which is also a
stopping time),

7, = inf{s > 0;|Zs — Zp|oo > r}. (1.18)

With these definitions at hand, we can introduce for a given non-empty bounded Borel
subset Uy C R%, € > 0 and 5 € (0,1) the class of ‘porous interfaces’

SUy,e;m = the class of ¥ C R compact with W, [Hs < 7] > n, forall z € 9Up. (1.19)

Informally, € and 7 correspond to the distance from S = 00Uy, at which the porous
interface ¥ is ‘felt’ and the strength of its presence, respectively. With cap(-) denoting
the Brownian capacity (as in the introduction), one has for any compact subset A of R¢
such that cap(4) > 0 and n € (0,1) the uniform capacity lower bound

>
lim inf  inf mf 0P (1.20)
u—0 e<u2-lx Ug€lUs, 4 S€E Ly, CAP(A)

see (3.15) of Corollary 3.4 in [15]. This result will function as a subsitute for a Wiener-
type criterion if A is not convex with ¥ being constructed from a configuration of
‘blocking boxes’ present when the disconnection event DY, occurs.

Finally, we will need in Section 4 that with the same notation as above, one has the
solidification estimate for porous interfaces:

lim sup sup sup sup W,[Hy = 0] =0, (1.21)
U0 eyt Ug€Uy, 4 BEF g . TEA

see (3.3) of Theorem 3.1 in [15].

2 Disconnection lower bound

In this section we consider levels a < h,, and give an asymptotic lower bound on
the disconnection probability P[D%] for large N (see (0.7) for the definition of D%,). The
proof is a straightforward extension of the one given in Section 2 of [21] in the case
when A was the box [—1, l]N , and uses a technical result from [13], where the analogous
statement in the case of disconnection by random interlacements was given.

Consider a non-empty compact subset A of R? that fulfills (0.5) and recall the notation
from (0.6).

Theorem 2.1. Assume that o < h,., with h.. the critical level from (0.4). Then one has

L (h.. — a)’cap(A). @.1)

o 1 o
thlnf mlogP[DN] > ~%4
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Before we start the proof of this Theorem, we state the auxiliary technical result

alluded to above. Recall the notation concerning Brownian motion above (1.19). For any

€ (0,1), let A" be the closed n-neighborhood of A. Let U be an open Euclidean ball in
R? with radius 7y > 0, centered at the origin, such that one has

A% C Bga(0,M) C U. (2.2)
We define the function i from R to [0, 1] by
h(z) = W.[H 425 < Ty], for z € RY, (2.3)

which fulfills h(z) = 1 for z € A? (h is the equilibrium potential of A%’ relative to U).
For ¥ € (0,6), let ¢” be a smooth non-negative function with supp ¢” contained in the
Euclidean ball in R with radius ¥, centered at the origin, and f qbﬁ(z)dz =1, and write

hY = hx ¢’ (2.4)

for the convolution of 4 and ¢”. Note that hY = 1 on A2°~2Y D A by construction. Finally,
we define the restriction to Z? of the blow-up of h as

hy(z) = h? (%) , forz € Z°. (2.5)
Then Proposition 2.4 of [13] states that

1 1
lim lim lim lim Wé'zd(hN,hN):fcap(A), (2.6)

6—0ry—009—0 N—oo d
with £za(-, ) the Dirichlet form introduced in (1.7).

Proof of Theorem 2.1. Consider for f : Z¢ — R finitely supported the following ‘tilted’
probability measure on RZ":

dP = exp {5Zd(f, ©) — %5Zd(f, f)} dP. (2.7)

By (1.9) and Cameron-Martin’s formula, P is indeed a probability measure and
¢ under P has the same law as (¢, + f(z)),cze under P, (2.8)

(see also (2.3) and (2.4) of [21]). We choose ¢ > 0, and define ]?N as the probability
measure associated to fy = —(h.. — a4+ ¢)hy (in place of f) in (2.7). Using the entropy
inequality (1.15), we find that

P[DY] > Py [DY] exp <_]?’N[1D‘y] (igZd(vafN) + i)) , (2.9)
N

since HPy|P) =Ey [Ez4(fn, @) — égzd(fN7 ~) @9 1&€z4(fn, fn), where we denote by

Exn the expectation with respect to IP . Theorem 2.1 will follow once we show that
1i]rvn]?>N[D%] =1 (2.10)

Following a similar reasoning as in (2.9) and (2.10) of [21], we have that

= (2.8) >a—fN

Pu[D%] A2 PlAy Z%Y Sy] > PlAy "7 ,(429-29) ), (2.11)
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where we used in the last step that fy = —(h.. —a +¢) on (NAX =) N7 = (A20-29)y
However, we can see now that

>haste
T

P[Ax Di(AP 2NN =T

U {x 2hunte ai(Aza—w)N}]

TEAN

(2.12)

< |An|P |:0 >ME 83[0 "(6— 19)]\/]} —0 as N — oo,

where we used (1.13) to bound the probability in the second line as well as the fact that
|An| grows polynomially in N. The claim (2.10) follows directly from a combination of
(2.11) and (2.12). We now take the logarithm of (2.9), divide by N9-2 and take the limit
N — o0 to arrive at

1 1 1
lim inf = N 5 log P[DY] > 2(h** = a+a)2n]rvn Wgzd(hj\,,hj\,). (2.13)

The proof is concluded by taking the limits ¥ — 0, ry — oo and 6 — 0, using (2.6) and
finally taking ¢ — 0. O

Remark 2.2. 1) Let s Ayn 28 oo ¢ be the event that there is no infinite path in E=< start-

ing in An. Clearly, this event contains Df; and we obtain as an immediate consequence
of Theorem 2.1 that

1 1
> —a)? ) .
hIIJIVIIlf Na- 5 log IP {AN > oo] Qd(h** «)“cap(4) (2.14)

2) The reAsult of Theorem 2.1 can be generg\lized as follows: Instead of DY;, consider
the events D% with Ay in (0.7) replaced by Ay = (NA(ey)) N Z¢ and some sequence
en — 0, where A(ey) denotes the closed ey-neighborhood in | - |o-norm of A. In fact,

we can for large N modify (2.11) such that Py [D$] > P[Ay 2hagte/2 Di(Alen)® 2%y,
because fy = —(h.. — a +¢) on (A2°~2Y)y and thus must be < —(h,, — a + £/2) on
(A(en))?°~2? for N large enough. The upper bound (2.12) thus continues to hold and we
obtain

s 1 o 1 2
J— > - — . .
hH]lvlnf Ndsz[DN] 2d<h** a)“cap(A) (2.15)

3 Disconnection upper bound

In this section, we proceed to prove the main result of this article, the asymptotic
upper bound on the disconnection probability (0.9). The general strategy of the proof
we give here is essentially derived from the proof of the analogous statement for dis-
connection by random interlacements in [15]. The notion of ‘good(«, 3, )’-boxes (see
(2.11)-(2.13) of [22]) is replaced by the notion of “¢)-good boxes at levels v, 4’ from [21],
whereas the condition N, (D,) < Bcapy.(D.) (see (2.14) of [22]) roughly corresponds to
the notion of ‘h-good boxes at level a’ from [21].

Whereas the upper bound in Theorem 5.5 of [21] dealt with the case where A was a
box, we are able to treat here the case of a general compact set A and do not require
any assumption of convexity for A. Thus, we consider again a compact subset A of R?
that fulfills (0.5) and recall the notation from (0.6).

The main result of this section is:

Theorem 3.1. Assume that « < h. Then one has

1 1 — .
hm;up Na- 5 log P[Dy] < —ﬁ(h — a)%cap(A). (3.1)
Here, h is the critical value defined in (5.3) of [21].

EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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Before starting the proof of Theorem 3.1, we introduce further notation and recall
some more results on the Gaussian free field from [21].

We consider some positive integers L > 1 and K > 100 and introduce the lattice
L = LZ%. We define for z € L¢

B.=z+[0,L)NZ*C D, = 2+ [-3L,4L)‘ n Z*

(3.2)
CU, =2+ [-KL+1,KL-1)"nz

Let ¢ = ¢, + h,, where h, = hVY> and v, = ¥V, be the decomposition of ¢ into the
harmonic average and the local field in U,, see (1.10) and (1.11). We refer to (5.7), (5.8)
of [21] for the precise definition of a ¥-good box B, at levels v > ¢ (with § < v < h),
which is otherwise called v-bad at levels v > §. Being -good at levels v > § in
essence means that the box B, fulfills two properties: The set B, N {z € Z%;,(x) >~}
contains a connected component of diameter > 1—L0 and for every neighboring box B,
(with 2 € I, |z — 2/| = L), all connected components of B, N {z € Z%;v,(x) > ~} and
B, {x € Z4; 4./ (x) > v} of diameter > L& must be connected in D.N{z € Z%;¢.(z) > §}.
Moreover, we recall (5.9) of [21] for the notion of an h-good box B, at level a > 0 (which
is otherwise called h-bad at level a), which means that infp_ h, > —a.

In the following, we state three facts from [21], that are going to act as analogues to
(4.13), (4.14) and (4.16) of [15] in the proof.

1) The following connectivity statement holds, cf. Lemma 5.3 of [21]:

If B,,,0 <i<nisasequence of neighboring L-boxes, i.e. 2;,0 <7 < n,
form a nearest-neighbor path in I = LZ?, all of which are v-good at levels v, §

" (3.3)
and h-good at level «a, then there is a path in EZ%-en (U Dzi> starting in B,

i=0
and ending in B, .

2) The next statement will provide us with an upper bound on the probability that all
boxes associated to a finite collection C C IL become h-bad. To this end, consider

C a non-empty, finite subset of IL containing points at mutual | - |,,-distance > KL,

(3.4)
where K = 2K + 1, and furthermore
c=JB. (3.5)
z€eC
Corollary 4.4 of [21] gives us that
c \ capu(©)
. . 1 C4 C capy.q(C
lim sup sup | log IP infh, <—-al|+=|a——= <0,
I p Cp & ZDC{DZ } 2 ( K capZd(O)> a(K)
(3.6)

with «(K) > 1 and limg «(K) = 1, and sup, denoting the supremum over all finite
collections C C IL satisfying (3.4).

3) Finally, we need a super-exponential bound on the probability that ‘many boxes’
within a certain range become -bad. Namely, there exists a positive function p depend-
ing on L (as well as on v, and K), with limy, p(L) = 0 such that with the definition

Ld—l
Np=—— for L > 1, (3.7)
log L

EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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we have the bound

1 _
lim —— log IP[there are at least p(L) (NL/L)d ! columns in
L N¢ (3.8)

direction e containing a ¢-bad box at levels v > §] = —c0o,

for every e in the canonical basis of R¢, where (as below (4.16) of [15]), for a vector
e of the canonical basis of R%, one defines a column in [N, N;]¢ as the collection
of L-boxes that intersect [Ny, N7]? and have the same projection on the hyperplane
{x € Z% x - e = 0} of Z*. This result is a slight modification of (5.18) and Proposition 5.4
of [21].

Recall the definition of p,(u) in (4.17) of [15] and choose a positive sequence (yn)n>1
satisfying i)-iv) of (4.18) of the same reference, in particular vy < 1 and vy — 0 as
N — oo. We will now specify L to be a function of N (and call this choice Ly from
now on). Thus we define

_1 ~
Lo=|(x'NlogN) ™" |, Lo =100d [/~ N, (3.9)
as well as the lattices
~ 1 ~
Lo = LyZ*, Lo::100dLOZd(::L/%;N1Zd). (3.10)

With these preparations, we can start the proof of Theorem 3.1. Let us give a short
outline of the coarse-graining procedure that is used in the proof.

For large N, on the event D%, one can extract a certain interface of Ly-boxes, either
1-bad at levels v > § or h-bad at level a, with a + o = §, that ‘blocks’ the way between
Ay and the complement of B(0, (M + 1)N). This is a consequence of the connectivity
statement (3.3). One can then track the presence of this interface of Lg- boxes by using
nearly macroscopic boxes of size Lo > Ly, and select a random subset of ]Lo, where the
blocking boxes have a non-degenerate presence within B(z, LO), T € ILO, cf. (3.16). Upon
discarding an event of super-exponentially decaying probability, we receive an interface
of boxes of size Eo, such that in each box there will be a substantial presence of boxes
B, of size Ly, all i)-good at levels v > ¢ and h-bad at level a (we will only need the fact
that they are all h-bad). The selection of these boxes involves the application of certain
isoperimetric controls of [4]. This gives a partition, with a small combinatorial complexity
of order exp(o(N%~2)) of the event D% \ By, where By has for our purposes negligible
probability, into events Dy ., k € K (see (3.24)). Below we provide an illustration of
the situation when Dy ,. occurs and the scales we are using. With the help of (3.6), we
are able to reduce the derivation of the desired upper bound to finding a uniform lower
bound on capy.(C), C being the union of selected Ly-boxes, which is where the pivotal
Corollary 3.4 of [15] comes into play.

Proof of Theorem 3.1. In what follows, we assume
a+ta=06(<y<h), (3.11)

and eventually we will let § tend to h. Recall the definitions of L, and Eo from (3.9).
Without loss of generality, we assume that A # () and N > Ny(A, M) such that Ay C
B(0,MN)\ Sy. We introduce the random subset
U" = the union of all Ly-boxes B, either contained in B(0, (M + 1)N)* or
connected to an Ly-box in B(0, (M + 1)N)° by a path of Ly-boxes B,,,

(3.12)
0 <i < n, all (except possibly the last one) ¥-good at levels v > §
and h-good at level a > 0.
EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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SN LO. |
= f\ (]
ol |
t—>
2L

Sy

Figure 1: Illustration of the situation when Dy , occurs, with the set of selected boxes of
side-length 2L, surrounding Ay on the left (in blue), and selected Ly-boxes within one
of these boxes (in black).

One defines the local density

_ W'N Bz, Lo)|

= ,  xeZ4 (3.13)
|B(, Lo)|

a(x)

which measures the presence of ! within B(x, fo), and fulfills

&(x) = 1, when B(z, Lo + Lo) C B(0, (M + 1)N)® (3.14)
o(z) =0, when B(x, fo + Lg) C Ay, for large enough N on DY, (3.15)

see (4.30) and (4.31) of [15]. We then introduce the random subset of Eo, where the
blocking boxes have a significant presence:

Sn={veLyd(@) € [1,3]}, (3.16)
as well as the compact subset Ay C R:
Av=U Bae (% 5ha%). (3.17)
CD€§N
A fulfills the‘insulation property’, that is
Sy € B(0, (M +2)N) N Ly, and

on DY, the compact set {z € A;d(z,0A) > Qmﬁil is (3.18)

contained in the union of the bounded components of R\ Ay}

(see (4.34), (4.35) of [15]), the proof of which pertains to our case line by line.
As a next step, we define the ‘bad event’

By = U{there are at least p(Lo)(Np,/Lo)? ! columns of Ly-boxes

€

in the direction e in B(0,10(M + 1)N) that contain (3.19)
a ¢-bad Ly-box at levels v > §}.
EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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Note that By is the event from (4.22) of [15] with ‘bad(c, 8,7)’ replaced by ¢-bad at
levels v > §, and because of (3.8) it holds that

. 1

similar as in Lemma 4.2 of [15]. Thus, By is negligible for our purposes, which allows us
to work with the ‘effective event’ B
DY =Dy \ By. (3.21)

We proceed as in [15] and extract a maximal (measurable random) subset Sy of S, N
with the property that B(z, 250) NB(z', QEO) = ( for any z # z’ in Sy. On the complement
of By, one can for large N choose for every z € S, Sn a projection 7, on the hyperplane of
points with vanishing i,-coordinate (where 1 < i, < d depends on 7, ) and a collection
Cx of Lo-boxes intersecting B(xz, Lo) with 7,-projection at mutual distance > K L; and

d—1
cardinality [( e fo) ] such that B, is ¢-good at levels v > ¢ and h-bad at level a for
all z € @., see (4.39)-(4.41) of [15] for the details of this construction.
As below (4.41) of [15], we thus obtain for large N a random variable

Ky = (§N,§N, (%z,c})mgN) on D% (= DY \ By) (3.22)

(kN is constructed by selecting from S, n in a measurable fashion the set S, v and then
picking (%magz)zESN according to the procedure explained above, and thus is a well-
defined random variable on DY \ By). Moreover, see (4.43) of [15], the set of possible
values of ky, which we call K, has cardinality

K| = exp (o(N?72)). (3.23)
We define the coarse graining of the ‘good part’ ﬁ% of DY:

U D with Dy . = D% N {kny = K}, k € Ky. (3.24)
KEKN

By applying a union bound and using the super-exponential bound (3.20), we get

1
limsup —— - 5 log P[DY] < limsup sup log P[Dn ] (3.25)
N

N KEK N Nd 2

Recall that on the event Dy ,, with k = (§, g, (%mgm)zeg), all B, z € 51;, r € S are h-bad
at level a and at a mutual distance > K L, for large N, which implies that

POy <P | () {1nfh < —a}|, (3.26)
IES zEC

and we can use (3.6) to obtain

1
hm;up = 5 log P DY)

2
3.27
_ 1 1 | capya(C) ( )

< —liminf inf < = ,
N d=2 wekn | 2 capz«(C) a(K)
+
where we defined N
— U C (3.28)
z€§

EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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which is a finite subset of points in Iy with mutual |- |..-distance > K L, and C is defined
as

C:U UBZ :UBZ ) (3.29)
2€8 2€C, zeC

IC| can be bounded above as follows: Since S C & is contained in B(0, (M +2)N)n Lo
(this is due to the insulation property (3.18)) and the collection of Ly-boxes C, intersects
B(x, Ly) with 7,-projection at mutual distance at least > KL, and has cardinality

;= oy d—1
[(%Lg) } we find that for large N
d ~ d—1 d—2 d—2
N Lo (3.9) N N
Gl < = " - (3.30)
o C(Lo> <L0> = Wiogh = VIV iogN

Now, we proceed to associate to C a ‘scaled R?-filling’ ¥,

L= U~(z +1[0,Lo]?) | € RY, (3.31)
zeC

together with S = 9U;, where U, is the unbounded component of R \ Ay (see (3.17))

and one can show that for any A’ C A compact subset and some [/, > 0 (depending on A4,

A", for large N and all k € Ky, W, [Hs < T LU] > ¢(K) for all x € S. This essentially
W

allows us to use the capacity lower bound (1.20) to infer that

lin}vinf inf cap(X) > cap(A’). (3.32)

KEKN

We refer to (4.48)—(4.511) of [15] for the details of this calculation. To conclude the proof,
we use the bound on |C| (3.30), together with the fact that

1 (3.32) 1
lim inf cap(X) > =cap(4’) >0, (3.33)

1
limlim inf —5capzq(C) > d 7117 reK N d

K N KEXN Nd

using Proposition A.1 of [15]. So, for large enough K one has

) |C~| i " /ANNY2/log N
0 <limsup sup —————— < limsup sup
N reky Capza(C) N keKn capz(C) P
limy ¢’ \/yn/log N _ 0 ’
"~ liminfy infexy Cﬁ]}z,dejf) 7
that is limpy sup,cxc N %{ll(c) = 0. From (3.27), we obtain for large K that
I L 10g P[DY] < — liminf —— inf - _ i (©). (3.35)
imsu 0 — lim} in inf = .
\SUP iz 08 FLEN N2 pekin 2 a(K) P2
Taking lim supy and using (3.33) (recall that limx o «(K) = 1), we arrive at
1 1 5 ,
hm;up N 5 log P[DY] < ~5g% cap(4"). (3.36)
Letting a tend to h — a and taking A’ 1 A now concludes the proof. O
EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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Remark 3.2. 1) As already stated in the introduction, if h,, = h and if A is regular in

o

the sense that cap(A) = cap(A), the combination of Theorems 2.1 and 3.1 would give

lim ﬁ log P[D%] = —%(h* — a)%cap(A). (3.37)

2) For each choice of rationals § < v < h and integer K > 100, choose vy as

above (3.9). The proof of Theorem 3.1 could have been done with Ay replaced by EN =

(N A(en))NZ® with some sequence ey — 0 such that ey /(Lo/N) — o (i.e. eN/\/IN — 00)

as N — oo, for all above choices of vy (this can be done by a diagonalization procedure),

where A(ey) denotes the closed ey-neighborhood of A in | - |-norm, see Remark 4.5, 3)
of [15] for details. That way, one can obtain the result

2 $ix] < 5 — a)’cap(A) (3.38)

$\V

. 1 n
hmj\?up N2 log P[An

4 Entropic repulsion by disconnection

In this final section we derive an asymptotic upper bound on the probability of the
event that the level set below « disconnects Ay from Sy and that the average of the
Gaussian free field over the discrete blow-up of a non-empty open subset V' of A with
V C A becomes bigger than —(h — a) + A, for some A > 0. Throughout this section, we
will consider a compact subset A that fulfills (0.5) and assume that Ais non-empty.

Let us first give an outline of the proof of the main result of this section, Theorem 4.3.
Crucially, we will make use of a modified version of Corollary 4.4 of [21], see Lemma 4.2
below. Recall that given a < h, we Ch~oose parameters a, § and v according to (3.11).
By coarse-graining of the ‘good part’ D%, of the disconnection event, one is brought to
consider a k € Ky (see (3.22) and (3.24)) that gives rise to a union C' of boxes, located
at points in C at mutual distance > K Ly, which are all h-bad at level a (see (3.28) and
(3.29)). Corollary 4.4 of [21] (see (3.6)) gives an asymptotic exponential upper bound
on the probability of the event that in a large finite collection of such well-separated
boxes, all are h-bad at some level a > 0. Given A > 0, we show that the event that
this happens and the average of the Gaussian free field over the discrete blow-up of
V is above —a + A for a as in (3.11) is contained in {inf;c» Zf < —a — A} for some
B > 0, where (Zf)fej: is a certain Gaussian process (in fact, a slightly modified version of
(Zs) fer from Section 4 of [21]). By bounding from above the variance of Z;, we obtain a
modification of (3.6) using the Borell-TIS inequality, see (4.7).

Our first step is a proposition that shows that with probability tending to 1 as
N — oo, the simple random walk started at a point well inside Ay must hit the set C of
surrounding boxes for any choice of k € K. The proof uses the solidification estimate
for Brownian motion and a strong coupling result of [8] in the spirit of Komlés, Major
and Tusnady that couples the simple random walk and Brownian motion.

Proposition 4.1. Consider a compact subset A’ C A and its discrete blow-up A, =
(NA"YN Z4. Then one has:

liminf inf inf P.[He < oo] > 1. 4.1)
N—oo KEKN .’EGA'N

Proof. For x € Ky, we introduce the sets

['=J(z+[3Lo/8,5L0/8]"), L= %f(g ), (4.2)

265

> being the scaled Rd-ﬁlling of C from (3.31). We note that Y fulfills the solidification
estimate (1.21), since one can show analogously to X that for large N and all x € Ky,

EJP 23 (2018), paper 105. http://www.imstat.org/ejp/
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W, [Hg < ngo] > ¢(K) for all z € 9U;, where U, is defined as below (3.31). Together
N

with the scaling invariance of Brownian motion, this will allow us to show that W, [Hf <
oo] is close to 1 uniformly in x € Ay and x € Ky, as N — oco. The claim will follow by
bounding this probability from above by the sum of inf,.cx, infyear, Pu [Ho < oo] and
some error that converges to 0 as N — oo, see (4.6) and the argument following it.

Let B(r) denote the closed Euclidean ball in R with radius 10d(M + 2), centered
at z. For a closed set I’ C R? we denote by Ly = sup{0 < t < o0;Z; € F} the time
of last visit of the Brownian motion to F' (with the convention that Lr = 0 if the set
on the right-hand side is empty). Clearly, I' C NB(z) for every z € A’y by the first
part of (3.18), so W, -a.s. Hp < LN§($) on {Hy < oo}. We fix some ¢ > 0 and obtain
by scaling and translation invariance as well as transience of Brownian motion that
W [LNE(x) > N2 =W, [LE(()) > N¢] — 0 and thus:

W, [Hy < oo] < W, [Hp < N*] + Wo[Lg ), > N7, (4.3)

and the second term on the right-hand side converges to 0 as N — oo. Since the coupling
result we apply below allows us to compare the simple random walk at integer times and
Brownian motion at times that are integer multiples of é, we define PAIF as the smallest
integer multiple of é bigger or equal to H and control the |- |.-distance of the Brownian
motion at these two random times. On the event {Hz < N 2+¢1, we apply the strong
Markov property at Hg, to obtain

W Hp < N*™] < Wo[Hp < N°* | Zp_ —Z5 | < I;;]+Wo[ sup [ Zi|oo > H2|, (4.4)
r 0<t<1/d

and note that the 1~ast~ term tends to 0 as N — oc. NBy Theorem 4 of [8], there exists a
probability space (€2, F, P), a simple random walk (X,),>0 on Z% and a Brownian motion
(Zt)1>0 in R4, both started in z, on this probability space such that:

13[ max | Xp — Zgyaloo >L80} — 0, as N — oo. (4.5)
1<k<2d[N2+¢]

We denote by Hfz and H();( the entrance times into I' and C, associated to Z. and X,
respectively. By collecting (4.3)-(4.5), we obtain (with hopefully obvious notation):

- p|uZ 2+e X.— 7 Lo \z  _ 7 Lo
W,[Hz < o0] < P {HF SN ma Xk — Zijaloo < 5122 — Zgzlo < %
+o(1) as N — oo, uniformly in x € Ky, z € An.

(4.6)

For large N, the event under the probability on the right-hand side of (4.6) is contained
in {Héf < o0}, and by scaling invariance of Brownian motion, the left-hand side can be
bounded uniformly from below by inf,.cx, infyea W, [Hs < oo]. The result now follows
by taking in (4.6) the infimum over z € A}, and over x € Ky, letting N — oo and using
the solidification estimate for porous interfaces ) from (1.21) (see also (4.49)-(4.51)
of [15]). O

The next lemma will play a crucial role in the proof of the main result of this section,
Theorem 4.3. It gives a bound on the probability that infp_ h, < —a for all z € c (recall
the definitions of D, and h, from (3.2) and below (3.2)) and that the average of the
Gaussian free field over the discrete blow-up of an open set well inside A stays above
—a+ A, with a from (3.11) and A > 0.
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Lemma 4.2. Consider A > 0, V a non-empty open subset of A withV C A and B> 0.
There exists a function &(-) (dependent on ) with limi &(K) = 1, see (4.23), such that
for large enough K :

1
limsup su log P infh, <—-atnN{— s> —a—+ A
p s {1oe [ (gen < -arn {0y 30 o o]

N KREKN 2eC zeVN
— 2 4.7)
1 Cs C] capzq(C)
- A— =2 — <0.
T3¢ P2 T KN cappu (@) | a0K) + frea(V.AD) | =
+

Proof. Fork € Ky, set F ={f € (Zd)g; f(z) € D, for each z € C} and define

zeC
~ (4.8)
Zy=2,-5( iy X o - 25) =4O N UE) ~ By 3
zeVN 2eC zeVN
where
_ o ec(Bz)
Az) =ec(B,) = capa(C)° (4.9)
Note that Z t is a zero-average Gaussian field and
var(Zs) = (1+ B8)*var(Z;) — 28(1 + 8)Gn + B*Hn, (4.10)

where we defined

2
Gn :E[Zfllel > %], and Hy :EK‘}N > %) } (4.11)

zeVN zeEVN

From the proof of Theorem 4.2 of [21] (see (4.25) of this reference), we have

1 c
Z5) < ( K, L ) , 4.12
Var( f) = Capzd(C) Kd_2 + ’Y( 0) ( )
where
/
(K, Lo) = sup sup g(y’y/) (>1), (4.13)
z,2" €lLg yED.,y' €D, g(x,x )

|z—2"|cc>(2K+1)Lo z€B,,x' €B,/

and limg limsupy v(K, Lp) = 1 (see (4.21), (4.22) of [21]). For later use, we define

/
(K, L) = inf e JWY) gy (4.14)
z,2' €Ly yeD.,y' €D, g(x, xl)
|z2—2"| 0o >(2K+1) Lo zGBZ,m’EBz/
¢ .
a1 (K) = Ta—2 +hmj§up7(K, Ly), (4.15)
az(K) = liminf (K, Lo), (4.16)

and note that limg o1 (K) = limg as(K) = 1. To conclude the proof of the lemma, we
have to investigate the asymptotics of Gy and Hy as N — oo and if K is large (notice
that Gy depends implicitly on K through Zy).
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We begin with Gy. For large jy (since N/Lg — ), every point in Vi has a distance
> (2K + 1)L from every box in C, so we obtain

gn = |V|Zzg$f (2)

z€VN zeC
@9,4.19 (K, Lo) Y(K, L)
S 05 T X sleaeel) 2 IO S Pl < o).
|VN\capZd ) S o [Vivleapz«(C) S
(4.17)

Using Proposition 4.1, we conclude from (4.17) that

liminf inf (capz(C)Gw) > liminf 5 (K, Lo) @19 o (K). (4.18)

KEK N
We now turn to Hy: We have
2
7{N’:]E[<Ha, }: @x) } :|ViP 2: Sﬂxvy)
zeVN z,yeEVN (4.19)

1
=— (P d
N2d(1 TN)< N»g N>AN7

with some ry — 0, where we defined ® = ﬁlv, dy =P () and

(a,gb)ay = Y a(@)g(z,y)b(y), (4.20)

T,YyEAN

for functions a, b : Z% — R supported in Ay. The function ® is Riemann-integrable, and
it follows from Lemma 2.2 of [2] (stated for continuous functions ® in this reference, but
its proof remains valid if ® is Riemann-integrable) that

1 ()2(y)
ng}l’loo Nd+2 <®N79®N = C//AXA Wd dy = W(V) S (0700), (421)

which can be understood as the electrostatic energy of a unit charge uniformly distributed
on V. We thus obtain the following asymptotic upper bound:

. . capza(C) 1
lim sup sup (ca CYHy) < limsup su
s pﬂerN( pz:(C)HN) < SUD SUD s s ) N2

<MW (V) = ¢6(V, M),

Dy, g
(N> 98N) 4 (4.22)

where we used in the last inequality the monotonicty of capacity, C C B(0,10(M + 2)N)
for large N and (1.6). We set

a(K) =a1(K)+28(a1(K) — az(K)) (= 1 as K — oo, see below (4.16)). (4.23)

Collecting the bounds in (4.12), (4.18) and (4.22) we finally arrive at the following upper
bound for the variance of Zy:

limsup sup (capz«(C)var(Zy)) < a1 (K)(1+ 8)° = 28(1 + Baz(K) + Ses(V, M)
N—oo KEKN (424)

< a(K) + B2e(V, M)

for large enough K. We conclude as in the proof of Corollary 4.4 of [21]: To this end,
define

7 = inf Z, (4.25)
fer
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and note that ]E[?] = Elinf ;¢ 5 Zy], and again from Theorem 4.2 of [21], one has an upper
bound on this quantity, which reads:

=&

e\
E[inf Z _ < —. 4.2
b e f”<capzd<c> - 20

Note that the event under the probability in (4.7) is contained in {inffej-' Zf < —a— BA}.
Using the Borell-TIS inequality (see Theorem 2.1.1, p. 50 of [1]), one obtains

{ﬂ{lnfh < a}ﬂ{ Z%_ a+AH

zeC :EE (427)
. > Al < 71 a -+ A — E2|>2
<P < —a— Xp 4 — B
fuelf Zy a—pf <e 902 ( E[Z] ’

where 0% = sup » var(Zf). The claim now follows as in the proof of Corollary 4.4 of [21]
by taking logarithms and inserting the bounds on var(Z;) and |E[Z]|. O

We now have all the elements to state and prove the main result alluded to in the
beginning of this section.

Theorem 4.3. Consider A > 0, a < h and a non-empty open subset V of A with V C A.
Then, for any 3 > 0 one has

hm]?upN logIPH I;: Py > — )+A}HDN}
] (4.28)
1 - 2 cap(A)
< _——(h— R
< g (h-a+ph) 1+ B2cg(V, M)

Proof. We dengte by Jn the event under the probability in (4.28). Choose « +a= 0 <
v < h sothat A = A — (h —§) > 0. By using the coarse-graining of the event D% as in
(3.24), one obtains by Lemma 4.2 that

— 1 — 1 ~
i <l <
h]{[n N 5 log P[JN] < 1{/11 sup log]P[ ﬂ{lnfh —a}ln { Vil Z Pz > a—i—AH

d—2
N KEICN IEC QTEV
— 2
. 1 €| capz«(C)
< -1 f - A— .
ljf;nNd—2 IilenN 2 atp K capza(C) | a(K)+ f%e6(V, M)
+
(4.29)

Now, one can follow the same steps as in the proof of Theorem 3.1 after (3.27) to obtain
the right-hand side of (4.28): Indeed, using (3.34), we find

_ N Lo capg(©)
— < —lim—— - .
lin g g PITx] < —lim 57y inf (a + ﬂA) _ (4.30)

d=2 ey 2 a(K) + B%cs(V, M)

and by taking lim sup on both sides and using (3.33) (recall that limg o, @(K) = 1), we
find that for any compact subset A’ C A:

1 1 ~\2 cap(4’)
I S log P[Jn] < — o ( A) _ ) 4.31
msup g s PLINT < =55 (e +08) T ey an) (*30
The claim now follows by letting a tend to h — « and taking A’ + A. O
EJP 23 (2018), paper 105. http://www.imstat.org/ejp/

Page 19/21


http://dx.doi.org/10.1214/18-EJP226
http://www.imstat.org/ejp/

Disconnection by GFF level sets and entropic repulsion

We conclude this section with a corollary that combines the asymptotic upper bound
from Theorem 4.3 with the asymptotic lower bound from Theorem 2.1 under the assump-
tion that the critical parameters h, h, and h,, coincide.

Corollary 4.4. Consider A, « and V as in Theorem 4.3 and assume that A is regular in
the sense that cap(A) = cap(A). Then, under the assuption that h = h, = h.., one has

1
lim P |— x> —(he —a) + A|Dy | =0. (4.32)
NS | V] gV:N‘p ( ) ‘ N
Proof. For every A > 0, one can find $ > 0 small such that
hy — A)?
(e —a BAY o2, (4.33)

1+ B2c(V, M)

With the notation from the proof of Theorem 4.3, we obtain:

) P[Jn] . 1 .. 1 o

hmj\éup Nz log D] < hmj\fup N2 log P[JInN] — hII]lVlnf N2 log P[Dy] < 0, (4.34)
using in the last step Theorem 4.3, Theorem 2.1, the regularity condition on A and the
assumption that & = h, = h... O
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