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We study the problem of nonparametric estimation under L -loss, p €
[1, 00), in the framework of the convolution structure density model on RY.
This observation scheme is a generalization of two classical statistical mod-
els, namely density estimation under direct and indirect observations. The
original pointwise selection rule from a family of “kernel-type” estimators is
proposed. For the selected estimator, we prove an IL,-norm oracle inequal-
ity and several of its consequences. Next, the problem of adaptive minimax
estimation under L ,-loss over the scale of anisotropic Nikol’skii classes is
addressed. We fully characterize the behavior of the minimax risk for dif-
ferent relationships between regularity parameters and norm indexes in the
definitions of the functional class and of the risk. We prove that the proposed
selection rule leads to the construction of an optimally or nearly optimally
(up to logarithmic factors) adaptive estimator.
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1. Introduction. In the present paper, we will investigate the following obser-
vation scheme introduced in Lepski and Willer (2017). Suppose that we observe
i.id. vectors Z; e R?,i =1, ..., n, with a common probability density p satisfying
the following structural assumption:

(1.1) p=0—-a)f +alf*gl feFg(R), e €[0,1],

where o € [0, 1] and g : R? — R are supposed to be known and f : R? — R is
the function to be estimated. We will call the observation scheme (1.1) convolution
structure density model.

Here and later, for two functions f, g € L (Rd)

[f+8l0) = [ f =@, xRS,

and forany @ € [0, 1], g € L;(RY) and R > 1,

Fo(R)={f €Bra(R): (1 —a)f +alf gl € B(RI)}.

Here, 13 (R%) denotes the set of probability densities on R4, Bs 4(R) is the ball of
radius R > 0 in Ly(R?) := L, (R?, v;),1 < s < 0o and vy, is the Lebesgue mea-
sure on R?. The convolution structure density model (1.1) will be studied for an
arbitrary g € I (R%) and f € Fg(R). Then, except in the case a = 0, the function
f is not necessarily a probability density.

We remark that if one assumes additionally that f, g € P(R?), this model can
be interpreted as follows. The observations Z; € R4 i =1,...,n, can be written
as a sum of two independent random vectors, that is,

(1.2) Z,=X; +¢Y;, i=1,...,n,
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where X;,i = 1,...,n, are i.i.d. d-dimensional random vectors with a com-
mon density f, to be estimated. The noise variables Y;,i = 1,...,n, are i.i.d.
d-dimensional random vectors with a known common density g. At last ¢ €
{0,1},i = 1,...,n, are i.i.d. Bernoulli random variables with P(¢1 = 1) = «,
where o € [0, 1] is supposed to be known. The sequences {X;,i =1,...,n},
{Yi,i=1,...,n}and {¢;,i =1, ..., n} are supposed to be mutually independent.

The observation scheme (1.2) can be viewed as the generalization of two clas-
sical statistical models. Indeed, the case & = 1 corresponds to the standard decon-
volution model Z; = X; + Y;,i =1, ..., n. Another “extreme” case o = 0 corre-
sponds to the direct observation scheme Z; = X;,i =1, ..., n. The “intermediate”
case « € (0, 1), considered for the first time in Hesse (1995), can be treated as the
mathematical modeling of the following situation. One part of the data, namely
(1 — a)n, is observed without noise, while the other part is contaminated by addi-
tional noise. If the indexes corresponding to that first part were known, the density
f could be estimated using only this part of the data, with the accuracy correspond-
ing to the direct case. The question we address now is: can one obtain the same
accuracy if the latter information is not available? We will see that the answer to
the aforementioned question is positive, but the construction of optimal estimation
procedures is based upon ideas corresponding to the “pure” deconvolution model.

We want to estimate f using the observations Z ") =(Z1,...,Z,). By estima-
tor, we mean any Z-measurable map f R" - L (Rd) The accuracy of an

estimator f is measured by the IL. ,-risk

RPLE 1= @I = £ID)YP. pell,oo),

where E ¢ denotes the expectation with respect to the probability measure P ¢ of
the observations Z") = (Zy, ..., Z,). Also, || - llp, p €1, 00),1is the L ,-norm on
R? and without further mentioning we will assume that f € L » (RY).

1.1. Oracle approach via local selection. Let F(H) = {fAﬁ, he H} be a fam-
ily of “kernel-type” estimators (see Section 2.1), parameterized by a collection of
multibandwidths H built from the observation Z (" We want to construct a Z"-
measurable random map h : R? — H and for any p € [1, o0) and n > 1 to bound
from above the L ,-risk of the selected estimator fﬁ(.). Our selection rule presented
in Section 2.1 can be viewed as a generalization and modification of statistical pro-
cedures proposed in Kerkyacharian, Lepski and Picard (2001) and Goldenshluger
and Lepski (2014). In Section 2.2, the following risk bound will be established:

(13 RO f <C1H inf A, (f.h, )H +Con™1 Vf eFy(R).

Here, C1 and C; are numerical constants which depend on d and p only, and
An(, - x),x € RY is an explicitly known functional. We call (1.3) an LL,-norm
oracle inequality obtained by local selection. Since the selection rule from the
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considered family is done pointwisely, that is, for any x € R?, this allows to take
into account the “local structure” of the function to be estimated. The L ,-norm
oracle inequality is then obtained by the integration of the pointwise risk of the
proposed estimator, which is a kernel estimator with the bandwidth being a mul-
tivariate random function. This, in its turn, allows us to derive different minimax
adaptive results thanks to an unique LL,-norm oracle inequality. It is worth not-
ing in this context that estimation procedures based on a local selection scheme
can be applied to the estimation of functions belonging to much more general
functional classes than those based on global selection schemes; see, for instance,
Goldenshluger and Lepski (2011) and Goldenshluger and Lepski (2014) for com-
parison. We will see however that although A, (-, -, x), x € R4, is known explicitly,
its computation in particular problems is not a simple task. The main difficulty here
is mostly related to the fact that (1.3) is proved without any assumption (except for
the model requirements) imposed on the underlying function f. It turns out that
under some nonrestrictive assumptions imposed on f, the obtained bound can be
considerably simplified; see Section 3.

1.2. Adaptive estimation. Let X be a given subset of L, (R?). For any esti-
mator f,,, define its maximal risk by Rflp)[f,,; Y] =supsex Rflp)[fn; f1 and its
minimax risk on X is given by

¢n(2) == infRP[ f3 T.
Here, the infimum is taken over all possible estimators. An estimator whose max-
imal risk is bounded, up to some constant factor, by ¢, (%), is called minimax
on X.

Let {Zy, ¥ € ©} be a collection of subsets of L., (R?, vy), where ¥ is a nuisance
parameter which may have a very complicated structure.

The problem of adaptive estimation can be formulated as follows: is if possible
to construct a single estimator f, which would be simultaneously minimax on each
class Xy, 0 € O, that is,

limsup¢;1(219)72,(1p)[fn; Y] < oo Vo € ®?
n—oo
We refer to this question as the problem of minimax adaptive estimation over the
scale of {Xy, v € ®}. If such an estimator exists, we will call it optimally adaptive.

From oracle approach to adaptation. Let the oracle inequality (1.3) be estab-

lished. Define

Ru(S9) = sup | inf Ay(f, k0] +n72,  veo.
fexy ' heH p

We immediately deduce from (1.3) that for any ¢ € ®
lim sup Rn_l(Zﬂ)R,(f)[fﬁ(.); Y] < o0.

n—oo
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Hence, the minimax adaptive optimality of the estimator fﬁ . 1s reduced to the
comparison of the normalization R, (Xy) with the minimax risk ¢, (Xy). Indeed,
if one proves that for any ¥ € ®

liminf R, (£9)¢, ' (£5) < 00,

then the estimator fﬁ(~) is optimally adaptive over the scale {¥y, 0 € ®}. Using

the modern statistical language we call the estimator f,, nearly optimally adaptive
if
limsup¢;,1(279)7€,(f)[fn; Y] < o0 Vit € ©.
n— 00 Inn

Objectives. In the framework of the convolution structure density model, we will
be interested in adaptive estimation over the scale

%9 =Nig(B, L) NFyoo(R, @), 0 =(B,7 L, R,0),

where F_g,oo(R» Q) ={felFgR) : (1 —-a)f +alf xg] € Boq(Q)} and
N;,d(,é, L) is the anisotropic Nikol’skii class; see Definition 1 below. Here, we
only mention that the adaptive estimation over the scale {N;,d(,[; , Z), (,é T, Z) €
(0, 00)? x [1,00]? x (0, 00)?} is usually viewed as the adaptation to anisotropy
and inhomogeneity of the function to be estimated. As to the assumption f €
Fg 00(R, Q), it simply means that the common density of observations p is
uniformly bounded by Q. In particular, this is always the case if « = 1 and

lglloo < 00.
Additionally, we will study the adaptive estimation over the collection

%9 =N; (B, L) NFe(R) NBooa(Q),  ©=(B.7.L, R, Q).

We will show that the boundedness of the underlying function allows to improve
considerably the accuracy of estimation.

Historical notes. The minimax adaptive estimation is a very active area of math-
ematical statistics, and the interested reader can find a very detailed overview as
well as several open problems in adaptive estimation in Lepski (2015). Below we
will discuss only the articles whose results are relevant to our consideration, that
is, the density setting under IL. ,-loss, from a minimax perspective. As already said,
the convolution structure density model includes itself the density estimation under
direct and indirect observations.

Direct case, « = 0. There is a vast literature dealing with minimax and minimax
adaptive density estimation; see, for example, Efroimovich (1986), Hasminskii and
Ibragimov (1990), Golubev (1992), Donoho et al. (1996), Devroye and Lugosi
(1997), Rigollet (2006), Rigollet and Tsybakov (2007), Samarov and Tsybakov
(2007), Birgé (2014), Giné and Nickl (2009), Akakpo (2012), Gach, Nickl and
Spokoiny (2013), Lepski (2013), among many others. Special attention was paid
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to the estimation of densities with unbounded support; see Juditsky and Lambert-
Lacroix (2004), Reynaud-Bouret, Rivoirard and Tuleau-Malot (2011). The most
general results can be found in Goldenshluger and Lepski (2011, 2014) and in
Section 4 we will compare in detail our results with those obtained in these papers.

Intermediate case, o € (0, 1). To the best of our knowledge, adaptive estimation
in the case of partially contaminated observations has not been studied yet. We
were able to find only two papers dealing with minimax estimation. The first one
is Hesse (1995) (where the discussed model was introduced in dimension 1) in
which the author evaluated the L, -risk of the proposed estimator over a functional
class formally corresponding to the Nikol’skii class Noo 1(2, 1). In Yuan and Chen
(2002), the latter result was extended to the multidimensional setting, that is, to the
minimax estimation on N 4 (2 1). The most intriguing fact is that the accuracy of
estimation in partially contaminated noise is the same as in the direct observation
scheme; however, none of these articles studied the optimality of the proposed
estimators. We will come back to the aforementioned papers in Section 1.3 in
order to compare the assumptions imposed on the noise density g.

Deconvolution case, o = 1. First, let us remark that the behavior of the Fourier
transform of the function g plays an important role in all the works dealing with de-
convolution. Indeed ill-posed problems correspond to Fourier transforms decaying
toward zero. Our results will be established for “moderately” ill posed problems,
so we detail only results in papers studying that type of operators. This assumption
means that there exist it = (i, ..., nq) € (0, 00)? and Y| > 0, Y > 0 such that
the Fourier transform g of g satisfies

d " d s

(14 T [J+) 7 <zg0| < [J+3)"7  Vi=@,....1) €RY.
j=1 j=1

Some minimax and minimax adaptive results in dimension 1 over different classes
of smooth functions can be found in particular in Stefanski (1990), Stefanski and
Carroll (1990), Fan (1991, 1993), Pensky and Vidakovic (1999), Fan and Koo
(2002), Comte, Rozenholc and Taupin (2006), Butucea and Tsybakov (2008), Hall
and Meister (2007), Meister (2009), Lounici and Nickl (2011), Kerkyacharian,
Pham Ngoc and Picard (2011).

There are very few results in the multidimensional setting. It seems that Masry
(1993) was the first paper where the deconvolution problem was studied for mul-
tivariate densities. It is worth noting that Masry (1993) considered more general
weakly dependent observations and this paper formally does not deal with the
minimax setting. However, the results obtained in this paper could be formally
compared with the estimation under Loo-loss over the isotropic Holder class of
regularity 2, that is, N, d(2 1) which is exactly the same setting as in Yuan and
Chen (2002) in the case of partially contaminated observations. Let us also remark
that there is no lower bound result in Masry (1993). The most general results in
the deconvolution model were obtained in Comte and Lacour (2013) and Rebelles
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(2016) and in Section 4 we will compare in detail our results with those obtained
in these papers.

1.3. Assumption on the function g. Later on for any U € L1 (R%), let U de-
note its Fourier transform. All our results will be established under the following
condition.

ASSUMPTION 1. (1) If @ # 1, then there exists ¢ > 0 such that

l—a+ag@)|>e¢ vt e RY.

(2) If @ = 1, then there exists /i = (i1, ..., na) € (0,00)? and Yo > 0 s.t.
d g
EOI=Yo[J(1+6)"7  Vi=(1,....ta) eR".
j=1

Note that Assumption 1(1) is very weak and it is verified for many distributions,
including centered multivariate Laplace and Gaussian ones. Note also that this as-
sumption always holds with ¢ = 1 — 2« if & < 1/2. Additionally, it holds with
e =1 — « if g is a real positive function. The latter is true, in particular, for any
probability law obtained by an even number of convolutions of a symmetric distri-
bution with itself. At last, our Assumption 1(1) is weaker than the conditions im-
posed in Hesse (1995) and Yuan and Chen (2002). In these papers, g € CO (R,
g(t)#0foranyt e R and |1 —a +ag(t)| > 1 —a forany t € R?. As to Assump-
tion 1(2) [cf. (1.4)], it is much more restrictive. The centered multivariate Laplace
law is an example in which this condition is satisfied.

2. Pointwise selection rule and L ,-norm oracle inequality. To present our
results in an unified way, let us define ji(o) = i, =1, p(a) = (0,...,0), a €
[0,1). Let K : R4 — R be a continuous function belonging to 1L (]Rd), fR K=1,

and such that its Fourier transform K satisfies the following condition.

ASSUMPTION 2. There exist k; > 0 and k, > O such that

5 d u @ 5 d
/d KOO+ di <k, fd KO T+ dr <k3.
R . R .
j=1 j=1
Set H = {eX, k € Z} and let ’Hdz{ﬁz(hl,...,hd):hj eH,j=1,...,d}.
Define for any h = (h1, ..., hg) € H?

d
-1 d
Ky =V K@/ h,....ta/ha),  1€R, Vi =]]h;.
j=1
Later on for any u,v e R the operations and relations u /v, uv, u Vo,u Av, u > v,

au,a € R, are understood in coordinatewise sense. In particular, # > v means that
uj>vjforany j=1,...,d.
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2.1. Pointwise selection rule from the family of kernel estimators. For any he
(0, 00)?, let M (-, h) satisfy the operator equation

Q1) Kiyn=d —oz)M(y,ﬁ)-l—a/Rdg(t—y)M(t,ﬁ)dt, y eRe.

Note that although the explicit expression of M (-, fz) is not available, its Fourier
transform can be easily deduced from (2.1); see Section 5.1.2. Define

n
fi)=n""Y"MZ —xh, xeR‘hen
i=1
Our first goal is to propose for any glven x € R? a data driven selection rule from
the family of estimators F (H) = { fh (x), he H}, where H is an arbitrary subset of
H?. Set for any he?# and x € RY

0, (x.B) = /20~ 1, ()52(x. ) + n—lMoo,\ (h)]_[h (hj A 1)"H @),
j=1
where we have put 52(x, B) = % " M*(Z; — x,ﬁ) and
d

An(h) = 41n(Moo) + 610 (n) + 8p +26) > [1+ p ()]
j=l1

=[@m) e K 11ge1 + Yo 'kila1}] V 1.

Pointwise selection rule. Let H be an arbitrary subset of #H<. For any heH
and x € R?, introduce U (x, h) = SUP; s U, (x,1),

Rj(x) = §u1€ﬂ[|f,;v,7(X) — [i00)| =40, (x, 1 v 1) — 40, (x, )],
ne
(22)  h(x) = arg inf [R; (x) + 8T (x, h)].
heH

Our final estimator is J/‘l:l(x)(x), x € R? and we will call (2.2) the pointwise selec-
tion rule. Note that the estimator f]:l(_)(-) does not necessarily belong to the col-

lection F(H) since the multibandwidth ﬁ( ) is a d-variate function, which is not
necessarily constant on R?. The latter fact allows to _take into account the “local
structure” of the function to be estimated. Moreover, h( ) is chosen with respect to
the observations and, therefore, it is a random vector function.

2.2. Ly-norm oracle inequality. Introduce for any x € R? and i € H?

Uity = sup UyCed Sie )= [ K =07 v,

neHd: 77>h
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where we have put

Un(, ) = 20 (2, 1)+ T Mook, <n>HnJ (nj A D)@
j=1

and 2 (x, ) = fra M?(t — x, Dp(1)va(dr).
For any H € H¢, h € H and x € R introduce also

BY(x, f) = sup |Si£vﬁ(x’ ) — S;(x,
neH

(2.3)
By (x, f)=|S;(x, £) — fF(x)].

THEOREM 1. Let Assumptions 1 and 2 be fulfilled. Then for any H C H¢,
n>3,pell,o00) andany f € Fg(R)

A : * xc 7 -1
Ry 12 | 108 2BEC ) + B )+ 4907 G|+ Cpn ™2,

The explicit expression for the constant C, (independent of f, n and H) can
be found in the proof of the theorem. Later on we will pay attention to a special
choice for the collection of multibandwidths, namely

He po=lheH! h=(h,....h), h e}

1sotr *

In Section 4, the selection from the corresponding family of kernel estimators
will be used for the adaptive estimation over the collection of isotropic Nikol’skii
classes. Note also that if H = #H¢ _ _then obviously

isotr

BX(.f)<2 sup  Bi(.f)  Vh=(h,....h)eHly
ﬁe%ﬁotr:nih

and we come to the following corollary of Theorem 1.

COROLLARY 1. Let Assumptions 1 and 2 be fulfilled and the selection rule
runs H = ’Hlsotr Then for any n > 3, p € [1,00) and any f € Fg(R)

R fyr F1< | inf {5 sup  Bi(-. f) + 49U ] H +Cpn 1.

heHlsotr neHlsolr n<h

The oracle inequality proved in Theorem 1 is particularly useful since it does
not require any assumption on the underlying function f (except for the restric-
tions ensuring the existence of the model and of the risk). However, the quantity
appearing in the right-hand side of this inequality, namely

H;n}{ﬂ{28 (o f)+ B (-, f) + 49U (., h)}H
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is not easy to analyze. In particular, in order to use the result of Theorem 1 for
adaptive estimation, one has to be able to compute

sup | inf (2B, )+ By ) +49U; (. )|
feF " heH p

for a given class F C L, RHN Fq (R) with either H = He or H= Hi‘iotr. It turns
out that under some nonrestrictive assumptions imposed on f, the obtained bounds
can be considerably simplified. Moreover, new inequalities will allow us to better

understand the way for proving adaptive results.

3. Abstract upper bound theorem. Define Yu € [1, co], D > 0,
Feu(R, D):={f €Fe(R): (1 —a) f +alf xg] € BL) (D)},

00)

where IB%EL 4 (D) is the ball of radius D in the weak-type space Lu,w(Rd), that is,
BOY (D) = (1R - R |[Aluco < D). where

[AMlu,00 = Inf{C : vg(x : [A(x)| > 3) < CY37", V3> 0}.

As usual B (D) = Bog,4(D) and obviously BLY (D) By 4(D).
It is worth noting that the assumption f € Fg y(R, D) simply means that the

common density of the observations p belongs to Bl(ffl)(D). Our objective is to

bound from above SUP R R;,p) [f}l(.), flforany F C F, w(R, D)NBg 4(D), where
q €[1, oc]. Since F is an arbitrary set, this bound can be applied to the adaptation
over different scales of functional classes. In particular, the results below form the
basis for our considegation in Section 4.

Introduce for any i € H¢

Jinn+ X9 [Inky| 6ol Inn+ 34 Inhy|
Na lh%(hj/\l)ﬂj(a)’ ! nI19o hjthy A TR
=1"J

Furthermore let H be either H¢ or HZ

1Sotr

Fo(h) =

and for any v, z > 0 define

H) ={heH:Gu(W) <av),  Hv,2) = {h € H): Fy(h) < avz 7).

Here, a > 0 is a numerical constant whose explicit expression is given in the begin-
ning of Section 5.2. Put also for any v > 0, Ig(v) = v?~1(1 +|1n (v)I)Z(H), where
t(H)=d —1if H=H and r(H) =0 if H = H¢

1sotr*

REMARK 1. Note that whatever the values of v > 0 and z > 2, $H(v) # @ and
(v, z) # J since one can find b > 1 such that

(Inn+dnb)(nb?) ™" <[a*v?z"'] Aav.
The latter means that b = b,...,b) e H(v,2) NH(v).
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All the results in this section will be proved under an additional condition im-
posed on the kernel K.

ASSUMPTION 3. Let K (x) =19, K(x;),x € RY, where K: R — R is a
compactly supported, bounded function and [ IC = 1.

Without loss of generality, we will assume that ||K|o > 1 and supp(K) C
[—cx, cxc] with ¢ > 1.

Introduce the following notation. Set forany h e Hand j =1,...,d
by ()= / K@) f(-+uhepviu)— O, busj()= sup b, .(),
R neH:n<h
where (e, ..., ez) denotes the canonical basis of R?. Introduce Vs € [1, 00]
Bj,s,F(h) = sup Z Hb;lk,f,] Hs’
JE€F her:h<n

B s r(h) =sup [|bn 75, j=1,....d.
feF

Foranyv>0and j=1,...,d,set V;j(v) ={heH :Bj - r(h) <cv}and
Jhyvy={je{l,...,d}:hjeV;)}, heH,

where ¢ = (20d) " '[maxex || Klloos IKI11)17¢. As usual the complement of

J (71 ,v) will be denoted by J (E, v). Furthermore, the summation over the empty
set is supposed to be zero.
For any 5 = (s1,...,54) € [1,00)¢,u> 1 and v > 0 introduce

(3.1)  A;@,F,u)=inf inf > v—sf'[Bj,sj,F(hj)]“f+z—“];
=2henal, T
Jj€J (h,v)

(3.2) As(.F)= inf | > U—Sf[Bj,sj,F(h,»)]‘f+v—2F,$(fz)]
hesH()b . 5=
jeJ(h,v)

Since the sets $(v) and $H(v, z) both depend on n, the quantities above depend on
n as well. We omit this dependence to simplify the notation.

THEOREM 2. Let assumptions of Theorem 1 be fulfilled and suppose ad-
ditionally that K satisfies Assumption 3. Then for any n >3, p > 1,q > 1,
R>1,D>0,0<v<v<oo,uc(p/2,00l,u>q,se (1,00, gelp,o0)
and any F C Bq 4(D) NFg u(R, D)

R v
sup Ry F1<CP |:IH(2) + /v " Az (v, F,w) A Az (v, F)] dv
fe v

1

P 1

+vPA; (@, F, u)} +C,n 2.
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If additionally q € (p, 00), one has also

supR” [y f]<c<2>[zH(v)+/ VP Az (v, F,u) A Az(v, F)]dv

1

+ 7~ q:| +Cpn 3,
Moreover, if @ = 00 one has

R 7
spR{Y Ly /1% € (1@ + [0 A, Fow) A A0, )]y
S v

1

A;@.F, u)}” +Cpn 1.

Finally, if H = Hmtr all the assertions above remain true for any s € [1, 00)? if
one replaces in (3.1)—(3.2) Bj,sj,]F(~) by Bj’sj’F(-).

In all the assertions, the third terms are assumed to be zero when v = co.

19, It is important to emphasize that C® depends only on s, 7, g, K,d, R, D,u
and q. Note also that the assertions of the theorem remain true if we minimize
the right-hand sides of the obtained inequalities w.r.t. 5, g since their left-hand
sides are independent of s and ¢. In this context, it is important to realize that
C® =@, ...) is bounded for any 5 € (1, 00)¢ but C? (5, ...) is unbounded
if there exists j =1, ..., d such that s; = 1. Contrary to that C @5, ...) < oo for
any 5 € [1, 0c0)4 if H 7—[ and it explains in particular the fourth assertion of
the theorem.

20 It is worth noting that all the bounds presented in the theorem are mostly
based on the result given in (5.39) of Section 5.2. This is an L ,-norm oracle in-
equality on Fg w(R, D) N Bg 4(D) having independent interest. In particular, it
does not require Assumption 3 and it is established for any compactly supported
K satisfying Assumption 2.

30, Note also that D, R, u, q are not involved in the construction of our point-
wise selection rule. That means that one and the same estimator can be actually
applied on any F C Ug, p u,qBq.a(D) N Fgu(R, D). Moreover, the assertion of
the theorem has a nonasymptotical nature; we do not suppose that the number of
observations n is large.

49, As we see, the application of our results to some functional class is mainly
reduced to the computation of the functions B s r(-), j =1, ..., d, for some prop-
erly chosen s. Note however that this task is not necessary for many functional
classes, at least for the classes defined by the help of kernel approximation. In-
deed, a typical description of I can be summarized as follows. Let A; : Ry — R,

isotr
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be such that A;(0) =0,A; 1 for any j =1,...,d. Then the functional class is
defined as a collection of functions satisfying

(33) Ibn1jllry <7j(0)  VheH

for some 7 € [1, oo]. It yields obviously Bj’rj’]y(-) <Aj() forany j=1,...,d,
and the result of Theorem 2 remains valid if we replace formally B; , r(-) by
Aj(+) in all the expressions appearing in this theorem.

In the Appendix (proof of Lemma 4), we show that for some particular kernel
K*, the anisotropic Nikol’skii class N; d(,B L) is included into the class defined

by (3.3) with A j (h) = hﬁJ whatever the values of ,8 LandF.

4. Adaptive estimation over the scale of anisotropic classes. As we have
seen, the estimator f; depends on H and later on we will consider two choices of

the set H, namely H = H¢ and H = ’Hﬁotr So, to present our results we will write

fﬁ g to underline the aforementioned dependence.

4.1. Anisotropic Nikol’skii classes. Let (eq,...,ez) denote the canonical ba-
sis of R?. For some function G : R¢ — R! and real number u € R define the
first-order difference operator with step size u in direction of the variable x; by
Ay jG(x)=G(x +ue;)—G(x), j=1,...,d. By induction, the kth order differ-
ence operator with step size u in direction of the variable x; is

k
_ k
AL G =7, A G =) (- <Z)Aul,jG(x).
=1

DEFINITION 1. For given vectors, ,B B1, ..., Ba) € (0, oo)d r= (rl, e,
rq) € [1, 0014, and L= (Li,...,Ly) € (0,00)? we say that a function G : R? —
R! belongs to the anisotropic N1k01 skii class N,,d(,B, L) if |G|, < L; for all
J=1,...,d and there exists natural number k; > 8; such that

|aYGl, <Lijlulf  VueRYj=1.....d.

If Bj =B € (0,00),rj=re[l,oo]land L; =L e (0,00) forany j=1,...,d
the corresponding Nikol’skii class, denoted furthermore Ny 4(B,L), is called
isotropic. The following quantities related to the parameters of the Nikol’skii class
will be very important in the sequel:

1 4 2p () +1 1 4 2p () +1

VRN 9
Bijrj

Bla) Z Bi w(a)

j=1

j=1
d et
Le)=[]L; "

j=1
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Define also forany 1 <s < oo and @ € [0, 1]

o ($) =w(@)(2+1/8@)) —s, t(s)=1—1/w(0) + 1/(sB(0)).

4.2. Construction of kernel K. We keep Assumption 2 and enforce Assump-
tion 3 by Assumption 4 below related to the following specific construction of ker-
nel K used in the definition of the family of estimators { fh( ), he H?Y [see, e.g.,
Kerkyacharian, Lepski and Picard (2001) or Goldenshluger and Lepski (2014)].
Let £ be an integer number, K : R' — R! be a compactly supported continuous
function satisfying [p1 K(y)dy = 1. Put

(e 1
K=Y ()(—D’“;ic(%),

i=1
and add the following structural condition to Assumption 2.

ASSUMPTION 4. K (x) =[1%_ Ke(x;), Vx € RY.

4.3. Main results. Set 8, = L(@)n"'1In(n), t(H) =d — 1 if H= H< and

t(H) =0if H=H{  and let
[ln(n)]t(H) 0 (p) > po(@):
b, (H) _ 11'11 (n) Vv [ln(n)]t(H) Hy (p) = pw(a);
lnP (n), »#a(p) =0;
1 otherwise.

4.3.1. Bounded case. The first problem we address is the adaptive esti-
mation over the collection of the functional classes {Nj d(ﬂ L) NFg(R) N
Boo.a(0)} FiL.R.O The results obtained in Theorem 3 together with those from
Theorem 2 in Lepsk1 and Willer (2017) show that the boundedness of the function
belonging to Ny d(,B L) N ¢ (R) is a minimal condition allowing to eliminate the
inconsistency zone, as it was conjectured in Lepski and Willer (2017). Define

1-1/p
[~ o@+1/p@ ez re);
ﬂ, 0 <% (p) < po(a);
) = 1 2@ +1 -
pe@pO) #a(p) =0.7(00) > 0;
z(a)
%, #a(p) =0, 7(00) <0.

THEOREM 3. Leta €[0, 1], £ € N* and g € L1 (R?), satisfying Assumption 1,
be fixed. Let K satisfy Assumptions 2 and 4:
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N

(1) Then for any p € (1,00), Q >0, R >0, Lo >0, B € (0, £, 7 € (1, 00]¢
and L € [Lo, oo)d there exists C < 00, independent on, such that

lim sup _sup bn(Hd)_I(S;p(“)Rg‘)[ﬁl’Hd; fl1<C.
"0 feN; 4 (B,L)NFg(R)NBoo,a(Q)

(2) Forany pe (1,00), 0>0,R>0,Ly>0,8€(0,¢],re[l,00] and L €
[Lo, 00) there exists C < 00, independent of L, such that

. R -~
o) S PORY 0 1 f1=<C.
n—>00  feNp 4(B,L)NFg(R)NBoo,qa(Q) isotr

lim sup sup b, (H

19 Our estimation procedure is completely data driven, that is, independent
of ,é ,7, L, R, Q and the assertions of Theorem 3 are completely new if o # 0.
Comparing the results obtained in Theorem 3 with those proved in Theorem 2 in
Lepski and Willer (2017), we can assert that our estimator is optimally adaptive if
#y(p) < 0 and nearly optimally adaptive if 0 < 2, (p) < pw(a). The construction
of an estimation procedure which would be optimally adaptive when s, (p) > 0
is an open problem, and we conjecture that the lower bounds for the asymptotics
of the minimax risk found in Theorem 2 in Lepski and Willer (2017) are sharp
in order. This conjecture in the case o = 1 is partially confirmed by the results
obtained in Comte and Lacour (2013) and Rebelles (2016). Since both articles
deal with the estimation of unbounded functions we will discuss them in the next
section.

20, We note that the asymptotic of the minimax risk under partially contami-
nated observations, o € (0, 1), is independent of « and coincides with the asymp-
totic of the risk in the direct observation model, ¢ = 0. This phenomenon was
discovered in Hesse (1995) and Yuan and Chen (2002). In the very recent papers,
Duval (2017) and Lepski (2018), the particular case ¥ = (r,...,r), r € (1, 00)
was studied. In Duval (2017), the isotropic classes, compactly supported densi-
ties and o < 1/2 were considered and a nearly optimally adaptive estimator was
built via wavelet thresholding. In Lepski (2018), the anisotropic classes on R? with
r = p were studied under the same condition o < 1/2, except for the case p = 2,
in which @ € (0, 1), and an optimally adaptive estimator was built via a plug-in
method.

30, As to the direct observation scheme, a = 0, our results coincide with those
obtained recently in Goldenshluger and Lepski (2014), when pw(0) > s(p).
However, for the tail zone pw(0) < s¢9(p), our bound is slightly better since the

d ..
bound obtained in the latter paper contains an additional factor In» (n). It is in-
teresting to note that although both estimator constructions are based upon lo-
cal selections from the family of kernel estimators, the selection rules are differ-
ent.
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49 Let us discuss the results corresponding to the tail zone, 4 (p) > pw(a).
The lower bound for the minimax risk is given by [L(c)n™']?® [see Lepski and
Willer (2017)], while the accuracy provided by our estimator is

[In(n)] ™ [L(a)n~! 1n(n)]"("‘>

As it was mentioned, the passage from [L(c)n~'1?@ to [L(a)n~!In(n)]?@
seems to be an unavoidable payment for the apphcatlon of a local selection
scheme. It is interesting to note that the additional factor [In(n)]'®™ disappears in
the dimension d = 1. First, note that if @ = 0 the one-dimensional setting was con-
sidered in Juditsky and Lambert-Lacroix (2004) and Reynaud-Bouret, Rivoirard
and Tuleau-Malot (2011). The setting of Juditsky and Lambert-Lacroix (2004)
corresponds to r = 0o, while Reynaud-Bouret, Rivoirard and Tuleau-Malot (2011)
deal with the case of p =2 and 7(2) > 0. Both settings rule out the sparse zone.
The rates of convergence found in these papers are easily recovered from our re-
sults corresponding to the tail and dense zones. Also, we remark that the afore-
mentioned factor appears only when anisotropic functional classes are considered,
as can be seen in the second assertion of Theorem 3. A natural question is whether
the [In(n)]¢~!-factor is an unavoidable payment for anisotropy of the underlying
function or not?

59, We finish our discussion with the following remark. If o # 1, the as-
sumption f € Fy o (R, Q) implies in many cases that f is uniformly bounded
and, therefore, Theorem 3 is applicable. In particular, it is always the case if
the model (1.2) is considered. Indeed f, g € ‘B(Rd) in this case, which implies
I Flloo < (1 —a) Hplloo < (1 —a)~1Q. Another case is ||g]loc < 0o and recall
that this assumption was used in the proofs of Theorems 1 and 2 in Lepski and
Willer (2017). We obviously have that

Ifllo < —a) ' [Q+aRlglloo]-

More generally, ||flleo < (I — &)™ (Q + aD) if f € Fe 00(R, Q) and
| fxglloo < D. Since the definition of the Nikol’skii class implies that || f ||+ < L*,
where r* =sup;_; ,rjand L* =sup;_; 4 Lj, thelatter condition can be ver-
ified in particular if ||g|l, < 00, 1/g =1—1/r*. All these facts explain why, under
our general assumption f € Fy o (R, Q), we study the estimation of unbounded
functions only in the case o = 1.

4.3.2. Unbounded case, o = 1. The problem we address now _is the
adaptive estimation over the collection of functional classes {N; ;(8,L) N

Fg 00(R, Q)} FLR.Q" Since, if ||glloc < 00, then g oo (R, Q) = [F¢(R) for any
0O > R| glloo, ‘there 1s no consistent estimator if either p=1or %O,(p) <0,
T(p) <0,max;—y, 4r; < p in view of Theorem 1 in Lepski and Willer (2017).
For this reason, later on we will only consider the parameters ,é , 7 belonging to the
set P, j; defined below:

P = 0,000 x 11,001\ (.71 50(p) 0.2 <0, max = p).

.....
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Set z(@) = w(@)2+ 1/8(x))B(0)t(c0) + 1, p* =[max;—;__. 4r;] V p and let

.....

1-1/p .
[~ o@ + /8@ ap)>pe@):
ﬂ’ 0< %a(p) < pa)(oz);
M’ #a(p) <0,7(p*) > 0;
z(a)
w(ot)(l—P /P)’ %a(p)f(),f(l?*)io
#o(P¥)

We will assume 0/0 = 0, which implies in particular 1};’(’;41;’ =0 if p* = p and

24 (p) = 0. Note also that ¢, (p*)/p* = —1 if p* = co.

THEOREM 4. Let £ € N* and g € L1(RY), satisfying Assumption 1 be fixed
and let K satisfy Assumptions 2 and 4:

(1) Then forany p > [min;—; . ,uj]_l, R,0>0,0<Ly=<Ly <00, (,5, r) e
Py N{(O, 217 x (1, oo]d} and L € [Lo, Loo]? there exists C < 00, independent
of Z, such that

lim sup sup bn(Hd)_IS,,_Q(I)RE,n)[fRHd§ fl1=C.
N0 feN; 4(B.L)NFyg 00(R, Q)

(2) For any p > [minj—;,_ p;]7', R,Q > 0,0 < Lo < Loy < 00, (B,T) €
Py N{(0, €] x [1,00]} and L € [Lo, Loo] there exists C < 00, independent of
L, such that

. —] a— -~
lim sup sup b (i)~ 82 ¢ VR U 5 F1=C
n—>00 feNr 4(B,.L)NFg 00(R,Q) oo

1°. Note that || g|l1 < 00, lIglleo < 00 implies that ||g|l» < oo and, therefore, the
Parseval identity together with Assumption 1 allows us to assert that

Iglloo <00 = pu;j>1/2 Vj=1,...,d.

Hence, the condition p > [min;—;  u j]_l is automatically checked if p > 2 and
llglloo < 00. Also, it is worth noting that considering the adaptation over the col-
lection of isotropic classes, we do not require that the coordinates of ;i would be
the same. The latter is true for the second assertion of Theorem 3 as well. At last,
analyzing the proof of the theorem, we can assert that the second assertion remains
true under the slightly weaker assumption p > d (@1 + - -+ + iq) .

20, The assertion of Theorem 4 has no analogue in the existing literature ex-
cept for the results obtained in Comte and Lacour (2013) and Rebelles (2016).
Comte and Lacour (2013) deals with the particular case p =2, ¥ = (2,...,2)
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while Rebelles (2016) studied the case 7 = (p, . s D), p € (1,00). It is easy to
check that in both papers whatever the value of B and i, the corresponding set
of parameters belongs to the dense zone. Note also that the estimation procedures
used in Comte and Lacour (2013) as well as in Rebelles (2016), if p > 2 (both
based on a global version of the Goldenshluger-Lepski method) are optimally
adaptive. They attain the asymptotic of the minimax risks corresponding to the
dense zone found in Theorem 1 in Lepski and Willer (2017), while our method is
only nearly optimally adaptive. However, it is well known that the global selec-
tion from the family of standard kernel estimators leads to correct results only if
F=(p,...,p) when the L ,-risk is considered; see, for instance, Goldenshluger
and Lepski (2011, 2014). On the other hand, estimation procedures based on a
local selection scheme, which can be applied to the estimation of functions be-
longing to much more general functional classes, often do not lead to an optimally
adaptive method. Fortunately, the loss of accuracy inherent to local procedures is
logarithmic w.r.t. the number of observations.

30, Together with Theorems 1 and 2 in Lepski and Willer (2017), Theorems 3
and 4 provide the full classification of the asymptotics of the minimax risks over
anisotropic/isotropic Nikol’skii classes for the class parameters belonging to the
sparse zone and, up to some logarithmic factor, belonging to the tail and dense
zones as well as the boundaries. We mean that the results of these theorems are
valid for any fixed ,B € (0,00)¢,7 e (1, 00]¢ and Le (0, 00)?. Indeed, for given /3
and L one can choose Lo=minj—;  4Lj, Lo =max;— g4 L; and the num-
ber ¢, used in the construction of kernel /¢, as any integer strictly larger than

max;=1,...d Bj-

.....

5. Proofs of Theorems 1-2.

5.1. Proof of Theorem 1. The main ingredients of the proof of the theorem are
given in Proposmon 1. Their proofs are postponed to Section 5.1.2. Introduce for
any h € H:

> 1Z > -
b, ) = Y [M(Zi—x,h)—EfM(Zi —x, )],  xeR
i=1

PROPOSITION 1. Let Assumptions 1 and 2 be fulfilled. Then for any n > 3 and
any p > 1:

o |, | s [l e, ol = Ui o) foatan) < G,

(ii) / JEf[ sup [T, (x, h) — 3Un(x,ﬁ)]fr}vd(dx) <Chn %,
R4 heHd

(iii) /Ef[sup [Un(x,ﬁ)—4t7n(x,12)]ﬁ}vd(dx)§C/n—%.
R hed P
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The explicit expression of constant C;, and C;, can be found in the proof.

5.1.1. Proof of the theorem. We start by proving the so-called pointwise oracle
inequality for losses.

Pointwise oracle inequality for losses. Let h € H and x € R? be fixed. We have
in view of the triangle inequality

[ Fio @ = FO = [ B @) = Fago O] + [ Fgi @) = F )|
+1F00 = f)).
. First, note that obviously fﬁ(x)vﬁ (x)= fﬁvﬁ(x)(x) and, therefore,
[ Froni @) = Fio O = Fiviio @) = Figny @)|
< Rj(x) + 40, (x, h(x) V 1) + 40, (x, h(x)).

(5.1)

10

Moreover, by definition, U,, (x n < U *(x 1) for any i € H?. Next, for any h, ne
H? we have obviously U (x, hv 7)< U (x, h) A U (x, 7). Thus,

(5.2) | Facowi @) = Fan @) < Rji(x) + 8T (x, h(x)).
Similarly, we have
(5.3) | Faovi @) = [ (0] < Ry () + 8Ty (x, 7).

The definition of fl(x) implies that for any he H,
Ry ) + 80 (x, h(x)) + R;; (x) + 8T (x, h) < 2R (x) + 16T (x, )
and we get from (5.1), (5.2) and (5.3) for any h € H,
G4 @) = @] 22R;(x) + 1607 (x. 1) + | f(x) — £ ()]
20, We obviously have for any /1, 7j € H9,
| Fii ) = Hi)| < |EpM(Zy = x, 1 v i) =By M(Zy — x, 7))
+ &0 (e, bV )|+ [En e -
Note that, for any h € He,

E;M(Z) — x,h) = /Rd M(t — x, h)p(t)vy(dr)
—(1—a) /Rd M(t — x,h) f(t)va(dr)

+a/ M(t — x.B)Lf * g1(t)va(dr),
Rd



252 O. V. LEPSKI AND T. WILLER

in view of the assumption (1.1) imposed on the density p. Note that

(1-a) /R Mt —x.h) f (1)va(dr) +“/Rd Mt —x, h)Lf * g1(t)va(dr)

= [ r@la-ame-xb v [ Mabew -z + 0@
and, therefore, in view of the definition of M (-, fz) [cf. (2.1)], we obtain
(5.5) E;M(Z; —x,h) = /Rd Ki(z—x) f(2)va(dz) =: Sz(x, f)  VheH’.
We deduce from (5.5) that
B M(Z) —x,h v i) —EM(Z) — x,7)| = |Si05 60 ) = Si(x, )
and, therefore, for any h, ieH,
56 | Fii @) = Fr0)| < |85 x. {) — Sj(x, f)]
+ & (e b v |+ [Ea Cx, 1)

30, Set for any heH? and any x € R?
U(x) = Sup [|‘§n(x’ ﬁ)| - Un(xv ﬁ)]+a

neHd

@1 (x) = sup [Un(x, h) — 4T, (x, h)],,
heHd

@(x) = sup [Un(x, h) —3U,(x, b)],.
hend

We obtain in view of (5.6) that for any heH (since obviously hv ne H? for any
h,ij € HY)

(5.7) Rj(x) < BE(x, f) + 20(x) + 21 ().

Using the obvious inequality (sup, Fy — sup, Go)+ < sup,(Fo — Go)+ get

5.8) [Ty, h) =3U;(x,h)], < supd[ﬁn(x, i) = 3Un (x, )], =: @2(x).
neH

We get from (5.4), (5.7) and (5.8)
| Fany () = FO| <2BE(x, f) +4v(x) + 41 (x) + 48U (x, h)
+16m2(x) + | f;(x) — f(x)].
It remains to note that

| F7(0) = 0| < Bi(x, ) + [ (x, )| < B;(x, f) + Up(x, h) + v(x)
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and we obtain for any x € R4, putting z(x) = Sv(x) + 4w (x) + 162 (x),
| o @) = FO| < 2BE(x, f) + By (x, f) + 49U (x, h) + 2(x) Vh e H.

Noting that the left-hand side of the latter inequality is independent of h we obtain
for any x € R¢:

59 o) = )] = inf 2BF0x, )+ Bj(x, f) + 4907 (x, )} + 2(0).

This is the pointwise oracle inequality for losses.
Application of Proposition 1. Set for any x € R¢

Ry (x) = inf {2B}(x, f) + B (x. f) + 49U (x, h)}.
heH

Applying Proposition 1, we get from (5.9) and the triangle inequality

R sy /1= 1Ralp +5[/H;d1af{v(x)}ﬁ]” +4[/Rd Ef{wl(m}f’}”

1

+16] [ Erlmaeo)? |’

-1
2
b

<Rullp +Cpn
1 1
where C, =5(Cp)? + 20(C;,)F. The theorem is proved. [J
5.1.2. Proof of Proposition 1. Since the proof of the proposition is quite long

and technical, we divide it into several steps.

Preliminaries. We start the proof with the following simple remark. Let M(t, ﬁ), te
R4 denote tlle Fourier transform of M (-, #). Then we obtain in view of the defini-
tion of M (-, h):

M, h)y=K@h)[(1 —a) +ag(—n]"",  reR?

19, Note that Assumptions 1 and 2 guarantee that M G, ﬁ) e L1 (RY) N L,y (RY)
for any h € H4 and, therefore,

M 1) <@ MC D]y, MG, =Qr) ™M),

Thus, putting /\/loo(fz) =M ]—[‘J’f':1 h;l(hj A 1D TR @ we obtain Vh e He

B, - . d _1
(5.10) [MC. D)o = Moo(h), MG )y <Ma[Thy (hy AT,
j=1

in view of Assumptions 1 and 2. Here, we have put

My =[2m) e IK l21g21 + Yy 'kalo=1}] V 1.
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Additionally we deduce from (5.10) for any heH?

d
.10 MGy < MEME T 72 (hy A 1)@
j=1

Let L(., h) be either M (-, h) or M2(., h) and let Eoo(h) denote either Moo(h) or
M2 (h).
We have in view of (5.10), denoting T (h) = Z‘;Zl[l +p ()]l In(h;)l,
(5.12) LRV Loo(h) < MLETH i eHe,
Additionally, we get from (5.10) and (5.11)

(5.13) 1£C. 1|2 < MEMEEATD i e He,

Set £(x, ) = \/ fea L2(t — x, H)p(1)va(dr) and note that in view of (5.13)
(5.14) fRd [o£ e ) Poa(dx) = [ £C 1)) < MEME T i el
Next, we have in view of (5.12)
(5.15) |0 2C )| o < Loo(h) < M2,

20, Define for any x € R? and hed

¢ECe, )y =n" Y [L(Z; — x,h) —EL(Z; — x, b)),
i=1

2u(x, h) =31In(n) + 8p +22)T (h) +2|In({o X (x, )} v {n ™32 Lo (W)})],

VEG, 1) = oL (x, bW 2n—12,(x, h) + (4/3)n " 2, (x, h) Loo (),

UL (x,h) = o (x, )y 2n=1h,(h) + 4/3)n~ " M (h) Loo (1),

where remind A, (1) = 41n(Mso) + 610 (1) + (8p + 26)T ().
Noting that SUP;ea,b] |lnz| <|Inal| Vv |Inb]| for any 0 < a < b < co we deduce
from (5.15) z, (x, h) <A (h) for any x € R? and, therefore,

(5.16) VEG,h) <UL(x,h)  VheH.

First step. Let x € R? and h € H be fixed. Put b =8 p + 22. We obtain for any
z>1and g > 1 by the integration of the Bernstein inequality

Ep{[¢5(x, h)| — 201205 (x, h) — (4/3)n " 2Loc ()}
<2T'(q + D[vV2n=16“(x, h) + (4/3)n" Loo(1)]? exp {2},

where I" is the Gamma function.
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10, Choose z = z, (x, h). Noting that for any n € N* and x € R?

V21265 (e, ) + (430 Loo(R) < 3Los(iyn ™
and taking into account that exp {—|In(y)|} < y for any y > 0, we get
Er{|¢5x, h)| - VEx, b))
G17) <2x310(q + Dn~ 37328 (e T ({0 L e )} v (=2 Lo (h)))?

< COn= 832 DTR (6L (e, )} v {073 Loo()}).

Here, to get the second inequality, we have used (5.12) and put Cél) = 2M§g 39 x
I'(g+1D._ B _ . _

Set X(h) = {x e R? : 6%(x,h) > n3? L (h)}, X(h) =R\ X(h) and later
on the integration over the empty set is supposed to be zero.

Putting C5” = C" M2M2., we have in view of (5.16), (5.14) and (5.17) applied
with ¢ = p that for any hend

(5.18) / _Ef{|¢E @, by — UE (e, )} va(dx) gc;}>n—%e<2l’+4—b>T<’3).
X (h)

29 Introduce the following notation. Forany i =1, ..., n, set

Vil 1) =127, - y—BLZi—xJ)lzn Locti)
and define the random event D(x, fz) =71, (x h) > 2}. As usual, the
complementary event will be denoted by D(x h) Set finally m(x, h)
P (Wi (x, h) = 1}. R R R
We obviously have |§£(x, h)|ID(le*) <3n" 'L (h) < UL(h) and, therefore,
(5.19) 1 o {|c50 b — UR(x, )P =
’ D(x,h) ’ ’ 4
Applying the Cauchy—Schwarz inequality, we deduce from (5.19) that
co 7 c 3 c 2
Ep{l¢5 e, | — U5, i} < %kum|UamV%w@m}
Using (5.17) with ¢ = 2p and (5.12), we obtain for any x € 2?(?1)
N - 7 - 1
(520)  E{[¢C0eh)| = UL, )! = COn "2 "D D(x, ))]2,

where we have put c = [C(1>]2M2 andc, =2p+2—>b/2.
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For any A > 0, we have in view of the exponential Markov inequality
P{D(x,h)} = Pf{Z\yi(x, h) > 2}
i=1

< e Metn(x, W+ 1—m(x, fz)]n

= e H(* = D (x, h) +1]"

<exp{—2x +n(e* — ) (x, E)}

Tchebychev inequality yields m (x, ﬁ) < nzﬁgoz(ﬁ)[a[’(x, fz)]2 and we get
P{D(x,h)} <exp{—22+n*LL2(W)[c%(x, )]} (" = 1)} VheH™

Note that the definition of X (fz) implies n3£goz(71)[a[’(x, fz)]2 < 1 for any x €
X (h). Hence, choosing A =1n2 — 21n {n3/2£gol (h)o“(x, h)} we have

P{D(x.h)} < (/ML) x. )]*  VxelX, (h).
It yields, together with (5.12), (5.14) and (5.20) and for any heH!

(5.21) / Ef{|¢E @, by = UG, )} va(dx) < c§,4>n—§e(2p+1°—b/2>“’7>,
X ()

where C;,4) = C;,3) (e/2)MgoM22. Putting CE,S) = Cl(f) + C;,4) and noting that 2p +
10 — b/2 < 0 we obtain from (5.18) and (5.21) for any i € H¢

(5.22) f JEAIeE0 )] = UE G i va(dx) < CPn B e@r10-b/2T),
R

39, Choosing L=M and L+, = Mo, we get from (5.22) and the definition of
b for any h € H:

(5:23) /1; E{[& (e, )| = Un(x, )} va(dx) < CPn~2e 70,
The first assertion follows from (5.23) with C), = C,(,5 ) Ykezd € i lkjl
Second step. Denoting x (x, ]Z) ={|62(x, ﬁ) —o2(x, ﬁ)| — U, (x, ﬁ)}+,
8, (x, ) = o™ (x, ) 2n=1a,(h) + (4/3)n " hy () M2 (R),
and choosing £ = M? and Lo, = M2, we get from (5.22) for any heHd,
(5.24) /d E{x”(x, ﬁ)}vd(dx) < CI(DS)n—ge(Zp—i-lO—h/Z)T(ﬁ).
R

Note that oM (x, I_i) < Moo(l_i)a(x, fz) and, therefore, for any x € R4,
U (x, 1) < Moo (W)U, (x,h)  YheH?.
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This implies
20 ()32 (x, h) < 20~ 0 ()0 (e, ) + 207 0y (W) Moo () Uy (x, 1)
+ 2017 Ry (M Moo () X * (x, h),
where we have denoted x *(x, E) = Mgol (ﬁ) X (x, ﬁ). Hence

(5.25)  On(x, ) < Up(x, ) + /20 3 (D) Moo (D) [Un (x, B) + 3% (x, )],

By the same reason,

(5.26)  Un(x, i) < Dy, )+ 201000 (1) Moo (D) [Un (. 1) + x* (6. ).
Note that the definition of ﬁn (x, ﬁ) and U, (x, l;) implies that
(5.27) 20~y (B Meoo(h) < (3/2) min[T,, (x, h), Uy (x, h)].

Using the inequality «/[ab] <27 '(lay| + |b/y]), y > 0 we get from (5.25), (5.26)
and (5.27)

Ua(x, i) < (14/3/2+ B/4)y)Un(x, h) + 2y) " x* (x, h);

Un(x, h) < (14 B/4)y) U (x, ) + 2y) " Upn(x, B) + 2y) " x*(x, h).

Choosing y = 1/2 in the first inequality and y = I in the second we get for any
xeRYand h e HY,

(5.28) [On(x. 1) = 3Un(x, )], < x*(x, h);
(5.29) [Un(x,h) — 40, (x, )], < x*(x, h).

Remembering that b = 8p 4 22 we obtain from (5.28), (5.29), (5.24) and (5.12)
for any h € H¢, denoting C,= M§£C§,5),

P

(5.30) /Rd E ([Un(x, 1) = 3Un (x, B)]F va(dx) < Cpn= 2T

(5.31) /Rd E[Un(x. 1) — 40, (x, 1)]? va(dx) < Chn=2e™ 7™,
The second and third assertions follow from (5.30) and (5.31). [

5.2. Proof of Theorem 2. The proof of the theorem is very long and techni-
cal and we break it on two parts, which in its turn are divided on several steps.

Introduce the following notation: ¢ = Ma+v/2D, c3 = WTW,

a ={196[(c1/c3) V (c2¢3)]} ",
where ¢3 =2max{4In(Moo), (8p + 26) maxj=1,... [l + p;(@)]}.
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5.2.1. Preliminaries. Recall that for any locally integrable function A : R? —
R its strong maximal function is defined as

1
vq(H)

(5.32) MA](x) := sup f A(r)dt,  xeRY,

H H
where the supremum is taken over all possible rectangles H in R with sides par-
allel to the coordinate axes, containing point x. It is well known that the strong
maximal operator A — 9[A] is of the strong (t, t)-type for all 1 <t < oo, that is,
if 2 € Ly(RY) then M[A] € L¢(RY) and there exists a constant Cg depending on t
only such that

(5.33) I9MAL] < Cellrlle,  te(1,00].

Let m[A] be defined by (5.32), where, instead of rectangles, the supremum is taken
over all possible cubes H in R with sides parallel to the coordinate axes, con-
taining point x. Then it is known that A — m[A] is of the weak (1, 1)-type, that is,
there exists Cy depending on d only s.t. for any A € L (R%),

(5.34) vafx t[mAI@)| =5 < i MIAl Vs> 0.

The results presented below deal with the weak property of the strong maximal
function. The following inequality can be found in de Guzman (1975). There exists
a constant C > 0 depending on d only such that

A A d—1
va{x : [MAI(x)| > 3} SCA;d | (:)l {1 + <ln+ | (:)|> }dx, 3>0,

where for all z € R, Iny (z) := max{In(z), 0}.

LEMMA 1. For any given d > 1,R >0, Q > 0 and q € (1, 0o] there exists
C(d,q, R, Q) such that for any X € By 4(R) NBq,4(Q),

valx M) =5} < Cd.q. R, Q)5 (1+ |G V3>0

The proof of the lemma is an elementary consequence of the aforementioned
result and can be omitted.

Recall also the particular case of the Young inequality for weak-type spaces;
see Grafakos (2008), Theorem 1.2.13. For any u € (1, oo], there exists Cy > 0
such that for any A1 € g (R%y and 2, € ]Lu,oo(Rd) one has

(5.35) A1 % A2llu,00 < CullA1ll1lA2]lu,00-

Let J denote the set of all the subsets of {1,...,d} endowed with the empty
set @. For any J € J and y G_Rd, set yy ={yj,jeJ}€ RIVI"and we will write
y=(ys,yj), where asusual J ={1,...,d}\ J.
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Forany j =1,...,d introduce the d x d matrix E; = (0, ..., e;, ..., 0) where,
recall, (ef, ..., e;) denotes the canonical basis of R?. Set also E[J] = Zjej E;.
Later on Eg = E[@] denotes the matrix with zero entries.

To any J € J and any A : RY — R, associate the function

ri(ys.zj) =AMz +EJ](y —2), y,zeR?

with the obvioug agreement Ay = A if J ={1,...,d}, which is always the case if
d=1.Forany h e H' and J {1,....d}, set Kj; ;(us) =[1je; b7 Ku;/h))
and define for any y € R?,

[Kj oMy = | Kj juj—ypi(ys.upvzuy),

R
where v, | is the Lebesgue measure on R, For any h .7 eHY, set
By 5(x. ) =S5 (x. f) = Six, f)].

LEMMA 2. Let Assumption 3 hold. One can find k € {1, ...,d} and a collec-
tion of indexes {ji1 < jo <--- < jx} €{1,...,d} such that for any x € R¢ and any
f:RY > R:

M»

Bﬁ,ﬁ(x’ = ([|Kﬁv7;| obhj,,f,jz]J,(x) +[IK5l 0 bhjl,fﬁjl]J,(x)L

.\
Il
_

M~

B (x, ) < ) [IKjlobn, 1]y, (), Ji={jt - i

N
I
—_

The proof of the lemma can be found in Lepski (2015), Lemma 2. Also, let us
mention the following bound which is a trivial consequence of the Young inequal-
ity and the Fubini theorem. If A € L¢ (R%), then for any t € [1, oo]

(5.36) sup |(K; o ALyl < IKCISIMe YR eH!.
Je

To any J € J and any locally integrable function A : RY — R, we associate the
operator

1
63D M@ =supi—rg— [ A EVI =Dy dr7).
' H v ) Jag, ( vy 7(dr

where the supremum is taken over all hyper-rectangles in R/ containing x j=
(xj, ] € J) and with sides parallel to the axis.

As we see, MMy[A] is the strong maximal operator applied to the function ob-
tained from A by fixing the coordinates whose indices belong to J. It is obvious
that My [A] = IM[A] and My 4y [A] = A.
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The following result is a direct consequence of (5.33) and of the Fubini theorem.
For any t € (1, 0o], there exists C¢ such that for any A € L¢(R%)

(5.38) sup [ [A]] < CellAlle.
JeJ

Note that Coo = 1.

5.2.2. Partl. For any h e and any v > 0, let
Bi(. f)=2BC. )+ Bj(. ). A, fiv)={xeR: By(x, f) =270},
Introduce for any v > 0 and f € F,; w(R, D)

A(u, f)=_inf [vg(Ah, f.v)) + v 2F2(h)].

hef(v)

AQ, fouy=inf inf [vg(A(h, f.v)+27",
222 hef(v,2)

Ap(v, fru)=inf _ inf |:/ _Bp(x, )P va(dx) + v”z“].
222 hef(v,z) LV A, £0)

Note that A ,(c0, f,u) =0. Let K be a compactly supported function satisfying
Assumption 2. The goal of Part I is to prove the following bound.

Foranyn>3,p>1,q>1,R>1,D>0,0<v<v<oo,ue(p/2,00],u>
qand any f € Fg y(R, D) NBgq,q(D),

= ]
Ry £12 €0l + [0 A, ) A A, fw)dy
v
(5.39) B
+A,@. f, u)] " 4Cpnr.
Here, CV is a constant independent of f and n. Its explicit expression can be
found in the proof of the theorem. We remark also that only this constant depends

on q. Since the risk of our estimator is independent of v, v > 0, we can minimize
the right-hand side of (5.39) w.r.t. these parameters.

Auxiliary results. Let us prove several simple facts. First, note that for any n > 3
for any h € H¢

d
(5.40) an(h) <c3 {ln )+ Iln(hﬂ!]-
=1
Next, it is easy to see that for any any n > 3 and 7, he (0,00) : 7 > h

Fu(i) < a0 JI(V3/ Vi), Gu(il) < Gu(I(V3/ V),
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where /(v) = v~!(1 4+ Inv). Since 7} > h implies V; > Vi and [(v) < 1 if v > 1,
we have
S4D)  Fy(i) <Fu(h),  Gu(i) <Gu(h)  Vii.he (0,000 :7j > h.
Then by (5.40) and the second inequality in (5.41), we have

AMooion (i
(5.42) sup ool (1)

< ¢3G,(h).
sendash InT19= iy A DRI

Now let us establish two bounds for ||U (-, ﬁ) loo-
1%a. Let u = co. We have, in view of the second inequality in (5.10) for any
ieH,

d 1
a(e, ) < VDM My <MD [ n; 2y ADTH@  VxeR?
j=1

It yields for any x € R? in view of the first inequality in (5.41)

(543)  sup 21 (ol i) < sup  cif/@Fa(i) < c1y/eFa(h).

HeH:>h ieHd:G>h
Then gathering (5.42), (5.43) and by definition of a, we have
(5.44) (U5, )| o < (196a) ™ [Fo(h) + G (h)].

1. Another bound for Uy, l;)llOO is available regardless of the value of u.
Indeed for any 7 € H? in view of the first inequality in (5.10)

d
o (6, ) < MG, )| <Moo [[ 07 j AR Vx eRY
j=1

It yields for any x € R? and any n > 3

sup /201 ()0 (x, i)
ieHd:i>h

In(n) + X5y 1n@mpl |2
< sup V2c3Ms \/ = /=1 _](a) < cn
iieMd:ij=h Vullj—injm; A D In (n)

Then gathering with (5.42) again, we have

Moo G (h).

(U )| o < V263Moo V (c263)/n/InnGy(h)  VheH.
Denoting f)[b] = (b, ..., b), we obtain from the previous bound

(5.45) inf |Ur(, ) < inf U (- bIb])| , =0.
heH b=1
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20, Let now u < oo. Let us prove that for any 3 > 0, s € {I,u} and any f €
]Fg,ll(Rs D)

(546)  va(xeR!: sup Up(x,ii, ) =3) <es[Dy 2 FIMW]
neHd:n>h

where we have put U2 (-, 7, f) = 2n~" 1, (i) % (-, 7)) and D=1ifs=1and D =
D if s =u. Indeed, if s = 1, applying the Markov inequality, we obtain in view of
the second inequality in (5.10) for any 77 € H¢

vl € BY Uy f) 2 3) <2008 " a @) [ 02 ipva)

=2(n3%) " MG MCL )2
o (77
TT4= iy A 1@

(5.47)

<2M3(n5") "

< c63 2 F2 ().

Here, we have put cg = ZMZZC%C_?, and to get the last inequality we have used (5.40).
To get a similar result if s = u, we remark that o2(-, 77) = M?(-, 7j) » p(-) and that
M?(-, 1) e Ly (R?) in view of the second inequality in (5.10). It remains to note
that f € Fg w(R, D) implies p € Bffj)(D) and to apply inequality (5.35).

It yields together with the second inequality in (5.10) for any 7 € He,

(5.48) va(x € RY Uy (x, 1, ) > 3) < [c6CuD3 2 FLD)]".

Denoting C = 1 if s=1 and C = Cy if s = u, we get from (5.47), (5.48)

va(x €R?: sup  Up(x,ii, ) =3) <[eeCD; 2 Y FEG.
neHd:n>h neHd:i=h

It remains to note that since 77, 2 € H? and 7 > h we can write 1 j=¢"ih; with
mj >0 forany j=1,...,d. Putting m = (my,...,my) € N9, the latter result
yields together with the first inequality in (5.41)

d s
- d . -
S FEM <FEM Y. (1 +5 jm_,-) e STI=M = ¢ F2(h).
feHd:f>h meN¢ Jj=1

Thus, (5.46) with ¢s = ¢7[c6C1* is established. )
30 Let cg > 1 be s.t. supp(K) C [—ck, ck 1¢. We have Vi € (0, co)?

NACHBIE K5t —x) f(t)va(dD)| < Qeg)? K (S]] £1]x).
R4
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If h = (h,...,h),h € (0, 00), the latter inequality holds with m[| f|] instead of
IM[| f1]. Thus,

(5.49) LD =3Ce) K looMu[l FIJ() + [ £ ()] ¥Vx eRY,

hel
where we have denoted My = M if H = H< and My = m if H = Hlsmr More-

over, we deduce from (5.49) and (5.45) putting T}, (x, f) = Bj(x, f) +49U, (., fz)
that

(5.50) flinlgl |T5(x, )] <3Qex) 1K llooMmll £1]0) + [ £ ().

Proof of (5.39). Put T(x, f) = infj, _y; |T;(x, f)| and introduce Cy=1{xe RY :
T(x, f) > v}, v > 0. For any given v > 0, one has

G5y T plp=p [ uCoavt [Tl .

Note that the second term disappears if one chooses v = co. Denoting W, = {x €
R4 : 49U (x, h) > 271y}, we have for any heHand v >0

(5.52) va(Cy) < va(A, £, ) +va(Wy(h, f));
(5.53) [T(x, |7 1e,(x) < 2P|B; (s O i s + 987 |UX(x, )| Ty, (x):
(5.54) va(Cy) < va(x € R :3Q2ck)|IK llooMu[| £1](x) + | £ ()] > v).

The last inequality follows from (5.50).
19, Set Uy (x, h, f) = supne%d n>hZ/{ (x,1, f). Noting that UJ(x, h) <

Uy (x, h, )+ (196a)~ 1G, (h) in view of (5.42), we get for any he H)
(5.55) Wy C {x e RY 149U (x, h) > 47w} := W),.
Applying (5.46) with s = 1, we deduce from (5.52) that

Vg (Cy) < va(Ah, f.v)) 4+ 196%csv 2 F2(h)  Vh € H(v).
Since the left-hand side of the latter inequality is independent of h, we get
(5.56) v4(Cy) < max[1, 196%¢c5]A(v, f).

20, Let us establish the following bounds, where cg is given in the paragraph
2%. below. For anyu € [1,o0] and v > 0,

(5.57)  va(Cy) <max[1,c5196%, ¢5s196* D a™]|{A (v, £) A A(v, f,u)}
and for any u € (p/2, oo],

(5.58) / IT(x, f)|”va(dx) <max[2”,98”co|A (v, f,u) Vv > 0.
Cy
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293, Let u = co. Note that minimum over z in the definition of A(-, -, 00) and
Ap(-, -, 00) is obviously attained for z = 2. Also, we remark that W, = & for any

he $H(v,2) in view of (5.44). Thus, we deduce from (5.52) and (5.53), since the
left-hand sides of both inequalities are independent of #,

(5.59) vd(Cy) = A(v, f,00), /c ITCx, )] va(dx) < Ap(v, f,00).
This inequality and (5.56) ensure that (5.57) and (5.58) hold if u = oo.
2%b. Let u < co. Applying (5.46) with s = u, we obtain in view of (5.55)
vaOWVy) < 519628 Dy M F2%(h) < ¢5196°° D% ™z Vh € H(v, 2).
It yields together with (5.52)
(5.60) va(Cy) < max[1, cs196°" D a* ] A (v, f, u).

This inequality and (5.56) ensure that (5.57) holds if u < co. _
What is more, we have in view of (5.42) and (5.55) for any & € $H(v),

U e, )P Ly, < 2P U (e, e, )P 1, -
Moreover, applying (5.46) with s = u, we have for any y > 0 and he HWw, 2)
vaOWVy) < c51962 DUy 2 F28 () < ¢51962 DYy~ 2% (av) ¥z 7",

Hence, if additionally u > p/2, we have for any he H(,z)

- oo ~
[ oz i lPraan <27p [Ty 0%) dy
N v

o0
< C51962“D“a2“2ppv2“z_“/ yPTImqy = cquP 7Y
v

This yields together with (5.53)
(5.61) / IT(x, £)]”va(dx) < max[2?,987co]A (v, f, ).
Co

This inequality ensures that (5.58) holds if u < co.

30, Recall that f € F ¢(R) implies that f € By 4(R). Since additionally f €
Bq,a(D),q > 1, Lemma 1 as well as (5.34) is applicable and we obtain in view of
(5.54) vg(Cy) < crov 11 + |lnv|)t(H) for any v > 0. It yields for any v > 0 and
p>1

v
(5.62) p/ v g (@) dv < 12?1 4 [Inw)) .
0

In the case of # (H) = 0, the last inequality is obvious and if # (H) = d — 1 it follows
by integration by parts. The bound (5.39) follows now from (5.51), where the
bound (5.62) is used when the integration is made over [0, v], the estimate (5.57)
for integration over [v, v] and the bound (5.58) with v = .
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5.2.3. PartIl. In the subsequent proof cy, ¢, ..., stand for constants depend-
ingonlyons,q,g,K,d, R, D,uand q.

19, We start with the following obvious observation. For any A : RY — R,
ieR?and J €3,

(5.63) [Kz oAy () < (2exIKlloo) My A (x) VxR
Putting C1 = QexclKlloo)?, we get for any ﬁ, 7 € H? in view of (5.63) and asser-
tions of Lemma 2 that

d d

B (. ) = 2C12 supMy[bp;, £, j1¢),  Bj(-, f) = Ci Z sup My [bn;. 1. j1C)-
j=1 Jeg j:]JGJ

Thus noting that the right-hand side of the first inequality above is independent of
17, we obtain

d
(5.64)  Bj(x, f)<5C1 Y supMylby, r;1(x)  VxeR? VheH.
j=1 JeJg
Applying (5.38) with t = oo, we have for any v > 0 in view of the definition of
J(h,v),

Bg(x,f>ssc1[ S supMylbn, 100+ Y sup||9ﬁj[bhj,f,,~]uoo}

jeitim 'S jed(hv '€
(5.65) <5C1 Y. supMylbn, 7 j]x)+5C1 > Bjor(h))
jedhv € jed(hv)
<5C; Y supMylby, fj1x)+47 v VfeF.
jedv S
We obtain for any f € F, v>0and 5 = (s1, ..., sq) € (1, 00)¢, applying con-

secutively the Markov inequality and (5.38) with t = s,

vl Adh £} < va(U U e SCM b1, 10 = ) 'o) )
JEJ jed(h,v)

(5.66) <cr Y vyl

jedv)

<c Z v [Bj,Sj,F(h_/)]sj-

jed,v)
Noting that the right-hand side of the latter inequality is independent of f and the
left-hand side is independent of 5, we get for any v > 0 and 5 € (1, 00)¢,

(5.67) cl_1 sup{A(v, /) AA(v, fiw)} < As(v,F,u) A As(v, F).
feF
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29, Note also that in view of (5.65), we have for any v > 0:

/ IBix )] va(dx)
A(h, f,v)

562/ -
ABTOT G
(5.68) +c3vPva| A, £, v))

=[ T |

jed G ALY

p
va(dx)

sup My [bp;, £,j1(x)
JeJ

p
sup M [bn; 1 /100)| va(dx)
JeJ

+v”vd{¢4(ﬁ,f, v)}]
Forany v >0and j=1,...,d, introduce A;(v) = A(ﬁ, f,v)nN Q_(j(v), where

A (v) =[x e RY s sup My (i 1,1106) = 40C) v}
JeJg

Noting that in view of (5.65) for any v > 0 and any j € f(ﬁ, v),

Aj(v)g {xeRd:SQ Z Sugﬁﬁj[bhﬁf’k](}c)zv/g}
ked (v k! €

c {x eR:5CT Y supMylby;, pal(x) = 0/8} =: A*(h, f,v),
ked(hv) '€
we deduce from (5.68) that for any g € [p, 00)?,

/A i B D@ < Y

jed(h,v)

sup M, (b, 7,/ 1x)| va(dx)

Ai(w) ' Jeg

+ csvp[vd{A*(l_i, i+ vd{A(ﬁ, fiv}]

<cg y, vPTU
jed(h,v)
+ C5vp[vd{A*(ﬁ, fivp+ vd{A(ﬁ, £}l
It remains to note that similarly (5.66) for any s € (1, 00)4

va{A*(h, f)} < e7 ) ()™ by, 73]
jel

(5.69)

"
Supm][bhj,f,j]H !
JeJ 4qj

and to apply (5.38) with t = g; to the each term in the sum appeared in
(5.69). All of this together with (5.66), applied with s = g yields for any v > 0
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ed d
and g € [p, 00)
[ B AP es Y 0P B m )]
A(h, f,v)

jed(h,v)
Noting that the right-hand side of the latter inequality is independent of f and the
left-hand side is independent of ¢, the we get

(5.70) ;u% Ap(v, fiw) <co’ Az (v, F,u) Yo >0,g €[p,00).
€

The first assertion follows from (5.67), (5.70) and (5.39).
3%, Remark that in view of (5.49) and (5.33) f € Bg,qa(D) implies
(5.71) 1B;¢. £)llg < B IKNLCq+1]D VR e (0,00),
where Cgq is the constant which appeared in (5.33). Hence for any v > 0 and q €
[p. o0).
(5.72) / B NP va(dx) <297 PP B, ] < cov? T
A(h, f,v)

Remind that H(v) # &, H(v, z) # J whatever v > 0 and z > 2; see Remark 1.
Hence, in view of (5.72) for any f,

Ap(v, fiu) < Zirg[qov”_q +z "] =crovP 4

It remains to note that the right-hand side of the obtained inequality is independent
of f and the second assertion of the theorem follows from this inequality, (5.67)
and (5.39).
49, Since Cs, = 1, we obtain in view of (5.71) for all f €Boo.a(D):
1B Pl = BCe)IKIG +1]D VR e (0,000,

It yields for any s € (1, 00) in view of (5.66) if q = oo,
/A i B D@0 e 3 0B )

JGJ_ (fl,v)
Since the left-hand side of the obtained inequality is independent of f and the
left-hand side is independent of 5 we conclude that

(5.73) sup A, (v, fow) <cppAz(v, F,u) Yv>0,5¢e(l, oo)d.
felF
The third assertion of the theorem follows now from (5.67), (5.73) and (5.39).
50. We have seen (Corollary 1), that B*( ) = 2sup,cqpp<n BiC, f) if h =

(h,...,h) e HE . Therefore, by the deﬁmtlon of B; (-, ),

isotr*

(5.74) Bi(.f)<5 sup Bj(f)<5 sup Zsup |Kiil o by 111,00,
neH:n<h neHn<hj 1/€3



268 O. V. LEPSKI AND T. WILLER

where, remind 7 = (1,...,1n) € Hlsotr We remark that (5.74) is similar to (5.64)

but the maximal operator is not involved in this bound. This, in its turn, allows to

consider 5 € [1, 00)?. Indeed, similar to (5.65) we have for any v > 0, applying

(5.36) with t = 00

(5.75) By(x, f)<5 sup sup[|1< loby 1,00 +47 v VfeF.
neH:n<h . je 7 (h )

We obtain for any f € F, v>0and 5 = (s, ..., sq) € [1, 00)? applying consecu-
tively the Markov inequality and (5.36) with t =,

va(Ah, fv)) Scia Y vTIBE R()]Y
jed,y)

We note that the obtained inequality coincides with (5.60) if one replaces B 5; ()
by B;,sj,]F(')' It remains to note that Bj’sj,F(.) < Bj,sj,IF(')- Indeed,

by, fj(x) = hm sup bh’f’j(x).
TP heHek<h<v

Therefore, by the monotone convergence theorem and the triangle inequality for
any s € [1, 00),

B () 5= sup v = sup Jim n | oswp b
heM:e—k<h<h y
< sup lim 125,75l = sup 125,755 =B s p (V).
feFk_)ooheH:eZ"shsh e fthegsh P

The fourth statement of the theorem follows now from (5.67), (5.70), (5.72) and
(5.39). O

6. Proof of Theorems 3 and 4. In the subsequent Eroof c,c,C,Cyq,...,
stand for constants that can depend on g, Lo, Lo, O, R, B, 7, d and p, but are
independent of L and n. These constants can be different on different appearances.
The proofs are based on the application of Theorem 3 and on some auxiliary as-
sertions presented below.

The bandwidth’s construction presented below as well as auxiliary statements
from the next section will be exploited not only for proving Theorems 3 and 4, but
also in the consideration forming some future Part II of this work. By this reason,
we formulate them in a bit more general form than what is needed for our current
purposes.

6.1. Special set of bandwidths. Let Joo ={j =1,...,d :rj = 00} and put
p+ = [sup jedn i1V p, where Jo is complimentary to Jx. Introduce
. = Bjt(px)
P+, J €T =L
. , yi=1 T
OO, _] e jOOs .
Iij

’ JejOO7
J € Jx-

6.1) g;=
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Let ¢ = (20d)_1[max(2c;ce I1Kellso, 1/Cell1)1~¢ and let L > 0 be any number sat-
isfying

(6.2) L<1A(C['e)A L.
Set for any r, s € [1, o0]

sw(a)(2+1/B(a))

7y (r,8) = -, a € [0,1].
¢ (s+w(@))
Recall that §,, = L(oz)n_' Inn and introduce for any v > 0, s € [1, oc],
1 sw (o) 1 sw(@)2+1/8(@))
(6.3) ﬂj(U,S) — (LLTl)ﬁj {Cl_28 }(s+w(oz))ﬁj j Uﬁj G+o@)B;r; :
0 su() 1 _su@Q+1/y(@)
(6.4) 'ﬁj (v,8) = ( ])V { *28 } Ctv@yyjaj g vp  SHu@rje;
2 1 2 1
Where Z [L](Ol)+ 1 Z IL](Q)‘F

J/(a) * (@)
The constant a > 0 w1ll be chosen dlfferently 1n accordance with some special

relationships between the parameters 8, 7, ji, « and p.

Determine k(-,s) and h;(-,s), j =1, ...,d, from the relations
(6.5) hj(,s) =max{h e H:h <7;(v,s)}, v>0;
(6.6) bj(v,s) =max{h e H:h <7;(v,s)}, v>0,

and set A(-,s) = (h1(,8), ..., ha(-,s)) and h(-, 8) = (B1 (-, S), ..., ba(-, 8)).

6.2. Auxiliary statements. All the results formulated below are proved in Sec-
tion 7. Let

2 __o@  o@@+1/B@)
3(v) =2(a778,) e@ruy  e@in u € [1, 00],

and remark that 3(-) = 2 if u = oo. Note also that

1
(6.7) 30) =2 Vo> (a728,) 7RO = v,

Introduce the following notation: p(a) =minj—y . 4 u;j(a),

L @ R A )
~2B(@)  28(0) _; Bi 2w 2w(0) _; Birj

Recall that z(o) = w(a)(2 + 1/8(a))B(0)T(c0) + 1 and define

(6.8) V= (a_25n)m, V= ((%0%5%53).

Set u* = [—7(00)B(0)]~" if 7(00) < 0 and let u* = oo if 7(00) > 0. Put finally
y=u*Vp*and Zyy(@) =Y —[X + 1]y~ + 1 /u.
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PROPOSITION 2. Let B, 7, Lo, Loo, [1, o and p be given. Assume that Le
[Lo, Lool?. Then:

(1) There exists a > 0 independent of L such that for all n large enough
h(v, 1) eH(v)  Yvely,1].

(2) There exists a > 0 independent of L and u > 1 such that E(V, u) €
(v, 3(v)) for all large n if either T(00) > 0 or Zy y(a) > 0, T(p*) > 0.

Recall that v — 0, n — o0, is defined in (6.7) and introduce
1 Y+1/u
(6.9) V1= (a_28,,) T—u/wO)+1780) V3 = (a_zan)_n(u)v()’

where 7 (u) = [1/w(0) — 1/u][1 4+ X]— 1/8(0)[Y 4 1/u]. Define also

uw(l)
(610)  F=Vlgpn=0 +V2lppn=o, V2= (aT78,) A0 W,

Note that vi — oo, n — 00, if co > u > u* v p* (it will be proved in Proposi-
tion 3 below). However, vy = 1 if u = oco. As it is shown in the proof of Propo-
sition 2, formulae (7.12), v < v for all n large enough. Also v; — oo, n — oo, if
»1(p*,u) < 0. At last v3 — 00, n — 00, since w(0) > w(1). Moreover, v3 = 0o
if w(u) <0. Introduce finally

[v, 1], p* =00,
[v, v1], a#1, p*<oo;

Ty(a) = — _ * .
[v’v]a a_lvp <OO, Zy,u(a)ZO,
[v, v3], a=1,p* <00, Zyu(x) <0.

PROPOSITION 3. Let B, 7, Lo, Loo, ii, @ and p be gil}en and let L e
[Lo, Loo]?, u € [y, ocl. Then there exists a > 0 independent of L and u such that
for all n large enough h(v,u) € H(v, 3(v)), v € Ly(a).

In the current paper, we will use the statements of Proposition 2 and 3 only with
u = 00. In this context, we remark that sz, () = 3¢, (-, 00).

We finish this section with the following observations which will be useful in
the sequel.

LEMMA 3. Foranyue€ (1,00] and a € [0, 1],
(6.11) Zyy(a) >0, r(p*) >0 = z@)/wl@)—1+2/u=>0;
(6.12) Zyu(@) 20,  7(p*) <0 = s(p*u)<0;
(6.13) »4(p*,u) <0, 1(p*)>0 = z(@)+tol@/u>0;
(6.14) T(00) >0 or Zyy(a)>0, 1(p*)>0 = z(a)+ow(@/u>0;
(6.15) w(@)+1/u—-1/y>0 = Zyuy(a)=0.
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The proof of the lemma is put into the Appendix.

1-1
Moreover, set r () = 1—1/w(a)—/i-pl//3(ot) A 2/3’?;‘))’11 f 22, (p*) > 0, one has

(6.16) o(@) =r(a), p(a) =r(@) A[w(@)/p].

If ¢, (p*) <0, one has
0 1 - p*

6.17) o) =r() A [%hw*»m + w(a)}(fa(pf) [p) 1{r<p*>50}];
0

(6.18) p(a) =r(a) A [%5)),3()1“(00»0} + %1{1(00)50}]

6.3. Several bounds. Let us collect some bounds for several terms appearing
in Theorem 2 and used in the proofs of Theorems 3 and 4 simultaneously. The
proof of the following lemma is put into the Appendix.

LEMMA 4. Forany v € [v,v]UZy(a),

A7 (v. N7 g(B. L), 00) < €18y @y~ @@CH/BE@) vy e T (a);

7 o) w@l/pa)
A (v, N;4(B, L)) < Cidy v o+ Vo e [v. v].

If additionally ©(p*) > 0, the following inequality with q defined in (6.1) holds:
o5 w@t(P)BO)
vPA;(v. Nz q(B, L), 00) < C28,
19. From now on, we choose v = v. In view of the first and the second bounds
from Lemma 4 and the definitions of v and v, we get

/l;v UP_I[AF(U’ N?,d(lg’ Z)? OO) A AF(U’ vad(ﬁ’ Z))] dv

(@) w(a)(24+1/B(a))
< [5;1”(“)“ XP—W

Lot (p)> poo(a))

(@) (@) (2+1/B(@))
L@ P T aak

Lot () <po(@))

(619) _|_8;0((1)1)[7_&’(0‘)(24‘1//3(0())1{%a(p)>0}

fso@grme@@H/BENy o

w ()

+1n (1) (8" sy (p)=poo (@)}

+ 8N oy (p)=0))]

—. A,,+czé,‘f(“)ip_w(a)@“/ﬂ(a))1{%u,(p)<0}-
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After elementary computations and taking into account (6.16), we obtain
(6.20) Ap <csbP(H)SPP@, A, < csb? (H)5Pe @,
These bounds are not surprising because o(«) = p(«) if s (p) > 0.

p—1
20. We have £51(v) < c68n 7“7 (Inn)' ™ | which yields by (6.16), (6.17)
and (6.18):

6.2 r(v) < b (8@, () < c1bf ()8

6.4. Proof of Theorem 3. Furthermore, F = N?,d(ﬁ, l_:) NFe(R) NBeo,a(Q).
Since [Fg (R) N Boo,a(Q) CFg 00(R, D) with D = Q[1 — o + «|g][1], Theorem 2
withu=o00,q=00, D = Q[1 —a + «|/g|l1] v Q is applicable with F = F.

19. Consider the case t(c0) < 0. Choose ¥ = 1 and remark that the statements
of Propositions 2 and 3 hold for any v € [v, v]. Indeed, it suffices to note that
Zoo(@) 2 [v,v] :=[v, 1], because vi,v2,v3 > 1l and v > 1 if 1(00) <0, t(p*) >
0, Zy, oo () > 0 since in this case v > 1 by (6.14). Then we can apply all the bounds
obtained above, in particular we get from the first inequality of Lemma 4

(6.22) A7 (1,N; 4(B. L), 00) < CiA1(1) < c68”@ < ceb? (H)SPP@,

since w(a) > pp(a) in both considered cases in view of the second equality in
(6.16) and of (6.18). Applying the third assertion of Theorem 2, we obtain from
(6.19), (6.20), (6.22) and (6.21)

Py 1
sup R [fiy» £1= Cl(c1 + s + e5+ co)bl ()27 < c7b, (H)5L
feF
and the assertion of Theorem 3 follows in both considered cases.

29, Consider the case 7(00) > 0.

Choose v = v and remark that the statements of Propositions 2 and 3 hold for
any v € [v, v]. Indeed, 7(00) > 0 implies v < 1 in view of (6.14) and, therefore,
[v, v] C Zoo (). We deduce from (6.19), (6.20), the third bound in Lemma 4, (6.21)
and applying the first assertion of Theorem 2 that

@@ (p)BO)

_ dl .
(6.23) }S(lelg):R,(lp)[fﬁ(,), F1<Clesdn @+ (c3+co)bl (H)SPP O] 7.

This completes the proof of Theorem 3 in view of (6.18).

6.5. Proof of Theorem 4. In the following, we assume p* < oo, since p* =
oo implies by definition of the anisotropic Nikol’skii class that N; 4(8, L) C
Boo.d(Lo). Hence, the results in that case follow from Theorem 3 since o(«) =
p(a) when p* = co.

Moreover, we remark that the imposed condition p > [min;—; . u j]_l implies
Zy (o) > 0 in view of (6.15) proved in Lemma 3. This, first, makes the second
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assertion of Proposition 2 applicable in the case t(p*) > 0. Next, it allows (recall
that p* < co and o = 1) to rewrite Zoo(1) which appeared in Proposition 3 as
Too(1) =[v,V].

19. Consider the case T(p*) > 0.

Taking into account that Le [Lo, Lol yveﬁremark that in view of Nikol’skii
(1977) [Theorem 6.9.1, Section 6.9] N; 4(B, L) C By 4(c9Lo), Where cg is in-
dependent of L. Thus, Theorem 2 is applicable with u =00, q = p* and D =
c9Loo VvV Q. Choose v = v and remark that the statements of Propositions 2 and 3
hold since Vv = v. The assertion of the theorem is obtained from (6.19), (6.20), the
third bound in Lemma 4, (6.21), (6.17) and the first assertion of Theorem 2 by the
same computations that led to (6.23).

20, Consider the case 7(p*) < 0. Since Zy (o) > 0, we have s (p*) <0
in view of (6.12) of Lemma 3. This in its turn implies that p* > p in this case
because we consider only class parameters belonging to P, j;. Since the defi-
nition of the anisotropic Nikol’skii class implies that N;,d(ﬁ, Z) C Bp+a(Loo),
we assert that the second assertion of Theorem 2 is applicable with u = oo,
q=p* and D = Lo Vv Q. Choose v = v, and note that V = v, in the con-
sidered case. Thus, we deduce from (6.19), (6.20), (6.21) and (6.17), denoting
F=N;4(B, L) NFg 00(R, Q),

)— w(1)2] (p.o0) o) (p—p™)

~ ( 1 (p*,00 1 (pF.00) 1L
sup R fyr 1= Clegdn 17 4 (c3+ c)bl ()8 + 6,717 1o
eF
and the assertion of the theorem follows in this case. Theorem 4 is proved.

7. Proofs of Propositions 2 and 3. Without further mentioning, we will as-
sume that 7 is large enough to provide a=28, < 1. The proof of the following
lemma is in the Appendix.

LEMMA 5. For any B, 7, i, p>1anda €0, 1), the following is true:
1/y(@ = 1/B(@) =[1(00)BO)] ' [1/ (@) — 1/v(@)].

7.1. Proof of Proposition 2. We start the proof with several remarks which
will be useful in the sequel. First, obviously there exists 0 < T :=T (8,7, ji, p) <
oo independent of L such that

d
(7.1) hrrgo sup  sup sup Z

=0 (0,1} se[1,00] ve[V, 1VV]

{Iln(hj(v,l))l + [In(h; (v, 9))| } _T

st Inn

Next, for any s € [1, oo] and any v > 0,

Inn 2 o 1
(1.2) %]‘[(’ﬁj(v,s)) 1=20@ _ o 5@ g2~ (v).
j=1
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(1) Let us proceed to the proof of the first assertion. Note that for all n > 3,
(7.3) iz(v, 1) € (0, l]d Yv e[y, 1].

Indeed for any v > 0 we have since L < Ly,

Bir; _ () _w@@+1/B(@) . -
T4 D < (@ 28) T T e, e .

Therefore, for any v € [v, 1] one has, in view of the definition of v,

Bir: _ @ q_o@QC+1/f) . -
n?l I(U, 1) < (Cl 287!) 1+a)(()t)! T+w (@) — 1’ j € \700

Note that for any j € Jro,

1 1

70, D=(LL;)7 <ol <1 Vo<l

and the proof of (7.3) is completed since k (-, 1) <7 j (-, 1) by construction.
1
Set Ty = [T + 2]e 2 Zi=1 i@ [ ~5@ and remark that in view of (7.1, (7.2)
and (7.3) for all n large enough and any v € [v, 1],
1

(T+2)Inn ToL?@ Inn

Gn(h(v, 1) < < - A
n T (o, D) = nTTY_ Gj (0, 1)

(7.5)

@@ 9 p(@)/B@)

1
ToLF® Inn 2
0 — Toal+w(a) 5,:+w(0() v Ho@)

<
T a1z G, 1) R @

Here, we have taken into account that & (v, s) > e 1y j(v,s). Since

2 W) 0@/
Toa™eo@ @y THo@  <Toa?v & v>v

denoting a = /a/ Ty we assert that
Gu(h(v.1)) <av  Vvelv,1].

The first assertion is established.
(2) Before proving the second assertion, let us make several remarks.
1°. For any u € [1, oc], the following is true:

1
(7.6) A= (LL;'W),  jeTw
] 1 5 w(@)t(p1)B0) _
(7.7 ﬁj (v,u) = (LLJT )w (a_ 5n)7j[z(a)+w(a)/u]’ j € Tno.

The equality (7.6) follows directly from the definition of 7 j (v, u) since, we remind
vj =Bj,qj =0 if j € Jx. Thus, let us prove the equality (7.7):

~Vjd;j - _ uv (@) _w@@+1/y(@) . -
";/11/ (v,u) = (LL] l)pi (a 28n)u+v(a) vP+ utvu () Vjée JTso-
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Here, we used that g; = p+ forany j € Joo- Using the definition of v, we get

g uv(@) | o(@)t(00)B(0) _w(@)+1/y(a)
/ﬁ]j{]q'/ (v,u) = (LL;l)pjE (a_28”)0+v(a)+ Z@to@/u LPE @

for any j € Joo Using the definition of z(«), we obtain

_uv(a) n w(Ol)T(OO),B(O)[ _ww(e)(2+ 1/)/(0!))]
T u4v@)  z(@)+ow@)/u u -+ v(a)
_ w(@)71(00)B(0) p+
 z(@) + w(x)/u
n w (@)1 +o(@)/u—w(@)t(00)B0){1/y (@) —1/B(x)}]
(u+v(@)(z(a) + w(a)/u) '

We obtain applying Lemma 5
A= 2@1(00)0)ps | w(@w@)Il/s+1/v@)] o@t(ps)p0)ps
@t o@/u @t u@)z@) to@/u) z@) +o(@)/u

Thus, (7.7) is established.
20, Next, let us prove that

(7.8) G(V, u) € (0, 114 Yu e (1, oo].

If Jx # @, which is equivalent to p* = oo, the definition of v implies that v < 1
for all n large enough, since t(p*) = 7(c0) > 0 and in view of (6.14). We deduce
from (7.6)

1 1
hi(v,w <7;(v,w = (LL;'v)F <vfi <1 VjeJw

and (7.8) is proved for any j € Joo.

It remains to note that T(p+) > 7(p™*) since p* > p+ and, therefore, if T (p*) >
0 we have h;(v,u) < 7 j (v,u) <1, forany j € joo and all n large enough in view
of (6.14), (7.7) and since LLJT1 < 1. Thus, (7.8) is proved.

39, For any u € (1, oo], one has

d
_ 12 () B _ _ 0@t(e)pO0)/p@+]
(79) «a 25”1_[,7j vy < T N a)(a28,) 7 @re@m
j=1
d 1 w(a)
-2 71 -1 -2 T Z@to@/u
(7.10) a =28, [ [ %7 (vou) < T7H(0)(a7%5,) ~ F@riolrm,
j=1
1+2[l.j () 1+2[l,j ()

. —1 ; -1 j
where T(a) :lanE[LO,Loo]d Hjejoo (LL] ) Bj Hjejoo (LLJ ) Vj
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Indeed, we have in view of (7.6), (7.7) and the definition of v

d 0@ (p£)BO) 0 (@7(00)B(0)
I1 ’ﬁ}”"f @) (v,u) > T~ () (a™28,) E@E@ e T Pk fo@7 ;

j=1

d 0@t (PO | w@r()p0)
H 7;(v.u) > T_l(())(a_z(sn)Vi(o)[Z(a)er(a)/ll] Poo O)z@)+w(@)/ul
j=1

1 142 1 142
where we have put z—=- =3 c 7 ﬂ’;(a), @ = 2 jed # Note that

for any « € [0, 1], :
t(pt) | T(00) _ )3 (A +2p@)t(rj)  t(0) _ T(0) 1
y(@)  Pool@) i€ Bj Bo(a)  Bla)  w(a)B(0)

and (7.9) and (7.10) are established.
49 Simple algebra shows that for any u € [1, oo],

o\ ] e@p0)p@)t] .
(Cl 3n) z@+o@)/u =2v3 (V)

and we deduce from (7.9) for any u € (1, oo] (recall that 3 =2 if u = 00)

d
(7.11) s [17, " vow <27 @)% ).
j=1

Let us also prove that for any u € [1, oo] and all n large enough

(7.12) Ve o= (a728,) @ = 5(v) = 2.
The latter inclusion follows from (6.7). Indeed, if t(co) <0 then v>1 > v. If
7(00) > 0, then in view of (6.14)
w ()T (00)B(0) B 1 __ l+w(@)/u <0
2@ +wl/u  24+1/B() [2(er) + w(e)/ul[2+ 1/ B(e)]
so v > v. Note at last that for any u € (1, c0]

()T (w)B(0)
(7.13) v;,_l(v) = 2(0_25;1) @ Fo@/u
50. Let us proceed to the proof of the second assertion. Choose a® <

aZT(a)/(4T0) < 1. We get from (7.1), (7.9) and (7.11) similar to (7.5)

4 Todn
Fr(h(v,w) < —
(7.14) ( ) T4, @) (v, w) 2@

< 2_1a2V25_1(V).

< 20T (@)a*v?3 L (v)

Thus to prove the assertion all we need to show is that E(V, u) € H(v), that is,
G, (h(v,u)) <av. Let us distinguish three cases.
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5%, Let 7(00) > 0. We remark that the definition of v in this case yields v < 1
for all n large enough and we obtain from (7.11) and (7.12) that

d —1-2 (oz)
(7.15) ]‘[ v w < T @)y

Then we have in view of (7.1), (7.8), (7.9) and (7.15) similar to (7.5)
Toé,
19, @ (v, w) 2@ =

5%. Let 7(c0) < 0, 7(p*) > 0 and « # 1. Then by the imposed assumption
u < u*, and, therefore, t(u) > 0. We get from (7.13), (6.14) and (7.14)

<ToT™ (a)a2V <av.

(7.16) ([)(V w) <

(7.17) Go(b(v.w)) = F2(h(v. ) <a’v < av.
59. Let 7(00) <0, T(p*) =0, @ = 1. We have as previously
- (T+2)Inn (T+2)Inn
G2(h(w) <
k)= [T9-1 (b, (v, w) 2R n TS b (v, w)
(7.18) -
<2727 ()T a*v? ”(v)[#]
° 1 e, 7;v.w

Here, we have used (7.11) and put 77 = T-10)L~YPO Our goal now is to show
that for any u € [1, oo] and all n large enough

d
(7.19) TOa %83~ v [[77 ' vw < 1.
j=1
In view of (7.10) and of the definition of 3(-) in order to establish (7.19), it suffices
to show that z(1) /w (1) — 14+2/u > 0. Since we assumed 7 (c0) < 0 and 7(p*) > 0,
the required results follows from (6.11). Thus, (7.19) is proved. Then choosing a
such that To(27 ~1(1)T1)"/2a? < a, we obtain from (7.18) and (7.19) that
Gn(h(v.w) < To(2T () T1)a’v < av

for all all n large enough. The second assertion is proved. [

7.2. Proof of Proposition 3. We start the proof with several remarks which
will be useful in the sequel.
1°0. Let us show that for all n large enough

(7.20) ft(v, u) € (0, 114 Yv € Zy(a), Vu > y.
In view of the definition of ﬁj(-, w,j=1,...,d,

uw (o) . uw(@)(2+1/B(a))

(7.21) ,7/31 j(v u) = ( )’j{a—zgn}uw(a) VT ute@ , jE€ joo,
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Therefore, for any v € [v, 1] one has, taking into account that L < L,

. uw (o) _ uw(@)(2+1/B(a)) =
5hii v,u) < {a~2s, )o@y we@ =1, € Jso-
! v J

It remains to note that v > v for all n large enough and, therefore,
(7.22) ijww=<1,  j€Tn Yvev, 1INT(a).

We also have in view of the definition of ﬁj(-, w,j=1,...,d,

1
Tww=(LL;v) <1,  jeTx
for any v < 1. This together with (7.22) proves (7.20) in the cases when Zy(«) =
[v, 1]. Noting that p* < oo is equivalent to J» = &, we deduce from (7.21) for
anyv>1landany j=1,...,d,

Bir; _ uw () *_ uw(@)(2+1/B(@)) _ uw (o) _ «
nfl J (U, u) < {a 25n}u+w(a) Up u+o(a) < {a 25n}u+w(a) v o (p Jl).

Thus, forany v>1, j =1,...,d and for all n large enough
~/34 . _ uw (o) — %
(7.23) ﬂj’r’(v, W) < 1 (praw=0) + {0728, Jure@T P e w0y,
where we denoted V=vy ifa 41l andV=vifa =1.
Leta =1, p* < 00, t(p*) > 0. Then V= v and we have forany j =1,...,d
and v € [1, v], using the definition of v,

) uo(l) 7 (p* W (1)7(0)(0) 5 P (Mo
{Cl_ 5n}u+w(l) z(D+o(D/u = {a_ 5n} :hteMu — (), n— 00
in view of (6.13). Hence, (7.20) follows from (7.23) in this case.
Letx =1, t(p*) <0. Then ¥ = v, and we have for any v € [1, v3] in view of
the definition of v,

. e uw(l) _ *
W 0w <3 vz = a2, e dv, Y =1 =
and, therefore (7.20) follows from (7.23) in this case.
Let @ # 1, u < oo. First, we note that 7(c0) < 0 and u >y imply
l—u/w@0)+1/80)=1—u+ut(u) <1l—u+ur(y) <1—-u<0

since either y = p*, which is equivalent to T (p*) <0, or y = u* and then 7 (y) = 0.
Thus vi — oo, n — oo and, therefore, in view of (7.23) for any v € [1, v{] and
j=1,...,d one has

~,34 . _ uw (o) _ %
7 (0,0) < g (prw=0) + {0728, | iro@ vy 7O g

Note that 1 —u/w(0) + 1/8(0) = s0(p*, w)[l/u+ 1/w(0)] — (u — p*)[1/u +
1/w(0)] and, therefore,

* * uw
_ #o(p, w) > uw(0) N 1—%0(17 ,u) < {a_ZSn}_“JrT(%)-
1 —u/w(0)+1/8(0) u+ w(0)
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It remains to note that if 7(c0) > 0 then u* = oo and, therefore, u = co. It implies
vy =1 and Zy () = [v, 1] and this case has been already treated. This completes
the proof of (7.20).

20 Remark that there obviously exists 0 < S:=§ (,8 7, [, p) < oo independent
of L such that

d
lim (Inn)™! sup sup sup In(hi(v,u)) =S
n=ee ae{O,l}ue[l,oo]veIu(a);| (h; )

Hence, in view of (7.20) one has for all n large enough and v € Zy («),

(7.24) Fn(iz(v,u)) S\/mn hj(v,u)) ;_”/'(“);

(7.25) Gu(h(v,w) < (S+2)n""Inn H (B j (v, w) 7A@,
j=1

Taking into account that & (v, u) > e_lii j(v,m) and setting

So =[S + 2] 2211 = p0

we obtain from (7.2) for any « € [0, 1] and v € Zy(«),

d
(7.26) S+2n inm) [](h;v,9) @ <280a0%7 (v).
j=1
From now on, we choose a <a/(2S5p) < 1. It yields in view of (7.24), (7.26)
(7.27) F2(h(v,w) <a*’3~'(v) Vv eTy(a).

30, Since (7.27) holds, to complete the proof of Proposition 3 all we need to
show is that G, (h(v,u)) <av, Vv € Z,(«). Let us distinguish three cases.

3%, Let p* =00 or @ # 1,u = oco. First, we note that in these cases Zy () =
[v, 1]. Next, in view of the second inequality in (7.24), (7.20), (7.26) and (7.27)
we obtain for any v € Zy(«):

S+2)1
S +2)Inn §a2v23_1(v)§av.

7.28 Gu(h(v,w)) <
(7.28) (h(v,w) < W T, o, w) 2

To get the last inequality, we have used thata < 1, 3(-) > 2 and v < 1.
3%. Let a # 1, p* < 00, u < 0o. We have in view of (7.25) and (7.26)

Gn(h(.w) <a®v’3 '(v) Vv eZy(0).
Here, we have also used that p ; (o) = 0 for all j. Simple algebra shows that

1 s uw(©)  u—w0®-w0)/8(0)
v5T () = {aT g, el O, g oo,
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and since u — w(0) — w(0)/B(0) > 0 for any u > u*, the result follows from

sup v3 W) =vi3 v = 1.
veZy(0)

3%. Let o = 1, p* < oo. For any v € Zy(1), we have in view of the second
inequality in (7.24) and (7.26), denoting S} = SoL /A

(S+2)Inn S+2)Inn
n 19— (hj, w) 245 n T19_, (hj (v, w))

G? (ft(v, w)) <

(7.29) J
< S1a*a*vi (a2, [ ] ﬁ;‘(v, u).
j=1
Our goal now is to show that for all n large enough
d
(7.30) sup a 28,3 () [] ﬁ;l(v, u) <1.

veZy(l) j=1

Denoting P (v) = a‘28n3_1(v) H?:l ﬁ;l(v, u) we easily compute

2uo(H)(Y+1/w)  2uw(l)m(u)

(7.31) P(v)=2""a"28,} eOm p wie v > 0.

It yields obviously

d
(7.32) sup 028,37 () [[ ;' (v, w) <max[P(v), P(¥)],
vEZy(1) j=1

where V € {V, v3}. We deduce from (7.31) that for any u € [1, o0],
g oy 2HUBE@-1/80
(7.33) P(v)=2""{a"%8,} 2F@  — 0, n— 0o.

3%¢1. Consider the case Zy u(a) > 0. Here, v=V.

If (p*) > 0, then Vv = v. Moreover, y = u* since u* = oo if t(c0) > 0 and
t(u*) =0if t(00) < 0. Hence z(1)/w (1) — 1 +2/u > 0 in view of (6.11) and we
have, in view of the definition of v,

o ()(1/o()=1/0O)+2/0) | uw? (1)t (00) B(O)7 (w)
u

(7.34) P(v)=2""a"2s,} w(DF Tuto (D@ +o @)/
Note that
uo(DH)(1/o(1) —1/w(0) +2/u) n uw?(1)7(00) B(0) (u)

w(l)+u [+ oM]z(1) + w(1)/ua]
B o(D)[1/w(0) — 1/u] B w(1)T(00) 11— o[l —1/u] -
zZ(D)+o(1)/u z(D+ow(l)/u z() +w(1)/u
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To get the last inequality, we have used that

w(D[1 —1/u]
l-— >
(D) +o()/u

Thus, we conclude that P(v) < 1, for all large n, which together with (7.33) im-
plies (7.30) in the considered case.

If T (p*) <0, then Vv = v, and, moreover, y = p*. Also, s (p*, u) < 0 thanks to
(6.12) of Lemma 3. We have, in view of the definition of v,

& (/o) —1+2/u>0.

uw(l)(l/w(l)—l/w(0)+2/ﬂ)+ [uo (1)} (w)
(7.35) P(vy) =2"Ya7%s,) w(D+u Al

After routine computations, we come to the following equality:
uw()(1/w(1) —1/w(0) +2/u) [uw(1)]?7 (u)
w(1) +u s (p*, W+ o (D]

_2ue(plY — X+ D@+ 1]
(P, wlu+ ()]

Hence, P(v2) <1 for all n large enough, which together with (7.33) allows us to
assert (7.30) in the considered case.

39¢3. Consider the case Zy () <0. Here, V=v3. If m(u) <0, then v3 =00
and obviously P(v3)=0. If = (u) > 0, then P(v3) =1 in view of (7.31) and the
definition of vs3. This completes the proof (7.30).

Finally, in the case 3°c, choosing a < J1/81, we deduce from (7.29) and (7.30)
that for all n large enough G, (h(v,u)) < 4/Sjaav <av,v € Iy(l). O

APPENDIX

PROOF OF LEMMA 3. Note that
2(@) + (@ /u=w@)(2+1/8@)BO)T(p*) + 1 — 0@ 2+ 1/8@)(p*) "
+w(a)/u
= w(@)(2+1/8@)BO)T(p") = () (1 + w(@)/u) 7 (p*,u)
and (6.13) follows. On the other hand, we have
z(@)/w(@) —1+2/u=2+2X)B0)r(c0) +2Y +2/u

and (6.11) is checked if t(0c0) > 0 since X,Y > 0. If 7(c0) < 0 and t(p*) > 0,
then we note first that necessarily u* > p* since T(u*) = 0 and 7(-) is strictly
decreasing. Hence y = u* and we have

z@)/o@) — 1+2/u=2{Y — (X + )y ' + 1/u} = 2Zy y(@) = 0
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and (6.11) is established. Let us prove (6.12). We obviously have

(Pt WU+ (@)
pruw(a) B

=2[Y —(X+1)/p*+1/u]+7(p*)— 1+ 1/u.

If T(p*) <0, then necessarily y = p* and, therefore, for any u > 1,

%a(p*,u)(u—l—a)(ol)) _ _2Zy,u(a) —f—f(p*) 14+ l/ll < 0’

puw(a)
since we have supposed that Zy y () > 0.
Let us prove (6.14). If 7(c0) > 0, then z(«) > 1 and (6.14) follows. If Zy y(a) >
0, T(p*) = 0, then (6.14) follows from (6.11) since u > 1.
It remains to prove (6.15). If o #£ 1, (6.15) is trivial because () =Y = X =0.
If o = 1, noting that r; < p*<yforany j=1,...,d, we have

Y —[X+ 1y '+ 1/uzpM[1 -] = 1/y+1/uz=uld)—1/y+1/u

and (6.15) follows. To get the last inequality, we have used that v (u*) = 0 and that
T () is strictly decreasing, so t(y) <0. O

PROOF OF LEMMA 4. Let us first prove the following assertions.

1°. Let £ € N*, p > 1 and K satisfying Assumption 4 be fixed. Then for any
,5 € (0, 01, 7 €1, 00]¢ and Le (0, oo)d one can find C; > 0 independent of L
such that Vi € H:

(A2) B hp<CiLip?,  j=1,....4d.

JorjNia(B.L)
If additionally 7 (p*) > 0, then

(A.3) B G <CILY,  j=1,....d.

J:4j Nz q(

At last, (A.2) and (A.3) remain true if one replaces the quantity B by B*.
1%. In view of Lemma 5 in Lepski (2015), if T(p*) > 0 then

(A4) Nia(B. L) SNj (7. L),

where c; is independent on L. Note also that yj <Bjforany j=1,...,d.
Let (7, 5) be either (B, 7) or (y, g) and without further mentioning the couple
(y,q) is used below under the condition 7(p*) > 0. We obviously have for any

heH

bn, f,j(x):= sup
heH:h=<h

/R KCe)[ £ (x + uhej) — £(0)]v: (du)

= sup
heH:h<h

fR Koo Aun 1 £ ()]v1 (du)
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For j =1,...,d, we have

t (e 1
/R KCo(u) Aunj f ) vr (du) = fR ;(l.)<—1)‘“;ice(§)[mu, £ 0w (du)

t (y _
=(-D*! /R Ke@)y (J(—l)’“[Aizh, jF)]vi(dz)
i=l1

:(_])6—1/I;Kg(z)[Agh,jf(x)]vl(dz).

The last equality follows from the definition of the £th order difference operator
determined in Definition 1. Hence, for any j € J we have in view of the defini-
tion of the Nikol’skii class (remind that y; = B;, j € Jxo)

Ibn fjlleo <Lj sup B | [Ke(@)|lzl™ vi(da).
heH:h<h R

This yields for any h € H

(A.5) B,

JEDW =L,
and (A.2) and (A.3) are proved for any j € Joo.
Let j € J~. Choosing k from the relation ¥ = h (recall that h € ), we have

for any x € R,

| Ke@[aly ; Foluia)
i ,

Dy, f,j(x) = sup
k<k

=: lim sup
l_’_oolgkfk

[ Ke@Ialy ; £0Tm@)
A ,

Using the monotone convergence theorem and the triangle inequality,

[REGIESTVIO) HICE

”bh,f,j ||Sj :l lim sup

— =00 <k<k s

k
e .
- k:X—:oo H A;ICZ @[Ax ; fO]vi(d)

By the Minkowski inequality for integrals [see, e.g., Folland (1999), Section 6.3],
we obtain

k
bvsilsy = 3 [ IK@IAL Flyn@a, =1
k=—00 R ' !

Sj

Taking into account that f € N;’d(,g , Z) and (A.4), we have for any h € ‘H and
j=1,...,d,

k
(A6) ||bh,f,,-||s,s[ [ |/Ce(Z)||Z|5-fV1(dZ)]Lj S M <L,

k=—00

This proves (A.2) and (A.3) for any j € To.
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1. Set F = N;d(,f_}?, Z) and recall that

Bj,s_,-,IF(h) ‘= sup Z
J€F het:h<h

<sup Y bnsjls;-
J€F hett:n<h

Hence, (A.2) and (A.3) with B* instead of B follows from (A.5) and (A.6).
1

20 First, we remark that hi(-.1)=h;(-,00)=b;(-,00) < (LL;l)TJ, Jj € Jxo-
Then we get, from (A.2) and (6.2) for any j € Jso,

AKAWU@+MMﬂ—quWMW

Sj

B ore )i D) =B, 57y (Rj(v,00)
=B, o 4.0y (0 (v, 00))
=cv Yv > 0.
It yields, in particular, that for any v > 0,
A7) J(h,1),0) D Joor  J(h(0,00),0) D Toor I (B, 00), 1) D Joo.
Thus, putting

d
M@= Y oL [, D] v 2(nn/n) [T (k. 1) 724
j€dso Jj=1

we obtain in view of (A.2), Propositions 2, 3, (A.7) and the definition of il(-, S),s €
{1, oo} that for any v € Zo () and v € [v, 1], respectively,

A7 (v, N7 (B, L), 00) < C > v—’jL;f[hj(U,oo)]rjﬁj

j€ds
(A.8)
< 380 @y=@@CF1/p),
B L 2@ w@rl/pa)
(A9) AF(U, N;’d(ﬁ, L)) S C4A_2(v) E Csan v w @)+

To get (A.9), we have used that for all n large enough and all v € [v, 1],

d
Fl’l (il(v’ 1)) =< Cz(lnn/n) 1_[ (h](v’ 1))7172ﬂj(a)’
j=1

where C, is independent of L. This follows from assertions (7.1) and (7.3) estab-
lished in the proof of Proposition 2. The first and second assertions of the lemma
follow now from (A.8) and (A.9), respectively.
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Moreover, if T(p*) > 0 we get in view of (A.3), Propositions 2 and (A.7)
VP A (v, N?,d(,g, L), o0) < C) Z V_quij[hj(V, 00)] %"
j€Tx
@@t (p)BO)
< Cé, 2l

and the third assertion of the lemma is established. [

PROOF OF LEMMA 5. Note that
1/y(a) = 1/B(e) =1/y+(a) — 1/B+()
_y 1+2p(e)

5 ————[t(rj)/t(px) — 1]
jeJs J

_ 1+2
—[BOT(pH] Y eld G
jeJ+ ’BJ

=[c(p)BO)] ' [1/o(@) = 1/(B+(@) ps)]-

Moreover, in view of the latter inequality,
1/w(@) = 1/v(@) =1/o(@) - 1/(p+y:(@))
= 1/w(@) — 1/(p£px (@)
— [t (p2)BO) p=] ™' [1/w(@) — 1/(Bs(e) )]
= {1 - [t(p)BO)p=] " H1/w(@) — 1/(B (@) ps)].
Note that 1 — [t (p+)B(0) p+]~! = 7(00) /7 (p+) and the lemma follows. [

(I/rj=1/p+)
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