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Abstract

We consider a particular type of
√

8/3-Liouville quantum gravity surface called a
doubly marked quantum disk (equivalently, a Brownian disk) decorated by an in-
dependent chordal SLE6 curve η between its marked boundary points. We obtain
descriptions of the law of the quantum surfaces parameterized by the complementary
connected components of η([0, t]) for each time t ≥ 0 as well as the law of the left/right√

8/3-quantum boundary length process for η.

Keywords: Liouville quantum gravity; quantum disk; Schramm-Loewner evolution.
AMS MSC 2010: 60J67; 60D05.
Submitted to EJP on January 31, 2017, final version accepted on March 22, 2018.
Supersedes arXiv:1701.05172.

Contents

1 Introduction 2
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Preliminaries 6
2.1 Basic notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 LQG surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Curve-decorated quantum surfaces . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 Peanosphere construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Proofs of main results 11
3.1 Proof of assertion 1 of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Proof of Theorem 1.1 and assertion 2 of Theorem 1.2 . . . . . . . . . . . . 12

A Quantum disks 21

References 22

*Massachusetts Institute of Technology, United States. E-mail: ewain@mit.edu
†University of Cambridge, United Kingdom. E-mail: jpmiller@statslab.cam.ac.uk

http://www.imstat.org/ejp/
https://doi.org/10.1214/18-EJP161
http://arXiv.org/abs/1701.05172
mailto:ewain@mit.edu
mailto:jpmiller@statslab.cam.ac.uk


Chordal SLE6 explorations of a quantum disk

1 Introduction

1.1 Overview

For γ ∈ (0, 2), a γ-Liouville quantum gravity (LQG) surface is (formally) the random
Riemann surface parameterized by a domain D ⊂ C whose Riemannian metric tensor
is eγh(z) dx ⊗ dy, where h is some variant of the Gaussian free field (GFF) on D and
dx ⊗ dy is the Euclidean metric tensor. This does not make literal sense since h is a
distribution, not a function, so does not take values at points. However, it was shown
by Duplantier and Sheffield [10] that one can make sense of the associated volume
form eγh(z) dz (where dz denotes Lebesgue measure on D) associated with a γ-LQG
surface. More precisely, there is a measure µh on D, called the γ-LQG area measure
which is the limit of regularized versions of eγh(z) dz. A similar construction yields the
γ-LQG length measure νh = “e(γ/2)h(z) |dz|” which is defined on certain curves in D,
including ∂D and SLEκ-type curves for κ = γ2 [38]. We remark that there is a more
general theory of random measures which have the same law as µh, called Gaussian
multiplicative chaos, which dates back to Kahane [18]; see [33] for a survey of this
theory.

The measures µh and νh are conformally covariant, in the following sense. If D̃ ⊂ C,
f : D̃ → D is a conformal map, and

h̃ := h ◦ f +Q log |f ′| for Q =
2

γ
+

γ

2
(1.1)

then f∗µh̃ = µh and f∗νh = νh̃. A γ-LQG surface is defined to be an equivalence class
of pairs (D,h) where D ⊂ C and h is a distribution on D, with two such pairs declared
to be equivalent if they are related by a conformal map as in (1.1) which extends to a
homeomorphism D̃ ∪ ∂D̃ → D ∪ ∂D. Hence a γ-LQG surface comes equipped with a
measure and a conformal structure.

One can also consider γ-LQG surfaces with k ∈ N marked points in D ∪ ∂D, which
are defined in the same manner except that we require the conformal map in (1.1) to
map the marked points for one quantum surface to the corresponding marked points for
the other.

In the special case when γ =
√
8/3, it was shown in [24, 27, 28] that a

√
8/3-LQG

surface can also be endowed with a metric space structure. In this case, certain special√
8/3-LQG surfaces introduced in [9] are equivalent (as metric measure spaces) to

Brownian surfaces, random metric measure spaces which arise as the scaling limits
of uniform random planar maps in the Gromov-Hausdorff topology. In particular, the
quantum sphere is equivalent to the Brownian map [21, 23], the

√
8/3-quantum cone

is equivalent to the Brownian plane [7], the quantum disk is equivalent to the Brownian
disk [5], and the

√
8/3-quantum wedge is equivalent to the Brownian half-plane [15,

2].

LQG surfaces arise as the scaling limits of random planar maps. The case γ =
√
8/3

corresponds to uniform random planar maps of various types (which is consistent with
the equivalence of

√
8/3-LQG and Brownian surfaces); and other values of γ correspond

to random planar maps sampled with probability proportional to the partition function of
a statistical mechanics model. For example, the uniform spanning tree corresponds to
γ =

√
2, the Ising model corresponds to γ =

√
3, and bipolar orientations correspond to

γ =
√
4/3.

Many random planar map models are naturally decorated by a statistical mechanics
model which can be represented by one or more curves. For many such models, the curve-
decorated random planar map converges (or is conjectured to converge) in the scaling
limit to a γ-LQG surface decorated by an independent Schramm-Loewner evolution [34]
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Chordal SLE6 explorations of a quantum disk

(SLE) type curve with parameter1

κ = γ2 or κ′ =
16

γ2
. (1.2)

See, e.g., [39, 19, 22] for scaling limit results for curved-decorated random planar maps
toward SLE-decorated LQG in the so-called peanosphere sense; and [11, 13] for scaling
limit results in the Gromov-Hausdorff-Prokhorov-uniform topology when γ =

√
8/3.

In the continuum, there are a number of results which describe the laws of var-
ious objects associated with a γ-LQG surface decorated by an independent SLEκ or
SLEκ′ -type curve. For example, the γ-LQG length measure is defined on SLEκ-type
curves [38], a certain particular γ-LQG surface called a γ-quantum cone decorated by an
independent space-filling SLEκ′ curve can be encoded by a correlated two-dimensional
Brownian motion via the so-called peanosphere construction, and the law of the quantum
surfaces parameterized by the complementary connected components of certain SLEκ or
SLEκ′ -type curves on a γ-LQG surface can be described explicitly [38, 9, 25, 12]. Such
results are essential for the proofs of scaling limit results for curve-decorated random
planar maps toward SLE-decorated LQG, can be used to prove properties of SLE or LQG,
and also play a fundamental role in the definition of quantum Loewner evolution [31]
and thereby the construction of the

√
8/3-LQG metric [24, 27, 28].

The goal of this paper is to prove several results concerning a particular
√
8/3-LQG

surface, namely the doubly marked quantum disk (which we recall is equivalent to the
Brownian disk with two points sampled uniformly from its boundary length measure [27]),
decorated by an independent chordal SLE6 between its two marked points. We will
describe the laws of the complementary connected components of the curve stopped at
any given time as well as the law of the left/right

√
8/3-LQG boundary length process.

Analogs of our results for chordal SLE6 on a
√
8/3-quantum wedge, the infinite-

volume and infinite-boundary length limit of the quantum disk at a marked boundary
point, are proven in [9] (in fact, the results of [9] hold for general κ′ ∈ (4, 8) and
γ = 4/

√
κ′). We will deduce our results from the infinite-volume and infinite-boundary

length case and a conditioning argument.
The results of the present paper complement the characterization theorems for

chordal SLE6 on a quantum disk in [12] since they establish that the hypotheses of the
characterization theorem are satisfied for chordal SLE6 on a quantum disk and give us an
explicit description of the boundary length process appearing in the theorem statement.
In [13], the results of this paper will be used in conjunction with [12, Theorem 7.12] to
identify the scaling limit of a percolation exploration path on a random quadrangulation
with simple boundary as SLE6 on an independent quantum disk.

Chordal SLE6 on an independent doubly marked quantum disk arises naturally in
many applications of

√
8/3-LQG. For example, such curves appear when one skips

the bubbles filled in by the space-filling SLE6 curve in the peanosphere construction
of [9] after a given time t [12]; and in the construction of CLE6 [37] on an independent√
8/3-LQG surface via branching SLE. However, this particular curve-decorated quantum

surface is not studied specifically in [9]. Hence we expect that the results of the present
paper are likely to also have other applications in the study of SLE and

√
8/3-LQG.

Acknowledgements. J.M. thanks Institut Henri Poincaré for support as a holder of
the Poincaré chair, during which part of this work was completed. We also thank two
anonymous referees for a helpful set of comments which led to many improvements in
the exposition of this article.

1Here and throughout this paper we use the imaginary geometry [29, 30, 26, 32] convention of writing
κ = γ2 for the SLE parameter when κ ∈ (0, 4) and κ′ = 16/κ = 16/γ2 for the dual parameter.
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1.2 Main results

Let γ =
√
8/3 and κ′ = 6. Also fix lL, lR > 0. Let B = (H, h, 0,∞) be a doubly marked

quantum disk with left/right boundary lengths lL and lR (and random area). That is,
νh((−∞, 0]) = lL and νh([0,∞)) = lR. See Section 2.2 for more on the quantum disk.
Let η be a chordal SLE6 from 0 to ∞ in H, independent from h, with some choice of
parameterization.

By SLE duality [40, 41, 8, 29, 32], for each u ≥ 0 the boundary of each connected
component of H \ η([0, u]) is the union of a (possibly empty) segment of R and finitely
many SLE8/3-type curves. Therefore, we can define the

√
8/3-LQG length measure νh

on the boundary of each such component using [38, Theorem 1.3] and local absolute
continuity (this measure can also be defined directly as a Gaussian multiplicative chaos
measure with respect to the Minkowski content of the SLE8/3-type curve using the
results of [3]).

For u ≥ 0, let Lu (resp. Ru) be equal to −lL (resp. −lR) plus the νh -length of the
boundary arc of the unbounded connected component of H \ η([0, u]) which lies to the
left (resp. right) of η(u) and define the left/right boundary length process Zu := (Lu, Ru).
The process Z is a continuum analog of the left/right boundary length process for the
percolation peeling process on a random planar map with boundary (also called the
horodistance), as studied, e.g., in [6, 13]. Note that the definition of the left/right
boundary length process differs from that in [12, Section 6] by a translation by (lL, lR).
The reason for this translation is so that the process in the present paper starts at (0, 0).

The process Lu (resp. Ru) is a right continuous process with no upward jumps, but
with a downward jump whenever η disconnects a bubble from ∞ on its left (resp. right)
side. The magnitude of the downward jump corresponds to the boundary length of the
bubble.

The main choice of parameterization we will consider for the curve η in this paper
is the quantum natural time parameterization with respect to h. Roughly speaking,
parameterizing η by quantum natural time with respect to h is equivalent to parame-
terizing by the “quantum local time” at the set of times when η disconnects a bubble
from ∞. Formally, quantum natural time is defined for a chordal SLEκ′ , κ′ ∈ (4, 8), and
an independent free-boundary GFF on H with a γ/2-log singularity at the origin in [9,
Definition 6.23]; and is defined for the pair (h, η) via local absolute continuity.

In the remainder of this subsection we assume that η is parameterized by quantum
natural time with respect to h. Let S be the total quantum natural time length of η, so
that η is defined on the random interval [0, S ]. We extend η to all of [0,∞) by setting
η(u) = ∞ for u > S . Note that this implies that Zu = (−lL,−lR) for u > S .

Theorem 1.1. Suppose we are in the setting described just above (so in particular
γ =

√
8/3, κ′ = 6, and lL, lR > 0). For u ≥ 0, let Wu be the doubly marked quantum

surface obtained by restricting h to the unbounded connected component of H \ η([0, u]),
with marked points η(u) and ∞. If we condition on Z |[0,u], then the conditional law of
Wu is that of a doubly marked quantum disk with left/right boundary lengths Lu + lL and
Ru+lR (here a quantum disk with zero boundary length is a single point). The conditional
law of the collection of singly marked quantum surfaces obtained by restricting h to
the bubbles disconnected from ∞ by η before time u, each marked by the point where
η finishes tracing its boundary, is that of a collection of independent singly marked
quantum disks parameterized by the downward jumps of the coordinates of Z |[0,u], with
boundary lengths given by the magnitudes of these downward jumps, and these singly
marked quantum surfaces are conditionally independent from Wu.

We also obtain a description of the law of the process Z in terms of the Radon-
Nikodym derivative of the law of Z |[0,u] with respect to the law of a pair of independent
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3/2 stable processes started from (0, 0) (which is the left/right boundary length process
for chordal SLE6 on a

√
8/3-quantum wedge [9, Corollary 1.19]), run up to time u. Recall

that S = inf{u ≥ 0 : η(u) = ∞} is the total quantum natural time of η, as defined above
the statement of Theorem 1.1.

Theorem 1.2. Suppose we are in the setting described just above (so in particular
γ =

√
8/3, κ′ = 6, and lL, lR > 0).

1. (Endpoint continuity) Almost surely, the time S is finite. Furthermore, a.s.

S = inf
{
u ≥ 0 : Lu = −lL

}
= inf

{
u ≥ 0 : Ru = −lR

}
(1.3)

and a.s. limu→S η(u) = ∞ and limu→S Zu = (−lL,−lR).

2. (Radon-Nikodym derivative) Let Z∞ = (L∞, R∞) be a pair of independent totally
asymmetric 3/2-stable processes with no upward jumps2 and define

S∞ := inf
{
u ≥ 0 : L∞

u ≤ −lL or R∞
u ≤ −lR

}
. (1.4)

For u ≥ 0, the sub-probability measure obtained by restricting the law of Z |[0,u] to
the event {u < S} is absolutely continuous with respect to the law of Z∞|[0,u], with
Radon-Nikodym derivative given by(

L∞
u +R∞

u

lL + lR
+ 1

)−5/2

1(u<S∞).

Assertion 1 of Theorem 1.2 will be proven in Section 3.1 via a local absolute continuity
argument. In Section 3.2, we will prove Theorem 1.1 and assertion 2 of Theorem 1.2
simultaneously using the analogous statements for chordal SLE6 on a

√
8/3-quantum

wedge (the infinite-volume and infinite-boundary length limit of the quantum disk when
we zoom in at a fixed boundary point), which are proven in [9], and a conditioning
argument.

These statements are proven via a continuum analog of the proof of the Radon-
Nikodym derivative estimate [14, Lemma 3.6] for peeling processes on finite and infinite
quadrangulations with simple boundary, where one peels a single quadrilateral in the
uniform infinite half-plane quadrangulation with simple boundary and conditions on
the event that the bubble it disconnects from ∞ has given boundary length in order to
produce a free Boltzmann quadrangulation with simple boundary. The proof is illustrated
in Figure 3.

The idea of the proof of Theorems 1.1 and 1.2 is as follows. We start with a√
8/3-quantum wedge (H, h∞, 0,∞) and an independent chordal SLE6 η∞ from 0 to

∞, parameterized by quantum natural time with respect to h∞. By [9, Corollary 1.19] we
can take the process Z∞ appearing in Theorem 1.2 to be the left/right boundary length
process for the pair (h∞, η∞). We then consider a second independent chordal SLE6

curve ηa at a point lying at −lL units of νh∞ -length to the left of the origin. We condition
on the event Fε(l

L + lR) that the connected component of H \ ηa containing the origin on
its boundary, marked by the point 0 and the point where ηa finishes tracing its boundary,
has left/right quantum boundary lengths approximately lL and lR. The results of [9] imply
that on Fε(l

L + lR), the quantum surface parameterized by this connected component is
approximately a doubly marked quantum disk with left/right quantum boundary lengths

2The Lévy measure of each of L∞ and R∞ is given by c|t|−5/21(t<0) dt for some constant c > 0 which
we do not compute explicitly. However, it will be clear from the proof that this constant is the same as the
(non-explicit) scaling constant for the Lévy measure of the two coordinates of the stable process as in [9,
Corollary 1.19].
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lL and lR. We deduce our desired results by comparing the (unconditional) probability of
Fε(l

L + lR) and the conditional probability of Fε(l
L + lR) given Z∞|[0,u] and the quantum

surfaces parameterized by the bubbles disconnected from ∞ by η∞|[0,u].
Our proof only works in the special case when κ′ = 6 (γ =

√
8/3), for the following

two reasons.

1. We make heavy use of the locality property of SLE6.

2. For γ ∈ (0, 2), it is natural to draw a chordal SLEκ′ on an independent 4
γ − γ

2 -

(weight- 3γ
2

2 − 2) quantum wedge, which locally looks like a single bead of a
3γ
2 -quantum wedge near its marked point [9, Theorem 1.18]. On the other hand,
the γ-quantum wedge is the only one whose law is invariant under the operation of
translating by a given amount of quantum length along the boundary [38, Proposi-
tion 1.7] (this statement is needed since ηa is not started at the origin). We have
4
γ − γ

2 = γ only for γ =
√
8/3.

We now comment briefly on the extent to which we expect our results to extend
to other values of κ′ ∈ (4, 8) and corresponding LQG parameter γ = 4/

√
κ′ ∈ (

√
2, 2).

For such values of κ′ we do not expect to get nice descriptions of the law of objects
associated with a chordal SLEκ′ on an independent doubly marked quantum disk. It
is instead more natural to consider chordal SLEκ′ on an independent quantum surface
whose law is that of a single bead of a 3γ

2 -quantum wedge (see Section 2.2). Intuitively,
the reason for this is that a quantum disk naturally corresponds to a statistical physics
model with either all black or all white boundary conditions. When κ′ = 6, the statistical
physics model is percolation so the boundary conditions do not matter. A bead of a
3γ
2 -quantum wedge naturally corresponds to a statistical physics model with white (resp.
black) boundary conditions on its left (resp. right) side. Mathematically, this manifests

itself in that [9, Theorem 1.18] concerns chordal SLEκ′ on a
(

4
γ − γ

2

)
-quantum wedge,

which is an infinite-volume quantum surface which has the same type of log-singularity
at its first marked point as does a single bead of a 3γ

2 -quantum wedge.
We expect that Theorem 1.1 is true for general values of κ′ ∈ (4, 8) but with a single

bead of a 3γ
2 -quantum wedge in place of a doubly marked quantum disk, but our proof

does not extend to this case. Assertion 1 of Theorem 1.2 is true for general values of
κ′ ∈ (4, 8), with the same proof, and remains true if we fix the area of the quantum disk;
see Lemma 3.1 below. We do not have any reason to believe that a Radon-Nikodym
derivative formula as simple as the one in assertion 2 Theorem 1.2 continues to hold for
κ′ 6= 6.

2 Preliminaries

In this section we will introduce some notation and review some facts about Liouville
quantum gravity and SLE, mostly coming from [9], which are needed for the proofs of
our results. The reader who is already familiar with these objects can safely skip this
section.

2.1 Basic notation

Here we record some basic notation which we will use throughout this paper.
We write N for the set of positive integers and N0 = N ∪ {0}.

For a < b ∈ R, we define the discrete intervals [a, b]Z := [a, b] ∩ Z and (a, b)Z :=

(a, b) ∩ Z.

If a and b are two quantities, we write a � b (resp. a � b) if there is a constant C > 0
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(independent of the parameters of interest) such that a ≤ Cb (resp. a ≥ Cb). We write
a � b if a � b and a � b.

If a and b are two quantities which depend on a parameter x, we write a = ox(b) (resp.
a = Ox(b)) if a/b → 0 (resp. a/b remains bounded) as x → 0, or as x → ∞, depending on
context.

Unless otherwise stated, all implicit constants in �,�, and � and Ox(·) and ox(·)
errors involved in the proof of a result are required to depend only on the auxiliary
parameters that the implicit constants in the statement of the result are allowed to
depend on.

2.2 LQG surfaces

Recall from Section 1.1 that a γ-LQG surface for γ ∈ (0, 2) with k ∈ Nmarked points is
an equivalence class S of (k+2)-tuples (D,h, x1, . . . , xk) where D ⊂ C; h is a distribution
on D, typically some variant of the Gaussian free field (GFF) [36, 35, 38, 29, 32]; and
x1, . . . , xk ∈ D ∪ ∂D are marked points. Two such (k + 2)-tuples are equivalent if there is
a conformal map f : D̃ → D which satisfies (1.1) and also f(x̃j) = xj for j ∈ [1, k]Z. We
will often slightly abuse notation by writing S = (D,h, x1, . . . , xk) for a quantum surface
(rather than just a single equivalence class representative).

The main type of LQG surface we will be interested in this paper is the quantum
disk which is a finite-volume quantum surface (i.e., the total mass of the γ-LQG area
measure µh is finite) which can be represented as (D, h) and is defined formally in [9,
Section 4.5]. One can consider quantum disks with fixed boundary length or with fixed
area and boundary length. A singly (resp. doubly) marked quantum disk is a quantum
disk together with one (resp. two) marked points sampled uniformly from the γ-quantum
boundary length measure νh. For a doubly marked quantum disk, one can also condition
on the left and right quantum boundary lengths, which are the lengths of the left and
right boundary arcs between the marked points, respectively, if we stand at the first
marked point and look into the interior of the disk. See Appendix A for a precise definition
of the quantum disk.

For our proofs, we will also need to consider several other types of quantum surfaces.
For α ≤ Q (with Q as in (1.1)) an α-quantum wedge is an infinite-volume quantum
surface (H, h∞, 0,∞) parameterized by the upper half-plane defined formally in [38,
Section 1.6] or [9, Section 4.2]. This quantum surface is obtained by starting with a
h̃∞ − α log | · |, where h̃∞ is a free-boundary GFF on H; then zooming in near the origin
and re-scaling to fix the additive constant in a canonical way [9, Proposition 4.7(ii)].

The case α = γ is special since a quantum surface has a −γ-log singularity at a typical
point for the γ-LQG boundary length measure, so a γ-quantum wedge describes the local
behavior of a γ-LQG surface at a quantum typical boundary point. The law of γ-quantum
wedge is invariant under translating by a given amount of γ-quantum length along the
boundary. In other words, if we fix t ≥ 0 and let xt be chosen so that νh([0, xt]) = t, then

(H, h∞, xt,∞)
d
= (H, h, 0,∞) as quantum surfaces [38, Proposition 1.7].

For α ∈ (Q,Q + γ/2), an α-quantum wedge is a Poissonian string of beads glued
together end-to-end, each of which is itself a finite-volume doubly-marked quantum
surface with the topology of the disk; see [9, Definition 4.15]. One can also consider a
single bead of an α-quantum wedge by itself, conditioned on its left and right quantum
boundary lengths or on these boundary lengths and its area. The law of such a bead is
invariant under the operation of swapping the marked points, and has a (2Q − α)-log
singularity at each marked point. Quantum wedges for α ≤ Q are called thick and those
for α ∈ (Q,Q+ γ/2) are called thin.
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The main type of thin quantum wedge in which we will be interested in this paper is
the 3γ

2 -quantum wedge. The reason for this is that in the special case when γ =
√
6, a

single bead of a 3γ
2 =

√
6-quantum wedge is the same as a doubly marked quantum disk

(this follows from the definitions in [9, Sections 4.4 and 4.5]). For general γ ∈ (0, 2), the

laws of a single bead of a 3γ
2 -quantum wedge and a

(
4
γ − γ

2

)
-quantum wedge are locally

absolutely continuous with respect to each other in a neighborhood of their first marked
points. We note that 4

γ − γ
2 = γ if and only if γ =

√
8/3.

For α < Q, an α-quantum cone is an infinite volume quantum surface (C, h′, 0,∞)

obtained by starting with a whole-plane GFF plus a −α-log singularity at the origin and
zooming in near the origin while fixing the additive constant in a consistent way. The
α-quantum cone is defined in [9, Section 4.3]. As in the case of quantum wedges, the
case α = γ is special since a GFF-type distribution has a −γ-log singularity at a typical
point for its γ-LQG area measure [10, Section 3.3].

2.3 Curve-decorated quantum surfaces

Our main interest in this paper is in quantum surfaces decorated by various types
of curves, typically SLEκ′ -type curves for κ′ = 16/γ2 (as in (1.2)). It will be important
for us to distinguish between curves in subsets of C and curve-decorated quantum
surfaces. By the latter, we mean an equivalence class of (k+3)-tuples (D,h, x1, . . . , xk, η)

for some k ∈ N, where (D,h, x1, . . . , xk) is an equivalence class representative for a
quantum surface with k marked points and η is a parameterized curve in D, with two
such (k + 3)-tuples (D,h, x1, . . . , xk, η) and (D̃, h̃, x̃1, . . . , x̃k, η̃) defined two be equivalent
if there is a conformal map f : D̃ → D which satisfies (1.1) and also f(x̃j) = xj for
j ∈ [1, k]Z and f ◦ η̃ = η.

We allow “curves” η which are defined on a general closed subset of R, rather than
just a single interval, which arise naturally if we want to restrict a curve to the pre-image
of some set whose pre-image is not connected.

Since most of our curves will be originally defined on subsets of C, we introduce the
following notation.

Definition 2.1. Let (D,h, x1, . . . , xk) be an embedding of a quantum surface S and let η
be a curve in C. Let I be the closure of the interior of η−1(D) and let ηS be the curve η|I ,
viewed as a curve on S, so that (S, ηS) is a curve-decorated quantum surface represented
by the equivalence class of (D,h, x1, . . . , xk, η) modulo conformal maps.

In the remainder of this subsection, we describe how to define a topology on certain
families of curve-decorated quantum surfaces using the perspective that a quantum
surface is the same as an equivalence class of measure spaces modulo conformal maps.

For k ∈ N, let MCPU
k be the set of all equivalence classes K of (k + 3)-tuples

(D,µ, η, x1, . . . , xk) with D ⊂ C a simply connected domain (with D 6= C), µ a Borel
measure on D which is finite on compact subsets of D, η : R→ D a curve which extends
continuously to the extended real line R ∪ {−∞,∞}, x1 ∈ D, and x2, . . . , xk ∈ D ∪ ∂D

(with ∂D viewed as a collection of prime ends). Two such (k+3)-tuples (D,µ, η, x1, . . . , xk)

and (D̃, µ̃, η̃, x̃1, . . . , x̃k) are declared to be equivalent if there exists a conformal map
f : D̃ → D such that

f∗µ̃ = µ, f ◦ η̃ = η, and f(x̃j) = xj , ∀j ∈ [1, k]Z. (2.1)

The reason why x1 is required to be in D (not in ∂D) is as follows. Just below, we will
define a metric onMCPU

k by “embedding” two elements ofMCPU
k into the unit disk in such

a way that their first marked points are sent to 0. If we allowed arbitrary embeddings,
our metric would not be positive definite due to conformal maps which carry all of the
mass to the boundary.
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Chordal SLE6 explorations of a quantum disk

If (D,µ, x1, . . . , xk) is a finite measure space (without a curve) with k marked points,
the first of which is in the interior, viewed modulo conformal maps, then (D,µ, x1, . . . , xk)

can be viewed as an element ofMCPU
k whose corresponding curve is constant at x1.

The discussion in Section 2.2 implies that a finite-area curve-decorated γ-quantum
surface (D,h, η, x1, . . . , xk) with k marked points such that x1 ∈ D can be viewed as an
element of MCPU

k , with µ = µh the γ-quantum area measure. Here we note that the
γ-LQG measure a.s. determines the field [4]. A quantum surface without an interior
marked point can be made into a quantum surface with an interior marked point by, e.g.,
sampling a point uniformly from µh|U (normalized to be a probability measure) for some
open set U ⊂ D for a fixed choice of equivalence class representative. We can thereby
view such a curve-decorated quantum surface as an element ofMCPU

k+1 . Curve-decorated
quantum surfaces will be our main examples of elements ofMCPU

k .
To define a metric on MCPU

k , we note that the Riemann mapping theorem im-
plies that each K ∈ MCPU

k admits an equivalence class representative of the form
(D, µ, η, 0, x1, . . . , xk) (i.e., the domain is D and the first marked point is 0). For a domain
D ⊂ C, let dP

D be the Prokhorov metric on finite Borel measures on D and let dU
D be the

uniform metric on curves in D. We define the conformal Prokhorov-uniform distance
between elements K, K̃ ∈MCPU

k by the formula

dCPU
k

(
K, K̃

)
= inf

(D,µ,η,0,...,xk)∈K,

(D,µ̃,η̃,0,...,x̃k)∈K̃

dP
D(µ, µ̃) + d

U
D(η, η̃) +

k∑
j=2

|xj − x̃j |

. (2.2)

It is easily verified that dCPU
k is a metric onMCPU

k , whereby K and K̃ are dCPU
k -close if

they can be embedded into D in such a way that their first marked points are sent to 0,
their measures are close in the Prokhorov distance, their curves are close in the uniform
distance, and their corresponding marked points are close in the Euclidean distance.

The above construction gives us a topology on simply connected curve-decorated
quantum surfaces. We will also have occasion to consider convergence of beaded
quantum surfaces, i.e. those which can be represented as a countable ordered collection
of finite quantum surfaces, with each such surface attached to its neighbors at a pair of
points, with the property that the total quantum area of the beads between any two given
beads is finite. One can extend the above metric to curve-decorated beaded quantum
surfaces where each bead has k marked points, the first of which is in the interior of the
bead, by viewing such a surface as a function from [0,∞) to MCPU

k and considering a
weighted L1 norm on such functions; see [12, Section 2.2.6] for more details.

2.4 Peanosphere construction

In this subsection we review the peanosphere construction of [9], which will occasion-
ally be useful in the proofs of our main theorems (primarily for local absolute continuity
purposes).

Whole-plane space-filling SLEκ′ from ∞ to ∞ is a two-sided variant of SLEκ′ in C
defined in [9, Section 1.4.1], building on [32, Sections 1.2.3 and 4.3]. In the case when
κ′ ≥ 8, ordinary SLEκ′ is already space-filling and whole-plane space-filling SLEκ′ is just
two-sided chordal SLEκ′ . In the case when κ′ ∈ (4, 8) (which is the only case we will
consider in this paper), whole-plane space-filling SLEκ′ is obtained from a two-sided
variant of chordal SLEκ′ by iteratively filling in the bubbles surrounded by the curve by
space-filling loops. Note that whole-plane space-filling SLEκ′ in this regime cannot be
described via the Loewner evolution.

Let C = (C, h′, 0,∞) be a γ-quantum cone (recall Section 2.2) and let η′ be a whole-
plane space-filling SLEκ′ with κ′ = 16/γ2 from ∞ to ∞ independent from h and pa-
rameterized in such a way that η′(0) = 0 and the γ-quantum area measure satisfies
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Chordal SLE6 explorations of a quantum disk

µh(η
′([s, t])) = t − s whenever s, t ∈ R with s < t. For t ≥ 0, let L′

t be equal to the
γ-quantum length of the segment of the left boundary of η′([t,∞)) which is shared with
η′([0, t])minus the γ-quantum length of the segment of the left boundary of η′([0, t]) which
is not shared with η′([t,∞)); and for t < 0, let L′

t be the γ-quantum length of the segment
of the left boundary of η′([t, 0]) which is not shared with η′((−∞, t]) minus the γ-quantum
length of the segment of the left boundary of η′([t, 0]) which is shared with η′((−∞, t]).
Define R′

t similarly with “right” in place of “left”. Also let Z ′ := (L′, R′) : R→ R2.

It is shown in [9, Theorem 1.9] (see also [16] for the case κ′ ≥ 8) that there is
a deterministic constant α = α(γ) > 0 such that Z ′ evolves as a pair of correlated
two-dimensional Brownian motions with variances and covariances given by

VarL′
t = VarR′

t = α|t| and Cov(L′
t, R

′
t) = −α cos

(
πγ2

4

)
, ∀t ∈ R.

The Brownian motion Z is referred to as the peanosphere Brownian motion. The
reason for the name is that Z can be used to construct a random curve-decorated
topological space called an infinite-volume peanosphere, which a.s. differs from (C, η′)

by a curve-preserving homeomorphism. We will not need this object here so we do not
review its definition.

Henceforth we restrict attention to the case when κ′ ∈ (4, 8). We will describe how to
couple a single bead of a 3γ

2 -quantum wedge (with random area and left/right boundary
lengths) decorated by a chordal SLEκ′ with the pair (h′, η′). This coupling is our main
use for the peanosphere construction in this paper and is also used in [12, Section 6].
See Figure 1 for an illustration.

For a, b ∈ R ∪ {−∞,∞}, let Sa,b be the (possibly beaded) quantum surface parame-
terized by η′([a, b]). Also let ηa,b : [a, b] → η′([a, b]) be the curve obtained from η′|[a,b] by
skipping the intervals of time during which it is filling in a bubble (as in [12, Section 3.1]).
Then ηa,b is a concatenation of SLEκ′ -type curves in the connected components of the
interior of η′([a, b]) (more precisely, ηa,b in each component is either an SLEκ′ or an
SLEκ′(κ′/2− 4;κ′/2− 4); see [12, Lemma 3.6]). Whenever one of these curves discon-
nects a bubble from its target point, it is constant on an interval of time equal to the
µh′ -mass of the bubble.

By the last statement of [9, Theorem 1.9], for t ∈ R, the quantum surfaces S−∞,t and
St,∞ are independent 3γ

2 -quantum wedges. Furthermore, [9, Footnote 4] implies that
the future curve ηt,∞,St,∞ (here we use Definition 2.1) is a concatenation of independent
chordal SLEκ′ curves, one in each of the beads of St,∞.

Let M be the infinite measure on beads of a 3γ
2 -quantum wedge (recall [9, Defini-

tion 4.15]) and let m be the infinite measure on (0,∞)3 which is the pushforward ofM
under the function which assigns to each bead its vector of area and left/right quantum
boundary lengths. Let A ⊂ (0,∞)3 be a Borel set such that m(A) is finite and positive.

Let (a, lL, lR) be sampled from the probability measure m(A)−1m|A, and let B′ be the
first bead of the 3γ

2 -quantum wedge S0,∞ whose vector of area and left/right quantum
boundary lengths belongs to A. By our choice of A and since the beads of S0,∞ are a
Poisson point process sampled fromM, we find that B′ is well-defined a.s. and that the
law of B′ is that of a single bead of a 3γ

2 -quantum wedge conditioned to have area and
left/right quantum boundary lengths in A. Furthermore, if we let T and T , respectively,
be the times at which η′ starts and finishes filling in the bead B′, then the curve ηT ,T ,B′

(defined as above with a = T and b = T and viewed as a curve on the surface B′ as in
Definition 2.1) is a chordal SLEκ′ in B′ between its two marked points.

The parameterization of ηT ,T is the parameterization it inherits from η′|[T ,T ]. Since η′

is parameterized by quantum mass, it follows that ηT ,T is parameterized by the µh′ -mass
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η′Sa,b
(a)

η′Sa,b
(b)

η′(b)η′(a)

η′([b,∞))

ηa,b
ηa,b,Sa,b

0

ηT ,T
η′(T )

η′(T )

Sa,b S0,∞

B′

Figure 1: Left: A typical space-filling SLEκ′ segment η′([a, b]) for a < b (light blue)
and the associated curve ηa,b (purple). Middle: The surface Sa,b parameterized by
η′([a, b]) and the curve ηa,b,Sa,b

(which is ηa,b, viewed as a curve on Sa,b instead of in
C; Definition 2.1). Note that Sa,b does not include information about the exterior
pinch points of η′([a, b]), and its beads correspond to the connected components of the
interior of η′([a, b]). Right: The 3γ

2 -quantum wedge S0,∞ (light blue) and the single bead
B′ = ST ,T (light green) with its associated chordal SLEκ′ curve ηT ,T (purple).

of the region it disconnects from its target point η′(T ), which is defined as follows (as
in [12, Definition 6.1]).

Definition 2.2. Suppose X is a topological space equipped with a measure µ, x ∈ X,
and η : [0, T ] → X is a curve with η(T ) = x. We say that η is parameterized by the µ-mass
it disconnects from x if the following is true. For t ∈ [0, T ], let Ut be the connected
component of X \ η([0, t]) containing x and let Kt = X \ Ut be the hull generated by
η([0, t]). Then for each t ∈ [0, T ],

η(t) = η(inf{s ∈ [0, T ] : µ(Ks) ≥ t}). (2.3)

The left/right boundary length process of ηT ,T (as defined in Section 1.2) is obtained
from (Z − ZT )|[T ,T ] by skipping the intervals of time during which ηT ,T is filling in one of

the bubbles which it disconnects from η′(T ) (equivalently the maximal π/2-cone times
for Z in the time interval [T , T ], defined as in [12, Section 2.3.4]).

3 Proofs of main results

3.1 Proof of assertion 1 of Theorem 1.2

In this subsection we will prove assertion 1 of Theorem 1.2. As promised after the
statement of Theorem 1.2, we do this for general values of γ ∈ (

√
2, 2) and also allow for

fixed area.
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Lemma 3.1. Let γ ∈ (
√
2, 2), let κ′ = 16/γ2, and fix a, lL, lR > 0. Let B = (H, h, 0,∞) be

a single bead of a 3γ
2 -quantum wedge with area a and left/right boundary lengths lL and

lR and let η be a chordal SLEκ′ from 0 to ∞ in H, sampled independently from h and
then parameterized by quantum natural time with respect to h. Let Z be the left/right
boundary length process for η started from (0, 0) and let S be the total quantum natural
time length of η , as in Section 1.2.

Almost surely, the time S is finite. Furthermore, a.s.

S = inf
{
u ≥ 0 : Lu = −lL

}
= inf

{
u ≥ 0 : Lu = −lR

}
(3.1)

and a.s. limu→S η(u) = ∞ and limu→S Zu = (−lL,−lR).

Proof. By local absolute continuity of the law of h with respect to the law of an embedding

into (H, 0,∞) of a
(

4
γ − γ

2

)
-quantum wedge (Section 2.2), we infer that the quantum

natural time length of any segment of the curve η before the first time it reaches ∞ is
finite. Equivalently, limu→S η(u) = ∞. For each r > 0, a.s. η hits each of (−∞,−r] and
[r,∞) before hitting ∞. Since the νh -length of any non-empty interval in R is positive
and νh does not have any atoms, we obtain the formula (3.1).

To show that S is a.s. finite, we need to show that the quantum natural time length
of the final segment of η is finite. Let η∞ be the time reversal of η, parameterized by
the µh -mass of the region it disconnects from 0. By reversibility of SLEκ′ [26], η∞ is a
chordal SLEκ′ from ∞ to 0. By [9, Definition 4.15] and reversibility of Bessel excursions,

we also have (H, h, 0,∞)
d
= (H, h,∞, 0). For u > 0, the total quantum natural time length

of η |[u,∞) is the same as the total quantum natural time length of an appropriate segment
of η∞ before it hits 0, so is a.s. finite by the first paragraph. Hence a.s. S < ∞.

It remains to check that limu→S Zu = (−lL,−lR). For this purpose, let ηb be given by
η , parameterized by the µh -mass it disconnects from ∞. If we sample (a, lL, lR) randomly
from a set A ⊂ (0,∞)3 as in Section 2.4, then we can couple (B, ηbB) with a γ-quantum
cone and an independent whole-plane space-filling SLEκ′ as in that subsection in such
a way that (B, ηbB) = (B′, ηT ,T ,B′) a.s., where ηT ,T ,B′ is the ordinary SLEκ′ -type curve
in the bead B′, as defined at the end of Section 2.4. Continuity of the peanosphere
Brownian motion Z ′ implies that the boundary length process Zb for ηb a.s. satisfies
limt→a Z

b
t = (0, 0), so since Z is a re-parameterization of Zb, a.s. limu→S Zu = (−lL,−lR).

The statement for fixed (a, lL, lR) follows since for different choices of (a, lL, lR), the
laws of the fields h|H\D are mutually absolutely continuous provided we choose our
embedding in such a way that the quantum areas of these restricted fields agree (this
can be seen from the definition of a beaded quantum wedge in [9, Definition 4.15] and
standard local absolute continuity lemmas for the GFF, e.g., [29, Proposition 3.4]).

3.2 Proof of Theorem 1.1 and assertion 2 of Theorem 1.2

Throughout this subsection, we assume we are in the setting of Section 1.2, so that
γ =

√
8/3, κ′ = 6, lL, lR > 0, B = (H, h, 0,∞) is a doubly marked quantum disk with

left/right quantum boundary lengths lL and lR, η is chordal SLE6 from 0 to ∞ in H,
sampled independently from h and parameterized by quantum natural time with respect
to h, Z = (L,R) is the corresponding left/right boundary length process, and S is the
total quantum natural time length of η . In this subsection we will simultaneously prove
Theorem 1.1 and assertion 2 of Theorem 1.2. For this purpose we will consider the
following setup.

For u ≥ 0, let Ku ⊂ H be the hull which is the closure of the set of points in H which
are disconnected from ∞ by η([0, u]) and define the quantum surfaces

Ku :=
(
Ku, h|Ku

, 0, η(u)
)

and Wu :=
(
H \Ku, h|H\Ku

, η(u),∞
)
. (3.2)
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Chordal SLE6 explorations of a quantum disk

The surface Ku is typically a beaded quantum surface, since η has cut points (these cut
points correspond to the marked points of the beads). The surface Wu has the topology
of the disk and is the same as the quantum surface defined in Theorem 1.1. See Figure 2
for an illustration of these surfaces.

η([0, u])

η([u, S])

Wu

Ku

Figure 2: Illustration of the surfaces Ku (green) and Wu (blue) defined in (3.2). The left
and right outer boundaries of the purple curve segment η([0, u]) are shown in red and
blue, respectively.

We observe that Z |[0,u] is determined by the curve-decorated quantum surface
(Ku, ηKu

) (we can determine the arc of ∂Ku corresponding to ∂Ku \ R since this is
the arc whose points are all hit by η). Our goal is to describe the laws of Wu and
(Ku, ηKu

) (and hence also the law of Z ). The latter law will be described by comparison

to the analogous objects for an SLE6 on a
√
8/3-quantum wedge.

To this end, let (H, h∞, 0,∞) be a
√

8/3-quantum wedge and let η∞ be a chordal SLE6

from 0 to ∞ in H parameterized by
√
8/3-quantum natural time with respect to h∞. Let

Z∞ = (L∞, R∞) : [0,∞) → R2 be the left/right quantum boundary length process for
h∞, defined in an analogous manner to the process Z above. By [9, Corollary 1.19], Z∞

is a pair of independent totally asymmetric 3/2-stable processes with no upward jumps.
We define the time S∞ as in (1.4) for the process Z∞.

As in (3.2), for u ≥ 0 let K∞
u ⊂ H be the hull which is the closure of the set of points

in H which are disconnected from ∞ by η∞([0, u]) and in analogy with (3.2) define the
quantum surfaces

K∞
u :=

(
K∞

u , h∞|K∞
u
, 0, η∞(u)

)
and W∞

u :=
(
H \K∞

u , h∞|H\K∞
u
, η∞(u),∞

)
. (3.3)

The main goal of the remainder of this subsection is to prove the following proposition,
which will immediately imply both Theorem 1.1 and assertion 2 of Theorem 1.2.

Theorem 3.2. For each u ≥ 0, the law of the curve-decorated quantum surface (Ku, ηKu
)

restricted to the event {u < S} (i.e., the event that η has not reached ∞ by time u)
is absolutely continuous with respect to the law of (K∞

u , ηK∞
u
), with Radon-Nikodym

derivative given by (
L∞
u +R∞

u

lL + lR
+ 1

)−5/2

1(u<S∞). (3.4)

Furthermore, the conditional law of Wu given (Ku, ηKu
) is that of a doubly marked

quantum disk with left/right boundary lengths Lu + lL and Ru + lR.

Before giving the proof of Theorem 3.2, we use it to deduce Theorems 1.1 and 1.2.

Proof of Theorem 1.1 assuming Theorem 3.2. By [9, Theorem 1.18] we know that the
conditional law given Z∞|[0,u] of the singly marked quantum surfaces parameterized
by the bubbles disconnected from ∞ by η∞([0, u]) is that of a collection of independent
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quantum disks with boundary lengths given by the magnitudes of the downward jumps of
the coordinates of Z∞ up to time u. By combining this with Theorem 3.2, we obtain that
the conditional law given Z |[0,u] of the singly marked quantum surfaces parameterized
by the bubbles disconnected from ∞ by η([0, u]) is that of a collection of independent
quantum disks with boundary lengths given by the magnitudes of the downward jumps of
the coordinates of Z up to time u. This together with the last statement of Theorem 3.2
yields Theorem 1.1.

Proof of Theorem 1.2 assuming Theorem 3.2. Assertion 1 was proven in Lemma 3.1.
Since Z |[0,u] on the event {S < u} and Z∞|[0,u] on the event {S∞ < u} are given
by the same deterministic functional of the curve-decorated quantum surfaces (Ku, ηKu

)

and (K∞
u , ηK∞

u
), respectively (here we note that a Lévy process is a.s. determined by its

jumps), assertion 2 is immediate from Theorem 3.2.

0ξ(−lL)

ηa([0, Tε])

ξ(lR)

η∞([0, Ŝ])

Figure 3: Illustration of the proof of Theorem 3.2. On the event Fε(l
L + lR), the auxiliary

SLE6 curve ηa (blue) forms a bubble Dε (light blue region) which disconnects 0 from ∞
such that ∂Dε ∩R is close to the interval [ξ(−lL), ξ(lR)] which has lL units of νh∞ -length
to the left of 0 and lR units of νh∞ -length to the right of 0; and νh∞(∂Dε \R) is small. In
the limit as ε → 0, the quantum surface parameterized by Dε and the SLE6 curve η∞

(red), stopped at the first time Ŝ it hits ηa([0, Tε]), converge in law to the curve-decorated
quantum surface (B, ηB) appearing in Theorem 3.2 in a rather strong sense (Lemma 3.4).
Since the left/right boundary length process Za for ηa evolves as a pair of independent
3/2-stable processes with no upward jumps, we can compute the probability of Fε(l

L+ lR)

and the conditional probability of Fε(l
L+lR)∩{Ŝ < u} given the curve-decorated quantum

surface (K∞
u , ηK∞

u
) corresponding to an initial segment of η∞ (Lemma 3.3). From these

computations together with Bayes’ rule, we obtain the Radon-Nikodym derivative of the
conditional law of (K∞

u , ηK∞
u
) given Fε(l

L + lR) ∩ {Ŝ < u} with respect to the marginal
law of (K∞

u , ηK∞
u
) (Lemma 3.7). Taking a limit as ε → 0 yields the theorem statement.

3.2.1 Auxiliary SLE6 curve and disconnection event

In the remainder of this subsection we give the proof of Theorem 3.2. See Figure 3 for
an illustration.

Let (H, h∞, 0,∞) be the
√
8/3-quantum wedge from above. Let ξ : R → R be the

increasing function which parameterizes R according to quantum length with respect to
h∞ with ξ(0) = 0, so that νh∞(ξ([a, b])) = b− a for each a, b ∈ R with a < b.

The idea of the proof of Theorem 3.2 is, roughly speaking, to condition on the “event”
that the points ξ(−lL) and ξ(lR) lie at distance zero from one another in a certain quantum
sense, which gives us a bubble whose boundary is ξ([−lL, lR]) and which parameterizes
a quantum surface with the law of B.
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More precisely, we will consider an auxiliary SLE6 curve ηa started from the point
ξ(−lL) and condition on a certain event Fε(l

L + lR) on which the intersection with R
of the bubble cut off from ∞ by ηa is close to ξ([−lL, lR]) and the quantum length of
the boundary segment of this bubble which is not part of R is small. Taking a limit as
ε → 0 produces a quantum surface with the law of B. The locality property of SLE6 and
together with [9, Theorem 1.18] will allow us to compute the approximate conditional
probability of Fε(l

L + lR) given (K∞
u , η∞K∞

u
) and {u < S} for every u ≥ 0; this computation

together with an application of Bayes’ rule will imply Theorem 3.2.
We now proceed with the proof of Theorem 3.2. We start by introducing our auxiliary

SLE6 and the event we will condition on. Let the
√

8/3-quantum wedge (H, h∞, 0,∞), the
SLE6 curve η∞, and the boundary length parameterization ξ be as above. Conditional on
h∞ and η∞, let ηa be a chordal SLE6 from ξ(−lL) to ∞ in H, parameterized by quantum
natural time with respect to h∞ and let Za = (La, Ra) be its left/right boundary length
process, so that by [9, Corollary 1.19], Za is a pair of independent totally asymmetric
3/2-stable processes with no upward jumps (the a stands for “auxiliary”). For u ≥ 0,
define

La
u− := lim

v→u−
La
v and Ra

u− := lim
v→u−

Ra
v.

For ε > 0, let Tε be the first time at which ηa disconnects a bubble from ∞ to its right
with quantum boundary length at least ε, equivalently

Tε = inf{u ≥ 0 : Ra
u −Ra

u− ≤ −ε}. (3.5)

Also let Dε be the bubble disconnected from ∞ by ηa at time Tε, so that νh∞(∂Dε) =

Ra
T−
ε
−Ra

Tε
.

Fix a small parameter ζ ∈ (0, 1) and for ε > 0 and r > 0, define events

F 0
ε :=

{
sup

u∈[0,Tε)

|Ra
u| ≤ ε1−ζ

}
and Fε(r) := F 0

ε ∩
{
−r − ε ≤ Ra

Tε
−Ra

T−
ε

≤ −r
}
. (3.6)

On Fε(r), the curve ηa does not disconnect ξ(−lL + ε1−ζ) from ∞ before time Tε, and
the quantum length of the right outer boundary of ηa([0, u]) for u < Tε is given by
Ra

u − infv∈[0,u] R
a
v ≤ 2ε1−ζ . Consequently, on Fε(r) it holds that

νh(∂Dε) ∈ [r, r + ε],
[
ξ(−lL + ε1−ζ), ξ(r − lL − 2ε1−ζ)

]
⊂ ∂Dε, and

νh(∂Dε \R) ≤ 2ε1−ζ . (3.7)

We will now estimate the probability of Fε(r).

Lemma 3.3. We have

P[Fε(r)] =

(
3

2
+ oε(1)

)
ε5/2r−5/2

with the rate of the oε(1) uniform for r ≥ r0 for any fixed r0.

Proof. Recall that the jumps of −Ra are distributed as a Poisson point process on R,
with intensity measure cy−5/21(y>0) dy, for c > 0 a universal constant. The conditional
law of the jump Ra

T−
ε
− Ra

Tε
given {Ra

u : u < T−
ε } is given by conditioning this intensity

measure on the set [ε,∞), i.e. this conditional law is given by

P
[
Ra

T−
ε
−Ra

Tε
∈ dy | {Ra

u : u < T−
ε }

]
=

3

2
ε3/2y−5/21(y≥ε) dy.

Since the event F 0
ε is determined by {Ra

u : u < T−
ε },

P
[
Fε(r) |F 0

ε

]
= ε3/2

(
r−3/2 − (r + ε)−3/2

)
=

(
3

2
+ oε(1)

)
ε5/2r−5/2.
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Chordal SLE6 explorations of a quantum disk

We will complete the proof by showing that there is a universal constant a > 0 such
that

P
[
F 0
ε

]
≥ 1− e−aε−ζ

. (3.8)

To this end, let τ0 = 0 and inductively for k ∈ N let τk be the smallest u ≥ τk−1 for which
|Ra

u − Ra
τk−1

| ≥ ε. By the strong Markov property, the increments (Ra − Ra
τk−1

)|[τk−1,τk]

for k ∈ N are i.i.d. Let K be the smallest k ∈ N for which there exists u ∈ [τk−1, τk] for
which Ra

u −Ra
u− ≤ −ε. Then Tε ∈ [τK−1, τK ] and since supu∈[τk−1,τk]

|Ra
u −Ra

τk−1
| ≤ 2ε for

k < K,

sup
u∈[0,Tε)

|Ra
u| ≤ 2Kε. (3.9)

There is a p > 0 such thatP[K = k | k ≥ K] ≥ p for each k ∈ N0. HenceK is stochastically
dominated by a geometric random variable, so there exists a > 0 such that P[K >

(1/2)ε−ζ ] ≤ e−aε−ζ

. The bound (3.8) therefore follows from (3.9).

3.2.2 Convergence of conditional laws given Fε(l
L + lR)

Let

Ŝ := inf{u ≥ 0 : η∞(u) ∈ ηa([0,∞))}.

On the event Fε(l
L + lR) (defined as in (3.6) with r = lL + lR), let Dε be the region

disconnected from ∞ by ηa at time Tε (as above). Define the doubly marked quantum
surface

Bε = (Dε, h
∞|Dε

, 0, ηa(Tε)).

Recall from (3.3) the hullsK∞
u generated by η∞([0, u]) for u ∈ [0, Ŝ) define doubly marked

quantum surfaces

Wε,u :=
(
Dε \K∞

u , h∞|Dε\K∞
u
, η∞(u), ηa(Tε)

)
. (3.10)

Let Wε,u be the degenerate single-point quantum surface for u ≥ Ŝ.
The main reason for our interest in the quantum surfaces defined above is the

following lemma.

Lemma 3.4. For any finite collection of times u1, . . . , un ≥ 0, the joint conditional law

given Fε(l
L + lR) of the curve-decorated quantum surface

(
Bε, η

∞
Bε
|[0,Ŝ]

)
, the process

Z∞|[0,Ŝ], the quantum surfaces {Wε,uk∧Ŝ}k∈[1,n]Z , and the curve-decorated quantum sur-

faces

{(
K∞

uk∧Ŝ
, η∞K∞

uk∧Ŝ

)}
k∈[1,n]Z

defined as in (3.3) (with each bead of each quantum

surface equipped with an extra interior marked point sampled uniformly from its quantum
measure) converges as ε → 0 to the joint law of (B, ηB), the process Z |[0,S ], the quantum

surfaces {Wuk
}k∈[1,n]Z , and the curve-decorated quantum surfaces

{(
Kuk

, ηKuk

)}
k∈[1,n]Z

(with each bead of each surface equipped with an extra interior marked point sampled
uniformly from its quantum measure) defined as in the beginning of this subsection.
The topology of convergence is given by the topology on beaded curve-decorated quan-
tum surfaces, as discussed at the end of Section 2.3, and the Skorokhod topology, as
appropriate.

For the proof of Lemma 3.4, we first need a description of the conditional law of

curve-decorated quantum surface
(
Bε, η

∞
Bε
|[0,Ŝ]

)
given the auxiliary boundary length

process Za on the event Fε(l
L + lR).

Lemma 3.5. On the event Fε(l
L + lR) of (3.6), the following holds.
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1. The conditional law of the quantum surface Bε given Za is that of a doubly marked
quantum disk with left/right boundary lengths lL +Ra

T−
ε
and −Ra

Tε
− lL.

2. The conditional law of the curve η∞|[0,Ŝ] given Za and h∞ is that of a chordal SLE6

from 0 to ηa(Tε) in Dε, stopped at the first time it hits ∂Dε \R.

Proof. By [9, Theorem 1.18], on Fε(l
L + lR) the conditional law given Za of the quan-

tum surface (Dε, h
∞
Dε

, ηa(Tε)) is that of a singly marked quantum disk with boundary
length νh∞(∂Dε) = Ra

T−
ε
−Ra

Tε
. On the event Fε(l

L + lR), νh∞([0, ηa(Tε)]) = −Ra
Tε

− lL is
determined by Za. We thus obtain condition 1.

Assertion 2 follows from the locality property of SLE6 [20, Theorem 6.13] and the
fact that η∞ is independent from ηa.

By definition of Fε(l
L + lR), one has lL +Ra

T−
ε

= lL + oε(1), −Ra
Tε

− lL = lR + oε(1), and

νh∞(∂Dε \R) = oε(1) on this event. Hence Lemma 3.4 is an immediate consequence
of Lemma 3.5 together with the following lemma, which in turn follows easily from the
scaling properties of the quantum disk.

Lemma 3.6. Let {(lLε , lRε , δε)}ε>0 be a collection of triples of positive real numbers con-
verging to (lL, lR, 0) as ε → 0. For ε > 0, let Bε = (D, hε,−1, 1) be a doubly marked
quantum disk with left boundary length lLε and right boundary length lRε . Let xε be the
point of ∂D such that the νhε

-length of the counterclockwise arc [1, xε]∂D of ∂D from 1

to xε is δε.
Let ηε be a chordal SLE6 from −1 to 1 in D, sampled independently from hε then

parameterized by quantum natural time with respect to hε, and let Ŝε be the first time
ηε hits [1, xε]∂D. Also let Zε,u = (Lε,u, Rε,u) for u ≥ 0 be the left/right quantum boundary
length process for η̂ε with respect to νhε

(which is defined on the same interval as ηε).
For u ≥ 0, let Kε,u be the closure of the points in D which are disconnected from 1 by
η̂ε([0, u]) and define the quantum surfaces

Kε,u :=
(
Kε,u, hε|Kε,u ,−1, ηε(u)

)
and Wε,u :=

(
D \Kε,u, hε|D\Kε,u

, ηε(u), 1
)

(3.11)

For any finite collection of times u1, . . . , un ≥ 0, the joint law of
(
Bε, η

ε
Bε
|[0,Ŝε]

)
, Zε|[0,Ŝε]

,

{Wε,uk∧Ŝε
}k∈[1,n]Z , and

{(
Kε

ε,uk∧Ŝε
, ηε,Kε,uk∧Ŝε

)}
k∈[1,n]Z

(with each bead of each surface

equipped with an extra interior marked point sampled uniformly from its quantum
measure) converges as ε → 0 to the joint law of (B, ηB), Z |[0,S ], {Wuk

}k∈[1,n]Z and{(
Kuk

, ηKuk

)}
k∈[1,n]Z

(with each bead of each surface equipped with an extra interior

marked point sampled uniformly from its quantum measure) in the topology of curve-
decorated quantum surfaces and the Skorokhod topology, as appropriate.

Proof. We will use the scaling property of the quantum disk to construct a coupling of
the objects in the statement of the lemma such that the desired convergence conditions
hold a.s. Suppose that our SLE6-decorated quantum disk (B, ηB) is parameterized by
(D,−1, 1) instead of (H, 0,∞), so that h is a distribution on D and η is an SLE6 in D from
−1 to 1.

Let l := lL + lR and lε := lLε + lRε for ε > 0. For ε > 0, let hε := h + 2√
8/3

log(lε/l)

and note that adding 2√
8/3

log(lε/l) has the effect of multiplying areas by (lε/l)
2 and

boundary lengths by lε/l. Let ηε(u) := η((lε/l)
−3/2u). By the scaling property of quantum

natural time (established in [25, Section 6.2]) it follows that ηε is parameterized by
quantum natural time with respect to hε. Define Zε,u := (lε/l)Z(lε/l)−3/2u

, so that Zε,u is
the left/right quantum boundary length process for ηε with respect to hε.
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Chordal SLE6 explorations of a quantum disk

Let yε (resp. xε) be chosen so that the νhε
-length of the arc [−1, yε]∂D (resp. [−1, xε]∂D)

is lRε (resp. lRε + δε). By our choice of lε, we have νhε
([yε,−1]∂D) = lLε . Also let Ŝε be the

first time at which ηε hits [yε, xε]∂D.

Define the quantum surface Bε = (D, hε,−1, yε). Then the joint law of the curve-

decorated quantum surface
(
Bε, ηε,Bε

|[0,Ŝε]

)
and the process Zε|[0,Ŝε]

is the same as the

joint law of the objects described in the statement of the lemma. It we define the
surfaces as in (3.11) (but with yε in place of 1), then since (lLε , l

R
ε , δε) → (lL, lR, 0) it

is readily verified that the convergence conditions in the statement of the lemma are
satisfied.

3.2.3 Radon-Nikodym derivative estimate and conclusion of the proof

In the next lemma, we will use Bayes’ rule to determine the conditional law of the
quantum surface Wε,u (defined in (3.10)) and the curve-decorated quantum surface
(K∞

u , η∞K∞
u
) (defined in (3.3)) given the event Fε(l

L + lR) and a regularity event which we
now define. For δ > 0, let

E∞
δ (u) :=

{
inf

v∈[0,u]
L∞
v ≥ −lL + δ

}
∩
{

inf
v∈[0,u]

R∞
v ≥ −lR + δ

}
=
{
K∞

u ⊂ [ξ(−lL + δ), ξ(lR − δ)]
}
. (3.12)

We also define the analog of E∞
δ (u) for the curve-decorated quantum surface (B, ηB) and

the corresponding process Z ,

Eδ(u) :=

{
inf

v∈[0,u]
Lv ≥ −lL + δ

}
∩
{

inf
v∈[0,u]

Rv ≥ −lR + δ

}
(3.13)

We observe that with S∞ and S the times in the statement of Theorem 3.2,⋃
δ>0

E∞
δ (u) = {u < S∞} and

⋃
δ>0

Eδ(u) = {u < S}, ∀u > 0 (3.14)

where in the second equality we use the formula (1.3).

Lemma 3.7. Let u ≥ 0 and δ > 0 and let E∞
δ (u) and Eδ(u) be as above. For each

ε ∈ (0, (δ/2)(1−ζ)−1

), the following holds.

1. The conditional law of the quantum surface Wε,u given Za, (K∞
u , η∞K∞

u
), and the

event E∞
δ (u) ∩ Fε(l

L + lR) is that of a doubly marked quantum disk with left/right
boundary lengths lL + L∞

u −Ra
T−
ε
and −Ra

Tε
− lL +R∞

u .

2. The conditional law of the curve-decorated quantum surface (K∞
u , η∞K∞

u
) given

E∞
δ (u)∩{u < Ŝ}∩Fε(l

L+ lR) is absolutely continuous with respect to its conditional
law given only E∞

δ (u), and the Radon-Nikodym derivative takes the form

(1 + oε(1))P[Eδ(u)]
−1

(
L∞
u +R∞

u

lL + lR
+ 1

)−5/2

1E∞
δ (u) (3.15)

where here the rate of the oε(1) depends only on δ, lL, and lR.

For the proof of Lemma 3.7, we need the following lemma.

Lemma 3.8. For each u ≥ 0, the past and future curve-decorated quantum surfaces
(K∞

u , η∞K∞
u
) and (W∞

u , η∞W∞
u
) defined in (3.3) are independent.
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Proof. By [9, Theorem 1.18], for each u ≥ 0 the curve-decorated quantum surface
(W∞

u , η∞W∞
u
) has the law of a

√
8/3-quantum wedge decorated by an independent chordal

SLE6 between its two marked points, parameterized by quantum natural time. By [9,
Theorem 1.16], (W∞

u , η∞W∞
u
) is a.s. determined by the quantum surfaces parameterized

by the bubbles lying to the left and right of η∞W∞
u
, which in turn are a.s. determined by

(Z∞ − Z∞
u )|[u,∞) and the singly-marked quantum surfaces parameterized by the bubbles

disconnected from ∞ by η∞ after time u in the manner described in [9, Figure 1.15,
Line 3].

By [12, Lemma 3.7], the coupling described in Section 2.4, and local absolute conti-
nuity between a

√
8/3-quantum wedge and a doubly marked quantum disk near their

respective first marked points, (K∞
u , η∞K∞

u
) is a.s. determined by Z∞|[0,u] and the singly-

marked quantum surfaces parameterized by the bubbles disconnected from∞ by η∞|[0,u].
Since Z∞ is a pair of independent totally asymmetric 3/2-stable processes with no

upward jumps, we infer that Z∞|[0,u] and (Z∞−Z∞
u )|[u,∞) are independent. Furthermore,

by [9, Theorem 1.18] the singly-marked quantum surfaces parameterized by the bubbles
cut out by η∞ are conditionally independent quantum disks given Z∞, with boundary
lengths determined by maginitudes of the downward jumps of Z∞ at the times the
bubbles are disconnected from ∞. In particular, the conditional law given Z∞ of the
bubbles in K∞

u (resp. W∞
u ) depends only on Z∞|[0,u] (resp. (Z∞ − Z∞

u )|[u,∞)).

Combining the three preceding paragraphs shows that (K∞
u , η∞K∞

u
) and (W∞

u , η∞W∞
u
)

are independent.

Proof of Lemma 3.7. Define the unexplored quantum surface W∞
u for η∞ as in (3.3).

For convenience, fix an embedding h∞
u of W∞

u into (H, 0,∞). Let ξu : R → R be the
increasing function which parameterizes R according to νh∞

u
-length with ξu(0) = 0. If

E∞
δ (u) occurs, then the point ξ(−lL) = ηa(0) ∈ R corresponds to a point of R under our

given embedding of W∞
u , namely the point ξu(−lL − L∞

u ).

Let τu be the first time ηa hits η∞([0, u]) and note that {τu = ∞} = {u < Ŝ}. By
the locality property of SLE6 [20, Theorem 6.13] and since ηa and η∞ are conditionally
independent given h∞, the conditional law of the curve ηaW∞

u
|[0,τu] (viewed as a curve in

H, using the embedding h∞
u ) given (W∞

u , η∞W∞
u
) and (K∞

u , η∞K∞
u
) is that of a chordal SLE6

from ξ∞u (−lL − L∞
u ) to ∞ in H, stopped at the first time it hits ξ∞u ([−L∞

u , R∞
u ]).

Let ηau be a random curve whose conditional law given (W∞
u , η∞W∞

u
) and (K∞

u , η∞K∞
u
)

is that of a chordal SLE6 from ξ∞u (−lL − L∞
u ) to ∞ in H parameterized by quantum

natural time with respect to h∞
u , which agrees with the embedding into H of ηaW∞

u
until

time τu (such a curve exists by the above application of the locality property of SLE6).
Let Za

u,v = (La
u,v, R

a
u,v) for v ≥ 0 be the left/right boundary length process for the pair

(h∞
u , ηau), so that Za

u,·
d
= Za.

Let Fu,ε(r) for r ≥ 0 be defined as in (3.6) with Ra
u,· in place of Ra. One easily checks

using (3.7) that for ε ∈ (0, (δ/2)(1−ζ)−1

),

E∞
δ (u) ∩ {u < Ŝ} ∩ Fε(l

L + lR) = E∞
δ (u) ∩ Fu,ε(l

L + lR + L∞
u +R∞

u ). (3.16)

On the event {u < Ŝ} ∩ Fε(l
L + lR), the quantum surface Wε,u is the quantum surface

parameterized by the bubble disconnected from ∞ by ηau which contains ξ∞u ([−L∞
u , R∞

u ])

on its boundary. By [9, Theorem 1.18] and Lemma 3.8, on the event E∞
δ (u) ∩ Fu,ε(l

L +

lR + L∞
u +R∞

u ) the conditional law of Wε,u given the left/right quantum boundary length
process Za

u,· and (K∞
u , η∞K∞

u
) (which together determine Za on this event) is that of

a doubly marked quantum disk with left/right boundary lengths lL + L∞
u + Ra

T−
ε

and

−Ra
Tε

− lL +R∞
u . By combining this with (3.16) we see that assertion 1 holds.
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By Bayes’ rule, the Radon-Nikodym derivative of the conditional law of (K∞
u , η∞K∞

u
)

given either of the two events in (3.16) with respect to its conditional law given only
E∞

δ (u) is equal to

P
[
Fu,ε(l

L + lR + L∞
u +R∞

u ) | (K∞
u , η∞K∞

u
)
]

P
[
E∞

δ (u) ∩ {u < Ŝ} ∩ Fε(lL + lR)
] 1E∞

δ (u); (3.17)

here we note that E∞
δ (u) ∈ σ(K∞

u , η∞K∞
u
). By Lemma 3.3, on E∞

δ (u) it holds that

P
[
Fu,ε(l

L + lR + L∞
u +R∞

u ) | (K∞
u , η∞K∞

u
)
]
=

(
3

2
+ oε(1)

)
ε5/2

(
lL + lR + L∞

u +R∞
u

)−5/2
.

(3.18)
Furthermore,

P
[
E∞

δ (u) ∩ {u < Ŝ} ∩ Fε(l
L + lR)

]
= P

[
E∞

δ (u) ∩ {u < Ŝ} |Fε(l
L + lR)

]
P
[
Fε(l

L + lR)
]

= P
[
E∞

δ (u) ∩ {u < Ŝ} |Fε(l
L + lR)

](3

2
+ oε(1)

)
ε5/2

(
lL + lR

)−5/2
. (3.19)

By Lemma 3.4, the conditional law of Z∞|[0,Ŝ] given Fε(l
L + lR) converges to the law of

Z |[0,S ] with respect to the Skorokhod topology so

P
[
E∞

δ (u) ∩ {u < Ŝ} |Fε(l
L + lR)

]
= P[Eδ(u)](1 + oε(1)) (3.20)

where here we recall that Eδ(u) ⊂ {u < S}. In all of the above formulas, the rate of the
oε(1) depends only on δ, lL, and lR. Plugging (3.18), (3.19), and (3.20) into (3.17) yields
assertion 2.

Proof of Theorem 3.2. By Lemmas 3.4 and 3.7, we can send ε → 0 to obtain that for each
u ≥ 0 and each δ > 0, the following is true.

1. The conditional law of the quantum surface Wu given the curve-decorated quantum
surface (Ku, ηKu

) and the event Eδ(u) in (3.13) is that of a doubly marked quantum

disk with left/right boundary lengths lL + Lu and lR +Ru.

2. The conditional law of (Ku, ηKu
) given Eδ(u) is absolutely continuous with respect

to the conditional law of (K∞
u , ηK∞

u
) given the event E∞

δ (u) of (3.12), with Radon-
Nikodym derivative

P[Eδ(u)]
−1

(
L∞
u +R∞

u

lL + lR
+ 1

)−5/2

1E∞
δ (u) (3.21)

Note that to obtain statement 1, we use that the conditional law of a doubly marked
quantum disk with given left/right boundary lengths depends continuously on these
boundary lengths in the topology of Section 2.3, which follows from a scaling argument
as in Lemma 3.6.

The second assertion of the theorem statement is precisely statement 1 above.
Sending δ → 0 in (3.21) and recalling (3.14) shows that the conditional law of (Ku, ηKu

)

given {u < S} is absolutely continuous with respect to the conditional law of (K∞
u , ηK∞

u
)

given {u < S∞}, with Radon-Nikodym derivative

P[u < S ]
−1

(
L∞
u +R∞

u

lL + lR
+ 1

)−5/2

1(u<S∞).

Multiplying this Radon-Nikodym derivative estimate by P[u < S ] yields (3.4).
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A Quantum disks

To make this work more self-contained, in this appendix we recall the precise defi-
nition of the quantum disk from [9]. We will give the direct definition of this quantum
surface in terms of Bessel excursions. There are also other equivalent ways of defining
quantum disks, e.g., as limits of certain surfaces constructed from a free-boundary
GFF [9, Appendix A] or as the quantum surfaces parameterized by the bubbles cut out
by an SLEκ′ curve for κ′ = 16/γ2 on a certain LQG surface [9, Theorems 1.16 and 1.17].
We also expect that the definition of the quantum disk given here is equivalent to the
one in [17]. It is likely that this could be proved using similar techniques to the ones
in [1] (which proves the analogous statement for quantum spheres).

We first define an infinite measure on doubly marked quantum disks, then condition
this measure on certain events to obtain probability measures, then forget one marked
point to obtain singly marked quantum disks. It is convenient to define a quantum disk
parameterized by the infinite strip S = R× (0, π) since the field takes a simpler form in
this case (one can parameterize by the unit disk instead by applying a conformal map
and using (1.1)). Let H0(S) (resp. H†(S)) be the Hilbert space of mean-zero functions
on S with finite Dirichlet energy which are constant (resp. have mean zero) on each
horizontal line segment {x} × [0, π]. Then the space of all mean-zero functions on S with
finite Dirichlet energy is the orthogonal direct sum of H0(S) and H†(S) [9, Lemma 4.3].
The following definition is given in [9, Section 4.5].

Definition A.1. For γ ∈ (0, 2), the infinite measure on quantum disks is the measure
Mdisk on doubly marked quantum surfaces (S, h,−∞,∞) defined as follows.

• “Sample” e from the infinite excursion measure of a Bessel process of dimension
3− 4

γ2 (see [9, Remark 3.7]). Let h0 ∈ H0(S) be the function whose common value

on each segment {x} × [0, π] is given by the process 2γ−1 log e reparameterized
to have quadratic variation 2 dx. Note that this process is only defined modulo
translations – different translations give equivalent quantum surfaces.

• Let h† be sampled from the law of the projection of a free-boundary GFF on S onto
H†(S), independent from h0.

• Let h = h0 + h†.

We note that for each t > 0, the measure Mdisk assigns finite mass to the set of
surfaces whose corresponding excursion e has time length at least t (as the Bessel
excursion measure assigns finite mass to those Bessel excursions with length at least t).
This implies that for each a, l > 0, Mdisk assigns finite mass to the set of surfaces with
LQG area at least a and/or LQG boundary length at least l.

The spaceMCPU
k defined in Section 2.3 is a separable metric space, and we can view

quantum surfaces with boundary as elements of this space equipped with the curve
which parameterizes the boundary according to the LQG boundary length measure.
Hence it makes sense to talk about regular conditional laws for quantum surfaces. The
following corresponds to [9, Definition 4.21].

Definition A.2. Let Mdisk be as in Definition A.1.

• For l > 0, the quantum disk with boundary length l is the regular conditional
distribution of the measure dMdisk(h) given that νh(∂S) = l.

• For lL, lR > 0, the quantum disk with left/right boundary lengths lL, lR > 0 is the
regular conditional distribution of the measure dMdisk(h) given that νh(R×{π}) =
lL and νh(R× {0}) = lR.
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The above definitions give us doubly marked quantum disks. One defines singly
marked quantum disks by forgetting one of the marked points for a doubly marked
quantum disk (i.e., projecting fromMCPU

2 toMCPU
1 ). It is shown in [9, Proposition A.8]

that the marked points for a doubly marked quantum disk are independent samples
from the γ-LQG boundary length measure if we condition on the disk viewed as an
unmarked quantum surface. Equivalently, suppose that (S, h,−∞,+∞) is a quantum
disk, that x, y ∈ ∂S are picked independently from the γ-LQG boundary measure νh, and
that ϕ : S → S is a conformal transformation with ϕ(−∞) = x and ϕ(+∞) = y. Then
with h̃ = h ◦ ϕ+Q log |ϕ′|, we have that h̃ and h have the same law modulo a horizontal
translation of S.

A priori the regular conditional laws of the infinite quantum disk measure given the
boundary length only make sense for a.e. l > 0. However, as explained just after [9,
Definition 4.21], the quantum disk possesses a scale invariance property which allows
us to define these regular conditional laws for every choice of l > 0. In particular, if
(S, h,−∞,∞) is a quantum disk with boundary length l and C > 0, then (S, h+C,−∞,∞)

is a quantum disk with boundary length eγC l. To make sense of quantum disks with
arbitrary choices of left/right boundary lengths lL, lR > 0, one can, for example, proceed
as follows. Since the marked points for a doubly marked quantum disk are independent
samples from the LQG boundary length measure, if we start with a singly marked
quantum disk of boundary length lL + lR and choose a second (random) marked point by
the condition that the boundary lengths of the arcs separating the two marked points
have quantum lengths lL and lR, respectively, then we obtain a doubly marked quantum
disk with left/right boundary lengths lL and lR.
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