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DISTRIBUTION FLOWS ASSOCIATED WITH POSITIVITY
PRESERVING COERCIVE FORMS

BY XIAN CHEN∗, ZHI-MING MA†,1 AND XUE PENG†,‡

Xiamen University∗, AMSS, University of Chinese Academy of Sciences† and
Sichuan University‡

For a given quasi-regular positivity preserving coercive form, we con-
struct a family of (σ -finite) distribution flows associated with the semigroup
of the form. The canonical cadlag process equipped with the distribution
flows behaves like a strong Markov process. Moreover, employing distribu-
tion flows we can construct optional measures and establish Revuz corre-
spondence between additive functionals and smooth measures. The results
obtained in this paper will enable us to perform a kind of stochastic analysis
related to positivity preserving coercive forms.

1. Introduction. A positivity preserving coercive form is a coercive closed
form with which the associated semigroup (Tt )t≥0 is positivity preserving, that is,
f ≥ 0 implies Ttf ≥ 0. Positivity preserving semigroups as well as positivity pre-
serving coercive forms appear in various research of mathematics and physics, and
have been intensively studied by several authors. As early as in the initial of 1950s
of the last century, W. Feller has studied positivity preserving semigroups [11, 12].
In the 1970s of the last century, A. Klein and L. J. Landau studied standard posi-
tivity preserving semigroups via path space techniques [19], and B. Simon studied
positivity preserving semigroups arising from mathematical physics [25–27]. The
study of positivity preserving coercive forms may be traced back to A. Beurling
and J. Deny [4]. Afterwards, J. Bliedtner [6] and A. Ancona [1, 2] studied inten-
sively the subject of positivity preserving coercive forms. For more recent literature
concerning positivity preserving semigroups and coercive forms see, for example,
[3, 5, 9, 10, 15, 18, 24, 29] and the references therein.

When a positivity preserving semigroup (Tt )t≥0 is Markovian (which is referred
to as “standard” in [19]), or more generally sub-Markovian, that is, Tt1 ≤ 1, one
may study it via path space techniques. Under some additional conditions, for ex-
ample, Feller property, quasi-regularity, etc., one may associate a nice Markov pro-
cess with the underlying sub-Markovian semigroup, and thus can study the semi-
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group by means of stochastic analysis. When (Tt )t≥0 is merely positivity preserv-
ing but not sub-Markovian, one cannot directly associate with it a Markov process.
In [22], the authors extended and completed the previous work by h-associating
a nice Markov process with a (not necessarily sub-Markovian) positivity preserv-
ing coercive form. They implemented h-transformation with a strictly positive α-
excessive function h to transfer the underlying form into a semi-Dirichlet form,
and proved that a positivity preserving coercive form is h-associated with a nice
Markov process if and only if the h-transform of the form is quasi-regular in the
sense of [20, 21]. In [16], the authors developed further the work of [22] by show-
ing that it is possible to hĥ-associating with a pair of nice Markov processes for a
quasi-regular positivity preserving coercive form, by implementing simultaneously
h-transform with an α-excessive function h and ĥ-transform with an α-coexcessive
function ĥ.

It is evident that the h-associated process depends on h, and hence a positiv-
ity preserving coercive form may have many different h-associated Markov pro-
cesses. In [29], the author treated a special positivity preserving coercive form and
discussed the independence on h of recurrence and transience under h-transforms.
In this paper, inspired by the work of pseudo Hunt processes introduced in [23], we
shall construct a family of (σ -finite) distribution flows on the path space, associ-
ated with an arbitrary given quasi-regular positivity preserving coercive form. The
family of distribution flows is independent of the choice of h, and the canonical
cadlag process equipped with the distribution flows behaves like a strong Markov
process. Therefore, we can perform a kind of stochastic analysis directly related to
a positivity preserving coercive form. In detail, we obtain the following results in
this paper.

Let (E,D(E)) be a quasi-regular positivity preserving coercive form on
L2(E;m), where E is a metrizable Lusin space. Let (F0

t )t≥0 be the natural fil-
tration generated by the E-valued cadlag coordinate process. In Section 3, we
define a σ -finite measure Qx,t on F0

t for each t ≥ 0 and x ∈ E via inverse h-
transformation. We call Qx,t a (σ -finite) distribution up to time t and call (Qx,t )t≥0
a (σ -finite) distribution flow associated with (E,D(E)) (see Definition 3.1). Then
we prove that Qx,t is generated by the family of quasi-continuous kernels of
Ts,0 ≤ s ≤ t (see Lemma 3.2), and Qx,t is independent of the choice of the α-
excessive function h (see Theorem 3.5). Moreover, we show that Qx,t is in gen-
eral different from Qx,s if s �= t , and there is in general no single measure on F0∞
such that its restriction to F0

t is Qx,t (see Theorem 3.7). Nevertheless, the canon-
ical process (Xt)t≥0 equipped with (F0

t )t≥0 and the family of distribution flows
(Qx,t )t≥0, x ∈ E, enjoys also Markov property (see Theorem 3.9).

For deriving a strong Markov property of (Xt)t≥0 in the environment of distribu-
tion flows, in Section 4 we augment (F0

t )t≥0 to obtain a filtration (Mt )t≥0 which is
right continuous and universally measurable, and hence suitable to accommodate
stopping times. Because there is no single measure on F0∞ which could be used
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for completion, hence the procedure of the augmentation is new and nontrivial (see
(4.3) and the proof of Theorem 4.4).

In Section 5, we study stopping times and strong Markov property related to
the filtration {Mt }. Denote by T all the {Mt }-stopping times. Expanding the def-
inition of Qx,t , we define a (σ -finite) measure Qx,σ on Mσ for each σ ∈ T and
x ∈ E. We call (Qx,σ )σ∈T an expanded (σ -finite) distribution flow associated with
(E,D(E)) (see Definition 5.8 and Proposition 5.9). Then we are able to show that
(Xt)t≥0 equipped with the filtration (Mt )t≥0 and the family of expanded distribu-
tion flows (Qx,σ )σ∈T , x ∈ E, enjoys strong Markov property (see Theorem 5.10).

In the area of Dirichlet forms, positive continuous additive functionals (PCAFs),
together with the Revuz correspondence between PCAFs and smooth measures,
constitute an active subject and play important roles in stochastic analysis. In Sec-
tion 6, we derive an analogy in the context of positivity preserving coercive forms.
To handle the problem that there is no single measure on the path space, in Sec-
tion 6.1 we introduce a notion of O-measurable positive continuous additive func-
tionals (O-PCAFs), in which the defining set is an optional set rather than a set
in M∞ (see Definition 6.2). O-PCAFs in the framework of positivity preserv-
ing coercive forms play a similar role as PCAFs do in the framework of Dirichlet
forms. In particular, we establish a one-to-one correspondence between O-PCAFs
and smooth measures (Revuz correspondence) in the subsequent subsections. In
Section 6.2, we establish the Revuz correspondence by means of h-associated pro-
cesses (see Theorem 6.5). Then in Section 6.3 we prove that the Revuz correspon-
dence is in fact independent of the α-excessive function h (see Corollary 6.12).
To this end, we introduce optional measure QA

x (·) generated by an O-PCAF A.
Employing the structure of an optional σ -field and the structure of a predictable
σ -field, we prove that QA

x (·) is independent of the α-excessive function h (see The-
orem 6.11 and its proof). We believe that the concept of optional measure QA

x (·)
will have interest by its own and will be useful in the further study of stochastic
analysis related to positivity preserving coercive forms.

In Section 2 below, we review some results concerning h-associated processes
as preliminaries.

2. h-associated processes. As a preparation and also for the convenience
of the readers, in this section we review some previous results concerning h-
associated processes of positivity preserving coercive forms. Let E be a metriz-
able Lusin space with its Borel σ -algebra B(E), and m a σ -finite positive mea-
sure on (E,B(E)). We denote by (, )m the inner product of the (real) Hilbert
space L2(E;m). For a bilinear form E with domain D(E) in L2(E;m), we write
Eα(u, v) := E(u, v) + α(u, v)m for α > 0. Write Ê(u, v) := E(v, u), Ẽ(u, v) :=
1
2(E(u, v) + E(v, u)), and Ě(u, v) := 1

2(E(u, v) − E(v, u)) for u, v ∈ D(E). Recall
that a bilinear form (E,D(E)) is called a coercive closed form if its domain D(E)

is dense in L2(E;m) and the following conditions (i) and (ii) are satisfied:
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(i) (Ẽ,D(E)) is nonnegative definite and closed on L2(E;m).
(ii) (Sector condition). There exists a constant K > 0 (called a continuity con-

stant) such that |E1(u, v)| ≤ KE1(u,u)
1
2E1(v, v)

1
2 for all u, v ∈ D(E).

We adopt the following definition from [22].

DEFINITION 2.1 (cf. [22], Definition 1.1). A coercive closed form (E,D(E))

on L2(E;m) is called a positivity preserving coercive form, if for all u ∈ D(E), it
holds that u+ ∈ D(E) and E(u,u+) ≥ 0.

A semi-Dirichlet form on L2(E;m) is always a positivity preserving coercive
form (cf. [22], Remark 1.4(iii)). Recall that a coercive closed form (E,D(E)) is
called a semi-Dirichlet form if for all u ∈ D(E), it holds that u+ ∧ 1 ∈ D(E) and
E(u + u+ ∧ 1, u − u+ ∧ 1) ≥ 0.

For a positivity preserving coercive form (E,D(E)), we denote by (Tt )t≥0 and
(Gα)α>0 (resp., (T̂t )t≥0 and (Ĝα)α>0) the semigroup and resolvent (resp., co-
semigroup and co-resolvent) associated with (E,D(E)). It is known that a coercive
form (E,D(E)) is positivity preserving if and only if (Tt )t≥0 and (Gα)α>0 are posi-
tivity preserving, that is, f ≥ 0 implies Ttf ≥ 0 and αGαf ≥ 0 for all t > 0, α > 0
(cf. [22], Theorem 1.5, Theorem 1.7). (E,D(E)) is a semi-Dirichlet form if and
only if (Tt )t≥0 and (Gα)α>0 are sub-Markovian, in the sense that 0 ≤ f ≤ 1 im-
plies 0 ≤ Ttf ≤ 1 and 0 ≤ αGαf ≤ 1 for all t, α > 0 (cf., e.g., [23], Section 1.1).

Let α ≥ 0. Recall that a function h ∈ L2(E;m) is called α-excessive (resp., α-
coexcessive) if h ≥ 0 and e−αtTth ≤ h (resp., e−αt T̂th ≤ h) for all t > 0. Given a
strictly positive α-excessive function h, the conventional h-transform of (Tt )t≥0 is
defined as

(2.1) T h
t f := h−1e−αtTt (hf ) ∀t ≥ 0, f ∈ L2(E;h2 · m).

By the discussion of [22], we know that (T h
t )t≥0 is the semigroup associated

with the semi-Dirichlet form (Eh
α ,D(Eh)) on L2(E;h2 · m), where (Eh,D(Eh))

is the h-transform of (E,D(E)) ([22], Definition 3.1) and Eh
α (u, v) = Eh(u, v) +

α(u, v)h2·m for u, v ∈ D(Eh). The following remark can be checked directly.

REMARK 2.2. Let γ ≥ α, then g ∈ D(E) is a γ -excessive function (resp., γ -
coexcessive function) of (E,D(E)) if and only if g

h
∈ D(Eh) is a (γ −α)-excessive

function (resp., (γ − α)-coexcessive function) of (Eh
α ,D(Eh)).

In the remainder of this section, we assume that (E,D(E)) is a quasi-regular
positivity preserving coercive form in the sense of [22], Definition 4.9. Then
every element of D(E) admits an E-quasi-continuous m-version. Below for
the involved terminologies, we refer to, for example, [21] and [22]. Let M :=
(�,F, (Ft )t≥0, (Xt)t≥0, (Px)x∈E�) be a right process with state space E and tran-
sition semigroup (Pt )t≥0. Here and henceforth, E� := E∪{�} where � is an extra
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point of E serving as the cemetery of the process. We shall always make the con-
vention that f (�) = 0 for any function f originally defined on E. Let α > 0. By
the quasi-regularity, we can take a strictly positive E-quasi-continuous α-excessive
function h ∈ D(E). We write

(2.2) Qtf (x) := h(x)eαtPt

(
h−1f

)
(x) = h(x)Ex

[
eαtf (Xt)

h(Xt)
; t < ζ

]
provided the right-hand side makes sense. We shall sometimes use Qt(x, ·) to
denote the kernel determined by (2.2). The concept of h-associated process was
introduced in [22] which we restate in the definition below.

DEFINITION 2.3 (cf. [22], Definition 5.1). Let Qtf be defined by (2.2).

(i) We say that (E,D(E)) is h-associated with M, or M is an h-associated
process of (E,D(E)), if Qtf is an m-version of Ttf for any f ∈ L2(E;m).

(ii) We say that (E,D(E)) is properly h-associated with M, or M is a properly
h-associated process of (E,D(E)), if in addition Qtf is an E-quasi-continuous
version of Ttf for any f ∈ L2(E;m).

The following result was proved in [22].

PROPOSITION 2.4 ([22], Theorem 5.2). Let h ∈ D(E) be a strictly positive
α-excessive function. Then (E,D(E)) is properly h-associated with an m-special
standard process M if and only if (E,D(E)) is quasi-regular. In this case, h is
always E-quasi-continuous.

REMARK 2.5. Let h ∈ D(E) be a strictly positive α-excessive function. If
(T h

t )t≥0 is associated with a right process M, then by a result of [13], (Eh,D(Eh))

is quasi-regular and M is in fact an m-tight special standard process properly asso-
ciated with (Eh,D(Eh)). If in addition h is Eh-quasi-continuous, then (E,D(E))

is quasi-regular and is properly h-associated with M.

Note that the h-associated process mentioned above depends on the α-excessive
function h, and hence a positivity preserving coercive form may have many dif-
ferent h-associated Markov processes. Inspired by the work of pseudo Hunt pro-
cesses introduced in [23], below we shall construct a family of (σ -finite) distri-
bution flows on the path space, which is independent of h and can accommodate
stochastic analysis for positivity preserving coercive forms.

3. Distribution flows associated with (E,D(E)). Throughout this section,
we assume that (E,D(E)) is a quasi-regular positivity preserving coercive form
and (Tt )t≥0 is its associated semigroup. From now on, we fix an α > 0 and de-
note by H the totality of strictly positive and finite valued E-quasi-continuous α-
excessive functions in D(E). Note that by the quasi-regularity of (E,D(E)) (cf.,
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[22], Definition 4.9), H is nonempty. By Proposition 2.4, we know that (Tt )t≥0
admits a kernel Qt(x, ·) determined by (2.2) with the help of some h ∈ H. Denote
by � the Skorohod space over E with cemetery �. We shall make use of the kernel
Qt(x, ·) to construct a flow of σ -finite distributions (Qx,t )t≥0 on �. To this end,
in what follows we fix an h ∈ H. Let

Mh := (�,Fh,
(
Fh

t

)
t≥0, (Xt)t≥0,

(
P h

x

)
x∈E�

)
with transition semigroup (P h

t )t≥0 and lifetime ζ be a special standard pro-
cess properly h-associated with (E,D(E)). Here, we put the symbol h like
Mh,Fh,Fh

t ,P h
x in order to emphasize the dependence of the right process M on

h.Without loss of generality, we may assume that � is the Skorohod space over E

with cemetery �, and (Xt)t≥0 is the canonical process on �, that is, Xt(ω) = ωt

for ω ∈ �. Denote by (F0
t )t≥0 the natural filtration of (Xt)t≥0 without augmenta-

tion. That is,

(3.1) F0
t := σ

(
Xs, s ∈ [0, t]), F0∞ := σ(Xs, s ≥ 0).

In this paper for any measurable space (�,F), we shall denote by pF all
the nonnegative F -measurable functions on �, and by bF all the bounded F -
measurable functions on �.

DEFINITION 3.1. For t ≥ 0, x ∈ E, we define a measure Qx,t on F0
t by setting

(3.2) Qx,t (	) := Qx,t (	; t < ζ ) := h(x)Eh
x

(
eαt I	

h(Xt)
; t < ζ

)
∀	 ∈ F0

t ,

where I	 is the indicator function of 	, Eh
x is the expectation related to P h

x . We
call Qx,t a σ -finite distribution up to time t (in short, distribution up to t), and call
(Qx,t )t≥0 a σ -finite distribution flow (in short, distribution flow) associated with
(E,D(E)).

The reader should be aware that unlike usual distribution, Qx,t is in general not
a probability measure, or even not a finite measure, but it is a σ -finite measure
(cf. (3.3) and (3.4) below). This is the reason that we address “σ -finite” in the
definition. We are grateful to Mu-Fa Chen who suggested us to distinct Qx,t from
the usual distribution clearly.

We shall denote by Qx,t [·], or Qx,t [·; t < ζ ], the integral related to Qx,t . With
the convention that f (�) = 0 for any function originally defined on E, comparing
(3.2) with (2.2), we see that for any f ∈ pB(E), it holds that

(3.3) Qx,t

[
f (Xt)

]= Qtf (x).

In fact, we have the following extension of (3.3).
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LEMMA 3.2. For all 0 ≤ t1 < t2 < · · · < tn = t, f ∈ pB(En), x ∈ E, it holds
that

Qx,t

[
f (Xt1, . . . ,Xtn)

]
=
∫
E

Qt1(x, dx1) · · ·
∫
E

Qtn−tn−1(xn−1, dxn)f (x1, . . . , xn).(3.4)

PROOF. Let 0 ≤ t1 < t2 < · · · < tn = t, f ∈ pB(En), x ∈ E, we have

Qx,t

[
f (Xt1, . . . ,Xtn)

]
= h(x)Eh

x

[
eαtnf (Xt1, . . . ,Xtn)

h(Xtn)
; tn < ζ

]

= h(x)eαtn

∫
E

P h
t1
(x, dx1) · · ·

∫
E

P h
tn−tn−1

(xn−1, dxn)
f (x1, . . . , xn)

h(xn)

= h(x)eαt1

∫
E

1

h(x1)
P h

t1
(x, dx1)h(x1) · · ·

× h(xn−1)e
α(tn−tn−1)

∫
E

P h
tn−tn−1

(xn−1, dxn)
f (x1, . . . , xn)

h(xn)

=
∫
E

Qt1(x, dx1) · · ·
∫
E

Qtn−tn−1(xn−1, dxn)f (x1, . . . , xn). �

We remark that for a given h ∈H, there are many different special standard pro-
cesses Mh properly h-associated with (E,D(E)). But these h-associated processes
are equivalent to each other in the sense of [21], IV.Definition 6.3 (cf. also [14],
Theorem 4.2.8). Accordingly, we introduce the notion of equivalence for distribu-
tion flows as the definition below.

DEFINITION 3.3. Let Qx,t and Q
′
x,t be two σ -finite distribution flows (may

be constructed with different h and/or different Mh). We say that Qx,t and Q
′
x,t

are equivalent to each other, if there exists a Borel set S ⊂ E such that (Qx,t )t≥0

and (Q
′
x,t )t≥0 are identical for all x ∈ S and E \ S is E-exceptional.

PROPOSITION 3.4. Given h ∈ H. Let Qx,t and Q
′
x,t be distribution flows con-

structed by (3.2) with two different h-associated processes. Then Qx,t and Q
′
x,t are

equivalent to each other in the sense of Definition 3.3.

PROOF. The proposition can be proved by employing [21], IV.Theorem 6.4,
or [14], Theorem 4.2.8. �

The above proposition can be strengthened as the theorem below.
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THEOREM 3.5. Qx,t defined by (3.2) is independent of h ∈ H. More precisely,

let Qx,t and Q
′
x,t be distribution flows constructed by (3.2) with two different h ∈

H and h′ ∈ H. Then Qx,t and Q
′
x,t are equivalent to each other in the sense of

Definition 3.3.

The proof of Theorem 3.5 needs some preparations.
Recall that for a right process M = (�,F, (Ft )t≥0, (Xt)t≥0, (Px)x∈E�) with

lifetime ζ , a set S ∈ B(E) is called M-invariant, if there exists �E\S ∈ F such that

�E\S ⊃ {Xt
0 ∩ (E \ S) �= ∅ for some 0 ≤ t < ζ

}
and Pz(�E\S) = 0 for all z ∈ S. Here, Xt

0(ω) stands for the closure of {Xs(ω)|s ∈
[0, t]} in E (cf., e.g., [21], IV.Definition 6.1). For any subset S ⊂ E, we use pB(S)

to denote all the nonnegative Borel functions on S.
Let h ∈ H and h′ ∈ H. Below we write h1 = h and h2 = h′ for simplicity. For

i = 1,2, let Mhi := (�,Fhi , (Fhi
t )t≥0, (Xt)t≥0, (P

hi
x )x∈E�) with transition semi-

group (P
hi
t )t≥0 and lifetime ζ be a special standard process properly hi-associated

with (E,D(E)).

LEMMA 3.6. Let Q
(hi)
t be defined by (2.2) with respect to P

hi
t , i = 1,2. Then

there exists an E-nest (Fk)k≥1 consisting of compact sets such that hi ∈ C({Fk})
for both i = 1,2, and a Borel set S ⊂⋃k≥1 Fk satisfying the following properties:

(i) E \ S is E-exceptional (hence m(E \ S) = 0).
(ii) S is both Mh1-invariant and Mh2-invariant.

(iii) Q
(h1)
t (x,E \S) = Q

(h2)
t (x,E \S) = 0 and Q

(h1)
t f (x) = Q

(h2)
t f (x), for all

x ∈ S, t > 0 and f ∈ pB(E).

PROOF. Note first that by [22], Proposition 4.2, (Fk)k≥1 is an E-nest if and
only if it is an Ehi -nest for i = 1,2, and a subset N ⊂ E is an E-exceptional set
if and only if it is an Ehi -exceptional set for i = 1,2. By the property of quasi-
regularity, we can take an E-nest (Fk)k≥1 consisting of compact sets and a count-
able family of bounded functions U ⊂ C({Fk}), such that hi ∈ C({Fk}) for both i =
1,2, and such that U ⊂⋃k≥1 D(E)Fk

and U separates the points of E excepting an
E-exceptional set N0. Similar to the argument of [21], IV.Proposition 5.30(ii), we
can show that for each u ∈ U there is an E-exceptional set Nu such that Q

(h1)
t u(z)

and Q
(h2)
t u(z) are right continuous in t for z ∈ E \ Nu. On the other hand, by Def-

inition 2.3(ii) one can check that for each t > 0 and u ∈ U , it holds that Q
(h1)
t u =

Q
(h2)
t u E-q.e. Therefore, by first considering rational t , and then taking right limit

along t , we can find an E-exceptional set N such that Q
(h1)
t u(z) = Q

(h2)
t u(z) for

all u ∈ U, t > 0 and z ∈ E \ N . This implies that Q
(h1)
t (z, ·) and Q

(h2)
t (z, ·) as

kernels are identical for t > 0 and z ∈ E0 where E0 := E \ (N ∪ N0). Hence
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Q
(h1)
t f (z) = Q

(h2)
t f (z) for all z ∈ E0, t > 0 and f ∈ pB(E0). Employing a stan-

dard argument (cf., e.g., [21], IV.Corollary 6.5 and [14], Theorem 4.1.1), we can
construct a Borel set S ⊂ E0 such that S ⊂⋃k≥1 Fk , E \S is E-exceptional, and S

is both Mh1 -invariant and Mh2 -invariant. By the property of invariant set and the
fact that S ⊂ E0 we can verify (iii) of the lemma. �

PROOF OF THEOREM 3.5. Let Qx,t and Q
′
x,t be distribution flows constructed

by (3.2) with two different h ∈ H and h′ ∈ H. By Lemma 3.2, we see that Qx,t is

determined by the kernel Qt(x, ·) and Q
′
x,t is determined by the kernel Q′

t (x, ·)
where Q′

t (x, ·) is specified by (2.2) with h replaced by h′. Writing h = h1 and
h′ = h2, applying Lemmas 3.6 and 3.2 we see that there exists a Borel set S ⊂ E

such that E \ S is E-exceptional, and (Q
′
x,t )t≥0 and (Qx,t )t≥0 are identical for

all x ∈ S. Therefore, Qx,t and Q
′
x,t are equivalent to each other in the sense of

Definition 3.3. �

The theorem below explores more features of Qx,t .

THEOREM 3.7. (i) Let s < t . The restriction of Qx,t on F0
s ∩ {s < ζ } is in

general different from Qx,s .
(ii) There is in general no measure Qx on F0∞ with the property that the restric-

tion of Qx on F0
t ∩ {t < ζ } is equal to Qx,t .

PROOF. (i) We construct an example to show this. For t > s, let Ats = {x ∈
E : Q̂sĥ(x) > 0and Qt−s(x,E) > 1}, where ĥ is some strictly positive quasi-
continuous α-coexcessive function and Q̂t ĥ(x) is defined by (2.2) with the help of
ĥ and an ĥ-associated process of (Ê,D(E)). Assume that (Qt)t≥0 being a version
of (Tt )t≥0 is not sub-Markovian, then we can find t > s such that m(Ats) > 0. Take
a compact set Fk with m(Ats ∩Fk) > 0 such that h is bounded away from 0 on Fk .
Set 
 = X−1

s (Ats ∩ Fk) ∈ F0
s , by (3.3) we get

Qx,s(
) = Qx,s

[
IAts∩Fk

(Xs)
]= ∫

E
Qs(x, dx1)IAts∩Fk

(x1).

One can check that Qx,s(
) < ∞ for all x ∈ E. Moreover, if we set B = {x ∈ E :
Qx,s(
) > 0}, then we will have m(B) > 0. Then for x ∈ B by Lemma 3.2, we get

Qx,t (
; s < ζ) = Qx,t

[
IAts∩Fk

(Xs)
]= Qx,t

[
IAts∩Fk

(Xs)IE(Xt)
]

=
∫
E

Qs(x, dx1)IAts∩Fk
(x1)

∫
E

Qt−s(x1, dx2) > Qx,s(
).(3.5)

Therefore, the restriction of Qx,t on F0
s ∩{s < ζ } is in general different from Qx,s .
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(ii) Suppose that there was a measure Qx on F0∞ with the property specified as
in (ii). Let s < t and 
 be as in the proof of (i). Since {s < ζ } ⊃ {t < ζ }, we would
have

Qx(
; s < ζ) ≥ Qx(
; t < ζ ).

But by (3.5), we would have

Qx(
; s < ζ) = Qx,s(
) < Qx,t (
; s < ζ) = Qx,t (
; t < ζ ) = Qx(
; t < ζ ).

This contradiction verifies the assertion (ii). �

REMARK 3.8. The measure defined by (3.2) was first introduced in [23],
(3.3.11), for the dual of a semi-Dirichlet form, and was denoted by P̂x with no
subscript t . The author did not notice that his definition of (3.3.11) is in fact de-
pendent on t , and there is in general no single measure P̂x satisfying his definition
(3.3.11) simultaneously for different t .

Although there is in general no single measure satisfying (3.2) simultaneously
for different t , but the canonical process (Xt)t≥0 equipped with the whole family of
distribution flows (Qx,t )t≥0, x ∈ E, enjoys also Markov property; see Theorem 3.9
below. We use (θs)s≥0 to denote the usual time shift operators on �.

THEOREM 3.9. Let s ≥ 0, u ≥ 0 and t = s + u. Then for 
 ∈ pF0
s and Y ∈

pF0
u , we have

(3.6) Qx,t

[

(Y � θs); t < ζ

]= Qx,s

[

QXs,u[Y ;u < ζ ]; s < ζ

]
.

In particular, for 
 ∈ pF0
s and f ∈ pB(E), we have

(3.7) Qx,s+u

[

f (Xs+u); s + u < ζ

]= Qx,s

[

(Quf )(Xs); s < ζ

]
.

PROOF. Denote by F0
t+ =⋂s>t F0

s , then Mh is an (F0
t+)t≥0 Markov process.

Therefore, we have

Qx,t

[

(Y � θs); t < ζ

]= h(x)Eh
x

[
eαt
(Y � θs)

h(Xt)
; t < ζ

]
= h(x)Eh

x

[
eαt
I{s<ζ }Eh

x

(
YI(u<ζ)

h(Xu)
� θs

∣∣∣F0
s+

)]
= h(x)Eh

x

[
eαt
I{s<ζ }Eh

Xs

(
Y

h(Xu)
;u < ζ

)]
= Qx,s

[

QXs,u[Y ;u < ζ ]; s < ζ

]
,

proving (3.6). Letting Y = f (Xu), we get (3.7). �
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The corollary below explores general relations between Qx,s and Qx,t . In (3.8),
we take an E-nest (Fk)k≥1 consisting of compact sets such that h ∈ C({Fk}), which
ensures that the right-hand side of (3.8) is finite. Note that when s < t , by (3.9) it
may happen that Qx,s[
; s < ζ ] < ∞ but Qx,t [
; t < ζ ] = ∞, because it may
happen that Qu(x,E) = ∞ for q.e. x ∈ E.

COROLLARY 3.10. Let s ≥ 0, u ≥ 0 and t = s + u. Then for 
 ∈ pF0
s we

have

(3.8) Qx,t

[

IFk

(Xt); t < ζ
]= Qx,s

[

Qu(Xs,Fk); s < ζ

] ∀k ≥ 1

and

(3.9) Qx,t [
; t < ζ ] = Qx,s

[

Qu(Xs,E); s < ζ

]
.

PROOF. In (3.7), taking f = IFk
we obtain (3.8), letting f = IE we obtain

(3.9). �

We shall show that the process (Xt)t≥0 equipped with distribution flows
(Qx,t )t≥0, x ∈ E, enjoys also strong Markov property. Before showing that we
should first augment the natural filtration to make it right continuous and univer-
sally measurable, and hence suitable to accommodate stopping times. Note that
the distribution P h

x of the h-associated processes depends on h. For different h,
the corresponding P h

x ’s might be not all equivalent (at least it is not clear for us).
Hence we cannot directly make use of the augmented filtration (Fh

t )t≥0. Thus we
have to augment the natural filtration (F0

t )t≥0 with the σ -finite distribution flow
(Qx,t )t≥0. This is a new and nontrivial task.

4. Augmentation of the filtration. As in the previous section, in this sec-
tion we fix an h ∈ H. Let Mh := (�,Fh, (Fh

t )t≥0, (Xt)t≥0, (P
h
x )x∈E�) with tran-

sition semigroup (P h
t )t≥0 and lifetime ζ be a special standard process properly

h-associated with (E,D(E)). We denote by B(E�) the Borel sets of E� and by
P(E�) the collection of all probability measures on B(E�). For the convenience
of our further discussion, from now on we fix an E-nest (Fk)k≥1 consisting of
compact sets such that h ∈ C({Fk}) and an Mh-invariant set S constructed in
Lemma 3.6 (taking h1 = h2 = h).

For μ ∈P(E�), we write

P h
μ(	) :=

∫
E�

P h
x (	)μ(dx) ∀	 ∈ Fh.(4.1)

Let (F0
t )t≥0 be the natural filtration as defined by (3.1). For μ ∈ P(E�), we

define for t ≥ 0,

(4.2) Qμ,t (	) := Qμ,t (	; t < ζ ) =
∫
E�

Qx,t (	; t < ζ )μ(dx) ∀	 ∈ F0
t ,
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where Qx,t is defined by (3.2) (with the convention that Q�,t (	; t < ζ ) = 0). Let
Bk := {1/k < h < k} and 	k := {t < ζ,Xt ∈ Bk,X0 ∈ Bk}. Then Qμ,t (	k) < ∞
and

⋃
k 	k = {t < ζ }. Hence, Qμ,t is a σ -finite measure on F0

t .
Let F0

t+ =⋂s>t F0
s . For μ ∈ P(E�), we define

Mμ
t := {	 ⊂ �|∃	′ ∈F0

t , 
 ∈ F0
t+, s.t.

	�	′ ⊂ 
, and Qμ,T (
;T < ζ) = 0,∀T > t
}
.(4.3)

We extend Qμ,t to Mμ
t , denoted again by Qμ,t , by setting Qμ,t (	) = Qμ,t (	

′)
if 	 and 	′ are related as in (4.3).

For our purpose of comparison, we define also

Gμ,1
t := {	 ⊂ �|∃	′ ∈ F0

t , 
 ∈ F0
t+, s.t.

	�	′ ⊂ 
 and P h
μ(
; t < ζ ) = 0

}
,(4.4)

and extend P h
μ(·; t < ζ ) to Gμ,1

t , denoted again by P h
μ(·; t < ζ ), by setting

P h
μ(	; t < ζ ) := P h

μ(	′; t < ζ ) if 	 and 	′ are related as in (4.4).

LEMMA 4.1. Let Mμ
t and Gμ,1

t be defined as above. Then the following as-
sertions hold true:

(i) Mμ
t = Gμ,1

t .
(ii) Qμ,t is a well-defined σ -finite measure on Mμ

t , P h
μ(·; t < ζ ) is a well-

defined finite measure on Mμ
t .

(iii) Qμ,t and P h
μ(·; t < ζ ) are absolutely continuous to each other.

(iv) Both Qμ,t and P h
μ(·; t < ζ ) are complete on Mμ

t ∩ {t < ζ }.

PROOF. Assertion (i) follows from the facts that for 
 ∈ F0
t+ , P h

μ(
; t <

ζ ) = 0 if and only if P h
μ(
;T < ζ) = 0 for all T > t , and P h

μ(
;T < ζ) = 0
if and only if Qμ,T (
;T < ζ) = 0. Assertion (ii) is easy to check and we leave
it to the reader. Assertion (iii) follows from the fact that Qμ,t (	

′; t < ζ ) = 0 if
and only P h

μ(	′; t < ζ ) = 0 for 	′ ∈ F0
t . To check Assertion (iv), assume that

	 ∈ Gμ,1
t and P h

μ(	; t < ζ ) = 0. Then we can find 	′ ∈ F0
t and 
 ∈ F0

t+ satisfy-
ing 	�	′ ⊂ 
, P h

μ(	′; t < ζ ) = 0 and P h
μ(
; t < ζ ) = 0. For any 	0 ⊂ 	, we

have 	0�	′ ⊂ (	′ ∪ 
) ∈ F0
t+ and P h

μ(	′ ∪ 
; t < ζ ) = 0. Therefore, 	0 ∈ Gμ,1
t

and P h
μ(	0; t < ζ ) = P h

μ(	′; t < ζ ) = 0, proving that P h
μ(·; t < ζ ) is complete.

Employing Assertion (iii), we see that Qμ,t is also complete. �

Recall that H is the collection of all strictly positive and finite valued quasi-
continuous α-excessive functions in (E,D(E)). For any h ∈ H, we denote by
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(Fh,μ
t )t≥0 the P h

μ -augmentation of the filtration (F0
t )t≥0 in Fh∞, that is,

Fh,μ
t := {	 ⊂ �|∃	′ ∈ F0

t , 
 ∈ Fh∞, s.t.

	�	′ ⊂ 
 and P h
μ(
) = 0

}
.(4.5)

We use the same notation P h
μ to denote its extension to (Fh,μ

t )t≥0.

LEMMA 4.2.

(i) If 	 ∈ Mμ
t , then 	 ∩ {t < ζ } ∈ Fh,μ

t for any h ∈ H.
(ii) For any h ∈ H, we have

Qμ,t (	; t < ζ ) = Eh
h·μ
[
eαt I	

h(Xt)
; t < ζ

]

:=
∫
E�

h(x)Eh
x

[
eαt I	

h(Xt)
; t < ζ

]
μ(dx) ∀	 ∈ Mμ

t .(4.6)

In particular, if μ = δx for some x ∈ E, then for any h ∈ H we have

(4.7) Qx,t (	; t < ζ ) = h(x)Eh
x

[
eαt I	

h(Xt)
; t < ζ

]
∀	 ∈ Mμ

t .

(iii) If s < t , then Mμ
s ⊂ Mμ

t .

PROOF. If 	 ∈ Mμ
t , then there exist 	′ ∈ F0

t and 
 ∈ F0
t+ such that 	�	′ ⊂


 and P h
μ(
; t < ζ ) = 0. Then we have [	∩{t < ζ }]�[	′ ∩{t < ζ }] ⊂ 
∩{t < ζ }

and 	′ ∩ {t < ζ } ∈ F0
t+ . Applying Lemma 4.1(iii), we have P h

μ(
 ∩ {t < ζ }) = 0

for any h ∈ H, consequently 	 ∩ {t < ζ } ∈ Fh,μ
t for any h ∈ H, verifying Asser-

tion (i). Assertions (ii) is a direct consequence of (i). Assertion (iii) can be verified
directly and we omit its proof. �

LEMMA 4.3. Denote by Mμ

t+ :=⋂s>t M
μ
s , then we have Mμ

t+ = Gμ,2
t , where

Gμ,2
t is defined by (4.8) below.

Gμ,2
t := {	 ⊂ �|∃	′ ∈ F0

t+,
 ∈ F0
t+, s.t.

	�	′ ⊂ 
 and P h
μ(
; t < ζ ) = 0

}
.(4.8)

PROOF. Comparing (4.8) with (4.4), it is clear that Gμ,2
t ⊂ Gμ,1

s = Mμ
s for

s > t , therefore, Gμ,2
t ⊂ Mμ

t+ . Conversely, for any 	 ∈ Mμ

t+ , let sn ↓ t , then 	 ∈
Mμ

sn for all sn. By (4.4), there exist 	n ∈ F0
sn

and 
n ∈ F0
s+
n

such that 	�	n ⊂ 
n

and P h
μ(
n; sn < ζ) = 0. Let

	′ =
∞⋂

m=1

∞⋃
n=m

	n, 
′ =
∞⋂

m=1

∞⋃
n=m


n,
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then 	′,
′ ∈ F0
t+ and 	�	′ ⊂ 
′. Moreover, since P h

μ(
′; sm < ζ) ≤
P h

μ(
⋃∞

n=m 
n; sm < ζ) = 0, hence we have P h
μ(
′; t < ζ ) = limm→+∞ P h

μ(
′;
sm < ζ) = 0. Therefore, 	 ∈ Gμ,2

t , proving Mμ

t+ ⊂ Gμ,2
t . �

We define

Mt := ⋂
μ∈P(E�)

Mμ
t .(4.9)

Below is a main result of this section.

THEOREM 4.4. (Mμ
t )t≥0 is a right-continuous filtration for any μ ∈ P(E�),

and hence (Mt )t≥0 is a right-continuous filtration.

PROOF. For the first assertion, by virtue of Lemma 4.2(iii), we need only
to check that Mμ

t+ ⊂ Mμ
t . Note that (Fh

t )t≥0 is right continuous, therefore,
(Xt)t≥0 equipped with (P h

x )x∈E� is a Markov process with respect to the filtra-
tion (F0

t+)t≥0. Hence, by [14], Lemma A.2.2, for any Y ∈ pF0∞, we have

Eh
μ

(
Y |F0

t+
)= Eh

μ

(
Y |F0

t

)
, P h

μ-a.s.

Thus for any 	 ∈ F0
t+ , I	 = Eh

μ(I	|F0
t ),P h

μ -a.s., which means that there ex-

ists 
 ∈ F0
t+ such that P h

μ(
) = 0 and {I	 �= Eh
μ(I	|F0

t )} ⊂ 
. In particular,
we have P h

μ(
; t < ζ ) = 0. Set 	′ := {Eh
μ(I	|F0

t ) ≥ 1} ∈ F0
t . Then 	�	′ ⊂

{I	 �= Eh
μ(I	|F0

t )} ⊂ 
. Thus, by (4.4) we get 	 ∈ Gμ,1
t = Mμ

t which means

F0
t+ ⊂ Mμ

t . Therefore, Gμ,2
t ⊂ Mμ

t because by (4.8) Gμ,2
t is a completion of

F0
t+ with respect to the measure P h

μ(·; t < ζ ). Consequently, by Lemma 4.3
Mμ

t+ ⊂ Mμ
t , proving the first assertion. The last assertion follows from the deriva-

tion below:

Mt = ⋂
μ∈P(E�)

Mμ
t = ⋂

μ∈P(E�)

Mμ

t+ = ⋂
μ∈P(E�)

⋂
s>t

Mμ
s

= ⋂
s>t

⋂
μ∈P(E�)

Mμ
s =⋂

s>t

Ms = Mt+ .
�

We shall use the notation B(E�)∗ to denote
⋂

μ∈P(E�)B(E�)μ.

PROPOSITION 4.5. Xt ∈ Mt /B(E�)∗.

PROOF. For any μ ∈ P(E�), let ν(C) := P h
μ(Xt ∈ C; t < ζ ) for C ∈ B(E�),

then ν is a finite measure on B(E�). For any A ∈ B(E�)∗, there exist A′,B ∈
B(E�) such that A�A′ ⊂ B and ν(B) = 0. Thus

{Xt ∈ A}�{Xt ∈ A′}= X−1
t

(
A�A′)⊂ X−1

t (B)
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and

P h
μ

(
X−1

t (B); t < ζ
)= P h

μ(Xt ∈ B; t < ζ ) = ν(B) = 0.

Since {Xt ∈ A′} ∈ F0
t and X−1

t (B) ∈ F0
t ⊂ F0

t+ , we get {Xt ∈ A} ∈ Mμ
t . Hence

Xt ∈ Mt /B(E�)∗. �

5. Stopping times and strong Markov property. In this section, we follow
the conventions and notation of the previous section. Let (Mμ

t )t≥0 and (Mt )t≥0
be as in Theorem 4.4. We set

Mμ∞ := σ

(⋃
t≥0

Mμ
t

)
and M∞ := σ

(⋃
t≥0

Mt

)
.

For B ⊂ E�, we define the entrance time DB and the hitting time σB by

DB(ω) := inf
{
t ≥ 0|Xt(ω) ∈ B

}
, σB(ω) := inf

{
t > 0|Xt(ω) ∈ B

}
.

THEOREM 5.1. Assume that B ∈ B(E�), then the entrance time DB and the
hitting time σB are {Mt }-stopping times.

PROOF. Let t ≥ 0, we define

�t : (s,ω) ∈ [0, t] × � �−→ Xs(ω) ∈ E�.

For B ∈ B(E�), we set

A := {(s,ω) ∈ [0, t) × �|Xs(ω) ∈ B
}= ([0, t) × �

)∩ �−1
t (B).

Since (Xs)s≥0 is (F0
s )s≥0-adapted and right continuous, hence we have A ∈

B(R+) ×F0
t . Let 	 = {ω ∈ �|∃s ∈ [0, t) s.t. (s,ω) ∈ A}, then 	 is the projection

of A on �. Hence 	 is measurable with respect to the universal completion of F0
t

(cf., e.g., [8], Proposition A.1.1). For all μ ∈P(E�), Mμ
t is complete with respect

to the bounded measure P h
μ(·; t < ζ ) (cf. Lemma 4.1(iv)), hence 	 ∈ Mμ

t . Conse-
quently, {DB < t} = 	 ∈ Mμ

t for all μ ∈ P(E�), which means {DB < t} ∈ Mt .
By the right continuity of {Mt }, we see that {DB ≤ t} ∈ Mt , hence DB is an
{Mt }-stopping time. Similarly, we can check that σB is an {Mt }-stopping time.

�

REMARK 5.2. Note that ζ = inf{t ≥ 0|Xt = �} = D{�}. Hence the lifetime
ζ is an {Mt }-stopping time. In fact, ζ is an (F0

t+)t≥0-stopping time. This can
be seen by the fact that {ζ < t} = ⋃s∈Q∩(0,t){Xs = �} ∈ F0

t (here Q stands for
rational numbers).

For an {Mμ
t }-stopping time σ , we denote by

(5.1) Mμ
σ := {	 ∈ Mμ∞|	 ∩ {σ ≤ t} ∈Mμ

t ,∀t ≥ 0
}
,
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and for an {Mt }-stopping time σ , we denote by

(5.2) Mσ := {	 ∈ M∞|	 ∩ {σ ≤ t} ∈ Mt ,∀t ≥ 0
}
.

We make the convention that X∞ = �. The remark below can be checked by
standard arguments (cf., e.g., [17], Theorem 3.12, and [8], Lemma A.1.13(ii)).

REMARK 5.3. (i) If σ is an {Mμ
t }-stopping time, then Xσ ∈Mμ

σ /B(E�).
(ii) If σ is an {Mt }-stopping time, then Xσ ∈ Mσ /B(E�).

The second assertion of the above remark can be strengthened as the proposition
below.

PROPOSITION 5.4. If σ is an {Mt }-stopping time, then Xσ ∈ Mσ /B(E�)∗.

PROOF. By Remark 5.3, for C ∈ B(E�) and t ≥ 0, we have {Xσ ∈ C} ∩ {σ ≤
t} ∈ Mt . Hence, for any μ ∈ P(E�), it follows from Lemma 4.2(i) that {Xσ ∈
C} ∩ {σ ≤ t} ∩ {t < ζ } ∈ Fh,μ

t . We write ν(C) := P h
μ(Xσ ∈ C;σ ≤ t, t < ζ ) for

C ∈ B(E�), then ν is a finite measure on B(E�).
For any A ∈ B(E�)∗, there exist A′,B ∈ B(E�) such that A�A′ ⊂ B and

ν(B) = 0. Then({Xσ ∈ A}�{Xσ ∈ A′})∩ {σ ≤ t}
= {Xσ ∈ A�A′}∩ {σ ≤ t} ⊂ {Xσ ∈ B} ∩ {σ ≤ t}

and

P h
μ

({Xσ ∈ B} ∩ {σ ≤ t}; t < ζ
)= ν(B) = 0.

By Lemma 4.1(i), we see that {Xσ ∈ A} ∩ {σ ≤ t} ∈ Mμ
t . Since μ ∈ P(E�) is

arbitrary, hence {Xσ ∈ A} ∩ {σ ≤ t} ∈Mt , which means {Xσ ∈ A} ∈Mσ . �

For an {Mμ
t }-stopping time σ , we set

(5.3) σζ := σI{σ<ζ } + ∞I{σ≥ζ }.

Recall (Fh,μ
t )t≥0 is the P h

μ -augmentation of the filtration (F0
t )t≥0 in Fh∞ (cf.

(4.5)).

LEMMA 5.5. (i) If σ is an {Mμ
t }-stopping time, then for any h ∈ H, σζ is an

(Fh,μ
t )t≥0-stopping time, and 	 ∩ {σ < ζ } ∈ Fh,μ

σζ for 	 ∈ Mμ
σ .

(ii) If σ is an {Mt }-stopping time and 	 ∈ Mσ , then for any h ∈ H, σζ is an
(Fh

t )t≥0-stopping time and 	 ∩ {σ < ζ } ∈ Fh
σζ

.
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PROOF. Assertion (ii) follows directly from Assertion (i). Below we prove
only Assertion (i). Let σ be an {Mμ

t }-stopping time and 	 ∈ Mμ
σ . If σ takes only

discrete values, for a ∈ R+, by Lemma 4.2(i), we have for any h ∈ H,

	 ∩ {σζ = a} = [	 ∩ {σ < ζ }]∩ {σ = a}
= [	 ∩ {σ = a}]∩ {a < ζ } ∈ Fh,μ

a ,

which implies that σζ is an (Fh,μ
t )t≥0-stopping time and 	 ∩ {σ < ζ } ∈ Fh,μ

σζ . In
the general case, we set

(5.4) σn =
⎧⎨⎩

k

2n
for all

k − 1

2n
≤ σ <

k

2n
,

+∞ σ = +∞,

where k = 1,2, . . ., n = 1,2, . . .. Then each σn is an (Mμ
t )-stopping time. More-

over, σn(ω) decreases to σ(ω) and σn,ζ (ω) decreases to σζ (ω) as n → +∞.
Since {Mμ

t } is right continuous, by a routine argument we can show that σζ is

an (Fh,μ
t )t≥0-stopping time and 	 ∩ {σ < ζ } ∈ Fh,μ

σζ . �

LEMMA 5.6. Let μ ∈ P(E�) and σ be an {Mμ
t }-stopping time. If 	 ∈ Mμ

σ

with P h
μ(	;σ < ζ) = 0, then for any 	′ ⊂ 	, we have 	′ ∩ {σ < ζ } ∈Mμ

σ .

PROOF. Suppose first that σ is a discrete {Mμ
t }-stopping time taking values

in {a1, a2, . . . , an, . . . ,+∞}. Then

0 = P h
μ(	;σ < ζ) =

+∞∑
i=1

P h
μ(	;σ = ai, σ < ζ)

=
+∞∑
i=1

P h
μ

(
	 ∩ {σ = ai};ai < ζ

)
.

By the completeness of Mμ
ai with respect to P h

μ(·;ai < ζ), for any 	′ ⊂ 	, we
have

	′ ∩ {σ < ζ } ∩ {σ = ai} = 	′ ∩ {σ = ai < ζ } ∈ Mμ
ai

∀i ≥ 1.

Hence 	′ ∩ {σ < ζ } ∈ Mμ
σ .

For general {Mμ
t }-stopping time σ , there exists a sequence of discrete {Mμ

t }-
stopping time (σn)n≥1 such that σn ↓ σ as n → +∞ (cf. (5.4)). Then 	 ∈ Mμ

σ

and P h
μ(	;σ < ζ) = 0 implies 	 ∈ Mμ

σn and P h
μ(	;σn < ζ) = 0 for all n ≥ 1.

For any 	′ ⊂ 	, we have

	′ ∩ {σ < ζ } ∩ {σ < t} =
∞⋃

n=1

[
	′ ∩ {σn < ζ } ∩ {σn < t}] ∈Mμ

t .

Therefore, by the right continuity of {Mμ
t } we get 	′ ∩ {σ < ζ } ∈ Mμ

σ . �
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LEMMA 5.7. Let σ be an {Mt }-stopping time and t ≥ 0, then θ−1
σ Mt ∩ {t +

σ < ζ } ⊂ Mt+σ .

PROOF. First, let 	 =⋂n
i=1{Xti ∈ Bi} for some Bi ∈ B(E�), i = 1,2, . . . , n,

and 0 ≤ t1 < t2 < · · · < tn ≤ t . Then by Remark 5.3 we get

θ−1
σ 	 =

n⋂
i=1

{Xti+σ ∈ Bi} ∈ Mt+σ .

By monotone class argument, we conclude that θ−1
σ F0

t ⊂ Mt+σ , and consequently
θ−1
σ F0

t+ ⊂Mt+σ because {Mt } is right continuous.
Second, for any μ ∈ P(E�), we can define a finite measure ν on B(E�) by

setting ν(A) := P h
μ(Xσζ ∈ A;σζ < ζ) for A ∈ B(E�). Then for any 	 ∈ Mt ⊂

Mν
t , there exist 	′ ∈ F0

t and 
 ∈F0
t+ such that 	�	′ ⊂ 
 and P h

ν (
; t < ζ ) = 0.
By the conclusion, which we have just proved above, it holds that θ−1

σ 
 ∈ Mt+σ .
We have

P h
μ

(
θ−1
σ 
; t + σ < ζ

)= P h
μ

(
θ−1
σ 
;σ < ζ, t < ζ � θσ

)
= P h

μ

(
θ−1
σζ


;σζ < ζ, t < ζ � θσζ

)
= Eh

μ

[
P h

Xσζ
(
; t < ζ );σζ < ζ

]= P h
ν (
; t < ζ ) = 0.

Hence, because (θ−1
σ 	)�(θ−1

σ 	′) = θ−1
σ (	�	′) ⊂ θ−1

σ 
, by Lemma 5.6 we get
[(θ−1

σ 	) \ (θ−1
σ 	′)] ∩ {t + σ < ζ } ∈ Mμ

t+σ and [(θ−1
σ 	′) \ (θ−1

σ 	)] ∩ {t + σ <

ζ } ∈ Mμ
t+σ . From these two facts together with the fact that θ−1

σ 	′ ∈ Mt+σ , we
get θ−1

σ 	 ∩ {t + σ < ζ } ∈ Mμ
t+σ . Consequently, θ−1

σ 	 ∩ {t + σ < ζ } ∈ Mt+σ

because μ ∈ P(E�) is arbitrary. �

Below we denote by T the collection of all the {Mt }-stopping times.

DEFINITION 5.8. For σ ∈ T , x ∈ E, we define a measure Qx,σ on Mσ by
setting

(5.5) Qx,σ (	) := Qx,σ (	;σ < ζ) := h(x)Eh
x

(
eασ I	

h(Xσ )
;σ < ζ

)
∀	 ∈Mσ ,

where I	 is the indicator function of 	, Eh
x is the expectation related to P h

x . We
call Qx,σ a σ -finite distribution up to time σ (in short, distribution up to σ ), and
call (Qx,σ )σ∈T an expanded σ -finite distribution flow (in short, expanded distri-
bution flow) associated with (E,D(E)).

PROPOSITION 5.9. (i) Let σ ∈ T . Then Qx,σ (·) is a well-defined σ -finite mea-
sure on Mσ for fixed x ∈ E, and Qx,σ (	;σ < ζ) being a function of x is B(E�)∗
measurable for fixed 	 ∈ Mσ .
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(ii) The definition of Qx,σ is independent of the choice of h ∈ H. More precisely,

if Q
′
x,σ is defined by (5.5) with h replaced by another h′ ∈ H. Then Qx,σ and

Q
′
x,σ are equivalent to each other. That is, there exists a Borel set S ⊂ E such that

Qx,σ (·) and Q
′
x,σ (·) are identical for all x ∈ S and E \ S is E-exceptional (cf.

Definition 3.3).

PROOF. (i) By Lemma 5.5, 	∩{σ < ζ } ∈ Fh
σζ

for 	 ∈ Mσ , therefore, Qx,σ is
well defined. Let Bk := {1/k < h < k} and 	k := {σ < k ∧ ζ,Xσ ∈ Bk,X0 ∈ Bk},
then Qx,σ (	k) < ∞ and

⋃
k 	k = {σ < ζ }; hence Qx,σ is a σ -finite measure.

The last assertion follows from Lemma 5.5 and the standard theory of Markov
processes (cf., e.g., [7], Chapter I, (5.8)).

(ii) To check that Qx,σ is independent of the choice of h ∈ H, let Q
′
x,σ be

defined by (5.5) with h replaced by another h′ ∈ H. Let (Fk)k≥1 and S be as in
Lemma 3.6. Suppose first that σ ∈ T is a discrete stopping time, taking values in
{a1, a2, . . . , an, . . . ,+∞}. Then for any x ∈ S and any 	 ∈ Mσ ,

Qx,σ (	) = h(x)Eh
x

(
eασ I	

h(Xσ )
;σ < ζ

)

=
∞∑
i=1

h(x)Eh
x

(
eασ I	

h(Xσ )
;σ < ζ,σ = ai

)

=
∞∑
i=1

h(x)Eh
x

(
eαai I	∩{σ=ai}∩{ai<ζ }

h(Xai
)

)

=
∞∑
i=1

h
′
(x)Eh

′
x

(
eαai I	∩{σ=ai}∩{ai<ζ }

h
′
(Xai

)

)
= Q

′
x,σ (	),

where the fourth equality follows from Lemma 3.6.
For general σ ∈ T , we define σn in the same manner as (5.4) above. Let 	k =

{σ < k ∧ ζ,Xσ ∈ Fk,X0 ∈ Fk}, then for any 	 ∈ Mσ , we have for x ∈ S,

Qx,σ (	 ∩ 	k) = lim
n→∞Qx,σn

(	 ∩ 	k) = lim
n→∞Q

′
x,σn

(	 ∩ 	k) = Q
′
x,σ (	 ∩ 	k).

Letting k tends to infinity, we get Qx,σ (	) = Q
′
x,σ (	) for x ∈ S. Consequently,

Q
′
x,σ (·) and Qx,σ (·) are equivalent to each other. �

We are now in a position to state the strong Markov property of the distribution
flows. The readers may compare the theorem below with Theorem 3.9 in Section 3.

THEOREM 5.10. Let σ ∈ T and τ ∈ T . We set

γ ∗ = σ + τ � θσ and γ = γ ∗
ζ := γ ∗I{γ ∗<ζ } + ∞I{γ ∗≥ζ }.
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(i) It holds that γ ∈ T and Y � θσ ∈ Mγ for Y ∈ pMτ .
(ii) For 
 ∈ pMσ and Y ∈ pMτ , we have

(5.6) Qx,γ

[

(Y � θσ );γ < ζ

]= Qx,σ

[

QXσ ,τ [Y ; τ < ζ ];σ < ζ

]
.

In particular, if τ = u is a constant, then for 
 ∈ pMσ and f ∈ pB(E), we have

(5.7) Qx,σ+u

[

f (Xσ+u);σ + u < ζ

]= Qx,σ

[

(Quf )(Xσ );σ < ζ

]
.

PROOF. (i) For 	 ∈ Mτ and t > 0, we have

θ−1
σ 	 ∩ {γ < t} = ⋃

p∈Q

[
θ−1
σ 	 ∩ {τ � θσ < p} ∩ {p + σ < t} ∩ {p + σ < ζ }],

where Q is the collection of all the rational numbers. Noting that 	 ∩ {τ < p} ∈
Mp , by Lemma 5.7 we get

θ−1
σ 	 ∩ {τ � θσ < p} ∩ {p + σ < ζ }

= θ−1
σ

[
	 ∩ {τ < p}]∩ {p + σ < ζ } ∈ Mp+σ .

Thus,

θ−1
σ 	 ∩ {γ < t}

= ⋃
p∈Q

[
θ−1
σ 	 ∩ {τ � θσ < p} ∩ {σ + p < t} ∩ {p + σ < ζ }] ∈ Mt .

(5.8)

Letting 	 = � in (5.8), we get {γ < t} ∈ Mt , which means γ is an {Mt }-stopping
time because {Mt } is right continuous. By (5.8), we conclude also that θ−1

σ 	 ∩
{γ < ζ } ∈ Mγ for any 	 ∈ Mτ , and consequently Y � θσ · I(γ<ζ) ∈ Mγ for any
Y ∈ pMτ .

(ii) Let 
 ∈ pMσ and Y ∈ pMτ . By Lemma 5.5 and the strong Markov prop-
erty of ((Xt)t≥0, (Fh

t )t≥0,P
h
x ) (cf. [7], Chapter I, (8.6)), we get

Qx,γ

[

(Y � θσ );γ < ζ

]
= h(x)Eh

x

[
eα(σ+τ�θσ )Y � θσ


h(Xσ+τ�θσ )
;σ + τ � θσ < ζ

]

= h(x)Eh
x

[
e
α(σζ +τζ �θσζ

)
Y � θσζ 


h(Xσζ +τζ �θσζ
)

;σζ < ζ, τζ � θσζ < ζ � θσζ

]

= h(x)Eh
x

[
eασζ 
I(σζ <ζ)E

h
x

(
eατζ Y I(τζ <ζ)

h(Xτζ )
� θσζ

∣∣∣Fh
σζ

)]

= h(x)Eh
x

[
eασζ 
I(σζ <ζ)E

h
Xσζ

(
eατζ Y

h(Xτζ )
; τζ < ζ

)]
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= h(x)Eh
x

[
eασ
I(σ<ζ)

h(Xσ )
h(Xσ )Eh

Xσ

(
eατY

h(Xτ )
; τ < ζ

)]
= Qx,σ

[

QXσ ,τ [Y ; τ < ζ ];σ < ζ

]
.

The above last equality makes use of the last assertion of Proposition 5.9(i) and
Proposition 5.4. �

6. O-measurable positive continuous additive functionals.

6.1. Preliminaries and definition. Let (E,D(E)) be a quasi-regular positivity
preserving coercive form on L2(E;m). Following [14] (see also [23]), a positive
measure μ on (E,B(E)) will be called smooth w.r.t. (E,D(E)) and be denoted
by μ ∈ S , if μ(N) = 0 for each E-exceptional set N ∈ B(E) and there exists an
E-nest (Fk)k≥1 of compact subsets of E such that μ(Fk) < ∞ for all k ∈ N. A pos-
itive Radon measure μ on (E,B(E)) is said to be of finite energy integral w.r.t.
(E,D(E)), denoted by μ ∈ S0, if μ ∈ S and there exists C > 0 such that∫

E

∣∣ṽ(x)
∣∣μ(dx) ≤ CE1(v, v)

1
2 for all v ∈ D(E).

Let (Eh,D(Eh)) be an h-transform of (E,D(E)) with some h ∈ H. Then one can
easily check that μ is a smooth measure w.r.t. (E,D(E)) if and only if it is a smooth
measure w.r.t. the semi-Dirichlet form (Eh,D(Eh)). We shall denote by Sh

0 all the
measures of finite energy integral w.r.t. (Eh,D(Eh)).

For μ ∈ S0, applying a theorem of G. Stampacchia [28] (cf. [21], I.Theorem 2.6),
we can show that there exists a unique Uαμ ∈ D(E) and a unique Ûαμ ∈ D(E)

such that

Eα(Uαμ,v) =
∫
E

ṽ(x)μ(dx) = Eα(v, Ûαμ) for all v ∈ D(E).

We call Uαμ (resp., Ûαμ) an α-potential (resp., α-copotential) of μ ∈ S0 w.r.t.
(E,D(E)). For notational convenience, we shall denote by Uh

αμ (resp., Ûh
αμ)

the α-potential (resp., α-copotential) of μ ∈ Sh
0 w.r.t. (Eh,D(Eh)). The following

lemma can be checked directly and we omit their proofs.

LEMMA 6.1. (i) If μ ∈ S0, then h · μ ∈ Sh
0 . If ν ∈ Sh

0 , then (h−1) · ν ∈ S0.
(ii) For any μ ∈ S0, β ≥ α, Uβμ = hUh

β−α(h · μ), m-a.e.
(iii) The following two assertions are equivalent to each other:

(a) μ ∈ S .
(b) There exists an E-nest (Kn)n≥1 consisting of compact sets such that IKn ·

μ ∈ S0 for each n ∈ N.

In what follows, we use R+ to denote [0,∞) and use R+ to denote [0,∞]. Let
O be the optional σ -field related to the filtration (Mt )t≥0. That is, O is the σ -field
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on [[0,∞[[:=R+ × � generated by all the {Mt }-adapted cadlag processes. It is
known that (cf. [17], Theorem 3.17)

(6.1) O := σ
{[[T ,∞[[|T ∈ T

}
.

Here and henceforth, [[T ,∞[[:= {(t,ω)|T (ω) ≤ t < ∞}, T is the collection of all
the {Mt }-stopping times. An O-measurable process is called an optional process.

For μ ∈ P(E�), we define a σ -finite measure Qμ on O as follows:

(6.2) Qμ(H) :=
∫ +∞

0
Qμ,t

(
IH (t, ·))dt ∀H ∈O.

In particular, for μ = δx we write

(6.3) Qx(H) :=
∫ +∞

0
Qx,t

(
IH (t, ·))dt ∀H ∈ O.

DEFINITION 6.2. (i) A R+-valued optional process A := (At )t≥0 is called an
O-measurable positive continuous additive functional (O-PCAF in abbreviation)
if there exists a defining set 
 ∈ O such that:

(a) I
(t,ω) is decreasing and right continuous in t for fixed ω, and I
(t +
s,ω) = 1 implies I
(s, θtω) = 1;

(b) Qν(

c) = 0 for all ν ∈ S0, where 
c := [[0,∞[[\
;

(c) Let τ
(ω) := inf{t ≥ 0|(t,ω) /∈ 
} and 	
 := {ω|τ
(ω) ≥ ζ(ω)}, then
	
 = {ω|τ
(ω) = ∞}.

Furthermore, the restriction of A on 
, or equivalently, the restriction of A on
{τ
 > 0}, possesses the following properties:

(d) At is continuous for 0 ≤ t < τ
,A0 = 0,At < ∞ for t < τ
 ∧ ζ , and At =
(Aζ )− for t ≥ ζ ;

(e) At+s(ω) = At(ω) + As(θtω) for t + s < τ
(ω).

(ii) Two O-PCAF A and A′ are said to be O-equivalent if they share a common
defining set 
 and their restriction on 
 are identical.

PROPOSITION 6.3. Let A be an O-PCAF and 	
 be specified as in (c) of the
above Definition 6.2. Then for any h ∈ H, the restriction of A on 	
 is a PCAF
of Mh in the classical sense defined in [14], Section 5.1 or [23], Section 4.1, with
defining set 	
 and some exceptional set N .

PROOF. Let h ∈ H, by Lemma 5.5 we have (	
)c = {τ
 < ζ } ∈Fh
(τ
)ζ

⊂ Fh∞.
By Definition 6.2(b), there exists an E-exceptional set N such that for x ∈ E \ N ,

(6.4) Qx

(

c) := ∫ ∞

0
h(x)Eh

x

[
eαt I
c(t, ·)

h(Xt)
; t < ζ

]
dt = 0,

which implies Eh
x [I
c(t, ·); t < ζ ] = Eh

x [I{τ
≤t}; t < ζ ] = 0 for almost all t ∈
R+, and hence P h

x ((	
)c) = Eh
x [I{τ
<ζ }] = 0. Since 	
 = {ω|τ
(ω) = ∞},
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hence by Definition 6.2(a) we have θt	
 ⊂ 	
 for t ≥ 0. Therefore, by Defini-
tion 6.2(d), (e), A is a PCAF of Mh with defining set 	
 and exceptional set N .

�

REMARK 6.4. Conversely, let Ah be a PCAF of Mh in the classical sense,
then applying Theorem 6.5 below, we can construct an O-PCAF A such that the
restriction of A on 	
 as a classical PCAF is equivalent to Ah in the classical
sense.

6.2. Revuz correspondence. In this subsection, we fix an h ∈ H. Suppose that
Ah is a PCAF of Mh and μh is a smooth measure w.r.t. (Eh,D(Eh)). Then by the
theory of Dirichlet forms, Ah and μh are said to be Revuz corresponding to each
other, and μh is called the Revuz measure of Ah, if for any γ -coexcessive (γ > 0)

function g ∈ D(Eh) and any bounded f ∈ pB(E), it holds that

(6.5) lim
β→+∞β

(
g,Eh·

[∫ +∞
0

e−(β+γ )tf (Xt)I(t<ζ) dAh
t

])
h2·m

=
∫
E

fg dμh.

We refer to [14], Section 5.1, and [23], Section 4.1, for the detail discussion of Re-
vuz correspondence. The condition stated above is slightly different but equivalent
to the condition stated in [23], Theorem 4.1.4, (cf. [14], Theorem 5.1.3).

In this subsection, we shall prove the following theorem.

THEOREM 6.5. (i) For any O-PCAF A, there exists a smooth measure μ =
μA, such that for any γ -coexcessive (γ > α) function g ∈ D(E) and any bounded
function f ∈ pB(E), it holds that

(6.6) lim
β→+∞β

(
g,U

β+γ
A f

)
m =

∫
E

fg dμ,

here and henceforth,

(6.7) U
β
Af (x) := h(x)Eh

x

[∫ +∞
0

e−(β−α)t f

h
(Xt)I(t<ζ) dAt

]
provided the above right-hand side makes sense. Moreover, if A and B are O-
equivalent O-PCAFs, then μA and μB are identical.

(ii) Conversely, for any μ ∈ S , there exists a unique (in O-equivalent sense)
O-PCAF A, such that assertion (6.6) holds.

REMARK 6.6. We shall say that A and μ are Revuz corresponding to each
other (w.r.t. the positivity preserving coercive form (E,D(E))), and μ is the Revuz
measure of A, if A and μ satisfy (6.6).
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PROOF OF THEOREM 6.5(I). Suppose that A is an O-PCAF with defining
set 
. We define

(6.8) Ah
t (ω) =

⎧⎪⎨⎪⎩
∫ t

0

1

h(Xs)
dAs(ω), ω ∈ 	
,

0, ω /∈ 	
.

Then by Proposition 6.3, Ah is a PCAF of the h-associated process Mh w.r.t.
the semi-Dirichlet space (Eh,D(Eh)). By [23], Section 4.1, there exists a Revuz
measure μAh associated with Ah. We define μA := (h−1) · μAh , then μA ∈ S .
If g ∈ D(E) is a γ -coexcessive function (γ > α), then g

h
∈ D(Eh) is a (γ − α)-

coexcessive function in (Eh
α ,D(Eh)). For any bounded f ∈ pB(E), by the Revuz

correspondence between Ah and μAh , we have

lim
β→+∞β

(
g,U

β+γ
A f

)
m

= lim
β→+∞β

(
g,hEh·

[
I	


∫ +∞
0

e−(β+γ−α)t f

h
(Xt)I(t<ζ) dAt

])
m

= lim
β→+∞β

(
g,hEh·

[∫ +∞
0

e−(β+γ−α)tf (Xt) dAh
t

])
m

= lim
β→+∞β

(
g

h
,Eh·

[∫ +∞
0

e−(β−α+γ )tf (Xt) dAh
t

])
h2·m

=
∫
E

g

h
f dμAh =

∫
E

gf dμA.

Therefore, (6.6) is true. Suppose that B is another O-PCAF which is O-equivalent
to A. We define Bh in the same manner as (6.8). Then one can check that Bh

and Ah are equivalent w.r.t. (Eh,D(Eh)). Thus, by [23], Theorem 4.1.4, we get
μBh = μAh , consequently μB = (h−1) · μBh = (h−1) · μAh = μA. �

For proving Theorem 6.5(ii), we prepare two lemmas first.

LEMMA 6.7. Let μ ∈ S0. Then there exists a unique (in O-equivalent sense)
O-PCAF A such that

Eh
h·ν
[∫ ∞

0

e−(β−α)t I{t<ζ }
h(Xt)

dAt

]
= 〈Uβμ,ν〉 ∀ν ∈ S0, β > α,(6.9)

and consequently, h(x)Eh
x [∫∞

0
e−(β−α)t I{t<ζ }

h(Xt )
dAt ] is an E-quasi-continuous version

of Uβμ for any β > α.

PROOF. Existence.
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Let u be an E-quasi-continuous version of Uβμ for some temporarily fixed β >

α, then there exists an E-exceptional set N such that nRn+βu ↑ u on E \ N . Here,
Rn+βu := ∫+∞

0 e−(n+β)tQtu(·) dt . Let

(6.10) gn(x) =
{
n(u − nRn+βu)(x), x ∈ E \ N,

0, x ∈ N.

Then Rβgn ↑ u for any x ∈ E \ N . Let h ∈ H, we have when n → ∞,

Rh
β−α

gn

h
:= Eh·

[∫ ∞
0

e−(β−α)tgn(Xt)I{t<ζ }
h(Xt)

dt

]

= 1

h
Rβgn ↑ u

h
= 1

h
Ũβμ = ˜Uh

β−α(h · μ),(6.11)

where ˜Uh
β−α(h · μ) is an E-quasi-continuous version of the (β − α)-potential of

h · μ with respect to (Eh,D(Eh)). Similar to the proof of [23], Theorem 4.1.10,
we can choose a subsequence {nl} such that (Rh

β−α
fk

h
)k∈N with fk := 1

k

∑k
l=1 gnl

converges to ˜Uh
β−α(hμ) strongly in (Eh,D(Eh)). Denote by

(6.12) Ãh
k (t,ω) :=

∫ t

0
e−(β−α)s fk

h
(Xs) ds.

Then similar to the argument of [23], Theorem 4.1.10, we can take a subsequence
ki such that

(6.13) Eh
β−α

(
Rh

β−α

fki+1 − fki

h
,Rh

β−α

fki+1 − fki

h

)
< 2−6i .

Let

	h := {ω|Ãh
ki
(t,ω) converges uniformly in t

on each finite interval of [0,∞)
}
,(6.14)

then P h
ν ((	h)c) = 0 for all ν ∈ S0, and hence P h

x ((	h)c) = 0 for q.e. x ∈ E (cf.
[23], (4.1.16)). Let

(6.15) Ãh(t,ω) =
⎧⎨⎩ lim

i→+∞ Ãh
ki
(t,ω), ω ∈ 	h,

0, ω /∈ 	h.

Denote by

Ah
t :=

∫ t

0
e(β−α)u dÃh

u,

then (Ah
t )t≥0 is a PCAF in the sense of [14], Section 5.1 or [23], Section 4.1, and

its Revuz measure w.r.t. (Eh,D(Eh)) is h · μ. That is, for any β > α, it holds that

(6.16) ˜Uh
β−α(h · μ)(x) = Eh

x

[∫ +∞
0

e−(β−α)t1E(Xt) dAh
t

]
q.e. x ∈ E.
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We now define


t = ⋂
m≥1

⋃
l≥m

{
ω ∈ �|Ãh

ki
(u,ω)converges uniformly

for u ∈
[
0, t + 1

l

]
when i → ∞

}
,


̃ = {(t,ω)|t ∈ R+,ω ∈ 
t

}
, τ
̃(ω) = inf

{
t ≥ 0|(t,ω) /∈ 
̃

}
and

(6.17) 
 := 
̃ ∪ {(t,ω)|t ≥ ζ(ω), τ
̃(ω) ≥ ζ(ω)
}
.

Then I
(t, ·), t ≥ 0, is a decreasing right continuous {Mt }-adapted process.
Let τ
(ω) := inf{t ≥ 0|(t,ω) /∈ 
} and 	
 := {ω|τ
(ω) ≥ ζ(ω)}, then by (6.17)

we have 	
 = {ω|τ
(ω) = ∞}. Moreover, comparing (6.14) and (6.17), we get
	
 ⊃ 	h, and hence P h

ν ((	
)c) = P h
ν ({τ
 < ζ }) = 0 for all ν ∈ S0. Conse-

quently,

Qν

(

c) := ∫ +∞

0
Qν,t

(
I
c(t, ·))dt

= Eh
h·ν
[
I	


∫ +∞
0

I{t≥τ
}
I(t<ζ)

h(Xt)
dt

]
= 0 ∀ν ∈ S0.

We define

(6.18) Ãt (ω) :=

⎧⎪⎪⎨⎪⎪⎩
lim

i→+∞ Ãh
ki
(t,ω), 0 ≤ t < τ
̃(ω),

Ãτ

̃
(ω)−, t ≥ τ
̃(ω) > 0,

0, τ
(ω) = 0

and

(6.19) At :=
∫ t

0
e(β−α)uh(Xu)dÃu ∀t ≥ 0.

Then we can check that A is an O-PCAF with defining set 
. Note that for ω ∈ 	h,
we have

(6.20) At(ω) =
∫ t

0
h(Xu)dAh

u(ω).

For any β > α and ν ∈ S0, by (6.16) and Lemma 6.1(ii), we get

Eh
h·ν
[∫ +∞

0

e−(β−α)t I(t<ζ)

h(Xt)
dAt

]
= Eh

h·ν
[
I	h

∫ +∞
0

e−(β−α)t dAh
t

]
= 〈Uh

β−α(hμ),h · ν〉= 〈Uβμ,ν〉.
Hence A satisfies (6.9).
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Uniqueness.
Suppose that B is another O-PCAF with defining set 
′ satisfying (6.9) with A

replaced by B . We define

(6.21) Bh
t (ω) =

⎧⎪⎨⎪⎩
∫ t

0

1

h(Xs)
dBs(ω), ω ∈ 	
′,

0, ω /∈ 	
′ .

Then Bh is a classical PCAF of the h-associated process Mh. By (6.9), we have
for any β > α and ν ∈ S0,

〈Uβμ,ν〉 = Eh
h·ν
[∫ +∞

0

e−(β−α)t I(t<ζ)

h(Xt)
dBt

]

= Eh
h·ν
[∫ +∞

0
e−(β−α)t1E(Xt) dBh

t

]
.

Therefore, for any β > α, by Lemma 6.1(ii) it holds that

Eh
x

[∫ +∞
0

e−(β−α)t1E(Xt) dBh
t

]
= ˜Uh

β−α(h · μ)(x) q.e. x ∈ E.

Hence, by [23], Theorem 4.1.10, Bh and Ah are equivalent in the meaning of [14],
Section 5.1, or [23], Section 4.1, which means that there exists a defining set 	̃h

such that P h
ν ((	̃h)c) = 0 for all ν ∈ S0, and Bh

t (ω) = Ah
t (ω) for all t ≥ 0,ω ∈ 	̃h.

We now set


̃t := ⋂
n≥1

⋃
k≥n

{
ω ∈ �

∣∣∣Bs(ω) = As(ω) ∀s ≤ t + 1

k

}
,

then 
̃t ⊃ 	̃h, which implies that if we define


̃ := {(t,ω)|t ∈R+,ω ∈ 
̃t

}∩ 
 ∩ 
′, τ
̃(ω) = inf
{
t ≥ 0|(t,ω) /∈ 
̃

}
and


′′ := 
̃ ∪ {(t,ω)|t ≥ ζ(ω), τ
̃(ω) ≥ ζ(ω)
}
,

then Qν((

′′)c) = 0 for all ν ∈ S0. We can check that 
′′ is a common defining set

for B and A, and B and A are identical on 
′′. That is, B and A are O-equivalent.
�

LEMMA 6.8. Let A be an O-PCAF and μ ∈ S0. Then the following two as-
sertions are equivalent to each other:

(i) A and μ satisfy (6.9).
(ii) μ is the Revuz measure of A, that is, the assertion (6.6) is true.
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PROOF. Let Ah be defined by (6.8). Then μ ∈ S0 is the Revuz measure of
A w.r.t. (E,D(E)) if and only if h · μ ∈ Sh

0 is the Revuz measure of Ah w.r.t.
(Eh,D(Eh)). By the theory of classic Revuz correspondence, the latter is true if
and only if, for all β > α,

(6.22) ˜Uh
β−α(h · μ)(x) = Eh

x

[∫ +∞
0

e−(β−α)t1E(Xt) dAh
t

]
q.e. x ∈ E.

Applying Lemma 6.1(ii), we see that (6.22) is true if and only if (6.9) is true. �

PROOF OF THEOREM 6.5(II). For μ ∈ S , by Lemma 6.1(iii) there exists an
E-nest (Kn)n≥1 consisting of compact sets such that IKn · μ ∈ S0 for each n ≥ 1.
Then by Lemma 6.7 and Lemma 6.8, there exists a unique O-PCAF AIKn ·μ whose
Revuz measure is IKn · μ for each n ≥ 1. Hence, for any γ -coexcessive (γ ≥ α)

function g ∈ D(E) and bounded f ∈ pB(E) we get

lim
β→+∞β

(
g,U

β+γ
IKn ·AIKn+1·μ

f
)
m

= lim
β→+∞β

(
g,hEh

[∫ +∞
0

e−(β+γ−α)t f IKn

h
(Xt)I(t<ζ) dAIKn+1 ·μ(t)

])
m

=
∫
E

fgIKn d(IKn+1 · μ) =
∫
E

fgIKn dμ,

which means the Revuz measure of IKn · AIKn+1·μ is also IKn · μ. Hence, IKn ·
AIKn+1 ·μ and AIKn ·μ are O-equivalent. (Here and henceforth, IKn · AIKn+1 ·μ(t) :=∫ t

0 IKn(Xu)dAIKn+1 ·μ(u).)

Let 
1 be a defining set of AIK1 ·μ. For each n ≥ 2, we may take a common
defining set 
n such that IKn−1 · AIKn ·μ and AIKn−1 ·μ are identical on 
n. Without

loss of generality, we may assume the 
n ⊂ 
n−1 for each n ≥ 2. Let τ
n(ω) =
inf{t ≥ 0|(t,ω) /∈ 
n} and τ
∞(ω) := infn≥1 τ
n(ω). Then by the right continuity
of {Mt }, we have τ
∞ ∈ T . Moreover, since {τ
∞ < ζ } ⊂⋃n≥1{τ
n < ζ }, there-
fore, P h

ν ({τ
∞ < ζ }) = 0 for all ν ∈ S0.
We define τKn(ω) = inf{t ≥ 0|Xt(ω) /∈ Kn} for n ≥ 1. Similar to the argument

of [21], IV.Proposition 5.30(i), we can show that there exists an E-exceptional set
N , such that for any x ∈ E \ N , P h

x (limn→∞ τKn < ζ) = 0. Therefore, if we let
τK∞ := limn→∞ τKn , then P h

ν ({τK∞ < ζ }) = 0 for all ν ∈ S0. We now set η =
τ
∞ ∧ τK∞ and define


 := {(t,ω)|t < η(ω)
}∪ {(t,ω)|t ≥ ζ(ω), η(ω) ≥ ζ(ω)

}
.

We can check that 
 satisfies Definition 6.2(a), (b) and (c). Moreover, if t < η(ω),
then AIKn ·μ(t,ω) = IKn ·AIKn+l

·μ(t,ω) for all n, l ≥ 1. Set τK0(ω) := 0 and define

(6.23) A(t,ω) =

⎧⎪⎪⎨⎪⎪⎩
AIKn ·μ(t,ω), 0 ≤ t < η(ω), τKn−1(ω) ≤ t < τKn(ω),

Aη−(ω), t ≥ η(ω) > 0,

0, η(ω) = 0.
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Then we can check that A satisfies Definition 6.2(d) and (e). Therefore, A is an O-
PCAF. By Part (i) of Theorem 6.5, there exists a unique smooth measure μA, such
that for any γ -coexcessive (γ > α) function g ∈ D(E) and any bounded function
f ∈ pB(E), it holds that

lim
β→+∞β

(
g,U

β+γ
A f

)
m =

∫
E

fg dμA.

But for any n ≥ 1, we have∫
E

fgIKn dμA = lim
β→+∞β

(
g,U

β+γ
A f IKn

)
m

= lim
β→+∞ lim

l→+∞β

(
g,hEh·

[
I{η≥ζ }

∫ τKn+l

0
e−(β−α)t f IKn

h
(Xt)I(t<ζ) dAt

])
m

= lim
β→+∞ lim

l→+∞β

(
g,hEh·

[∫ τKn+l

0
e−(β−α)t f

h
(Xt)I(t<ζ) dAIKn ·μ(t)

])
m

=
∫
E

fgIKn dμ.

Therefore, μA = μ, that is, μ is the Revuz measure of A. Suppose that B is another
O-PCAF whose Revuz measure is μ. Then IKn · B is Revuz corresponding to
IKn · μ for all n ≥ 1. Hence B is O-equivalent to A. �

6.3. Optional measure QA
x (·) generated by A. In this subsection, we are going

to show that the Revuz correspondence defined by (6.6) and (6.7) is independent of
h ∈ H (see Corollary 6.12). To this end, we introduce an optional measure QA

x (·)
generated by an O-PCAF A, which we believe will have interest by its own and
will be useful in the further study of stochastic analysis related to positivity pre-
serving coercive forms.

DEFINITION 6.9. Let A be an O-PCAF. For x ∈ E, we define a σ -finite mea-
sure QA

x (·) on O by setting

(6.24) QA
x (H) := h(x)Eh

x

[∫ ∞
0

IH (t, ·)e
αt I{t<ζ }
h(Xt)

dAt

]
∀H ∈ O.

We call QA
x (·) an optional measure generated by A.

For ν ∈ S0, we write

QA
ν (H) :=

∫
E
QA

x (H)ν(dx)

= Eh
h·ν
[∫ ∞

0
IH (t, ·)e

αt I{t<ζ }
h(Xt)

dAt

]
∀H ∈ O.(6.25)
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LEMMA 6.10. Let B be an O-PCAF which is O-equivalent to A, and QB
x (·)

be defined by (6.24) with A replaced by B . Then there exists an E-exceptional set
N , such that QB

x (·) = QA
x (·) for all x ∈ E \ N , and hence QB

ν (·) = QA
ν (·) for all

ν ∈ S0.

PROOF. Let 
 be a common defining set for B and A, and 	
 be specified by
Definition 6.2(c). Then there exists an E-exceptional set N such that P h

x ((	
)c) =
Eh

x [I{τ
<ζ }] = 0 for x ∈ E \ N (cf. the proof of Proposition 6.3). Then, for any
H ∈ O, we have

QB
x (H) = h(x)Eh

x

[
I	


∫ ∞
0

IH (t, ·)e
αt I{t<ζ }
h(Xt)

dBt

]

= h(x)Eh
x

[
I	


∫ ∞
0

IH (t, ·)e
αt I{t<ζ }
h(Xt)

dAt

]
= QA

x (H). �

In the proof of Theorem 6.11 below, we shall make use of the predictable σ -field
P related to {Mt }. Recall that P is the σ -field on [[0,∞[[:=R+ × � generated by
all the left continuous {Mt }-adapted processes. It is known that (cf. [17], Theo-
rem 3.21) P ⊂ O and P is the σ -field generated by the following sets:{{0} × F |F ∈ M0

}
∪ {[p,q) × F |0 < p < q < ∞,p, q ∈ Q+,F ∈ Mp−

}
,(6.26)

where Q+ stands for all the nonnegative rational numbers and Mp− =∨s<p Ms .
Recall that H is the collection of all strictly positive and finite valued E-quasi-

continuous α-excessive functions.

THEOREM 6.11. The optional measure QA
x (·) defined by (6.24) is indepen-

dent of h ∈ H in the following sense:

(i) Let Q
′A
x (·) be defined by (6.24) with h replaced by another h′ ∈ H. Then

there exists an E-exceptional set N such that Q
′A
x (·) = QA

x (·) for all x ∈ E \ N .
(ii) Consequently, let Q

′A
ν (·) be defined by (6.25) with h replaced by another

h′ ∈H. Then for any ν ∈ S0, we have Q
′A
ν (·) = QA

ν (·).

PROOF. Let A be an O-PCAF. Then by Theorem 6.5 there exists μ ∈ S satis-
fying (6.6). We assume first that μ ∈ S0. Then by Lemma 6.8, A and μ satisfy (6.9)
w.r.t. h. Suppose that h′ is another strictly positive E-quasi-continuous α-excessive
function. Following the procedure of Lemma 6.7, we may construct another O-
PCAF A′ such that A′ and μ satisfy (6.9) w.r.t. h′. More precisely, let gn be the
same as specified by (6.10), then (6.11) holds also true when h is replaced by h′.
Moreover, we can choose the same subsequence {nl} such that (Rh′

β−α
fk

h′ )k∈N with
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fk := 1
k

∑k
l=1 gnl

converges strongly in (Eh′
,D(Eh′

)), and take the same subse-
quence ki such that

Eh′
β−α

(
Rh′

β−α

fki+1 − fki

h′ ,Rh′
β−α

fki+1 − fki

h′
)

= Eh
β−α

(
Rh

β−α

fki+1 − fki

h
,Rh

β−α

fki+1 − fki

h

)
< 2−6i .

Repeating the construction in Lemma 6.7, we denote

(6.27) Ã′h′
k (t,ω) :=

∫ t

0
e−(β−α)s fk

h′ (Xs) ds.

Define


′
t = ⋂

m≥1

⋃
l≥m

{
ω ∈ �|Ã′h′

ki
(u,ω) converges uniformly

for u ∈
[
0, t + 1

l

]
when i → ∞

}
,


̃′ = {(t,ω)|t ∈ R+,ω ∈ 
′
t

}
, τ


̃′(ω) = inf
{
t ≥ 0|(t,ω) /∈ 
̃′}

and


′ := 
̃′ ∪ {(t,ω)|t ≥ ζ(ω), τ

̃′(ω) ≥ ζ(ω)

}
.

Let τ
′(ω) := inf{t ≥ 0|(t,ω) /∈ 
′} and define

(6.28) Ã′
t (ω) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
lim

i→+∞ Ã′h′
ki

(t,ω), 0 ≤ t < τ

̃′(ω),

Ã′
τ

̃′ (ω)−, t ≥ τ


̃′(ω) > 0,

0, τ
′(ω) = 0.

Define further

(6.29) A′
t :=

∫ t

0
e(β−α)uh′(Xu)dÃ′

u ∀t ≥ 0.

Then A′ is an O-PCAF with defining set 
′ satisfying (6.9) with h replaced by h′.
We claim that A′ and A are in fact O-equivalent. To verify this, we define 
̃ =


 ∩
′ and τ
̃(ω) := inf{t ≥ 0|(t,ω) /∈ 
̃}. Let t < τ
̃(ω), then both Ã′h′
ki

(s,ω) and

Ãh
ki
(s,ω) converge uniformly for s ∈ [0, t]. Comparing (6.12) and (6.27), we have

Ã′h′
ki

(s,ω) =
∫ s

0

h

h′ (Xu)dÃh
ki
(u,ω) ∀s < τ
̃(ω).

Consequently, for any T > 0 we have∫ t

0
h′(Xu)I{h(Xu)<T,h′(Xu)<T } dÃ′

u(ω) =
∫ t

0
h(Xu)I{h(Xu)<T,h′(Xu)<T } dÃu(ω).
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Letting T → ∞, we get A′
t (ω) = At(ω) for t < τ
̃(ω). Therefore, A′ and A are

O-equivalent.
Let Q

′A′
x (·) be the optional measure constructed with A′ and h′. We are going to

show that Q
′A′
x (·) and QA

x (·) are identical. To this end, we take an E-nest (Fk)k≥1

consisting of compact sets such that h ∈ C({Fk}) and h′ ∈ C({Fk}). Let τFk
=

inf{t ≥ 0|Xt /∈ Fk} and τk = inf{t ≥ 0 : At > k or A′
t > k}. Define Tk = τFk

∧ τk ∧
τ
 ∧ τ
′ ∧ k, where τ
 and τ
′ are specified by Definition 6.2(c). Then, because
both h and h′ are strictly positive and finite on each compact set Fk , and ν(Fk) <

∞ for all ν ∈ S0 and k ≥ 1, we have Q
′A′
ν ([[0, Tk[[) < ∞ and QA

ν ([[0, Tk[[) < ∞
for all ν ∈ S0 and k ≥ 1.

Suppose that H = [s, t) × F with F ∈ Ms− and s, t ∈ Q+,0 < s < t < ∞. For
fixed ν ∈ S0 and fixed k ≥ 1, we have by (6.19), (6.18), (6.12) and (4.6),

QA
ν

(
H ∩ [[0, Tk[[)= Eh

h·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)

eαuI{u<ζ }
h(Xu)

dAu

]
= Eh

h·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)eβuI{u<ζ } dÃu

]
= lim

i→∞Eh
h·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)eαuI{u<ζ }

fki
(Xu)

h(Xu)
du

]

= lim
i→∞

∫ +∞
0

Qν,u

(
IF I[s∧Tk,t∧Tk)(u)fki

(Xu)
)
du.

On the other hand, by (6.29), (6.28), (6.27) and (4.6), we get

Q
′A′
ν

(
H ∩ [[0, Tk[[)
= Eh′

h′·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)

eαuI{u<ζ }
h′(Xu)

dA′
u

]
= Eh′

h′·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)eβuI{u<ζ } dÃ′

u

]
= lim

i→∞Eh′
h′·ν
[∫ ∞

0
IF I[s∧Tk,t∧Tk)(u)eαuI{u<ζ }

fki
(Xu)

h′(Xu)
du

]

= lim
i→∞

∫ +∞
0

Qν,u

(
IF I[s∧Tk,t∧Tk)(u)fki

(Xu)
)
du.

Therefore, for all F ∈ Ms− and s, t ∈Q+,0 < s < t < ∞, it holds that

(6.30) Q
′A′
ν

(([s, t) × F
)∩ [[0, Tk[[)= QA

ν

(([s, t) × F
)∩ [[0, Tk[[).

It is trivial that

(6.31) Q
′A′
ν

(({0}×F
)∩[[0, Tk[[)= QA

ν

(({0}×F
)∩[[0, Tk[[)= 0 ∀F ∈ M0.
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Applying monotone class argument, by (6.26) we get Q
′A′
ν (H ∩ [[0, Tk[[) =

QA
ν (H ∩ [[0, Tk[[) for all H ∈ P . Therefore, for all T ∈ T we have

Q
′A′
ν

([[T ,∞[[∩ [[0, Tk[[)= Q
′A′
ν

(]]T ,∞[[∩ [[0, Tk[[)
= QA

ν

(]]T ,∞[[∩ [[0, Tk[[)= QA
ν

([[T ,∞[[∩ [[0, Tk[[).
Applying monotone class argument again, by (6.1) we get

(6.32) Q
′A′
ν

(
H ∩ [[0, Tk[[)= QA

ν

(
H ∩ [[0, Tk[[) ∀H ∈O.

Denote by T∞ = limk→∞ Tk . Similar to the argument of [21], IV. Proposi-
tion 5.30(i), we can show that there exists an E-exceptional set N , such that for any
x ∈ E \N , P h

x (limk→∞ τFk
< ζ) = 0. By Definition 6.2(d), we have limk→∞ τk ≥

τ
 ∧ τ
′ ∧ ζ . From the proof of Proposition 6.3, we see that Eh
x [I{τ
<ζ }] = 0 and

Eh′
x [I{τ
′<ζ }] = 0 for q.e. x ∈ E. Making use of the above facts, we can show that

(6.33) Eh
ν [I{T∞<ζ }] = Eh′

ν [I{T∞<ζ }] = 0 ∀ν ∈ S0.

Therefore, for any H ∈ O we have

lim
k→∞QA

ν

(
H ∩ [[0, Tk[[)

= lim
k→∞Eh

h·ν
[
I{T∞≥ζ }

∫ Tk

0
IH (u, ·)e

αuI{u<ζ }
h(Xu)

dAu

]

= Eh
h·ν
[
I{T∞≥ζ }

∫ ∞
0

IH (u, ·)e
αuI{u<ζ }
h(Xu)

dAu

]
= QA

ν (H).(6.34)

Similarly, for any H ∈ O we have

(6.35) lim
k→∞Q

′A′
ν

(
H ∩ [[0, Tk[[)= Q

′A′
ν (H).

Consequently by (6.32), we conclude that QA
ν (·) = Q

′A′
ν (·) for all ν ∈ S0.

Note that E is a Lusin space, therefore, B(E) is countably generated which im-
plies that F0

s is countably generated for any s ∈ Q+. Then for each s, t ∈ Q+,0 <

s < t < ∞, by what we have proved we may take an E-exceptional set Nst such
that for all x ∈ E \ Nst and F ∈F0

r , r < s, it holds that

(6.36) Q
′A′
x

(([s, t) × F
)∩ [[0, Tk[[)= QA

x

(([s, t) × F
)∩ [[0, Tk[[).

By virtue of Lemma 4.2(i), we see that in fact (6.36) holds for all F ∈ Mr , r < s,
and hence it is true for all F ∈ Ms−. Because (6.31) with ν replaced by x is true,
therefore, if we set N1 = ⋃s,t∈Q+,s<t Nst , then applying twice monotone class
arguments we can get

(6.37) Q
′A′
x

(
H ∩ [[0, Tk[[)= QA

x

(
H ∩ [[0, Tk[[) ∀H ∈O, x ∈ E \ N1.
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By (6.33), we can take an E-exceptional set N2 such that

(6.38) Eh
x [I{T∞<ζ }] = Eh′

x [I{T∞<ζ }] = 0 ∀x ∈ E \ N2.

Following the arguments of (6.34) and (6.35), we get QA
x (·) = Q

′A′
x (·) for all x ∈

E \ (N1 ∪N2). Because A and A′ are O-equivalent, by Lemma 6.10 there exists an
E-exceptional set N3 such that Q

′A
x (·) = Q

′A′
x (·) for all x ∈ E \ N3. We now define

N = N1 ∪ N2 ∪ N3, then N is an E-exceptional set and QA
x (·) = Q

′A′
x (·) = Q

′A
x (·)

for all x ∈ E \ N . Thus the theorem is proved in the case that μ ∈ S0 where μ is
Revuz corresponding to A by (6.6) w.r.t. h.

We now extend the above results to the general situation. Let A be an O-PCAF.
Suppose that QA

x (·) is defined by (6.24) with some h ∈ H and Q
′A
x (·) is defined

by (6.24) with another h′ ∈ H. Suppose that μ ∈ S is Revuz corresponding to A

by (6.6) w.r.t. h. We take an E-nest (Kn)n≥1 consisting of compact sets such that
IKn ·μ ∈ S0 for each n ≥ 1. Then IKn ·A is Revuz corresponding to IKn ·μ w.r.t. h.
By what we have proved, for each n ≥ 1, there exists an E-exceptional set Nn such

that Q
′IKn ·A
x (·) = Q

IKn ·A
x (·) for x ∈ E \Nn. Let N =⋃n≥1 Nn. Then for x ∈ E \N ,

we have

Q
′A
x (H) = lim

n→∞Q
′IKn ·A
x (H) = lim

n→∞Q
IKn ·A
x (H) = QA

x (H) ∀H ∈ O.

Therefore, Theorem 6.11 is true in general case. �

COROLLARY 6.12. The Revuz correspondence specified by (i) and (ii) of The-
orem 6.5 is independent of h ∈ H.

PROOF. We denote by U
′β
A the formula (6.7) with h replaced by h′. For any

f ∈ pB(E), if we set H(t) = e−βtf (Xt), then

U
β
Af (x) = h(x)Eh

x

[∫ +∞
0

e−(β−α)t f

h
(Xt)I(t<ζ) dAt

]
=QA

x (H) = Q
′A
x (H) = U

′β
A f (x) q.e. x ∈ E.

Therefore, the corollary is true. �

Acknowledgments. We are indebted to M. Fukushima who brought our at-
tention to the work of pseudo Hunt processes introduced in [23], which stimulated
this research. We are grateful to Y. Oshima who sent us his manuscript [23] which
helps this research. We thank Mufa Chen, Zhenqing Chen and Michael Röckner
for their comments and discussions. The initial idea of this research was mentioned
at the Workshop on Probability Theory with Applications (December 19–21, 2015,
Macau), and the main results of this research were announced at the International
Conference on Stochastic Partial Differential Equations and Related Fields (Octo-
ber 10–14, 2016, Bielefeld). We would like to thank the organizers of the above



2928 X. CHEN, Z.-M. MA AND X. PENG

two stimulating conferences for their kind invitation and hospitality. We thank the
anonymous referees for their valuable comments and suggestions which greatly
improved the presentation of this paper.

REFERENCES

[1] ANCONA, A. (1974). Theorie du potentiel dans les espaces fonctionnels à forme coercive. In
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