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Abstract

We consider d independent walkers on Z, m of them performing simple symmetric
random walk and » = d — m of them performing recurrent RWRE (Sinai walk), in 1
independent random environments. We show that the product is recurrent, almost
surely, if and only if m < 1 or m = d = 2. In the transient case with » > 1, we prove
that the walkers meet infinitely often, almost surely, if and only if m =2 and r > I = 1.
In particular, while I does not have an influence for the recurrence or transience, it
does play a role for the probability to have infinitely many meetings. To obtain these
statements, we prove two subtle localization results for a single walker in a recurrent
random environment, which are of independent interest.
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1 Introduction and statement of the main results

Recurrence and transience of products of simple symmetric random walks on Z¢ is
well-known since the works of Pélya [30]. If the product of several walks is transient, one
may ask if they meet infinitely often. It is also well-known and goes back to Dvoretzky
and Erdos, see ([15], p. 367) that 3 independent simple symmetric random walks (SRW)
in dimension 1 meet infinitely often almost surely while 4 walks meet only finitely often,
almost surely. In fact, Pélya’s original interest in recurrence/transience of simple random
walk came from a question about collisions of two independent walkers on the same grid,
see [31], “Two incidents”.
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Collisions of several walkers in recurrent random environments

The classical topic of meetings/collisions of two or more walkers walking on the
same graph has found recent interest, see [26], [3], where the grid is replaced by more
general graphs. It is well-known that if a graph is recurrent for simple random walk,
two independent walkers do not necessarily meet infinitely often, see [26]. Since on a
transitive recurrent graph, two independent walkers do meet infinitely often, almost
surely, see [26], the “infinite collision property” describes how far the recurrent graph is
from being transitive. For motivation from physics, see [6].

We investigate this question for products of recurrent random walks in random envi-
ronment (RWRE) and of simple symmetric random walks on Z. It is known already that,
for any n, a product of n independent RWRE in n i.i.d. recurrent random environments is
recurrent, see [36], and that n independent walkers in the same recurrent random envi-
ronment meet infinitely often in the origin, see [18]. Here, we consider several walkers
each one performing either a Sinai walk or a simple symmetric random walk, with the
additional twist that not all Sinai walkers are necessarily using the same environment.

Let d, m,r be nonnegative integers such that m +r = d > 1. We consider d walkers,
m of them performing SRW S™) ..., (™) and the r others performing random walks
ZW ..., Z") in I independent random environments, with / < r. More precisely, we
consider r collections of i.i.d. random variables w®) := (wél))zez, cow™ = (w:(f))zez,
taking values in (0,1) and defined on the same probability space (2, F,P), such that
wW, ..., w are independent and such that the others are exact copies of some of these
I collections, i.e., for every j € {I+1,...,r}, there exists an index J; € {1, ..., I} such that
w@) = wi) A realization of w := (w!), ...,w(") will be called an environment. Recall
that we denote by

P the law of the environment w.

We set
Y, = (S, .., 8(m, zM, .., Z"), neN,
and make the following assumptions. Given w = (w(V),...,w() and = € Z¢, under PZ,

S ..,80m) zW) Z() are independent Markov chains such that P*(Yy = z) = 1 and
forally € Z and n € N,

1

PI[S =y +1|S9 =y] = 5 = PE[S)0, =y~ 1|SP =], i€ {l..m}), @D
P2z =y 41|20 =y =) =1-P2[20), =y -1]2) =y], jefl,.,r} 1.2)

We set S() := (S,(f))n and Z\) .= (ZT(Lj))n for everyi € {1,...,m} and every j € {1,...,7}.
Note that, for every j, Z\) = (Zr(f ))n is a random walk on Z in the environment w9, and
that the S(9’s are independent SRW, independent of the Z(?)’s and of their environments.

We call P, := P° the quenched law. Here and in the sequel we write 0 for the origin in
7. We also define the annealed law as follows:

P[] := /Pw[~}P(dw).

, o
Setting p,(j — Z’;‘ for j € {1,...,r} and k € Z, we assume moreover that there exists
w

eo € (0,1/2) such that for every j € {1,...,7},
Plws” € [c0,1 —eo]] =1, E[logp§’] =0, o2 :=E[(logp{")?] >0, (1.3)

where E is the expectation with respect to P. Under these assumptions, the Z() are
RWRE, often called Sinai’s walks due to the famous result of [33]. Solomon [34] proved
the recurrence of Z) for P-almost every environment. We stress in particular that the
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assumption O'JQ» > 0 excludes the case of deterministic environments, hence when we say
“Sinai’s walk”, we always refer to a random walk in a “truly” random environment.

Our first result concerns the recurrence/transience of Y := (Y,,),,. Recurrence of
Y means that S, ..., 80", ZzM 7" meet simultaneously at 0 infinitely often. As
explained previously, this result is known for SRW (i.e. if m = d) since [30] and more
recently for RWRE (i.e. if r = d, that is, if m = 0) in the case where the environments w7
are independent (i.e. I = r = d, see [36, 18]) and in the case where the environment W)
is the same for all the RWRE (i.e. r = d,I = 1, see [18]). See also [17] for related results.

Theorem 1.1 (Recurrence/transience). If m < 1, or if m = d = 2, then, for P-almost
every w, the random walk Y is recurrent with respect to PY. Otherwise, for P-almost
every w, the random walk Y is transient with respect to PY.

In particular, a product of two recurrent RWRE and one SRW is recurrent, while a
product of two SRW and one recurrent RWRE is transient.

When Y is transient, a natural question is the study of the simultaneous meetings
(i.e., collisions) of S, ..., §(m) z(M) ' 7() That is, we would like to extend the results
of [30, 15] to the case in which some of the random walks are in random environments
(when r > 1). We recall that when r» = 0, the number of collisions is, by [30, 15], almost
surely infinite if m < 3 and almost surely finite when m > 4. Interestingly, compared to
Theorem 1.1, the behaviour depends on whether I = 1 (when the RWRE are all in the
same environment) or I > 2 (at least two RWRE are in independent environments).

Theorem 1.2 (Collisions). We distinguish the 3 following different cases.
(i) If m > 3 and r > 1, then, for P-almost every environment w,
PO[S(Y = 82 = 8 = z{1 infinitely often] = 0,

i.e. almost surely, the walks SV, S®) §G) 7(1) meet simultaneously only a finite
number of times. A fortiori, SM),... 8™ zM) . 7z also meet simultaneously
only a finite number of times.

(ii) If m =2 and r > I = 1, then for P-almost every environment w,

PO[S(H = S =z = ... = z{") infinitely often] = 1,
i.e. almost surely, the walks S S z(M _ 7(") meet simultaneously infinitely

often.

(iii) If m = 2 and r > I > 2, then for P-almost every environment w,
PI[SM =82 =z = z{?) infinitely often] = 0,

i.e. almost surely, the walks S, §?) Zz(1) 72 and a fortiori the walks S(), (),
ZW ... Z"), meet simultaneously only a finite number of times.

This last result can be summarized in the following manner. Assume that r > 1
and that YV is transient (i.e. m > 2 and r > 1), then S ... St zW 7)) meet
simultaneously infinitely often if and only if m = 2 and I = 1. Hence our results cover
collisions of an arbitrary number of random walks in equal or independent random (or
deterministic) recurrent environments.

Remark 1.3. The results of Theorem 1.2 remain true if the simple random walks are
replaced by random walks on Z with i.i.d. centered increments with finite and strictly
positive variance. However, we write the proof of this theorem only in the case of SRW
to keep the proof more readable and less technical.
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The case of transient RWRE in the same subballistic random environment is investi-
gated in [13] (in preparation).

In order to demonstrate Theorem 1.2, we prove the two following propositions. The
first one deals with two independent recurrent RWRE in two independent environments.

Proposition 1.4. Assume r > I > 2. For every ¢ > 0, ]P[Z,(ll) = Z,(f)] = O ((logn)—2"*).
The second proposition deals with r independent recurrent RWRE in the same

environment.

Proposition 1.5. Assume r > [ = 1. For P-almost every w, there exists c(w) > 0 such

that, for every (y1,...,yr) € [(2Z)" U (2Z + 1)"], we have

N

lim sup ! Z%ZﬁPgJ[Z,(Zj)zk]zc(w).

N—+oo log N £~ kez i1

These two propositions are based on two new localization results for recurrent RWRE,
which are of independent interest. These two localization results use the potential of the
environment (see (2.2)) and its valleys, these quantities were introduced by Sinai in [33]
and are crucial for the investigation of the RWRE.

In the first one, stated in Proposition 4.5 and used to prove Proposition 1.4, we
localize a recurrent RWRE at time n with (annealed) probability 1 — (log n),2+€ fore > 0,
whereas previous localization results for such RWRE were with probability 1 — o(1) (see

[331, [19], [23], [4] and [16]), or with probability 1 — C(%)l/2 for some C > 0 (see
[1], eq. (2.23)), and they localize the RWRE inside one valley. In order to get our more
precise localization probability, which is necessary to apply the Borel-Cantelli lemma in
the proof of Item (iii) of Theorem 1.2, we localize the RWRE in an area of low potential
defined with several valleys instead of just one. To this aim, we study and describe
typical trajectories of the recurrent RWRE into these different valleys.

In our second localization result, stated in Proposition 5.1 and used to prove Proposi-
tion 1.5, we prove that for large N € IN, with high probability on w (for P), the quenched
probability P,[Z,, = b(N)] is larger than a positive constant, uniformly for any even
n € [N17¢ N] for some € > 0, where b(N) is the (even) bottom of some valley of the
potential V of a recurrent RWRE Z (defined in (5.17)). In order to get this uniform
probability estimate, we use a method different from that of previous localization results,
based on a coupling between recurrent RWRE.

The article is organized as follows. In Section 2, we give an estimate on the return
probability of recurrent RWRE, see Proposition 2.1, which is of independent interest. Our
main results for direct products of walks are proved in Section 3. The proofs concerning
the simultaneous meetings of random walks are based on the above-mentioned two key
localization results for recurrent RWRE, proved in Sections 4 and 5.

2 A return probability estimate for the RWRE

We consider a recurrent one dimensional RWRE Z = (Z,,),, in the random environ-
ment w = (w;)zez, Where the w, € (0,1), € Z, are i.i.d. (thatis, Z; = 0 and (1.2) is
satisfied with Z and w instead of Z(/) and w(/)). We assume the existence of ¢ € (0,1/2)
such that

Plwo € [e0,1 —€0]] =1,  E[logpo] =0,  E[(logpo)?] > 0, (2.1)

1—w

where py == o k € Z. The following result completes [18, Theorem 1.1] which says
that, for every 0 < 9 < 1, we have for P-almost every environment w,

P Z, =0
3 [ ]

= Q.
n19

n>1
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Proposition 2.1. For P-almost every environment w,

< 0.

3 PoZn = 0]
n
n>1
Before proving this result, we introduce some more notations. First, let
7(z) :=inf{n >1 : Z, =z}, x € 7.

In words, 7(z) is the hitting time of the site 2 by the RWRE Z. As usual, we consider the
potential V', which is a function of the environment w and is defined on Z as follows:

>oi i log % ifz >0,
V(z)={ 0 if 2 = 0, 2.2)
- Z?:m—l log 1;“’ ifx <0.

The potential is useful since it relates to the description of the RWRE as an electric
network. It can be used to estimate ruin probabilities for the RWRE. In particular, we
have (see e.g. [36, (2.1.4)] and [12, Lemma 2.2] coming from [36, p. 250]),

b—1 c—1 -1
Pblr(c) < 7(a)] = (Zev(j)> (Zev(”> . a<b<ec (2.3)
j=a Jj=a
and, recalling ¢ from (1.3) and (2.1), fora < b < ¢,

Efj [T(a) AT(c)] < aal(c —a)?exp [

(V (k) - V(E))}, (2.4)

max
a<t<k<c—1;k>b
where E’ denotes the expectation with respect to P% and u A v := min(u,v), (u,v) € R2.

For symmetry reasons, we also have fora < b < ¢,

Eblr(a) AT(e)] < go_l(c—a)QeXp[ (V(E)—V(k))] 2.5)

max
a<t<k<c—1, £<b—1

Moreover, we have, for k£ > 1 (see Golosov [19], Lemma 7)

P’lr(c) <k] < kexp ( min  V(¢) - V(c— 1)) , bz<e, (2.6)
Le[b,c—1]

and by symmetry, we get (similarly as in Shi and Zindy [32], eq. (2.5) but with some
slight differences for the values of /)

Pblr(a) <k] < kexp (e fnibn 1] V() — V(a)) ) a<hb. (2.7)
€la,b—
Lemma 2.2. Let v > 0. For P-almost every w, there exists N(w) such that for every
n > N(w),
n3="v < max V(k) < n%+7, _pity < min V(k) < —n%_'y,

and such that the same inequalities hold with {—n,...,0} instead of {0,...,n}.
Proof of Lemma 2.2. Observe that it is enough to prove that P-almost surely,

n?=7 < max V(k) <nit (2.8)

1<k<n
if n is large enough (up to a change of log p; in —log p;, in log p;_; or in —log p;_;). The
first inequality of (2.8) is given by [20, Theorem 2]. The second inequality of (2.8) is
a consequence of the law of iterated logarithm for V, as explained in ([9], end of p.
2438). O
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Proof of Proposition 2.1. Let n € (0,1) and n > 2. We define
zy i=inf{y >1: V(y) < —(logn)'™"},  z_ :=sup{y < -1 : V(y) < —(logn)*~"}.

Due to the previous lemma, choosing ~ small enough, we have that P-almost surely, if n
is large enough, the following inequalities hold:

2—
U™ and  max (V(i) - V() < (logn) /1. 2.9

- 2 2-<i,j<z4
We have by the strong Markov property,

PY[Z, = 0] < Pllr(z4) > n, 7(z-) > n] + 3 POlr(24) = K3 [Zuoy, = O
k=0

+ 3 PS[r(2-) = KJPZ [ Zy—i = 0].  (2.10)
k=0

Recall that, given w, the Markov chain 7 is an electrical network where, for every
x € Z, the conductance of the bond (z,z + 1) is C(; ;1) = e~V (@ (in the sense of Doyle
and Snell [14]). In particular, the reversible measure pu,, (unique up to a multiplication
by a constant) is given by

ph () i= eV (@) g7Vl z € 7. (2.11)

So we have

116, (0) 116, (0) e V(O 4 e~ V(=D)
P**(Z,_, =0 = P°Z,_,= < =
w [ k } w[ k Zi]ﬂw(zi) = peo(z4) e~ V(zz) 4 = V(z£—1)
e V() 4 ¢=V(-1)

@_V(Z:(:)

IN

< (67V(0) + S*V(*l)) exp [ — (k)g n)lin} :

Z POlr(21) = K|P**[Z,_, = 0] < (e*V(O) + e*V(*l)) exp [— (log n)lf”]. (2.12)
k=0

Moreover we have due to (2.4) and to Markov’s inequality,
Por(zy)>n, 7(2-) >n] < n'E%r(zy) AT(20)]
< 07— e | _max VR - V(O]
Now using (2.9), P-almost surely, we have

Pd[r(24) > n, 7(2=) >n] < e5'n"!(logn)* > exp [(log n)k"/lo]

for every n large enough. This combined with (2.10), (2.12) and e~V (=) < 5! gives
P-almost surely for large n

PY[Z, = 0] < beytexp [ — (logn)'~].

0 —
Consequently, )", -, W < 00 P-almost surely, which ends the proof of Proposition
2.1. O
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3 Direct product of walks

We start with a proof of Theorem 1.1. With a slight abuse of notation, we will write 0
for the origin in Z*, whatever k is.

Proof. 1. If m > 1 and r = 0, then (Y,,), is a product of m independent simple random
walks on Z. It is well-known that it is recurrent if m € {1, 2}, and transient if m > 3. This
follows from elementary calculations and the crucial fact that for any irreducible Markov
chain (G,,),,
(Gi)n is recurrent if and only if » _ P*[G,, = 0] = oo, (3.1)
n>0
where z is one of the states of the Markov chain.

2. If m > 3 and r > 1, then the 3-tuple of the three first coordinates of (Y,), is
(Sfll), s Sr(LB))n which is a product of 3 independent simple random walks on Z, hence
is transient. So (Y,,), is transient for P-almost every w.
3. If m =2 and r > 1, then applying the local limit theorem (see e.g. Lawler and Limic
[27] Prop. 2.5.3) for S™) and S for n € IN*,
2
POV, =0 =[] P[S" = 0] H P, (2 =0] < P%) (Z) =0],

i=1 j=1

where ¢ > 0 is a constant. This and Proposition 2.1 yield > >  P[Y,, = 0] < oo for

n=0" w
P-almost w. Hence, (using the Borel-Cantelli Lemma or (3.1)), (Y,,), is P-almost surely

transient.

4. We now assume m € {0,1}. We choose some § € (0,1/5) such that 36r < 152, We
denote by |x] the integer part of x for € R. For L € IN, we have
Le(l—ZJ)LJ

> PoYa=0] Y. Bilan=0
n>0 ”—L e(1— zi)LJH
Le(l—ZJ)LJ

- > P[Sy =0] H 0 [25) = 0].

e

Due to [18] (Propositions 3.2, 3.4 and (3.22)), since ¢ € (0,1/5), there exist C'(§) > 0 and
a sequence (I'(L,0)) Len of elements of F (that is, depending only on w) such that

N UTrEe|=1 (3.2)

N>0L>N

v

and such that, for every L € IN, on I'(L, §), we have
Vi {11}, Vhi € (28] +1,-- [0 PO [Z5) =0] > () e L. (3.3)

Due to the local limit theorem, this gives on I'(L, §), for large L so that Chlld 25)L > 3L,

o(1-20)L

oy _ ¢ m (C0)\" 1-25)/2—3687]L
pr[Y"_O]Z 3 (6(1—26)L/2) <635L > ey (6)el! =20/ I,

n>0

which goes to infinity as L goes to infinity due to our choice of §, ¢;(d) being a pos-
itive constant. Thanks to (3.2), this gives ) -, PJ[Y;, = 0] = +oc for P-almost all w.
Consequently, due to (3.1), (Y,), is recurrent for P-almost every environment w. O
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Remark 3.1. Recall that Sinai [33] (see also Golosov [19]) proved the convergence in
distribution of (Z,(f) /(logn)?) . Recall also that, due to de Moivre’s theorem, (S,(J) /),
converges in distribution. Due to Theorem 1.1, Y is recurrent iff }_, 1/(n% ((logn)?)") =
oo, where n% ((logn)?)" is the product of the normalizations of the coordinates of YV’
under the (non Markovian) annealed law P.

Note also that Theorem 1.2 and the previous paragraph lead to the following state-

ment (only for r > 1): if Zn>1 Wgn)m < 00, then almost surely, the random walks

(
SM . 80 zW) . Z() meet simultaneously only a finite number of times; otherwise,

they almost surely meet simultaneously infinitely often.
Now we will start to prove Theorem 1.2. Note that the case m < 1 is already treated
in Theorem 1.1 which says that in this case the random walks meet infinitely often at 0.

Proof of Theorem 1.2. Let A,, := {S,(ll) — . =8m g Z,(f)} for n > 0.

Proof of (i). Assume m = 3 and r = 1. Observe that for large n,

POA,] = Y PL[ZY =k (P[SV = k])*
keZ
P Z(l) K
< C =
< % ™o

for some C > 0 since for every k € Z and n € N, P[SS)) = k] < P[SSY) = 0] ~nsioo
(mn)~1/2 due to the local limit theorem. Hence 3 P [57(11) — 5@ _ g _ Z,(LU} < 0
and (i) follows by the Borel-Cantelli lemma in this case and a fortiori when m > 3 and
r>1.

Proof of (ii). Assume m = 2 and r > I = 1. Since I = 1, all the RWRE are in the same
environment, which is necessary to apply Proposition 1.5, which is essential to prove (ii).
We use the generalization of the second Borel Cantelli lemma due to Kochen and Stone
[24] combined with a result by Doob. To simplify notations, we also write w for w(*), so
w® =w forevery 1 <i <r.

We first prove that ) P,[A,] = oo a.s. More precisely, we fix an initial condition
= (21,72,Y1, ..., yr) € (2Z)?>T" U (2Z + 1)**". We have for all n and w,

PilAn] = ZIP[IM +8M = k| P[zs +52 = k] Hpgj [Zv(lj) — k].
kEZ =1

Notice that, for every i € {1,2}, due to the de Moivre-Laplace theorem (see e.g. [27
Prop. 2.5.3 and Corollary 2.5.4],

; V2 a2
sup Plz; + SO = k] — === k=2)7/Cn)| = 5(n~1/2).
ke (x;+n+2Z), |k|<(logn)3 [ ' " ] VT ( )

Consequently for large even n, for every w,
1 1 .
p* > . yi[7() — 1] — — vi [7G) — k.
AL > > Sreiz =w=— > JIre(z? =4
|k|<(log n)3,k—(x1+n)€(27) j=1 [k|<(logn)3 j=1

This remains true for large odd n. Hence for large n,

PZ[A,] > ipggthyv-) (ZzV) =..=2"] - ipgl (2] > (logn)?]. (3.4)
™ ™
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Recall that (Zfll) /(log n)3)n converges almost surely to 0 with respect to the annealed
law (see [10] Theorem 4, or more recently [21] Theorem 3). This holds also true for P¥*
for P-almost every w, so the last probability in (3.4) goes to 0 as n — +o00, which yields
iy o0 op W SN lpw HZ,(LD‘ > (logn)?®] = 0. Hence for P-almost every w,

: w)
lim su n) > —, (3.5)
N4+£ IOgN Z
ith ¢ I LpWieyr) 170 707 1f
With c(e) 1= inf(y,....un el oz MW Gy S0 (20 = = Za"].

r = 1, then ¢(w) = 1. If » > 1, due to Proposition 1.5, ¢(w) > 0 for P-almost every
environment w. This implies that

> PIA,] = +o0. (3.6)

n>1

Moreover, let C > 0 be such that forall n > 1 and k € Z, ]P[Sf,,l) = k] < Cn~'/2, which

exists e.g. since P [Séil) =k] < ]P[S;n) = 0] ~nsto0 (7n)~1/2 by the local limit theorem.
So for 1 < n < m, we have by Markov property,

PLf [An N Am}
= > Py z0 ==z =k Z\) = .. =2 =1

(k,0)€Z2

<Pl + SO = K]P[aa + S = K] (P[SLL), = £~ k)
r ” C4

< ZPSH ..... yr) [ZT(LI) — g k] (ky-. ) [Z,(,})_n = Z,(n)_n] n(m—n)

kEZ

C4

= n(m—n)’

Consequently, for large N,

>, Rl

1<n,m<N,m#n

% < 3C*(log N)2.

uMz
ETMZ

Applying this and (3.5) we get for P-almost every w, for every initial condition z €
(2Z)%T" U (2Z + 1)*tT,

lim sup (ZTILI i [An}) 2 > (c(w))2

. 3.7
N—+o00 Zlgn,mgN Pr[A, NA,] — 3m2C* 3.7)

Due to the Kochen and Stone extension of the second Borel-Cantelli lemma (see Item (iii)
of the main theorem of [24] applied with X,, = E?zl 1,4,, or [35, p. 317]), (3.7) and (3.6)
imply that P%[A, i.0] = P2[Nn>0 Un>nAn] > (c(w))?/(372C*) > 0, where i.o. means
infinitely often.

Now for P-almost every w, due to a result by Doob (see for example Proposition V-2.4
in [28]), since E := {A,, i.0.} = Nn>0Un>n A, is invariant (with respect to the shifts of the
sequence (Yp, Y1, Ys,...), for every z € (22)*7" U (2Z + 1), (PLSSS)’Sg)’zibl)"”’zg))[E])
converges PZ-almost surely to 1.

But inf, ¢ (2z)2+ru2z41)2+- PE[E] > (c(w))?/(372C*) > 0, so we conclude that 15 =1
PZ-almost surely, thus PZ(F) = 1, for P-almost every environment w.

n
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Proof of (iii). Assume m = 2 and r = I = 2. We have

P = Y P[Z) = 2~ k(B[S = 4])’
keZ
02

IN

—P {Zﬁl) = ZT(LQ)} = O(n_l(logn)_g/2)7
n

due to Proposition 1.4 and the local limit theorem. Hence )., P°[4,] < oo and (iii)
follows due to the Borel-Cantelli lemma. O

So there only remains to prove Propositions 1.4 and 1.5.

4 Probability of meeting for two independent recurrent RWRE in
independent environments

The aim of this section is to prove Proposition 1.4, which is a key result in the proof
of case (iii) of Theorem 1.2.

Let ZM and Z®? be two independent recurrent RWRE in independent environments
w® and w® satisfying (2.1).

The main idea of the proof is that Z,(f) and Zr(f) are localized with high (annealed)
probability in two areas (depending on the environments, see Proposition 4.5) which
have no common point with high probability (see Lemma 4.6). Due to [33], we know
that, with high probability, Z,gi) is close to the bottom Bg) of some valley (contain-
ing 0 and of height larger than logn) for the potential V(9. Here and in the follow-
ing, V(¥ denotes the potential corresponding to w¥, defined as in (2.2) with w re-
placed by w®. An intuitive idea to prove Proposition 1.4 should then be that p, :=

P |:ma,X7;:1,2 |Z7(f) - B,(f)| > |B7(11) iy -1e |/2} is very small. More precisely we would like

to prove that p, = O((log n)_l_‘f). (In view of the proof of (iii) above, it would suffice
to show that Zn ’;—’; < o0). However, this seems difficult to prove and we are not even
sure that it is true. Indeed, in view of Lemma 4.4 below (proved for a continuous approx-
imation W ~ V(*), we think that with probability greater than 1 /logn, 0 belongs to
a valley of height between logn — 2loglogn and logn and that the annealed probability
that Zr(f) is close to the bottom of this valley (which is not Bff)) should be greater that
1/logn. Hence, to prove Proposition 1.4, we will work with several valleys instead of a

single one.

4.1 Proof of Proposition 1.4

In this subsection, we use a Brownian motion W (), approximating the potential V%,
to build a localization domain =, (W(i)) for Zr(f), i € {1,2}. This localization is stated in
Proposition 4.5 and is crucial to prove Proposition 1.4.

In order to construct our localization domain =, (W(i)), we use the notion of h-extrema,
defined as follows.

Definition 4.1 ([29]). If w : R — R is a continuous function and h > 0, we say that
1Yo € R is an h-minimum for w if there exist real numbers a and ¢ such that a < yy < c,
w(yo) = inf, o w, w(a) > w(yo) +h and w(c) > w(yo) + h. We say that y, is an h-maximum
for w if yg is an h-minimum for —w. In any of these two cases, we say that y, is an
h-extremum for w.

We also use the following notation.

Definition 4.2. As in [7], we denote by WV the set of functions w: R — R such that the
three following conditions are satisfied: (a) w is continuous on R; (b) for every h > 0,
the set of h-extrema of w can be written {z;(w,h), k € Z}, with (z(w, h))iez strictly

EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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increasing, unbounded from below and above, and with xo(w,h) < 0 < z1(w, h), notation
that we use in the rest of the paper on W; (c) for allk € Z and h > 0, zx(w, h) is an
h-minimum for w if and only if x+1(w, h) is an h-maximum for w.

We now introduce, forw € W, i € Z and h > 0,

{ xoi(w, h) if zo(w, h) is an h-minimum,

bi (’LU, h) = .

Zoi+1(w, h) otherwise.

As a consequence, the b;(w,h) are the h-minima of w. We denote by M;(w,h) the
unique h-maximum of w between b;(w, h) and b;11(w, h). That is, M;(w, h) = xj41(w, h) if
bi(w, h) = z;(w, h).

For w € W, h > 0 and i € Z, the restriction of w — w(x;(w, h)) to [z;(w, k), ;41 (w, k)]
is denoted by T;(w, k) and is called an h-slope, as in [7]. If z;(w, k) is an A-minimum
(resp. h-maximum), then T;(w, h) is a nonnegative (resp. nonpositive) function, and its
maximum (resp. minimum) is attained at x;,1(w, h). We also introduce, for each slope
T;(w, h), its height H(T;(w, h)) := |w(z;+1(w, h)) —w(z;(w,h))| > h, and its excess height
e(T;(w, h)) := H(T;(w,h)) —h > 0.

When z;(w, h) is an h-minimum, the restriction of w to [z;_1(w, k), z;11(w, k)] will
sometimes be called valley of height at least ~ and of bottom z;(w, ). The height of
this valley is defined as min{w(z;_1(w, h)), w(z;1+1(w,h))} — w(z;(w, h)), which can also
be rewritten min{H (T;_1 (w, h)), H(T;(w, h))}.

These h-extrema are useful to localize RWRE and diffusions in a random potential.
Indeed, a diffusion in a two-sided Brownian potential W (resp. in a (—k/2)-drifted
Brownian potential W, with 0 < x < 1) is localized at large time ¢ with high probability
in a small neighborhood of by(W,logt) (resp. some of the b;(W,,logt — +/logt), i > 0) see

g. [7]1 and [8] (resp. [2]). For some applications to recurrent RWRE, see e.g. [4] and
[12].

Let C; > 2 and o > 2. Define log® 2 = logloga for > 1. As in [12], we use the

Komlds-Major-Tusnady almost sure invariance principle [25], which ensures that:

Lemma 4.3. Up to an enlargement of (2, 7, P), there exist two independent two-sided
Brownian motions (W(s),s € R) (i € {1,2}) with E[(W)(1))?] = E[(V)(1))?] = o?
and a real number C; > 0 such that for all n large enough,

P| sup |[VO(t])—Ww® (t)‘ > Crlog@ n| < (logn)=©,  ie{1,2}.

[t|<(log n)>
Proof. Notice that V() and V? are independent, since w®) and w? are independent.
Due to ([25], Thm. 1), there exist positive constants a, b and ¢ such that for N € N, up to
an enlargement of (2, 7, P), there exist two independent two-sided Brownian motions

(W@(s),s € R) (i € {1,2}) on (Q, F,P) with E[(W®)(1))?] = E[(V(#)(1))?] = ¢2 such that

Vo € R, Vi€ {1,2}, P | sup ’V(i)(k) - W(i)(k)’ >alogN +x

|k|<N

< be . (4.1)

Applying this result to N := [(logn)*] + 1 and z := (log(2b) + C1 log'® n)/c and taking
Cy>2 (ac + <), we obtain that

) ) 1
P sup ‘v@(k) — WO k)| > g1og< In| < Z(logn)~ 1, (4.2)
|[k|<[(logn)>]+1 2

for all n large enough. Moreover, for every n large enough,

EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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_ | ¢
Pl sup  |[WO(t]) - w® (t)‘ > Log®np
|t]< (log n)= 2

. C , C
< 3(logn)*P [ sup |W(l)(t)| > ilog@) n] < 6(logn)*P [’W(Z)(lﬂ > élog(z) n

0<t<1
(€1)? (2)  \2 (€12 (2
— =1 (log'?’ n) 12 a— 5—log'®)' n 1 _c
< 6(logn)® e 57 = ——(logn 8 < =(logn)™ ™",
,(g)m m(g) < (logn)
since supgg 1) W =4, |[W(1)|. This combined with (4.2) proves the lemma. O

In the rest of the paper, we use the W int1:oduced in Lemma 4.2. We will use the
valleys for the W@, Fix some Cy > 2a + 2+ 10C4. Let

iy = logn — 5C5 log® n. (4.3)

We know from ([7], Lemma 8) that W) & W almost surely (recall definition 4.2).
Moreover, using [21, Th 2.1] with 0 < a = b, we have

P[ sup W@ (s) — WD(s)] < b} < (4/m) exp|—n202t/(86%))],
0<s<t
where W@ (s) = infjp W. Applying this several times to W and —W with
t = (logn)*/10 and b = h,,, the following holds with a probability 1 — o((logn)~?) (since
a>2), 4 4
Vie {1,2}, —(logn)® <b_s(WD h,) < Ms(WW h,) < (logn)®. (4.4)

The following lemma shows that Proposition 1.4 is more subtle than it may seem at

first sight.

Lemma 4.4. Let W be a two-sided standard Brownian motion and o > 0. Then, for every
n large enough,

P[H(To(oW, hy)) < logn] > C5(1og® n)(logn)~t, (4.5)

P[#{j € {-5,....5}, H(Tj(cW, hy, — 2C, log® n)) < logn + Cslog'® n} >2] (4.6)
= 0((10g® n)*(logn)~?),

P[3j € {-5,....5}, H(T;(cW,h, —2Cslog® n)) < logn + Calog® n] (4.7)
= O((log(z) n)(logn)™").

In particular, the probability that the height of the central valley for W (9 is less than
logn is not negligible. However, with large enough probability, all the valleys close to 0
except maybe one are large, with height greater than logn + Cs log(2) n.

Proof of Lemma 4.4. Eet ﬁnN:: h, — 20, log(Z) n. First, due to ([29], Prop. 1, see also
[7]1 eq. (8)), e(T;(cW, hy,))/hy, is for i # 0 an exponential random variable with mean 1.
Consequently, for i # 0 and large n,

< 9C, log(2) n.

P [H (E (UW, TLn)) <logn + Cs log(2) n] = P[e (E (UW, TLn)) < 8CY log(z) n] Tog

Observe that ¢(Ty (oW, hy,))/hy is by scaling equal in law to e(Tp(W, 1)), which has a
density equal to (2x + 1)e™"1 (g o)(x)/3 due to ([7], formula (11)). Hence for large n,

Cy(log® n)(logn)™" < Ple(To (oW, hy)) < 5Cslog™® n]
< P[e (TO (O'W, %n)) < 8Cy log(2) n}
< 9C3(log® n)(logn)~".
EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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This remains true if l~Ln is replaced by h,,. These inequalities already prove (4.5) and
(4.7). Moreover, due to ([29], Prop. 1), the slopes T; (oW, 71,1) i € Z are independent, up
to their sign, so the random variables H ( (oW, h )) 1 € Z are independent. This and
the previous inequalities lead to (4.6). O

Because of (4.5), it seems reasonable to consider strictly more than one valley of
height at least h, if we want to localize a recurrent RWRE with probability > 1 —
(logn)=2*¢ for e > 0.

We first introduce some notation. Let, fori € {1,2}, j € Zand n > 3,

g (W)

= {z e [Mjoy (WD, hy), M; (WD hy)], WO(z) < WD (b, (WD hy)) + Colog® n}.
Loosely speaking, =, ; (W(i)) is the set of points with low potential in the j-th valley for
W, We also define

2
2, (W) = U Z,; (W),

In Proposition 4.5 (proved in Section 4.2), we localize the RWRE Z() in a set of points
which are close to the b;(.) “vertically”, instead of “horizontally” as in Sinai’s theorem
(see [33]).

Proposition 4.5. Let ¢ > 0 and i € {1,2}. For all n large enough, we have
P2 ¢ Za(WY)] < gn = (logm) =,

Proposition 1.4 is then an easy consequence of Proposition 4.5 and of the following
estimate on the environments.
Lemma 4.6. Let ¢ > 0. For large n,

PE. (W) NE, (WD) £ 0] < (logn)~2F=.

Proof of Lemma 4.6. First, let k € Z, (W) for some i € {1,2} and n > 3. Hence k €
(M1 (WO, ), My (WD hy,)] and WO (k) < WO (b; (W, hy,)) + Calog® n for some
j€{-2,-1,0,1,2}. By definition of h,,-minima, we notice that the two Brownian motions
(WO (z + k) = WO(k), 2 >0) and (WO (—z + k) — WO (k), = > 0) hit h, — C2log® n
before —2C, log(Q) n. By independence, it follows that, for n large enough, for every

ke€Zandi€ {1,2},
Pk e 2,(WW)] < PTE (b — Calog® n) < T (=2C; log® n)]

><PHT. hn, — Cylog )y | |T(i) (—2C5 log(2) n)H
< 0(((10g® n)/10gm)?),
where T(Jg)(z) = inf{z >0 : W®(z) = 2} and To(2) =sup{z <0 : W @ (z) = 2}.
Consequently, since W (1) and W2 are independent, we have uniformly on k € 7Z,
PlkeZ, (W) N, (W) = Plke=z,(Wh)]Plkes,(W?)]
< 0((10g® n)*/(logn)*). 4.8)
Finally, (4.4) applied with 2 4+ ¢ > 2 instead of « and (4.8) lead to
PIE, (W) NE,(W?) £ 0]
L(logn)>*+<]

< o(llogn)™)+ > PkeZ,(WV)nE, (W?)]
h=—(log n)+<
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< O ((log 2 n)*(log n)*zﬁ) < (logn) =212,
for every n large enough. Since this is true for every € > 0, this proves the lemma. O
Proof of Proposition 1.4. We have for large n, due to Proposition 4.5,
P(zV =2P] < Pz =23,z c=,(WV),ZzP e =, (W?)]

+P[Z) ¢ 2, (WD) + P[ZD ¢ 2, (WP)]
PIZ, (WD) NE, (WD) £ 0] + 2g,.

IN

This and Lemma 4.6 prove Proposition 1.4. O

4.2 Proof of Proposition 4.5

We fix i € {1,2}. To simplify notations we write V for V), Z,, for Z" and W for W .

The difficulty of this proof is that we have to localize Z,, with probability 1— (logn)~2+¢
instead of 1 — o(1) as Sinai did in [33]. For this reason we need to take into account some
cases which are usually considered to be negligible. In order to prove Proposition 4.5,
we first build a set G,, of good environments, having high probability. We prove that on
such a good environment, the RWRE Z = (Z,,),, will reach quickly the bottom bz, of one
of the two valleys of W surrounding 0. We need to consider these two valleys because
we cannot neglect the case in which 0 is close to the maximum of the potential between
these two valleys.

Also, we cannot exclude that the valley surrounding bz, is “small”, that is, its height
is close to logn. Then, we have to consider two situations. If the height of this valley
is quite larger than logn, then with large probability, Z stays in this valley up to time n
(see Lemma 4.9). Otherwise (in the most difficult case, Lemma 4.11), Z can escape the
valley surrounding bz, before time n, and in this case, with large probability, it reaches
before time n the bottom bz, of a neighbouring valley and stays in this valley up to time
n. In both situations, we prove that Z, is localized in =, (W), and more precisely in the
deepest places of the last valley visited before time n. In order to prove this localization,
we use the invariant measure of a RWRE in our environment, started at bz, or bz,.

We fix € > 0. Recall (4.3). We introduce for j € Z,

xj=x;(W,hn)], by = [b;(W.hy)], M= [M;(W, hy)].

We denote by G,, the set of good environments w satisfying (4.4) together with the
following properties (see Figure 1):

sup  [V([t]) - W ()| < Cilog® m, (4.9)
|t < (log n)=

t{j € {=5,...,5}, H(T;(W, h, —2C510g® n)) <logn + Cylog® n} <1, (4.10)
with h,, defined in (4.3). For every n large enough, we have
P[(G.)°] < (logn)~?*, (4.11)

due to (4.4) and to Lemmas 4.3 and 4.4, since C; > 2.
We now consider w € G, where G, := G, N {x1(W, h,,) is an h,-minimum}, that is,

_1(VV, hn) = l'_l(W, hn) < l’o(W, hn) = M_l(I/V, hn) S 0< bo(W, hn) = Zl(W, hn)
Indeed, the other case, that is, 2o(W, h,) is an h,-minimum, or equivalently w € G,; with

G, = G,\G,, is similar by symmetry.

EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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Figure 1: Pattern of W for a good environment w € G,, and representation of different
quantities.

Proof of Proposition 4.5. Let us see how we can derive Proposition 4.5 from (4.11) and
from Lemmas 4.7, 4.9 and 4.11 below. Applying Lemma 4.7 with y =0 and j = —1 on
Gt, the random walk Z goes quickly to b_; or by with high probability. More precisely,
setting F; = {7(b_1) A 7(by) < n(logn)~3°2}, there exists 7y € IN such that, for every
n = no,

VweGH,  P,(E))>1- (logn) 2. (4.12)

Due to Lemmas 4.9 and 4.11, there exists n; € IN such that, for every n > n,

Yw € GF

T Pu[E1, Zn ¢ E,(W)] < 11(logn) "2
and so, using (4.12),
Vn > max(fig, 71), VYw € G, P,[Z, ¢ Z,(W)] < 12(logn) 2.

By symmetry, this remains true with QTJ{ replaced by G, . Therefore, due to (4.11), for
every n large enough,

P(Z, ¢ Z,(W)] < / P,[Z, ¢ Z,(W)]P(dw) + P[(G,)] < 2(logn) >*=.

n

Since this is true for every € > 0, this proves Proposition 4.5. O

We will use the following property. For j € Z, let

Li(x) = exp [f (V(x) — V(bj))} + exp [f (V(:v -1 - V(bj))]
= exp [V(bj)}uw(:r), €,

with reversible measure pu,, defined in (2.11). It follows from reversibility that

WhEW, Ve e Z e Z, Pz =] = @ prig g < Bl o ) (@)

peo(b) = (b
(4.13)
In particular,
Vj€Z VkeN, Ve €Z,  PY[Zy=z]<pjx). (4.14)
EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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Lemma 4.7. There exists ng € IN such that, for every n > ng, every w € G,, every
j € {—2,...,1} and every integer y €]b;,b;11],

PY[7 (bj) AT (bj1) > n(logn)~3“*] < (logn) 2. (4.15)

Proof. Let j € {—2,...,1} and w € G,,. Assume for example that y € [M;, b;;1], the proof
being symmetric in the case when y €]b;, M;]. We set (see Figure 1 for j = —1)

Af min(b, 1, inf{k > M; : W(k) < W(M;(W,hy)) — hyn — Calog® n}),

A7 = max(bj,sup{k < M; : W(k) < W(M;(W, hy,)) — hy, — Colog® n}).

1. Ify € [M;, A;r [, due to (2.4), (4.4) and (4.9), applying Markov’s inequality, we get

hn42C2log® n 2 —1 b —b.1?
e € .
<=0 b1 = b)) exp| max V — min V}

Y - +
F T(Aj JAT(A7) > 2 = ehnt2C2log®n [bj,bj+1] [4;,4F]

J

—1 2 - ~
2ey " [May — b_3] o (WM (W) 4G 10g® n) — (W (M (W) ki —Cz log®) n—Ci log® n—loge; ")
ehn+2C2 log® n

_ A (2) —1
_ 860 l(log n)2aehn+(02+2C1)log n+log e

- ehn+2C2 log® n

A 1
< 8¢5 % (logn)2ot2¢1=C2 < g(log n)~?

for every n large enough, where we used supj, (w,n,,),6,.1 (W,h)) W = W(M;(W, hy,)) and
V(Aj[) > V(AjE F1)—log 1;% in the second line and C3 > 2a + 2C; + 2 in the last one.
Hence by the strong Markov property, for n large enough, for every y € [M;, Aj*],

w

PY [7(b;) A r(byyq) > ehnt2Calos™ n}

-2 A_y_ . hn+2Co log(2) n A;— . hy,+2Co log(z) n
< ~(logn)™*+ P,’ |7(bj) > e /2| + P’ |1(bjy1) > € /2] .

(4.16)

2. Assume now that y € [A;r,ij[ (and so Aj < bj4+1). Observe that W admits no
h,,-maximum in the interval |M;(W, hy,), bj1 (W, h,,)] by definition of M} (.), so

W(v) = W(u)) < hy.

max
Mj(Wihp) <uLo<bjy1(Why)

Hence due to (2.4), (4.4), (4.9), and to Markov’s inequality, we have

PY [r(0) Ar(bya) > et 202108 0 )

2[My — b_5)?
T gpehnt2C: log® n exp |:Mj S?%%ébjﬂ V(k) B V(E))]
—1 ’ o (2)
- 880 (log n)Qth,L+2C1 log'®) n

- ehn+2C2 log® n,

< é(log n)~2 (4.17)

for every n large enough, since 2C5 > 2a+26’1 +2. Moreover, due to (2.3), (4.4) and (4.9),
and since there is no h,-maximum in [A;r, bj+1] and so sup,+ by W < W(A;’) + A,
T

PYIr(My) < (b)) < (bji1@V(Z)> (bjileV(€)> _1

t=AF {=M;

< [bjr—Af]exp (@e R V() exp (- V(M;))
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IN

2(logn) exp [W(A]) + hy — W (M;(W, hy,)) + 2C1 log® n]

A 1
< 2(log n)O‘_CT"QC1 < g(logn)_2 (4.18)
for every y € [A;r, b;y1[ for all n large enough, since Cy > o+ 2C1 + 2. Gathering (4.17)
and (4.18), we get, for all n large enough, for every y € [Aj*, b;j+1[, uniformly on G, as
the previous inequalities,

PY [T(bj_H) > n(log n)_302/2] =Py [T(bj_:,q) > hnt2C2 log®®) 71/2} <

1
Y Y < g(logn)_Q, (4.19)

recalling (4.3). This already proves (4.15) for y € [Aj*7 bjt1l.

3. For symmetry reasons, we also get that, for every n large enough, for every y €]b;, Aj_],

PY\7(b;) > elhnt2C: 10g(z)”/2 <

w

(logn) 2. (4.20)

Wl =

Finally, combining (4.16) with (4.19) and (4.20) proves (4.15) for y € [Mj,A;’[. Hence,
(4.15) is true for y € [M;, b +1[ thanks to 2., and for y €]b;, M;] by symmetry. This proves
the lemma. O

We consider Z; € {—1,0} such that 7(bz,) = 7(b_1) A 7(bo). Recall that F, = Ey(n) :=
{r(bz,) < o}, where we set
an = n(logn) 3¢, (4.21)

We already saw in (4.12) that, thanks to Lemma 4.7 with y = 0 and j = —1, we have
Vw € G, P,(E;) > 1— (logn)~2.

We consider the event F2 = F3(n) on which Z first goes to the bottom of a “deep” valley:

ES(j) = {W[M;(W,h,)] = Wbj(W,h,)] > logn + Calog® n},  jeZ,
Ey (j) = {W[M;_1(W,hn)] = Wb;(W, h,)] > logn + Colog® n},  jez,
E2 = E;_(Il) n E;(Il)

Notice that this event depends on w but also on the first steps of Z up to time 7(by, ).
Similarly as in (4.7), this event happens with probability 1 — O((logn)~* log® n), So we
cannot neglect £5. We will treat separately the two events E, and E5 (the study of ES
being more complicated). Before considering these two events, we state the following
useful result. We introduce for j € Z,

MF = by Ainf{k > M;, W(k) < W (b;j(W,hy)) + Calog® n}, (4.22)
M: = by Vsup{k < M;_1, W(k) < W(b;(W,hy)) + Calog®n}, (4.23)

where u V v := max(u,v), (u,v) € R?, so that
Vk €]M;, M;_1] U [M;, M [, W (k) > W (b;(W, hy,)) + C2log® n. (4.24)
Lemma 4.8. For every n large enough,

Vw € Gn, Vj € {=2,...,2}, supPl(Z € [M; ,MS]\E,(W)) < (logn)™%.  (4.25)
k>0

EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
Page 17/34


http://dx.doi.org/10.1214/18-EJP192
http://www.imstat.org/ejp/

Collisions of several walkers in recurrent random environments
Proof. We claim that due to (4.9) and (4.4),

V(z) > W(b;(W, hy)) + Calog® n — €y log® n —logej !
for every integer = € ([M;, M']

En,;(W)) for j € {-2,...,2}. This follows from the
definition of Z,, ;(W) if x € [M,_1, M;], and from (4.24) and the fact that |V (y) — V(y —

1] <log 1;% otherwise. So, due to (4.14), (4.4) and (4.9), for large n, for allw € G,, and
je{-2,...,2},

sup Py (Z), € [M;, M T\ E,(W))

M
< 1z, (w)e (@)1t (x)
=M
a;
<

Z ]-En,j(W)c(l')eV(bj)[e—V(z) +67V(I)+log ggo]
=M,

2(10g n)ago—le(W(bj(W,hn))—i-CH log(z) n) —(W(bj(W,hn,))+(Cg—C’1) log(z) n—log 851)

2¢5 % (log n)"‘”él*c2 < (logn)™2

)

since Cy > 2a +2 + 10C}.

In the next lemma, we consider the case where Z goes quickly in a deep valley.
Lemma 4.9 (Simplest case). There exists n, € IN such that for all n > nq,

Vwe G,  P,(Ei, B Z, ¢E,(w) < 3(logn) >

Proof. Due to (2.6), (4.4) and (4.9), we have for large n, for all w € g; and all j €
{-2,...,2} uniformly on EJ (j),

Pﬁj [r(M;) < n] < ne™in; m; -1 V=V (M;—1) < neV )=V (M;=1)

< nexp [(W(bj(W, hy)) + Cilog® n) — (W(M;(W, hy,)) — C1log® n —logeg )]
< ne—(log n+C3 log® n)+2C log, n+log 551 _ Eal(log n)2C"1—Cz < (log TL)_27 (4.26)

since Cy > 2a+ 2+ 10 C’l. Similarly, using (2.7) instead of (2.6), we have for large n, for
allw € G, and all j € {-2,...,2}, uniformly on E; (j),

P% [1(M;_1) < n] < (logn)~2. (4.27)
Let

T(I7y) = lnf{k >0, ZT(I)-‘rk = y}a r€Z,y€L.
In particular, on Ey N Ex N {7 (bz,, Mz,—1) > n} N {7(bz,, Mz,) > n}, recalling (4.21),

7(bz,) < an <n < 7(bgy) + 7(bgy, Mz, —1) A7(bz,, Mz,),
and so Z, € [Mz,_1, Mz, | C [Mz,, M7 ]. Applying (4.26) and (4.27) combined with the
strong Markov property at time 7(bz, ), and then (4.25), we get for large n, for every
w e g,
Pw[Ela EZa Zn ¢ En(W)]
S Pw [E17E27Zn ¢En(W),T(bII7M1171)
EJP 23 (2018), paper 90.
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+P, [EQ, (bINMIl—l) < n] + P, [E27T(b117MIl) < n}

b —_ _
< E,[1p, P (Zp—i € [Mz,—1, M7, \:n(W))\k:Ta)II)] + 2(logn) 2
< 3(logn)~2. (4.28)
This proves the lemma. O

For the event ES, we will use the following lemma, which is actually true for any
Markov chain.

Lemma 4.10. Let a # b. We have,
Vk € IN, PP[r(a) = k] < P’[r(a) < 7(b)].

Proof. Let k € IN*. We have, by the Markov property,

Pblr(a) = k] = ZPb a) =k, Z, =b,n <<k, Z #b]
< ZP” w=b]Ptr(a) =k —n,7(a) < 7(b)]
< Pﬁ[f(a) € [0,k],7(a) <7(b)]
< Pllr(a) <T(0)],
where we used P’[Z,, = b] < 1 in the second inequality. O

Lemma 4.11 (Most difficult case). There exists n| € IN such that for alln > n},
Vw e Gy, P,(Ei,E$ Z, ¢ Z,(w)) < 8(logn) 2.

Proof. An essential remark is that if we are on ES with w € G}, then, due to (4.10), either
we are on E; (Z;) \ E5 (Z1) oron E5 (Z1) \ E5 (Z1). In the first case we set

Ly:=T14+1, A:= MI+17 B := Mz, (W, hy,) and D := Mz, .
whereas in the second case we set
T,:=Ty -1, A:= Mz, B:= Mg, _1(W,hy) and D := M .

Loosely speaking, with large probability, bz, is the bottom of the second valley reached
by Z, and Z can reach it before time n or not, so we have to consider both cases.
We introduce 7/(A4, bz, ) := inf{k > 0, Zr(br, )47 bz, A+ = bz, } and

Es = {r(bg,) +7(bz,, A) <n—2n(logn) 602} N{7'(4,bz,) < n(logn) 602}

Ey = {7(bg,) +7(bg,,A) € [n—2n(logn) 6Cs n)},

Es = {7(bg,) +7(bg,,A) >n}N{r(bg,, D) > n},

EG = {T(bII7D) S n},

E; = {1'(Abg,) > n(logn) 2}
Notice that

Eg Cc FsUFE,UFE;UEgU Ey. (4.29)
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» Control on Ey. First, ES N {Zy = Z; + 1} C E5 (Z1), so by (4.27) and since D =
Mgz, < Mz, 1 < bz, when T, =T, + 1, we have for large n for every w € G;f,

PBSO{TL=Ti +1}NEs) < Eu[ly g, P (r(Mz,-1) < 7(D) < n)]
(logn)~2. (4.30)

A

The case Z; = I, — 1 follows similarly from (4.26), and so
P,(E$N Eg) < 2(logn) 2

for large n for every w € G,!.
 Control on E,. We start by proving that for every n large enough, for every w € G,
uniformly on E¥,

Va € N, P [7(A) € [n— 2n(logn) % — 2,n — 2]] < (logn) 2. (4.31)

Using Lemma 4.10 and then (2.3), we obtain on F, (Z;)\ F5 (Z;), since bz, < Mz, <

A,
P r(A) =€ < PP [r(A) < 7(bs,)] = wop, P [F(A) < 7(b1,)]
< V) =V(Mz,) < (Wb (Wiha)]=W[Mz, (Wihn)]+2C1 log® n
< efthrzél log®n _ (log n)5C2+25'1 /n
< (logn)~%/(3n(logn) =),

for every ¢ € IN and w € G;' for every n large enough, since Cy > 2o+ 2 + 10 Cy.
Summing over ¢ proves (4.31) in this case, the other case Ey (Z;) \ F; (Z;) being
very similar.

Due to (4.31), for large n, for every w € G, by the strong Markov property,

n’

P,(ESNE,) = E, [1E§wazl (T(A) € [n —2n(log n)*6C2 —z,n— 9:})|$:T(bzl)]

< (logn)™2 (4.32)

A

¢ Control on FE7. Let us prove that for n large enough,
YweGH  P,(E5NE;) < (logn) 2. (4.33)

Due to the strong Markov property, it is enough to prove that for large n, for every
w € G,I, uniformly on FY,

P2 [r(bz,) > n(logn) 0] < (logn)~2. (4.34)

Recall that h,-extrema are a fortiori (h,, — 2C5 log(z) n)-extrema. Let us observe
that due to (4.10) and since W (B) — W (bz, (W, hy,)) < logn + Cylog® n, the only
possible slope T [W, h,, —2C5 log'® n], =5 < j < 5 with height < logn+ Cs log® n is
[B, bz, (W, hy,)] (or [bz, (W, hy), B]) s0 W (B) =W (bz, (W, hy,)) > log n+Cy log'® n. For
the same reason, there is no (h, — 2C; log'? n)-extrema between B and bz, (W, h,,),
and so
sup (W (v) = W(w)) < by — 2Clog® n
B<u<v<bz, (W,hn)

in the case 75 = 77 + 1. Hence in this case, due to (2.4), (4.4), (4.9) and to Markov’s
inequality, and since |B| = Mz, < A < bg,,

EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
Page 20/34


http://dx.doi.org/10.1214/18-EJP192
http://www.imstat.org/ejp/

Collisions of several walkers in recurrent random environments

- — (2) A (2)
£y '4(log n)2eehn—2C2log'™ nt2C: log™ n

P2 [r([B)) Ar(bz,) = nlogm) %] < og )5

)2a7C2+2(~71

IN

ey 4(logn
1

< i(log n)2, (4.35)

for every n large enough since Cy > 2o + 2 + 10 C,. This is also true in the case

To =1, — 1 by (2.5).

Moreover in the case 7, = 7; + 1, we have

max V< sup W + él 10g(2) n
[A1b12] []\/[;—1 bz, (W,hn)]

WML ) + (1~ 20108 n) 4 G log® m

IA

due to the previous remark, (4.4) and (4.9). Also,
W (M) < W (bz, (W, hy)) + Colog® n

by (4.22), otherwise we would have M7, = bz, 11 and W (bz, 1) > W (bz, (W, hy)) +
Cylog® n > W (Mz, (W, hy)) — logn due to our hypothesis in this case Z, = Z; + 1,
which in turn would give W (Mz, (W, hy)) — W (bz,+1(W, hy)) < logn + 2C; log'® n,
which contradicts (4.10) since 2@1 < C5. So by (2.3), (4.4) and (4.9), recalling that
W(bz,(W,hy)) + hyp, < W (Mz, (W, hy,)) and B = Mz,, we get

P [r([B]) < 7(bz,)]

< (bz, — A)exp [ max V — V(B)}
[A,b7,]
< 2(log n)%(W(bIl (Whn))+ho+(Cr —C2) 1og™® n) — (W (Mz, (Why))—Cr log™® n)
< 2(logn)*+2% - < (logn)~2/2 (4.36)

for every n large enough since Cy > 2+ 2 + 10 C,. We prove similarly (4.36) in
the case 7o = 7; — 1. Then, (4.35) and (4.36) prove (4.34). Finally, (4.34) combined
with the strong Markov property lead to (4.33).

» Control on E5. On Ey N ESN E5, we have 7(bz,) <n < 7(bg,) +7(bz,, A) A7(bz,, D)
and in particular Z, € [AAD,AV D] = [Mz,,M}]. Applying (4.25) as in the
simplest case, we get for large n, forallw € G,,,

P,(EyNESNEs, Z, ¢ Z,(W))
bz, - =
Eo[1iroz,) <0ny P (Zni € Mz, METNER(W)) g, )]
log ). (4.37)

IN

IN

 Control on E5. On E; N ESN E3, we have 7(bz,) < 7(bz, )+ 7(bz,, A) + 7' (4, bz,) < n.
Moreover, the height of the valley [Mz,_1(W, h,,), Mz, (W, h,,)] is at least logn +
Oy log(2) n on ES due to (4.10), that is, we are on F; (Z3) N E;_(IQ). Also we get
P72 [7(Mgz, 1) AT(Mgz,) < n] < 2(logn)~2 by (4.26) and (4.27) uniformly on ESNG;"
for large n. Using (4.25) and [Mz, 1, Mz,] C [Mz,, M7}, this gives for large n for

every w € G,
P,(EyNESNEs, Z, ¢ E,(W))
bI — + -
< Bo[Ur(ory) <ny P (Znoi € [Mz,, ML\ En(W)) ., )]
b

+FE, []—EngIQ [T(MI2,1) A T(MIQ) < n]]

< 3(logn)~2. (4.38)
EJP 23 (2018), paper 90. http://www.imstat.org/ejp/
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Finally, (4.29) and the controls on F;, 3 <i < 7 prove Lemma 4.11, which ends the proof
of Proposition 4.5. O

5 Probability of simultaneous meeting of independent recurrent
RWRE in the same environment

This section is devoted to the proof of Proposition 1.5, which is a consequence of the
following proposition whose proof is deferred.

Letr > 1andlet ZU, ..., Z(") be r independent recurrent RWRE in the same environ-
ment w satisfying (2.1).

Proposition 5.1. Let 6 € (0,1). There exist events Ay(4), N > 1 and b(N) € 27
S

depending only on the environment w, and constants c¢(d) > 0, £(0) € (0,1), with
liminf P|A >1-— 1
liminf P[Ax(3)] > 1 -9, (5.1)

such that
Y(yi,...,yr) € (22)",3IN; € N,¥YN > Ny,Vw € An(9),V5 € {1,...,7},
Vne [N N]n@2N), P%[Z9) =b(N)] > o). (5.2)
This remains true if (27)" and 2IN are replaced respectively by (27, + 1)" and 2IN + 1.

Proof of Proposition 1.5. Let § € (0,1). First, notice that by (5.1),

P[limsupAn(8)] = P A,(0)] = lim P{ An(§)]

N—+oo ND]N ngJN N=eo an.JN
> im i >1-0. .
> }\}r&fi PI[AN(§)] >1-6 (5.3)

Now, let (y1,...,¥r) € (2Z)". There exists N; € IN such that for every N > Ny, on Ay (4),

N

Z STIey (29 =K = 3 2O > o 1og

keZJ 1 n=N1—¢(8)

if NV is large enough. Consequently, we have on limsupy_, , . An(0) = {w € Ay(J) i.0.},

Z 3 HPyJ 25 = k] = o) f) > 0.

n=1 kEZj 1

lim su
N—H—og logN

This and (5.3) prove Proposition 1.5 in the case (y1,...,%,) € (2Z)". The proof in the
case (y1,...,Yr) € (2Z + 1)" is similar. O

Now, it remains to prove Proposition 5.1.

5.1 Main idea of the proof of Proposition 5.1

Let Z be a RWRE as in Section 2. In order to prove that 7, is localized at Z( N) with a
quenched probability P’ greater than a positive constant, we use a coupling argument
between a copy of Z starting from b(N ) and a RWRE 7 reflected in some valley around
E(N ), under its invariant probability measure. To this aim, we approximate the potential
V by a Brownian motion W, use W to build the set of good environments Ay (d) and
estimate its probability P[Ay(5)], and then define b(N).
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We build Ay as the intersection of 7 events AS\?, 1 =0,...,6. First, Ag\?) gives an
approximation of V by W. Loosely speaking A%) guarantees that the central valley
(containing the origin) of height logn has a height much larger than logn, so that Z
will not escape this valley before time n (see Lemma 5.6). Ag\l,) also ensures that this
central valley does not contain sub-valleys of height close to logn, so that with high
quenched probability, Z reaches quickly the bottom of this valley without being trapped
in such subvalleys (see Lemma 5.5). To this aim, we also need that the bottom of this
valley is not too far from 0, which is given by Ag\‘?), and that the value of the potential
between 0 and the bottom of this valley is low enough, which is given by A%) and AS\?).
Additionally, Ag\?) is useful to provide estimates for the invariant probability measure
v, and is useful to prove that the coupling occurs quickly (Lemma 5.9, using Lemmas
5.7 and 5.8). Finally, Ag\ﬁ,) says that ﬁ@(N )), which is roughly the invariant probability
measure at the bottom of the central valley, is larger than a positive constant.

5.2 Construction of Ay (9)

Let 6 € (0,1). The aims of this section are the construction of the set of environments
An(0) satisfying (5.1) and (5.2), and the proof of (5.1). We will construct Ay (d) as an
intersection

6
An(8) =AY, (5.4)
1=0

where the sets Ag\i,), defined below, also depend on . In what follows, ¢; is fori > 0 a

positive constant depending on § and used to define the set Ag\i]). As in the previous
section, we will approximate the potential V by a two-sided Brownian motion W such
that Var(W (1)) = Var(V (1)) (see Figure 2 for patterns of the potential V' and of W in
An(d)). We start with Ag\}), R AE\E}) which are WW-measurable. Using the same notation
as before for h-extrema, for a two-sided Brownian motion W, we define

AY =W ewrn () {HIT:(W.(1 - 2e1)log N)] > (1+2e1)log N}, (5.5)

i=—1

A = {1 (W, (1 —2¢1)log N) is a ((1 — 2¢1) log N)-minimum for W}, (5.6)

and A := [A(]°, where R stands for right and L for left, AY := AP™ U AG" with

ARR { max W < W (20 (W, (1—2¢1)log N)) — &5 log N}mA%‘), (5.7)
0,21 (W,(1-2¢1) 10g ) |

AS\?’L) = { max W < W(xl (VV7 (1—251)10gN)) — &9 logN}ﬂAg\%); (5.8)
[0 (W,(1—221) log ) 0]

Ag\?) = { — &3 (log N)? < 2 _1[W, (1 — 2¢1) log N] < o[W, (1 — 2¢1) log N| < egl(logN)Q};

(5.9)

A = N {IW (2:(W, (1 — 2¢1) log N))| > e4log N} (5.10)
and Ag\?) = AE\?’R) U AS\?’L), where

APE .~ { min W > W (20 (W, (1-2¢1) log N))+¢5 log N}mAEV”, (5.11)

[0,21 (W, (1-2¢1) log ) |
Ag\?»R) = { min W > W(xl(W,(1—251)logN)) +5510gN} HA%{).

[0 (W,(1—2¢1) log N ) 0]

(5.12)
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Lemma 5.2. Let W be a two-sided Brownian motion such that Var(W (1)) = Var(V(1)).
There exist (e1,¢2,¢3,€4,65) € (0,1/10)* with e5 = 2 such that, for every i € {1,...,5},
PIAY] > 1—6/10.

eglog N

R P
\I V(k)

> (1+ 2¢q)log N

(1+¢e1)log N

(I1—&1)logN

Figure 2: Pattern of the potential V and of W for w € Ay N Agf), where z; denotes
x; (W, (1 — 2e1)log N).

Proof. First, by the same arguments as in the proof of Lemma 4.4, there exists ¢; €
(0,1/10) such that P[A(1>] >1-6/10.

We now introduce Wy (z) := W(z(log N)?)/log N, which has the same law as W by
scaling. We notice that zo(Wy, 1 — 2¢1) is a local extremum for Wy, so P[lO(WN, 1-—
21) = 0] = 0. Hence we have ao(Wy, 1 —2¢1) <0 < 21 (Wy,1—2¢1) a

We start with the case where 2, (WM 1—2e)isa(l— 251)-minimum for Wy, that is,
the bottom by(W, (1 — 2¢1)log N) of the central Valley of depth at least (1 — 2¢;) log N for
W is on the right. That is, we assume we are on A B aw.

Since Wy is continuous on [0, xl(Wml - 251)] Wy attains its maximum on this
interval at some y € [O,xl(WN, 1 —2¢4)]. So, WN( ) € o, Wy (2o (WN, 1—2¢;))], since

zo(Wn,1—2¢1),21 (Wy,1—2¢1)] Wy =Wy (a:o (WN> 1 _/%51»' If WN(Q =Wy (xo (WN7 1 -
2¢1)), then y would be a (1 — 2¢;)-maximum for Wy, with zo(Wy,1 — 2¢1) < y <
)} Wy <

max[

z1(Wn,1 — 21), which is not possible on W. So, Wx(y) = maX[07$1<WN71_251

Wy (zo (VNVN, 1 —2¢;)). Consequently, there exists €5 € (0,1/10) such that

P max WN < WN(.Io(WN,l — 25‘1)) — &9 Ag\};) Z 1-— i

[O,zl (WN,I—Qal)] ].07

and the same is true if we exchange z( and z; by symmetry (and then [0,z1(...)] is
replaced by [zo(...),0], and A{Y by AY). Hence P[AE\Q,)] > 1— §/10 by scaling.
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Moreover, there exists e3 € (0,1/10) such that P[A{Y] = P[—e;! <z [Wy,1-2¢] <
zg[WN, 1-26]< agl] >1—4/10, where we get the first equality by scaling.

Finally, there exists ¢, € (0,1/10) such that P[A(‘l)} > 1 - §/10, by scaling, since
‘WN(xz(WN,l 2¢1))| > 0 a.s. fori € {0,1}. Indeed, a:o(WN,l 2e1) <0, s0 WN(xO(WN,
o (x 1-261).0 Wy > 0as. on AW N W, and Wy (z0(Wy, 1 — 2¢1)) =
oo (W 1-261),0 Wy < 0a.s. on A(L NW, so ’WN(xO(WN, 1—2¢1))| > 0 a.s. Similarly,
|WN(I1(WN, 1-2¢1))| >0a. s

Replacing W by —W in A N proves that with 5 := g5 > 0, the event Ag\?) satisfies
P[AY] =P[aR)] > 1 - 6/10. O

1-— 251)) = max

min

From now on, €1, ...,€5 are the ones given by Lemma 5.2. Let
€ := min(eq,...,e5)/9. (5.13)

Lemma 5.3. Up to an enlargement of (2, F, P), there exist a two-sided Brownian motion
(W(s), s € R) defined on ) such that Var(W(1)) = Var(V (1)) and a real number £ > 0
such that
P sup V([t]) =W ()| >elogN =O0(N™%).
lt|<2e5 " (log N)?
Proof. Due to (4.1) (applied with N replaced by 2c5*(log N)? and = = (¢/2)log N —

alog[2es (log N)?)), there exists for N large enough, possibly on an enlarged probability
space, a Brownian motion (W (s), s € R) such that

P sup  |V(k) - W(k)| > Slog N| < N~¢%
|k|<2e5 (log N)2 2

and such that Var(W(1)) = Var(V(1)). Moreover,

P sup |W(t) - W(LtJ)| > < logN| < 5e5'(log N)2P | sup |[W(t)| > = log N
[t|<2e5 ! (log N)2 2 [t]<1 2
= O((log N)?exp[—£*(log N)?/(80%)]).
Combining these two inequalities proves the lemma. O

Recall (5.4): it remains to define AS\?) and AS\?), see (5.14) and (5.16) below, and then
we claim

Lemma 5.4. For large N, P[An(6)] > 1 — 6. Hence (5.1) holds true.

Proof. From now on, W is the Brownian motion W coming from Lemma 5.3 and A(l) 5
Ag\?) are the corresponding events defined in (5.5)-(5.12). We set

As\?) = { sup V([t]) - W(t)| < alogN} . (5.14)

|t|<2e3* (log N)2

For N large enough, P[Ag\(m >1—3/10 by Lemma 5.3. In particular on the event Ag\?) n
Ag\?), we can apply the inequalities of Ag\?) toany t € [z_1 (W, (1 —2e1)log N), 22 (W, (1 —
2¢1) log N)], since those ¢ satisfy [t| < e5 ' (log N)2. We now introduce (here this is for V
directly, not for W)

95\?) = inf {z eN, V(i) — min V(j) > (1 —1—5-:1)105;]\7}7

0<5<e
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(R . o : (R) - : ;
N = sup {z <8y, V@)= ogrjnglélg\,m V(])}7
0§VL) = sup {z e (-IN), V(i) — ig;_igOV(j) > (1+¢1)log N},
"= inf {z >0 V()= min V(j)}.
65 <j<0

By ([11], eq. (4.33)), there exists ¢ > 0 such that if N is large enough, P[Ag\?’m] >
1—4/10, where

PRy .
AGR) ::{ NZ o~ va-v(s)] < 651}7 AGD) ::{ ) o~ [Vor-v(sd)] Segl}.
i=0 i—o 1)

(5.15)
Replacing V(.) by V(—.) gives P[AS\?7L>] > 1—4/10. Consequently, P[Ag\?)} >1-25/10,
where

A = A A AGD), (5.16)
This, combined with Lemma 5.2 and P[Ag\?)] > 1—§/10, proves the lemma. O

5.3 Random walk in an environment w € Ay(0)

The aim of this subsection is to prove Proposition 5.1 with the Ay (§) constructed
in the previous subsection, see (5.4)-(5.12), (5.14) and (5.16). Let 6 € (0,1). We
write Ay for Ay (d). We also fix (y1,...,¥r) € (2Z)". There exists N, € IN such that
for N > Ny, P[Ay] > 1 — 6 (due to Lemma 5.4), a9 < elog N, and maxi<j<, |y;| <
min(ey, e4)(log N)/(4ag), where we set ag := log((1 — &g)/ep)-

We introduce, recalling (5.6),

B(N) = 2( 87 /2|1y + 2| By /2] 1500 (5.17)

We will carry out the proof in the case w € Ay N Ag\}f). The case w € Ay N Ag\f) is similar
by symmetry. We define Z; := |2;(W, (1 — 2¢1) log N)|, and

DY = {r(b(V) < 7(@0)}, DY 1= {r(@) AT(B(N)) < N1},

We sometimes write x; instead of z;(W, (1 — 2¢1) log N) in the following.
In the following lemma, we prove that Z goes quickly to b(V), which is nearly the

bottom of the potential V' in the central valley [Zy, 2], with large probability under P,
(R)

uniformly on Ay N A7 and j.
Lemma 5.5. There exists N3 € IN such that for all N > N3,
vwe AnnNAW Vi e {1,...,r}, PU[DY]>1-N-C)/t pui[DP] >1- N~/
Proof. Let N > Ny, w € ANOA%{) and j € {1,...,r}. First, notice that W (z2) — W (x;) =
HITy (W, (1 — 221)log N)] > (1 4 21) log N because w € A\, This gives, recalling (5.13)

V(z2) —V(z1) > W(ze) — W(z1) —2clog N > (1 4+¢1)log N (5.18)
since w € Aﬁ) N AS\?) (see (5.14) and the remark after it). Hence,

0<b(N) < B <o <, <e5'(log N)2.

Now, assume that 6" < z;. Since V(60\") — V(8{") > (1 + &1)log N, the previous
inequalities would give, on A N AW, w(0(7) — w (") > (1 + & — 2)logN >
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(1 — 2¢1)log N. So, recalling that W(x;) = minj,,) W, there would exist a ((1 —
2¢1) log N)-maximum for W in ]0, z1[, which is not possible. Hence,

So, V(B](VR)) <V (Z1) < W(zy)+elog N < —8z4(log N) /9 because w € AP NAP NAY.
If y; > 0, then ming | V > —|y;lao > —es(log N)/4 > V(BS)) + 2a0, because N > Na.
Since similarly, maxjy, 1V < e4(log N)/4 and €4 < 1, we get successively y; < 95\1,%) and
y; < 6](VR) -2 < E(N) — 1. If y; < 0, we prove similarly that Zy < y; since V(Zy) >
824(log N)/9. Hence in every case,

Zo < yj < b(N).
We now prove that
max V — V(%) < —[(e1 Ae2)/2]log N. (5.19)
[y;:b(N)]
To this aim, notice that

max V- V(Zo) < —ea(log N)/2
;L1

since w € AE\Z,’R) N Ag\?) N Ag\?}), and that if y; < 0, we have

max V — V(Zo) < |yjlao — (8/9)e2log N < —ea(log N)/2

[yj 70]

since W (xp) > e2log N on AS?,’R) and so V(Zp) > (8/9)ezlog N. This gives (5.19) when

b(N) < 7.

Assume now Z; < b(N). We have seen after (5.18) that 0 < b(N) < 95\?) < o,
moreover, V (b(N)) < V(B](VR)) + ap and we have proved that V( ](VR)) < V(71), so we
obtain

V@(N)) —clogN —ag < V(&) —elogN < W(z;) < W(Z;(N)) < V@(N)) +elog N
since W (z1) = min,, ,,) W and w € Ag\?) N Ag\?), so that
W (z1) — V@(N))‘ <elogN + ap < 2elog N < 2min(e1,£2)(log N)/9. (5.20)
Moreover there is no ((1 — 21 ) log N)-maximum for W in (zg, z2), therefore,

max W < W@(N)) +(1—2e1)logN <W(xy)+ (1 —2e1+3¢1/9)log N, (5.21)
[£1,b(N)]

by AS\?) applied to b(N) followed by (5.20). Since V(Zy) > V(Z1) + (1 + 1) log N on
Ag\l,) N Ag\?) N Agf;'), this gives max; )V — V(Zo) < —e1log N (since w € Ag\?) N Ag\?,’)).

Recapitulating all this gives (5.19) also when Z; < Z(N ).
So by (2.3) and (5.19), we get uniformly on Ay N Aﬁ) and j for large N,

1 2
PYi [(Dg\}))c] < @(N) - yj] exp| max V —V(Zp)| < M

—(e1Ne2)/4
[yj,E(N)] N(e1nez2)/2 < N™lene)/s

where we used w € AS) and Ty < y; < Z(N ) < Z3. This proves the first inequality of the
lemma.
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We now turn to D'?. Notice that [b(N) — To| < [#2 — To| < 3¢5 (log N)? on Ay since
0 < b(N) < Z, as proved after (5.18). Moreover, there is no ((1 — 2;)log N)-maximum
for W in (zg, z1), so

max  (W(v) = W(u)) < (1 —2¢1)log N.

zo<usv<zy
Also if 21 < b(N), min, 5y, W = W(z1) and (5.21) lead to max, _, ., 5, (W () -
W(u)) < (1 —2e; 4+ 3e1/9)log N. Since w € AE\?) N AS\?), this gives

max_ (V(k)—V(£)) < (1-13e1/9)log N. (5.22)
o <L<k<B(N)

Hence, we have by (2.4),

13eq

9(log N)4N1_
6063

N) — Z)?
€0

EY% [7(Z0o) /\T(\ exp[ max (V(k;)—V(é))} <

Bo<L<k<H(N)

So due to Markov’s inequality, P’ [(DE\?))C] < N==1/4 uniformly in w € Ay N A and j,
for large N. O

In the following lemma, we prove that with large quenched probability, uniformly on
Anx N AS\I,%), after first hitting b(IV), the random walk Z stays in the central valley [Zo, Z:|
at least up to time N. To this aim, we now define

D(3 _{Vke ( T(\ +N—1 x0<Zk<§:\2}.
Lemma 5.6. We have for large N,
Vo € AnnAW vje {1,...,r}, PU[DY] = PPN [r(3) AT(25) > N] > 1-2e>0 N1,

Proof. Letw € Ay N A%}”). We recall that |V (k) — V(k — 1)| < ag for every k € Z. We
have, since z; < 95\1,?‘) and so V( ](f‘)) < V(Z), and by (5.18),

V(b(N)) = V(#) <V (%1) +ag — V(T2) < ap — (1 4+ 1) log N. (5.23)
Similarly,
V(b(N)) — V(%) < ag— (1 +¢1)log N. (5.24)
Hence (2.6) and (2.7) lead respectively to
PP (7(3,) < N) < Nexp ( min V- V(3 — 1)) < Ne2ao—(I+en)log N o o2a0 y—e1
[B(N),Z2—1]
Pb(N)( (Zo) < N) < Nexp ( min V- V(:?O)) < Ne2eo—(Iten)log N < o200 y—e1
[Z0,b(N)—1]

These two inequalities yield P2 [7(Zo) A7(Z2) < N] < 2e?0 N1, uniformly on Ay N
AE\I,%), which proves the lemma. O

Now, similarly as in Brox [5] for diffusions in random potentials (see also [2, p.

45]), we introduce a coupling between Z (under Pfj(N)) and a reflected random walk Z
defined below. More precisely, we define, forAﬁxed N, &z, =1, 0y == w, if Tp <z < T,
and &,, := 0. We consider a random walk (Z,) in the environment &, starting from

x € [Zo,Z2], and denote its law by PZ. That is, 7 satisfies (1.2) with & instead of w and
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w) and Z instead of Z). In words, 7 is a random walk in the environment w, starting
from « € [Zy, 72], and reflected at Z, and Z». Also, let
(@) == e V@) (Fy) :=e V@D fi(z) i=e V@ 4 eVED 3 < x < Ty,

and pi(z) = 0 if « ¢ [Zo, Z2]. Notice that /i(.)/fi(Z) is an invariant probability measure for
Z. As a consequence,

D(2) = fi(a)laz(2)/E(2Z), x€Z, (5.25)

is an invariant probability measure for (Zgn) for fixed &. That is, PY (2% =) =v(x)
for every z € Z and k € N, where PZ(.) := 3, _, U(2)PZ(.). Notice that ¥ and /i depend
on N and w.

We can now, again for fixed N and w, build a coupling @, of Z and A , such that

Qu(Ze)=PL(Ze), Quze)=PM(zec), (5.26)
such that under @, these two Markov chains move independently until
To_y = inf{k‘ >0, Zk = Zk}7

which is their first meeting time, then Ek = Zy for every 75_,, < k < Tegis, Where 7oz is
the next exit time of Z from the central valley [Zy, Z»], that is,

Texit = mf{k > To_zs Zk ¢ [55\0,?5\2]},

and then Z and Z move independently again after 7..;;.
Now, we would like to prove that under @),,, Z and Z collide quickly, that is, 75_,, is
very small compared to N. To this aim, we introduce

L~ = sup{k<b( V( >(1—¢e1)log N},
LT = inf{k>b(N V( (1—e1)log N}.

Let u Vv := max(u,v). We have the following:
Lemma 5.7. We have for large N, 7(.) denoting hitting times by Z as before,

Vwe AnnAW,  Qur(L) vr(Lt) > NI /2] <4n—e/d,
Proof. Let N > Noandw € Ay N AE\I,%). Notice that similarly as after (5.18),
Zo <L <bN)<Lt <o <z

Because w € AS’R) N Ag\?) N AS{?) and due to (5.20), we have since €5 = €9,

VEk € [Zo, —1], )=V (B(N)) > W(z1)+(e5—¢) 1ogN—v@(N)) > (e5/2)log N. (5.27)
Moreover, recalling ag = log((1—e&g)/ep), we have min[0 6] V=V( ) > V( ) —ao,
UN
so
min V > min V>V( fao.

[Fo,L+] [0,0\7]

Notice also for further use that, for every k € [95\?), 5], we have

V(O = V(k) < W(0) = W(k) + 2e1og N < (1 —2¢ +2¢) log N
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since w € Ag\?) N AE\?;) and because there is no ((1 — 2¢;)log N)-maximum for W in
(Z1,%2) and 71 < 95\?) < k < %, as proved after (5.18). Since V H(R) V(
(14 ¢€1)log N — ag, this gives

vk €[04, 2], —V(b(N) V(k) -V (O§7) +V(05) - v (b(N)

> 2e1log N. (5.28)

Putting together these inequalities gives in particular ming, 7, V' > V@(N )) — ag. Fur-
thermore,

max V <V(b(N)) + (1 —e1)log N + a. (5.29)
(b(N),L+]
Hence,
max _ [V(k)=V({@)]< max V — min V <(1—-¢1)logN + 2ao.
To<b<k<L+-1, k>B(N) [B(N),L+] [Fo,L+]

This, (2.4), Markov’s inequality and w € AS\?;) give
PYM [7(@0) A (LF) > N'-91/2] < N-0-a1/De5 e 2 (log N)INT €120 < N—o1/4

uniformly for large N. Moreover by (2.3), (5.24), (5.29) and since w € Ag\?),

- N - ~ o~ (log N)2e2a0 1
P [r(3) < 7(LF)] < (L* = B(N)) exp [[b(?vl?)zﬂv V(zo)] < N < N/t

uniformly for large V. Consequently,

Qw [T(Z‘F) > Nl—s1/2] _ PE(N) [T(E-i-) > N1—€1/2]
< PV [r(30) Ar(L*) > N1/ 4 B [r(@0) < 7(L7)]
< aN—=/4

We prove similarly that Q,,[r(L~) > N'=¢/2] < 2N~<1/4 uniformly for large N, using
(2.5) and (5.23) instead of (2.4) and (5.24) respectively, and because minp, 7,V >
V@(N)) — ag which we proved after (5.28). This proves Lemma 5.7. O

Lemma 5.8. For large N,
Vwe Ay nAW, B([7,L7]) +9([LF,3]) < N4

Proof. Let N > Ny and w € Ay N AS\?). Recall that 7o < I < Z(N) < Lt < o,
which is proved before (5.27). Notice that - <z < f*, which is proved similarly as
T < 95\?) after (5.18). Using the same method as for (5.28) with L+ instead of 95\?), we
get V > V(b(N)) + (¢1/3)log N on [L*,%]. Also, V(Lt —1) > V(b(N)) + (£1/3)log N.
Since fi(2Z) > e~V (), this leads to

D([LF,8)) < [F2 — LT +2]e VENIN==1/3/5(27) < 325 (log N)2N~=1/3 < N=<1/4 2

uniformly for large N, where we used w € Ag{?). We prove similarly that v/([Zo, Z‘]) <
N—e1/4 /2 uniformly for large N, which ends the proof of the lemma. O

Lemma 5.9. There exists Ny € IN such that for N > N, for everyw € Ay N A(R),
Qulrzey > N'751/?] <5N—/ (5.30)
and

Qulrexit < N] < Qu[1(E0) AT(2) < N] = PPV [r(Z0) AT(F2) < N] < 2620 N~51. (5.31)
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Proof. Due to Lemma 5.7, we have for large N forallw € Ay N AE\I;’),

Qultz_, > le&l/z]
Qw[ ( >\/T(L+)<TZ Z}"‘Qw[ ( )VT(L+) > N1- 51/2]
Qulr(L7) <75_y Zo <bB(N)] + Qu[r(LT) < 75_,. Zo > b(N)] +4N—=/%.

IN

IN

Notice that under Q.,, Zy = Z(N) € (2Z) by (5.26) and (5.17), and Zy € (2Z) by (5.26) and
(5.25). So the process (Z), — Zj), . starts at (Zo — b(N)) € (2Z) and only makes jumps
belonging to {—2,0, 2}, and thus up to time 7;_, — 1 itis < 0 (resp. > 0) on {20 < Z(N)}
(resp. {Zy > b(N)}), and in particular at time 7(L~) on {7(L~) < 75_,, Zo < b(N)}
(resp. at time T(E+) on {T(E+) < Th_y Zo > E(N)}) This gives for large N for all
w€E€ANDN AS\I;),

Qulry_y > N'72/7]

~

< Qulr(L7) <135 Zogo) <L)+ Qulr(LY) <7p_y Z, ey > L]+ AN/

< Qulr(L7) <75y Zth(L y2) S L] +Qu[r(L%) <75y, 22LT(E+)/2J > L*]
+4N /4

< 5([60,2) + (L. 2a]) + 4N

where the last inequality comes from the fact that Q,, (2% =z)=P¢ (2% =z) = ()
forevery x € Z agd every (deterministic) £ € IN as explained after (5.25), and from the
independence of Z with Z and then 7(.) up to 7;_,,. Now, applying Lemma 5.8, this gives
(5.30) for large N for every w € Ay N Ag\};).

Due to (5.26) and Lemma 5.6, for large N for every w € Ay N Ag\?), (5.31) holds. O

Proof of Proposition 5.1. Recall that we have fixed § € (0, 1) and that (5.1) comes from
Lemma 5.4. Let us prove (5.2). To this aim, we fix (y1,...,y,) € (2Z)". Let N; € IN be
such that N; > max (N3, N3, Ny) and such that for every N > Ny,

E;l(IOgN)Q[N_ES/Q + 2N_251} S 8517 N—(El/\Ez/\E4)/4 S 1/87
N'=e/3 > NI=a g NYT9/2 0 and BN/ 4 2¢O N < ggem ™ /6,

recalling ag = log((1 — &9)/e0)-

Now, we would like to give a lower bound for PY' [Z, = b(N)] for n even. Recall
(5.4) and (5.6). Let N > Ny, w € Ay nA®, j e {1,...,7}, and n € (2IN), with
n € [N'=51 4+ N'==1/2 N]. We have by the strong Markov property,

P«Z{j [Zn = /b\(N)]
> PYi[Z, =b(N),7(b(N)) < N'=°1]
= EY [l{r(b(N))<N1 El}Pul:(N) (Zk = b(N))Ug:nf‘r(E(N))]
> PY [r(B(N)) < N1==1 inf P (7, = (N
> PY[r(b(N)) < Vi o T (25 = B(N))
> (1 _ N—(ernea)/a _ N*€1/4) inf PPN (7, =B(N))  (5.32)
kE[N1—=1/2 N]N(2N)

because E(N) and y; are even (see (5.17)) and then T@(N)) is also even under P/, and
where we used Lemma 5.5 in the last line. Moreover, for k € [N'=51/2, N] N (2IN),

PXM(Zy =B(N)) = Qu(Zy =B(N))

2 Qw (Zk = b(N)77—2:Z S N1_61/277—6xit > N)
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= Qu(Zk=b(N),75_, < N'"9/2 75 > N)
> Qu(Zi=bIV) — Qulryy > NHI/?) ~ Qu(reait < V)
> D(b(N)) — 5N /4 — 2¢2a0 N=e1, (5.33)

where we used (5.26) in the first and last line, Z; = Zk for k € [T2:Z, Tem) under @, in
the third line, and Q,, (2k =)= Pg(?k = z) = D(z) since k is even, (5.30) and (5.31) in
the last line since N > Ny. R R

Notice that fi(2Z) = e~V V) 577221 = VO-VE)], with

-1
Z e VO-VEM < |3 |N~55/2 < &5 (log N)>2N /2 < 51

1=Zo

since N > Ny, w € AY and thanks to (5.27).
Moreover, by (5.28), Zfiggim e~ V@OV < 2¢7(log N)2N—251 < ;! because

N > Nj. Finally, Z?(Q’?ﬂ ef[v(i) (5(}%))} < 551 since w € AES’R) (see (5.15)). Moreover,
[V (b(N)) — V(ﬂ](\,R))’ < ag. Hence,

(2Z) < 35 eV ),

Moreover, u( e~V &) since 7y < b(N) < 7, and b(N) is even by (5.17), so by
(5.25), 7(b(N)) = u( ))/R(2Z) > ege=“0 /3. This, (5.32) and (5.33) give for N > N,

o~

Vwe Ay AW vn e [N'=/3 NN (2N),Vj € {1,...,r}, P%[Z, =b(N)] > ege /8,

The proof is similar for w € Ay N Ag\f) by symmetry. This, combined with Lemma 5.4,
ends (5.2) with ¢(0) = ege™? /8 > 0 and €(d) = ¢;/3. To prove that this remains true
if (2Z)" and 2IN are replaced respectively by (2Z + 1)" and 2IN + 1, we just condition
Py | Zy, = Z(N)] by Z,, and apply the Markov property and (5.2) to (y; +1,...,y,+1). O
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