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Abstract

Under correlation-type conditions, we derive upper bounds of order % for the Kol-
mogorov distance between the distributions of weighted sums of dependent summands
and the normal law.
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1 Introduction

Given a random vector X = (Xy,...,X,) in the Euclidean space R" (n > 2), we
consider the weighted sums

So =0, X1+ +60,X,, 0=(01,...,0,) €8

parameterized by points of the unit sphere S"~! = {# € R" : §7 +---+602 = 1}. According
to the celebrated result by Sudakov [23], if n is large, and if the covariance matrix of X
has bounded spectral radius, the distribution functions Fy(x) = P{Sy < x} concentrate
around a certain typical distribution function given by the mean

F(o) =Eofo(e) = [ Fa@)dpa(0), e R (1.1)
Snfl

over the uniform probability measure u,_; on S™~!. In contrast to the classical scheme of
independent summands, this theorem has a much wider range of applicability. However,
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Weighted sums

the problem of possible rates of concentration, including the rates for the y,,_;-mean of
the Kolmogorov distance
p(Fy, F) = sup |Fy(z) — F(z)],

is rather delicate, and the answers depend upon correlation-type characteristics of the
distribution of X. A natural characteristic is for example the maximal LP-norm

M, = sup (E|59|p)1/p, p>1.
0

Moreover, if we want to study the approximation for most of Fy’s by the standard
normal distribution function

1 xT
O(x) = E/ e V2 qy, z € R,
— o0

one is led to study another concentration problem - namely rates for the distance p(F, ®).
To this aim, let us rewrite the definition (1.1) as F(z) = P{rZ, < z} with

e IXP XP4eax
n n

(r=0),

where the random variable Z,, is independent of r and has the same distribution as /nf;
under pu,_1. Since Z,, is close to being standard normal, F' itself is approximately normal,
if and only if 72 is nearly a constant, which translates into a weak law of large numbers
for the sequence X,f. This property - that the distribution of 72 is concentrated around a
point - may be quantified by the variance-type functionals

ooy =V (E|r® — 1\p)1/p.

In reasonable situations, these functionals are expected to be bounded by quantities
that are independent of n (at least, they are finite, as long as My, < 00). For example,
if |X|?> = n a.s., we have ogp = 0. If the components X}, are pairwise independent,
identically distributed, and EX 2 — 1, then

1
ol = EVar(|X|2) = Var(X?).

It turns out that control of the two functionals, M3 and o3 is sufficient to guarantee
a Berry-Esseen type rate of normal approximation for Fy on average, in analogy with
the Berry-Esseen theorem for independent identically distributed random variables.
Since the second moment for the typical distribution F is equal to Er?, a normalization
condition for this moment is desirable.

Theorem 1.1. IfE|X|? = n, then with some absolute constant c

Eo p(Fp,®) < ¢ (M3 +03/?) % (1.2)

In the case of non-correlated random variables X; with mean zero and variance

one, all Sy have also mean zero and variance one, so that Ms = 1. In many interesting

examples, M3 is known to be of the same order as M, (in particular, when Khinchine-

type inequalities are available for linear functionals of X}). In some other examples,

the magnitude of M3 is however much larger, and here control via M,, as in the next
assertion, is preferable.

Theorem 1.2. IfE|X|? = n, then for some absolute constant c

logn

N

Eg p(Fy,®) < ¢(MZ + 03) (1.3)
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Thus, modulo an additional logarithmic factor, a Berry-Esseen type rate holds for this
average under a second moment assumption, only.

For an illustration, consider the trigonometric system X = (Xi,...,X,,) with compo-
nents

Xop_1(w) = V2 cos(kw),
Xop(w) = V2 sin(kw), —T<w<m k=1,...,n/2,

assuming that n is even. They may be treated as random variables on the probability
space ) = (—mx, ) equipped with the normalized Lebesgue measure PP, such that the

linear forms
n/2

Sp =2 Z (ng_l cos(kw) + 0o sin(kw))

k=1

represent trigonometric polynomials of degree at most 5. The normalization V2 is
chosen for convenience only, since then X is isotropic, so that M> = 1. Since also o2 = 0,
by Theorem 1.2, most of the distributions Fy of Sy are approximately standard normal,
and we have an upper bound

logn
v

The study of asymptotic normality for trigonometric polynomials has a long history,
starting with results on lacunary systems due to Kac [13], Salem and Zygmund [21]-[22],
Gaposhkin [12]; see also [9]-[10], [1], [11], [2]. As we see, normality with an almost
Berry-Esseen type rate remains valid for most choices of coefficients even without an
assumption of lacunarity. One can show that the inequality (1.4) still holds for many other
functional orthogonal systems as well, including, for instance, Chebyshev’s polynomials
on the interval @ = (-1, 1), the Walsh system on the Boolean cube {—1,1}". It holds
as well for any system of functions of the form Xy (wy,ws) = f(kwi + wa), w1, ws € (0,1),
where f is 1-periodic and belongs to L*(0, 1) (this is a strictly stationary sequence of
pairwise independent random variables). A common feature of all listed examples is that
(1.4) may actually be reversed modulo a logarithmic factor, in the sense that

Eg p(Fg,(I)) < c (1.4)

.
Vi (log n)*

with some s > 0. (However, we do not derive lower bounds here referring the interested
reader to [8]).

The conditions of Theorem 1.2 may be further relaxed in order to eliminate de-
pendence on o3. This can be achieved by replacing it by the requirement that the
probabilities P{|X — Y|? < n/4} are small enough, where Y is an independent copy of X,
cf. Theorem 6.3 below. This extends the applicability of our results to further groups of
examples, while replacing ® by a certain mixture of centered Gaussian measures. More
precisely, define G to be the law of rZ, where Z ~ N(0,1) is independent of r = 1 |X]|.

In particular, we have:

Eg p(Fp, @) > ¢

Theorem 1.3. If the components X, of the random vector X in R" are independent,
identically distributed, have mean zero and finite second moment, then

1
EGP(FGaG) <c Ogn7

n

where the constant c depends on the distribution of X only.

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
Page 3/22


http://dx.doi.org/10.1214/18-EJP195
http://www.imstat.org/ejp/

Weighted sums

At first sight it seems surprising that an approximate Berry-Esseen type rate holds
under no additional assumption beyond the finiteness of the second moment. Indeed,
in the classical situation of equal coefficients, and when EX; = 0, EX? = 1, the
distributions F,, of the normalized sums S,, = (X1 + --- + X,)/+/n may approach the
standard normal law at an arbitrary slow rate: For any sequence ¢, — 07, one may
choose the distribution of X; such that

P(Fn, (I)) > En

for all n large enough (cf. [17]). This shows that for typical coefficients, the distributions
Fy behave in a more stable way in comparison to F),. This interesting phenomenon has
been studied before. For example, Klartag and Sodin [15] have shown in the i.i.d. case
and under the 4-th moment assumption, that

B
Ep p(Fy, ®) < Cf7 Bs = EXT,

thus essentially improving the standard rate in the Berry-Esseen theorem. A similar
observation was also made by Klartag under a certain dependency hypothesis. It
was shown that, if the random vector X has an isotropic, coordinatewise symmetric
distribution with a logarithmically concave density, then, for all § € S™~1,

p(Fg,@) <c 202
k=1

C

with some absolute constant ¢ ([14], Theorem 1). In particular, Ey p(Fy, ®) < o

The paper is organized as follows. We start with comments on general properties of
the moment and variance-type functionals. Then we turn to the normal approximation for
distributions of the first coordinate on the sphere (with rate of order 1/n), which is used
in Section 4 to describe proper bounds on the distance from the typical distributions to
the standard normal law. Proofs of both Theorems 1.1 and 1.2 rely upon the spherical
Poincaré inequality and Berry-Esseen-type estimates in terms of characteristic functions.
The characteristic functions of the weighted sums are discussed separately in Section 5.
Their properties are used in Section 6 to complete the proof of Theorem 1.2 (in a more
general form). Theorem 1.1 is proved in Section 8, and in the last section we add some
remarks concerning Theorem 1.3.

2 Moment and variance-type functionals

First let us describe some basic properties of the functionals M, = M,(X) and
o2p = 02p(X ). We shall as well introduce a few additional functionals. Define

1/p

_ L (1E| (X,Y) \P) . p>1, 2.1)

NG

where Y is an independent copy of X. All these quantities do not depend on the systems
of coordinates, that is,

my = myp(X)

mp(UX) =my(X),  My(UX) = My(X)

for any orthogonal linear map U : R® — R".
We call M, the p-th moment of X. In case M, is finite, one may consider the
covariance operator (matrix) of X which is defined by the equality

E(X,a)> = (Ra,a), acR"
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It is symmetric, positive definite, and has non-negative eigenvalues \; (1 < k < n).
Choosing a system of coordinates such that R is diagonal with entries A;, we see that

1 1 n n
2 _ 2 _ — 2 _ -+ 2 2 _
M =max Ay, mi=—E(X,Y) _n];/\k, E|X]| _;/\k. (2.2)

The random vector X is called isotropic (or having an isotropic distribution), if the
covariance matrix of X is an identity, i.e.,
E (X, a)® =|a|®> forall a e R™

In this case, my = M, = 1, and E|X|? = n. Isotropic distributions are invariant under
orthogonal transformations of the space.
Applying Cauchy’s inequality, from (2.2) we immediately obtain:

Proposition 2.1. For any random vector X in R™ with E|X|*> = n, we have my > 1,
where equality is attained, if and only if X is isotropic.

The p-th moments of X may easily be related to the moments of | X]|.
Proposition 2.2. Given p > 2, for any random vector X in R",
(B|X[")'/P < M,y/n.
If X is isotropic, there is an opposite inequality (E |X[?)Y/? > (E |X|?)Y/? = \/n.
Proof. By the rotational invariance of the uniform distribution on S”~!, we have
Eg | (0,a)|P = |alP Eg |61], a € R,

where [Ey denotes the integral over the uniform measure pu,_; . Inserting here a = X,
we get
| X P |01]7 = Eqg | (X, 0) |".

Next, take the expectation with respect to X and use E| (X, 6) |P < M, to arrive at the
upper bound

Mp(X)
E|XP< L2~
| | 7E9‘01|p
Here, since Eg 67 = 1, we have
1
Eg [6:1]7)"? > (Eg6:*)"/? = —=. O
(Eg [01]7)"/7 = (g [61]7) T

Corollary 2.3. m, < M for any p > 2.

Indeed, let Y be an independent copy of the random vector X. By the very definition,
for any particular value of Y, we have Ex|(X,Y) [P < M} [Y|P. It remains to take the
expectation with respect to Y.

In particular, my < M22 as can also be seen from (2.2). The identities in (2.2) also
show that, in the general non-isotropic case, M3 may be larger than ms.

Let us now turn to the functionals

P\ /P
1] ) S =38

where it is natural to assume that IE | X|?> = n. Note that o9, represents a non-decreasing
function of p, which attains its minimum at p = 1 with value

1
= 7
Another important value is 04 = + Var(|X|?). They may be related to the variance of the
Euclidean norm.

| X]?
n

%=%m=ﬁ@\

o9 = 02(X) E||X[]—nl|
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Proposition 2.4. IfE|X|? = n, then Var(|X|) < 0. In addition,

10% < Var(|X|) < g9v/n.

4
Proof. Put ¢ = ﬁ |X| and a = 1/IE£2. Then, since ¢ > 0,
Var(¢?) = E( —d®)”

= E(-a)’(+a)? =2 E(—a)*-a® > Var(¢) da”

That is, E£? Var(€) < Var(£?), which is exactly the first required relation.
Now, in terms of £, one may write

Var(|X[) = n Var(§) = n (1 - (E£)*) = n (1 - E¢) (1 + E€),
while 0y = /nE|1 — £2|. By Cauchy’s inequality,
ENL-€)? <EQ-’E(1+)? =4E1-E(1+¢),

implying that o3 < 4 Var(|X]).
The last inequality of the proposition may be rewritten as 1 — (E¢)? < E|1 — ¢2]. 1
(Q, P) is the underlying probability space, define the probability measure

dQ = (1+&)dP/E(1+¢)

and write £ for the expectation with respect to it. The required inequality then takes
the form Eg |1 — £| > Eg(1 — &), which is obvious. O

The functionals o3, and m, are useful in the problem of estimation of “small” ball
probabilities.

Proposition 2.5. Let Y be an independent copy of a random vector X in R"™ such that
E|X|? =n. Forallp,q > 1,

q 2p
{\X Y2 < i}< Y omiy T

- nq/2 npb 2p
In particular,
5 1 C
IP{|X*Y| < Zn} < —
with C = 4?p (mgz + 035).
Proof. According to the definition,

oh, = nPPE||X|? —nl".

Hence, for any A € (0,1), by Chebyshev’s inequality,

P{XP <} = P{BIX]-|X]>(01-NE|X]}

_ crgpn”/2 _ agp '
T (=P (E[X]2)P (1= X\)pnp/2

In particular, choosing A = 3/4, we get

3 3 3 42 g3t
]P{X2 Y2 < —}<IP{X 7}{1/ <7}< P
XP+ VR < Tn) < P{XP < Tnf P{VE < Tn} < —

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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On the other hand, by Markov’s inequality,

1 LME|(X, V)7 47m]
]P{MX’YHZZTL}S nd = ez

One may now write
X -YP=[XP+ Y] -2(XY)

and split the event | X — Y|? < ln into the case |(X,Y)| > 1n and the case of the

4 4

opposite inequality. In view of the set inclusion
the proposition follows. O

= W

1 1
{x-ver<in}c{lxy) iz onfu{xP+ve<

3 Linear functionals on the sphere

The aim of this section is to quantify the asymptotic normality of distributions of linear
functionals with respect to the normalized Lebesgue measure pu,,—; on the unit sphere
S7=1 ¢ R™ (n > 2). By the rotational invariance of this measure, all linear functionals
f(6) = (6,v) with |v| = 1 have equal distributions, and it is sufficient to focus just on the
first coordinate 6, of the vector § € S"~!. As a random variable on the probability space
(S"L, p,—1), it has density

n—3

cn(l—x2)+2 , x € R,

(%)
VaT(%5h)
Let us denote by ¢, the density of the normalized first coordinate Z,, = /n6; under
the measure u,_1, i.e.,

where ¢, = is a normalizing constant.

Clearly, as n — oo,

n(2) = o(x) = e , e = —,
onl@) = 9le) = <= N

and one can show that ¢, < = forall n > 2.

We are interested in non-uniform deviation bounds of ¢, (z) from p(z).
Proposition 3.1. Ifn > 3, then for all x € R, with some universal constant C

IA
\
[y

on(z) — @(z)| (3.1)
Proof. Since the random variable Z3 has a uniform distribution on [—\/3, \/3], inequality
(3.1) obviously holds for n = 3. Hence, let n > 4.

First we consider the asymptotic behavior of the functions

2. n=3

() = (1—£)+2 , x € R.

n

Clearly, p,(z) — e~* /2 for all 2. Moreover, for |z| < /n, we have

n—3 x? n—3 z? x2
—lo r) = — lo (]. — 7) > _— > —
gpn(T) 5 log —) 2 2 g
EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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so that there is a uniform bound

pa(z) <e /8, zeR. (3.2)

To study the rate of convergence of p,(z), assume that |z| < %\/ﬁ By Taylor’s
expansion, with some 0 < e <1

n—3raz? T2\2 o 1 s22\ k2
logp(e) = oo [T () X5 ()
k=2
= n73(x—2+x—45)—x—2+x—2( 34+ ")
- 2 n  n? 2 o TE)

that is,

pn(z) = e /270 with § = — (—3—1— n_3x25).
2n n

Since § > —% > -2 > -2 wehave
le™® — 1] < |6]€%/32 < 1.1)4).

On the other hand,

n
which together with the lower bound on 4 yields

3¢ aty _ 1
1108 < 1.1 (% + g—n) < = (32 +at),
Thus,
—x2/2 1 2 4\ —x?/2 1
|pn(z) — € | < g(Sx +z%)e , |x\§§\/ﬁ

Combining this inequality with (3.2), we also get a non-uniform bound on the whole real
line, namely
C
|pn($) _ e—m2/2| < 76—12/87

< z € R,
n

where (' is an absolute constant. Let us integrate this inequality over z. Since
e 1 & 2
/ pn(z)de = —, / e~ 2 de = /2,
—0o0 Cn — 00

we get that |ci — 27| < % with some absolute constant C. Hence, we arrive at the
conclusion (3.1) for the densities ¢,, for n > 4 as well. O

In the sequel we denote by J,, the characteristic function of the first coordinate 6,
of a random vector § which is uniformly distributed on the unit sphere S"~!. In a more
explicit form, for any ¢t € R,

oo . n—3
J.(t) = cn/ e (1 —x2)+2 dx

[e'e) 2 n—3
= c/n/ eitz/Vn (1 - m—) ° da.
o n/+

Note that the equality

J, () = 1) (%)V /_1 et (1 — 227 da

1
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defines the classical Bessel function of the first kind with index v ([3], p.81). Therefore,

Ja(t) = i\/frr(wr %) (%)w L), v=_-1.

However, this relationship will not be used in the sequel.
Thus, the characteristic function of Z,, = 6;+/n is given by

o0

Pn(t) = Jn (t\/ﬁ) = / eim‘Pn(x) dz,

which is the Fourier transform of the probability density ¢,,. One immediate consequence
from Proposition 3.1 is the following:
Corollary 3.2. For allt € R, we have

s1Q

[t e <

)

where C' is an absolute constant.
For large t, this bound may be improved by virtue of the following upper bound.

Proposition 3.3. Forallt € R,
| Ta(tvn)| < 41e /2 440712, (3.3)

Proof. One may assume that n > 4 (since 4e~"/12 > 1 forn = 2 and n = 3, while |.J,,| < 1).
For the approximation we shall use an approach based on contour integration in complex
analyis.

The function z — (1 — 22)"=" is analytic in the whole complex plane when 7 is odd
and in the strip z = z + iy, |z| < 1, when n is even. Therefore, integrating along the
boundary of the rectangle € = [—1, 1] x [0, y] with y > 0 (slightly modifying the contour
in a standard way near the points —1 and 1), we have

/ et? (1 — 22)%3 dz = 0.
¢

Then we obtain a natural decomposition J,,(t\/n) = ¢, (I1(t) + I>(t) + I3(t)) for t > 0,
where

1 eitw\/ﬁ(l_(x—i—iyy)%sdx,

n—3
L (1) = —tyv/n 1 2\ 2 /
1( ) e ( + Y ) 1 + y2

-1
n—3

. y =2
IL(t) = —e”\/ﬁ/ etV (1—(1+is)?) = ds,
0

n—3

4 y
Is(t) = e_’”t\/ﬁ/ etV (1—(1—is)*) 7 ds.
0

For0<s<y<aq,

|1—(1+is)%| = sVs2+4 < aVa2+4=5.

Choosing o = %, we have 3 = 2. Hence, forall ¢ > 0,
n—3 v t n—3
L) < 57 / etV gy < L gtE (3.4)
0 tv/n
The same estimates hold for I5(t).
EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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In order to estimate I, (t), we use an elementary identity
1= @+’ =1 -22) 0 +9°) +2° (0 +6° +2")  (ayeR),

which for the region |z| < 1 yields

2

1— (z+iy)? 9o o9 o9 1+ 62+ 222

- 7| <1-2 = —

' L < x4+ % u(y?), v(2) 112
Since v'(z) = % > 0, this function increases in 0 < z < 2, and since z = 3 < ¢, we
have v(y?) < v(1/6) = I3. Hence

_ )2 |2
-t 2,
1492 - 497 -

Using this estimate together with n — 3 > i n, we have
1 _ 2 \2] n=3 1 .
/ (|1 (l‘—l—ly) |> 3 dr < / e_%anaxde
1 1+y? N

49 2 14 2 21
= 4=/ ——= < —=4/— < 414/ —.
12Vn—-3 "~ 12 n - n

This upper bound allows us to conclude that

2 n=3
L) < 414/ = eV (1442) 2
n
D) _
< 4.1 —Wexp{—ty\/ﬁ—l—nT?)y?}.
n

L the expression in the exponent will be smaller than ¢?/2, hence

Choosing here y = NG

L) <41e P2 0<t<\/n/6. (3.5)

In the case t > /n/6, we choose y = == and then —tyy/n + %52 y* < —{4 — 7, so that

3

L) <41,/ T Bt t> J/ufs. (3.6)

n

Let us collect these estimates. For 2 < ¢ < y/n/6, we combine (3.5) with (3.4) and a
n—3

similar bound for I3(t), and use ¢, < \/%\/ﬁ with 877~ < 0.77e~"/12, This leads to

Cp, n=3 2 _
en (1L + RO+ 1O < X8 b dde e

0.31e ™12 { 41¢, e t/2,

IN

Similarly, in case t > y/n/6, we use (3.6) leading to
en (|| + | I (t)] + | I3(1)]) < 0.31e™™/12 4 417/ e /12 < gemn/12,

Finally, if 0 < ¢ < 2, then |J,,(ty/n)| < 1 < 4e~t"/2. O

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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4 Typical distributions and mixtures of Gaussian measures

The asymptotic normality of the typical distributions F' in Sudakov’s theorem, defined
in (1.1), may be described in the next assertion proved in [7].

Proposition 4.1. Given a random vector X in R", suppose that E | X |> = n. With some
absolute constant ¢ > 0 we have

/Oo (14 22) |F(dz) — ®(dz)| < c (% +Var(r)), 4.1)

where r = ﬁ|X|

Here the positive measure |F' — ®| denotes the variation in the sense of measure
theory, and the left integral represents the weighted total variation of F'—®. In particular,
we have a similar bound for the usual total variation distance between F' and ®, as well
as for the Kolmogorov distance p(F,®). Applying Proposition 2.4, the latter may be
related to the variance-type functionals o9, (cf. also [18]).

Corollary 4.2. In particular (under the same conditions),

1+ 09

Voo
The proof of Proposition 4.1 is based on the following observation about general
mixtures of centered Gaussian measure on the real line. Given a random variable

r > 0, let us denote by ®,. the distribution function of the random variable rZ, where
Z ~ N(0,1) is independent of r. That is,

1+o03

p(F, @) < c p(F,®) < ¢

Q. (x) =P{rZ <z} =E®(z/r), z<cR.

As shown in [7], if Er?2 = 1, then with some absolute constant ¢ we have

oo
/ (14 2%)|®, — ®|(dx) < cVar(r). (4.2)
—0o0
To explain the transition from (4.2) to (4.1), assume that n > 3. Let ®,, and ¢,, denote
respectively the distribution function and the density of Z,, = 6;1/n, where 6, is the
first coordinate of a random point ¢ uniformly distributed in S"~!. If r2 = % |X|? is
independent of Z,, (r > 0), then, by the definition of the typical distribution,

F(z) =P{rZ, <z} = Ed,(z/r), z € R,

so that
/Z(l 22 |F(dx) — @, (dz)| = /0;(1 b2 B, (da)r) — B®(dz/r).  (4.3)
But, for any fixed value of .,
/:(1 + 22) | @, (dx/7) — (dx/T)| = /0;(1 + 1r?2?) |®,,(dz) — ®(dz)|,

hence, by (4.3), taking the expectation with respect to r and using Jensen’s inequality,
we get

/ (14 2%)|F(dz) — ®,.(dz)| < IE/ 1+ 2%)|®,, (dz/r) — ®(dz/7)|
- IE/ (1+ 1222) | D, (dz) — B(da)|
_ / (1+22) [®, (dz) — D(da)].
EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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It remains to apply (3.1), which yields

o0 o0 O
| e e - o) = [ (1 +a) o) - e de < 5
with some universal constant C'. O
5 Characteristic functions of weighted sums
As before, let X = (X7,..., X,,) denote a random vector in R", n > 2. The concentra-

tion problems for distributions of weighted sums Sy = (X, §) may be studied by means of
their characteristic functions

fot) = B0 R, (5.1)

In particular, we intend to quantify the concentration of fy around the characteristic
function f of the typical distribution F' on average over the directions 6 in terms of
correlation-type functionals. Note that the characteristic function of F' is given by

f(t) = By fo(t) = Bg Ee*™0 = E J, (¢ X)), t€R,

where J,, is the characteristic function of the first coordinate #; under the uniform
measure ji,,_; on the unit sphere S"!.

First let us describe the decay of t — |fy(t)| at infinity on average with respect to 6.
Starting from (5.1), write

Eo [ fo(t)]* = Ep X0 =B J,(t|X — YY),

where Y is an independent copy of X. To proceed, let us rewrite the Gaussian-type
bound (3.3) of Proposition 3.3 as

|Jn(t)] < 4.1e7 /2 4 g /12 (5.2)

which gives
2 2
Eg |fot)]? < 41Ee t XYI/20 4 gemn/12,
Splitting the latter expectation into the event A = {|X — Y|?> < An} and its complement,
we get the following general bound.

Lemma 5.1. The characteristic functions fy satisfy, for allt € R and A > 0,

1
57 Eolfo(t)] < e/ e R{IX — Y < )

where Y is an independent copy of X.

In case E|X|* = n, the right-hand side of these bounds can be further quantified
by using the moment and variance-type functionals, which we have discussed before,
namely

1/p
(X2
mp = 7= (E[(XY) )2, = ﬁ(m\n )

Note that both m,, and o, are non-decreasing functions in p > 1. In order to estimate the
probability of the event A, we shall use Proposition 2.5, which gives

C

np

1

P(4) <

with a constant C = 427 (mgg + ogg). Hence, from Lemma 5.1 and using ma, > mg > 1

(cf. Proposition 2.1), we deduce:

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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Lemma 5.2. Suppose that E |X|? = n. If the moment ma, is finite for p > 1, then with
some constant ¢, > 0 depending on p,

P
+ o3 + 67t2/16.

By the triangle inequality, |f(¢)| < Eg|fs(¢)|. Hence, the characteristic function of
the typical distribution shares the same bounds. In fact, here the parameter my, is not
needed. Indeed, as was shown in the proof of Proposition 2.5 with A = % we have

1 ol
IP{|X|2 < 5n} < or 220

nP/QO

Hence, by (5.2),

FOF < ELUXDI L x < mmy T EnEXDI1 x5 m7my
p
92 —t2/4 —n
< 2 E+C (e P4 4 emn/12),

Thus, we get:

Lemma 5.3. Suppose that E|X|?> = n. Then with some constant ¢, > 0 depending on
p>1, forallt e R,

P
L+ 92p e—t2/4
np/2

ep )] <

)

and therefore, for all'T > 0,

T 1405 1
Cp 2p
— ) dt < —.
T /0 F@)dt < w2 T

We first study the concentration properties of fy(¢) as functions of § on the sphere
with fixed ¢ € R (rather than directly for the distributions Fy). This can be done in terms
of the moment functionals

1/p
M, = M,(X) = sup (IE|<X,9) |p) .
fesSn—1

Our basic tool is a well-known spherical Poincaré inequality

1
/ 0(6) — af? dyin1(6) < = Vu(8) 2 dpn_1 (). (5.3)
Snfl

-1 Jgn
It holds true for any complex-valued function v which is defined and smooth in a neigh-
borhood of the sphere, and has gradient Vu and the mean a = f udpy,—1 (cf. [16]).
According to (5.1), the function § — fy(t) is smooth on the whole space R™ and has
partial derivatives
9ifo(t) . (X,
J@Gj =itEXje tH(X,0)
or in the vector form
(Vfo(t),v) = it B (X, v) X0 veR".

Hence
[(Vfo(t),v) | < [t|E] (X, v)|.

Taking the sup over all v € S"~!, we obtain a uniform bound on the modulus of the
gradient, namely |V fg(t)| < M;|t|.

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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A similar bound holds as well in average. To this aim, let us square the vector
representation and write

<vf9(t), 1}>2 —£2F <X, 1)> <Y, U> eit(X—Y,é‘),

where Y is an independent copy of X. Integrating over v with respect to u,—1, we get
the representation
Vo) = £ E(X,Y) et 10,

so that
Eo |[Vit)|? = PE(X,Y) J,(tH(X = Y)).

(where IEy refers to integration over p,_1). Applying (5.3), one can summarize.
Lemma 5.4. Given a random vector X in R™ with finite moment M-, for allt € R,
2
n—1

Eo |fo(t) = f()]* < M.

In addition,
t2
n—1

Eo | fo(t) — f(t)* <

where Y is an independent copy of X.

E(X,Y) Jn(t(X =Y)),

6 Berry-Esseen bounds. Theorem 1.2 and its generalization

Fourier Analysis provides a well-established tool to prove Berry-Esseen-type bounds
for the Kolmogorov distance

p(Fp, F) = sup |Fo(x) — F(x)].

To study the average behavior of this distance with respect to # using the uniform
measure (u,—1 on the unit sphere, as a preliminary step, let us first introduce two
auxiliary bounds.

Lemma 6.1. Let X be a random vector in R™. With some absolute constant ¢ > 0, for all
T > TO >0,

To
clg p(Fp, F) < /O wdt

T T
s [ Bl L [ s)ar (6.1)

To t

As before, here Fy denote distribution functions of the weighted sums Sy = (X, 0)
with their characteristic functions

fo(t) = EetX0) = / e dFy(z), teR, e s,

— 00

and F(z) = EgFp(z) is the typical distribution function with characteristic function

oo
ft)=Tgfo(t) = / e dF(z).
—00
For an estimation of the Kolmogorov distance, the following general Berry-Esseen
bound will be convenient:
T Ju(t)

Cp(Uy)S/O ;“WdH;/OTw(t)mt (T > 0). (6.2)

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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Here U and V may be arbitrary distribution functions on the line with characteristic
functions u and v, respectively, and ¢ > 0 is an absolute constant (cf. e.g. [6], [19], [20]).

In our situation, we take U = Fy and V = F'. In order to estimate the first integral in
(6.2), we shall split the integration into the two intervals, [0, Tp] (the interval of moderate
values of t), where it is easier to control the closeness of the two characteristic functions,
and the long interval [Ty, 7], where both characteristic functions can be shown to be
sufficiently small. Note that, by the triangle inequality, we have |f(¢)| < Eg |fo(¢)|, which
implies Eg |fo(t) — f(t)| < 2Eg|fo(t)|. Using this on the long interval, we arrive at the
more specific variant of (6.2), namely (6.1).

The estimation of the integrals in (6.1) will be done in terms of the functionals
my = my(X), M, = M,(X) and o2, = 02p(X).
Lemma 6.2. Suppose that X has a finite moment of order 2p (p > 1), and E | X|? = n.
Then with some constant c,, depending on p only, for all'T' > T > 0,

To
¢y Bo p(Fp, F) < /0 E9|f9(t)—f(t)|%

p D
Map + 02p T 1 —TZ2/16
—— (14 log — = 0/20,
+ P ( +log i + T +e
Proof. By the second inequality of Lemma 5.3 (on this step we use the assumption
E|X|? =n), we have
T l+a5, 1

Cp
2 [l <

while Lemma 5.2 yields the bound

T p p
Cp/ Bolfo®)l gy o Mop T2 T —m2p6

np/? +T’

1 I
To t np/2 o8 TO *

This allows us to estimate the second last and last integrals in (6.1). O

We are now prepared to establish Theorem 1.2, in fact - in somewhat more general
form which requires the first moment, only. Recall that
1

NG

Theorem 6.3. If the random vector X in R" has finite first moment M, then

I |
¢Egp(Fy, F) < Miy| 2% 4\ [P{|X — V]2 < n/4} logn + —, 6.3)
n n

where ¢ > 0 is an absolute constant, and Y is an independent copy of X. As a conse-
quence, if X has finite 2-nd moment M, and E | X|?> = n, then

E||X[]”—nl

02

logn
vn

A similar bound also holds for the normal distribution function ® in place of F'.

cEgp(Fp, F) < (My +mg + 02) (6.4)

The coefficient in (6.4) may be simplified by using m, < M22 and M; < M. Since
necessarily M, > 1, (6.4) implies the inequality (1.3) of Theorem 1.2.

Proof. We apply Lemma 6.1 with T, = 5y/logn and T' = 5n. The first integral in (6.1) can
be bounded by virtue of the spherical Poincaré-type inequality, i.e., using the first bound
of Lemma 5.4. It gives

Eg [fo(t) = f(t)] <

vn—1
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and hence

T By |fo(t) — f(2)] 5My

Next, we apply Lemma 5.1 with A = 1/4 which gives

7/ Dldt < 7/ o |fo(t)) dt

2L [T (cetno s ooty SRR =V <0/ ) d
0

—_

<
= T
% +21VP{|X — Y2 < n/d}

IN

with some absolute constant ¢ > 0. Similarly,

T
E t T
c / Eolfo®l 4y < (72 + VP{IX =Y < n/d} ) log 7 + ¢ T0/16,
T t To

These bounds prove the first assertion of the theorem.
For the second assertion, it remains to recall that, by Proposition 2.5,

2 2
P{X — Y2 < n/a} <1672 %2
n

so that from (6.3) we get

1 1
cEg p(Fy, F) < Myy/ 280 4 4 M20%2 100y 4 L) (6.5)
n Vn n

Here, the last term 1/n is dominated by my/n. This leads to the bound (6.4), in which F’
may be replaced with the standard normal distribution function ® due to the estimate

p(F,®) < % (1+ 02), cf. Corollary 4.2. O

Remark 6.4. Working with the Lévy distance L, which in general is weaker then the
Kolmogorov distance p, one can get guaranteed rates with respect to n for Ey L(Fy, F')
in terms of M; or Ms. In particular, if X isotropic, it is known that

fin-1{L(Fp, F) > 6} < 4n®/5e m0"/8 5> 0.
This deviation bound yields

1 1/4
Ey L(Fy, F) < C( Oi”)
with some absolute constant C' ([4]). See also [5] for similar results about the Kantorovich

distance.

7 Proof of Theorem 1.1

In order to get rid of the logarithmic term in the bounds of Theorems 1.2/6.3, one
may involve the 3-rd moment assumptions in terms of the moment and variance-type
functionals m,, and o,, of index p = 3. They are defined by

ms = ms(X) = (E| X Y)Y

S\

where Y is an independent copy of X, and

o3 =03(X) = ( "XP 1

o

g)fi(]E||X|2 |%)

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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Let us recall that m3 < MZ. Hence, Theorem 1.1 will follow from the following, slightly
sharpened assertion.

Theorem 7.1. Let X be a random vector in R™ with finite 3-rd moment, and such that
E |X|? = n. Then with some absolute constant c

Eg p(Fp, ®) < c(m3/* + 3/"’)i. (7.1)

vn

Proof. We now apply Lemma 6.2, choosing there p = 3/2, T = 4n and Ty, = 4y/logn.
2
Since necessarily ms > 1, the last term e~ 70/ is negligible, and we get the bound

o By |fo(t) — f(t : 1
¢Eg p(Fy, F) S/ BB =IO gy i 4 ) 22
0

n3/4

with some absolute constant ¢ > 0. To analyze the last integral over the interval [0, Tp],
we apply Lemma 5.4, which gives

By lfolt) - 1(0)] < <= VEXV)LEX -Y)).  t=0,
and hence
cEgp(Fy,F) < % i i VE(X,Y)J,(t(X —Y))dt

logn

R (7.2)

+(m 3/2+ 3/2)

Jn (ty/n) — e_t2/2| < €, which allows
2 2
one to replace the J,,-term with e~*" XY 1"/2" at the expense of an error of order

3/2

mg
ToVE[(X,Y)]| < 3/4 TO_ o T,

where we used the inequality m3s > my > 1. As a result, the bound (7.2) may be simplified
to

To logn
cEg p(Fy, F / VI dt + (m3? + 632 — (7.3)
with
2 2
I(t) =E(X, Y> e CIX=YI 2

Note that /() > 0 which follows from I(t) = | EeX:#)/V" |2, where the random vector
Z is independent of X and has a standard normal distribution on R”.
Now, focusing on I(¢), consider the events

A:{\X—Y|2§in}, B:{|X7Y|2>in}.

We split the expectation in the definition of I(¢) into the sets A and B, so that I(t) =
Il (t) + Ig(t), where

L) =E(X,Y)e "PYP20, 0 L) = E(X,Y)e XY F2n

As we know (cf. Proposition 2.5),
mg + O'g

P(A) < 64—

EJP 23 (2018), paper 92. http://www.imstat.org/ejp/
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Hence, applying Hoélder’s inequality, we have

[ ()]

IN

(E[(X,Y) )2 (P(A))**
2 2
ms + 03 32, o 3
= < . 16 —_— < —_— s
m3\/ﬁ n > \/ﬁ (mS + 03)
where we used that ms > 1.
Now, we represent the second expectation as

IX-v|2 _

e*flEQX,Y>e*”( =51 1,

I (t)

IxX—v|?

= By (CE T ) B L,

Here the last expectation has been already bounded by 3—\/25 (m3 + o3). To estimate the
first one, we use an elementary inequality

le™ = 1| < |z|e®® (xg >0, > —x0).

2
Since on the set B, there is a uniform bound tQ(% —1) > —1t%, we conclude by

virtue of Holder’s inequality that

|X-Y

’ X -Y?
]E\(X,Y>|]e_t2( e —1)_1’13 < t2e7tz/8]E\<X,Y>|“27|_1)
n

S(OIX —YP
< ﬁﬁ”%mm&wﬁy<ﬂ||1
2n

2
3\ 2
2)3

The first expectation on the right-hand side is E| (X,Y) |? = (m3 /n)3. Writing

X-Y]? 1 /|X)? 1 /|72 1
l———L—1:f(Li-4)+7GJ7—Q—f¢&Y%
2n 2 n 2\ n n
we also have, by Jensen’s inequality,
X —Y|? 3 ’\X|2 3 ‘|Y|2 3 2 3
—_ 1 < |—-1 —_—— — [(X,Y)|2.
‘ 2n ~ I n o tan Y[
Therefore
X —Y|? 3 | X|? 3 2 3\ 1/2
E%—————l‘ < 2L—f—1 ———(E XY )
2n - n + n3/2 A )|
2 3/2 3/2
= 7”13/4 (0'3 + m3 ),

which gives

Hence

2t267t2/8 ms (m3 + 03)

4427 /8 (m% + J%),

=
Is
=
o
L
|

|
=
-
sy
A A

and, as a result,
7t2

I(t) <325 — (m3 + 03) + 4t2e~"/8 (m2 + 02),

TV

t* in the first term can be removed without loss of strength.

where the factor e~
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Together with the estimate on I;(t), we get

64
I(t) < f(m3+a3)+4t2 - /8(m3+03)

SO

8

1(t) <~z (5™ + 05") + 20t ™/ (s + 03)
and
1 AT, C
\/ tdt < —2 (m¥? + 037 + = (ms + o3)

3/4

Vv Jo
with some absolute constant C.
Returning to the bound (7.3), we thus obtain that

N

o
(3 + 03/%) + = (ms + 03)

N

logn
CE@P(FOaF) < n3/4

To simplify it, one may use again that ms > 1, which implies that ms+ o3 < 2(m§/ 24 ag/ 2)

for all values of o3. Thus, with some absolute constant ¢ > 0,

c
cEy p(Fp, F) < — (m/? +63/%).

vn
To get a similar bound with @ in place of F), i.e. (7.1), one may apply the estimate
p(F,®) < C Hﬁ where 1 + 02 may further be bounded by 2(m3/* + o3/?). 0

8 The i.i.d. case

Theorem 1.3 follows from Theorem 6.3, by taking into account the following ele-
mentary statement (various variants of which under higher moment assumptions are
well-known).

Lemma 8.1. Assume that the non-negative random variables &1, . .., &, are independent
and identically distributed, with IE¢&; = 1. Given 0 < A < 1, let a number k > 0 is chosen
to satisfy

1-—A
E& g sny < —5
Then for the sum S, =& + -+ - + &,, we have
(1-N)?
< < - V— . .
P{S, < n} < exp{ 3 n} (8.1)

Proof. Let V denote the common distribution of £;. The function
oo
u(t) =Ee % = / e " dV(z), t>0,
0
is positive, convex, non-increasing, and has a continuous, non-decreasing derivative
o0
u'(t) = —E&e = —/ e " dV (),
0

with «(0) =1, «/(0) = —1.
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Let k, denote the maximal quantile for the probability measure zdV (z) on (0, c0) of a
given order p € (0,1), i.e., the minimal number such that

/ xdV(z) <1-p,

P

where the integration is performed over the open half-axis (k,, c0). Using the elementary
inequality 1 —e™¥ <y (y > 0), we have, for all s > 0,

L tu'(s) = /000 2(1 = =) dV (z)

/M%x(l —e ) dV(z) +/ z(l—e ') dV(z)

T>Kp

IN

s/ 22dV(z) +p < p+ Kps.
0<z<kKp

This gives

t
u(t) = 1—t+/0(1+u’(s))ds

12 12
< 1—t+pt+/{p5§exp{—t+pt+ﬁp§},

and therefore

P{S, < An}

IN

e)\nt Eeftsn _ e)m,t u(t)n
2

exp{fn((lf)\fp)tfnp%)}.

IN

If p <1 — ), the right-hand side is minimized at t = %, and we get

P{S, <An} < e (1=A=p)* /26
One may take, for example, p = (1 — A)/2, and then we arrive at (8.1). O
Proof of Theorem 1.3. First let us derive the inequality

logn

Eg p(Fe,F) <c (8.2)

n
with the typical distribution F' in place of G. Let Y = (Y1,...,Y,,) be an independent
copy of X. Since the Kolmogorov distance is scale invariant, without loss of generality
one may assume that IE (X; — Y7)? = 1. But then, by Lemma 8.1, applied to the random
variables &, = (X — Y3)?, we have

P{X -Y|]*<n/4} <e "

with some constant ¢ > 0 depending on the distribution of X; only. In addition, M; <
My = % As a result, Theorem 6.3 yields (8.2).

Now, in order to replace F with G in (8.2), one may apply Proposition 3.1. Indeed,
F represents the distribution function of rZ,, where r = ﬁ |X| and Z,, = /nb; is
independent of r. Similarly, G is the distribution function of rZ where Z ~ N(0,1)
is independent of r. Let ®,, denote the distribution function of Z,, and ¢,, its density.
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Since F(z) = E®,(z/r) and G(x) = E®(x/r), we conclude, by the triangle inequality,
that

IA

p(F,G) B sup @y (z/r) = @(z/7)]

= s [B(e) = 2@ < [ fpule) e e < .

oo n
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