Brazilian Journal of Probability and Statistics
2019, Vol. 33, No. 4, 894-914
https://doi.org/10.1214/18-BJPS428

© Brazilian Statistical Association, 2019

Bayesian inference on power Lindley distribution based on
different loss functions

Abbas Pak?, M. E. Ghitany® and Mohammad Reza Mahmoudi®

4Shahrekord University
b Kuwait University
¢Fasa University

Abstract. This paper focuses on Bayesian estimation of the parameters and
reliability function of the power Lindley distribution by using various sym-
metric and asymmetric loss functions. Assuming suitable priors on the param-
eters, Bayes estimates are derived by using squared error, linear exponential
(linex) and general entropy loss functions. Since, under these loss functions,
Bayes estimates of the parameters do not have closed forms we use lindley’s
approximation technique to calculate the Bayes estimates. Moreover, we ob-
tain the Bayes estimates of the parameters using a Markov Chain Monte Carlo
(MCMC) method. Simulation studies are conducted in order to evaluate the
performances of the proposed estimators under the considered loss functions.
Finally, analysis of a real data set is presented for illustrative purposes.

1 Introduction

The power Lindley distribution specified by the probability density function
(p.d.f.)

82
f(t;y,a):;’?(uzy)ﬂ—‘e—‘w, 1>0,7,8>0, (1.1)

and survival function

R(t;y,8) = <1 + ﬂ)e—‘w, t>0,7,8>0, (1.2)

5+1
was introduced by Ghitany et al. (2013) as a new distribution useful to analyze
lifetime data. They studied many characteristics of this model and demonstrated
its use in modeling real data as compared to the calassical Gamma and Weibull
distributions. Recently, Ghitany, Al-Mutairi and Aboukhamseen (2015) developed
inference procedures for the stress-strength power Lindley models using the maxi-
mum likelihood and bootstrap methods. From now on, power Lindley distribution
with the parameters y and § will be denoted as PL(y, §).
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In the Bayesian setting, the observer combine subjective opinion based on in-
sight or experience with the available observations to get balanced values and to
update the estimates as more information and data become accessible. So, the pa-
rameters of interest are assumed to be random variables with some prior probabil-
ity distributions. Then, in order to conduct a Bayesian analysis, usually quadratic
loss function is considered. A very popular quadratic loss is the squared error (SE)
loss function given by

Ase(g(9). §(6)) = (g(6) — §(©))°, (1.3)

where g(6) is an estimate of the parametric function g(0). The Bayes estimate of
g(0) against SE loss function is the posterior mean given by

gse(0) = Ep[g(0) | data]. (1.4)

Assuming SE loss function, Bayesian inference for the lifetime distributions is
considered by several authors. Among others, Banerjee and Kundu (2008) ad-
dressed Bayesian inference for Weibull distribution using a type II hybrid censored
sample. Lin, Chou and Huang (2012) studied Bayesian estimation of Weibull pa-
rameters by using an adaptive progressively hybrid censored sample.

However, using SE loss function in the Bayesian approach leads to equal penal-
ization for underestimation and overestimation which is inappropriate in practical
purposes. For instance, in estimating the reliability characteristics, overestimation
is more serious than the underestimation. Therefore, different asymmetric loss
functions are considered by researchers such as linex and general entropy (GE)
loss functions for implementing Bayesian method in various field of reliability
inference. The linex loss function given by

ALE(8(9). 8(9)) =exp[v(g(0) — §(0))] —v(g(®) —8(©)) — 1. v##0. (L5)

is a popular asymmetric loss function that penalizes underestimation and over-
estimation for negative and positive v, respectively. Under this loss function, the
Bayesian estimate of g(6) is given by

. 1
2LE(®) = - log Eg[exp (—vg(0)) | data]. (1.6)

Recently, estimating the parameters of Bathtub-shaped distribution based on this
loss function is discussed by Ahmed (2014).
Another important asymmetric loss is the GE loss function defined as

. 20)\* 20)
AGE(g<9),g<0>)o<(%) —wlog(%)—l, w£0. (17

Based on this loss function, the Bayes estimate of g(0) is given by

8GE(0) = [Eo[(2(©)) ™ | data]} ™. (1.8)
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The main purpose of this paper is to discuss on Bayesian estimation of the pa-
rameters and reliability function of the PL(y, §) distribution by using the above
mentioned loss functions. In Section 2, considering suitable priors on the param-
eters, some expressions are provided for the Bayes estimates of the parameters y,
6 and the reliability R(¢). Since these expressions cannot be simplified to closed
forms, we employ Lindley approach to calculate the approximate Bayes estimates
in Section 3. In Section 4, we employ a Markov Chain Monte Carlo (MCMC)
procedure to draw random samples from the posterior distributions and use them
to derive the Bayes estimates. In Section 5, simulation studies are conducted to
evaluate the accuracy of the different estimators. Finally, for illustrative purposes,
analysis of a real data set is presented in Section 6.

2 Bayesian analyses

Let X1, ..., X, be a random sample of size n from the PL(y, §) distribution. For

given data from this sample, x = (x1, ..., x,), the likelihood function is given by
n82n 5y n sy y—
E()/ 6 X) me i=1%i 1_[(1 —}—xi )xl- . (21)

i=1

In order to implement a Bayesian analysis, some prior distributions on the pa-
rameters are required. Here, we assume that y and § are independent random vari-
ables from the gamma models with respective densities

mi(y;ar, b)) oy ety 50, (2.2)
(8 ap, by) x 82 1e™P28 550, (2.3)

where the hyperparameters a;, b;, i = 1,2, are positive. By combining the likeli-
hood function (2.1) with the prior densities in (2.2) and (2.3), the posterior joint
probability density function of y and § given the data can be written as

yn+a1—le—yh182n+a2—l sh n _
(v, 8| X) = b2+ ] (1 x! 2.4
(. 81%) a1 e 1:[ +x/) (24)
in which
—1 _—yb; 52
czfoo/w e e ¢S ] ﬁ M)x! " dy ds.
0 @G+

In the following, considering the loss functions Agsg, ALg and Agg explained
in the Introduction, we derive the Bayes estimates of y, § and reliability parameter
R(¢). First, assuming SE loss function, the estimates of y and § become

vse = E[y | x]
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0o poo a,ntay ,—yby 2n+ar—1
_ 1 y" e RRICED SR
C

8+ 1"
n
x [T(1+ xiy)xiy_1 dyds (2.5)
and
8sg = E[5]x]
1 00 OO n+a1—le—yb182n+a2 . y
— _/ f v =82+ x])
C S+ 1)
x ]‘[ (14+x))x " dy as, (2.6)

respectively. Also, the Bayes estimate of R(¢) against the loss Agg can be derived

as
D § y 78tV
Rsp(t) = 1+ — S —t | x

—1_,—yb; 52 -1
_ i/w/oo yta—lg=ybignta e—é(b2+2?:]xiy)
C 6+ 1"

8 " _
X (1 + 5 — lzy>e—5” [T +x)x! Ydy ds. (2.7
i=1

By using the loss function Ayg, the Bayes estimates of y, § and the reliability
parameter become, respectively,

1
YLE = - log(E[exp (—vy) | x])

—1,—y® 2 -1
_ —llog l/«w/oo yrtar—le=ybitv) s2nta JRTONS S IS
% G+ 1

x [T +x))x!~ 1dyd8} (2.8)
i=1

A 1
SLE = - log(E[exp (—vé) | x])

—1_,—yb1 82 -1
:—llog{lfw/w yl’H—al e~ Yhi§2n+ta 3o+ " )

v 6+ 1)

]‘[ (1+x")x~ 1dyd8}, (2.9)



898 A. Pak, M. E. Ghitany and M. R. Mahmoudi
and

A 1
Rig(t) = - log(E[exp (—vR (1)) | x])

_ _l 10g i /oo /-oo yn+a1—le—yb132n+a2—1 8—5(172-‘1-21'-‘:1 xiy)
v “Clo Jo @+ 1"

5 n _
X exp (_v<1 o lﬂ)e“w) [T +x))x! " dyas. 2.10
i=1

Next, considering the entropy loss function Agg, we obtain the Bayes estimates
of the parameters as

_1
veGe=E[y " |x] ¥, (2.1D
N _1
SGEZE[S_W |X] v, (2.12)
and
w _1
ﬁGE(t):E[(1+6+1ty> ot x] , (2.13)

in which the required conditional expectations can be calculated as

—w—1_—vb —
E[y™ |X]:l/00/00 P T bt )
Clo Jo 6+ D"

n
X H(l + xiy)xl?/_1 dy ds,

i=1
1 ,—yb; 2n+ar—w—1
ClJlo Jo @+ D"

n
x [T +x])x! " ay ds,
i=1

Ell1 8 y v Swt”
|:< +8+1t e ‘x

—1_—vb; 2 —1
_ i/oo /oo yn+a1 e~ vYbhigntaz e—é(bz-i-Z}I:lx,?/)
ClJlo Jo @+ 0"

—w n
X <1 + Lt”) S T +x))x! " dy ds.
§+1 i=1
It is clear that all the above Bayes estimators are involved the double integrals
for which simple closed forms cannot be obtained. Therefore, in the next sections,
we employ two popular approximation procedures to calculate the approximate
Bayes estimates of the parameters.
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3 Lindley approximation

In this section, we use Lindley technique for computing the Bayes estimates stud-
ied in Section 2. Let h(y, §) be any function of the parameters. Then, we have

E(h(y,d) | x) :./0 A h(y,8)n*(y,8 |x)dy ds

_ 10 o7 h(y, 8)exp(L(y, 8; %) +n(y,8))dy ds
I5° I exp(L(y, 8; %) +n(y,8) dy dé

where n(y, ) = logm(y;ai, b1) + logma(8; ar, by) and L(y,§;x) is the log-
likelihood function of the parameters y and § given by

L(y,8;x) ==logL(y,$;x)

. (B

n
=nlogy +2nlogs —nlog(8+1)—8 > x]
i=1

+ > [log(1+x]) + (v — Dlogx;]. (3.2)
i=1

According to Lindley (1980), the Bayes estimate of 4 (y, §) is approximated by

E[h(y,5)|x] h(y,d) + = Zzhzﬂz]-i-ZmV-i- ZLzzszlV+

l 1j=1
1
+ §[L112(2T12V1 + 111V2) + Lio(t2 Vi 4+ 2112V2)], (3.3)

where hy = dh/dy, hy = dh/38, hiy = 3°h/dy?, hoy = 82h/882, h1a = ho =
3%h /3y a8 and V, = >_jhjtrj with 7j; being the (i, j)th elements of the inverse
of the matrix [—9%L /0y 04]. Calculating all the expressions in (3.3) at the MLEs
y and § of the parameters y and §, the approximate Bayes estimate of h(y, §) is
obtained. For more details about the MLEs and their standard errors, see Ghitany
et al. (2013).

In our case, the required quantities in expression (3.3) are derived as

9?L(y. ) " x! (log x)>
L = A——— —5 xy log x + ’
1 ‘);,5 Z ( g l) ; (1+x}’)2
32L(y,8) "

Lip=Ly=—"""7| —_ Y1 .

12 21 ayas 193 ;x, 0g X;
. 82L(y,6)‘ 2n n

2T T2 2 G+
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O Ly, " ) O’ L(y, )
— = — : 1 i) L - A= 07
2= 5008 g ;xl (logx;) 2= s
O L(y, 3 x] (logxi)* (1 = x77)
Lig=—522 -4 xV(logx) + ,
oy? l7d Z l ,2; (1+x/ )4
Pe(y.8)  4n 2n
L222 == 73‘ A~y T A 4
383 196§ S+1)3
a; — 1 2 —1
n = e by, n= — bs.

In the following, we derive the approximate Bayes estimates of y, § and R(¢)
under the considered loss functions (1.3), (1.5) and (1.7).

3.1 Lindley’s approximate Bayes estimates using squared error loss function

For computing the estimate of y under SE loss function, let 4(y, §) = y. Hence,
hi=1,hy=h11 =hy; = h12 = hpp =0 and we have

~ N 1
PsEx P +rim +am 4 = (Linth + Laptotia + 3L1tatr). (3.4)

5
Similarly, setting h(y,8) =8, we have ho =1, hy = h11 = hy1 = h12 = hyp = 0.
Therefore, the Bayes estimate of § under SE loss function becomes

~ ~ 1
8sg ~ 8+ toma +tiom + = (Lintiitiz + Laoati + Lin(tiit2 +218)). (3.5)

5(
Next, considering 2(y, §) = R(t), the approximate Bayes estimate of R(¢) against
loss function Agg is obtained as

Rsg(t) ~ R(t; y,8) + 0.5(R1 1711 + Ronton + 2R12t12) + mi Vi + mVa
+0.5[LinitiiVi+ Lot Vo + LinnQRrpVi + Vo)), (3.6)
where

Vi =Rit11 + Ra712, Vo =Rit12 + Ra122,
)

)
R = ¢ (lo t)e + 17 3.7
R R e,
e 1 5 .
R2:—[ye_8ty|:l— = +,\ ty], (38)
S+1D2 s+1

A

— 517 (log 1)2e~%" [—1 — 7+ (1—3t7 +St2?7)], (3.9)

S+ 1)
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ool s 2 $ , 2
R22=t7e_‘w[t3’— _ R g— zy}, (3.10)
G+1D3 G+1) (84 1)2
~ D n 1 n A
Ry = —t7(lo t)e“w[l—8+ _ 1—68t7
® Groe! )
S 5 2"
+ — (27 —177) |. (3.11)
G+1)

3.2 Lindley’s approximate Bayes estimates using Linex loss function

Under LE loss function, the approximate Bayes estimates of y is obtained by
choosing h(y, §) = e~ "Y. Thus, we have

. 1 v
YLE &~ —;10g{€ Y +0.5hy1T11 + hi (Tim + ©21m2)

+ O.5h1(L111f121 + Lynttia + 3L112T12711) ],

where h1 = —ve "7 and hi1 = pZe VY,
Similarly, by choosing 4(y, 8) = e~"% in (24), it is seen that

. 1 .
SLE & -3 log{e™° 4 0.5h20 122 + ha(t22m2 + T1211)

+0.5m[Lintiitia + Loth + Lin(tiima + 215)]),

where hy = —ve "% and hyy = vZe 9.
To evaluate the estimate of R(#) under linex loss, let h(y, ) = e VR® and
obtain iy = —ve_VR(t;y’(S)Rl, hy = —Ue_VR(t;V’(S)Rz, hi1 = ve_VR(t;V’B)(UR% —

Ri1), hyp = ve_”é(t;y"s) (VR% —Ry)and hyp = Ue—ulé(t;y,&)(le Ry — Ry2). Then,
RLE(t; v, 8)
1 B
~= log{e "RV 1.0.5(hy1 711 + haotan + 2h12712) + Vim + Vam

+0.5[Liniti Vi + Lot Va + Linn Vi + i Va) ]}
where Ry, R2, R11, R, Ry» are given by (3.7)—(3.11), respectively.

3.3 Lindley’s approximate Bayes estimates using general entropy loss
function

Setting h(y, §) = y~ ", the approximate Bayes estimates of y under GE loss func-
tion is obtained as

voE 2y~ +0.5h 1111 + hi(t1in1 + T12172)

+ 0.5h [L111T121 + Loot12720 + 3L11275127711)]}_1/w’
where 1] = —wy "' and hi; = w(w+ 1)y @72,



902 A. Pak, M. E. Ghitany and M. R. Mahmoudi

Similarly, for the parameter §, we use 2(y, §) =3~ and obtain

8GE ~ 67 +0.5h20120 + ha(t22m2 + T12m1)

+0.5h[Lintiitiz + Loty + Lia(tiima + tlzz)]}_l/w,

where 1y = —w8 " and hyp = w(w + 1)§772.
Finally, the reliability R(¢) can be estimated by considering k(y,§) = R(t)™".
Then, we have

Ree(1; y,8) ~ {Ié_w(t; v,8) +0.5(h1ti1 +hooto +2h12t12) + Vinr + Vann

+05[Lint Vi + Lot Va + L1 Qe Vi + i V)],
where hy = —wR(®)™'Ri, hy = —wR®) ™ 'Ry, hij = w(@ + 1) x
R(#)™72R? — wR(t) ™" 'Ry1, hoo = w(w + DR()™®72R? — wR(t) ™ 'R
and hip =w(w + l)R(z‘)_“)_leR2 _ COR(I)_C‘)_IRU,

4 MCMC

In this section, we adopt Gibbs sampling method to extract random samples from
the conditional densities of the parameters and use them to calculate the Bayes
estimates. From (2.4), the conditional posterior densities of y and &, respectively,
can be extracted as

n
i (y |8, %) o« Gamma(n +ay, by)e > Ti=r T (1 4x/)x! ™!

i=1

(4.1)

and

Gr 4.2)
Note that the conditional densities in (4.1) and (4.2) are not in the form of known
distributions. We observed by experimentation that they are similar to normal
distribution. Therefore, in the following algorithm we employ the well-known
Metropolis—Hastings (M—H) with normal proposal distribution to generate sam-
ples from these distributions.

(1) Let the initial values of the parameters to be (yo, 8% and set/ = 1.

(2) Considering the proposal distribution g(y) = I(y > 0)N (yl_l, 1) for the
M-H method, generate yl , from 7 (y | §=1x).

(3) Generate 8!, from 5 (8| yl , X) using M—H method with the proposal distri-
bution g(8) = I (8 > )N (871, 1).

(4) Compute R(t; y,8) from (2) and set/ =1 + 1.

(5) Repeat Steps 2—4 for M times, and obtain yl, 8! and R'(z; y,8) for [ =
1,...,M.

The steps of M—H technique used in the above algorithm can be described as
follows:

n
75 (8 |y, X) x Gamma<2n +ay, by + ley)
i=1
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Seto = !~
Generate 7 using the proposal distribution g() = I (u > O)N (ul 1.
Let p(o, 7) = min{l, 7/ (1)q(0) /7] (0)q(T)}.
Accept t with probability p(o, 7), or accept o with probability 1 — p(o, 7).

By using the generated random samples from the above Gibbs technique, the
Bayes estimates of the parameters y, 8 and rehablhty R(t) against squared error
loss function become ysg = Zz LY /M 6SE = Zl 1(SI/M and Rsg(t;y,0) =
21:1 RY(t;y,8)/ M, respectively.

Next, considering LE loss function, the Bayes estimates of the parameters are
obtained as

ME=—— log( Ze“’y ) (4.3)
bLe = —%bg( Z _wsf) (4.4)

and
1 M

v Ze—“Rl(f?%‘”). (4.5)

1
RiE(t; )/,3)———10%(
=1

Finally, Bayes estimates of the parameters under GE loss function can be computed
as

1 M

VGE = <M Z(%)u)_l/w, (4.6)

I=1
~ 1 M 1\® —1/w
Sge= | — — , 4.7
GE (ME(S’)) 4.7)
and
M

—1/w
~ 1 1 W
Rge(t;y,68) = <M Z(m) ) : (4.8)

=1

S Simulation study

In the preceding sections, the estimates of the parameters y, § and reliability R(¢)
are obtained by using Bayesian method. Considering different loss functions, all
the Bayes estimators are derived and the corresponding approximate estimates are
provided by applying Lindley and Gibbs sampling approaches. In this section,
we performed Monte Carlo simulations to evaluate the behaviour of the proposed



904 A. Pak, M. E. Ghitany and M. R. Mahmoudi

Table 1 Lindley approximation of the Bayes estimates of the parameters based on Prior I when
(v, 9)=@2, 1D

Lig Lgg
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=15

15 y 0.250032  0.295630 0.201307 0.187958  0.319410  0.298008  0.284657
8 0.061596  0.064693  0.056923  0.055508  0.069539  0.064841 0.064092

R() 0.011503 0.011479 0.011605 0.011688 0.011875  0.012873  0.013256

20 y 0.160382  0.168773  0.133702  0.126290  0.204023  0.173819  0.167660
8 0.042608  0.044210 0.040173  0.039401  0.046641  0.044369 0.043852

R(t) 0.008236 0.008219 0.008297 0.008340  0.008404  0.009032  0.009258

30 y 0.091785 0.098578  0.081668 0.078550  0.107706  0.095918  0.093657
8 0.028672  0.029398  0.027539  0.027150  0.030389  0.029351 0.029122

R(t) 0.005680 0.005671 0.005710 0.005731 0.005760  0.006062 0.006176

50 y 0.052990 0.055436  0.049155 0.047819  0.058290  0.053939 0.053114
8 0.016150 0.016749 0.016152 0.016028 0.017125 0.016834 0.016721

R(t) 0.003369 0.003368 0.003379 0.003384 0.003396  0.003499 0.003540

70 y 0.035529  0.036738  0.033613  0.032977 0.038196  0.035957 0.035546
8 0.011734 0.011854 0.011588 0.011542  0.012068  0.011993  0.011920

R(t) 0.002439 0.002439 0.002440 0.002441  0.002449  0.002493  0.002512

Bayes estimators under various sample sizes. For comparison purposes, the ML
estimates of the parameters are also computed. The performance of the competitive
estimates has been compared in terms of their mean squared errors (MSE). All the
calculations are conducted using R 2.14.0 (R Development Core Team (2011)).

We have considered two sets of parameter values as (y,6) = (2, 1), (1.5, 1.5)
and three different choices of v and w as —0.5, 1, 1.5 for both LE and GE loss
functions. In each case, a random sample of size n is generated from PL model
and the ML estimates of the unknown parameters are obtained from the system of
equations provided by Ghitany et al. (2013). To evaluate the Bayes estimates, we
take two different sets of hyper-parameter values as

Prior I: a; =ap = by = b, =0.0001.

PriorII: ay =ay = b1 = by =2.

Then, approximate Bayes estimates of the parameters y, § and R(¢) are com-
puted by using Lindley method. Tables 1-4 present the MSEs of the estimates
obtained from 10,000 replications. Notice that all the ML and Bayes estimators of
R(t) are evaluated at + = 1. Further, the approximate Bayes estimates of the pa-
rameters are obtained by applying Gibbs sampling technique. To this end, Markov
chains of size 7500 are generated and the first 2500 of the observations are re-
moved to eliminate the effect of the starting distribution. Then, in order to reduce
the dependence among the generated samples, we take every S5th sampled value
which result in final chains of size 1000. The respective MSEs of the estimates
based on 10,000 replications are reported in Tables 5-8. The following points are
observed from the tabulated values.
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Table 2 Lindley approximation of the Bayes estimates of the parameters based on Prior I when
(y.8)=(15,1.5)

Lig LGE
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=1.5

15 y 0.151673  0.178655 0.127650 0.118191  0.166916  0.142313  0.137388
8 0.124283  0.161149 0.119588 0.113283  0.133521  0.125747  0.123342

R(@) 0.010421 0.010717 0.010773 0.010891 0.011160  0.012694  0.012751

20 y 0.107981 0.118331 0.091376  0.085537  0.112504  0.098492  0.095672
8 0.097056  0.144670 0.085897 0.082564  0.092847  0.088994  0.088068

R() 0.008274 0.008205 0.008220 0.008312  0.008458  0.009044  0.009199

30 y 0.059570  0.063249  0.053536  0.051300 0.061126  0.055923  0.054897
8 0.055660 0.061490 0.054277 0.052834  0.057226  0.055561 0.055138

R() 0.005154 0.005329 0.005334 0.005369 0.005438  0.005797 0.005933

50 y 0.030904 0.032088 0.028920 0.028141  0.031473  0.029642  0.029289
8 0.031701  0.034571  0.032351 0.031892  0.033758  0.033275 0.032837

R() 0.003040 0.003225 0.003229 0.003248  0.003383  0.003421  0.003644

70 y 0.021194  0.021774 0.020211 0.019816  0.021464  0.020548 0.020371
8 0.022834  0.023264  0.022143  0.021901  0.022627  0.022370  0.022311

R() 0.002242 0.002237 0.002238 0.002245  0.002256  0.002323  0.002362

(1) Under SE loss function, the Bayes estimates of y obtained by using Lind-
ley procedure have smaller MSEs than its ML estimates. Considering linex loss
function, the choice v = 1.5 results in better performances, while for the GE

Table 3 ML estimates and Lindley approximation of the Bayes estimates of the parameters based
on Prior Il when (y,8) = (2,1)

Lig Lgg
n MLE Lsg v=-05 v=1 v=15 w=-05 w=1 w=1.5

15 y 0263190 0.102527 0.139735 0.123660 0.094421 0.140526 0.139405 0.137784
6 0.064565 0.047698 0.049991 0.038613 0.036048 0.047953 0.041764 0.041513

R(t) 0.012308 0.008072 0.007855 0.008540 0.008788 0.008647 0.010478 0.011062
20y 0.165813 0.087761 0.098601 0.094170 0.087842 0.105378 0.104510 0.103266
6 0.045399 0.035237 0.037563 0.031367 0.022931 0.037862 0.033631 0.033492

R(t) 0.009147 0.006528 0.006417 0.006774 0.006907 0.006842 0.007863 0.008202

30 y 0.102043 0.066959 0.068702 0.068290 0.067026 0.074987 0.072973 0.072768
6 0.028731 0.024575 0.026521 0.022801 0.022110 0.025699 0.023638 0.023557

R(t) 0.005867 0.004733 0.004684 0.004843 0.004903 0.004877 0.005356 0.005529

50 y 0.053796 0.042170 0.043047 0.041720 0.041565 0.044995 0.043904 0.043762
6 0.017306 0.015691 0.016051 0.015078 0.014835 0.016139 0.015423 0.015236

R(t) 0.003580 0.003129 0.003114 0.003165 0.003183 0.003178 0.003348 0.003409

70 y 0.037352 0.031564 0.032057 0.031149 0.031032 0.032971 0.032384 0.032298
6 0.011847 0.011043 0.011219 0.010744 0.010674 0.011526 0.011292 0.010991

R(t) 0.002476 0.002247 0.002240 0.002264 0.002273 0.002271 0.002355 0.002387
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Table 4 ML estimates and Lindley approximation of the Bayes estimates of the parameters based
on Prior Il when (y,8) = (1.5, 1.5)

Lig Lgg
n MLE Lsg v=—-05 v=1 v=15 w=-05 w=1 w=15

15 y 0.154112 0.078228 0.082565 0.074935 0.074017 0.084877 0.081068 0.080739
s 0.131162 0.063904 0.068775 0.067103 0.065495 0.072401 0.069529 0.061588
R(t) 0.010533 0.006806 0.006494 0.006579 0.006944 0.006778 0.007734 0.008305
20 y 0.105497 0.066505 0.071456 0.061337 0.061103 0.070091 0.066183 0.065980
5 0.100684 0.061576 0.064623 0.061214 0.060281 0.064320 0.062996 0.059798
R(t) 0.008575 0.006243 0.006056 0.006109 0.006324 0.006257 0.006833 0.007158
30 y 0.061084 0.046055 0.048515 0.042882 0.042077 0.047450 0.044926 0.044623
5 0.056740 0.042934 0.044383 0.041794 0.041631 0.043533 0.043098 0.042177
R(t) 0.005250 0.004304 0.004215 0.004281 0.004328 0.004310 0.004529 0.004655
50 y 0.032249 0.027738 0.028549 0.026571 0.026210 0.028102 0.027234 0.027115
§ 0.032462 0.027605 0.028287 0.026909 0.026767 0.027553 0.027416 0.027384
R(t) 0.003124 0.002773 0.002747 0.002775 0.002784 0.002783 0.002880 0.002931
70 y  0.022409 0.020128 0.020560 0.019472 0.019246 0.020344 0.019822 0.019742
§ 0.023140 0.020767 0.021047 0.020389 0.020251 0.020823 0.020763 0.020639
R(t) 0.002291 0.002111 0.002095 0.002108 0.002118 0.002115 0.002157 0.002281

loss function, w = 1.5 provides reasonable MSEs. These conclusions are valid
for both Lindley and MCMC techniques that were used for computing the Bayes
estimates.

Table 5 MCMC estimates of the parameters based on Prior [ when (y,8) = (2, 1)

Lig LGE
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=15

15 y 0.283689 0.217895 0.150149 0.129412  0.252481  0.187006  0.175455
8 0.065398 0.067693 0.059717 0.055318 0.0706561 0.065934  0.065019

R(x) 0.011021 0.010940 0.011285 0.011470  0.011703  0.013340 0.014162

20 y 0.165563  0.173438 0.110217  0.099419  0.152926  0.12662  0.122038
8 0.047357 0.048291 0.040972  0.038677  0.045312  0.043522  0.043017

R(t) 0.007882 0.007839 0.008025 0.008136  0.008219  0.009907 0.010732

30 y 0.091157 0.093495 0.073806 0.069715  0.087309  0.079440  0.078027
8 0.029914  0.030208 0.027447  0.026628  0.029181  0.028478  0.028341

R(r) 0.005488 0.005470 0.005544 0.005584  0.005621  0.006248  0.006539

50 y 0.052551 0.056618 0.046812 0.045081  0.051324  0.047615 0.047044
8 0.016759 0.017209 0.016085 0.015853  0.016575  0.016423  0.016397

R(t) 0.003307 0.003304 0.003320 0.003331  0.003345  0.003517 0.003593

70 y 0.035307 0.037116  0.032643 0.031772  0.034738  0.034434  0.033153
8 0.011776  0.011949 0.011523 0.011441  0.011786  0.011729  0.011723

R(t) 0.002408 0.002408 0.002409 0.002410  0.002420  0.002483  0.002513




Bayesian inference on power Lindley distribution 907

Table 6 MCMC estimates of the parameters based on Prior [ when (y,8) = (1.5, 1.5)

Liir LELF
n Lsg v=-0.5 v=1 v=15 w=-0.5 w=1 w=1.5

15 y 0.208389  0.220980 0.131726  0.104491  0.209078  0.146930  0.132507
8 0.265734  0.281878  0.185959  0.144508  0.212375 0.178872  0.145537

R(t) 0.011917 0.011894 0.012057 0.012167 0.012263  0.012822 0.013187

20 v 0.132869 0.163437 0.090127 0.076813  0.121572  0.094853  0.088547
8 0.154882  0.196609 0.104114 0.090274  0.142155 0.113509 0.107273

R(t) 0.008771 0.008775 0.008812 0.008856  0.009403  0.012690 0.014178

30 y 0.060585  0.063407 0.052336 0.048192  0.061701  0.053834  0.052011
8 0.062631 0.061897 0.059383  0.055117  0.065229  0.061756  0.060219

R(t) 0.005486 0.005491 0.005495 0.005503 0.005697  0.005807 0.006334

50 v 0.031949  0.034116  0.028517  0.027239  0.031004  0.028790  0.028265
8 0.036338  0.038434  0.033199 0.032125 0.035561  0.033907 0.033601

R(r) 0.003255 0.003240 0.003244 0.003267 0.003303  0.003529  0.003765

70 y 0.021599  0.022564 0.020032 0.019424  0.021168  0.020141  0.019873
8 0.023808  0.024699  0.022442  0.021960  0.023462  0.022734  0.022596

R(t) 0.002243 0.002239 0.002240 0.002247  0.002266  0.002392  0.002454

(2) The Bayes estimates of § based on prior II give better performances than the
MLE in terms of minimum MSEs. Moreover, the choice v = 1.5 for the linex loss
seems to be reasonable. For the GE loss function, w = 1.5 is a better value in com-
puting the Bayes estimate based on the two approximation techniques. Therefore,

Table 7 MCMC estimates of the parameters based on Prior Il when (y,5) = (2,1)

Lig LGE
n Lsg v=-0.5 v=1 v=15 w=-05 w=1 w=1.5

15 y 0.140984 0.188162 0.115760 0.109437  0.132786 0.131501 0.127385
8 0.048358 0.050570 0.045746 0.041123  0.055019  0.045710  0.044635

R(t) 0.008317 0.008121 0.008792 0.009071  0.009078  0.010553  0.011561

20 y 0.100028 0.118145 0.091329 0.087796  0.100842  0.097527  0.097102
8 0.037685 0.035132  0.034048 0.031794 0.038314  0.034191 0.033808

R() 0.006531 0.006433 0.006773 0.006917 0.006919 0.008632  0.008910

30 y 0.069861 0.066795 0.064508 0.063954 0.069315 0.068640  0.068299
8 0.026221  0.028013  0.023417  0.022389  0.025211  0.023337  0.023088

R(t) 0.004637 0.004588 0.004754 0.004823  0.004813  0.0055543 0.005661

50 y 0.042476  0.044328 0.040648 0.040590 0.042370 0.042126  0.042073
8 0.016098 0.016648 0.015213 0.014872  0.015796 0.015232  0.015158

R(x) 0.003082 0.003068 0.003118 0.003179 0.003138 0.003363  0.003458

70 y 0.031667 0.032547 0.030757 0.030711 0.031520 0.031597  0.031426
8 0.011198 0.011447 0.010791 0.010632  0.011061  0.010804  0.010775

R(x) 0.002219 0.002213 0.002236 0.002245  0.002247  0.002349  0.002392
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Table 8 MCMC estimates of the parameters based on Prior Il when (y,8) = (1.5, 1.5)

Liir LgLF
n Lsg v=-0.5 v=1 v=15 w=-05 w=1 w=1.5

15 y 0.082743  0.097528 0.078449  0.066623  0.091364  0.084971  0.080027
8 0.080189  0.093071  0.089323  0.078350  0.095949  0.072730 0.082663

R(t) 0.008013 0.007870 0.007950 0.008087  0.008536  0.008722  0.009178

20 y 0.076814  0.084518 0.063228  0.056740  0.080369  0.066922  0.064531
8 0.075723  0.081501  0.071993  0.065924  0.079568  0.067502 0.061681

R(t) 0.006861 0.006689 0.006799 0.006914 0.007045 0.007156 0.007328

30 y 0.041272  0.047194  0.042802 0.040146  0.048976  0.044170  0.043290
8 0.043949  0.046620 0.045113  0.043294  0.050229  0.047251 0.047005

R(t) 0.004502 0.004320 0.004449 0.004527 0.004573  0.004896 0.005127

50 y 0.028712  0.028991  0.026394  0.025620  0.028104  0.026811  0.026647
8 0.029820 0.030142 0.027668 0.027014  0.029281  0.028317  0.028208

R(t) 0.002810 0.002788 0.002793 0.002822  0.002837  0.003035 0.003104

70 y 0.020483  0.020619 0.019342 0.018934  0.020187  0.019553  0.019429
8 0.020835 0.021085 0.020729 0.020422  0.021417  0.021151 0.021038

R(x) 0.002131 0.002115 0.002189 0.002238  0.002159  0.002218  0.002262

SLE and SLE with v = 1.5 and the estimator SGE and SGE with w = 1.5 are superior
than their respective competitors. But, the performances of these choices cannot
be compared since for some cases SLE and SLE are better while for other cases the
opposite is true.

(3) For the reliability parameters R(¢), implementing the Bayesian procedure
based on prior I, the MSE of the estimates are almost close to that of MLEs, how-
ever, prior II provides estimates with smaller MSEs compared to the ML method.
Among estimators evaluated from the GE loss function, the choice v = —0.5 leads
to better performances while w = —0.5 is a better value for the linex loss function.

(4) The ML estimates obtained based on larger sample size n have smaller
MSEs as we expected. Similar improvements are observed for the Bayes estimates
evaluated from different loss functions. Further, it is observed that in some cases,
the MSEs of the Bayes estimates obtained from MCMC procedure are smaller
than that of Bayesian Lindley estimates while for other cases the opposite is true.
However, these MSE values are close to each other as the sample size increases.

Moreover, to observe the sensitivity of the Bayes estimators with respect to
different informative priors, we have considered two different bivariate priors as
follows:

PriorIII: ay =5,a, =2,b1 =1, by =4.

PriorIV:a; =2.5,a0=1.5,b; =0.5, b, =3.

These priors are chosen with the same means but different variances. Notice
that the variances of Prior III are smaller than that of Prior I'V. For the two cases,
the approximate Bayes estimates of parameters against the squared error, linex
and general entropy loss functions are computed by applying Lindley and Gibbs
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Table 9 Lindley approximation of the Bayes estimates of the parameters based on Prior Il when
v, =21

Lig LGE
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=1.5

15 y 0.107541  0.113278  0.109045 0.095538  0.151220  0.143967  0.135377
8 0.042733  0.048119 0.034729 0.031470  0.046932  0.041794  0.038621

R() 0.007265 0.006946 0.007538 0.007820  0.008432  0.009351  0.009562

20 y 0.092862  0.104752 0.091329 0.090729  0.122086  0.115242  0.108917
8 0.033807 0.035169 0.032531 0.026046  0.028737  0.034291  0.033654

R() 0.006419 0.005172  0.005327 0.005418  0.006251 0.06946  0.007037

30 y 0.061949  0.063719  0.062296 0.051371  0.064432  0.062128 0.058315
8 0.021752  0.025408 0.023621 0.023067  0.026721  0.024943  0.024509

R() 0.004160 0.003807 0.004492 0.004813  0.004522  0.004965 0.005214

50 y 0.042165 0.042939 0.041016 0.039237  0.041828  0.040719 0.040375
8 0.013812 0.014107 0.013354 0.012592 0.014931 0.012744 0.011662

R(t) 0.002837 0.002671 0.002742 0.002931 0.002746  0.003197  0.003239

70 y 0.021736  0.027798  0.026475 0.026133  0.029258  0.027503  0.027157
8 0.010891 0.011466 0.010235 0.009242  0.011770  0.010625 0.010391

R() 0.001975 0.001839 0.002046 0.002091 0.002316  0.002471  0.002652

sampling techniques. The results based on priors III and IV are given in Tables 9—
12. It is observed that MSEs of the Bayes estimates using Prior III in almost all
cases are smaller than those using Prior I'V.

6 Data analysis

To display the application of the different methods to real data, let us consider the
following data set reported in Bader and Priest (1982) on the tensile strength of 69
carbon fibers tested under tension at gauge lengths of 20 mm:

1.312, 1.314, 1.479, 1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966,
1.997, 2.006, 2.021, 2.027, 2.055, 2.063, 2.098, 2.14, 2.179, 2.224, 2.240, 2.253,
2.270,2.272,2.274,2.301, 2.301, 2.359, 2.382, 2.382, 2.426, 2.434, 2.435, 2.478,
2.490, 2.511, 2.514, 2.535, 2.554, 2.566, 2.57, 2.586, 2.629, 2.633, 2.642, 2.648,
2.684, 2.697, 2.726, 2.770, 2.773, 2.800, 2.809, 2.818, 2.821, 2.848, 2.88, 2.954,
3.012, 3.067, 3.084, 3.090, 3.096, 3.128, 3.233, 3.433, 3.585, 3.585.

Ghitany et al. (2013) showed that the PL(y, §) fits this data set very well.
Here, considering various loss functions, we compute the approximate Bayes es-
timates of the unknown parameters. First, from the the above data set, the ML
estimates of the parameters are obtained and the MLE of the reliability R(¢; y, §)
at t = 1, 1.5 are computed. To analyze the data under Bayesian perspective, all
the hyper-parameters are considered to be 0.001 and three values —0.5, 1, 1.5
are assumed for both v and w in the linex and entropy loss functions, respec-
tively. Then, the Bayes estimates of the interested parameters under SE, LE and
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Table 10 Lindley approximation of the Bayes estimates of the parameters based on Prior IV when
(v, 9)=@2, 1D

Lig Lgg
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=15

15 y 0.113048  0.127291 0.121416  0.096081  0.152544  0.143718 0.136039
8 0.043165 0.048793  0.036529 0.032873  0.047172  0.044836  0.042297

R(t) 0.008654 0.008137 0.008806 0.008413  0.009587  0.010968 0.011244

20 y 0.095173  0.105884  0.096723  0.091845 0.123706  0.116394  0.111428
8 0.035075 0.037956  0.032691 0.026726  0.028394  0.034107 0.033956

R(t) 0.006423 0.005605 0.006117 0.006792  0.006328  0.007831  0.008479

30 y 0.062017  0.063991  0.062138  0.055826  0.070564 0.067719 0.061976
8 0.024328  0.026211 0.024703  0.023126  0.026947  0.024825  0.024493

R(t) 0.004583 0.004130 0.004476 0.004795 0.004786  0.005213  0.005567

50 y 0.041893  0.044728 0.041364 0.040329 0.045133  0.042794 0.042107
8 0.015139 0.015874 0.014737 0.013295 0.016076  0.014619 0.013942

R(t) 0.002974 0.002643 0.002817 0.003139  0.002716  0.003328 0.003381

70 y 0.024136  0.027860 0.027143  0.026528  0.029437  0.027821 0.027316
8 0.011239 0.011577 0.010852 0.010511 0.011963  0.011438 0.010758

R(x) 0.002113 0.002128 0.002139 0.002278  0.002342  0.002574  0.002618

GE loss functions are calculated using Lindley’s approximation. Moreover, we
have used MCMC procedure developed in Section 4 to compute the Bayes esti-
mates. Random samples of 200,000 realizations are generated from the posterior

Table 11 MCMC estimates of the parameters based on Prior Il when (y,8) = (2,1)

Lig Lge
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=15

15 y 0.098329 0.116507 0.112736  0.104971  0.142813  0.137669  0.135920
8 0.039617 0.041724 0.028293  0.027561  0.042319  0.040673  0.038893

R() 0.007139 0.007514 0.007963  0.008107  0.007723  0.008349  0.008651

20 y 0.091856  0.105273  0.103119 0.096347  0.114529  0.102653  0.098704
8 0.035916  0.036423  0.027819 0.026315 0.030798  0.029155  0.028243

R(t) 0.005922 0.004719 0.005182 0.005207 0.006028  0.006717  0.007439

30 y 0.061846  0.064953  0.064127 0.058511 0.070893  0.062214  0.057969
8 0.024716  0.028148  0.027064 0.025817  0.027633  0.025591  0.024108

R(t) 0.004738 0.004206 0.004573 0.004724  0.004827  0.005036  0.005074

50 y 0.040786  0.043615 0.039844 0.037027 0.044139  0.041532 0.041093
8 0.013827 0.014495 0.013218 0.012758 0.016843  0.014097 0.012718

R(x) 0.003118 0.002967 0.003316 0.003428  0.003097  0.003586 0.004117

70 y 0.023604 0.027153  0.024519 0.024389  0.027714  0.026548 0.025911
8 0.010427  0.009475 0.008537 0.008216  0.010594 0.009718  0.009357

R(t) 0.002045 0.002079 0.002166 0.002341  0.002448  0.002635  0.002684
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Table 12 MCMC estimates of the parameters based on Prior IV when (y,§) = (2, 1)

Lig Lgg
n Lsg v=-0.5 v=1 v=1.5 w=-0.5 w=1 w=1.5

15 y 0.108273  0.138966  0.132074  0.098451  0.163219  0.148705 0.142133
8 0.041428 0.045672 0.031971 0.030758  0.043986  0.042863 0.041791

R(r) 0.007947 0.007693 0.008108 0.008327  0.008914  0.009469 0.010327

20 y 0.091728  0.113945 0.109671  0.105138  0.124098  0.113876  0.105429
8 0.037265 0.038620 0.030477 0.029132  0.031564  0.030827  0.027359

R(t) 0.006176 0.005539 0.005722 0.005804  0.006927  0.008516 0.009273

30 y 0.062239  0.065718  0.064692  0.059117  0.071784  0.062938  0.058107
8 0.024967 0.028514  0.027177 0.026658  0.028804  0.025912  0.025041

R(t) 0.004807 0.004223 0.004572 0.004761 0.005166  0.005397 0.005617

50 y 0.040954  0.043871  0.040566  0.037248  0.044621 0.041795 0.041173
8 0.014328 0.014694 0.013507 0.012811 0.016944  0.014227 0.013316

R(t) 0.003725 0.003178 0.003618 0.004493  0.003326  0.003717  0.004589

70 4 0.023718  0.027951  0.025563  0.024819  0.028326  0.027182  0.026159
8 0.010748 0.011369 0.009633  0.009178  0.011246  0.010319  0.009475

R(t) 0.002083 0.002146 0.002237 0.002411  0.002679  0.002813  0.002834

densities in (33)—(34) and the first 100,000 realizations are deleted to diminish the
trace of initial samples. Then, one observation in every 10 iterations is saved to
break the autocorrelation between generated samples. In order to check the con-
vergence of MCMC chain, the scale reduction factor estimate /Var(A)/U is used
in which A is the estimand of interest and Var(A) = (n — 1)U/n + Q/n where
n is the iteration number of each chain, and U and Q are the within and between
sequence variances, respectively (see Gelman et al. (2003)). Here, the computed
factor values of each estimands were less than 1.1, which is an acceptable value
for their convergency. Further, the trace plots corresponding to Markov chains for
the parameters are provided in Figures 1 and 2 which show the convergence of
MCMC simulations. Tables 13 and 14 report different Bayes estimates of the pa-
rameters as well as their ML estimates. It is seen that in most of the cases, the
Bayes estimates computed using Lindley and MCMC methods are very close to
the corresponding MLEs. Applying MCMC approach for computing the approx-
imate Bayes estimates, it is observed that the estimates of the parameter y are
slightly greater than its ML estimate while the opposite is true for the parameters
s and R(?).

7 Conclusions

In most of the Bayesian studies, a well-known symmetric loss function, namely
squared error loss, is employed for estimation purposes. But, to achieve more prac-
tical inferences under Bayesian viewpoint, it is also required to consider asymmet-
ric loss functions. In this paper, we have discussed on Bayesian estimation of the
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Figure 1 Plots of Metropolis—Hastings Markov chains for the parameters y and 8.

unknown parameters and the reliability function from a two-parameter PL distri-
bution by using these two types of loss functions. Indeed, considering squared
error, linex and general entropy loss functions, all the Bayes estimates were com-
puted by assuming gamma priors on the parameters. Since the Bayes estimates
of the interested parameters could not be obtained analytically, we have provided
Lindley’s approach as well as the MCMC procedure to calculate the approximate
Bayes estimates. Moreover, for comparison, the maximum likelihood estimates
of the parameters are derived. In order to assess the accuracy of the different es-
timators, Monte Carlo simulations are conducted. It is observed that the perfor-
mances of the Bayes estimators based on more informative priors are superior
than the corresponding ML estimators. By increasing the sample size n, expected
improvements are observed in the performances of all estimators. Further, the per-
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Figure 2  Plots of Metropolis—Hastings Markov chains for R(t) att = 1 (left) and t = 1.5 (right).
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Table 13 ML estimates and Lindley approximation of the Bayes estimates of the parameters

R(1)
Estimates y 8 t=1 t=15
MLE 3.867776 0.049670 0.996571 0.966846
Lsg 3.861718 0.052271 0.995905 0.955635
Lig v=-0.5 3.886501 0.052334 0.995906 0.955667
v=1 3.52145 0.047246 0.995903 0.955612
v=1.5 3.52081 0.048725 0.995902 0.955600
LG w=-0.5 3.438702 0.046110 0.995904 0.955623
w=1 3.417042 0.047805 0.995901 0.955588
w=1.5 3.344282 0.049169 0.995900 0.955571
Table 14 The Bayes estimates of the parameters from Gibbs sampling technique
R(1t)
Estimates y 8 t=1 tr=15
Lsg 3.901173 0.049406 0.996402 0.966835
Lig v=-0.5 3.917276 0.049450 0.996403 0.966827
v=1 3.88792 0.049320 0.996400 0.966751
v=1.5 3.870954 0.049277 0.996399 0.966743
Lgg w=-0.5 3.896954 0.048583 0.996401 0.966816
w=1 3.884054 0.046223 0.996398 0.966721
w=1.5 3.879723 0.045575 0.996397 0.966690

formances of the MCMC and Lindley procedures cannot be compared since for
some cases Lindley’s approximation provides most precise parameter estimates
while for other cases the opposite is true, but, the Lindley method is computation-
ally slower.
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