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Abstract

In this paper, we consider fractional parabolic equation of the form %.: —(=A)zu+

uW (t,z), where —(—A) % with a € (0,2] is a fractional Laplacian and ¥ is a Gaussian
noise colored both in space and time. The precise moment Lyapunov exponents
for the Stratonovich solution and the Skorohod solution are obtained by using a
variational inequality and a Feynman-Kac type large deviation result for space-time
Hamiltonians driven by a-stable process. As a byproduct, we obtain the critical values

for # and 7 such that IE exp <0 (f01 fol Ir — s|7Poy(X, — Xs)drds>n> is finite, where X

is d-dimensional symmetric a-stable process and «(z) is |z|~* or H?Zl || =%
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1 Introduction

Let {W(t, x),t >0,z € Rd} be a general mean zero Gaussian noise on some proba-

bility space (Q2, F,IP) whose covariance function is given by
E[W(Tv x)W(Svy)] = ‘T - s|_50'7(33 - y)>
where S € [0,1) and

|z| =P where 3 € [0,d) or

x pr—
() 1%, ||~ % where 3; € [0,1),j =1,...,d.
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Temporal asymptotics for fractional PAM

If we abuse the notation g = Z?zl B;, the spatial covariance function has the following
scaling property

Y(ew) = |e| Py () (1.1)
for both cases. In this paper, we shall study the following fractional parabolic Anderson

model,

P N .
371; =—(=A)2u+uW(t,z), t >0,z € R?

u(0,z) = ug(z), * € R?,

where —(—A)% with 0 < a < 2 is the fractional Laplacian and the initial condition
satisfies 0 < 0 < |ug(z)| < M < oo. Without loss of of generality, we assume ug(z) = 1
when we study the long-term asymptotics of u(t,z). The product uW(t, x) appearing
in the above equation will be understood in the sense of Skorohod and in the sense of
Stratonovich.

Let us recall some results from [30] for the SPDE (1.2).

(1.2)

(i) Theorem 5.3 in [30] implies that, under the following condition:
b < a, (1.3)

Eq. (1.2) in the Skorohod sense has a unique mild solution u(¢, z), and its n-th
moment can be represented as (see [30, Theorem 5.6])

Ela(t,z)"] = Ex Huo T4 1) exp Z // | — 5| ~Poy — XFYdrds

1<j<k<n
(1.4)

where X!,..., X" are n independent copies of d-dimensional symmetric a-stable
process starting from 0 and are independent of W, and Ex denotes the expectation
with respect to (X!,..., X").

(ii) Under a more restrictive condition:

abo+ 5 <« (1.5)
the following Feynman-Kac formula
t
u(t,z) = Ex {uo(X ) exp (/ iéo(Xf_T —y)W(dr, dy))] , (1.6)
0 JRe

is a mild Stratonovich solution to (1.2) (see [30, Theorem 4.6]), where dy(z) is the
Dirac delta function. Consequently, Theorem 4.8 in [30] provides a Feynman-Kac
type representation for n-th moment of u(¢, x)

Elu(t,z)"] = Huo (X7 +z) exp Z / / r — 5|7 Poy(XI — XF)drds

Jj=1 g k=1
(1.7)
The stronger condition (1.5), 1n comparlson with (1.3), is to ensure that the “diag-
onal” terms, i.e., the sum 3.}, [, [ |r — s|7%y(X} — X¥)drds appearing in (1.7) are
exponentially integrable (see Lemma 2.1 and Theorem 2.3, or [30, Theorem 3.3] in a
more general setting). To deal with the moments given by (1.4) and that given by (1.7)
simultaneously, we introduce, under the condition (1.5), for p € [0,1],

t
uf(t,z) = Ex |uo(X})exp (/ 0o (X7, —y)W(dr, dy)
0 JRe

t gt
—B/ / |r — s|_607(X,, — Xs)drds>] . (1.8)
2.J)o Jo
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When p = 0, u”(t, z) is the Stratonovich solution u(¢, x) to (1.2), and when p = 1, (¢, x)
is the Skorohod solution (¢, x) to (1.2). The n-th moment of u” (¢, x) for a positive integer
n is given by

E[(u”(t, 2))"]

| [Tt + s (3 30 [ 1=t -t
=1
_pZ//|T—S_ﬂ°7(Xg—X§)drds)1. (1.9)
2j:1 o Jo

Let us point out that when p = 1, E[|u” (¢, z)|"] is finite under the weaker condition (1.3).

The goal of this article is to obtain the precise asymptotics, as ¢t — oo, of the p-th
moment I [|u” (¢, 2)|P] for any (fixed) positive real number p. To describe our main result,
we recall the definition of Fourier transform and introduce some notations. Denote by
S(R?) the Schwartz space of smooth functions that are rapidly decreasing on R?, and let
S'(R%) be its dual space, i.e., the space of tempered distributions. Let f(¢) or (Ff)(¢)
denote the Fourier transform of f, for f in the space &'(R¢) of tempered distributions.
In particular, we set

fie) = [ e oo, sor 1 < LR,

We will also need the following notations.

Ealf f) = / 1717 (€ e

Faa=1{f€L*RY:||flla=1and &E(f, f) < oo} ; (1.10)
1
Avii={as.0): [ Pls.opte =195 D and [ [ jeea(e.)Pdeds < oo
(1.11)

M(a, By, d.7) = sup / / / M=) 25, )% (r,y)dadydrds
geAa,d R2d ‘T‘_S| 0

1
—// |£|‘*|§(s,§)|2d§ds}. (1.12)
0 R4

The finiteness of the variational representation M(«, 5y, d, ), when g < «, is estab-
lished in Section 7. Note that M(«, 9, d, v) has the scaling property, for any 6 > 0,

M(a7ﬁ07d707) :0ﬁM(a7Bo,d,’}/)7 (113)

which can be derived in the same way as Lemma 4.1 in [11]. The following is the main
result in this paper.
Theorem 1.1. Let p € [0,1] and assume the condition (1.5) (and when p = 1, the
condition (1.5) is replaced by the condition (1.3)). Let p > 2 be any real number orp = 1.
Then s

lim ¢~ " log [u? (¢, 2)ll, = (p — p) =7 M(a, o, d, ),

t—o0

where [u/(t,)], = (E[\uﬂ(t,xnpl)””

We conclude this introduction with some remarks on the motivation of our work and
a brief literature review for the related results. The following three points motivate us to
obtain the above asymptotics.
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Temporal asymptotics for fractional PAM

The limit related to the long-term asymptotics is known as the moment Lyapunov
exponent in literature and the problem is closely related to the issue of intermit-
tency (see, e.g., [25]). To illustrate our idea, write the limit in Theorem 1.1 in the
following form:
_ 2a—f—afy

tlim t— a7  logEexp (plog |u? (¢, x)|> = A(p).

—00
The system satisfies the usual definition of intermittency, i.e., the function A(p)/p
is strictly increasing on [2, 00). By the large deviation theory (see, e.g., Theorem
1.1.4 in [8] and its proof for the lower bound), for any sufficiently large [ > 0

7ﬁ7

lim ¢~ = W*ﬂaﬁo loglP(At,z) = —sup {lp - A(p)} <0

t—00 p>0
and there is p; > 0 such that

_ Bllu(t,z)[P'14,,]
lim :
e Elur(t, 2) ]

=1,

where
2a—B—afy
Ay = {1og WP (t, )| > Ut e }

This observation shows that as in other cases of intermittency, it is rare for the
solution u(t, z) to take large values but the impact of taking large values should
not be ignored.

When the noise W is the space-time white noise with dimension one in space, the
parabolic Anderson model (1.2) is the model for the continuum directed polymer
in random environment (see [1] for the case o = 2 and [5] for the case a < 2),
where (1.2) is understood in the Skorohod sense, the solution (¢, x) is the partition
function for the polymer measure, and log @(¢, x) is the free energy for the polymer
(see, e.g., [14]). Similarly, if we consider an a-stable motion X in the random
environment modelled by W, one may consider the Hamiltonian

t t t
HP(t,z) := / / So(XE, — )W (dr,dy) — g/ / Ir — s|7Poy(X, — X,)drds.
0 JR4 0 JO

Then, u”(t, ) = Ex[ef”(:%)] is the partition function for the polymer measure, and
logu”(t, z) is the free energy for the polymer.

The equation (1.2), as one of the basic SPDEs, describes a variety of models, such
as the parabolic Anderson model (see, e.g. [6]) and the model for continuum
directed polymer in random environment (see, e.g., [1]), in which the long-term
asymptotic property of the solution is desirable. In the recent publication [7], the
space-time fractional diffusion equation of the form

(a” + g(—A)O‘/Q) ult, ) = Mu(t, 2)W(t, z),
has been studied, where 0" is the Caputo derivative in time ¢. It is highly non-trivial
to obtain precise asymptotics in general case. Our model (1.2) corresponds to the
case v = 1, and our result may provide some perspective for the general situation.

The moment Lyapunov exponent has been studied extensively with vast literature. To
our best knowledge, however, the investigation in the setting of white/colored space-time
Gaussian noise started only recently, especially at the level of precision given in this paper.
When the driving processes are Brownian motion instead of stable process, i.e., the
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operatorin (1.2) is %A instead of the fractional Laplacian, the long-term asymptotic lower
and upper bounds for the moments of the solution were studied in [3] for the Skorohod
solution and in [29] for the Stratonovich solution; the precise moment Lyapunov
exponents were obtained in recent publications [9, 10] for the Skorohod solutions, and
[11] for the Stratonovich solution. In [2], the authors obtained the intermittency property
for the fractional heat equation in the Skorohod sense, by studying the lower and upper
asymptotic bounds of the solution.

We would like to point out that the Lyapunov exponents of the moments of the solution
may take different forms depending on whether the noise is white or colored in time.
For instance, when a = 2, the n-th moment Lyapunov exponent of the Skorohod solution
is a multiple of n(n — l)ﬁ when the noise is colored in time (see [10, Theorem 1.1] and
see also [11, Theorem 6.1] for Stratonovich solution). While it is a multiple of n(n2 -1
when the noise is a 1 + 1 space-time white noise (see [9, Theorem 1.1]). The approach
in the present article does not apply to the model with noise white in time technically
because the truncation procedure for the temporal covariance function |- |~ that we
use in Section 6 fails to approximate the Dirac delta function dy(-).

In the present paper, we aim to obtain the precise p-th moment Lyapunov exponents
for both Stratonovich solution and Skorohod solution to the fractional heat equation in
a unified way, for any real positive number p > 2. The mathematical challenges and/or
the originality of this work come from the following aspects. First, compared with the
case of heat equation, the fact that the fractional Laplacian is not a local operator makes
the computations and analysis more sophisticated. New ideas and methodologies are
required. In particular, Fourier analysis is involved in a more substantial way. Second,
the Feynman-Kac large deviation result for stable process (Proposition 3.1) is a key to
our approach. However, the method used to derive a similar result for Brownian motion
in [11] can no longer be applied, as the behavior of stable process is totally different
from that of Brownian motion. Third, we obtain the precise long-term asymptotics
for u”(t,x) with p € [0,1], which in particular enables us to get the precise moment
Lyapunov exponents for the Stratonovich solution u°(¢,z) and the Skorohod solution
ul(t,x). Finally, the existing results on precise Lyapunov exponents were mainly for
n-th moment with n a positive integer, due to the fact that the Feynman-Kac type
representation is only valid for integer-order moments. We are able to extend the result
from positive integers to real numbers p > 2. The idea is to use the variational inequality
([10]) and the hypercontractivity of the Ornstein-Uhlenbeck semigroup operators ([28]).

The Feynman-Kac formula (1.9) for the moment of the solution is relevant to the
study of the polaron, an electron moving through a dielectric crystal, interacting with
the lattice ions via electrostatic forces. The evaluation of the partition function can be
represented by Feynman path integral Iexp {a fot Ot %drds}, where X is a three-
dimensional Brownian motion (see [20]). Donsker and Varadhan ([18]) made a seminal
contribution to understand the above integral. It is worthy to point out that in a recent
publication, Mukherjee and Varadhan ([27]) propose a new way of compactification,
which leads not only to the precise asymptotics for the partition function of the polaron
model (as in [18]), but also provides some new and interesting informations on the path
behavior of the empirical measures weighed by the polaron partition function.

The paper is organized as follows. In Section 2, we establish some rough bounds for
the long-term asymptotics of the Stratonovich solution by comparison method. The rough
bounds will be used in the derivation of the precise upper bound in Section 6. The critical
exponential integrability of fol f01 |r — s|7Poy(X, — X,)drds is also studied. In Section
3, we obtain a Feynman-Kac type large deviation result for a-stable processes, which
plays a critical role in obtaining the variational representation for the precise moment
Lyapunov exponent. In Section 4, we establish a lower bound for the p-th moment of
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u”(t, ) which is also valid if the a-stable process is replaced by some general symmetric
Lévy process. In Sections 5 and 6, we validate the lower bound and the upper bound in
Theorem 1.1, respectively. Finally, in Section 7, the well-posedness of the variational
formula given in (1.12) which appears in Theorem 1.1 is justified, and the proof of a
technical lemma that is used in Section 6 is provided.

2 Asymptotic bounds by comparison method

In this section, we establish some long-term asymptotic bounds for E exp(Y;), where

t ot
Y, = / / Ir —u| =P y(X, — X,)drdu. (2.1)
0 Jo

To achieve this goal, we first prove in Theorem 2.3 that Y; is exponentially integrable

using the sub-additivity of Y%, and then we obtain, in Proposition 2.8, the main result

on the asymptotic bounds (without identification of constants) by comparing Y; with
t rt

Jo Jo V(X = Xy)drdu.

The moment method is a common approach to obtain the exponential integrability
for Y; (see, eg, [22, 30]). However, in this section, we will use techniques from large
deviation theory, which turns out to yield a stronger result (see Remarks 2.4 and 2.5
for discussions). Eventually, as a corollary of Theorem 1.1, the critical exponential
integrability and the corresponding critical exponent for Y; are provided in Theorem
2.6.

Recall that {X,¢,t > 0} and {ai X, t> 0} have the same law for any a > 0. The self-

similarity of X together with the homogeneity of the covariance function |r —s| 0~y (z —y)
yields that, for any a > 0, the process Y has the following scaling property (self-
similarity),

{Yar,t 20} £ {a® 57y, 1> 0} 2.2)

We point out that the scaling property (1.13) of the variational representation M(«, 5y,
d,~), along with the above-mentioned “scaling” properties of X, Y and the covariance
function, will play a crucial rule in the derivation of the results in this article.

In the following two lemmas, we introduce some basic properties of the process Y.

Lemma 2.1. E[Y;] < oo if and only if afy + § < «.

Proof. Using the self-similarity of X, and the scaling property of v(x), we have E[y(X, —
X)) =|r— s|*§]E[7(X1)], noting that 0 < E[y(X})] < oo, under the condition of this
lemma. Hence, we have

t t
E[Y,] = E[y(Xy)] / / i — 5|~ Pl — 5|~ drds,
0 0

which concludes the proof. O
Lemma 2.2. Under the condition (1.5), the process {Y;,t > 0} has a continuous version.

Proof. We shall use the notation ||F|, = (]E[\F\P])l/p. For any 0 < s < t < co, we have
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foranyp > 1,
1Y, = Yal,
t S S t
< /”/|r—mﬁww&»—xwmmﬂu+/’/|r—mﬁwwu;—xwmmdu
s 0 0 s
t t
+/1/IT—UF%WWX+—Xmedu
= L+L+1s.
By scaling property, when 1 < p < %
1 _B
(X = Xl = B[v(Xe = X)PDY? = Cplr —u| ™=,

with Cp, = ||y(X1)]|p, < co. Thus,

tors 8 1 ¢ 8
/ / Ir —u| =P~ a dudr < — 7 / pl=Po=adr
S 0 1-— 60 ~—a Vs

t
C/ t1=Po=Gdr = CtiPo—a |t — 5| .
S

I

IN

IN

This means
17 < Cr0=Po= Dt — gpP .

Similar estimates for I; and I3 can also be obtained. Thus for 0 < s,t < T, there is a
constant Cr depending only on («, 8, 59, T) such that

E|Y, - Yil” = Vi - Yi|2 < Crlt — sf?.

It follows from Kolmogorov continuity criterion that {Y;,t¢ > 0} has a continuous version.
O

Now we justify the exponential integrability of Y;.

Theorem 2.3. Under the condition (1.5) and further assuming max{fy, 3} > 0, then
there exists a constant § > 0 such that when 0 € (0,9),

E exp (mqﬁ) < o0, (2.3)
and consequently, for all A > 0,
Eexp (\Y;) < 0. (2.4)
Proof. Denote
) t ot 3
Z,=Y? = </0 /0 s —r|Poy (X, — Xr)dsdr) , for t > 0. (2.5)

First we shall show that Z; is sub-additive and hence exponentially integrable by [8,
theorem 1.3.5].
The following identity holds

|s —r|~Po :CO/ |5—u|7%|r—u|7ﬁo2+ldu, (2.6)
R
where Cj > 0 depends on 3y only. Similarly, for the function v(x) we also have

v(x) = C(v) ” K(y—=)K(y)dy, x€eR?, (2.7)
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where C() > 0 is a constant and

d
[Tlesl—=  ify(@) =12, o),
K(z)=4 3

_dt8
|z~

(2.8)
if () = o] 7.

With these identities, we can rewrite Z; as

1/2
Zy = (/ §f(u,x)duda¢) ,
RxR4

Bo

t o
§t(u7m):CoC(’y)/O |s —u|” 72 K(Xs —x)ds.

where

For t1,t5 > 0, by the triangular inequality

1/2

2
Zt1+t2 < Ztl + (/ |:€t1+t2<uax) - &1 (u,x)} dudx)
RxR4

Let X, = Xt +s — X+,, which is independent of {X,.,0 < r <¢;}, and we have

£t1+t2 (u, I) - gtl (u, l‘)

t1+t2 Bo+1
:cocw)/ s — u|~ S K (X, — 2)ds

t1

t2 Bo+1 =
= COC(’y)/ s+t —u|” 2 K(Xs + Xy, —a)ds.
0
The translation invariance of the integral on R**! implies that

/]RX]Rd [§t1+t2 (u, ) — ftl(u,x)rduda: = /Rde [Etz (u,ax)}2 dudz

where
Bo+1

> K(X, — x)ds.

~ to
& (u,2) = CoC() / e

Theref~0re, the process Z; is sub-additive, which means that for any ¢;,%2 > 0, Z;, 44, <
Zy, + Zy,, where Zy, is independent of {Z;,0 < s < t;} and has the same distribution as
Zy

2“Notice that Z; is non-negative, non-decreasing, and pathwise continuous by Lemma
2.2. Thus it follows from [8, Theorem 1.3.5] that, for any ¢ > 0 and 6 > 0
Eexp [(HZt)] < 00,
and
t—o0

lim + log & [exp (07,)] = W(6), (2.9)

for some ¥(0) € [0, 00). Moreover, by the scaling property (2.2) we have Z,, £ a™Z; with
k=1-5 — 5—20 € (1/2,1), and hence for all § > 0,

1 1 1
U(0) = lim ~logEexp [(02,)] = Jim +1ogE [exp (Z,,1)| = 07 w(1). (2.10)

t—o0

Chebyshev inequality implies that

exp(0t)P(Z, > t) <Eexp(0Z,) andthen 6t+loglP(Z; >t) <logEexp(6Z,).

EJP 23 (2018), paper 14. http://www.imstat.org/ejp/
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Taking the limit yields, for any 6 > 0,

lim sup — " log P(Z; >t) < lim — 1ogIE lexp(0Z;:)] — 0 = o T(1) — 0.

t—00 t—oo t

Therefore

lim sup — log]P(Zf >t) < inf {9 U(1) — 6}, (2.11)
t—oo 6€(0,1)

where the term on the right-hand side is strictly negative noting that 1/« € (1,2) and
¥(1) > 0, and is denoted by —a for some a > 0. Hence there exists a constant 7" > 0 such
that when ¢t > T,

P(Zy >t =P(Z; > t) < exp (—at/2). (2.12)

Consequently,
1 o0 1
E [exp(GZf‘”)] = / POZ, ™" > y)eYdy + 1
0

T 0o .
< / eVdy + / e~ 2eVdy 41,
0 T

where the last term is finite if § € (0, a/2). This implies (2.3).
Finally (2.4) is obtained by (2.3), the scaling property (2.2) and the fact that the

condition (1.5) implies ﬁ +5 > 1. O

Remark 2.4. Note that by(2.10), ¥() = 6= ¥(1) with ¥(1) € [0, 00). Actually, ¥(1) > 0
when 8y = 0, by (2.20) in the proof of Lemma 2.7. However, when £y € (0,1), ¥(1)
must be 0, which means that the asymptotics given by (2.9) is not optimal. Indeed, if
U(1) # 0, Gartner-Ellis theorem for non-negative random variable ([8, Corollary 1.2.5])
and equation (2.10) imply that for A > 0,

1
lim —logP(Z2 > A>%%) = —sup {OA3 — 0% W(1)} = C) A2,
t—oo t 9>0
where C; = ¥(1)7 1 (k77 — Hﬁ). Note that the assumption ¥(1) > 0 guarantees that
0%\11(1) is an essentially smooth function ([8, Definition 1.2.3]), and hence the Gartner-

Ellis theorem can be applied. Then, by the Varadhan’s integral lemma ([8, Theorem
1.1.6] or [16, Section 4.3]),

hm flogEexp(Ht% 172) = {)\9 Ci1A7=2% 2~} Cof7T

where () is a positive constant depending on C; and . By the scaling property (2.2),
this limit is equal to

1 2 .1 2 1
Jim ~log e lexp(027))] = Jim 77 log | lexp(027)] = Ca07—1 |

Sﬁiaﬁo This contradicts with Proposition 2.8 when f; € (0, 1).

Remark 2.5. We observe that the restriction 6 € (0, §) for (2.3) in Theorem 2.3 can be
removed when [y € (0, 1). Indeed, the inequality (2.11) in the proof can be replaced by

where n = 22=1 and 1 =

lim sup — logIP(Zt >t) < 1nf{9 U(l) —6}.

t—oo 6>0

Noting that by Remark 2.4, ¥(1) = 0 when 3, € (0,1), we have

1
lim sup n logP(Z; > t) = —o0.

t—o0
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This enables us to choose any positive number for « in (2.12), and hence (2.3) holds
for any € > 0. Moreover, solely based on the scaling property of Y; and Theorem 1.1,
the critical exponential integrability and the corresponding critical exponent for Y; are
obtained by using large deviation techniques in the following theorem.

Theorem 2.6. Let

Then under the condition (1.5), we have

Eexp (HYI%) < o0, forany 6 < Cj, (2.14)
and

Eexp <9Y1%) = oo, for any 6 > Cj. (2.15)

Proof. Recall that Z; is defined in (2.5). Theorem 1.1 implies that, when p =1 and p =0,

2a—B—afBy

1
lim ¢t~ o5  logEexp (2Zf> = M(«, Bo, d, 7).

t—o0

2a—B—afy

By the scaling property (2.2) of Z? and the change of variable s =t~ =5 , the above
equation is equivalent to

1 .
lim = log E exp (951*/3/0423) — (20)5%F M(a,, Bo, d, 7).
S

5—» 00

Then the Gartner-Ellis theorem implies

1 (o3
lim — logIP(s_ﬂ/(’“Zl2 > A) = —sup {9/\ —(20)5=F M(«, Bo, d, 7)}

§—00 S 0>0
s B (a=B\? 5
— A% (M . Bo,d, ) :
a—p 2c (@ Bo, d, )

Thus we have ) )

lim ~logP(Z,” > s) = —Cy, (2.16)

s—00 8§
with Cy given by (2.13), which yields (2.14) and (2.15). The proof is concluded. O

With the integrability of exp(Y;) obtained in Theorem 2.3, we are ready to study the
long-term asymptotic bounds for E exp (Y;). The following lemma provides the asymp-

totics for I exp ( fot fot (X, — Xr)dsdr), which will be used to obtain the the asymptotic
bounds for E exp(Y;) in Proposition 2.8.
Lemma 2.7. Under the condition (1.3), there exists a constant C' € (0, 00), such that

_ t gt .
lim ¢~ 5% log Eexp (9/ / (X, — Xs)drds> =005, V6> 0. (2.17)
0 0

t—o0

Let X be an independent copy of X. Then under the condition (1.3), there exist 0 <
D; < Dy < 0o such that for all § > 0,

B t t 5 N
D165 < Tim t~ 57 log Eexp <9/ / (X, Xs)drds) < Dyf7 (2.18)
0 JO

t—o00

where to simplify notation we use A < lim < B to represent A < lim < lim < B.
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Proof. When ~(z) = |:c\*5, (2.17) is a direct consequence of [13, Equation (1.18) ] using
the scaling property of the fg fg v(X, — X,)drds. When ~(z) = H?Zl |z;|7%4, it suffices
to show that there there exists a constant C'; < oo such that

lim ¢t~ -5 logEeXp( / / (X, — Xs )drds) CL057 . (2.19)

t—o0

This is because that H?:l |zj| =% > |z|~# and hence C; is greater than or equal to the
constant C' > 0 in (2.17) when ~(z) = |z| 7.

By the scaling property (2.2) with 5y = 0, and by a Gartner-Ellis type result for
non-negative random variables ([8, Corollary 1.2.5]), we have that (2.19) is equivalent to

1 Lt 1z 20
lim — log I exp (9(// (X, — Xs)drds> ) = Cl2-7
t—oo t 0Jo

for some constant C' € (0,00), which can be proved in the same way as we did to get
(2.10).

Now we prove (2.18). The upper bound can be obtained by (2.17) and the observation
that

E exp (9 /O t /0 t*y(X,. — f(s)drds>
~ Bexp (90@) /R d / KX, 2)dr / KX - x)dsda:)
<o (S0 [ ([ 00 oar) ([ %) )

E< o [ ([ wen )dxﬂ
<o (000 [ ([ 105,10} ) < (o [ [0 ).

where the second inequality follows from Jensen’s inequality and the last equality follows
from (2.7). For the lower bound, it suffices to consider the case v(z) = |z|7%. By [4,
Theorem 1.2] and the scaling property (2.2) adapted to fo fo (X, - X, )drds,

vo>0 (2.20)

t—o00

t ot
lim ¢~ a=7 log P ( = / / Y(X, — X,)drds > )\) = —a)\?, forall A > 0.
o Jo

Then by Varadhan'’s integral lemma,

lim ¢t a7 logEexp( / / (X, - X )drds) = sup{f\ — a\? } = bo=-7

t—o0 A>0
for some b > 0. The proof is concluded. O

The following Proposition is the main result of this section, and it will be used in
Section 6 where the upper bound in Theorem 1.1 is proven. More specifically, it will be
used to deduce inequalities (6.9) and (6.21).

Proposition 2.8. Under the condition (1.5), there are constants 0 < C; < Cy < oo such
that for any 6 > 0,
o N 20— B—af o
C1057F < lim t~ »7 = logEexp (0Y;) < Cofa5. (2.21)

t—o0
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Similarly, under the condition (1.3), there are constants 0 < D1 < D, < oo such that for
any 6 > 0,

20— fB—«

t pt
D175 < T T togep (0 [ [ fr s, < Xdras ) < Dt
t—o00 0J0
(2.22)

Remark 2.9. By the scaling property (2.2), the above asymptotics (2.21) is equivalent to

t—o0

o 1 o
C105-7 < lim ElogEexp (etﬂo—lyt> < Cyf=a-7. (2.23)

We also have a similar result for (2.22).

Proof. The proofis similar to [11, Proposition 2.1], but we include details for the reader’s
convenience. First we prove the lower bound in (2.21). Note that

t pt t pt
Y, = // I — 8| Po(X, — XJ)drds > ¢ // VX, — X,)drds,
0Jo 0Jo
where the term on the right-hand side has the same distribution as
t
J
by the scaling property (2.2). Then the lower bound is an immediate consequence of

Lemma 2.7.
Now we show the upper bound of (2.21). By the symmetry of the integrand function,

we have
Y; = 2// lr — 5| 7Poy(X, — X,)drds .
[0<s<r<t]

Thus, the upper bound in inequality (2.21) is equivalent to

20—B—aBq 2a—B—aBq
Za—B 2a—B

¢
/ (X, — Xg)drds
0

t—o0

lim sup e log E exp (9 // lr — s|Poy(X, — Xs)drds> <0077 . (2.24)
f0<s<r<]

Compared with lower bound, the estimation (2.24) is more difficult to obtain because
|r — s|~% is unbounded when r and s are close. We shall decompose the integral
f[ogsgrgt] |r — s|7Poy(X,. — X, )drds and then apply Holder inequality to obtain the desired
result. More precisely, let [0 < s <r <t]=L UL UI3, where [; = [0<s<r <t/2],]5 =
[t/2 <s <r <t]and I3 = [0,¢/2] x [t/2,1]. Noting that [f, |r— s|~%y(X, — X,)drds
and [f L= s|7Poy(X, — X,)drds are mutually independent and are equal in law, by the
Holder inequality,

Eexp (0 // |r — 5|~ Pory (X, — Xs)drds>
[0<s<r<t]
2/p
< <E exp <9p/ Ir — s| 7oy (X, — Xs)drds>>
I
1/q
X (Eexp <9q // lr — 5| 7Py (X, — Xs)drds>> ,
I3

where p~! 4+ ¢~! = 1. Furthermore, by the scaling property (2.2),
20—B—aBy
-8 d (N < .y
|r — s| 77y (X, — Xs)drds = (7) |r — s|77°y(X, — X)drds.
n 2 [0<s<r<t]
EJP 23 (2018), paper 14. http://www.imstat.org/ejp/
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Taking p = P , we have
p

Eexp (9 // lr — 5| Py (X, — Xs)drds)
0<r<s<]

t/2 pt éP*Z
< <]Eexp (Gq/ / Ir — 5| 7Py (X, — Xs)drds>) .
o Jiy2

Now to obtain (2.21), it suffices to show

o 5o t/2 ot .
limsup¢™ ap log IE exp (9/ / Ir — 5| Py (X, — Xs)drds> < CO=-75. (2.25)
0o Jio2

t—o0

Actually, decomposing [0,¢/2] x [t/2,t] as AU B, where A = [t/4,t/2] x [t/2,3t/4] and
B =10,t/2] x [t/2,t] \ A, we have

/2 pt
Eexp (9/ / |r — 5|~ Pory (X, — Xs)drds>
0o Ji/2
1/p
< (]Eexp (Hp// |r — 5|~ Poy (X, — Xs)drds>>
A
1/q
X (E exp (9q // |r — 5| Py (X, — Xs)drds>> , (2.26)
B

where 1/p+1/q = 1 and p,q > 0 are to be determined later. Since X has stationary
increments and by (2.2), we have

L[t 2
// lr — s| 7Py (X, — X,)drds = / / lr — s| 7P~ (X, — X,)drds
A 0o Jtja

1 2(1*5;&50 t/2 pt
4 (7) / / Ir — s| P~ (X, — X,)drds .
2 o Jis2
20— /3 «Bg

Now let us choose p =2 , and the above identity combined with (2.26) yields

Bexp (9 / v / :2 I — s|~Fo(X, — Xs)drds)
SR/ -,
(o) [ 3008
(eqzﬂfﬂ / / " (X, — X,) drds>,

where n = % Thus (2.25) follows from Lemma 2.7 with ¢ being replaced by t"
and (2.21) is obtained.

The lower bound in (2.22) can be obtained in a similar way as for the lower bound in
(2.21), by using the second half of Lemma 2.7. Now we show the upper bound. Noting
that the stable process has stationary increments which are independent over disjoint
time intervals, we have

t/2 pt a [ t2 -
[ sl = xadras £ [ [ - st x, < Koydrds,
o Ji2 o Jo
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By Remark 5.7 in [30], under the condition (1.3),

t oot
E exp (/\// r — 5| =Py (X, — Xs)drds) < oo forall A > 0.
0Jo

Hence (2.25) still holds under the condition (1.3), and therefore the upper bound in
(2.22) is obtained. The proof is concluded. O

3 Feynman-Kac large deviation for stable process

In this section, we will obtain a Feynman-Kac large deviation result (Proposition 3.1
below) for symmetric a-stable process, which is a space-time extension of Lemma 6 in
[12] and will play a critical role in the derivation of our main result. In [11] a similar
result for Brownian motion was obtained (Proposition 3.1 in that paper) in order to get
the precise moment Lyapunov exponent for the Stratonovich solution of heat equation.
The approach in [11] heavily depends on the local property of the Laplacian operator and
the property of Brownian motion such as the continuity of paths and the Gaussian tail
probability, and hence cannot be adapted to our situation, as the fractional Laplacian is a
non-local operator, the stable process is a pure jump process, and the stable distribution
is fat-tailed. Inspired by the idea in [12], instead of considering the stable process itself,
we shall consider the stable process restricted in bounded domains by taking its image
of quotient map, which will be elaborated below.

Fix a positive number M. Let T4, = R?/MZ be the d-dimensional torus and XM be
the image of X, under the quotient map from R? to T4,. Then, X is a Markov process
with independent increments on ’JT?'W, and its associated Dirichlet form is given by

Eart () i= o S KT, @1

kezZa

where ]?denotes the usual Fourier transform for functions on TY,, i.e., for k € Z<,

f(k:) = (x)ef%rik-z/de _ / f(ac)e*%ik'z/Mdgg.
¢, [0, M]4

Here the function f on T¢, is considered as an M-periodic function (with the same
symbol f) on R¢, which means that f(x + kM) = f(z) for any k € Z%. Let

Fanr = {f € L(T4) : [ fllope, = 1 and Ea m(f, f) < 00}, (3.2)

where

1/2 1/2
1/2
1Floseg, = (5 Pamy,) = (/T f<x>|2dx> </[0M1d|f(:r)2dw>

is the L?-norm on T¢, endowed with the Lebesgue measure.

d
M

Proposition 3.1. Let f(¢,z) : [0,1] x T4, — R be a continuous function. Then, we have
1 t 1
: S M
lim = logE |exp / f(=,XNds )| = / A (f(s,-))ds, (3.3)
t—oo t 0 t 0

where Av(f) = sup {(g,f9)arr, — Eari(9.9)}-
9gEFa,Mm
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Proof. Let {0 = 50 < 81 < -+ < $p—1 < 8, = 1} be a uniform partition of the interval
[0, 1]. First, we consider the functions of the form

Zf’ I[SUSH»I )+fn 1( )1{1}(8).

By the Markov property, we have

E {exp (/Otf(j,XsM)ds)]

exp(/ f ds)exp(/f;9 XMyq )1
i (1—5)t
E |exp (/0 fg(XbM)d5> IEXJL»( exp </0 f(i‘l”r];,XjV[)dS)

w (1=t 1
E |exp (/ fo(XiVI)dS> b ed <5] inf I, |exp </ f(5+,X;w)ds>] ,
0 ’ " |z|<é 0 t n

where [, denotes the expectation with respect to the stable process starting from =.

Repeating the above procedure, we can get
t
exp (/ Fi(XMyd ) XM <5l <E [exp (/ f(‘z,X;”)dsﬂ . (3.4)
" 0
exp </ fi(X;”)dsﬂ . (3.5)
0

Similarly, we have
t
lim — log inf F, [eXp (/ fi(X;”)ds) (XM < 5} > A (fi). (3.6)
0

t—oo t |z <

n—1

H inf IE,
i=

|z|<é

¢ n—1
E {eXp( f(i,XsM)dSH <[] suw E.
0

i=0 *€TY,

First, we show that

By boundedness of f; and the Markov property, we have

¢ t—1
E, |:€‘Xp </ fq(Xy)qu) ;|XtM| < 5] > CE, |:eXp </ fz(X;VI)dS) a|XtM| < 5:|
0 1
t—2
= C/’er ply — I‘)Ey [GXP </O fi(XéVf)qu) IEX%2 [I“X{WQ;]H dy, (3.7)

where p(y) is the density function of X{. Note that p(y) is strictly positive and continuous
on ’]I‘%, and then, there exists ¢ > 0 such that inf,cgm p(y) > ¢ and consequently

inf;velRM IE@ |:I“X{w‘<5]:| Z E(Sd. Therefore,

¢ t—2
E, {exp (/0 fi(Xé”)ds> (XM < 5] > Ce?s? /Td E, [exp </0 fi(Xéw)ds>} dy. (3.8)

M

On the other hand, for any g € F, v,

/TdM E, [exp (/;2 fi(X,ﬁ”)dsﬂ dy

ol [, oy [osn ([ 5002as) a2 ay

M

= llgllz2 (g, e Tam=Vrd g, g (3.9)
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where in the last step T, s is the self-adjoint operator associated with the Dirichlet
form &, s, V; is the operator of the multiplication of the function f, and the equality
follows from [12, Lemma 5]. By spectral representation theory, there exists a probability
measure fq4(d\) such that

(9, fig)owe, — Eani(9,9) = (9, —(Tanr — Vi,)g)ama, =/ Apg(dA), (3.10)
and
<g’e_(f/—2)(Ta,Jw—Vf,,)g>2,T(}VI :/ e—(t—2)AMg(d)\) > exp (—(t _ 2)/ )\Mg(d)\)> )
—00 —o00
(3.11)
Combining (3.10) and (3.11), we have
L1 (- v,
lim inf —log{g, e~ TV g0, 7y > (g, fig)awg, — Eari(9:9), (3.12)
and then, by choosing g arbitrarily, (3.6) follows from (3.8), (3.9) and (3.12).
Now we show that
1 t
limsup - log sup I, [exp (/ fl-(XL;M)ds)] < A (fi)- (3.13)
t—o00 meTfVI 0

Actually, by the uniform boundedness of f; on ”JF;{{ and the Markov property of X,

E, [exp ( / e )ds)] < CE, {eXp ( / e >ds)}

t—1

=C Py — 2)E, [exp (/ fi(Xéw)ds>} dy
Té, 0

= C(p,e” D Tam=Vs 1), 1 .

By spectral representation, for any g € F,, s,

<97ef(tfl)(Tq,M*Vf,i)g>2,T(Ilw = /OO e*(t*m,ug(d)\) < elt=Doo,
—oo

where —o¢g = —Ap(f;) is the infimum of the spectrum of the operator T,, s — V7,. Hence

limsup%logEgj [exp (/Ot fi(Xy)dS>:| < A(fi)-

t—o0

Combining (3.4), (3.5), (3.6) and (3.13), we have
1 tos i
. M _ Na: i — a.
tlg(r}oglogE [exp (/0 f(;,XS )ds)} = ;:O A (fi)(Sie1 — 8i)- (3.14)

Finally, for general continuous function f(s,z) on [0,1] x T4,, let

n—1

Fuls,2) = F(56,0) L[5, 50,1) (8) + (501, 2) (13 (5)-

=0

Then, by the uniform continuity of f on [0,1] x ']Tﬁlw, fn converges to f uniformly. By
letting n go to infinity in (3.14), we can obtain (3.3). O
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In the meantime, the lower bound in (3.3) also holds for the original stable process
X.

Proposition 3.2. For the stable process X on the whole R¢, if we assume that f(s, )
is continuous in (s, ) on [0,1] x R? and that the family {f(-,z),z € R} of functions is
equicontinuous, Then, we can obtain the lower bound

t 1
ngiogfilogm[exp (/0 f(j,Xs)dsﬂ 2/0 A(f(s,-))ds, (3.15)

where \(f) = supyc 7. , {(g, f9)2ra — ga(gvg)}'

Proof. The proof is similar to the lower bound part of the proof for Proposition (3.3). We
shall only sketch the idea.
We still start with the functions of the form

n—1
f(s,x) = Z fi(x)l[si,si+1)(3) + fn—l(x)l{l}(s)'
1=0

Fix a compact set D C R?, Then, there exists a positive ¢ such that the density function
p(y) of X; is bigger than ¢ for all y € D. For any g € F,, with support inside D, using a
similar argument as (3.8) - (3.12), we can get

1 t
liminf L log E, [exp ( / fi<Xs>ds) 1%, < 6] > (g, fig)ams — Ealg:9)-
0

t—oo ¢

Therefore, for any g € F, with compact support, we have

t
lim inf%ng [eXp (/ fi(Xs)d5>:| > 49, fi9) a,rs — Ealg, 9)s
—00 0 ’

and hence .
liminfllogE {exp </ fi(Xs)ds>] > M fi)-
t—oo ¢ 0

Finally, (3.15) follows from a limiting argument. O

4 A variational inequality

In this section, we will establish a lower bound for |[u”(¢,z)||, for p > 1,p € [0,1],
where u” is given by (1.8) when p € [0,1) under the condition (1.5) and u'(¢, z) is the
Skorohod solution (¢, z) under the condition (1.3). This will be used to obtain the lower
bound in Theorem 1.1.

First let us introduce some notations by recalling Dalang’s approach (see [15]) of
defining stochastic integral with respect to the Gaussian noise W. Let D(R*1) be the
set of smooth functions on R%*!' with compact support, and # be the Hilbert space
spanned by D(R%*!) under the inner product

(P )y = / / Ir — s|7Py(z — y)e(r,2)Y(s,y)drdsdady, ¥V ¢,7» € D(RT).  (4.1)
RQ ]R2d

In the probability space (2, F,P), let W = {W(h),h € H} be an isonormal Gaussian
process with covariance function being given by E[W (h)W (g)] = (h, g)2.. We also write,
for h € H,

W(h):/]R/Rdh(sw)W(ds,dx).

EJP 23 (2018), paper 14. http://www.imstat.org/ejp/
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Denote the Fourier transforms of |s| =% and v(z) by po(d7) and u(d¢), respectively, then

po(dr) = iy ||~ dr; @2

p(dg) = {Cﬁ’dw_dd& for y(x) = [2|~7,
T1%_, Cp,l¢lP—2dg,  for v(x) = 17, |a;| 7.

The Parseval’s identity provides an alternative representation for the inner product,

(4.3)

EW (W) = (et = | [ G0 uoldrutde). for o1 € SRS

With the above notations (1.3) is equivalent to the following general form of the
Dalang’s condition

1

———u(d€) < oo, 4.4)
foo T g
and (1.5) is equivalent to

1
————u(df) < 0. 4.5
/Rd T gea—sn de) <o (4-5)
Now we recall the approximation procedure used in [21, 22, 30], which we shall
use in the proof of the main result in this section. Denote g5(t) := %I[O_,(;] (t) fort > 0

and p.(x) = E%p(f) for € R?, where p(z) € D(R?) is a symmetric probability density
function and its Fourier transform p(¢) > 0 for all ¢ € R?. For positive numbers ¢ and 6,
define

. e76(t x) . /t/ _ B _ £,0
WO (t, z) := 95(t — 8)pe(x — y)W(ds, dy) = W (s ), (4.6)
0 JR4

where
¢572(s,y) = gs(t — 8)p=(x —y) - Io 1 (5).

Consider the following approximation of (1.2)

€, — _(_ %60 £,8 77e,0
{u (t,z) = —(=A)Fusd(t, 2) + usd (¢, 1) WO (¢, 2), @7

u(0, z) = uo(x).

Then, Feynman-Kac formula for the Stratonovich solution u%? is

u(t,x) = Ex {UO(X{?) exp ( /Ot were, thT)drﬂ ’

and the Feynman-Kac formula for the Skorohod solution (¢, ) is

_ b 1 .
2 (t.0) =B (X exp ([ 70 xe yar g [ fcbt:;i(n5>|2uo<dr>u<de>)],
0 Rd+1
where .
59 (u,y) = / g5(t = — $)pe (X — y)ds - T (u). 4.8)
0
Note that

t
/ W (r, X7 )dr = / / &9 (u, )W (du, dy),
0 R JRA

by stochastic Fubini’s theorem.
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For p € [0, 1], define the following random Hamiltonian,

t
15ty = [ WS X =G [ FE 6 Poldutde).

and denote
uf 5(t,x) = Ex [exp (Hspﬁ(t,:z:))} . 4.9)

Then, for all fixed (t,z) € R, x R%, under the condition (1.5), for all p € [0, 1], H;é(t, x)
converges to

t t ot
Hf(t,x) := / do (X, —y)W(dr,dy) — g/ / |r — s|_607(X,, — X,)drds
0 JRd o Jo

(see Theorem 4.1 in [30]) and u’ ;(¢, z) converges to u”(t,z) := Ex [exp (H”(t,x))] in L?
for all p > 1 (see Theorem 4.6 in 7[30]). Under the less restrictive condition (1.3), the L?
convergence only holds when p = 1 (this corresponds to the Skorohod solution u(t, z) of
(1.2). See Theorem 5.6 in [30]).

The following is the main result in this section.
Proposition 4.1. We assume one of the following conditions

(i) The condition (1.5) is satisfied and p € [0, 1].
(ii) Dalang’s condition (1.3) is satisfied and p = 1.

Letp > 1, and when p = 1 we assume p € [0,1). Then, for any (t,z) € Rt x R¢,
(Bl (¢, ) ) /”

= eontharn [exp </ot(f e Xl =g [ o 5)|2#0(d7)u(d§))] ,

where
Su(R*Y) = {g € So(®H); g(—,—€) = 4(. ) } (4.10)

with S¢(R4*!) denoting the space of complex-valued smooth functions that decrease
rapidly, and

(Fg)(s,2) = /}RM e 2mTSTED) g (7 ) o (dr) pu(dE). (4.11)

Proof. First, we consider the case p > 1 and p € [0,1]. Let ¢ := p(p — 1)~! be the
conjugate of p. Let ¢(t,7) € S(R?*!) be a real function, and denote

Xo=ew ([ [ etsowiasdn -1 [ e Pumanua).

Note that X, € L(Q2) and || X,||; = 1. Hence, by Hélder’s inequality, we see

Il 58, 2)lp = T [uf 5(t2)X,

exp (/ /}Rd <I>5‘5 (s,y) + (s, y)} W (ds, dy)

p .. ¢ o
_ §/Rd+1 | F®5) (7,)? o (dr) () — §/Rd+1 |B(7,8)| MO(dT)M(df)ﬂ

= EyEx

1—
—Bx e (152 [ 1FOE G n(arutas)
]Rd+l
+ ]—'<I>E§( &) P(7, &) po(dr)p(dE) —7/ B(7, ©)Ppo(dr)p (df)ﬂ'
Ra+1
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Note that for any z > 1,
(1= p)a® 4 2ab — (¢ — 1)b* = (1 — p)a® + 2(1 — z)ab + 2zab — (¢ — 1)b?

(x—1)2 , 2 (z—1)%Y 5
> )2y —(q— = —((g-1)+ .
> T b* + 2zab — (¢ — 1)b* = 2zab (¢—1) 1-p b

If we choose the optimal value ¢g = 1+ (1 — p)(¢ — 1) for z, Then, we have

1
(1 — p)a® 4 2ab — (g — 1)b* > 2a(cob) — (cob)?.
p—pr
In fact this argument also gives

(1= p)llall3; + 2(a,b)2 — (g = Dllall3, = 2(a, (cob))r — leobll3, . VabeH, (4.12)

p—p
where H is a (complex) Hilbert space with scalar product (-, )%. Applying (4.12) to
a = FO:2(r,€), b= 3(r, ) and the scalar product (a, by = [yars a(7, £)b(r, ) o (dr)u(de)
yields

[ug 5t )|y >TEx

oo ([ FOIE () uoldrn(ae)

ST ICoﬁ(T,é)Izuo(dT)u(df)ﬂ« 4.13)

Note that
t
Fi2r6) = [ es(-2mitr(t =)+ € XF (loge-ona©)) ()p(€)ds

which converges to f(f exp(—2mi(7(t —s) + £ - Xs))ds as € and d go to 0. Letting € and § go
to 0 in (4.13) yields

[u?(t, ), ZEx

eXp( /Ot /}Rﬁl exp(—zm(r(t—s)+§.XS))(c0¢(7,5)>uo(d7)u(d€)ds

s £)|2uo(d7)u(d€)>]-

2p—p Jron
The proof is concluded for the case p > 1, noting that F(S¢(R*!)) = S¢(R**!), and
p(—7,—-&) = @(1, ) since p is a real function.
When p =1 and p € [0,1), we have

E[uf 5(t,z)

:]EX

e (52 [ 7ot E)I2uo(d7)u(d£)>]

>Ex

exo ([ F0E06) (bl ) olar) (e

S £)|2uo(d7)u(d€)>] .

21— P JRd+1
where the last step follows from (1 — p)a? > 2ab — ﬁb? The result can be deduced in a
similar way. O

Remark 4.2. The result still holds if the a-stable process X in u”(t, ) is replaced by a
general symmetric Lévy process with characteristic function E[e* Xt] = ¢=*Y(©)_ In this
case, the conditions (1.5) and (1.3) are [, Wu(df) <ocand [, 1+$(£)M(d§) <
00, respectively.
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5 On the lower bound

In this section, we establish the lower bound in Theorem 1.1 for all p > 1. Note
that po(d(cr)) = c®uo(dr) and p(d(cf)) = Pu(d¢) for any ¢ > 0, by (4.2) and (4.3).
Consequently, for h € Sy (R4*1), where Sy (R4*1) is given in (4.10), we have

(Fh(a-,b%))(s,2) = a= b P(Fh(-,%))(a s, b~ x), a > 0,b > 0, (5.1)
where Fg is defined by (4.11).
Now let 5
tp:tx(p—p)%*ﬁ forp > 1, with y = %—Baﬁo’ (5.2)

and for any h € Sy(R**1) denote

hi(r.€) = tlp = p)h(tr, (0 = p) 7T ).

Then, by (5.1), change of variables and the self-similarity of the a-stable process, we
have

tP ~ t ~
/ (Fh) (2, X,)ds £ / (Fhe) (s, X.)ds,
0 tp 0
and
[ ) Prldratde) = 0= oty [ IhrOPro(ar)a(at)
Clearly, h; € Sg(R?*!). Proposition 4.1 and the above two identities imply
b~ 1
o0l > B exp ([ Frio s - 5t [ bl Prolariutae) )|
0 2(p = p) Jran

~ i o | YEnExgs- [ e P o(aryutas) )|

» Re+1

By Proposition 3.2,

liggior‘}ftlplog]EX [exp ( /0 ’ (}'h)(t )] / MN(FR)(
=/01gs€u}g{/ (Fh)(s, 2)g <>dx—/ 15 e)! dg}
:gesff,d{//md (Fh)(s,2)g%(s a:dxds—// 1€1%(G (s, €)| dgds}

where A, 4 is given by (1.11). Therefore,

1 1 —-X P
lim inf ¢~ X log [[u”(t, z)]|,

1
> (- )7 s {r<h,g>— / /R s|a|§<s,§>|2d£ds}
g a,d d

1
2= s { s T~ [ eeaeores). 69

9€Aq,a \ heSy (Ri+1)

where
1 ~
L(h,g) = /0 /Rd (Fh)(s,2)g*(s, x)dzds — %/}Rdﬂ (7, €)|2 o (dr ) u(dE)
= [ OEA lannae) — 5 [ IO Po(arn(as).

]Rd,+1
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Since Sy (R%*1!) is dense in L?(R4*!, g @ i) (see, e.g., [24]), and I'(-, g) is continuous
with respect to the L?2(R%*!, yp ® p1)-norm, we have

sup  T'(h,g) > F(f( ) (=, —5)79) = E/RM [(Fg?) (7, )| po(dr) u(dE)

heSy ]R‘H’l) 2

2
/ / /}de s—r|ﬂ0 9> (s, 2)g*(r, y)dzdydrds.

Summarizing the computations starting from (5.3), we have

liminf ¢~ X log ||u”(t, z)|p
t—o0

>(p—p)aF sup { /// s, 2)g2(r, y)dadydrds
( ) g€EAL,a R24 ‘S—r|5o ( ) ( )

1
- [ [ et opasas
0 JRR4

= (p - p)ﬁM(aa /807 d7 rY)a

and the lower bound is established.

6 On the upper bound

In this section, we provide a proof for the upper bound in Theorem 1.1. In Subsections
6.1 and 6.2, we shall obtain the upper bound for any positive integer n > 1, i.e.,

hmsupt logEexp< Z//|r s|Poy — XF)drds
t—o00
732/ / Ir — s|Poy (X — X¥)drds
2]-:1 o Jo

<n(n—p)=FM(a, fo, d, 7). (6.1)

The proof for real number p > 2 is inspired by the idea in [26]. We shall compare
||uf(t, z) ||, with ||u’ (¢, z)||2 by using the Mehler’s formula and hypercontractivity of the
Ornstein-Uhlenbeck semigroup operators. First, we address the case when p € [0, 1],
under the condition (1.5).

Let W' = {W'(h),h € H} be an independent copy of W = {W(h),h € H}, and let
W :Q — R™ and W’ : Q — R be the canonical mappings associated with W and W',
respectively. For any I € L?(2), there is a measurable mapping ¢ from R* to R such
that F = ¢ o W. Denote by {T’-,7 > 0} the Ornstein-Uhlenbeck semigroup associated
with W. By Mehler’s formula (see, e.g., [28]),

T(F) =B [pr(e W + V1 e W),

where ' denotes the expectation with respect to W’. For p € (1,00) and 7 > 0, define
g = 1+ ¢*(p — 1), Then, the Ornstein-Uhlenbeck semigroup operators possess the
following hypercontractivity property (see, e.g., [28]),

1T Fllg < [1F]lp- (6.2)

Now fix ¢ > 2. Let 2™ = ¢ — 1, Then,

< || Fll2. Let p = 25472 € [0,1). By (1.8) and
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Mehler’s formula,

T.uf(t,x) = E'Ex

t
exp ( / [ aoxe, —ywiar.dy)
0 R4

<t ot
+v1—e" —y)W'(dr,dy) — g/ |r — s| Py (X, — Xs)drds)]
0 0 Jo

¢
=Ex|exp (e_T/ 0o(X7 . —y)W(dr,dy)
0 JRd

+1(1— —6_2T//|T—8‘ Por (X, X)drds)]
exp(/ Rdéo X2 —y)We(dr,dy) — //|r—s\ o (X, X)drds)]

where in the last step W, = e "W and 7, (x) = e~ ?"v(z). By (6.2) with p = 2, (6.1) with
n = 2, and the scaling property (1.13) of M(«, £y, d,y), we have

I T (8 2)llg < (2 = §) =7 M(a, Bo, d, )
= (2 - ﬁ)memM(a7BOa da’Yr) = (q - p)%*ﬂM(OQ ﬁ07 d7 fYT)

Observing that

TP (t, )

t t ot
exp (/ do (X[, — )W (dr,dy) — g/ / |r — s|7ﬂ0’yT(Xr - Xs)drds>1 ,
0 JRra o Jo

the upper bound in Theorem 1.1 for any real number ¢ > 2 follows from the scaling
property (1.13).

Finally, for the case p = 1 under the condition (1.3), in which u”(¢, z) is the Skorohod
solution to (1.2), we can apply the approach in [26] and obtain the upper bound for all
real numbers p > 2.

:]EX

6.1 Upper bound under the condition (1.5)

In this subsection, we deal with the case p € [0,1] under the condition (1.5). The
proof will be split into four steps.
Step 1. In this step, we will reduce the study of n-th moment to the study of first moment.
Recall that (2.6) and (2.7) imply

t t
//|r—s|_ﬂ°7(XZ—Xf)drds
0 0
t Bo+1 t
:cocm/ (/ |s—u|_TK(m—Xf)ds/
Rd+1 0 0

(x — Xﬁ)dr) dudz .

(6.3)

Therefore, by the inequality (Z?:l aj)?*<n Z '_, a3, we have

Z / / |r — s|Poy Xf)drdspr/ / |r — s|7Poy(X7 — X7)drds

dk=1 j=170 70

nooetopt ‘ ‘
<wm-nY [ / Ir — 5|0y (X7 — X3)drds.
=i/ Jo

EJP 23 (2018), paper 14. http://www.imstat.org/ejp/

Page 23/39


http://dx.doi.org/10.1214/18-EJP139
http://www.imstat.org/ejp/

Temporal asymptotics for fractional PAM

Consequently, to obtain the upper bound in Theorem 1.1, it suffices to show

limsupt_w logE |exp poe Z/ / [ = s| 7Py (X] — XY)drds
t—o0
< n(n — p)=7 M(a, fo, d,7)- (6.4)

By the scaling property (2.2), we see

t ot
/ / r — s|Poy (X7 — Xg)drds =— / / X) ——T =2~ drds,
0 0 n n— |tn T— S8 |

2a—B—af -
where t, =t~ a7 - (n — p)=-7 is given in (5.2). Therefore, noting the scaling property

(1.13) of M(«, B9, d, ), (6.4) is equivalent to

li 71 E <M . .
mae 1o o (5 [ [ =S| <Mz @9

Now, to obtain the upper bound, it suffices to prove (6.5). To this goal, we shall use
the representations (2.6) and (2.7) for the covariance functions. But in these two
representations, the integrals are over infinite domains. We shall approximate them by
bounded, continuous, and locally supported functions, and this will enable us to apply
Hahn-Banach theorem in Step 4.

Step 2. In this step, we will replace the temporal covariance function by a smooth
function with compact support. Let the function ¢ : R™ — [0, 1] be a smooth function
such that g(u) = 1,u € [0,1], o(u) =0 for u > 3, and —1 < ¢'(u) < 0. Define the following
truncated functions

1480
2

o(A™ u]), kaa(u) = |u o(A™ u) (1 = o(a™ |ul)), (6.6)

with A > 0 being a large number and a > 0 being a number close to zero.
Then, by Holder’s inequality, we have for any ¢ > 0

[exp(zt// e drds)|
2
exp (COC / </ [t=1(s — u) ﬁO;lK(;v—Xs)als> dud;v)}
2t ]Rd+1
2

< <E exp (( +¢)CoC(y )i/}w (/Ot kA,a(t—l(s—w)K(x—Xs)ds) dudw)DW

t 2 1/q
« (E exp ((1+i)000(7)2"t/ﬂw ( 0 éA,a(tl(s—u))K(x—Xs)ds> dudx>D ,

ka(u) = |u

=E

(6.7)
where "
jog _ 0
kao(u)=ul —kao(u).
Note that
kaa(u ) (Jul =" —kA( ) + (ka(u) — kaa(u))
_ o /o
< Jul ™" Tuj>a) + ul™ [|u\<2a]
Bo—B4 Bo+1
< A0 4 (2a)™ - (6.8)
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for 0 < 8 < By < By < 1. We may choose B, and Bo such that (o, Bg), B) and (a,BO,ﬂ)
satisfy the condition (1.5) if p € [0,1) or the condition (1.3) if p = 1.
Combining (2.6) and (6.8), for the second term in (6.7), we have

exp <(1 + é)cocw)% /Rdﬂ (/Ot kot (s — u)K(z — Xs)ds>2 duda:ﬂ

1 1 toqt )
< lim sup n logE {exp (C(s,q) [A(B"BO)% / / |r — s|~Poy(X, — X,)drds
o Jo

t— o0
) 1ot _
_,’_(Qa)ﬁo—ﬁoi/ / |7~_5|_ﬁ0fy(X7.—Xs)d7”dS]>:|
2t Jo Jo

a(Bo—BY) a(/éo_/s()))

< C(B,2,0.90)) (A S 4 (20) 5

1
lim sup n log E

t—o0

(6.9)

where the last step follows from Hoélder’s inequality and (2.23). Therefore, for fixed (¢, q),
this term can be as small as we wish if we choose A sufficiently large and a sufficiently
small. On the other hand, we can choose ¢ arbitrarily close to 0 and p arbitrarily close to
1. Consequently, to prove (6.5), it suffices to prove

exp (COC(W); /1Rd+1 (/Ot kaot (s —u)K(z— Xs)ds>2 dudw)]

< M(a, Bo, d, 7). (6.10)

1
lim sup n log &

t—o0

Step 3. In this step, we will replace the spatial covariance function by a smooth
function with compact support. Similarly to the truncation for the temporal covariance
function, for 0 < b < B < oo, we let

Kpp(z) = K(z)o(B™ a|)(1 — o~ [x])),
where K(x) is given in (2.8). Then, 0 < Kp(z) < K(z) and Kpp(x) — K(x) when

B — oo and b — 0. Now the left-hand side of (6.10) can be estimated in the similar way
as in (6.7), i.e.,

exp (cocm);t /}R N < /0 (15 — ) Kz — Xs)ds>2 dudxﬂ
< (E exp ((1 raccms [ (| ot (s — ) Kl Xs>ds)2 dudx)D
x (E exp ((1 +2cct)g [ ( / et s — ) Kl — Xs)ds)2 dudw)Dq ,

where Kp,(z) = K(z) — Kp(x). Noting that k ,(u) is supported on [-2A4,2A] and is
uniformly bounded (say, by L), we have

exp ((1 + é)cocw)% /Rdﬂ (/Ot Eaat (s —u)Kpp(z — Xs)ds)2 dudxﬂ

exp ((1 + %)000(7)L2(4A +2)l /R (/Ot Kyl - Xs)ds>2 dxﬂ .

EJP 23 (2018), paper 14. http://www.imstat.org/ejp/
Page 25/39

E

1

E

<E



http://dx.doi.org/10.1214/18-EJP139
http://www.imstat.org/ejp/

Temporal asymptotics for fractional PAM

Using that (iibs) <4 a? + % we have

2

1 t+s -
K - X
s /le (/o By T)dr) dx
1 t 2 1 t+s 2
§7/ < KB,b(m—XT)dr> dcc—!—f/ ( KB,b(x—XT)dT) dx
U Jre \Jo s Jra \J¢

:1/]1{d</()tKB,b(x—Xr)dr>2dx+ / (/ Kpp(z — (Xpgr — Xt))dr)2dx7

where the last equality follows from a change of variable for s and the fact that the
Lebesgue measure on R¢ is invariant under the translation = — = + X,. Hence, by the
independent and stationary properties of the increments of Lévy processes, we have

E |exp (ti/( OHSKB,b(:c—XT)dr)zdxﬂ
<o (§ [ ([ Foate - x0) )| o (€ [ ([t xar) ar) .
Therefore,

limsup — log E

t—o0

exp (tfs/w (/ KBb(:c—X)dr)2dx>]
exp (C/Rd </01f(3,,,(z Xr)dr>2dx>Dt
exp (C/]Rd (/01 I~(37b(xXr)dr>2dx>] : (6.11)

By Theorem 2.3 we have by Dalang’s condition (1.3)

exp <GC(7) /R (/01 Kz — Xs)ds>2 dxﬂ
—F {exp <9 /01 /01 (X, — Xs)drdsﬂ <

for any 6 > 0. Now letting B — oo and b — 0, by the dominated convergence theorem
we see that the term on the right-hand side of (6.11) goes to 0.

Now combining all the inequalities after (6.10), noting that we can choose ¢ arbitrarily
close to 0, and p arbitrarily close to 1, we have that (6.10) can be reduced to

2
exp (C’O 7o /1Rd+1 </ kaot ™ (s—uw)Kpy(z —Xé)d8> dudx)]
S M(a;BOadaV)'

Step 4. Summarizing the arguments in Step 2 and Step 3, we see that to obtain the
upper bound in Theorem 1.1, it suffices to show

exp (;COC('V) /]Rd+1 [/Ot kaa(t™ (s —u)Kpp(z — Xs)d8:| 2 dudx)}

t—o00

<limsup — ; log (

=loglE

E

lim sup — 1og E

t—o00

lim sup log E

t—o0
< 057 M(a, By, d, 7). (6.12)
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In this final step, we will prove the above inequality. Fix positive constants A, a, B, b and
choose arbitrarily M > 2max{A, B}.

t 2
/ [/ kAa(uft* s)Kpp(r — Xs)ds| dudx
Rd+1

2
/ [/ kaoMk+u—t's)Kpy(Mz+ 2 — Xs)ds] dudz
keZ eza 7 10M]"

>

2
Z/kAan+u—t ! )KBb(Mz—f—x—X)ds] dudz

JEZ ze7
2
:/ [/ Ea(u—t~ )KM(a:— )d] dudz , (6.13)
[0,M]d+1
where
kM ZkAan-i-u) and KM ZKBb (Mz+x) (6.14)
JEZ z€Z4

are M-periodic functions. Note that the summations in (6.14) are well-defined, since the
supports of k4 ,(-) and K ;(-) are bounded domains. The process

t
o (u,x) == %/ Ear(u—t71s) Ky (z — X)ds,  (u,z) € [0, M)+, (6.15)
0

can be considered as a process taking values in the Hilbert space L%(]0, M]+1) with the
norm denoted by || - ||. Since kj; and K, are bounded, smooth functions with bounded
derivatives, there is a constant C' > 0, such that

e, )l <C and [¢e(- +ur, -+ 21) — e(- +u2, -+ x2)|| < Cf(ur,21) — (uz, 72)]

for all t and (u1,z1), (u2,72) € [0, M]9*!. Let K be the closure of the following set in
L2([0, M]™*):

{F 120" : |If] < C and (- +ur, ~+a1) = f(-+uz, -+ 22)]
< Cf(ur, 1) = (uz )| for (ur, 1), (ua, w2) € [0, M) .

Then, ¢; defined in (6.15) belongs to KK, and it follows from [19, Theorem IV8.21] that K
is compact in L2(]0, M]4+1).

Let § > 0 be fixed. For any g € K, noting that the set of bounded and continuous
functions are dense in L?([0, M]9*1), the Hahn-Banach theorem ([31]) implies that there
is a bounded and continuous function f € L2([0, M]9!) such that ||g||? < —||f||>+2(f, 9) +
4. By the finite cover theorem for compact sets, one can find finitely many bounded and
continuous functions fi, -, f,, such that ||g||* < § + maxi<;<m{—|f;I|* + 2(fi,g)} for all
g € K. In particular, we have, noting that ¢; € K,

m
E [eéetn@w] < o3 etze—%etumﬁE [60t<fi,¢t>] .

i=1
Therefore,
lim sup 1 logE [e%BthHQ] < }5 + max —19Hf-||2 + lim sup ! logE [eet(f“‘z"q
t -2 a<i<m | 20" too T '

t—o0

(6.16)
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Notice that, for: =1,...,m,

t . _ ~ t_ S
t(fi, d1) :/0 [/[O,M]dﬂ fi(u, 2)kpr(u —t 1S)KM(x_XS)dde:| dS:/o fi(?Xs)d&

where

Flsa) = [ hlw)u - )Rarly — o)dudy  (s.2) € 0,1] x B
[0, M]d+1
Since K is a periodic function and f(M(ac - X)) = I~(M(a; — XM), we have that

o = [ F(5x2)as.
It is easy to check that f; satisfies the condition in Proposition 3.1. Hence,

1 1
tim ~log B [#040] = sup {e /0 [ i) )~ /0 sa,mg(s,.),g(sf))ds}
M

t— V
o0 ge.Ai{d

where

1
Ada = {g(s, ) € LA(Tqy) : llg(s,-)llve, = 1,Vs € 0,1] and/O Eant(9(s,-),9(s,-))ds < oo}.

Notice that

1
/ fi(s,2)g? (s, x)dxds
0 JRe
1
— (u k u— S % — 2 s. 2)dzds | du
_‘/[107M]d+1 Ji( 73/)[/0/1% ks ( YKy (y — 2) g% (s, x)dxd }d dy

2
1 1 1 ~
§f||fi\|2+§/ /l// |u—s|_1+2BOKM(y—m)gQ(s,x)dxds] dudy. (6.17)
[0,M¢ JR |Jo JTd,

Since § in (6.16) can be arbitrarily small and M in (6.17) can be arbitrarily large, the
desired inequality (6.12) follows from inequalities (6.13) - (6.17) and Lemma 7.3.

6.2 When p = 1 under the condition (1.3)

In this subsection, we consider the Skorohod case, i.e., p = 1, under the condition
(1.3), by applying the methodology used in Section 6.1. However, under condition (1.3),
there will be a technical issue in step 1, since the left-hand side of (6.5) is infinity
if condition (1.5) is violated. To deal with this issue, we will first, do step 2 for n-th
moments which reduces |s| 7% to a smooth function with compact support, and then, we
do step 1 to reduce the n-th moment to first moment.

More precisely, as in Step 1 in Section 6.1, when p =1, (6.1) is equivalent to

1
limsupglogE exp Z // [t=1 |/3)odd8

oo b ich<n

M(aa/607d7 PY) (618)

Recall that k4 4(u) is defined in (6.6). Let

wA,a(u) = Co /]R kaq(u— U)kA’a(U)dv
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and .
Yaa(w) = |ul™ = paa(u).
Then, by Holder’s inequality, we have

(X7 — XF)
E |exp =1t //\tlr—s|ﬁdes
1<j<k<n
<|E |exp p Z //z/JAa Yo = s))y (X7 — XF)drds
1<]<k<n
x [ E [exp q Z //wAat Yo — s))y (X7 — XFYdrds . (6.19)
1<j<k<n

Therefore, using a similar argument which reduces (6.5) to (6.10), one can show that to
prove (6.18), it is suffices to prove

hmsup logE exp Z / / Yaa(t™ (r — 8))V(X] — XE)drds
t—o0 1< <k<n
M(OZ,,B(),d, fY)a (620)

provided that, for any A > 0
lim hmsup logE [exp ( / / Yaalt™H(r—8))y(XI - Xf)drds)} =0. (6.21)
A:%o t—o00

Recalling that k4 o(u) = |u =

— kA a(u)

+/30
] =50 — 40 (u) = Co / T
R

co/kAa W = V) g a(v)dv

<C (/R Faa(u—v)o] "2 dv + /]RkA,a(U - U)/;A,a(v)dv)

+B

<20/kAau—v)|v| :

1-;-[30
<20 ( dv)

where 0 < ) < By < By < 1 and the last inequality follows from (6.8). Hence we have

\ v

Baalu) = [~ paalu) < Ol 1, 5) (4750 ¢ ) 5
(6.22)
Therefore, (6.21) holds because of (6.22) and the second half of Proposition 2.8, and
hence (6.18) now is reduced to (6.20).
By a similar argument used in Step 1, in order to show (6.18) that has been reduced
to (6.20), it suffices to prove

t gt
lim sup + logE {exp <21t/ / Yaat™Hr —s))v(X, — Xs)drdsﬂ
o Jo

t—o0

< M(a7607 77) (6.23)

The left-hand side now is finite under condition (1.3) since ¥4 , is a bounded function.
Noting that (6.23) is identical to (6.10), we may prove it in the exact same way as in
Step 3 and Step 4 in Subsection 6.1.

EJP 23 (2018), paper 14. http://www.imstat.org/ejp/
Page 29/39


http://dx.doi.org/10.1214/18-EJP139
http://www.imstat.org/ejp/

Temporal asymptotics for fractional PAM

7 On the variational formula

7.1 The finiteness of M(a, 5y, d, )

In this subsection, we will prove the finiteness of M(«, 5y, d,~y) defined in (1.12).
Consider a general non-negative definite (generalized) function v(x) € S'(R¢). By the
Bochner-Schwartz Theorem, there exists a tempered measure ;. on R? such that v is the
Fourier transform of x in S’'(R%), i.e.

/ o(x)y(z)dt = Fo(z)u(dr) forall ¢ e S(RY).
R4 R4

It follows that for f, g € S(R?),

/Rd /]Rd = y)f(2)g(y)drdy = /Rd F©)aE)nde). (7.1)

Lemma 7.1. Under the Dalang’s condition (4.4),

_ 2 2 _ a|n 2
gg;ﬁ)’d {9/le /Rdv(w y)g” (x)g°(y)dxdy /Rd 1€1*19(&)| dé‘} < 00

for any 0 > 0, where F, q is given in (1.10)

Proof. 1t suffices to consider g € F, 4 N S(R?), since S(RY) is dense in F, ; endowed
with the norm

o= ([, [ _y)92<x>92<y)dmy)”2 + [l P,

By (7.1) and noting that || F(¢%)(*)|l~ < 1, we have

/ / (& — )0 (2)g? (y)dady = / F(6?)(©)Pu(de)
R4 JRE R4

A*/\ 2 aﬂ(df)
< p(llE) < N)) + A DO
§ a p(d€)
(Hﬂ < N + H g g )| ‘ | ||OO/[|5|>N] |§|a :

Since a € (0,2] we see |£]*/? < |€ — n|*/2 + |n|*/? for all n € RY. Thus, we have

\@*m(s)aa”

< [ tlte = ngin (il*/* + k6 = nl*/%) an
<2 (Jg1() + (191)1 - 1°72)) (©)-

By Young’s inequality and Parseval’s identity,

iy« (@ien-172) | < 1618 | wevaeras = [ 1ermeras

Therefore, for any 6 > 0,

f /R /R V(@ —y)g*(@)g* (y)dady — /R L le°lg(e)de

< Ou(llel < N + <9 [ e 1) [ eraerae
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Since u(d€) is tempered and hence locally integrable, p([|£] < N]) is finite forany 0 < N <

co. On the other hand, the Dalang’s condition (4.4) implies that limy_, oo f[l e[>N] “lé”llf) =0.

Therefore, for any € > 0, one can always find N sufficiently large such that

0[] Aw—ng@e - [ 1eeaords <ol < M) < .

This concludes the proof. O

Lemma 7.2. Let yo(u),u € R be a locally integrable function. Then, under the Dalang’s
condition (4.4),

1 1
sup {e [ ][0t = she = ) (s,2)9? () dadyards
0 0 R2d

gEAL,d
1
- / / £|“|a<s,5)|2dgds}<oo,
0 JRd

Proof. The result will be proven by using a similar argument as that in the proof [10,
Lemma 5.2]. Similar as in Lemma 7.1. Consider g € A, 4 N S(R¥*!), and extend g(s, )
periodically in s from [0, 1] x R? to [0,0) x R4, still denoted by the same notation g(s, ).
Then, we have

for any 6 > 0.

1 .1
L[] ot = sioe = g2 g s, y)dadydras
o Jo JRr2d
1 r
= 2/ / / Yo(r — s)y(x — y)g*(r, 2)g* (s, y)dedydrds
o Jo JRr2a
1 1—r
:2/ 70(7“)/ / 'y(a:—y)gQ(r—i—S,m)gQ(S,y)dxdydsdr
0 0 R2d

1 1
<2 / o (r)] / / (@ — )G (r + 5, 2)g% (s, y)dedydsdr.
0 0 R2d

By (7.1), we can write

/RM v(x —y)g*(r + s,2)g° (s, y)dady = / (Fg?(r+s,-)) () (Fg?(s,-)) (£)u(de)

R4

< ([ s n©Fuao) ([ 1) ©F wa)

— (/]RN vz —y)g*(r + s,2)g*(r + s, y)dxdy> 1/2 (/]RM (@ — )g%(5,2)% (s, y)dmdy)

1/2

1/2

Noting that g is periodic in time, we see by Holder inequality,

1 1
/ / ~y(x — y)gz(r + s, x)gQ(s, y)dzdyds < / / ~y(x — y)gz(s, x)gz(s, y)dxdyds.
0 JR2d 0 JRz2d

Summarizing the above computations, we obtain
1,1
/// Yo(r = 8)y(x — y)g*(r, )g” (s, y)dwdydrds
o Jo JRr2d
1 1
<2 [ potwldu [ [ ale = 9)g?(s.0)9% (5. p)dedyds.
0 0o JRr2d
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Hence,
1 1
sup {e L] [0t = sne = ) 6,212 () dadyras
gEAa,d 0o Jo JR2d
1
-1/ |§|‘*|§<s,£)|2d£ds}
0 JRrd
1 1
< swp 420 [ potalids [ [ (e~ g 005 (5. )dedyds
g€AL,d 0 0 JR2d
/ | et I2d£d8}
:/ sup 29/ [vo (u |du// (x —y)g*(s,z)g? (s, y)dxdy
0 g€AL4
// 1130, |2d£}ds
1 1
= sup {29 [ totwlde [ [ ate = niga)g)dody
9EFua 0 0o JR2d
1
-1/ |£“|§(§)I2d£}ds,
0 JRd
where the variation on the right-hand side is finite by Lemma 7.1. O

7.2 On the large-box approximation

Recall that in Section 6, a large-box approximation was employed to prove the upper
bound. A key ingredient in the approximation argument is the following lemma, whose
proof will be provided in this subsection.

Lemma 7.3. Let IN(M be defined by (6.14). Then

1 1
limsup sup {COC(v)/ / //
Moo geaM, (2 0.4 Jr |Jo J1e,

_ / sa,M<g<s,->,g<s,->>ds} < M(a, o, d. 7). 72)

2
K(y — )% (s, x)dzds | dudy

Proof. By [23, Lemma A.1], there exists a positive constant C,, 4, depending on («, d)

only, such that
Cad/ — cos(27€ - y) .

oyl
where Co 4 = [ %Wdy for any n € R? with |5| = 27. By Lemma 7.4, we have
Cad f(y) — f(@)]?
Ealf, f) = —— dydz, 7.3
(f. f) == /}Rd/w y — ajite W (7.3)
and for any M -periodic function A,
h 2
Eana(h, h) = “d/ / A d+)|dd (7.4)
[0,M]d JRd |3/ —$| *
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To prove (7.2), for any fixed M-periodic (in space) function g € Aa 4o we shall
construct a function f € A, 4 such that f = g on [0,1] x [MY/? M — M1/2] and the
difference between g and f on [0,1] x (R¢\ [M'/?, M — M'/?]%) is negligible in some
suitable sense as M goes to infinity.

Denote

Ep = [0, M]4\ [MY2, M — MY/2)4. (7.5)

By Lemma 3.4 in [17], for fixed s € [0, 1], there is an a(s) € R? such that
/ G2 (s,z 4 a(s))dx < 2dM /2.
Em
We assume a = 0, for otherwise we may replace g(s, -) with g(s, a(s) +-) without changing

the value inside {} in (7.2). Therefore, without loss of generality, we assume for all
s €10,1],

/ gQ(S,x)dx < 2dM /2, (7.6)
Enm
Define ¢(z) = ¢(z1) -+ ¢(za), x = (21, - ,24) € RY, where
oM ~1/2, 0<v< M2
1, MY2 <y < M- M2
o) = e oM~ M — MY2 <y < M,
0, otherwise,
and let
f(s,2) = g(s, 2)p(x)// G(s),
with
GGs) = [ (s Wi
]Rd
Then,

|| < 1,|¢'| < M~'/? and hence |p| < 1, |Vp| < dY/2M~1/2,
Noting that

1zG(s)=/ (5,90 <>dy>1—/ P (s,y)dy > 1 — 2402,
[0,M]4 En

we have

0<1—2dM~Y2 <by = i%f ]G(s) <1 (7.7)
s€|0,1

Firstly, we compare the second terms in the variations on both sides of (7.2), i.e.,
compare J; := fol Ealf(s,%), f(s,-))ds with J := fol Ean(g(s,),g(s,-))ds. Note that

(s, y)e(y) — g(s,2)o(x)]> = [(g(s,y) — g(s,2))e(y) + g(s,z)(e(y) — o(x))|?
< (1 +9)lg(s,y) — g(s,2)PQ*(y) + 1+ 1/2)g* (s, 2) () — ()],

for any € > 0. Therefore,

B 2
[ [ )~ sooilo)?,,
Re J R4 |y—$|d+a

2, .2
1+€// l9(s,y) —g(s,2)[*¢ (y)dydx
Ré JRA |Z/*Tf|d+o‘

2
1+1/g/ / 9°(5,2)le(y) — p()| dydz. (7.8)
]Rd ]Rd

ly — x|dte
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Now we bound the above two integrals separately. For the first integral, it is easy to
verify by (7.3) that

(s 2,2
Ca,d /}Rd /]Rd Y) @)% (y)dyd:c < Eant(9(s, ), 9(s,)). (7.9)

Iy - xl””o‘
For the second integral, we have first, for any o € (0,2),
9 (s, 7)) — o(@)f?
< g%(s,0)l(y) — ¢(@)* (jo,arja () + Ijo, arja (y))
= ¢*(s,2)lp(y) — o(@)1*7le(y) — o(@)|7 (Tpo,mya (x) + Lo, 0112 ()
< 22_0d0/2M_J/292(37x)(][(),M]d( )+ Tio, e () (Jy — 2|7 Ay — z|?),

Consequently, we have

2
Rd JRY |y - $|d+a

< C 22 Uda/ZM—a'/Q / S 33 |y _ x|d+/\ |y B xl )dydl‘
[0,M]4 JRd ly — x|d+e
+Oa7d2270'd0'/2M*0'/2/ / S lU |y_x|d-:\ |y—l" )dyd:c
[0,M]d ly — a|d+e
o 2
_ 2—0 10/2 3 f—0/2 2 [yl A lyl
= Coq2°7%d°"* M / 9-(s, a:)dx/ ———dy
[0, M]d Re  |yldte
+ Coa2®7d7/* M2 j/ (o E DT A g
[0,M]d JR4 || e
<CM~7?, (7.10)

for some constant C' depending only on («, d), where in the last second step, the two
integrals are finite for a € (o, 2).

Combining (7.3), (7.4), (7.8), (7.9) and (7.10), and recalling by, given in (7.7), we
have

1
barJi :bM/ ga(f(87')=f(87'))ds
0
1
< / G()Eal(5,), £ (5 )ds
(1+4¢) / Eant(g(s,),g(s,))ds + C(1 +1/e)M~/?
=(1+4¢e)J+C1+1/e)M7/2, (7.11)
Secondly, we estimate the first term inside {} in (7.2). Recall that K ;(+) is supported

n [-2B,2B]%, hence for any fixed y € [0, M]¢, K5 ;(y —-) is supported on [—2B, M +2B]%.
Therefore, for y € [0, M]?,

/ [?M(y—x)gz(s,x)dq:: / Z Kpy(y —x+2M)g*(s,z)dz
[0,M]4 [0,M]

d
2€74

= / KB7b(y—x)92(s,x)dx = / KB,b(y—x)gQ(s,x)dx (7.12)
R4 [-2B,M+2B]4

where the second equality follows from the M-periodicity of g(s,-).
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Denote

En = [-2B, M + 2B)4\ [MY? M — M/?)¢. (7.13)

Then there exists a constant C' depending only on d such that
2 —-1/2
/ g-(s,z)de < CM™/=, Vs €0, 1]. (7.14)
Enm

This is because of (7.6), the periodicity of ¢(s, ) and the fact that there is a partition of
[-2B, M +2B]¢\ [0, M]¢ such that the number of parts in the partition is finite depending
only on d and each part from this partition can be shifted by zM for some z € Z? to
become a subset of [0, M]?\ [2B, M —2B]¢ C [0, M]¢\ [M*/2, M — M'/?]* when M > 4B2.

Notice that

G (s,2) = G(s)f*(s,x), Yae[M/? M—M/??=[-2B M+2B]?\ Ey,

where EM is defined by (7.13). We can bound the integral in (7.2) as follows, noting
(7.12),

I —/[OM /[/ /[OM]d u—s| KM( )gz(s,x)dxd812dudy
/[()M /[//[QBM+2B
<(1+¢) /[OM /l//[2BM+2B]d\EM |ufs\ KBb( )gQ(S,x)dxds] dudy

o L, o

by — )gz(sm)dxds] dudy
<(1+¢) maXGs/ /[// ufs\ KBb( :c)fz(s,z)d:rds} dudy
s€[0,1] [0,M]4 R4
2

+(1+1/5)/ / {/ / |u75|*1+2ﬁ0 KB,b(yx)g2(s,x)dzvds] dudy
[o,M]4 JR LJO JEn

<(1+4€)(CoCY) 2L + (1 +1/2) Iy, (7.15)

by —2)g*(s, x)dxds] dudy

where

1,1 B
I = /// Mfz(s,ac)fQ(r,y)dacdydrds
RixRa |7 — 8|7
2

/[OM / {/ /EM sl T Kp by — 2)g* (s, x)dwds| dudy.

We consider I. Note that the function K ;(-) is uniformly bounded, say, by D. Then we

I
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have

1 1
I :C’O_1 / / / |r — s|_5°drdsdy - Kpuy(y— r1)g% (s, x1)dx;
[0,M]4 0 Enm

_ Kpp(y —x2)g*(r, x2)dy
En

1 1
SC’O_l / / / |r — 5|75"d1"dsdy/~ Kpy(y — zl)gz(s, xy)dxy | DgQ(r, Z9)dxso
[o,m Jo Jo Em Em

11
<CCy*M~1/? ]RdKBl,(y)dy/o /0 \T—s|_ﬂ°drd5/_ g% (s, z1)dx;

Enm

1
<o M [ Kaagy( =070 [ =] [ gsn)dands
R 0 E

M

1
<ocy a2 [ Kpuwin -0t [ [ (o) deds
§2CCO‘1M*1/2/ Kpp(y)dy(1 — Bo) (2 — Bo) "L (2dM ~1/?)
Rd

:C(KB,b('),d, 50)M*1, (7.16)

where the third step and the last second step follow from (7.14).

Finally, combing (7.11), (7.15) and (7.16), we can bound the quantity inside { } in
(7.2) as follows (recall that J and .J; are defined by (7.11) and b, is given in (7.7))

! 1+e - b 1+1/g
5 I-J< I 1+1/e) M~ — 2L —0/2
5 CoCNI =T < 1+ O +1/e) Tt O
ba | (14¢)? ) o ,
<
1+€{ 2bm / / /]Rdx]Rd T—S|50f (s, @) f*(r,y)dxdydrds

1
—/08a<f<s,->,f< ))d }+C(1+1/5)M +cl++1/€ M-/

Therefore,

1
sup {COC(V)I— J}
geAM 2

by 1+5 2 2
< dxdydrd
1+€f€SAd{ T ///]Rdedr—sWOf(sx)f (r,y)dzdydrds

1+1/€ —o/2
_|_

7/0 Ea(F(5,), f(s,))d }+C(1+1/5)M cortle

_ by ((A+e)? ,
_1 te < bM ) f;jlzd{ / / Adxl&d 7‘ — S|60 f (S Jj) (T‘ y)dxdydrds

—/15a(f(s,-)’f( ))d}+0(1+1/5)M +01+1/5 ~o/2,
0 1+¢

where the last step follows from (1.13). Noting that lim; o, byr = 1, we have, by
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choosing ¢ arbitrarily small,

1 y)
lim sup ¢ =CoC(y)I—Jp < sup / / / —_
M=00 ge aM {2 f€Aaa R4 XxR? |7“ - 5|BO

1
f2(S,SU)f2(T7y)d(Edyd’l"d8—/ ga(f(sa')af(sa'))ds}'
0

Hence (7.2) is proved, provided « € (0,2). Note that o € (0,2) is arbitrary, therefore
(7.2) holds for « € (0,2).

The proof is concluded, noting that for the case o = 2, (7.2) can be proved in a similar
way as in [11, Lemma A.3]. O

Lemma 7.4. Let f € L>(R?) and h € L*(T$,). Then,

2 [ (1-costome- ) TP = [ 1@ +0)— fa) P (7.17)
and
2 ~
— 1 — cos(27k - h(k)|? = h(z + My) — h(z)|*dz. (7.18)
w1 2 (1= cosanc o)) k) [, e+ ) i

Proof. We will prove (7.18) only, and (7.17) can be proved in the same spirit. Noting
that 1 — cos(27k - y) = 2sin®(7k - y), we have

223 (1 costomk ) )R = 107 3 siniak - 9)hG6)”

kezd kezd
e M My |?
z7rk Yo itk-y h(k ’ _ / h Y —h _ d
Mdgz:d’ YR [0.M]¢ ) e e

The last equality holds because of the Parseval’s identity
1 ~ 2
a7 WP = [ gt
S o

and the fact that for any a € R? and any M-periodic function g,

—

g( + a)(k) — / e—27rik~y/1\fg(y + a)dy _ / e—27rik~(y+u)/]&fg(y + a)dy eQﬂ'iku/M
(0,M] [0, M]d
= / e—2mk»y/Mg(y)dy e2mik-a/M _ g(k)e%\'iku/M’
(0,M]

727rik~y/]Wg(

where the third equality holds because e y) is an M-periodic function in y. O
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