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DISTRIBUTION FLOWS ASSOCIATED WITH POSITIVITY
PRESERVING COERCIVE FORMS
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Xiamen University*, AMSS, University of Chinese Academy of Sciences' and
Sichuan University*

For a given quasi-regular positivity preserving coercive form, we con-
struct a family of (o-finite) distribution flows associated with the semigroup
of the form. The canonical cadlag process equipped with the distribution
flows behaves like a strong Markov process. Moreover, employing distribu-
tion flows we can construct optional measures and establish Revuz corre-
spondence between additive functionals and smooth measures. The results
obtained in this paper will enable us to perform a kind of stochastic analysis
related to positivity preserving coercive forms.

1. Introduction. A positivity preserving coercive form is a coercive closed
form with which the associated semigroup (7;);>¢ is positivity preserving, that is,
f = 0implies T; f > 0. Positivity preserving semigroups as well as positivity pre-
serving coercive forms appear in various research of mathematics and physics, and
have been intensively studied by several authors. As early as in the initial of 1950s
of the last century, W. Feller has studied positivity preserving semigroups [11, 12].
In the 1970s of the last century, A. Klein and L. J. Landau studied standard posi-
tivity preserving semigroups via path space techniques [19], and B. Simon studied
positivity preserving semigroups arising from mathematical physics [25-27]. The
study of positivity preserving coercive forms may be traced back to A. Beurling
and J. Deny [4]. Afterwards, J. Bliedtner [6] and A. Ancona [1, 2] studied inten-
sively the subject of positivity preserving coercive forms. For more recent literature
concerning positivity preserving semigroups and coercive forms see, for example,
[3,5,9, 10, 15, 18, 24, 29] and the references therein.

When a positivity preserving semigroup (7;),>¢ is Markovian (which is referred
to as “standard” in [19]), or more generally sub-Markovian, that is, 7;1 < 1, one
may study it via path space techniques. Under some additional conditions, for ex-
ample, Feller property, quasi-regularity, etc., one may associate a nice Markov pro-
cess with the underlying sub-Markovian semigroup, and thus can study the semi-
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group by means of stochastic analysis. When (7});>¢ is merely positivity preserv-
ing but not sub-Markovian, one cannot directly associate with it a Markov process.
In [22], the authors extended and completed the previous work by A-associating
a nice Markov process with a (not necessarily sub-Markovian) positivity preserv-
ing coercive form. They implemented /-transformation with a strictly positive o-
excessive function £ to transfer the underlying form into a semi-Dirichlet form,
and proved that a positivity preserving coercive form is i-associated with a nice
Markov process if and only if the /i-transform of the form is quasi-regular in the
sense of [20, 21]. In [16], the authors developed further the work of [22] by show-
ing that it is possible to hﬁ—associating with a pair of nice Markov processes for a
quasi-regular positivity preserving coercive form, by implementing simultaneously
h-transform with an a-excessive function 4 and A-transform with an a-coexcessive
function /.

It is evident that the &-associated process depends on £, and hence a positiv-
ity preserving coercive form may have many different /-associated Markov pro-
cesses. In [29], the author treated a special positivity preserving coercive form and
discussed the independence on £ of recurrence and transience under /-transforms.
In this paper, inspired by the work of pseudo Hunt processes introduced in [23], we
shall construct a family of (o -finite) distribution flows on the path space, associ-
ated with an arbitrary given quasi-regular positivity preserving coercive form. The
family of distribution flows is independent of the choice of %, and the canonical
cadlag process equipped with the distribution flows behaves like a strong Markov
process. Therefore, we can perform a kind of stochastic analysis directly related to
a positivity preserving coercive form. In detail, we obtain the following results in
this paper.

Let (£, D(£)) be a quasi-regular positivity preserving coercive form on
L2(E; m), where E is a metrizable Lusin space. Let (]-"P),zo be the natural fil-
tration generated by the E-valued cadlag coordinate process. In Section 3, we
define a o-finite measure Ex’, on .F,O for each t > 0 and x € E via inverse h-
transformation. We call @x’ ; a (o -finite) distribution up to time ¢ and call (@x’ =0
a (o -finite) distribution flow associated with (£, D(£)) (see Definition 3.1). Then
we prove that @x,t is generated by the family of quasi-continuous kernels of
T,,0 <s <t (see Lemma 3.2), and @x’t is independent of the choice of the «-
excessive function & (see Theorem 3.5). Moreover, we show that @x,t is in gen-
eral different from @x,s if s # ¢, and there is in general no single measure on .7-'20
such that its restriction to ff) is Ex’ ; (see Theorem 3.7). Nevertheless, the canon-
ical process (X;);>0 equipped with (.7-',0),20 and the family of distribution flows
(@x, =0, X € E, enjoys also Markov property (see Theorem 3.9).

For deriving a strong Markov property of (X;);>0 in the environment of distribu-
tion flows, in Section 4 we augment (.Fto) ¢>0 to obtain a filtration (M, );>¢ which is
right continuous and universally measurable, and hence suitable to accommodate
stopping times. Because there is no single measure on .7-'80 which could be used
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for completion, hence the procedure of the augmentation is new and nontrivial (see
(4.3) and the proof of Theorem 4.4).

In Section 5, we study stopping times and strong Markov property related to
the filtration {M,}. Denote by 7T all the { M, }-stopping times. Expanding the def-
inition of @x’t, we define a (o-finite) measure Q, , on M, for each o € T and
x € E. Wecall (@x,a)aeT an expanded (o -finite) distribution flow associated with
(€, D(&)) (see Definition 5.8 and Proposition 5.9). Then we are able to show that
(X1)r>0 equipped with the filtration (M;);>0 and the family of expanded distribu-
tion flows (@x,g)ger, x € E, enjoys strong Markov property (see Theorem 5.10).

In the area of Dirichlet forms, positive continuous additive functionals (PCAFs),
together with the Revuz correspondence between PCAFs and smooth measures,
constitute an active subject and play important roles in stochastic analysis. In Sec-
tion 6, we derive an analogy in the context of positivity preserving coercive forms.
To handle the problem that there is no single measure on the path space, in Sec-
tion 6.1 we introduce a notion of O-measurable positive continuous additive func-
tionals (O-PCAFs), in which the defining set is an optional set rather than a set
in My (see Definition 6.2). O-PCAFs in the framework of positivity preserv-
ing coercive forms play a similar role as PCAFs do in the framework of Dirichlet
forms. In particular, we establish a one-to-one correspondence between O-PCAFs
and smooth measures (Revuz correspondence) in the subsequent subsections. In
Section 6.2, we establish the Revuz correspondence by means of k-associated pro-
cesses (see Theorem 6.5). Then in Section 6.3 we prove that the Revuz correspon-
dence is in fact independent of the a-excessive function 4 (see Corollary 6.12).
To this end, we introduce optional measure @f(-) generated by an O-PCAF A.
Employing the structure of an optional o-field and the structure of a predictable
o -field, we prove that Qj;‘ () is independent of the «-excessive function 4 (see The-
orem 6.11 and its proof). We believe that the concept of optional measure Q4 (-)
will have interest by its own and will be useful in the further study of stochastic
analysis related to positivity preserving coercive forms.

In Section 2 below, we review some results concerning s-associated processes
as preliminaries.

2. h-associated processes. As a preparation and also for the convenience
of the readers, in this section we review some previous results concerning /-
associated processes of positivity preserving coercive forms. Let E be a metriz-
able Lusin space with its Borel o-algebra B(E), and m a o-finite positive mea-
sure on (E,B(E)). We denote by (,),, the inner product of the (real) Hilbert
space L2(E;m). For a bilinear form &£ with domain D(E) in L2(E; m), we write
Eq(u,v) :=EWw,v) + a(u,v), for « > 0. Write c‘f(u, v) = EW,u), Eu,v) =
L&, v) +Ew,u)), and & (u, v) := L(E(u, v) — E(v, u)) for u, v € D(E). Recall
that a bilinear form (£, D(£)) is called a coercive closed form if its domain D (&)
is dense in L2(E; m) and the following conditions (i) and (ii) are satisfied:
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(1) (6’~ , D(&)) is nonnegative definite and closed on L*(E; m).
(i1) (Sector condition). There exists a constant K > 0 (called a continuity con-

stant) such that | (u, v)| < K& (u, )2 E1 (v, v)? for all u, v € D(E).
We adopt the following definition from [22].

DEFINITION 2.1 (cf. [22], Definition 1.1). A coercive closed form (£, D(£))
on L%(E; m) is called a positivity preserving coercive form, if for all u € D(&), it
holds that u™ € D(E) and E(u, u™) > 0.

A semi-Dirichlet form on L?(E;m) is always a positivity preserving coercive
form (cf. [22], Remark 1.4(iii)). Recall that a coercive closed form (£, D(£)) is
called a semi-Dirichlet form if for all u € D(E), it holds that u™ A 1 € D(E) and
Ew+utAlu—utA1)>0.

For a positivity preserving coercive form (£, D(E)), we denote by (7;);>0 and
(Gg)a>0 (resp., (f}),zo and (Ga)a>0) the semigroup and resolvent (resp., co-
semigroup and co-resolvent) associated with (£, D(E)). It is known that a coercive
form (£, D(&)) is positivity preserving if and only if (7;);>0 and (Gy)q~0 are posi-
tivity preserving, thatis, f > Oimplies 7; f > 0and Gy f > Oforallt > 0, > 0
(cf. [22], Theorem 1.5, Theorem 1.7). (£, D(£)) is a semi-Dirichlet form if and
only if (77);>0 and (G4)q>0 are sub-Markovian, in the sense that 0 < f <1 im-
pliesO0<T;f <land 0 <aGyf <1forallt,a > 0 (cf,e.g., [23], Section 1.1).

Let o > 0. Recall that a function & € L?(E; m) is called a-excessive (resp., a-
coexcessive) if & > 0 and e~ T;h < h (resp., e~ T;h < h) for all t > 0. Given a
strictly positive a-excessive function £, the conventional i-transform of (7;);>0 is
defined as

(2.1) T'f=h'e ™ T,(hf)  Vt>0, feL*(E;h*-m).

By the discussion of [22], we know that (Tth)tZO is the semigroup associated
with the semi-Dirichlet form (£, D(€")) on L*(E; h? - m), where (€%, D(E))
is the A-transform of (£, D(E)) ([22], Definition 3.1) and 53 (u,v) =E"u,v) +
a(u,v),2,, foru,ve D(E Y. The following remark can be checked directly.

REMARK 2.2. Lety > «, then g € D(E) is a y-excessive function (resp., -
coexcessive function) of (£, D(&)) if and only if % e D(EM) is a (y —a)-excessive
function (resp., (y — «)-coexcessive function) of (53, D(EM)).

In the remainder of this section, we assume that (£, D(£)) is a quasi-regular
positivity preserving coercive form in the sense of [22], Definition 4.9. Then
every element of D(E) admits an £-quasi-continuous m-version. Below for
the involved terminologies, we refer to, for example, [21] and [22]. Let M :=
(2, F, (F1)i=0, (X1)i>0, (Px)xek,) be aright process with state space E and tran-
sition semigroup (F;);>o. Here and henceforth, EA := EU{A} where A is an extra
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point of E serving as the cemetery of the process. We shall always make the con-
vention that f(A) = 0 for any function f originally defined on E. Let o > 0. By
the quasi-regularity, we can take a strictly positive £-quasi-continuous a-excessive
function h € D(E). We write

ot X

e f( t); ¢ < g“}
h(X;)

provided the right-hand side makes sense. We shall sometimes use Q;(x,-) to

denote the kernel determined by (2.2). The concept of h-associated process was
introduced in [22] which we restate in the definition below.

22)  Qif(x):=h@e P (k™" f)(x) :h(x)Ex|:

DEFINITION 2.3 (cf. [22], Definition 5.1). Let Q; f be defined by (2.2).

(1) We say that (£, D(E)) is h-associated with M, or M is an h-associated
process of (£, D(E)), if Q; f is an m-version of T} f for any f € L>(E; m).

(i) We say that (£, D(E)) is properly h-associated with M, or M is a properly
h-associated process of (£, D(£)), if in addition Q; f is an £-quasi-continuous
version of 7; f for any f € LZ(E; m).

The following result was proved in [22].

PROPOSITION 2.4 ([22], Theorem 5.2). Let h € D(E) be a strictly positive
a-excessive function. Then (€, D(E)) is properly h-associated with an m-special
standard process M if and only if (£, D(E)) is quasi-regular. In this case, h is
always &-quasi-continuous.

REMARK 2.5. Let h € D(E) be a strictly positive a-excessive function. If
(Tth)tz() is associated with a right process M, then by a result of [13], (£, D(E"))
is quasi-regular and M is in fact an m-tight special standard process properly asso-
ciated with (", D(E)). If in addition & is £"-quasi-continuous, then (£, D(E))
is quasi-regular and is properly s-associated with M.

Note that the s-associated process mentioned above depends on the c-excessive
function 4, and hence a positivity preserving coercive form may have many dif-
ferent h-associated Markov processes. Inspired by the work of pseudo Hunt pro-
cesses introduced in [23], below we shall construct a family of (o -finite) distri-
bution flows on the path space, which is independent of 4 and can accommodate
stochastic analysis for positivity preserving coercive forms.

3. Distribution flows associated with (£, D(£)). Throughout this section,
we assume that (£, D(E)) is a quasi-regular positivity preserving coercive form
and (7;);>0 1s its associated semigroup. From now on, we fix an o > 0 and de-
note by H the totality of strictly positive and finite valued £-quasi-continuous o-
excessive functions in D(&). Note that by the quasi-regularity of (£, D(E)) (cf,,
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[22], Definition 4.9), H is nonempty. By Proposition 2.4, we know that (7});>0
admits a kernel Q;(x, -) determined by (2.2) with the help of some 4 € ‘H. Denote
by 2 the Skorohod space over E with cemetery A. We shall make use of the kernel
Q;(x, -) to construct a flow of o -finite distributions (Qx,t)tzo on 2. To this end,
in what follows we fix an & € H. Let

M = (52 (), O (1))

with transition semigroup (Pf‘),zo and lifetime ¢ be a special standard pro-
cess properly h-associated with (£, D(E)). Here, we put the symbol & like
M", Fh, .7-",’1, P;‘ in order to emphasize the dependence of the right process M on
h.Without loss of generality, we may assume that Q is the Skorohod space over E
with cemetery A, and (X;);>0 is the canonical process on €2, that is, X;(w) = w;
for w € Q. Denote by (]:;O)IZO the natural filtration of (X;);>¢ without augmenta-
tion. That is,

(3.1) Fli=0(Xs,s€[0,1]), F2:=0(Xss>0).

In this paper for any measurable space (€2, F), we shall denote by pF all
the nonnegative JF-measurable functions on €2, and by bF all the bounded F-
measurable functions on €2.

DEFINITION 3.1. For¢ > 0, x € E, we define a measure @xvt on Fto by setting

J— — h eat IA
(32 0:i(A) =0y (At <) i=h(x)E} 1<) VAeF,
h(X;)
where I, is the indicator function of A, E fc’ is the expectation related to P)fl. We
call ax,t a o -finite distribution up to time t (in short, distribution up to t), and call
(@M);Zo a o -finite distribution flow (in short, distribution flow) associated with

(€, D(©)).

The reader should be aware that unlike usual distribution, Q. , is in general not
a probability measure, or even not a finite measure, but it is a o-finite measure
(cf. (3.3) and (3.4) below). This is the reason that we address “o-finite” in the
definition. We are grateful to Mu-Fa Chen who suggested us to distinct @x, , from
the usual distribution clearly.

We shall denote by ax’,[-], or @x’,[-; t < ], the integral related to @x,t' With
the convention that f(A) = 0 for any function originally defined on E, comparing
(3.2) with (2.2), we see that for any f € pB(E), it holds that

(3.3) O [f(XD]= 01 f(x).

In fact, we have the following extension of (3.3).



2900 X. CHEN, Z.-M. MA AND X. PENG

LEMMA 3.2. ForallO<ti<th<---<ty=t,f € pB(E"),x € E, it holds
that

0 [f Xy X0)]
(3.4) - /E 01, (xydxy) -+ fE Oty Cont o) f (X1 - ).

PROOF. LetO<ti<phh<---<t,=t, fe€pB(E"),x € E, wehave

@x,t[f(xtl’ (R Xt,,)]
ea’"f(th, ey th)
h(X4,)

=h(x)Ef[ ;tn<§}

f(xl»---’xn)

=h “’anh .d f P! _1.d
(x)e . (X, dxy) . tn—ty_ (Xn—1,dXp) (o)

= h(x)e*n Pl'(x, dxp)h(x1) -

E h(x1)
f(xlv ---’xn)
h(x,)

= [ eutridr [ 0 G du f ) -

% h(xn_])e()l(tn_tnfl) \/l\;: P[i[l_tn—l ()Cn_], an)

We remark that for a given i € H, there are many different special standard pro-
cesses M properly h-associated with (£, D(E)). But these h-associated processes
are equivalent to each other in the sense of [21], IV.Definition 6.3 (cf. also [14],
Theorem 4.2.8). Accordingly, we introduce the notion of equivalence for distribu-
tion flows as the definition below.

DEFINITION 3.3. Let @x’, and @;t be two o -finite distribution flows (may
be constructed with different 4 and/or different M"). We say that @x’t and @;,
are equivalent to each other, if there exists a Borel set S C E such that (@x’,)tzo
and (@;’,),20 are identical for all x € S and E \ S is £-exceptional.

. = —/ o
PROPOSITION 3.4.  Given h € H. Let Q, ; and Q, , be distribution flows con-

structed by (3.2) with two different h-associated processes. Then @x,, and @;t are
equivalent to each other in the sense of Definition 3.3.

PROOF. The proposition can be proved by employing [21], IV.Theorem 6.4,
or [14], Theorem 4.2.8. [

The above proposition can be strengthened as the theorem below.
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THEOREM 3.5. @x, ; defined by (3.2) is independent of h € H. More precisely,
let @x’ ; and @; ; be distribution flows constructed by (3.2) with two different h €

H and h' € H. Then @x,, and @;t are equivalent to each other in the sense of
Definition 3.3.

The proof of Theorem 3.5 needs some preparations.
Recall that for a right process M = (2, F, (F1):>0, (X1)1>0, (Px)xeE,) With
lifetime ¢, a set S € B(E) is called M-invariant, if there exists Qg\s € F such that

Qp\s D {XHN(E\ S) # @ for some 0 <1 < ¢}

and P;(Q2g\s) =0 for all z € S. Here, X(’)(a)) stands for the closure of {X(w)|s €
[0, ]} in E (cf., e.g., [21], IV.Definition 6.1). For any subset S C E, we use pB(S)
to denote all the nonnegative Borel functions on S.

Let h € H and i’ € H. Below we write 41 = h and hy = h’ for simplicity. For
i=1,2,let M := (Q, F" (F')s20, (X)i=0, (PY)xer,) with transition semi-
group (P,hi )r>0 and lifetime ¢ be a special standard process properly /;-associated
with (€, D(£)).

LEMMA 3.6. Let Q;hi) be defined by (2.2) with respect to P,hi, i=1,2.Then
there exists an E-nest (Fy)i>1 consisting of compact sets such that h; € C({Fy})
forbothi =1,2,and a Borel set S C Uy~ Fi satisfying the following properties:

(i) E\ S is E-exceptional (hence m(E \ S) =0).
(i) S is both M" -invariant and M2 -invariant.
(i) 0" (x, E\S) = 0" (x, E\S) =0and 0" f(x) = 0" f (x), for all
xeS,t>0and f € pB(E).

PROOF. Note first that by [22], Proposition 4.2, (Fi)i>1 is an E-nest if and
only if it is an £ -nest for i = 1,2, and a subset N C E is an £-exceptional set
if and only if it is an £" -exceptional set for i = 1,2. By the property of quasi-
regularity, we can take an £-nest (F¢)x>1 consisting of compact sets and a count-
able family of bounded functions i/ C C ({F¢}), such that h; € C ({F¢}) forbothi =
1,2, and such that i C |y~ D(E) F, and U separates the points of E excepting an
E-exceptional set Ny. Similar to the argument of [21], IV.Proposition 5.30(ii), we
can show that for each u € U there is an £-exceptional set N,, such that Qﬁh')u(z)
and Q,(hz)u(z) are right continuous in ¢ for z € E \ N,. On the other hand, by Def-

inition 2.3(ii) one can check that for each # > 0 and u € U, it holds that Qﬁh')u =

;hZ)u £-q.e. Therefore, by first considering rational ¢, and then taking right limit
along 7, we can find an £-exceptional set N such that Q;hl)u(z) = Qt(hz) u(z) for
all u € d,t >0 and z € E \ N. This implies that Q;hl)(z, -) and Q,(hz)(z, -) as
kernels are identical for r > 0 and z € Eg where Ey := E \ (N U Nyp). Hence
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Qgh')f(z) = ,(hz)f(z) forall z € Ep, t >0 and f € pB(Ep). Employing a stan-
dard argument (cf., e.g., [21], [V.Corollary 6.5 and [14], Theorem 4.1.1), we can
construct a Borel set S C Eg such that § C Uy~ Fx, E'\ S is £-exceptional, and §
is both M’ -invariant and M"2-invariant. By the property of invariant set and the
fact that § C E( we can verify (iii) of the lemma. [

PROOF OF THEOREM 3.5. Let 0, , and O , be distribution flows constructed
by (3.2) with two different 4 € H and ' € H. By Lemma 3.2, we see that @x,, is
determined by the kernel Q;(x, ) and @;t is determined by the kernel Q;(x, )
where Q) (x, ) is specified by (2.2) with h replaced by h’. Writing 4 = h; and
h' = hy, applying Lemmas 3.6 and 3.2 we see that there exists a Borel set S C E
such that E \ § is £-exceptional, and (@;’,)20 and (@x’,),zo are identical for
all x € S. Therefore, O, , and @;t are equivalent to each other in the sense of
Definition 3.3. O

The theorem below explores more features of Ex’,.

THEOREM 3.7. (i) Let s < t. The restriction of @x’t on .FSO N{s <} isin
general different from @x, 5

(ii) There is in general no measure Q. on f-go with the property that the restric-
tion of Q, on ]—'tO N{t <¢}isequalto Q, ;.

PROOF. (i) We construct an example to show this. For ¢ > s, let A;; = {x €
E : stz(x) > Oand Q;_(x, E) > 1}, where h is some strictly positive quasi-
continuous «-coexcessive function and Qtﬁ(x) is defined by (2.2) with the help of
h and an h-associated process of (é , D(E)). Assume that (Q;),>0 being a version
of (T;);>0 is not sub-Markovian, then we can find ¢ > s such that m(A;;) > 0. Take
a compact set Fi with m(A;5 N Fy) > 0 such that & is bounded away from 0 on Fg.
Set I' = X '(A;s N Fy) € FY, by (3.3) we get

0. (D) = 0o s [Tanr (X0)] = fE 0, (x, dx)Ia, nr, (x1).

One can check that QM(F) < oo for all x € E. Moreover, if we set B={x € E :
0Q,.5(I') > 0}, then we will have m(B) > 0. Then for x € B by Lemma 3.2, we get

0.(Tss <) =0, [Tanr (X)) = O i[1a,,0F (Xs)E(X))]

(3.5) - /E 0s(x, dx)Ia, nr, (x1) /E 0r—s(x1,dx2) > Oy 5 (D).

Therefore, the restriction of ax,t on ]{? N{s < ¢} is in general different from @x, 5
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(i) Suppose that there was a measure Q, on fgo with the property specified as
in (ii). Let s < ¢ and I" be as in the proof of (i). Since {s < ¢} D {t < ¢}, we would
have

0,5 <¢)= 0,1 <?).
But by (3.5), we would have

0,T55<0)=0,,1) <0, (T;5<0)=0,,;t<¢)=0,(T;t<).

This contradiction verifies the assertion (i1). [

REMARK 3.8. The measure defined by (3.2) was first introduced in [23],
(3.3.11), for the dual of a semi-Dirichlet form, and was denoted by @x with no
subscript ¢. The author did not notice that his definition of (3.3.11) is in fact de-
pendent on ¢, and there is in general no single measure P, satisfying his definition
(3.3.11) simultaneously for different 7.

Although there is in general no single measure satisfying (3.2) simultaneously
for different ¢, but the canonical process (X;);>0 equipped with the whole family of
distribution flows (@x, =0, X € E, enjoys also Markov property; see Theorem 3.9
below. We use (65)s>0 to denote the usual time shift operators on 2.

THEOREM 3.9. Lets >0, u>0andt=s+u. Then for I' € pf-? and Y €
p}"ft’, we have

(3.6) 0 [P(Yoby)it <¢]=0,5[TOx, ulYiu<Clis <]
In particular, for T € pf? and f € pB(E), we have
3.7 ax,s—i-u[rf(xs-ﬁ—u); s+u< é‘] :ax,s[F(Quf)(Xs)§ § < ;]

PROOF. Denote by .7:[0 = Ny F2, then M” is an (f?+)z30 Markov process.
Therefore, we have

IS IR Calx SN
Qx’,[F(Y Qv),t<§]—h(x)Ex_ X)) ; ¢

- Y1
= h()E"| e T (s E" (ﬁ 0 b ff+)}
u

i Y
:h(x)Eil e‘)ltl—‘l{y<§-}E‘§l(Y <m,u < {)i|
u

=0, 5[IOx, ulY;u<¢ls <],
proving (3.6). Letting ¥ = f(X,), we get (3.7). U
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The corollary below explores general relations between @x,s and @x’ ;- In(3.8),
we take an £-nest (Fy)x>1 consisting of compact sets such that 4 € C ({ Fy}), which
ensures that the right-hand side of (3.8) is finite. Note that when s < ¢, by (3.9) it
may happen that @x,s[r; s < ] < oo but @x’,[f‘;t < ¢] = oo, because it may
happen that Q,(x, E) =oco forq.e. x € E.

COROLLARY 3.10. Let s >0,u >0and t =s + u. Then for I € p]-"? we
have

(3.8) O i[TIR (X))t <¢]= 0, 5[TOuXs, Fr);s <¢]  Vk=>1
and
(3.9) 0,45t <¢1=0,4[TQu(Xs, E);s <]

PROOF. In (3.7), taking f = Ip, we obtain (3.8), letting f = Ir we obtain
(3.9. O

We shall show that the process (X;);>o equipped with distribution flows
(@x,t),zo,x € E, enjoys also strong Markov property. Before showing that we
should first augment the natural filtration to make it right continuous and univer-
sally measurable, and hence suitable to accommodate stopping times. Note that
the distribution P)f‘ of the h-associated processes depends on A. For different £,
the corresponding Pf’s might be not all equivalent (at least it is not clear for us).
Hence we cannot directly make use of the augmented filtration (]—'th) 1>0. Thus we
have to augment the natural filtration (]-}O) >0 with the o-finite distribution flow
(@x’,),zo. This is a new and nontrivial task.

4. Augmentation of the filtration. As in the previous section, in this sec-
tion we fix an 1 € H. Let M" := (Q, "', (F)i=0, (X1)1>0, (PM)xek,) with tran-
sition semigroup (Pth),zo and lifetime ¢ be a special standard process properly
h-associated with (£, D(E)). We denote by B(EA) the Borel sets of Ex and by
P(E ) the collection of all probability measures on B(E ). For the convenience
of our further discussion, from now on we fix an £-nest (Fi)i>1 consisting of
compact sets such that 7 € C({Fy}) and an M"-invariant set S constructed in
Lemma 3.6 (taking i1 = hy = h).

For u € P(EA), we write

(4.1) Pl(A) :=f Pt (Audx) VA eF"
EA

Let (]-'P),zo be the natural filtration as defined by (3.1). For u € P(Ea), we
define for r > 0,

42) 0, (A) =0, (At <C)= fE 0. (Ait <Oudx) VA eFD,
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where Q, ; is defined by (3.2) (with the convention that Q5 ;(A;t < ¢) =0). Let
By :={1/k <h <k} and Ay :={t <, X; € B, Xo € B}. Then Q,, ,(Ag) < 00
and J; A = {t < ¢}. Hence, @M,, is a o -finite measure on ff)

Let }'to+ = ﬂs>t}'§). For u € P(EA), we define

M ={AC QA e FO,.T € FY, sit.
(4.3) AAAN CT, and Q, 7(I; T <) =0,VT >t}.

We extend @M,, to M}, denoted again by @M’,, by setting @M’,(A) = au,,(A/)
if A and A’ are related as in (4.3).
For our purpose of comparison, we define also

A CQPEA e PO T e FY, st
(4.4) AAA CTand Pyt <) =0},

L

and extend P[L’(-;t < {) to Q,’“L’l, denoted again by P;f(-;t < ), by setting
Plil(A; t<¢):= P[L’(A/; t <¢)if A and A’ are related as in (4.4).

LEMMA 4.1. Let M} and G ! pe defined as above. Then the following as-
sertions hold true:

(i) Mf'=g/"".
(i) Q, ; is a well-defined o -finite measure on ./\/lf, P;il('§t < ) is a well-

defined finite measure on M.
(i) @, and P/i’(-; t < ) are absolutely continuous to each other.

(iv) Both Eu,t and P;il('§ t < ¢) are complete on MY N {t < ¢}.

PROOF. Assertion (i) follows from the facts that for I" € ]:zO+’ Pﬁ’(F;t <
¢) =0 if and only if P[L’(F; T <¢)=0forall T >t, and PL’(F; T <¢)=0
if and only if Q,, 7(I'; T < ¢) = 0. Assertion (ii) is easy to check and we leave
it to the reader. Assertion (iii) follows from the fact that Q,, ,(A";t <¢) =0 if
and only Plil (A;t<¢)=0for A" € ff) . To check Assertion (iv), assume that
A€ Q,“’] and P/il(A; t <¢)=0. Then we can find A’ € F) and I € .7-"t0+ satisfy-
ing AAAN CT, PH(A';t <¢)=0and P}(I';t <) =0. For any Ag C A, we
have AgAA’ C (A'UT) € ]—'to+ and PZLL (A"UT;t <) =0. Therefore, Ag € Q’t“’l
and Pli’(AO;t <) = PL’(A’;t < ¢) =0, proving that Pli’(-;t < ¢) is complete.
Employing Assertion (iii), we see that Q,, , is also complete. [

Recall that H is the collection of all strictly positive and finite valued quasi-
continuous «-excessive functions in (£, D(E)). For any h € H, we denote by
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(Fth o )i>0 the P[L‘—augmentation of the filtration (]—"O)t>o in fh , that is,
F=(ACQEAN e FO.T e Fl, st

(4.5) AAA' CT and P!(I') =0}.

We use the same notation P[L’ to denote its extension to (]—',h H )i>0-

LEMMA 4.2.

() IfA e MY, then AN {t < ¢} € F'* forany h e H.
(ii) For any h € H, we have
Ip

ot
EW(A; t<¢)= EZ'M[%; r= ;]

S\
(4.6) = h&x)E h[ < ;]u(dx) VA e M¥.
h(Xp)' f
In particular, if i1 = 8y for some x € E, then for any h € H we have

ZIA

h(X:)’

@7 DA <0) —h(x)Eh[

(iii) Ifs <t, then My c MY,

z<;} YA e MY,

PROOF. If A € M/, then there exist A’ € F and T € .7’-'?+ such that AAA" C
I" and P[L’(F; t <¢)=0.Thenwehave [AN{t < }IA[A'N{t <} ]CTN{t <}
and A'N{r<¢}e ]-"tOJr. Applying Lemma 4.1(iii), we have P[L’(F N{r<¢ch=0

for any h € H, consequently AN {t <} € ]-",h’” for any h € H, verifying Asser-
tion (i). Assertions (ii) is a direct consequence of (i). Assertion (iii) can be verified
directly and we omit its proof. [J

LEMMA 4.3.  Denote by Mf i=Ny=; MY, then we have Mz+ =g 2 where
Gt 2 s defined by (4.8) below.

2= (A CQPEN e F, T e FY, st
(4.8) AAAN CTand P(T;t <) =0}

PROOF. Comparing (4.8) with (4.4), it is clear that "2 c G*' = MY for
s > t, therefore, g,’“ C Mﬁﬁ. Conversely, for any A € Mﬁi, let s, | ¢, then A €
Mé‘n for all s,,. By (4.4), there exist A, € ]-'gl and T, € ]-'21+ such that AAA, C Ty,
and P[L’(F,,; sp <¢)=0.Let

oo 0

AU r=AU"

m=1n=m m=1n=m
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then A’, T’ € ]3?+ and AAA’ C T'. Moreover, since PL’(F’; smo< ) <
P[Z(U?,O:m Ty sm < &) =0, hence we have P[L’(F’;t < ) =limy— 400 Pli’(f";

sm < ¢) = 0. Therefore, A € Q,M’Z, proving /\/lf+ C g;”. O

We define
(4.9) M= [ M.
HEP(EA)

Below is a main result of this section.

THEOREM 4.4. (M}, is a right-continuous filtration for any . € P(E ),
and hence (M;)>0 is a right-continuous filtration.

PROOF. For the first assertion, by virtue of Lemma 4.2(iii), we need only
to check that /\/lf+ c M. Note that (.7-7’);20 is right continuous, therefore,

(Xt)r>0 equipped with (Pf)xe E, 18 a Markov process with respect to the filtra-
tion (]-;(1),20. Hence, by [14], Lemma A.2.2, forany Y € p]:go, we have

ENY|FY) =ENYIF),  Plas.
Thus for any A € ]-'?Jr, In = EZ(IA|]-"t0), Pli’—a.s., which means that there ex-
ists I' € ]:z0+ such that Pli’(F) =0 and {Ip # Eﬁ(IA|]-'t0)} C I'. In particular,
we have P!(I';1 < ¢) =0. Set A :={EL(Iz|F) = 1} € F. Then AAA' C
{Ip # Eﬁ(IA|]-'t0)} C TI'. Thus, by (4.4) we get A € g,“’l = M} which means

]_-t0+ c M. Therefore, G/* 2 c MY because by (4.8) G 2is a completion of

~7'—,0+ with respect to the measure Pli’(-;t < ¢). Consequently, by Lemma 4.3

/\/lﬁﬁr C MY, proving the first assertion. The last assertion follows from the deriva-

tion below:
M= () M= () Mi= [} (MY

HEP(EA) HEP(EA) HEP(EA)S>1
:m m Mg:ﬂM‘v:MtvL.
§>t neP(EA) s>t |:|

We shall use the notation B(Ex)* to denote (,cp(g,) B(EA)".
PROPOSITION 4.5. X, € M,;/B(Ep)*.

PROOF. For any u € P(Ea), let v(C) := P,i‘(X, eC;t <) for CeB(Ep),
then v is a finite measure on B(EA). For any A € B(EA)*, there exist A’, B €
B(E ) such that AAA’ C B and v(B) = 0. Thus

(X, e A}AlX, e Ay =X (ALrA) Cc X7 1(B)
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and
PHX'(B);t <¢)=Pl(X,€B;t <¢)=v(B)=0.

Since {X, € A’} € F? and X; '(B) € F? C FY,, we get {X, € A} € M/". Hence
X, e M;/B(Ep)*. O

5. Stopping times and strong Markov property. In this section, we follow
the conventions and notation of the previous section. Let (./\/lfL )i=0 and (M;);>0
be as in Theorem 4.4. We set

ME Z=O’<U M,“) and My 2=O‘<U /\/lt>.
t>0 t>0
For B C Ea, we define the entrance time Dp and the hitting time op by

Dp(w) :=inf{r > 0|X,(w) € B}, op(w) :=inf{r > 0|X;(w) € B}.

THEOREM 5.1. Assume that B € B(EA), then the entrance time Dg and the
hitting time op are { M;}-stopping times.

PROOF. Lett >0, we define
D;:(s,w)€[0,1] x Q+— X (w) € Ea.
For B € B(E ), we set
A:=|{(s,w) €[0,1) x Q|Xs(w) € B} = ([0,1) x Q) N ®, 1 (B).
Since (Xs)s>0 1S (f?)szo—adapted and right continuous, hence we have A €
B(R4) x f? Let A ={we Q|3s € [0, 1) s.t. (s, w) € A}, then A is the projection
of A on Q2. Hence A is measurable with respect to the universal completion of .7-",0

(cf., e.g., [8], Proposition A.1.1). For all u € P(Ea), Mﬁ‘ is complete with respect
to the bounded measure P[L’(-; t <¢) (cf. Lemma 4.1(iv)), hence A € /\/l# . Conse-
quently, {Dp <t}=A € M# for all © € P(EA), which means {Dg <t} € M,.
By the right continuity of {M;}, we see that {Dp <t} € M,, hence Dp is an

{M;}-stopping time. Similarly, we can check that op is an {M,}-stopping time.
O

REMARK 5.2. Note that { =inf{r > 0|X; = A} = Da). Hence the lifetime
¢ is an {M;}-stopping time. In fact, ¢ is an (fﬂ)tzo—stopping time. This can
be seen by the fact that {¢ < 1} = Useqno.n{Xs = A} € .7’-',O (here Q stands for
rational numbers).

For an {M}"}-stopping time o, we denote by

(5.1) MY =N e MEIAN{o <t} e MY, vt >0},
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and for an {M,}-stopping time o, we denote by
(5.2) My :i={A e Mx|AN{o <t} € M;,Vt >0}.
We make the convention that X, = A. The remark below can be checked by

standard arguments (cf., e.g., [17], Theorem 3.12, and [8], Lemma A.1.13(ii)).

REMARK 5.3. (i) If o is an {M}'}-stopping time, then X, € M% /B(EA).
(ii) If o is an { M, }-stopping time, then X, € My /B(EA).

The second assertion of the above remark can be strengthened as the proposition
below.

PROPOSITION 5.4. If o is an {M,}-stopping time, then X, € My /B(Ep)*.

PROOF. By Remark 5.3, for C € B(EA) and ¢ > 0, we have {X, € C}N{o <
t} € M;. Hence, for any u € P(Ea), it follows from Lemma 4.2(i) that {X, €
Cinfo<t)nN{t <} e]:th’”“. We write v(C) := PL’(X(7 eC;o0 <t,t <t) for
C € B(EA), then v is a finite measure on B(E).

For any A € B(EA)*, there exist A’, B € B(EA) such that AAA’ C B and
v(B) =0. Then

({Xo € A}A{X, € A'}) N {o <1}
={Xo € ALA'}N{o <t} C{X, € B}N{o <1}

and

P[L‘({XU eB}N{o <tht<¢)=v(B)=0.

By Lemma 4.1(i), we see that {X, € A} N {oc <t} € M. Since u € P(Ep) is
arbitrary, hence {X, € A} N{o <t} € M, which means {X, € A} e M,. U

For an {M/'}-stopping time o, we set
(5.3) or =015y +00lp>g).

Recall (.Eh’“ )r>0 1s the Pli‘-augmentation of the filtration (.7-"[0),20 in ]-"é’o (cf.
4.5)).

LEMMA 5.5. (i) If o is an {M}'}-stopping time, then for any h € H, o¢ isan
(f,h’“),zo—stopping time,and AN{o < ¢} € fé’g”for AeMy.

(ii) If o is an {M,}-stopping time and A € M, then for any h € H, o is an
(}'th);zo-stopping time and AN{o <} e ]:(}rl:'
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PROOF. Assertion (ii) follows directly from Assertion (i). Below we prove
only Assertion (i). Let o be an {M/}-stopping time and A € M. If o takes only
discrete values, for a € R, by Lemma 4.2(i), we have for any h € H,

ANfo; =a}=[AN{o <}|N{oc =a}
:[Aﬂ{a:a}]ﬂ{a<{}€f£”“,

which implies that o is an (]-',h’“)tzo—stopping timeand A N{o < ¢} e f!ﬁ;“. In
the general case, we set

k k—1 k
(5.4) o, = o forallZ—n§0<2—n,

+o0 o =400,
where k=1,2,...,n=1,2,.... Then each o, is an (Mﬁ‘)—stopping time. More-
over, 0,(w) decreases to o(w) and o0, ¢ (w) decreases to oy (w) as n — +00.
Since {M}‘} is right continuous, by a routine argument we can show that o is
an (.Eh’”)tzo—stopping time and A N{o < ¢} e .7-"?{’“. O

LEMMA 5.6. Let i € P(Ep) and o be an {M!}-stopping time. If A € MY
with P[LI(A; o <) =0, then for any A’ C A, we have A' N {o < ¢} e MY.

PROOF. Suppose first that o is a discrete {M}"}-stopping time taking values
in {ay,ay,...,a,,...,+0o}. Then

—+00
0=P!(A;o <) =) PlAio=a;,0<0)
i=1

+00
= Z P:L’(A N{o=ai};a; <¢).
i=1
By the completeness of MY, with respect to Pﬁ’(-; a; <), forany A’ C A, we
have

A/ﬂ{a<§}ﬂ{0:a,~}:A/ﬂ{o:ai<§}€M[‘;l, Vi>1.

Hence A’ N{o < ¢} e ME.

For general {M}"}-stopping time o, there exists a sequence of discrete {M}'}-
stopping time (0,,),>1 such that o, | o as n — 400 (cf. (5.4)). Then A € MY
and P)!(A;0 < ¢) =0 implies A € My, and P!(A;0, <¢) =0 foralln > 1.
For any A’ C A, we have

o
A'Nnfo<tinfo <ty=J[A N{on <¢}N{on <t}] € M}

n=1

Therefore, by the right continuity of {M/}} we get A’ N{o <¢}e M5. O
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LEMMA 5.7. Let o be an {M,}-stopping time and t > 0, then ;' M, N {t +
o< §} C MH-U-

PROOF. First, let A =(/_,{X,, € B;} for some B; € B(Ep),i=1,2,...,n,
and0 <t <t <---<t, <t. Then by Remark 5.3 we get

n
0, ' A= ({Xi40 € Bi} € Miyo.
i=1

By monotone class argument, we conclude that 6 1]-',0 C M4, and consequently
Hglfﬂ C M;1 because { M,} is right continuous.

Second, for any u € P(EA), we can define a finite measure v on B(EA) by
setting v(A) = P/il(XU{ € A;o; <) for A € B(Ea). Then for any A € M; C
M}, there exist A’ € F{ and I" € F; such that AAA’ C T and P}t < £) =0.

By the conclusion, which we have just proved above, it holds that 6, T e M, 40.
We have

P[f(ea_lr;t—i-a <§)=P£(90_1F;0 <t <Coby)
=P[Z(90_[1F;0§ <t <to0by)
=EZ[P;'}(,§ (T3t <¢)or <¢]=PhTr<¢)=0.

Hence, because (9;1A)A(9;1A/) = 9;1(AAA’) - Q;IF, by Lemma 5.6 we get
[6, M)\ G, AN {t+0 <t} e M, and [(0,'A)\ (0, ' M)IN{r 0 <
l}e Mf‘ 1o~ From these two facts together with the fact that 6. IS Mo, We
get 90_11\ N{t+o0 <t}e Mﬁa. Consequently, 9;1A N{t+o <} e My,
because u € P(E ) is arbitrary. [J

Below we denote by 7 the collection of all the { M, }-stopping times.

DEFINITION 5.8. For o € T,x € E, we define a measure @xﬁ on M, by
setting
_ _ h eOlO' IA
(55) Qro()i= 0y 0(A;0 <) i=h()E] o<t)  VAeM,,
h(Xs)
where 7, is the indicator function of A, E ! is the expectation related to P!*. We
call Q, , a o-finite distribution up to time o (in short, distribution up to o), and
call (@x’g)geT an expanded o -finite distribution flow (in short, expanded distri-
bution flow) associated with (£, D(E)).

PROPOSITION 5.9. (i) Leto € T.Then éx,o () is a well-defined o -finite mea-
sure on M, for fixed x € E, and @x,a (A; 0 <€) being a function of x is B(Ep)*
measurable for fixed A € M, .
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(i) The definition of @x,(, is independent of the choice of h € H. More precisely,
lfé;d is defined by (5.5) with h replaced by another h' € H. Then axﬁ and
@; » are equivalent to each other. That is, there exists a Borel set S C E such that

@x,g(-) and @;’6(-) are identical for all x € S and E \ S is E-exceptional (cf.
Definition 3.3).

PROOF. (i)ByLemma5.5, AN{oc <¢}¢€ Fg‘{ for A € M, therefore, @x’(, is
well defined. Let By :={1/k <h <k} and Ay :={0 <k A¢, Xs; € By, Xg € Bi},
then @x,a(Ak) < oo and |J; Ax = {o < ¢}; hence @x,a is a o-finite measure.
The last assertion follows from Lemma 5.5 and the standard theory of Markov
processes (cf., e.g., [7], Chapter I, (5.8)).

(i) To check that @x’g is independent of the choice of h € H, let @;6 be
defined by (5.5) with & replaced by another i’ € H. Let (Fi)x>1 and S be as in
Lemma 3.6. Suppose first that o € T is a discrete stopping time, taking values in
{a1,as,...,ay,...,+00}. Then for any x € S and any A € M,,

0.0(A) = h(x)Efz(eMIA Lo < ¢)

ed
h(Xo)
o0 aaI
= Zh(X)EfZ<e Ao <io =ai)
o aa; o _
=Zh(X)Ef§<e Anfo=ai}Nfa; c})
h(Xa,)

~.
—

e*UINn(o=a;)N{a; <) )
h (Xa)

I
.Mg

Il
_

h/(x)Ef,(

~

=0, ,(N),

where the fourth equality follows from Lemma 3.6.
For general o € T, we define o, in the same manner as (5.4) above. Let Ay =
{o <k AN, Xy € Fi, Xo € F}, then for any A € M,,, we have for x € S,

— R . —
Or0(ANAY = lim Oy o, (AN AY = lim Oy, (AN A =T, 5 (AN Ap).

Letting k tends to infinity, we get O, ,(A) = @;,U(A) for x € S. Consequently,
@; - () and @x’ - (+) are equivalent to each other. [

We are now in a position to state the strong Markov property of the distribution
flows. The readers may compare the theorem below with Theorem 3.9 in Section 3.

THEOREM 5.10. Leto €T andt € T. We set

y'=0+7100, and y =y =y Iy <} + 00lyrse).
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(i) It holds that y € T and Y o6, € M,, forY € pM..
(ii) ForT' e pMy and Y € p M, we have

(5.6) 0,y [TV obo)iy <t]=0,0[l0x, . [Y;T<lo <]
In particular, if T = u is a constant, then for I' € pMy and f € pB(E), we have

(5.7) Ororullf Koqu)io+u <=0, 4[T(Quf)(Xo);0 <]

PROOF. (i) For A € M; and r > 0, we have
o' ANy <t}=J[6;,'AN{tob, <p}N{p+o<t}nip+o <t}],
peQ
where Q is the collection of all the rational numbers. Noting that A N {r < p} €
M, by Lemma 5.7 we get
0 'AN{tob, <piN{p+o <)
=00_1[Aﬂ{1: <p}|n{p+o <i}eMpis.
Thus,
—1
0, ANn{y <t}

(5.8)
= LJ[G’G_IAﬁ{tOQ(7 <piNfo+p<t}N{p+o <} eM,.
peQ

Letting A = Qin (5.8), we get {y <t} € M,, which means y is an { M, }-stopping
time because {M;} is right continuous. By (5.8), we conclude also that 6, AN
{y <t} eM, forany A € M, and consequently Y o0, - I, ;) € M, for any
Y € pM;.

(i) LetI" € pM, and Y € p M. By Lemma 5.5 and the strong Markov prop-
erty of ((X;)=0, (F");=0, P (cf. [7], Chapter , (8.6)), we get

0, [T(¥oby)y <]
-ea(o+r09(,)Y 06,
=h(x)E"

L h(XU+T00(7)

Fet Tty o g, T

;a+ro€a<§]

=h(x)E" ;00 <8, T 005, <L 00,
X ¢ ¢ ¢ ¢

L h(X(Tg-FT;OGg{)

e Y Iz, <¢)
=B e Pl B 57 00| 7 ) |
k29

ey

= h(x)E}l'Cl eag;FI(O';<§)E§Z(J{ (h(T), 'L'C < {)]
29
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oI arY
_ h(x)Ei‘[wh(XU)Eé’( ( ¢ < ;)}
h(Xs) “\h(X7)
:ax,a[raXo,r[Y; T<({];o< f]

The above last equality makes use of the last assertion of Proposition 5.9(i) and
Proposition 5.4. [

6. O-measurable positive continuous additive functionals.

6.1. Preliminaries and definition. Let (€, D(E)) be a quasi-regular positivity
preserving coercive form on L2(E; m). Following [14] (see also [23]), a positive
measure 1 on (E, B(E)) will be called smooth w.r.t. (£, D(E)) and be denoted
by u € S, if u(N) =0 for each £-exceptional set N € B(E) and there exists an
E-nest (F)k>1 of compact subsets of E such that u(Fi) < oo forall k € N. A pos-
itive Radon measure p on (E, B(FE)) is said to be of finite energy integral w.r.t.
(€, D(&)), denoted by u € Sp, if u € S and there exists C > 0 such that

/ 500 |u(dx) < CE (., v forall v e D(E).
E

Let (£, D(EM)) be an h-transform of (£, D(E)) with some h € . Then one can
easily check that y is a smooth measure w.r.t. (£, D()) if and only if it is a smooth
measure w.r.t. the semi-Dirichlet form (£, D(E")). We shall denote by S{)’ all the
measures of finite energy integral w.r.t. (£, D(E")).

For i € Sp, applying a theorem of G. Stampacchia [28] (cf. [21], . Theorem 2.6),
we can show that there exists a unique Uy € D(E) and a unique U, uwe D)
such that

EqUg,v) = /E v(x)u(dx) = Ey (v, Uau) for all v € D(E).

We call Uy (resp., (L,u) an a-potential (resp., a-copotential) of u € Sy w.r.t.
(€, D(&)). For notational convenience, we shall denote by U‘f u (resp., Uo}l’,u)
the o-potential (resp., a-copotential) of u € S{)’ W.I.L. (Sh, D(EM)). The following
lemma can be checked directly and we omit their proofs.

LEMMA 6.1. () If i € So, then h - € SJ. If v € Sh, then (h™1) - v € S,.
(ii) Forany p € Sy, B> o, Ugu = hUé’_a(h - ), m-a.e.
(ii1) The following two assertions are equivalent to each other:
(a) ues.
(b) There exists an E-nest (K,),>1 consisting of compact sets such that I, -
u € Sp for each n € N.

In what follows, we use R to denote [0, 0o) and use @Jr to denote [0, oc]. Let
O be the optional o-field related to the filtration (M;);>0. Thatis, O is the o-field
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on [0, co[[:=R; x © generated by all the {M,}-adapted cadlag processes. It is
known that (cf. [17], Theorem 3.17)

6.1) O :=o{[[T,ool|T € T}.

Here and henceforth, [T, co[[:= {(¢, w)|T (w) <t < 00}, T is the collection of all
the {M;}-stopping times. An O-measurable process is called an optional process.
For 1 € P(EA), we define a o -finite measure Q,, on O as follows:

+oo__
(6.2) Qu(H) = | Qu(ln(t,))dt  VHeO.

In particular, for u = 6, we write

+oo
(6.3) Qy(H) :=/0 O, (Iy@t,))dt VYHeO.

DEFINITION 6.2. (i) A R-valued optional process A := (A;);>0 is called an
O-measurable positive continuous additive functional (O-PCAF in abbreviation)
if there exists a defining set I' € O such that:

(a) IT(t, w) is decreasing and right continuous in ¢ for fixed w, and It (¢ +
s, w) = 1 implies It (s, 6;w) = 1;

(b) Q,(I') =0 for all v € Sy, where I'“ := [[0, co[[\[";

(¢c) Let tr(w) := inf{t > 0|(¢t,w) ¢ I'} and Ar := {w|tr (@) > ¢(w)}, then
Ar ={ol|tr(w) = o0}

Furthermore, the restriction of A on I', or equivalently, the restriction of A on
{rr > 0}, possesses the following properties:

(d) A; is continuous for 0 <t < tpr, Ag=0,A; <oofort <tr A¢,and A; =
(Ag)_fort >¢;

(©) Args(w) =Ai(w) + As(brw) fort +5 < 10 (w).

(ii) Two O-PCAF A and A’ are said to be O-equivalent if they share a common
defining set I" and their restriction on I" are identical.

PROPOSITION 6.3. Let A be an O-PCAF and Ar be specified as in (c) of the
above Definition 6.2. Then for any h € H, the restriction of A on Ar is a PCAF
of M" in the classical sense defined in [14], Section 5.1 or [23], Section 4.1, with
defining set At and some exceptional set N .

PROOF. Leth € H,by Lemma5.5 we have (Ar)° ={tr <¢} e ]-'(hrr){ C fé’o.
By Definition 6.2(b), there exists an £-exceptional set N such that forx € E\ N,
OltI f,
(6.4) / h(x )Eh[ eI <§}dt=0,
h(X¢)

which implies E)’C’[Irc(t, Nt <] = Ex[I{TFSt};t < ¢] = 0 for almost all ¢ €
RT, and hence P!((Ar)¢) = E"[I{z<c}] = 0. Since Ar = {w|tr(w) = 00},
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hence by Definition 6.2(a) we have 6; Ay C Ar for ¢ > 0. Therefore, by Defini-
tion 6.2(d), (e), A is a PCAF of M" with defining set Ar and exceptional set N.
O

REMARK 6.4. Conversely, let A" be a PCAF of M" in the classical sense,
then applying Theorem 6.5 below, we can construct an O-PCAF A such that the
restriction of A on Ar as a classical PCAF is equivalent to A in the classical
sense.

6.2. Revuz correspondence. In this subsection, we fix an h € H. Suppose that
A" is a PCAF of M" and " is a smooth measure w.r.t. (£, D(E")). Then by the
theory of Dirichlet forms, A" and " are said to be Revuz corresponding to each
other, and p” is called the Revuz measure of A”, if for any y-coexcessive (y > 0)
function g € D(EM) and any bounded f € pB(E), it holds that

. h +oo h h
65)  lim ,B(g,E [ | e<ﬂ+y>‘f<xz>1<,<;>dA,]> = [ rgan’.
B——+o0 0 h2.m E

We refer to [14], Section 5.1, and [23], Section 4.1, for the detail discussion of Re-
vuz correspondence. The condition stated above is slightly different but equivalent
to the condition stated in [23], Theorem 4.1.4, (cf. [14], Theorem 5.1.3).

In this subsection, we shall prove the following theorem.

THEOREM 6.5. (i) For any O-PCAF A, there exists a smooth measure | =

a4, such that for any y-coexcessive (y > «) function g € D(E) and any bounded
function f € pB(E), it holds that

(66) Jim B UL 0, = [ redn.

here and henceforth,

+o0
6.7) UP f(x):=h(x)E" [/0 e—<ﬂ—“>’£(x,)1(t<;)dA,}

provided the above right-hand side makes sense. Moreover, if A and B are O-
equivalent O-PCAFs, then s and up are identical.

(ii) Conversely, for any u € S, there exists a unique (in O-equivalent sense)
O-PCAF A, such that assertion (6.6) holds.

REMARK 6.6. We shall say that A and u are Revuz corresponding to each
other (w.r.t. the positivity preserving coercive form (£, D(£))), and u is the Revuz
measure of A, if A and u satisfy (6.6).
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PROOF OF THEOREM 6.5(1). Suppose that A is an O-PCAF with defining
set I'. We define

|
(6.8) Aﬁl(w): /0 mdAs(a)), w € Ar,
0, w ¢ Ar.

Then by Proposition 6.3, A" is a PCAF of the h-associated process M" w.r.t.
the semi-Dirichlet space (£, D(")). By [23], Section 4.1, there exists a Revuz
measure [ 4, associated with A", We define puy := (A1) - W4, then up € S.
If g € D(E) is a y-coexcessive function (y > «), then % eDEM isa(y —a)-
coexcessive function in (S(fj, D(EM)). For any bounded f € pB(E), by the Revuz
correspondence between A" and 1 41, we have

: B+y
lim B(e. UL f),,

B
- h T By —an L d
=ﬂ£r_{_looﬁ(g,hE. I:IAF/O e Z(Xt)l(m;) Ati|)m
+o00
= lim ﬂ(g,hEh[ / e—w”‘“)’f(Xt)dAﬁ’])
o0 0 m
—+00
— lim ﬁ(g,E,h[/ e_(ﬂ_“”)’f(Xt)dA?D
B—+o0" \ h 0 h2-m

8
= [ Srdun =] efdus.
Eh E

Therefore, (6.6) is true. Suppose that B is another O-PCAF which is O-equivalent
to A. We define B in the same manner as (6.8). Then one can check that B”
and A" are equivalent w.r.t. (£, D(E)). Thus, by [23], Theorem 4.1.4, we get

[gh = pan, consequently g = (h™Y) - g = (™Y g = pa. O
For proving Theorem 6.5(ii), we prepare two lemmas first.

LEMMA 6.7. Let u € Sy. Then there exists a unique (in O-equivalent sense)
O-PCAF A such that

00 g— (Bt |
(6.9) E,’;.VUO wdm] = (Upp,v) WY eSo,p>a,

—(B-or g . . . .
and consequently, h(x)E fC’ [ fooo W dA,] is an E-quasi-continuous version

of Ugu for any B > a.

PROOF. Existence.
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Let u be an £-quasi-continuous version of Ugu for some temporarily fixed g >
a, then there exists an £-exceptional set N such that nR;, gu 1 u on E \ N. Here,

Ruspu = [F® e~ "B Qu(-)dr. Let

n(u—nR,ygu)(x), x€E\N,
0, xX€eN.
Then Rgg, 1 u forany x € E\ N. Let h € H, we have when n — oo,

(6.10) gn(x) = !

Rﬁ agn — Eh |:/°O e_(ﬂ_a)tgn(xz)l{tq} dti|
h 0 h(X;)
6.11) A et = =
. ~ B8n W h B =Upg_q M),

P

where U é’fa (h - u) is an £-quasi-continuous version of the (8 — a)-potential of
h - with respect to (", D(E™)). Similar to the proof of [23], Theorem 4.1.10,
we can choose a subsequence {n;} such that (Rg_a%)keN with f; := %25;1 g

converges to U g_a (hu) strongly in (£", D(EM)). Denote by

(6.12) Al w) = /Oz e_(ﬂ_“)S%(Xs)ds.

Then similar to the argument of [23], Theorem 4.1.10, we can take a subsequence
k; such that

h h
(6.13) Sﬁ_a(Rﬂ —a
Let

fk,+1 fk Rh fkl+l fk < 2—6i
h Prep '

A= { wIAZi (t, w) converges uniformly in ¢
(6.14) on each finite interval of [0, 00)},

then P/"((A")¢) =0 for all v € Sy, and hence P((A")¢) =0 for q.e. x € E (cf.
[23], (4.1.16)). Let
) lim A} (t,0), weA"
(6.15) At w) = {iotoo
0, wé¢ A"

Denote by
Al= /l eBu g Al
0

then (Ail);zo is a PCAF in the sense of [14], Section 5.1 or [23], Section 4.1, and
its Revuz measure w.r.t. (%, D(E")) is h - . That is, for any B > «, it holds that

- 400
6.16) U" (h-p)(x)=E" e B L (X,)dA" qe.x€E.
B—a 1 Jo t
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We now define

Iry= ﬂ U {a) € QMZI, (u, w)converges uniformly

m>11>m
1 .
foru e [O,t—i— 7] when i — oo},

F={(t,wlteR,wel},  t:(w) =inf{t >0|(t,w) ¢ T}
and
(6.17) M:=TU{{, 0t > (), 17(0) > (@)}

Then Ir(t, ), t > 0, is a decreasing right continuous { M, }-adapted process.

Let tr(w) :=inf{t > 0|(¢, w) ¢ '} and At := {w|tr (w) > ¢ (w)}, then by (6.17)
we have Ar = {w|tr(w) = oo}. Moreover, comparing (6.14) and (6.17), we get
Ar D A", and hence P!((Ar)¢) = P!({rr < ¢}) =0 for all v € Sy. Conse-
quently,

+oo

Qu(re) := A 0,.:(Ire(t, ) dt

+0o0 I
:EZ.VI:IAF/(; Iysor ﬂdr] =0  Wved,.

"h(X))

We define

lim AL (rw), 0<t<ta(0),

- i—>+oo

(6.18) A(w) := Ar (o), t> 17 (w) >0,

0’ TF(O)) = 0
and

t -
(6.19) A, = / P (x,)dA,  Vi>0.

0

Then we can check that A is an O-PCAF with defining set I". Note that for w € Al
we have

(6.20) Ar(w) = /0 t h(X,)dA" ().

For any 8 > o and v € S, by (6.16) and Lemma 6.1(ii), we get
00 g~ (B=0t [, . +00
E} [f — = ga } = E] [1 / _(ﬁ_“)’dAh]
vl Jo hX,) t hov | LAk 0 e t
=(Ug_o(hp). h-v)= (Upp, v).
Hence A satisfies (6.9).
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Uniqueness.
Suppose that B is another O-PCAF with defining set I'’ satisfying (6.9) with A
replaced by B. We define

ro
—dB;(w), we A,

6.21) B'(w) = /oh(Xs) (@) :
0, w ¢ Ap.

Then B" is a classical PCAF of the h-associated process M. By (6.9), we have
forany 8 > o and v € Sy,

+o00 p—(B—)t [
Usp.v) = EN [/ &d,ﬂ
( ﬂl’l’ > h-v 0 h(Xt) t

—+00
= E;;VUO e—<5—“>f1E(x,)dBf].

Therefore, for any 8 > «, by Lemma 6.1(ii) it holds that

—_—~—

400
E" U e—(ﬁ—“>’1E(X,)dBf] =Uj_4(h-w)(x) qe.xekE.
0

Hence, by [23], Theorem 4.1.10, B" and A" are equivalent in the meaning of [14],
Section 5.1, or [23], Section 4.1, which means that there exists a defining set Al
such that P‘f‘((]\h)c) =0 forall v e Sy, and B,h (w) = A?(a)) forallz >0, w € A".
We now set

f,::ﬂU{wesz

n>1k>n

By(@) = Ay (@) Vs§t+%},

then I'; D A", which implies that if we define
Fi={tolteR,welJNINI,  t7(w) =inf{t > 0|(t, ) ¢ T'}
and
I":=TU{@, o)t = {(), T5(@) = { (@)},

then Q, ((I'")¢) =0 for all v € Sp. We can check that I'” is a common defining set
for B and A, and B and A are identical on I'”. That is, B and A are O-equivalent.
O

LEMMA 6.8. Let A be an O-PCAF and i € Sy. Then the following two as-
sertions are equivalent to each other:

(1) A and p satisfy (6.9).

(i1) w is the Revuz measure of A, that is, the assertion (6.6) is true.
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PROOF. Let A" be defined by (6.8). Then u € Sy is the Revuz measure of
A wrt. (£,D(€)) if and only if h - € Sg is the Revuz measure of A" w.r.t.
(&M, D(EMY). By the theory of classic Revuz correspondence, the latter is true if
and only if, for all 8 > «,

—_——

400
(6.22)  Up_,(h-u)(x)=E} [ / e~ B (X)) dA?] ge.x€E.
0
Applying Lemma 6.1(ii), we see that (6.22) is true if and only if (6.9) is true. [

PROOF OF THEOREM 6.5(11). For u € S, by Lemma 6.1(iii) there exists an
E-nest (K,),>1 consisting of compact sets such that /g, - u € Sp for each n > 1.
Then by Lemma 6.7 and Lemma 6.8, there exists a unique O-PCAF Ay ., whose
Revuz measure is I, - n for each n > 1. Hence, for any y-coexcessive (y > a)
function g € D(€) and bounded f € pB(E) we get

: B+y
ﬂgr—{—loo IB(ga UIKn .AlKn-H'M f)m

. oo — — I n
= lim ﬂ(g,hEh[/o e~ Pty a)’fTK(Xz)I(Kg)dA]KnH.M(Z)D

B—+oo m

- /E folx, d(Ik,., - 1) = /E Falx, du,

which means the Revuz measure of Ik, - Aj, o is also Ik, - n. Hence, Ik, -
A Ik, and Ay, ., are O-equivalent. (Here and henceforth, /g, - A Ik, u(t) =

Jo Ix, (X dArg _ u().)
Let T'! be a defining set of A I, -1 For each n > 2, we may take a common
defining set I'" such that I, , - Afg, .. and Ay ., are identical on I'. Without

loss of generality, we may assume the I'" € I'"~! for each n > 2. Let 1 (w) =
inf{r > 0|(t, w) ¢ I'"} and tr=(w) :=inf,>1 77" (w). Then by the right continuity
of {M,}, we have tre € T. Moreover, since {tr~ < ¢} C U,>{tr" < ¢}, there-
fore, Plf’({rroo <¢}) =0forall v eSy.

We define tg, (w) = inf{tr > 0| X;(w) ¢ K, } for n > 1. Similar to the argument
of [21], IV.Proposition 5.30(i), we can show that there exists an £-exceptional set
N, such that for any x € E \ N, P!(lim,— oo 7k, < ¢) = 0. Therefore, if we let
Tk, ‘= lim,_, Tk, , then P,f’({rKoo < ¢}) =0 for all v e Sg. We now set n =
T A Tk, and define

Ii= (o)t < 1) U {0l = ). 1) = ).
We can check that I" satisfies Definition 6.2(a), (b) and (c). Moreover, if ¢ < n(w),
then Ay (1, @) = Ik, -AIKHI.M(I, w) foralln,l > 1. Set 7k, (w) := 0 and define
A[Kn~ﬂ(t7a))a OSt<n(w)vtKn_l(a))§t<TKn(a))a
(6.23)  A(t,0)={A;-(0), 1 >n(w) >0,
0, n(w) =0.
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Then we can check that A satisfies Definition 6.2(d) and (e). Therefore, A is an O-
PCAF. By Part (i) of Theorem 6.5, there exists a unique smooth measure (4, such
that for any y-coexcessive (y > «) function g € D(€) and any bounded function
f € pB(E), it holds that

Jim e UL 0, = [ redua.

But for any n > 1, we have

— i B+y

T, I
= lim lim ,B(g,hE [ n>;}/ ! e_(ﬁ_“)’%(X,)I(K;)dA,D
0

B—>+00l—+00 m

= timtim (e nBf[ [T e O L1 0]

B—+ool—+00 m

=f felk, dp.
E

Therefore, wa = u, thatis, u is the Revuz measure of A. Suppose that B is another
O-PCAF whose Revuz measure is u. Then Ik, - B is Revuz corresponding to
Ik, - p foralln > 1. Hence B is O-equivalent to A. [J

6.3. Optional measure Q;‘ (-) generated by A. In this subsection, we are going
to show that the Revuz correspondence defined by (6.6) and (6.7) is independent of
h € H (see Corollary 6.12). To this end, we introduce an optional measure Q?(-)
generated by an O-PCAF A, which we believe will have interest by its own and
will be useful in the further study of stochastic analysis related to positivity pre-
serving coercive forms.

DEFINITION 6.9. Let A be an O-PCAF. For x € E, we define a o -finite mea-
sure Q4 (-) on O by setting

A _ h Ti<g)
(6.24) Qy(H):=h(x)E} [/ IH(2, ) X)) dA] VH € O.

We call Q;\ (-) an optional measure generated by A.
For v € Sy, we write

QA (H) = / Q4 (H)v(dx)

(6.25) _E,”U In(t,-) h(;j)“dA} VH € 0.
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LEMMA 6.10. Let B be an O-PCAF which is O-equivalent to A, and @f(-)
be defined by (6.24) with A replaced by B. Then there exists an E-exceptional set
N, such that Qf(~) = Qf() for all x € E\ N, and hence Qf(‘) = Qf}(-) for all
AS S().

PROOF. LetI" be a common defining set for B and A, and Ar be specified by
Definition 6.2(c). Then there exists an £-exceptional set N such that Pf (Ap)°) =
Ef[l{fr<;}] =0 for x € E\ N (cf. the proof of Proposition 6.3). Then, for any
H € O, we have

By _ 0 > Nt
@x(fal)—h(x)Ex[lAr fo 1, )0 dBt]

o0 Oll‘I -
B I [ tn G0 aa = adan.

In the proof of Theorem 6.11 below, we shall make use of the predictable o -field
P related to {M;}. Recall that P is the o-field on [[0, co[[:=R, x Q generated by
all the left continuous {M;}-adapted processes. It is known that (cf. [17], Theo-
rem 3.21) P C O and P is the o-field generated by the following sets:

{{0} x F|F € My}
(6.26) U{lp.q) xFI0<p<g<o00,p,qeQy, FeM,_}|,

where Q4 stands for all the nonnegative rational numbers and M, =\/,_, M;.
Recall that  is the collection of all strictly positive and finite valued £-quasi-
continuous a-excessive functions.

THEOREM 6.11. The optional measure (@;‘(-) defined by (6.24) is indepen-
dent of h € H in the following sense:

(1) Let Q;A(-) be defined by (6.24) with h replaced by another h' € H. Then
there exists an E-exceptional set N such that Q;A ()= Qf(-)for allx e E\ N.

(ii) Consequently, let Q/VA(-) be defined by (6.25) with h replaced by another
h' € H. Then for any v € Sy, we have Q/VA(-) = Q{j‘(-).

PROOF. Let A be an O-PCAF. Then by Theorem 6.5 there exists p € S satis-
fying (6.6). We assume first that u € Sp. Then by Lemma 6.8, A and u satisfy (6.9)
w.r.t. h. Suppose that /' is another strictly positive £-quasi-continuous a-excessive
function. Following the procedure of Lemma 6.7, we may construct another O-
PCAF A’ such that A’ and p satisfy (6.9) w.r.t. ’. More precisely, let g, be the
same as specified by (6.10), then (6.11) holds also true when 4 is replaced by h'.
Moreover, we can choose the same subsequence {rn;} such that (Rﬁ/_ o %)keN with
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fr = %25;1 gn; converges strongly in (", D(EM")), and take the same subse-
quence k; such that

’ / fk,‘ 1_fk,' / fki 1_fk,'
5/3—0! <R/3—Ol : n ' Rp—o : n )

h po Sk — S Jiior — Jhi 6
zgﬂ_ol(lfel3 w “h RE_, “h <27

Repeating the construction in Lemma 6.7, we denote
~ W t
(6.27) A (1, ) = / e_(ﬂ_“)S%(Xs) ds.
0
Define

~h
= ﬂ U {a) e Q|A’ k; (u, w) converges uniformly

m>11>m
1 .
foru e [O,t+ 7} when i — oo},

={t,o)teRy,wel}}, 15w =inf{t > 0|(t,0) ¢ I}
and
I:=T"U{{t, )t > (), 175 (@) > (@)}
Let tr/(w) := inf{r > 0|(¢, w) ¢ '’} and define

. ~ b’
lim A" (1, w), 0=<1<1tp(0),
i—+400 !

(6.28) A@) =1 A1 (o). t> 15 (w) > 0,
0, () =0
Define further
t ~
(6.29) Al = /0 ePmOup/ (X, )dA! V>0,

Then A’ is an O-PCAF with defining set I'" satisfying (6.9) with & replaced by h'.
We claim that A” and A are in fact O-equivalent. To verify this, we deﬁne I'=

I'NI7 and 73 (w) :=inf{r > 0|(¢, w) ¢ I'}.Lets < i (w), then both A/k (s, w) and
Ahi (s, ) converge uniformly for s € [0, ¢]. Comparing (6.12) and (6.27), we have

~ S h -
A/ki(s,a)):/(; E(Xu)dAZi(u,a)) Vs < 1z (o).

Consequently, for any 7 > 0 we have

¢ . 1 .
/0h/(Xu)l{h(Xu)<T,h’(XM)<T}dA;(CU):/O h(Xu) Iinx, ) <70 (x,)<T} dAu(@).
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Letting T — oo, we get Aj(w) = A;(w) for t < 71(w). Therefore, A" and A are
O-equivalent.

Let Q;A/(-) be the optional measure constructed with A" and &’. We are going to
show that @;A/(-) and Q;‘(-) are identical. To this end, we take an £-nest (Fy)i>1
consisting of compact sets such that h € C({F¢}) and i’ € C({Fy}). Let tp, =
inf{r > 0|X; ¢ Fi} and 7y = inf{r > 0: A; > k or A} > k}. Define T}, = tp, A Tk A
r A T A k, where tr and 7y are specified by Definition 6.2(c). Then, because
both i and h’ are strictly positive and finite on each compact set F, and v(F) <
oo for all v € Sy and k > 1, we have QA" ([[0, Tx[[) < co and QA ([0, T [[) < oo
forall ve Spand k > 1.

Suppose that H = [s,7) x F with F € M;_ands,t € Q4,0 <s <t < 00. For
fixed v € Sp and fixed k > 1, we have by (6.19), (6.18), (6.12) and (4.6),

o0 Mu<e)
QX (H N[O, T = EF, [/0 IFI[S/\Tk,t/\Tk)(u)T)(; dA }

o0 ~
- E;}.U[ /O IFIWk,Mm(u)eﬁul{K;}dAu]

o0 S (Xu)
= Jim_ Eh[/o TP Tisntinty @™ u<e) 5 s ”}
) +0oo
= lim Qv,u(IFI[S/\Tk,t/\Tk)(”)fki (Xu)) du
1—>00 J()

On the other hand, by (6.29), (6.28), (6.27) and (4.6), we get

QA (H N[0, Tx[)

Olul
e gy dA;}

oo
— gl
= Eh/~l) |:\/(\) IFI[S/\Tk,I/\Tk)(u) h,(Xu)

’ o0 "
= EZ/V['/(‘) IFI[SATk,I/\Tk)(u)eﬂul{u<§} dA/u:|

= lim E} [/OOIFI (e 1 Ty () ”]
m h’ 0 [sATy,t ATy) {u<t} h/(x )
+oo__
= hm Qv,u(IFI[SATk,tATk)(u)fki (XM)) du.
1—>00 J(O

Therefore, for all F € M;_and s,t € Q4,0 < s <t < 00, it holds that
(6.30) QA ((Is. 1) x F) N[0, Tell) = Q2(([s. 1) x F) N[0, Tx[).
It is trivial that

(6.31) QA (({0} x F)N[O, Tel) = Q4(({0} x F) N[0, Tx[) =0  VF € M.
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Applying monotone class argument, by (6.26) we get Q;A/(H N [0, TxlD) =
QA(H N0, T¢[) for all H € P. Therefore, for all T € T we have

QM (IT, oollN [0, Txll) = @, (1T, collN [0, Till)
= Q) (I7. 0ollN [0, Txll) = Q; (1T, oollN [0, ZilD)-
Applying monotone class argument again, by (6.1) we get
(6.32) QYN (HNO, k) =QA(H N[0, Tk[) VH€O.

Denote by T = limg_, 0 Tx. Similar to the argument of [21], IV. Proposi-
tion 5.30(i), we can show that there exists an £-exceptional set N, such that for any
xe€eE\N, P)fl (limg— 0 TR, < ¢) = 0. By Definition 6.2(d), we have limg_, oo T4 >
r A 77 A ¢ . From the proof of Proposition 6.3, we see that Ef[l{rr<<}] =0 and
Eh,[l{rr,«}] =0 for gq.e. x € E. Making use of the above facts, we can show that

X
(6.33) ECI[I{TOO<{}] = Eﬁl[l{rw<§}] =0 Yv e S().
Therefore, for any H € O we have

klim Q4(H N0, TxI)

. h T e Iiu<q)
= lim Eh.u|:I{TooZ§} IH(M,')WCZA :|
Mu<e)
(6.34) = bt [ nta, )T;) an,| =oda.
Similarly, for any H € O we have
(6.35) Jim Q' (H N 10, Tell) = Q. (H).

Consequently by (6.32), we conclude that Q{j‘(-) = Q/UA/(-) for all v € Sp.

Note that E is a Lusin space, therefore, B(FE) is countably generated which im-
plies that ]-'é) is countably generated for any s € Q. Then for each 5,7 € Q4,0 <
s <t < 0o, by what we have proved we may take an £-exceptional set Ny; such
that for all x € E \ Ny; and F € F2,r < s, it holds that

(6.36) QX ((Is. 1) x F) N[0, Tel) = Q4((Ls. 1) x F) N[0, Ty ).

By virtue of Lemma 4.2(i), we see that in fact (6.36) holds for all F € M,,r <,
and hence it is true for all F € M;_. Because (6.31) with v replaced by x is true,
therefore, if we set N1 = U ;cq, s<: Nsz» then applying twice monotone class
arguments we can get

637)  QN(HN[0,Til) =Q4(H N[O, Ti) VYHeO,xeE\N.



DISTRIBUTION FLOWS 2927

By (6.33), we can take an £-exceptional set N such that
(6.38) EMIliry e ]=E'[Ii1,<)]1=0  Vx e E\Na.

Following the arguments of (6.34) and (6.35), we get Qf(-) = @;A/(-) for all x €
E\ (N1 UN).Because A and A’ are O-equivalent, by Lemma 6.10 there exists an
E-exceptional set N3 such that Q;A )= Q;A/ (-) for all x € E \ N3. We now define
N = Ny U N, U N3, then N is an E-exceptional set and Q4 (-) = Q;CA/(') = Q;A(')
for all x € E \ N. Thus the theorem is proved in the case that u € Sy where w is
Revuz corresponding to A by (6.6) w.r.t. A.

We now extend the above results to the general situation. Let A be an O-PCAF.
Suppose that Q;‘(-) is defined by (6.24) with some h € H and Q;CA(-) is defined
by (6.24) with another i’ € H. Suppose that © € S is Revuz corresponding to A
by (6.6) w.r.t. h. We take an £-nest (K, ),>1 consisting of compact sets such that
Ik, - € Sp foreachn > 1. Then Ik, - A is Revuz corresponding to Ik, - & w.r.t. h.
By what we have proved, for each n > 1, there exists an £-exceptional set N, such

that Q. (-) = Qi () for x € E\ Ny. Let N = ,»1 N,. Then for x € E\ N,
we have

’ . "Te A . Ik, A
Q) = lim Q" "(H) = lim Q" "(H)=Q{(H) VHeO.
Therefore, Theorem 6.11 is true in general case. [J

COROLLARY 6.12. The Revuz correspondence specified by (1) and (ii) of The-
orem 6.5 is independent of h € H.

PROOF. We denote by U;{g the formula (6.7) with & replaced by A’. For any
f e pB(E),if we set H(t) =e P f(X,), then

+o0
UK f(x) = h(0)E} [ /0 e‘“‘“”%(xgako dA[}

—QYH)=QAH)=ULf(x) qexeE.

Therefore, the corollary is true. [
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