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In this paper, we study the transition densities of pure-jump symmetric
Markov processes in R*, whose jumping kernels are comparable to radially
symmetric functions with mixed polynomial growths. Under some mild as-
sumptions on their scale functions, we establish sharp two-sided estimates
of the transition densities (heat kernel estimates) for such processes. This is
the first study on global heat kernel estimates of jump processes (including
non-Lévy processes) whose weak scaling index is not necessarily strictly less
than 2. As an application, we proved that the finite second moment condition
on such symmetric Markov process is equivalent to the Khintchine-type law
of iterated logarithm at infinity.

1. Introduction and main results. The heat kernel provides an important
link between probability theory and partial differential equation. In probability
theory, the heat kernel of an operator L is the transition density p(¢, x, y) (if it
exists) of the Markov process X, which possesses £ as its infinitesimal generator.
In the field of of partial differential equation, it is called the fundamental solution
of the heat equation d;u = Lu. However, except in a few special cases, obtaining
an explicit expression of p(z, x, y) is usually impossible. Thus finding sharp es-
timates of p(¢, x, y) is a fundamental issue both in probability theory and partial
differential equation.

Although heat kernels for diffusion processes have been studied for over a cen-
tury, heat kernel estimates for discontinuous Markov processes have only been
studied in recent years. After pioneering works such as [3, 11, 32], obtaining sharp
two-sided estimates of heat kernels for various classes of discontinuous Markov
processes has become an active topic in modern probability theory (see [1, 2, 5—
10, 12, 14-16, 18-22, 24-26, 29-31, 33, 35-37, 43, 44] and references therein).
In [12], the authors investigated heat kernel estimates for symmetric discontinu-
ous Markov processes (on a large class of metric measure spaces) whose jumping
intensities are comparable to radially symmetric functions of variable order. In
particular, the heat kernel estimates therein cover the class of symmetric Markov
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processes X = (X;,P*,x € RY ¢ > 0), without diffusion part, whose jumping ker-
nels J (x, y) satisfy the following conditions:

¢! c
<J(x,y)

X — y[dr (x —y]) — = = g1(x — v’

where ¢ is a nondecreasing function on [0, co) satisfying

(1.1) x,yeR?,

(1.2) cl(R/N* <1 (R)/$1(r) <c2(R/1)*?, O0<r<R<o0

with a1, g € (0, 2). Under the assumptions (1.1) and (1.2), the transition density
p(t, x,y) of X has the following estimates: for any > O and x, y € R4,

=1 —d !
(49 pt = (6707 N )
(See [12], Theorem 1.2.) Here and below, we denote a A b := min{a, b} and [ =< g
if the quotient f/g remains bounded between two positive constants. Thus, ¢ is
the scale function, that is, ¢1(|]x — y|) =t provides the borderline for p(¢, x, y) to
have either near-diagonal estimates or off-diagonal estimates. Moreover, it is not
difficult to show from (1.3) that

(1.4) ¢ lo1(r) <Etpen] <co1(r) forallzeR? r >0,

where t4 is the first exit time from A for the process X. (See [2] and [10], Sec-
tion 4.3.) Here, the function ¢; commonly appears throughout (1.1), (1.3) and
(1.4). Thus, under the assumptions (1.1) and (1.2), for all r > 0 and x, y,z € R4
with [x — y| =7,

C—l

C
1.5 - < E* Nl < — 7.
(1-5) J(x, y)rd — [epen] =< J(x, y)rd

In this paper, we investigate estimates of transition densities of pure-jump sym-
metric Markov processes in R?, whose jumping kernels satisfy (1.1) with general
mixed polynomial growths, that is, ¢ satisfies (1.2) with a1, o € (0, 00). As a
corollary of one of the main results, we obtain a global sharp two-sided estimate
of the Green function (see Corollary 1.3). Unlike the heat kernel estimates in (1.3),
¢1 may not be the scale function for the heat kernel in general (see (1.10) and
Theorem 1.4). For instance, when the process X is a subordinate Brownian mo-
tion, Ante Mimica [35] established the heat kernel estimates for the case that the
scaling order of characteristic exponent of X may not be strictly below 2 (see [44]
for some partial generalization to Lévy processes). We are strongly motivated by
the research done in [35] and consider the case when @ in (1.10), which is a scale
function for the heat kernel, satisfies a (local) lower weak scaling condition with
scaling index greater than 1. Under this assumption, we establish two-sided heat
kernel estimates of symmetric jump processes in R?. Our results provide the first
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sharp heat kernel estimates covering non-Lévy processes whose weak scaling in-
dex is not necessarily strictly less than 2. This has been a major open problem in
this area (cf. [25, 44]).

In our setting, (1.5) does not hold in general and we only have

E*[tB(,n] forallr >0and x, y,z € RY with |x — yl=r.

<__ <
® I e, yyrd
(See (2.1) and Lemma 3.12 below.)

In [10], the authors considered heat kernel estimates for mixed-type symmet-
ric jump processes on metric measure spaces under a general volume doubling
condition. Using variants of the cut-off Sobolev inequalities and the Faber—Krahn
inequalities, they established stability of heat kernel estimates. In particular, they
established heat kernel estimates for «-stable-like processes even with o > 2 when
the underlying spaces have walk dimensions larger than 2 (see [19, 23, 36, 37]
also). Note that Euclidean space has the walk dimension 2; thus, the results in [10]
does not cover our results and, in fact, a general version of (1.5) does hold in [10].
By contrast, some results in [10, 13] are applicable to our study and we will use
several main results in [10, 13] to show the parabolic Harnack inequality and the
near-diagonal lower bound of p(z, x, y).

Before we give the main results of this paper, we first describe our setup.

DEFRINITION 1.1. Let g : (0, 00) — (0, 00), a € (0, o], B1, B2, ¢, C > 0.

(1) For a < oo, we say that g satisfies L, (81, c) (resp. L*(B1,¢)) if g(R)/
g(r) > c(R/r)/sl for all r < R < a (resp. a <r < R). We also say that g satisfies
the weak lower scaling condition near O (resp. near co) with index .

(2) We say that g satisfies U,(B2,C) (resp. U%(B2,C)) if g(R)/g(r) <
C(R/r)/s2 for all r < R < a (resp. a <r < R). We also say that g satisfies the
weak upper scaling condition near O (resp. near co) with index f.

(3) When g satisfies U, (8, C) (resp. L, (8, ¢)) with a = oo, we say that g satis-
fies the global weak upper scaling condition U (8, C) (resp. the global weak lower
scaling condition L(, c)).

Throughout this paper, except Sections 2.1 and 2.2, we will assume that  :
(0, 00) — (0, 00) is a nondecreasing function satisfying L(B1,Cr), U(B2, Cy),
and

L)
(1.6) /Ow(s)ds<oo.

Denote diag = {(x,x) : x € R9}. Assume that J : R? x R4 \ diag — [0,00) is a
symmetric function satisfying

(1.7) ¢ < Jry) < ¢
' =yl —y) — Y S = [y (x — )
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for all (x,y) € R? x R4 \ diag, with some C > 1. Note that (1.6) combined with
(1.7) and L(B1, Cr) on ¥ is a natural assumption to ensure that

2 I sds o ds
a9 s [ (e A1)1<x,y>dy5c<0 w(s)+/1 sw(s))<oo.

Foru,v e Lz(Rd, dx), define
(19 Ewwi= [ (00— u()) @) — v0)J () dxdy

and F = {f € L>(R?) : £(f, f) < oo}. By applying the lower scaling assumption
L(B1,Cr) on ¢, (1.7) and (1.8) to [40], Theorem 2.1, and [41], Theorem 2.4, we
observe that (£, F) is a regular Dirichlet form on L?(R4, dx). Thus, there is a
Hunt process X associated with (£, F), starting from quasi-everywhere point in
R4, Moreover, by (1.8) and [34], Theorem 3.1, X is conservative.

We define our scale function by

(1.10) Pr) =

In general, the function @ is strictly increasing, and is less than i (see (2.1)—(2.3)
below). However, these two functions may not be comparable unless 8> < 2. We
remark here that the function ® has been observed as the correct scale function
recently (see [21, 22, 28, 35, 38]).

THEOREM 1.2. Let W be a nondecreasing function satisfying L(81, Cr) and
U(Bo, Cy). Assume that conditions (1.6) and (1.7) hold. Then, there is a conser-
vative Feller process X = (X;,P*,x € RY ¢ > 0) associated with (€, F) that can
starts from every point in R?. Moreover, X has a jointly continuous transition den-
sity function p(t,x,y) on (0,00) x R? x RY with the following estimates: there
exist ay, c, C, 81 > 0 such that

A1) plxy) = = A( - g _“gﬁ;gf)
. X, y) < €
PREY =T 0d "y =iy x —y) + o 1(0)?
and
c 11 _ —1 c 1t
{lx—y|<81 P~ 1(1)}
(1.12) p(t,x,y) > o-1()d |x_yldwﬂx_y|)1{|x—y|351<1>—1(t)}~

The proofs of (1.11) and (1.12) are given in Section 4.1 and Proposition 4.6.
Let G(x,y) = fooo p(t, x,y)dt be the Green function for X. As a corollary of
Theorem 1.2, we get sharp two-sided estimates for the Green function.

COROLLARY 1.3. Suppose that the assumptions in Theorem 1.2 hold and d >
Bo A 2. Then for any x,y € RY, G(x, V) =< D(|x —y|)|x — yl_d.
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Using our scale function ®, we define for a > 0,

@ (b)
& (b) sup ——, s>a,
(1.13) ' (s) :=sup and  Hoo(s) = { asb<s b
bss a2d(a)s, O0<s<a.

If ® satisfies L,(8, Cr) with 8 > 1, then .#(0) = 0 and % is nondecreasing.
Thus, the generalized inverse # ~!(r) ;= inf{s > 0: # (s) > t} is well defined on
[0, supy .o %).

If @ satisfies L4(3, C L) with § > 1, J# and the generalized inverse 7 lare
well defined and nondecreasing on [0, 0c0). Some properties of % and %, are
shown in Section 2.2. Here is the main result of this paper.

THEOREM 1.4.  Let Y be a nondecreasing function satisfying L(B1, Cr) and
U (B>, Cy). Assume that conditions (1.6) and (1.7) hold, and ® satisfies L,(5,Cr)
or L%(8, Cp) for some a > 0 and § > 1. Then, the following estimates hold.:

(1) When @ satisfies L,(3, CL): For every T > 0, there exist positive constants
cr=ci(T,a,8,pB1,P2,CrL,Cr,Cy) > 1 and ay < ay, such that for any (t, x,y) €
(0,7) x R x RY,

1( 1 ( t 1 -l
cy A —+ e - (t/x)')))
P lo- 1) " \x —yldy(x —y)) ~ @~ 1(r)d

<p(,x,y)

| r st
(1149 Scl(cb—‘(t)dA<|x—y|dw(|x—y|)+<I>—1<t)de o '”))'

Moreover, if ® satisfies L(§, C‘I;), then (1.14) holds for all t € (0, 00).

(2) When @ satisfies L*(8, Cp): For every T > 0, there exist positive constants
¢ =0c2(T,a,$, P, B C.,CL,Cy)>1and ay, < ay such that for any (t, x,y) €
[T, 00) x RY x R4,

o1 ¢ 1 A T
c, A + e Fx (r/xy)))
2 <<I>‘1(t)d <|x—y|"1ﬂ(|x—y|) o-1(1)d

<p(,x,y)

!
aglx=yl

< CQ< ! A ( ! + ! e %o‘on—y)))_
Nl \x = yly(x =y ()¢
In particular, if § = 2, then Jifogl t)y=<tfort>T.

Theorem 1.4(2) covers [42], Corollary 3.11, Wllere Y(r) = r2te r > 1 and
>0, i~s considered. Note that if i satisfies L,(8, C1), then § < 2 and ® satisfies
L,(5,Cr) by Lemma 2.4.
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Using Theorems 1.2 and 1.4(2), we will show in Section 5 that the finite second
moment condition is equivalent to the Khintchine-type law of iterated logarithm
at infinity. In [17], Gnedenko proved this result for Lévy processes (see also [39],
Proposition 48.9). The equivalence between the law of iterated logarithm and the
finite second moment condition for non-Lévy processes has been a long standing
open problem since the work done in [17].

A nonnegative C*° function ¢ on (0, 00) is called a Bernstein function if
(—1)"¢"™ (1) <0 for every n € N and A > 0. The exponent (r/®~!(z))? in
(1.11) is not comparable to r/ %" i (; /r) in general (see Lemma 2.8 and Corol-
lary 6.1 below). However, the following corollary indicates that we can replace
r/ X (s /r) with a simpler function (r/ O L(1)? if we additionally assume that
r > ®(r~1/2)~1 is a Bernstein function.

COROLLARY 1.5. Let Y be a nondecreasing function satisfying L(B1,Cr)
and U (B2, Cy). Assume that conditions (1.6) and (1.7) hold, ® satisfies L, (8, GL)
some a >0 and § > 1, and r — ®(r~/?)~1 is a Bernstein function. Then, for
any T > 0, there exist positive constants ¢ > 1 and ay < ar such that for all

(t,x,y)€(0,T) x R? x R4,

(o A (g e 07 )
17 \x —yl?y(x =y~ @ 1(1)?
(1.15)  =p(,x,y)

< ( A ( t L a'f_"{'?))

=cC e ! .
d=1(1)d lx —yl9y(lx —y))  @L@®)?

Moreover, if @ satisfies L(§, Cp) with é > 1, (1.15) holds for all t € (0, c0).

The remainder of the paper is organized as follows. Section 2 describes some
properties of i, ®, % and %5, and verifies some relationships among them.
Section 3 proves a preliminary upper bound and near-diagonal estimates of the
transition density. Section 3.1 presents the Poincaré inequality, which is the first
step to find a correct scale function. Section 3.3 uses scaled versions of X to obtain
an upper bound of the transition density function (see Theorem 3.8). Although this
upper bound is not sharp, it is good enough to get the lower bound on the sur-
vival probability and the CSJ(®) condition defined in [10]. Section 3.4 shows the
near-diagonal lower bound of the transition function, parabolic Harnack inequal-
ity, and parabolic Holder regularity by applying the results in [10, 13]. Section 4
describes the proof of off-diagonal estimates of the transition density function.
Section 4.1 and Section 4.2 prove the off-diagonal upper bound and lower bound
of the transition density function, respectively. As an application of the main result,
in Section 5 we show that the finite second moment condition is equivalent to the
Khintchine-type law of iterated logarithm at infinity. Section 6 provides examples
covered by the main results.
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Notation. Throughout this paper, the constants Cy, C, C3, C4, Cr, Cy, GL,
B1, B2, 6, 61 will remain the same, whereas C, c, and ¢y, ag, c1, a1, ¢2, az, . .. rep-
resent constants having insignificant values that may be changed from one ap-
pearance to another. All these constants are positive finite. The labeling of the
constants cy, 2, ... begins anew in the proof of each result. ¢; = ¢;j(a, b, c, ...),
i =0,1,2,..., denote generic constants depending on a, b, c,.... The depen-
dence on the dimension d > 1 and the constant C in (1.7) may not be explic-
itly mentioned. Recall that we use the notation a A b = min{a, b} and f < g if
the quotient f/g remains bounded between two positive constants. We denote
aVvb:=max{a,b},Ry :={reR:r>0},and B(x,r) :={yeR?: |x —y| <r}.

2. Preliminary.

2.1. Basic properties of ¥ and ®. In this subsection, we will observe some
elementary properties of ¢ and ®. Since y is nondecreasing and lim,_,o ¥ (r) =0
by L(B1, Cr) for ¥, we have that

72 72

<
2f0rmds 2f0r%ds

Thus, under (1.7), we obtain that for any x, y € RY,

2.1 d(r)= =Y (r).

C

lx =y @(jx —yI)
Since (1/®(r)) = % — rdfw <0, r — ®(r) is strictly increasing. Note that,

since 2 /®(r) is increasing in r, we have that for any 0 <r < R,

(2.3) D(R)/D(r) < (R/1)*.

(2.2) J(x,y) <

From this, we see that if ® satisfies L*(S, c¢), then 8 < 2.

REMARK 2.1. Suppose g : (0, 00) — (0, 0o) is nondecreasing. If g satisfies
L,(B, c), then g satisfies Ly (8, c(ab™hHP) for any b > a. Similarly, if g satisfies
L%(B, c¢), then g satisfies Lb(ﬁ, c(a='b)P) for any b < a.

The next three results are straightforward. We skip their proofs.

LEMMA 2.2. Let g : (0,00) — (0,00) be a nondecreasing function with
g(oo) = o00. (1) If g satisfies L,(B,c) (resp. Uy(B,C)), then g_l satisfies
Ug)(1/B. c™VP) (resp. Lg(a)(1/B,C7VP)). (2) If ¢ satisfies L*(B.c) (resp.
U%(B, C)), then g~ satisfies U@ (1/B, ¢c=V/B) (resp. L@ (1/B, C~1/P)).

The following lemma will be used in the paper several times.
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LEMMA 2.3. Assume that  satisfies L(B,c) and U(E, C). Then, for any
x eRYandr >0, [ (s (s)) " ds < 1/9(r).

The next lemma shows that the index in the weak scaling conditions for & is
always in (0, 2].

LEMMA 2.4. Letae (0,00],0<B<B,0<c<1<C.

(1) If ¥ satisfies Uy (B, C), then ® satisfies Uy(B A 2, C).
(2) If ¥ satisfies (1.6) and L,(B, c), then B < 2 and ® satisfies L, (B, c).

We remark here that the comparability of i and & is equivalent to that the index
of the weak upper scaling condition is strictly less than 2 (see [4], Corollaries 2.6.2
and 2.6.4).

2.2. Basic properties of # and Js. In this subsection, under the assump-
tion that & satisfies L, (6, GL) or L4(5, GL) with § > 1, we establish some basic
properties of Z” and %5, defined in (1.13).

The next lemma immediately follows from the definition of J, (2.3) and as-
sumption that & satisfies L,(5, Cr) with § > 1.

LEMMA 2.5. If ® satisfies La(S,GL) with § > 1 and a € (0, 0], then
(1))t < H (1) <C;'®(t)/t fort <a, and

(2.4) Cit/s) ' <t (t)) H# (s)<C;'t)s fors<t<a.

For notational convenience, we introduce an auxiliary function

P (a) 2

a’u(s) = s 1{O<s<a} + CD(S)I{sZa},

so that we have 5 (s) = SUPp < q)"b(b)-

The following lemma shows the relation between ® and ®,. Since the proof is
elementary, we skip the proof.

LEMMA 2.6. (1) For any t > 0, qD (1) < ®() and fort > ¢ > 0, CD (t) >
((c/a)’> AD)D (). (2) For0 < s <t, Dq(t)/Pu(s) < t2/52. (3) Suppose ® satisfies
L%, CL) with some § < 2. Then, CIJ satisfies L(§, CL)

By Lemma 2.6(1) and (2.1), &361 (t) <y (t) forallt > 0 and a > 0. In the follow-
ing lemma, we will see some properties of %5, , which is similar to Lemma 2.5.

_ LEMMA 2.7. Let~a eN(O, 00). If @ satisfies L”((S,EL) with § > 1, then
Dy (1))t < Hooa(t) < C; ' ®y(t) /1t fort >0, and

(2.5) C3(t)5)°™' < Hooua(t)) Hooa(s) <C;'t)s fort>s>0.
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Moreover, for any ci > 0, there exists c) = c3(c1, a, 6, GL) > 1 such that for any
r=cy,

(2.6) ¢! sup DD)/b < Hooa(t) <ca sup D(b)/b.

c1=b=t c1<b=t

PROOF. The first claim and (2.5) follow from Lemmas 2.6(3) and 2.5. (2.6)
follows from Remark 2.1, Lemma 2.6(1) and (2.6). [

By Remark 2.1, if @ satisfies the weak lower scaling condition at infinity, we
will assume that ® satisfies L!(8, Cr) instead of L%(8, 5L). Now we further as-
sume that § > 1. Then, %5, = #5,1 is nondecreasing function with 75, (0) = 0
and lim;_, o0 Ho0 (1) = 00.

In the following lemma, we show some inequalities between ®~! and .# ~!,
and between ®~! and 7.

LEMMA 2.8. (1) Suppose ® satisfies L,(5, GL) with § > 1 and for some
a>0.Forany T > 0 and b > 0 there exists a constant c; =c1(b,Cp,a,8,T) >0
such that
t

bo~1(1)
and there exists a constant ¢a = c3(a, Cr, 8, T) > 1 such that for every t,r > 0
satisfyingt < ®(r) AT,

(2.8) (r/ O OV < 1) (t)r) < car) @ (1) O,

Moreover, if a = 0o, then (2.7) and (2.8) hold with T = co. In other words, (2.7)
holds for all t < oo and (2.8) holds fort < ®(r).

(2) Suppose ® satisfies L' (8, GL) with § > 1. For any T > 0 and b > 0 there
exists a constant c3 = c3(T, b, GL, 8) > 1 such that fort > T,

-1 -1 !
(2.9 O (1) < 3K (W),

and for any T > O there exists a constant c4 = cq4(a, C 1,68, T) > 1 such that for
every t,r > 0 satisfying T <t < ®(r),

2100 (/T ) </ 1)) < ealr/ @7 0) 7Y,

(2.7) o (1) sclji/l( ) forallt € (0,T),

PROOF. (1) (2.7) follows from Remark 2.1 and Lemma 2.5 and the first in-
equality in (2.8) follows from (2.3) and Lemma 2.5.

Letcp := 5;2/ ®=D'> 1. The second inequality in (2.8) follows from

—1g—1,48/(6—=1),.—1/(6-1)
t 521¢(621 P (1) r ) > (51 (1) 6D =1/6-D)
r C2_ q;—l(t)ﬁ/(é—l)r—l/(é—l)

for t < T A ®(r), which uses the condition L,(8, C1) on ®.
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Since we only assumed a > & (T)on T and ¢y, C; are independent of T,
(2.7) and (2.8) holds with T = oo when a = co.

(2) Fix T1 € (0, c0). By Lemma 2.6(3), @ satisfies L4, GL). Now the function
@ satisfies the assumption of Lemma 2.8(1), thus (2.9) and (2.10) with functions
® and %5 hold with T = co. Now lemma follows from the fact that ®~!(r) =
() fort>T1,. O

3. Near-diagonal estimates and preliminary upper bound.

3.1. Functional inequalities. Here we will prove (weak) Poincaré inequality
with respect to our jumping kernel J. We start with a simple calculus.

LEMMA 3.1. Forr >0, let g:(0,r] > R be a continuous and nonincreas-
ing function satisfying [y sg(s)ds > 0 and h : [0,r] — [0, 00) be a subaddi-
tive measurable function with h(0) = 0, that is, h(s1) + h(s2) = h(s1 + s2), for
0<sy,5 <r withs) +s> <r. Then, for h(s)g(s)ds = 0.

PROOF. Let H(s) =52 fa h(t)dt. Then, since H'(s) < 0 by the subadditiv-
ity, H (s) is nonincreasing. Thus, we have that forany 0 <r; <r, <r3 <r,

1 [ 1 [ 1 r3
3.1 —2f h(t)dt > —2/ h(t)dt > 5 2/ h(t)dt.
r 0 ry 0 ry —ryJn

If g(r) > 0, then the lemma is trivial since g is nonincreasing. Assume g(r) <
O and let ro :=inf{s <r:g(s) <0}. Let 0 < k := ’”0_2 foro h(s)ds. By using the
continuity of g, g(rp) = 0, and the integration by parts, we have

rg _ ro S B ro 2 _ ro
/Oh(s)g(s)ds_ /()Ah(t)dtdg(s)i k./o sdg(s)_k/o 2sg(s)ds
and

"h as= [ [ nwyardes) =k [ 2 —sHdes)=k [ 2 ds.
fro (5)g(s) ds /0/ (1) drdg(s) > fro(r 52) dg(s) /ro sg(s)ds

Thus, [ h(s)g(s)ds = (J;" —i—f,ro)h(s)g(s) ds >k [y 2sg(s)ds > 0, which com-
pletes the proof. [

By applying the above lemma, we have the following (weak) Poincaré inequal-
ity.

PROPOSITION 3.2. There exists C > 0 such that for every bounded and mea-
surable function f, xo € R? and r > 0,

C 2
e — dxd
rdq>(r) B(xo,r)xB(xo,r)(f(y) f(X)) T

(3.2) < (f) = f0)* I (x, y)dxdy.

/;Q(xo,3r)xB(x0,3r)
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PROOF. Denote B(r) := B(xg,r). For 0 <s < 2r, let
h(s) = s_df / (fx+2)— f(x))za(dz) dx,
BQ@3r—s) J|z|=s

where o is surface measure of the ball. We observe that the left-hand side of (3.2)
is bounded above by

c1 2r 5
Wv/B(r)/(; lezs(f(x +2)— f(x)) o (dz)dsdx
2d—|—2 2

2r
< _c h(s)sd ds < °
rd®d(r) Jo ®©2r) Jo

h(s)ds,

where the last inequality follows from (2.3).
On the other hand, the right-hand side of (3.2) is bounded below by

1 2r

2

02/ / fx+2)— f(x)) ———dxdz=c3 h(s) ds.
B(2r) B(3r—|z|)( ) z|9% (z]) 0 ¥ (s)

Let g(s) = L _ _L_ Then, g(s) is continuous, nonincreasing and

¥ (s) D(r)
Jo sg(s)ds = [y ﬁ — <I>ir) ds = 0. Also, for s1, 5o > 0 with 51 + 52 := 5 < 2r,

_ 2
h(s)=/ f (f(x+58)— f(x) dxo (dE)
[§]=1JB@Br—s)

S

(f(x +5&) — f(x + 526))?
= /|-£|=1 /B(3rs)

S1

n (f (x +528) = f(x))?
S

2

dxo (d£)

_ 2
5/ / (f(x+518) — f(x)) dxo (d€) + h(sa)
|§1=1J B(xo+s28,3r—s)

1
< h(s1) + h(s2),

. . (bi+by)> _ b} | b3 .
where the first inequality follows from ===~ < L + ~2. Thus, the functions
g and h satisfy the assertions of Lemma 3.1. Therefore, by Lemma 3.1 we have

Jo h($) iy ds < g h(s) 355y ds, which implies (3.2). O

COROLLARY 3.3. There exists a constant C > 0 such that for any bounded
feFandr >0,

1 2
63 [ @ ro) i< comiEd. p.
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PROOF. Fix r > 0 and let {x,},cy be a countable set in R4 satisfying
o B(xp,r) = R4 and supyerd [{n : y € B(xy,6r)}| < M. Then by Proposi-
tion 3.2, the left-hand side of (3.3) is bounded above by

> 1
> (F() = F) dydx
n=1 Y= JB(xp,2r)x B(x,,2r)

,6r)x B(x,,6r)

<aYom [ (F00) = FO))2 I (x. ) dydx
n=1 Bxn

<o [ [ (70— O dydx

=caMOE(S, ).
This finishes the proof. [

3.2. Nash’s inequality and near-diagonal upper bound in terms of ®. In this
subsection, we observe that, using (2.3) and (3.3), Nash’s inequality for (£, F) and
the near-diagonal upper bound of p(z, x, y) in terms of ® hold. The proofs in this
subsection are almost identical to the corresponding ones [12], Section 3. Thus,
we skip the proofs.

THEOREM 3.4. There is a positive constant ¢ > 0 such that for every u € F
with |ully = 1, we have O (|[ull3) < c€(u, u) where 9 (r) :=r/®(r~1/4).

Recall that X is the Hunt process corresponding to our Dirichlet form (&, F)
defined in (1.9) with jumping kernel J satisfying (1.7). By using our Nash’s in-
equality (Theorem 3.4) and [1], Theorem 3.1, X has a density function p(¢, x, y)
with respect to Lebesgue measure, which is quasi-continuous, and that the upper
bound estimate holds quasi-everywhere.

THEOREM 3.5. There is a properly exceptional set N of X, a positive sym-
metric kernel p(t,x,y) defined on (0,00) x (R \ N) x (R? \ N), and posi-
tive constants C depending on C in (1.7) and By, Cr, such that EX[ f(X;)] =
Jra p(t,x,¥) f(y)dy, and p(t,x,y) < CO (1) for every x,y e RI\ N and
for every t > 0. Moreover, for every t >0, and y € RE\ N, x — p(t,x,y) is
quasi-continuous on R4,

3.3. An upper bound of heat kernel using scaling. In this section, we observe
that the off-diagonal upper bound in [12], Sections 4.1-4.4, holds without the con-
dition (1.14) in [12].

Fix p > 0 and define a bilinear form (£, F) by

= [ 00 =) () = ) LamyizpJ (5, ) d dy.
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Clearly, the form £ (u, v) is well defined for u, v € F, and £° (u, u) < E(u, u) for
all u € F. Since ¢ satisfies L(B81, Cr) and U (B, Cy), forall u € F,

2

(3.4) S(M,u)—c‘fp(u,u)§4/ uz(x)dxf J(x,y)dny.
Rd B(x,p)¢ v(p)

Thus, & (u, u) == E(u, u) + ||ul|3 is equivalent to £ (u, u) := EP (u, u) + ||u|)3 for
every u € F, which implies that (£°, F) is a regular Dirichlet form on L2(R4, dx).
We call (P, F) the p-truncated Dirichlet form. The Hunt process associated with
(P, F) which will be denoted by X* can be identified in distribution with the
Hunt process of the original Dirichlet form (£, F) by removing those jumps of
size larger than p. We use p?(t, x, y) to denote the transition density function of
XPr,

Note that although the function ¥ may not be a correct scale function in our
setting, we will still use i to define scaled processes. For n > 0, we define
(XM); := 7' Xy 0. Then, X® is a Hunt process in RY. We call X the -
scaled process of X. Let

lp(n)(,.) = v (nr) dm (r) = r’

ON 20 w('ls>(s) ds’
TP, y) =y mn?J (nx, ny).

We emphasize once more that ¢ satisfies (1.6), L(81, Cr) and U (B2, Cy). Fur-
thermore, by Lemma 2.4 we have 81 < 2. By definition, i//(”) satisfies L(B1, Cr)
and U (B2, Cy) for any n > 0. Also, J @ satisfies that for x, yE R4,

é_l < J(n)( ) < C
= X,y) = >

lx — ¥4y (Jx — y)) lx = y19y O (|x — y))
where the constant C > 0 is that of (1.7). Thus, Theorem 3.4 holds for n-scaled
process X with the same constants as X. that is, all constants are independent
of 1. Furthermore, since ®™ (r) = ®(nr)/¥ (), Lemma 2.4 enables that both ®
and ®™ satisfies L(B1, Cr) and U2 A B2, Cy).

Since J(x,y) is the jumping kernel of XV, the Dirichlet form (£, F)
associated with X ™ satisfies

(3.5)

ENw v = [ () = um)(ve) = v(:)I P (x. y) dxdy.

Also, since PX(X™ € A) = P*(0™' Xy () € A) = PP (Xy () € nA), we have
p™(t, x,y) =1 pGy(mt, nx, ny), forae. x,y € RY, where p™(t, x, y) is a tran-
sition density of XV For p > 0, let

TP e, ) = TP ) amyizpy I 9) = TP @ ) ey ).
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Then,
EMP) (i, v) :=/

i) = u ) ) = v() 7 (x, y) dx dy

is a p-truncated Dirichlet form for X . We use X?) to denote a Hunt process
corresponding to Dirichlet form (£, F) and p?) (¢, x, y) to denote the tran-
sition density function of X ) By the same argument as in (3.4), there exists
¢ > 0 such that any u € F,

(3.6) c(EM (u, u) + lull3) < EMP (u, u) + lull3 < EP (u, u) + ||ull3.

Without loss of generality, we assume that /(1) = 1. Then X* = X(1L?) jr =
J€P) EP(u,v) = E(I’p)(u, v), and pP(t,x,y) = p(l’p)(t, x,y).

Since the constants C in (1.7) and (3.5) are same, using [2], Lemma 3.1, we
have the following.

LEMMA 3.6. There exists ¢ > 0 such that for any p > 0,7 > 0 and x, y € R?,
PPt x, y) < Pt x, y) + et (ply P (o)~

In the following we give an upper estimate of p™?)(z, x, y). It is the counterpart
of [12], Lemma 4.3.

LEMMA 3.7. There exists a constant C > 0, independent of n, A > 0, such that

(UN) _ Cr 1) =
p P (l,,x, y) 5 |x—y|dd>('7)(|x—y|) fOT" eve’y 7’) > O’ O <t S (I) g (1) - CD(TI)/I//(U),

x,y € RI\ N with |x—y|21andp=3(d’3—+'ﬂl)|x—y|.

PROOF. Define y := 3((1/374:,31)' We have by [1], Theorem 3.1, and the same way

as that for [12], Theorem 3.2, using the above Nash-type inequality for Sl(n’p ),
there exists constant c; > 0 such that for every ¢ < oM (1), x, y € R4 \ N,
n>0and p >y, we have pP2 (¢, x, y) < c1e2(®M)~1 (1)~ since ® (1) =

. . 13 2
®(1)/¥ (1) < 3. Using this and the equality [{ w(”t>(t) dt = ¢<§)(p)’

low the proof of [12], Lemma 4.3, line by line to prove the lemma. We skip the
details. [J

one can fol-

Although we used 1 in scaled process, in the next theorem we are able to obtain
an upper bound in terms of ®.

THEOREM 3.8. There exists a constant C > 0 such that for any t > 0 and
x,y e R\ N,

1 t
S P(f’x’y)fc(cp—m)d : <1><|x—y|>|x—y|d)'
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PROOF. Note that (3.7) holds when ¢, x, y satisfies t > ®(|x — y|) by Theo-
rem 3.5. Thus, it suffices to show the case t < ®(|x — y|). By [10], Lemma 7.2(1),
forevery n > 0,0 <1 < ®" (1) and x, y € R \ A/ with |x — y| > 1,

cit
Y@ (p)pd”

Applying Lemma 3.7 to (3.8), and using the condition U (8>, Cy) on ¥ and the
inequality ®™ < ¢ ™ we get

(3.8) pP(t,x,y) < pP(t,x,y)+ 1| I o < pTP (e x,y) +

PP, x, y) < caf + af
= =W (x —y) YD lx — yD(ylx — v
c3t

(3.9) < :
lx = y[4@(|lx — y)

where y = 3(dﬂ—+l/31) is the constant in the proof of Lemma 3.7.

Let n = |x — y|. By (3.9) and ¢ /¥ (1) < ® () /¥ (1) = ® (1), we obtain

pt,x, ) =n"pP(t/ym),n v, ny)
—d t/y(m)
= x —yDIdeMn=Tx — y|)
t
O =y e(x =y

=c3n

which concludes the proof. [J

3.4. Consequences of Poincaré inequality and Theorem 3.8. The upper bound
in (3.7) may not be sharp. However, there are several important consequences
which are induced from (3.7). In this subsection, we will apply recent results in
[10, 13] to (3.7).

LEMMA 3.9. There exists a constant C > 0 such that P*(tp ) <1t) <
Ct/®(r) foranyr > 0and x e R\ NV.

PROOF. Since we have the upper heat kernel estimates in (3.7), the condition
L(B1,Cr) on &, and conservativeness of X, the lemma follows from the same
argument as in the proof of [10], Lemma 2.7. [J

For any open set D C RY, let Fp := {ue F:u=0q.e.in D}. Then, (£, Fp)
is also a regular Dirichlet form. We use p?(z, x, y) to denote the transition density
function corresponding to (£, Fp).

Recall that (£, F) is conservative. Thus, by Theorem 3.8 and [10], Theo-
rem 1.15, we see that CSJ(®) defined in [10] holds. Moreover, applying [9],
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Lemma 2.1, to (1.7), we have the (UJS) condition defined in [9]. By this, CSJ(®),
(2.2) and Proposition 3.2, we have (7) in [13], Theorem 1.19.

Therefore, by [13], Theorem 1.19, following joint Holder regularity holds for
parabolic functions. Note that, by a standard argument, we now can take the contin-
uous version of parabolic functions (for example, see [19], Lemma 5.12). We refer
[13], Definition 1.13, for the definition of parabolic functions. Let Q(z, x, r, R) :=
(t,t+r)x B(x,R).

THEOREM 3.10. There exist constants ¢ > 0,0 <0 <1 and 0 <€ < 1 such
that for all xy € RY, to > 0, r > 0 and for every bounded measurable function
u =u(t, x) that is parabolic in Q(ty, xg, ®(r), r), the following parabolic Hilder
regularity holds:

lu(s, x) —u(t,y)| §c(r*1[CI>*1(|s—t|)+|x—y|])9 sup |u|
[0, t0+® ()] x R4

foreverys,t € (ty, to + ®(er)) and x, y € B(xg, €r).

Since pD (t,x,y) is parabolic, from now on, we assume N = & and take the
joint continuous versions of p(¢, x, y) and pP(t,x,y) (cf. [19], Lemma 5.13).

Again, by [13], Theorem 1.19, we have the interior near-diagonal lower bound
of pB(t, x, y) (and parabolic Harnack inequality).

THEOREM 3.11. There exist ¢ € (0, 1) and c1 > 0 such that for any xo € R4,
r>0,0<t<®(er)and B=B(xg,r), pBt,x,y)>c1® 1)~ forall x,y e
B(xo,e®(1)).

The next lemma follows from [10], Theorem 1.15, Theorem 3.8 and the conser-
vativeness of (&, F).

LEMMA 3.12.  Foranyr > 0 and x € R, E*[tp(y ] < ®(r).
4. Off-diagonal estimates.

4.1. Off-diagonal upper heat kernel estimates. Recall from the previous sec-
tion that for p > 0, (£°, F) is p-truncated Dirichlet form of (£, F). Also, the Hunt
process associated with (£, F) is denoted by X”, and p®(z, x, y) is the transition
density function of X”.

For any open set D C RY, let {P,D} and {Qf’D} be the semigroups of (£, Fp)

d
and (P, Fp), respectively. We write { Q7 R } as {Q?} for simplicity. We also use
T g to denote the first exit time of the process {X/} in D.
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LEMMA 4.1 ([10], Lemma 5.2). There exist constants ¢, Cy, C2 > 0 such that
foranyt,p>0andx,y R4,

t —
pp(t,X9y)chD_](t)_dexp(Cl _C2|x yl)
@(p) 0

PROOF. Note that by Lemma 2.4, ® satisfies U (82 A 2, Cy) and L(B1,Cr).
By Theorem 3.5, (2.2), and Lemma 3.12, the assumptions of [10], Lemma 5.2, are
satisfied. Thus, the lemma follows. [

The next lemma was proved in [10], Lemma 7.11, and [20], Theorem 3.1, under
the assumption that ¢ (7, -) is nondecreasing for all r > 0. We will prove the lemma
without such assumption.

LEMMA 4.2. Letr,t, p > 0. Assume that Pw(rg(x’r) <t)<¢(rt)forall x e
R? and w € B(x, r/4), where ¢ is a nonnegative measurable function on Ry xR

Then, for any integer k > 1, Qle(x,k(r—i—p))" () <o, forall x e R? and z €
B(x,r/4).
PROOF. Fix x € R%. Note that X*, = XP(Thpr) € B(x,r 4 p), and |w —

B(x,r)
y=lx—w|—1|y—x|>k(@r+p) forany w ¢ B(x,(k+ 1)(r +p))° and y €
B(x,r + p). Thus by the strong Markov property, for all s <t and z € B(x,r/4)
we have

O 1B(x,(k+1)(r+0))¢ (2)
o
= IEZ[l{Tg(”)<S}PXﬂ(rB(x.r>)(XP(s — Tg(x,r)) ¢ B(x, (k+1)(r +p)))]

<P (tpr) <) sup 0F LGy kr+p)e ()
yEB(x,r+p),s1<s

<¢@rt) sup  OF 1pyk(r+p)c (V)

y€eR? s <t

By using the above step k — 1 times we conclude that for all z € B(x, r/4)

O/ 1B(x k(r+pyc(2) <@(r,t)  sup Of 1By, k=) (r+pyc (V1)

y1eRe s <t
k—1
<. <o) sup Qf]ﬁl lB(yk,l,r-l—p)C Vk—1)
Vi—1€R? 51 <t
o0 swp o P (g, S0) S0t
Yi—1€RY 51 <t -

The following lemma is a key to obtain upper bound of transition density func-
tion and will be used in several times.
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LEMMA 4.3. Let f : Ry xRy — Ry be a measurable function satisfying that
t — f(r,t) is nonincreasing for all r > 0 and that r — f(r,t) is nondecreasing
forallt > 0. Fix T € (0, o0]. Suppose that the following hold: (i) For each b > 0,
sup, 7 f(b®7(t), 1) < 00 (resp. sup,p f(bD (1), 1) < 00); (ii) there exist n €
(0, ,8_1], a; > 0and ¢; > 0 such that

4.1 P*(1X, — x| >7r) <c1(v ' @)/r)" + crexp (—a1 f(r, 1))

forallt € (0,T) (resp.t € [T, o0)) and r > 0, x € R,
Then, there exist constants k, ¢ > 0 such that

+c® 1 (t) P exp (—arkf (Jx — y|/(16k), 1))

ct
t? b S
P ) = gy =y

forallt € (0,T) (resp.t € [T,00)) and x,y € R,
PROOF. Since the proofs for the case ¢ € (0, T) and the case r € [T, 00) are
similar, we only prove for ¢t € (0, T'). For xg € R4, let B(r) = B(xo,r). By the

strong Markov property, (4.1), and the fact that ¢ — f(r, t) is nonincreasing, we
have that for x € B(r/4) and ¢t € (0, T /2),

P*(zp(r) < 1) <P*(Xor € B(r/2)°) + P (tp(r) <t, Xor € B(r/2))
<P*(X2 € B(x,r/4)°)
+  sup  P¥(Xp s € B(z,7/4))

zeB(r)¢,s<t
4.2) < c1(41p_1(2t)/4)'7 + crexp (—ai f(r/4,21)).
From this and Lemma 2.2, we have that for x € B(r/4) and t € (0, T/2),

B Y@\
4.3) 1-P, 1B(X)=PX(IB§I)§C2( . ) +crexp(—ai f(r/4,2t)).

By [20], Proposition 4.6, and Lemma 2.3, letting p = r we have

c3t
1P g0 () = Q7 Py ()] < 2t ess sup / J@y)dy = 5o
B(z,r)¢ w(’”)

zeR4

Combining this with (4.3), we see that for all x € B(r/4) and t € (0, T/2),

cs3t
P*(tpy <1) = 1= 07 gy (0) < 1= P71y (x) + v (r)

<Y @)/r)"+crexp(—ai f(r/4,20) + 3 (/1 (1))
4.4) =:¢1(r, ).
Applying Lemma 4.2 with r = p to (4.4), we see that for ¢ € (0, T/2),

4.5) f Pt x y) dy = O Lgie airye (¥) < é1.(rs D).
B(x,2kr)¢
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Letk =[(B82 +d)/n].Fort € (0, T) and x, y € R? satisfying 4k®~(r) > |x — y|,
by using that r — f(r, t) is nondecreasing and the assumption (i), we have f(|x —
yl/(16k), 1) < f(®~'(r)/4,1) < M < oo. Thus, by Theorem 3.5,

4.6)  p(t,x,y) <cae™Md7 )" exp (—arkf (|x — y|/(16k), 1)).

For the remainder of the proof, assume ¢ € (0, T') and 4kd~ (1) < |x — y|, and
letr =|x — y| and p =r/(4k). By (4.5) and Lemmas 2.2, 2.4 and 4.1, we have

Py = [ P2 2 ) dz

([ Lo P @20 2070123, 21
B(x,r/2)¢  JB(y.r/2)°

= (Sup pp(t/2,z,y))/ pP(t/2,x,2)dz
B(x,2kp)¢

zeRd

(s pre2x2) [ pas2y.0dz
¥,2kp)©

zeR4
(4.7) <es® )1 (p, t/2)F

Note that k81 > kn > Bo +d, and p > &~ 1(r) > ¥~ (¢). Thus, by L(B1,Cr) on
Y and using Lemmas 2.2 and 2.4,

)~ ((w ) /o)™ + (/4 (0))F)

c6 U 1()d — 2
< e l(t)d(w wy/r)
S o e = T

Applying this to (4.7), we have

prt xS Cgcp_l(t)_d<<w71(t)>nk + (—aikf (p/4,1)) + (@)3

+cg® (1) exp (—arkf (r/(16k), 1)).

dlﬁ( )
Thus, by Lemma 3.6 and U (82, Cy) on ¥, we have
Cclot
p(t,x,y) < pt,x,y)+
%y (p)

Ccl1t
= d
lx = yl4Y(x =y
Now the lemma follows immediately from (4.6) and (4.8). U

(4.8) +en® N exp (—arkf (r/(16k), 1)).
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The following inequality will be used several times in the proofs of this sec-
tion: For any ¢ > 0 and « € (0, 1), there exists ¢; = c{(cg, «) > 0 such that
2n < ;—?{2”(1_“) + ¢ holds for every n > 0. Thus, for any n > 0 and « > 1,

2" exp(—co2"17¥i) < 27" exp(2nd — cp2"' k)

< gerdpnd exp<%02n(1—a) _ Cozn(l—a)K>
4.9) < eC1dp—nd exp(—%oic)
The next proposition is an intermediate step toward to Theorem 1.2.

PROPOSITION 4.4. There exist constants a;, C > 0 and N € N such that

arlx —y|'/N
q;—l(t)l/N

Ct
— Yy (x =y
forallt >0and x,y € R?.

(@100 plr.x ) < +co () exp (_
X

PROOF. Fix ¢ € (d/(d + B1),1) and let N :=[(B1+d)/B1] + 1, and n :=
B1 — (B1+d)/N > 0. We first claim that there exist ap > 0 and ¢; > 0 such that

(4.11) /B oy PEX DAY =y O/ + erexp (—ax(r/ 07 )T,
X,r
forany ¢,7 > 0 and x € R?.

When r < &~ 1(1), we immediately obtain (4.11) by letting ¢; = exp(az).
Thus, we will only consider the case r > &~ 1(r). Define p, = pu(r,t) =
2rep1=1/Np=1(1)!/N for all n € N. Since r > ®~1(r), we have ®~1(r) < p, <
2"r. In particular, t < ®(p,). Thus, by Lemmas 3.6 and 4.1, we have that for
every t > 0and 2"r < |x — y| < 2"y,

p(t,x y)<02q>_1(l)_dexp(C1 ! —C2|x_y|)_|_ ot
o ®lpn) P ) o (on)
Ly e N oot
<c3® (1) exp(—c2 )+ '
=N ol (o)

Using the above estimate, we get that

f p(t,x,y)dy
B(x,r)¢

00
= Zf p(t,x,y)dy
=0 B(x,2" 1)\ B(x,2"r)
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<c4 i(Z”r)dQ_l(I)_d exp(—Cz 2 I/N) +c4 Z
=l STV ¢<pn)
=11+ D.

Using &~ 1(t) < r, (4.9), and the fact that SUP;> s4 exp(—%sl/N) < 00,

d_ on(l—a).1/N
n p— —
_C4Z< 1(t)) ? exP( e <I>—1(t)1/N>

d 1/N
c1d r C2 r —nd
= ca¢ (clrl(t)) e"p( 2 o 1<r>1/N)Zz

Corl/N
4CI>_1(t)1/N)

We next estimate I>. By (2.1), ¢ < ®(p,) < ¥ (p,) and @~ ! > ¢~ L(B1,CL) on
Y and a(d + B1) > d, we have

@ty a) &2\ oA
b= ) TG =G 2(7) (%57)

n=0 P Pn

:c4CL_1( l(t)>_—<¢ l(z)>/31 izn(d—cx(d-i—ﬂ]))

r r
n=0

:c6( rl(t)>——<w :(t)) _Cé<vf rl(w)m——
=c6(‘/’_:(f)>”_

Thus, by above estimates of /1 and I, we obtain (4.11).
By n < B; and (4.11), assumptions in Lemma 4.3 hold with f(r,¢) :=
(r/® 1 (1))!/N. Now (4.10) follows from Lemma 4.3. O

4.12) <cs exp(—

By using Proposition 4.4, we obtain the upper bound in Theorem 1.2.

PROOF OF (1.11). Similar to the proof of Proposition 4.4, we will show that
there exist a; > 0 and c¢; > 0 such that for any x € R?andt,r >0,

(4.13) /B( p(t.x,y)dy < ci(v @) /r)P?? + crexp(—ax(r/ @ (1)),
Xx,r)¢

Let 0 1= ;755 +3ﬂ € (0,1) and Cy = @ where C; and C, are the constants in

Lemma 4.1. Without loss of generahty, we may and do assume that Cp > 1.

First, when r < Co®~!(¢), the claim is clear. Second, we consider the case
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o't
v ‘(t)g
Cod (1)1t / w_l ()% Let a; be the constant in Proposition 4.4. Note that there
exists a positive constant ¢y = c(6) such that s—d=Br=F2/0 > ¢, exp(—ais /Ny for
s > 1. Using this and U (82, Cy) condition on i,

t

x =y (x = Y1)
= Gy o (07 T o)) TR

r>Co

For |x — y| > r, there is a 6y € (8, 00) such that |x — y| =

(4.14) > ,Cy P 2o (1) exp (—an (1x — yI/ @ @) M),

c3t
lx=yl 4y (lx=yD) "
Using this, Lemma 2.3, L(B;, Cr) of i, and the fact that r > Cmﬁfl(t) (which
follows from (2.1)),

/ p(t,x,y)dy
B(x,r)¢

Thus, by Proposition 4.4, we have that for |[x — y| > r, p(t,x,y) <

t
= /B(x,r)<' =y =y = 4%

(4.15) < (W /0P < (o)) r) P,

Now consider the case Co® 1 () <r < C0<D_1(t)1+9/w_1(t)9. In this case,
there exists 6y € (0,0] such that r = Cod™ l(t)”@O/w (t)00 Define p, =
Co2"*d~1(1)2/r, where a € (d/(d + 1), 1). Since Co = 2C , using (2.3)

Cit G2 _ Cio(@ 1)) Co2n1- “)r2
@ (pn) pon T P(@TIOCoP () /1) Co®(1)?

2 2
<C <;_) SYosy iU p—

Co®~1(1) Co®~1(1)2
< <& — 22"(1(1)> I”2 G Zn(lfa) r2
“\c§ Co o102 = 2C d—1(1)2’

Letay :=2"1C, /Co. By the above inequality, Lemma 3.6, and Lemma 4.1,

/ p(t,x,y)dy
B(x,r)¢

—Z/ p(t.x, y)dy

B(x,2" 1)\ B(x,2"r)

n\dxn—1,,—d 2n(1 (x) 2 n,. ¢ 4
Scan=O(2 r) T eXP(— 1()z>+“522 < >w(pn)

=:c6(l1 + Ip).
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Using (4.9) and r > Co® (1), the proof of the upper bound of /; is the same as
the one in (4.12). Thus, we have

r d (12}"2 ad a2r2
I <cg|l —— - 27 < (——)
1—C6<<1>1<r)) exP( 2@1@2)5 AT RIRE

We next estimate I>. Note that p, > pg = C0d>_1(t)1+9‘)1,0_1(t)90 > Cow_l(t).
Thus, we have

oS ( 2ty )dx/f(coz/r—l(t» v~0)
G\Co® 02 (o) Y(Coy ()

g C8<q)—rl (t)>—2(d+ﬂ|) <¢—r1 (t)>ﬂ1.

Since r = Cop2 l(lt()ll);;‘o’ Coy~'(t) < Co®~(t) < r, and 6y < 0, by using 6 =
_ B
aasp e Ve have

O\ 2Byl T gl A2
r = r = r '

Thus, I, < C9Cg(1//_1(t)/r)ﬁ1/2. Using estimates of /1 and /I, we arrive
AR ONGIE arr?
t,x,V)dy<cs(I1+ L) <c < ) + c1pex (—7)
/B(x’r)cp( ydy =ce(li+h) = cro| — 10eXP | = 5T

Combining above inequality with (4.15), we obtain (4.13). Now, applying (4.13)
to Lemma 4.3 with f(r,¢) := (r/CI>_1 (1))?, the conclusion follows. [

Recall that, without loss of generality, whenever & satisfies the weak lower
scaling property at infinity with index § > 1, we have assumed that @ satisfies
L'(8,Cy) instead of L9(8, Cp).

We are now ready to prove the sharp upper bound of p(¢, x, y), which is the
most delicate part of this paper.

THEOREM 4.5. (1) Assume that ® satisfies L,(3, GL) with § > 1. Then for
any T > 0, there exist constants ay > 0 and ¢ > 0 such that for every x,y € R?
andt < T,

(4.16) p(t,x,y) <

ct n c ( aylx —y| )
exp | — .
Y (x —yh @10 P\l — D)
Moreover, if ® satisfies L(§, CL) then (4.16) holds for all t < oo.

(2) Assume that © satlsﬁes L', C 1) with § > 1. Then for any T > 0, there
exist constants ay; > 0 and ¢’ > 0 such that for every x, y € R andt>T,

Pt x.y) < dCl _T/ dCXp(— ili]|x_y| )
lx =yl lﬁ(lx—)’D () Hoo (t/1x —yI)
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28d+38B1+P1
constants in Lemma 4.1. Without loss of generality, we may and do assume that
Co > 1. Note that 6 satisfies s(dﬂ]gl)ie % and 0 <38 — 1. Let o € (d/(d +
B, D).
(1) Again we will show that there exist a; > 0 and ¢y > 0 such that for any
t<Tandr >0,

PROOF. Take 8 = 2101 anq 50 = (CLCC%)I/(‘S_I), where C| and C; are
241

@.17) /B(“)C p(t,x, y)dy < e (6= 1)1 + e exp (‘%@n)

When r < 6()(1)_1 (t) using (2.7), we have for t <T

r
4.18 t,x,y)dy<1<e? - .
(4.18) /B(X’r)cp( x,y)dy e eXp( %—l(z/r)>

The proof of case r > Co qi;(f ()[1);9

proof of (1.11) in Theorem 1 2.
Now consider the case C0d> Iy <r< CodD 1(t)“rg/w L(#)?. In this case,
there exists 6y € (0,0] such that r = COCD 1(t)lJrOO/z// L(1)%. Define p =
" Yt/r) and p, = C02”°‘p for integer n > 0. Note that for + < T and
Co®'(t) <r,wehavet < T A ®(r). Thus, by (2.8)

is exactly same as the corresponding part in the

4.19)  p<po=Cop <Co® ' (1)?/r < Co@ N (TY® ' (1)/r < @N(T).

By Remark 2.1, we may assume that ~1(T) < a. Thus by (4.19), Lemma 2.5,
the condition L, (6, C 1) on @, and the definition of Co, we have

t 2" 0] t C, n(—a)
@ (pn) Pn ") @(0) Co  p
_Gor (COC1 @(p) _2,,(1_0,)>
C0,0 C2Cp ©(po)
< €2r (CO C] 2}’!(1—0{))
— Cop CzCL
(4.20) o CRE) ER s
~ Cop \2 P

Combining (4.20), Lemmas 3.6 and 4.1, we have that we get that

/ p(t,x,y)dy
B(x,r)¢

o0
< Zf p(t,x,y)dy
n=0

B(x,2" 1)\ B(x,2"r)
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_42( 1(t))dexp(—652n(1:)r> "42( )w(pn)

=10+ .

We first estimate /. Note that by (2.8), 7/p > (r/®~(1))? > C2. Using this, (2.8),
and (4.9) we have

o0
I < cg Z(r/,o)d/ZZ”d exp(—C52"(1_°‘)r/,o) <cyexp (—2_2csr/,0).
n=0
We next estimate . By using (2.8), r = 60¢_1(t)1+90/w_1(t)90, w_l(t) <
& 1(r),and 6 <O < § — 1, we have
O () _aen( SOV ey 00
cgp =1 (1) 0 Y1) -0yl

Thus, we have p, > p > C;léo_l/(s_l)w_l(t). Using this, L(81, Cr) condition
on ¥, and (2.8),

L < cg(%)dJrﬁ] (‘ﬁ_r] (t)>ﬁ1 =< C1o<q>_rl (t)>_%(d+ﬁl) <1ﬁ+1(t)>ﬁ1.

Since v 1) < @7L(t) < r = Co® (1)1 (1)% and 6y < 6, using
SWd+BD 6 _ B
s—1 1+ — 27

@=L (r)\ T @+A) ~5(d+p0)/6—1) (¥ L)\ P2

<G, — ,

r r

we have

which implies I < cn(w_l(t) / r)ﬁl/ 2 Using estimates of /; and /> and combin-
ing (4.18) and (4.15) we obtain (4.17).

Let f(r,t) = J’+(t/r) Then, by (4.19) and Lemma 2.8, we see that f(r,1)
satisfies the condition in Lemma 4.3. Thus, by Lemma 4.3, we obtain

ciat ci3lx =yl )
— 14y (Jx —y)) H et /lx =y’

Since |x — y| = Co® (1) > c15¢'/% > ¢15T 1115, we can apply (2.4) and get
K Newgt/Ix — y|) < c21.2 1t /|x — y|). We have proved the first claim of the
theorem.

(2) The proof of the second claim is similar to the proof of the first claim. We
skip the proof. [J

pt,x,y) < i —|—C12(D_1(t)_dexp (_

Combining Theorems 3.5 and 4.5 and Lemma 2.8, we get the desired upper
bounds of p(t, x, y).
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4.2. Off diagonal lower bound estimates. We first prove (1.12).

PROPOSITION 4.6. There exist constants 81 € (0, 1/2) and C3 > 0 such that

lx—y|<8; 0~ (1)) Cst

1

{

(421) p(t,x,J’)ZC3 1 - B ‘
d-1(r)d lx — y|9y (Jx — y]) {lx—yIz81071 (1)}

PROOF. Let §; =¢/2 < 1/2 where ¢ is the constant in Theorem 3.11. Then
by Theorem 3.11, for all |x — y| < §;®~1(¢),

(4.22) p(t,x,y)> pB(x’q’_l(’)/g)(t, x,y)=co® )™,

Thus, we have (4.21) when |x — y| < 8§10 ().

By Lemma 3.9, we have P* (tp(x,,) <t) < c1t/®(r) forany r > 0 and x € R,
Let 8, := (Cr/2)/P18; € (0, 81) so that §;®~1((1 — b)t) > 8,1 (¢) holds for all
b € (0,1/2]. Then choose A < CI_ICZ}I(282/3)/32/2 < 1/2 small enough so that
1At/ P28, 1(1)/3) < Ac1Cy(282/3)7P2 < 1/2. Thus, we have A € (0, 1/2)
and 8, € (0, 61) (independent of ¢) such that

(4.23) 107 ((1=1)1) = 8,07 1(r) forallz >0
and
(4.24) P* (T (e 25,0-11y3) < M) < 1/2 forallz > 0 and x e RY.

For the remainder of the proof, we assume that |x — y| > §;®~!(¢). Since, using
(4.22) and (4.23),

pxy) = | pOut, %, D)p((1 = Wt 2,y) dz
B(y,8: 21 ((1-M)1))
> inf p(( —A)t,z,y)/ p(At,x,z)dz
Z€B(y, 812~ 1((1-1)n) B(y,8: 21 ((1-M)1))

= co®” (7P (X € B(y, 52071 (1)),
it suffices to prove
&1 ()4
lx = yl9y(x — )
Using the strong Markov property, Lévy system, the lower bound of J(x, y),

(1.7), and (4.24), the proof of (4.25) is standard. (See [10], Proposition 5.4(ii).)
We omit the details. [

(4.25) P*(X;, € B(y, 507 1(1))) = 2

We now give the two-sided sharp estimate for the Green function.

PROOF OF COROLLARY 1.3. Let 6~~:: Br A2 <d and r = |x — y|. By
Lemma 2.4, ® satisfies L (81, Cr) and U (6, Cy).
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For the lower bound, we use Proposition 4.6 and Lemma 2.2 and get

20(r/81)
p(t, x,y)dt zq/ O ') dt > cor 4 d(r).
®(r/81)

o0

G(x,y) = /

O(r/d1)

For the upper bound, by using the condition § <d and (2.3), we get that
fgg,) &~ 1(1)~?dt < c3®(r)r~¢. Using this inequality and Theorem 3.8, we con-
clude that

G(x,y) s /%) d Yol d o (r)
X, < tdt 4+ ¢ t t <cy4r r).
Y=o Jo Y Jow) ! O

By using % and %5, we give the lower bound of p(¢, x, y) under L,($, GL)
or LI(S, GL) on & with § > 1. See [44], Lemmas 3.1-3.2, for similar bound for
Lévy processes.

PROPOSITION 4.7. Suppose & satisfies L,(3, Cpr) with § > 1 and for some

a > 0. For T > 0 there exist C > 0 and ap > 0 such that foranyt <T and x,y €
R,

4 B |x — vyl )
(4.26) pt,x,y) 2 CP (1) exp( AT )

Moreover, if a = 00, then (4.26) holds for all t < 0.

PROOF. Letr = |x — y|. By Proposition 4.6 and Remark 2.1, without loss of
generality, we assume that & & 1(t) <rand a > 8§, &1 (T) where 8 is the con-
stants in Proposition 4.6. Let k = (3r81_1/<%/_1(3_181t/r)]. Note that by (2.8),
KNt/ <@V /r <897 (t) < 897 (T) < a. Thus by (2.4), we have
A Ne/ry < C 13781~ (37 811/r). Since 371811/r < 3718, D (r/81)/r <
37V 2 (r/81), we see that # ~1(3718,1/r) < 5> hence

4r 125;11”
(4.27) 3<ks< <= .
1A =138t /r) T 83 (/)

On the other hand, by Lemma 2.5 and our choice of k we have

S1k) r 81k r

Thus, we obtain £+ < 4 & 1(t/k). Let zy =x + L(y —x), [ =0,1,... .k — L.

For & € B(z;, 3@~ (£)) and &1 € B(z—1, 371N, 1& — &-1] < |& — 2] +
21— 21114 1z1-1 —&—1] < 81® ' (/ k). Thus by Proposition 4.6, p(¢. &-1.&) =
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C3®d~'(¢/k)~¢. Using the semigroup property and (4.27), we get

t
px = [ - p<—Jh&)'“
Bz, 3o 1h)y B, Loty \k

t
xp(z,&_by)dsy--d&_l
£\ —dkk=l s t
zcé‘q"l(z) s (507 (7))

=1

P\~ 8 4D
= (i) (507 ())

5d k
> Cz(cg—d‘) o) = 07 (1) e Ck

(4.28) > e, d (1) e AT,

This finishes the proof. Here we record that the constant C4 in (4.28) depends only
on d and constants 81, C3 in (4.21). [0

PROPOSITION 4.8. Suppose ® satisfies L' (8, Cpr) with 8 > 1. For any T >0
and 0 > 0 satisfying % + 9(% — ﬂiz) < 1, there exist c1, ¢ > 0 and a/L >0
such that for (t,x,y) € [T, 00) x R x R4 satisfying 5197 11) < |x — y| <
a® 'Oy @)?,

- lx — vl
p(t,x,y) > 201 (1) dexp(—a/ — ),
"ot =y

where 81 is the constant in Proposition 4.6.
PROOF. Without loss of generality, we assume that 7 > ®(1). Take ¢; > 0
small so that
o1
- 3%/00 2

Since i satisfies U (B2, Cy) and @ satisfies L', GL) we see that for t > T >

( (T)C_l/‘s 1/5)1+9(w_1(T)—lcllj/ﬂle/,sz) (lvT )

o), y=' ) =y (MCy P /TP and @710y < @71 (/)Y
by Lemma 2.2. Thus, we have
(429) K=yl =ad O (0 <
’ - - 3%/00 2)’
where the th1rd inequality follows from 1 5+ 0(5 — —) <1.Letr =|x — y| and

k=1[3ré; /Jif 13- 181t/r)'| Since r > §; D~ 1(t)>81,wehavebyLemmaZ7
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that 817/r < 819 (r/81)/r = 81D (r/81)/r < Hao(r/81). Thus, H#5 ' (811/3r) <
Hog (Y Hoo(r/81)) < r/81, which implies that
4 12C7!
(4.30) 3<k< — 4 < = r
81 ¥ (371811/r) ~ 8% A (t/r)
On the other hand, since %051(3_161t/r) > %ogl(%oo(Z)) =2 and 3r/8; >

30~ 1(T) > 3, we see that
3 3
— r <k< —r.
81K (371812/7) 81
Thus, by the above inequality and Lemma 2.7, we get

3r\81k ~/3r\d1k 3r _1
()2 () (3 <5t
81k /) 3r 81k /) 3r 81k
which yields 7 < %1 ®~!(¢/ k). Using this, Proposition 4.6, the semigroup property

and (4.30), the remaining part of the proof is same as the one in the proof of
Proposition 4.7. [

PROOF OF THEOREM 1.4. The both upper bounds of p(z,x,y) in Theo-
rem 1.4 follows from Theorems 3.5 and 4.5 and Lemma 2.8. The lower bound
in (1.14) is a direct consequence of Propositions 4.6 and 4.7.

By Propositions 4.6 and 4.8, to complete the proof of Theorem 1.4, it is enough
to show that for 7 > T and (c; @~ ') /=1 (1)) v 8,97 (1) <,

— — / r
(4:31) P(tx.3) 2 COTH() d“"(‘“M)’

where ¢ and 6 are the constants in Proposition 4.8.
By Proposition 4.6 and the same argument as in (4.14), we have that,

2

cot _ _ arr
pt,x,y)> rdlﬂ(r) >c3® 1(t) dexp <_<I>T(t)2)

By (2.5) and Lemma 2.2, J# satisfies L(§ — 1,C 2/(8_1)). Using this property
and (2.10) (note that » > §;® 1 (r) and T < 1), we get

=C4 <cC .
=11 oo (81t/7) Hoo (t/7)
Thus, (4.31) holds. [

PROOF OF COROLLARY 1.5. Since the upper bound is a direct consequence
of Theorem 1.2, we show the lower bound in (1.15). Let r = |x — y| and ¢ (s) :=

®(s~1/2)~1. Since ® satisfies L, (8, CN‘L), ¢ satisfies Ll/“2(8/2, GL). Let Z be a
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subordinate Brownian motion whose Laplace exponent is ¢ and pZ(t, |z — w|)
be its transition density. Then, by [35], Proposition 3.5, and Theorem 1.4, for any
T > 0, there exist positive constants dy, ay, ¢ and ¢, such that for all (¢, x, y) €
0,7) x R? x R4,

apr? _ pZ(t,r) ayr et d ()4
®_1(t)2) ~ o) «%/_l(f/r)) rdar (r)

Let a; > ay be a constant in Theorem 1.4 and A :=ay/ay > 1. Then, for all
te(0,T),s>0,

( ﬁLAzsz) ( ay As ) crtd 1 (r)?
crexpl — <cyexp| — +

€1 CXP<— < exp(—

o1 (1)? A (t/As)) " (As)dy(As)
ars C3tCI>_1(t)d
=@ e"p(_ Jff—la/s)) sy (s)

Thus, by Theorem 1.4, we obtain the desired results. [

5. Application to the Khintchine-type law of iterated logarithm. In this
section, we apply our main results in previous sections and show that, if our sym-
metric jump process has the finite second moment, the Khintchine-type law of
iterated logarithm at the infinity holds. Furthermore, we will also prove the con-
verse.

We first establish the zero-one law for tail events.

THEOREM 5.1. Let A be a tail event. Then, either P*(A) = 0 for all x or else
P*(A) = 1 for all x € R4.

PROOF. Fix 19, ¢ > 0 and xo € R?. Note that, by Lemma 3.9, there exists c; >
0 such that

5.1) P* (sup | X, — x0| > 197 (10)) <.

s =<to

While, using Theorem 3.10 to P; f, the semigroups of (£, F), we can choose 1 > 0
large so that for all £ € L% (R?) and x € R with |x — xo| < c1® ™' (19),

Ixo — x|\?
(5.2) | Py, f(x) = Py f(x0)| < Cz(T> sup | P flloo < €ll flloo-
®=1(11)/ =0

Note that (5.1) and (5.2) are same as [27], (A.6) and (A.7), and the proof of the
theorem is exactly same as that of [27], Theorem 2.10. [

From (1.6) and (1.7), we see that the following three conditions are equivalent:

(5.3) sup (or inf ) /Rd J(x, y)|x — y2dy < oo;

xeRd xeRd
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5.4 c1r? <d@r)< crz, r>1;
X sds

< 00

0 ¥(s)

Using Theorem 1.2, we see that under the assumption (1.6), the above conditions
(5.3)—(5.5) are also equivalent to the following finite second moment condition:

(5.5)

sup <or 1nf)Ex[|X —x*]<o00 V(or3)t>0.

xcRd xeRd

Here is the main result of this section.

THEOREM 5.2. Suppose X is symmetric pure-jump process whose jumping
density J satisfies (1.7). (1) If (5.4) holds, then there exists a constant ¢ € (0, 00)
such that for all x € RY,

. |X; — x|
5.6 | —_— = P*-a.e.
(56 I,Hisolip (tloglogt)!/2 ¢ JorF-ae

(2) Suppose that (1.6) holds but (5.4) does not hold. Then for all x € R?, (5.6)

holds with ¢ = oo

PROOF. Without loss of generality, we assume that ®(1) = 1. Let h(z) =
t1/2(loglogr)'/?. We first observe that, by the change of variable s = A(z),

(5.7) /OO sds :_/00 (loglogt)—i—(logt)_1 U = > Joglog? ‘
ORI v (h(t)) 4 Y (h@)
and
(5.8) foo _osds /00 (oglogn) + (ogn ™! 1o dr
@ ¥(s)loglogs 2 W (h(t))loglog h(t) s Y (h(D)

(1) By (5.5) and (5.7),

o0

5.9 _ [
-3 ZW(th)) Z/Z Y(h() J4 1ﬂ(h(l‘))<oo

k=3

2k+1

Since we have L1 (2, C1) under (5.4), by Theorem 1.4(2) we have that for all C >
O,t>4andt <u <4,

P*(|1Xy — x| > Ch(1))

= p(u,x,y)dy
lx—y|>Ch(r)

© 1 a2 [ 2\ a1
§c1<t/ ds +1 f exp(—cz—>s - ds)
Ch(r) SY(s) Ch(t) t

—=: 31 +10).
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-1/2 . 52 .
Let C:=1V2¢c, '". By the change of variable s; = -, we obtain

o —c2s)2 a3 —C2¢y)2 _ )
II <c3 e ds < —(logt) =c3(logt)™".
C?loglogt 2

While, by Lemma 2.3, [ < C4¢(C’hm) < cswht(t)). Thus, for every t > 4 and t <
u<4t, P*(|X, — x| > Ch()) < c6((logt)_2 + w(h(t))_l). Using this and the
strong Markov property, with 1; = 2%, k > 3 we get

P*(|Xs — x| > 2Ch(s) for some s € [fx_1, t])

<P*(tB(x,Chiy_p)) <)

1 2k
=2 sup P(|Xyy—s — 2l > Ch(ti-1) §c7<— + 7>
5=ty zeRY (Ko< =\t yaen
where we followed the calculations in (4.2). Therefore, by (5.9) and the Borel-
Cantelli lemma, the above implies that
P*(|X; — x| <2Ch(r) for all sufficiently large 7) = 1.

Thus, limsup,_, o, p;’(:)xl < 2C. Since Y (r) > ®(r), by (5.4), J(x,y) < c7|x —
y|*d*2 for |x — y| > 1. Thus, by following the proof of [42], Theorem 1.2(2),
line by line using our Theorem 1.4(2), we have that there exists c¢g > 0 such that
P*(|X; — x| > cgh(¢) for infinitely many ¢) = 1. Therefore,

X, —
}P’x<c8 < Timsup X =¥ _ 2C> —1.
h(t)

t—00

Now using the zero-one law in Theorem 5.1, we conclude that there exists cg €
[cg, 2C1] such that

X —
P (limsup [ X: = x| = Cg) =1 forallx eRY.
t—oo  h(t)
(2) Using Theorem 3.8, there is A € (0, 1) such that
_ 1
sup sup p(t,y,2)dz < cosup|ad~! (t)|d(<I>_1 (1)) 4 — cord < -
1>1 yeRd J1z—y|<20~1 () =1 2

Let 7, = 2*. By the strong Markov property, we have that for all C > 0
P(|1X;,,, — X; | > Ch(t Fi) > inf t,y,2)dz.
(| th+1 tk| ( k+1) | tk) JeRd o= y|=Chtgs 1) p( ks Y )
We claim that for every C > 1,

o0

(5.10) inf p(tk,y,2)dz =00,
k=1 YER? |z y|=Chl(ti41)
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which implies the theorem. In fact, by the second Borel-Cantelli lemma,
P*(limsup{|X;,,, — Xy | = Ch(tk41)}) = 1. Whence, for infinitely many k > 1,
| Xt — x1 = Ch(tg1)/2 or | Xy — x| = Ch(tx+1)/2 = Ch(t)/2. Therefore, for
all x e RY,

| X: — x| |X,k—x|>C

lim sup = lim sup

> —, Prae.
t—00 h(t) k— 00 h(tk) 2

Since the above holds for every C > 1, the theorem follows.
We now prove the claim (5.10) by considering two cases separately.

. ds
Case 1: Suppose [, T Toghogs = O

If there exist infinitely many k& > 1 such that Ch(tx4+1) < a® (5, then, for
infinitely many k > 1,

inf p(tk, y,2)dz=1— sup p(tk, y,2)dz > 1/2.
yeR? J|z—y|=a®~ (1) yeRd lz—yl<a®~ (1)
Thus, we get (5.10).
If there is kg > 3 such that for all k > ko, Ch(txy1) > aCID_l(tk), then by
Lemma 2.3 and Proposition 4.6, for all £ > kg

: o ! Tk+1
inf P(tk,y,z)dzzclf —dr>c———.
yeR? J|z—y|za® ! (1) Chitr) T (r) ¥ (h(te41))
Combining this with (5.8) and the assumption that f;° W{glogs = 00, we also

get (5.10).

Case 2: We assume that [;° 7 (S)S ds

< 00. Then for any s > 4 we have

¥ (s)loglogs
(5.11) &7 1(s) < 352 (loglogs)/? = e3h(s).
Also, using the assumption [;° % = oo to (1.10) we obtain
@)
(5.12) slggo iz = 00

Let r = |[x — y| and §;,C3 > 0 be the constants in (4.21). Also, let C4 =
Cs(d, 81,C3) > 0 be the constant Cy in (4.28). Now define Co = (2C4)~! and
N = [Cologk]. Then, by (5.12) we have limi_, oo ® ' (1 /N)/(tx/N)/? = 0.
Thus, there exists kg € N such that for any k > kg, we have N(k) > 3 and
o '(u/N) o _12C

@/NVE = 5c7
and Ch(tx+1) < |x — y| < 2Ch(tx+1),

(5.13) P, x, y) = cg®@ (1) k2,

Then there exists a constant ¢4 > 0 such that for any k& > kg

81 y— 8 (/N 2Ch
Indeed, for k > ko we have 3 &~1(%) = 3L (%)1/2 (zk/EGk>/l/z) > 1(\?‘“)

Since we have (4.21), following the proof of Proposition 4.7 we obtain

P, x,y) = cs® (1) ™ exp(—CyN) = csd ' (1) k12,

v

r
N-
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By (5.13) and (5.11) we have that for every k > ko,

. h(teg1)? C6
inf (tc, y,2)dz > c5 = .
yert e n=l—yi<2chn L k2= (g)d ~ k1/2
Therefore, we conclude that
0,0)
inf p(ty,v,2)dz > cq 0.
g,;oyew |2=yI=Chtgs) ,;kjok”z

We have proved (5.10). [

We end this section by showing that Khintchine-type law of iterated logarithm
at zero does not hold.

PROPOSITION 5.3.  Suppose X is symmetric pure-jump process whose jump-
ing density J satisfies (1.6) and (1.7). Then, for all x € R?,

X —
(5.14) Jim sup — o 1
10 (tloglog1/r)l/2

=0 forP*-ae.

PROOF. Without loss of generality, we assume that ®(1) = 1. Let h(t) =
(tloglog 1/1)'/2. We first observe that, by the change of variable s = h(t),

W14 gds /4 dt
./(; W(s)loglog%ﬁ/o Y (h(1)

Thus, using (1.6) we obtain

(5.15) i Z / v
. <
= V(2T k)) - 27k xp(h(t)) oY)

By (1.11) in Theorem 1.2, forall C >0,¢t < 1/4andt/4 <u <t,
P*(|X, — x| > Ch(1))

= p(u,x,y)dy
lx—y|>Ch(r)
o 1 00 2
§cl<t/ ds+<I>_1(t)_d/ exp<_cz sl 2>Sd—1ds)
Ch(t) SY(s) Ch(t) d—1(r)
=:c1(I +1I).

Using Lemma 2.3, [ < w(h(t)) Also, by the change of variable v = —flz(z)z,

Il < /OO ( ) d-2/2 4, < < c2C?t logl 1)
¢ exp(—cav)v v < csexp| —————— loglog — }.
= C2h(1)2 /D1 (1)2 pima = C5exp 20-1(1)?2 & gt
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Note that ®~! (t)z/t = foqr @ (Y) ds — 0 as t — 0. Therefore, when ¢ is suffi-

ciently small, II < cgexp(—2loglog1/t). Thus, letting = 27 and using (5.15),
we have for sufficiently large N € N,

o0

S sup F(Xy, — 21> Chiti)) <c72(1 2 ) <
(= <ty zeR ¥ (h(2F))

Now, by the same argument as that in the proof of Theorem 5.2(1), we conclude
that lim sup, W < C,P*-ae. forall C > 0, which implies (5.14). [

6. Examples. In this section, we will use the notation f(-) ~ g(-) at oo (resp.
0) if A ((tt)) — 1 as t — oo (resp. t — 0). We denote Rg° (resp. Rg) by the class of
slowly varying functions at oo (resp. 0). For £ € R3°, we denote ITj° (resp. H?)
by the class of real-valued measurable function f on [c, o0) (resp. (0, ¢)) such that
forall A >0, f(A) — f(-) = logAl(-) at co (resp. 0) I1° (resp. 1'[2) is called de
Haan class at oo (resp. 0) determined by £.

For £ € Rg° (resp. RO 0)» We say £y is de Bruijn conjugate of £ if both
L(t)Lx(t€(t)) >~ 1 and E#(t)ﬂ(té#(t)) ~ 1 at oo (resp. 0). Note that | f| € Ry if
f € II}° (see [4], Theorem 3.7.4).

In the following corollary and examples a; = a; 1, or a; = a; y depending on
whether we consider lower or upper bound.

COROLLARY 6.1. Let T € (0,00) and v be a nondecreasing function that
satisfies L(B1, Cr) and U(B3, Cy).
(1) Let € € R be such that fol @ds <ooand f(s):= [y e(t—’)dt € N9 satisfies

f(sfY(s)) = f(s) at O for y =1/2, 1. Suppose that Y (s) < %fors < 1. Then
fort <T,

1 t 1 _ aglx=yl
x,y)=x A + iFa/= |,
P = G T <|x (=) " @fa)ir )
Furthermore, if f(s%) =< f(s) fors <1, thenfort <T,

1 t 1 ey
6.1) p(t,x,y) = /\( n a3 )
P Y= aon®? " \ix =yliy (=D af)2°
(2) Assume that £ € R8° satisfies | loo D gt = 00

Suppose that ¥ (s) =< e fors > 1 and f € I satisfies f(sfY(s)) > f(s) at
oo fory =1/2,1. Thenfort >T,

1 L (1x =y 1 ﬁ
af @22 "\ x =yt T ap 1 2))dn©

p(t,x,y) =
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Furthermore, if f(s?) < f(s) fors > 1, then fort > T,

L (tf(lx —yD [ |,§;(ytlz>
(tf (1))4/? lx — y|9+2 " (1f (1))4/? ' '

(6.2) p(t,x,y) =

PROOF. Letr =|x — y| and §; > O be the constant in Proposition 4.6.
(1) By [4], Corollary 2.3.4, (f¥)s >~ 1/f7 at 0. Thus, using [4], Theorem 3.6.8,
we have fors < T,

2
s _ _
d(s) x —, d(s) <52 f12(51/2), H () <5 (s).
S(s)
Therefore, by Theorem 1.4(1) and Theorem 1.2, we obtain the first claim and the
upper bound in the second claim.
For the lower bound in the second claim, choose small 6 > O such that % +

9(% - %) =:¢e; < 1. Note that f(s) < f(s?) for s < 1 implies f(s?) < f(s) for
all b > 0 since f is nondecreasing. Since the last term in the heat kernel estimate

. . —1n 146 .
dominates other terms only in the case §;®~!(r) < r < & d)w,?()t)@ , it suffices

to show f(t/r) > cf (¢) for this case. Using (2.3) and L(B;, Cr) for { we have
oLy v~ l(@r) < clt%‘ﬁ for r < T. Thus we have f(t/r) > f(cat!™61) < f(1)
forevery t <T and 8,01 (1) <r < & d)];(f()tl)ze.

(2) Similarly, (f¥)s >~ 1/fY at oo by [4], Corollary 2.3.4. Thus, using [4],
(1.5.8), Theorem 3.7.3, we have that for s > T,

D (s) < 52/ f(s), o 1(s) <512 f1/2(51/2), HS N (s) < sf(s).

Note that ¥/(r) < ¢ when r > 8 ®7'(1) since r > 8107 (1) = 80~ (T).
Since the second term in the heat kernel estimate dominates only in the case
r > 81 ®71 (1), the first claim and upper bound in the second one follow from The-
orem 1.4(2) and Theorem 1.2. | ]

Now choose small 6’ > 0 such that % + 9/(3 — E) =: gy < 1. Without loss of
Q)

generality we can assume that f is nondecreasing since f(s) < [} ET dt. Now

f(s) =< f(sz) for s > 1 implies f(sb) = f(s) for all b > 0. Similarly, using

~ - 1_ 1
L%, Cp) for @ and U(B,, Cy) for ¥ we have f;_ig; <3P P2 oso f(t)r) >

flcat'™22) < f(t) for every t > T and r < 81%

. This finishes the proof.
O

Table 1 provides nontrivial examples where (6.1) holds.

Table 2 provides nontrivial examples where (6.2) holds.

Note that when ¥ (r) = r2(logr)?, r > 16 with g > 1, (5.5) holds which is
equivalent to (5.4).
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TABLE 1
Examples where (6.1) holds

Y, a>1,0<r<27% £(s), s <274 fs),s <274

22 (log 3)* (log 1)~ oy (log )17

32 (log })(loglog 1)* (og H)~1(loglog )™ Ly (loglog !~
TABLE 2

Examples where (6.2) holds

W) =rilogr)f, r > 16 2s), s > 16 f(s),s>16
When 8 < 1 (logr)~# (1—B)Logs)!—#
When g =1 (logr)fﬂ loglogs
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