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BERRY-ESSEEN BOUNDS OF NORMAL AND NONNORMAL
APPROXIMATION FOR UNBOUNDED EXCHANGEABLE PAIRS'

BY QI-MAN SHAO AND ZHUO-SONG ZHANG

Chinese University of Hong Kong

An exchangeable pair approach is commonly taken in the normal and
nonnormal approximation using Stein’s method. It has been successfully
used to identify the limiting distribution and provide an error of approxima-
tion. However, when the difference of the exchangeable pair is not bounded
by a small deterministic constant, the error bound is often not optimal. In
this paper, using the exchangeable pair approach of Stein’s method, a new
Berry—Esseen bound for an arbitrary random variable is established without
a bound on the difference of the exchangeable pair. An optimal convergence
rate for normal and nonnormal approximation is achieved when the result is
applied to various examples including the quadratic forms, general Curie—
Weiss model, mean field Heisenberg model and colored graph model.

1. Introduction. Let W, be a sequence of random variables under study. Us-
ing the exchangeable pair approach of Stein’s method, Chatterjee and Shao [10]
and Shao and Zhang [27], provided a concrete tool to identify the limiting distri-
bution of W), as well as the L; bound (the Wasserstein distance) of the approxi-
mation. Our aim in this paper is to establish the Berry—Esseen-type bound for the
approximation.

Write W = W,, and let (W, W’) be an exchangeable pair, that is, (W, W) and
(W', W) have the same joint distribution. Put A = W — W’. For the normal ap-
proximation, assume that

E(A | W) =AW + R).

Then, by Stein [28] (see also Proposition 2.4 in Chen, Goldstein and Shao [12]),
for any absolutely continuous function 4 with ||4]| < oo,

1 1 2 1 3
|Eh(W)—Eh(Z)|§2||h||(E’l—ﬁE(A | W)|+ SElA| +E|R|).
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Here and in the sequel, Z denotes the standard normal random variable. For the
Berry-Esseen bound, we have

1 5 E|A|3 1/2

(1.1) sup|P(W <z) — ®(z)| <E|l — —E(A~ | W)|+E|R| + ,
zeR 2\

where & is the standard normal distribution function. If in addition |A| < § for

some constant §, then by Rinott and Rotar [24] (see also Shao and Su [25]),

1
(12)  sup|P(W <z)—®(2)| < E‘l - ﬁE(A2 | W)‘ +E|R| + 1.58 4+ 83/
zeR
It is known that (1.1) usually fails to provide an optimal bound. Similarly, the
bound in (1.2) may not be optimal unless § is small enough. Hence, it would be
interesting to seek an optimal Berry—Esseen bound for an unbounded A. To this
end, Chen and Shao [13] established the following Berry—Esseen bound:

sup|P(W <z) — ®(2)|
zeR

1 3
<EIR|+ HE(|W| +1)|A°
(1.3) |
+(1+7?) <4(1 +o)Al? +6E‘5E(A2 |W)—1
2
+ ———E|A —E[A]

E[A] )

where A is any random variable such that A > E(A* | W) and t = E(A)/A.
They obtained an optimal Berry—Esseen bound when the result was applied to an
independence test by sums of squared sample correlation functions. However, (1.3)
is still too complicated in general.

For the nonnormal approximation, Chatterjee and Shao [10] developed similar
results for both the L bound and Berry—Esseen bound.

The exchangeable pair approach of Stein’s method has been widely used in the
literature. For example, Chatterjee and Meckes [9], Reinert and Roéllin [22] and
Meckes [21] established the L; bounds for multivariate normal approximation,
and Chatterjee [4] and Chatterjee and Dey [7] obtained the concentration inequal-
ities. We refer to Chen, Goldstein and Shao [12] and Chatterjee [6] for recent
developments on Stein’s method.

In this paper, we establish a new Berry—Esseen-type bound for normal and non-
normal approximation via exchangeable pairs. The bound is as simple as

I a2
El1 - ﬁE(A | W)|+E|E(A]A]| W)|+ER],

which yields an optimal bound in many applications.
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The paper is organized as follows. The main results are presented in Section 2.
Section 3 gives applications to the quadratic forms, general Curie—Weiss model,
mean field Heisenberg model and colored graph model. The proof of the main re-
sults is given in Section 4. Other proofs of applications are postponed to Section 5.

2. Main results. In this section, we establish Berry—Esseen bounds for nor-
mal and nonnormal approximation via the exchangeable pair approach without the
boundedness assumption.

2.1. Normal approximation. We first present a new Berry—Esseen bound for
normal approximation, which is a refinement of (1.1), (1.2) and (1.3).

THEOREM 2.1. Let (W, W’) be an exchangeable pair satisfying
2.1) E(A|W)=AW 4+ R),
for some constant ). € (0, 1) and random variable R, where A=W — W'. Then

sup|P(W < z) — ®(2)|
zeR

1 1
<E|l - ﬁE(A2 | W)|+EIR| + XE|E(AA* | W)
where A* := A*(W, W) is any random variable satisfying A*(W, W) = A*(W’,
W) and A* > |A|.

9

The following two corollaries may be useful.
COROLLARY 2.1. If|A| <6§ and E|W| < 2, then

1
sup|P(W <z) — ®(2)| < E‘l — —E(A?] W)‘ +E|R| + 36.
zeR 22

Notice that the term 83/ in (1.2) does not appear in the preceding corollary.
One can check that under |A| <4,

1

in(1,E[1 — —E(A2 | W
mln( ‘ 2)\( | W)

: LR 3
+68) <2min{ 1, E|l 2AE(A | W)| 4+ 87/ ).

Hence, Corollary 2.1 is an improvement of (1.2) at the cost of assuming E|W| < 2,
which is easily satisfied.
It follows from the Cauchy inequality that for any a > 0,

|A| <a/2+ A%/(Q2a).

Thus, we can choose A* = a/2 + A?/(2a) with a proper constant a and obtain the
following corollary.
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COROLLARY 2.2. Assume that E|W| < 2. Then, under the condition of Theo-
rem 2.1,

Sup|P(W <z)-— <D(z)|
zeR

1 [E[E(A3 | W
SEI—ﬁE(AZIW)|+E|R|+2 %

Clearly, E|E(A3 | W)| < E|AJ>. Hence, Corollary 2.2 improves (1.1). In fact,
Corollary 2.2 could yield an optimal bound while (1.1) may not.

2.2. Nonnormal approximation. In this subsection, we focus on the Berry—
Esseen bound for nonnormal approximation.

Let W be a random variable satisfying P(a < W < b) =1 where —o0 <a <
b < oco. Let (W, W’) be an exchangeable pair satisfying

(2.2) E(W—W'|W)=2x(g(W) +R),
where g is a measurable function with domain (a, b), A € (0, 1) and R is a random

variable.
Assume that g satisfies the following conditions:

(A1) gisnondecreasing, and there exists wo € (a, b) such that (w —wgp) g(w) >
0 for w € (a, b);

(A2) g’ is continuous and 2(g’(w))? — g(w)g” (w) > 0 for all w € (a, b); and

(A3) limy, g(y)p(y) =limyyp g(y) p(y) =0, where

G y
(2.3) P =c1e Y Gy = [ g@)dt,

wo
and cj is the constant so that f: p(y)dy=1.

Let Y be a random variable with the probability density function (p.d.f.) p(y), and
let A=W —W.

THEOREM 2.2. We have

sup|P(W <z) —P(Y <2)|
zeR
2.4)

<E|l - LE(A2 | W)| + lE}E(AA* | W)| + lE|R|
- 2\ A c1 ’

where A* := A*(W, W) is any random variable satisfying A*(W, W') = A*(W’,
W) and A* > |A].

To make the bound meaningful, one should choose A ~ (1/2)E (A?). Tt is easy
to see that g(w) = w satisfies conditions (A1)-(A3). More generally, (A1)-(A3)
are also satisfied for g(w) = w?~!, where k > 1 is an integer.
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3. Applications. In this section, we give some applications for our main re-
sult.

3.1. Quadratic forms. We first consider a classical example as a simple ap-
plication. Suppose X1, X5, ... are i.i.d. random varaibles with a zero mean, unit
variance and a finite fourth moment. Let A = {q; ,}” _, be a real symmetric ma-
trix and let Wy, =31+ j<p aij Xi X j. The central 11m1t theorem for W, has been
extensively discussed in the literature. For example, de Jong [14] used U -statistics
and proved a central limit theorem for W,, when

—4 4 -2 2
o, Tr(A") >0 and o, max ]szjsn a;; — 0,
where o*,% =2Tr(A?) = Var(W,,). An L bound was given by Chatterjee [5] while
Gotze and Tikhomirov [19] gave a Kolmogorov distance with a convergence rate
A1/on, where A the largest absolute eigenvalue of A.
Here, we apply Theorem 2.1 and obtain the following result.

THEOREM 3.1. Let X, X2, ... be i.i.d. random variables with a zero mean,
unit variance and a finite fourth moment. Let A = (a,'j):’j | be a real sym-

metric mamx with a;; =0 for all 1 <i <n and (7 =237 12 2} Put
W, = o Z#ja,JX,XJ. Then

sup|P(W <x)-— d>(x)|

() [ ()

where C is an absolute constant.

(3.1

It is easy to check that
2 4
Z(Z aikajk) =Tr(A%)
ij Sk
and

1<i<n

Z(Za?}) < max Zaljanz <k
i

which means that the first term in (3.1) is less than the bound A{ /o, given in The-
orem 1 of Gétze and Tikhomirov [19]. However, comparing it with the L bound
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given in Chatterjee [5], we conjecture that the bound in (3.1) can be improved to

sup[P(W, <x) — ®(x)| < C<i4 Z(Za?/)z + é\l Z(Xk:aikajk>2>‘
I n

xeR Gn i i,j

3.2. General Curie—Weiss model. The Curie—Weiss model has been exten-
sively discussed in the statistical physics field. The asymptotic behavior for the
Curie—Weiss model was studied by Ellis and Newman [15-17]. Recently, Stein’s
method has been used to obtain the convergence rate of the Curie—Weiss model.
For example, Chatterjee and Shao [10] used exchangeable pairs to get a Berry—
Esseen bound at the critical temperature of the simplest Curie—Weiss model, where
the magnetization was valued on {—1, 1} with equal probability; and Chen, Fang
and Shao [11] and Shao, Zhang and Zhang [26] established the Cramér type mod-
erate deviation result for noncritical and critical temperature, respectively. More
generally, when the magnetization was distributed as a measure p with a finite
support, Chatterjee and Dey [7] obtained an exponential probability inequality. In
this subsection, we apply Theorem 2.1 to establish a Berry—Esseen bound for the
general Curie—Weiss model.

Let p be a probability measure satisfying

(3.2) /ooxd,o(x)zo and /_OO x2dp(x)=1.

p s said to be type k (an integer) with strength A, if

0o o . 0 for j=0,1,...,2k -1,
/ x) d®(x) —/ x!dp(x) = or].
-0 —00 )»p >0 fOI‘] =2k,

where ® (x) is the standard normal distribution function.
We define the Curie—Weiss model as follows. For a given measure p, let
(X1, ..., Xp) have the joint p.d.f.

n

2
(33) dPn,ﬂ(X) _ Ziexp<:8(xl + + x,) ) l—[ d,O(Xi),

n 2n i=1

where X = (x1,...,x,),0 < 8 <1 and Z, is the normalizing constant.
Let £ be a random variable with probability measure p. Moreover, assume that

(i) for 0 < B < 1, there exists a constant » > 8 such that
2
(3.4) Ee'é < e for —o0 <t < o0;

(i) for B =1, there exist constants by > 0, b1 > 0 and b> > 1 such that

exp(t?/2 — b1, 7| < bo,

(3.5) Ee't < 2 ;
— ), t )

exp( 55 1> b
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Let S, = X{ +---+ X,,. Ellis and Newman [16], [17] showed that:

(1) if 0 < B < 1, then n—1/2g, converges to a normal distribution N (0, (1 —
B~ and

(i) if B =1, and p is of type k, then n= 1+ S, converges to a nonnormal dis-
tribution with p.d.f.

2k
p(y) =cie” ",
where ¢y > 0 and ¢ is the normalizing constant.

The following theorem provides the rate of convergence.

THEOREM 3.2. Let (X1, ..., Xy) follow the joint p.d.f. (3.3), where p satisfies
(3.2):

() If0 < B < 1 and (3.4) is satisfied, then for W, =n~1/2S,, we have

(3.6) sup|P(W, <z) —P(Y; <z)| < Cn~ /2,
zeR

where Y1 ~ N (0, ﬁ) and C is a constant depending on b and f.

(i) If B =1, p is of type k and (3.5) is satisfied, then for W,, = n_H‘ﬁ Sn, we
have

3.7 sup|P(W,, < 2) — P(Y; <2)| < Cn™ %,

zeR
where C is a constant depending on by, by, by and k; the density function of Yy is
given by

(29000
B _H7O)
p(y)=cie , 0= a0

and c1 is the normalizing constant and H (s) = s2/2 — ln(ffoOo exp(sx)dp(x)).

3.3. Mean field Heisenberg model. The Heisenberg model is a statistical
model for the phenomena of ferromagnetism and antiferromagnetism in the study
of magnetism theory.

Let G, be a finite complete graph with n vertices. At each site of the graph
is a spin in S?, so the state space is 2, = (S?)" with P, the n-fold product of
the uniform probability measure on S?. The mean field Hamiltonian energy of the
Heisenberg model H, : 2, — R is

1
Hy(o)=—=— > (0i,0),
20 | G en
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where (-, -) is the inner product in R3. The Gibbs measure P, g is given by the
density function

1
dPn’/g = 7

exp( L Y o)) =

B I<i,j<n

5 exp(_ﬂHn (0))7

where Z, g = [q exp(—=BH,(0))d Py.
Consider the random variable

B [
(3.8) W”:ﬁ(;ﬂ—;ﬂ > o —1),
j=1
where | - | is the Euclidean norm in R and « is the solution to the equation
3.9 x/B = (coth(x) — 1/x).
Let ¥/ (x) = coth(x) — 1/x and
452 1 1
(3.10) 32:%(—2—#)
(I =By'(k))k=\k*  sinh”(k)

Kirkpatrick and Meckes [20] showed that when 8 > 3, W,,/B converges to a stan-
dard normal distribution with an L bound O (log(n)n_l/ 4. They also showed that
when 8 = 3, the random variable T, = c3n =32 > j ajlz, where c3 is a constant
such that the variance of 7}, is 1, converges in distribution to ¥ with the density
function

CySe™ /Gy >0,

p(y) = {0’ v <0,

where C is the normalizing constant.
The following theorem gives a Berry—Esseen bound for the case 8 > 3. The
case 8 = 3 will be studied in another paper.

THEOREM 3.3. Let W, be the random variable defined as in (3.8) and B as
in (3.10) with 8 > 3. Then we have

(3.11) sup|P(W,,/B < z) — ®(z)| < cgn™ /2,
zeR

where cg is a constant depending on B.

3.4. Counting monochromatic edges in uniformly colored graphs. The study
of monochromatic and heterochromatic subgraphs of an edge-colored graph dates
back to the 1960s, and the last two decades has witnessed a significant development
in the study of normal and Poisson approximation.
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Barbour, Holst and Janson [2] used Stein’s method to show that the number
of monochromatic edges for the complete graph converges to a Poisson distribu-
tion. Arratia, Goldstein and Gordon [1] applied Stein’s method to prove a Poisson
approximation theorem for the number of monochromatic cliques in a uniform
coloring of the complete graph. We refer to Chatterjee, Diaconis and Meckes [8]
and Cerquetti and Fortini [3] for other related results.

In this subsection, we consider normal approximation for the counting of
monochromatic edges in uniformly colored graphs. Let G = {V(G), E(G)} be
a simple undirected graph, where V(G) = {vy, ..., v,} is the vertex set and E(G)
is the edge set. For 1 <i <n, let

Ai={1=j=nj#i (vi,v)) € EG)}

be the neighborhood of index i and d; = #(A;) be the number of edges connected
to v;. Denote the total number of edges in G by m,,, which is equal to >/, d; /2.
Each vertex is colored independently and uniformly with ¢, > 2 colors, denoted
by &; the color of v;. Let ¥, be the number of monochromatic edges in G;,. Rinott
and Rotar [23] proved the central limit theorem for ¥, while Fang [18] obtained
the Wasserstein distance with an order of \/c,,/m, +cn 1/ 2. The following theorem
provides a Berry—Esseen bound.

THEOREM 3.4. Let
1

Lg=g) — ¢
LS s

suplP(W, €.2) = ®(2)] = (1 /e + \Jd fmn+ Veufmy).

Then

where C is an absolute constant and d;; = max{d;, 1 <i <n}.

4. Proof of main results. As the normal approximation is a special case of the
nonnormal approximation, we prove Theorem 2.2 only. The only difference for the
normal approximation is that the Stein’s solution can be bounded by 1 instead of
V2.

Let Y be the random variable with the p.d.f. p(y) defined in (2.3). For a given
z, let f := f, be the solution to the following Stein equation:

4.1 () —gw) f(w) = Lw<g — F(2), z€(a,b),
where F is the distribution function of Y. It is known (see, e.g., Chatterjee and

Shao [10]) that
Fw)(1 — F(2))

) =z

- p(w)
“2 = roa-Fwy
pw) '

We first prove some basic properties of f,.
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LEMMA 4.1. Suppose that conditions (A1)—(A3) are satisfied. Then

(4.3) 0= f:(w) =1/cy,

(4.4) |71 =1,

(4.5) lgfzll <1

and

(4.6) g(w) f;(w) is nondecreasing.

We remark that when g(w) = w, that is, for the normal approximation, it is
known that 0 < f,(w) <1 (see, e.g., Lemma 2.3 in Chen, Goldstein and Shao

[12]).

PROOF. Without loss of generality, we assume that a < 0 < b and wg = 0;
thus, p(0) = c¢1. For w < z, define H,(w) = F(w)(1 — F(z)) — p(w)/c1. To prove
(4.3), noting that f,(w) > 0, it suffices to show that sup, _,, ., H;(w) < 0. As g(w)
is nondecreasing, by the fact that Hzf(w) =pw)(1 — F(z) + g(w)/cy),

sup H (w)=max{H (a), H,(2)}.
a<w=<z
Clearly, H,(a) = —p(a)/c1 < 0. Now we prove sup,_,_, H;(z) < 0. If z <0,
define H(z) = F(z) — p(z)/c1, and thus H{(z) = p(z)(1 + g(z)/c1). Note that
g(z) <0 and g(-) is nondecreasing, then,
sup H(z) < sup Hi(z) <max{H(a), Hi(0)} <0.
a<z<0 a<z=<0
Using a similar argument, we also have supg., ., H;(z) < 0. Therefore,
sup, ., Hy(z) < 0. This proves sup,_,,-, fz(w) < 1/c;. Similarly, we have
SUP; —w<b S(w) < 1/cy.
A similar argument can be made for w > z. This completes the proof of (4.3).
We next show that g f, is nondecreasing. For w < z, by (4.2),
gw)F(w)(1 — F(z2))

g(w) fz(w) = () :

and thus,
(gw) f:(w)) = (1 = F@)(gw) + (¢’ (w) + g2 (w)) F (w)/ p(w)).

” —G(w)
Let T(w) = % Then, by (A2),

e w)eSW — 1 (2(g’<w))2 - g”(w)g(w)) <1
(¢’ (w) + g*(w))?

Hence,

e W 4 ' (w) >0
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and
w 1
0< / (t/(t) + e D) dt = t(w) + —F(w) — lim(y).
a C1 yia

By condition (A3), limy, T(y) = 0, and hence 7(w) + %F(w) > 0. This proves
that (g(w) f;(w))" > 0 or g(w) f;(w) is nondecreasing for w < z. Similarly, one
can prove that g(w) f;(w) is nondecreasing for w > z. This proves (4.6).

To prove (4.5), by (A1), we have for w > max(z, 0),

F()g(w) [° p(t)dt
p(w)

_F@ /[y Vsnd
@ Jue _G(w)g(” ' - F@).

g(w) f(w) =

Similarly, we have g(w) f>(w) > —(1 — F(z)) for w < min(0, z). Combining with
(4.6) yields

4.7 F(z) =1 =gw)fz(w) < F(z)

for all w. This proves (4.5).
Inequality (4.4) follows immediately from (4.1) and (4.7). O

PROOF OF THEOREM 2.2. Let f = f, be the solution to the Stein equation
(4.1). Since (W, W’) is an exchangeable pair, by (2.2), we have

0=E((W = W)(f(W)+ f(W))
=2E((W = W') f(W)) —E((W = W)(f(W) = f(W)))

=2XE(g(W) f(W)) +20E(Rf(W)) — ( / f (W—i—t)dt)
and hence,
1 0 ,
E(g(W)f(W)) = ﬁE(A /_Af (W+t)dt> — E(Rf(W)).
Thus,
E(f'(W) — g(W) f(W))
_ / 1 2
_E<f (W)(l—ﬁE(A |W)>>

1 0 / /
- ﬁE(A/_A(f W+1)—f (W))dt) +E(RF(W)).
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By (4.1), (4.3) and (4.4),
[P(W <z2) —=P(Y <2)| =|E(f' (W) — g(W) f(W))]
4.8)

<|I|+2E‘1 lE(A2|W)‘+1E|R|
=\ " o )

where
1 0 / /
L= —E(A/ (fW+n—-f (W))dt).
21 -A
Recalling that f is the solution to (4.1), we have

1 0
n=55(a [ W +0s W0 - gWyron)ar)
(4.9) N

+5(a / (s = Lw=a)dr ).

Noting that g(w) f (w) is nondecreasing by Lemma 4.1 and that the indicator func-
tion 1y, <} is nonincreasing, we have

0
0> /_A(g(w FOFW+1) — g(W) F(W)) dr

—A(g(W)f(W) — g(W — A) f(W — A))

and
0
0< LA(ﬂ{W+tSZ} —Liw<p dt < A(Qgw—na=z) — Liw=z))-
Therefore,
1
I < —E(—ALia<) A(E(W) f(W) — g(W — A) f(W — A)))
(4.10)

+ 2—E(A1{A>0}A(1{W—Asz} — Lw<z)))-

Thus, for any A* = A*(W, W) = A*(W/, W) > |A|,
1

ﬁE(—Aﬂ{A<O}A(g(W)f(W) —g(W —A)f(W—A4)))

1
< ﬁE(A*]l{A<O}A(g(W)f(W) — (W) (W)

1
(4.11) = ﬁE(A*A(ﬂ{A<O} + Lia=0Dg (W) f(W))

1EAA* w W
= 5, E(AA™g(W) (W)

1
< —E[E(AA* | W)],
2x




BERRY-ESSEEN BOUNDS FOR EXCHANGEABLE PAIRS 73

where E(A*ALia<018(W') f(W)) = —E(A*AL{a~0y8 (W) f(W)) because of the
exchangeability of W and W’ and |g(w) f(w)| < 1 for all w € R. Similarly, we
have

1 1
4.12) ﬁE(Aﬂ{A>O}A(1{WfA§z} — ]l{WSZ}) < ﬁE‘E(AA* | W)‘
Combining (4.10), (4.11) and (4.12) yields
1 *

(4.13) I < XE|E(AA | W)|.

Following the same argument, we also have

1

(4.14) I > —XE]E(AA* | W)|.

This proves (2.4), by (4.8), (4.13) and (4.14). O

5. Proofs of Theorems 3.1-3.4. In this section, we give proofs for the theo-
rems in Section 3. The construction of an exchangeable pair is described as fol-
lows.

Let 5y, ..., n, be a sequence of random variables and W = h(#ny, ..., n,). For
each 1 <i <n, let 171{ have the conditional distribution of n; given {n;,1 < j <
n, j #i}, also, i is conditionally independent of n; given {n;,1 < j <n, j #i}.
Let / be a random index uniformly distributed over {1,...,n} independent of
{ni,n;, 1 <i<n}. Set

W =hN1, s M=1, My N1y -y )-
Then (W, W’) is an exchangeable pair. In particular, when n;, 1 <i <n are in-
dependent, one can let {ng, 1 <i < n} be an independent copy of {n;, 1 <i <n}.
This sampling procedure is also called the Gibbs’ sampler.

5.1. Proof of Theorem 3.1. Let 2" =o(X1,...,X,), and (X{, X5,..., X})
be an independent copy of (X1, Xa,...,Xy). Let I be a random index uni-
formly distributed over {1, ..., n} independent of any other random variable. Write
W, =h(X1,..., X,) and define W,, = h(X1,..., X}, ..., X»). Then (W,,, W,) is
an exchangeable pair. It is easy to see that

2
A=W, —W;,:G—Zaﬂxj(xl—x’,)
nj£I

and

2 /
E(A12)=—D ") Ela;iX;(Xi = X}) | Z)
ni=1j+#i
2

=-W,.
n
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As such, condition (2.1) holds with A =2/n and R = 0. Also,

E(A%| 2) = 22E<(Zaﬂ X{))z‘%)

”t 1 VE:]

" 2
02 Z (X7 + (Zlaszj>
j=

noj=1

and
n

1
E(A%| Z) =
21

" 2
X~2+ 1)(Zaijxj) .

1
T o2
Oy j=1

i=1

Note that by the assumptions 6> =2Y"; : a jai 2 and a;; =0,

n

1
E( —E(A%] 2) >
2
Then
1 2 1 n 2
E‘l — —E(A%|W,)| < Var(—2 (X7 + 1)<Zaijxj> )
2A oy i ot
Observe that
n n 2
Var(Z(Xiz + 1) (Z a,'ij> )
i=1 j=1

(5.1) :éw((x? + 1)(;§aijxj>2>
+3 COV<(X,.2 - 1)(]_2::1 ainJ-)z, (X7 +1) (; airka>2>.

Qi
For the first term, recalling that a;; =0 for all 1 <i <n, we have

é\@((xf + 1)(1.2::1 aijxj)z)

n n 4
<Y E(X?+ 1)2E<Z a,-jxj)
i=1 =1

(5.2)

" 2
4 4 2
<CZ X +1 X (Z“u"‘( aij))
J

j=1

< c@(xmﬁ(iag) ,

i=1\j=1
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where C is an absolute constant. To bound the second term of (5.1), for any i #£ &,
define

n 2
M,' = (Xi2+ 1) (Z a,-ij) ,

j=1

2
M(k) (X7 +1) (Zau )

JFk
For the second term of (5.1), for any i # i/, we have
Cov((Xiz + 1)(2 a,,-xj) (X7 + 1)(2 a,-/ka) )
j=1 k=1

= Cov(M;, M;)
(5.3) . ;

= Cov(M "), M) + Cov(M;, Mi(/’))

_ (i @) @ L@
Cov(M;" ", M;;”) + Cov(M; — M;" ', My — M;”).
Given F;; :=o{X;, j #1,i'}, random variables Mi(i/) and Mi(f) are indepen-
dent. Thus,
Cov(Ml.(i/), M)

R C (R bt R
E<(X% +1) (g;“’fx")z | ”F)>
_ 4C0V<(]X; az‘jXJ'>2’ (g; ai/ka>2>

2
<CZaU l/ X4 +C<Zalka,rk> .

k=1

Similar arguments hold for other terms of (5.3). Hence,

n 2 n 2
X:Cov<(Xi2 + 1)(2 ainj> (X7 + 1)(2 ai/ka) )
S = -

< CE(XY) (Z(Zu,j) + ) (iaikajk)z).

i=1\j=l1 1<i,j<n \k=1
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It follows from (5.1), (5.2) and (5.4) that

1
E|/l — —E(A?
2x( [ Wn)

< Co2B(x%) q ;(;ai)z + J %:(Xk:aik(ljk)2>.

Finally, it is sufficient to estimate the bound of E|[E(A|A| | Wy,)|/A. In fact,

)

(5.5)

—E(A|A]| Z)

22E<(Zau (Xi — X)‘Zalj (X — X])

”tl

o2 Z(Z“u )

”ll

where B,’ ZE((X,' - Xi)|X,' — Xl/| | X,‘).
For i # i/, define
K= <Za,~jxj) > aijX;|B
J J

Ki(i,) = (Z a,-ij)‘Za,-jX Bl

i i

and thus,

Var((1/ME(A|A] | Z)) ZVar(K ) +— ZCov(K,, K.
” i=l noi£i!
Similar to (5.2), we have

ZVar(K)<C 2i<§ 11)2.

i=1 i=1

Recalling the definition of JF;;s, given that F;;;, we have Ki(i,) and Ki(,i) are

conditionally independent, and thus
Cov(k ) K| Fi) =
Moreover,

j|E(Bi) =0

B 1) = (S )| X

J# JF#
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because E(B;) = 0. This proves Cov(Ki(i/), K l.(/i)) = 0. Similarly, we have
Cov(Kl.(l ), K;) =0 and Cov(K;, Ki(,l)) = 0. Therefore,
ICov(K;, Kin)| =E|(K; — K)(Kir — K V)|
1

., 1 .
< 3B(K; - k) 4+ SE(Ki — k).

Observe that
|K; — Ki(l )| < |Bi|(2 ajir X Z ajj

J#

X; +a,.2,.,xl.2,>,

thus,
E(k; — k)% < CE(B)) < 2, Za,j +alt E( X4)>

2
< C(E(X})) <ai2i, Y af+ afi,).
j

A similar result is true for E(K; — K i(/i))2. Combining the inequalities, we have

Var(E(A|A| | Z7)/x) < Co, *(E( Z(Za,j)z.

i=l
By the Cauchy inequality, we have

1
XE|E(A|A| | W)

< Coa2E(x}) (J ;(21205)2 +J %;(Xk:aikajk>2>.

This completes the proof of Theorem 3.1 by (5.5) and (5.6).

(5.6)

5.2. Proof of Theorem 3.2. Recall that S, =" | X;. Let Z =0 (Xy,...,
X»). We first construct an exchangeable pair (S, S;,) as follows. For each 1 <
i <n,given {X;, j #i}, let X] be conditionally independent of X; with the same
conditional distribution of X;. Let / be a random index uniformly distributed over
{1, ..., n} independent of any other random variable. Define S, = S, — X; + X -~
then (Sn, S;) is an exchangeable pair.

The proof of Theorem 3.2 is based on the following propositions. Let X = S, /n.

PROPOSITION 5.1. Under the assumptions in Theorem 3.2, for B =1, we
have

20 (0
(5.7) E(S, -S| Z)= gki_(l)),xﬁ !

where E|R1| < Cn~" with the constant C depending only on by, by, b3 and k.

+ Ry,
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For 0 < B < 1, we have
(5.8) E(Sy — S| 2) = (1—B)X + R,
where E|Ry| < Cn~" and C depends only on B and b.

PROPOSITION 5.2.  Under the assumptions in Theorem 3.2, we have

(5.9) EE((S, — S 1 2)=2|<cn™'? foro<p <1,
and
(5.10) E[E((S, — S | 2)—=2|<cn™ % forp=1.

PROPOSITION 5.3.  Under the assumptions in Theorem 3.2, we have for 0 <
B=1,

(5.11) E[E((S, — S)[Sy — SL| | Z)| < Cn™ /2,

We now continue to prove Theorem 3.2.

(i) When 0 < B < 1, define W, = S,/+/n and W, = S, /</n. Then (W,, W,)
is an exchangeable pair, and by (5.8) in Proposition 5.1, we have

1
B(Wa = Wy | W) = (1 =))W + ViRo),

where E|Ry| < Cn~ 1.
Moreover, taking .. = 1/n, by (5.9) and (5.11), we have

1
E’l — —E((Wy — W))* | W,)

<Cn-\2
2 =&

and
1
E| B, — W) W, — Wi | W)
for some constant C. This proves (3.6) ‘t:y Theorem 2.2 with (1g(w) ={-pw.
(i) When g = 1, define W, =n~'T2% S, and W, =n~'*2% /. Then (W,, W))
is an exchangeable pair, and by (5.7),

< Cn—1/2

2k
O v i)

E(W, — W/ | W,) = n—2+1/k(
where n~ ¥ E|R;| < Cn~%. Taking A = n=2"/¥ and by (5.10) and (5.11), we
have

1
E|l — —E((W, — W))* | W,)| < Cn™%

2)
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and
1 _
E| S E((Wa = W,)[Wa = Wi | W,)| < Cn 172,
_ H*O k-1
=@-niv -
To prove Propositions 5.1 to 5.3, we need to prove some preliminary lemmas.

In what follows, we let &, &1, &>, ... be independent and identically distributed
random variables with probability measure p satisfying (3.2), and (3.4) or (3.5).

This completes the proof of (3.7) by Theorem 2.2 with g(w)

LEMMA 5.1.  For any 7z > 0, under (3.4), we have

2
(5.12) P(|§1+---+§”|>z)§26xp<—bzin) for0< g < 1.

Under (3.5), and for g =1,
P&+ + & >2)

2 2k
z b1z
(5.13) ZCXP(—%—”%—_I), 0 <z <bgn,
ZCXp(—z—Z), z > bon.
2n

PROOF. (5.12) follows easily from (3.4) and Chebyshev’s inequality.
As for (5.13), when 0 < z < bgn, set t = z/n. By the Chebyshev inequality, we
have

P 44 & >7) <e FEe G+
= e % (Be't)"

2
t
<e % exp(% — nb1t2k>

( ZZ b1Z2k)
:eXp _— .

2n  n-1
Similarly,
P&+ 4 &0 < —2) sexp(—i - @)
m p2k—1
and hence
P&+ + & >2) < 2exp(—§ - %)

A similar argument for z > bgn completes the proof of (5.13). [
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LEMMA 5.2.  Under condition (3.5) and for B = 1, we have

i

=

1
(5.14) ant <Bexp(5- @+ +802) = Cad
n

where ¢ and C are constants such that 0 < ¢ < C < 00. Under condition (3.4), for
0< B <1, we have

(5.15) 15Eexp(%<a +---+sn)2) <C,

where C > 1 is a finite constant.

PROOF. Noting that

o2 1 /oo o122 g
\/27‘[ —00 ’
we have
1
«/ZnEexp(E(fl + - +$n)2)
foo t 12
= ECXP(—(51+“'+§n)——>dt
_ 2
(5.16) * ‘/ﬁ .
5/ et I gy 4 T8 g
[t|<bo/n [t1|>bo/n
< n%_%

for some constant C. ) )
For the lower bound of Ee2 =i=18)" as p is of type k with strength A, then by
the Taylor expansion, for |¢| < by,

2

t
7~ logEe'é| < C.1%*,

where Cy = A, + bg SUP|¢|<py |H@k+D (1) is a constant. Thus, for |7| < by,
t2
Ee's > exp(a - CAIZk).
Similar to (5.16), we have

2
V27Eet Cimi 6 > E/ o=
lt|<bo /i

1 1

>cn2 2%

This proves (5.14).
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Under condition (3.4) and similar to (5.16), we have

Bexp( L@+ +607) =,
2n
and by the Jensen inequality,
Beti (Cm16) > o 5 B(E++£)7)
> 1.
This completes the proof of (5.15). [

Let X = (X1, ..., X,) be a random vector following the Curie—Weiss distribu-
tion satisfying (3.3). We have the following inequalities.

LEMMA 5.3. Under condition (3.5), we have
X4+ X, \ 2k
(5.17) E<1+—1+”> <C, B=1,
nl—%
and under condition (3.4), we have
E(X1+-~-+Xn
Jn

PROOF. Let My = (51 + -+ +4,) and Z, = Ee2M: . For § = 1 and when
(3.5) holds, by (3.3), we have

2
(5.18) ) <C, 0<pB<l.

2k n* 2k Lm?
E(Sn ): Z_E(Mn e’ n)

n
k 00 1
(5.19) = Z—/O <2kx2k1 + §x2k+1>e%x2P(|Mn| > x)dx
n
M )
- Z 1 2 k]

n

where

bo/n 1
I =/ <21062k_1 + §x2k+1)eéx2P(|Mn| > x)dx,
0

o0 1
b =/ <2kx2k_1 + —x2k+1)e%x2P(|Mn| > x)dx.
bo/n 2

For Iy, letting D, = [bg+/n] + 1, where [a] is the integer part of a, we have

o [t k=1, 1 ookgr) 12
ne 3 [ (2K ) ARy 2 1) da
j=0"7
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D j+1 o
5 C( Z k+1 4 e%xz_Jx-f—jXP“Mnl ZX) dx)
j=1 J
Dy, 2 i+l
gc(l Z 2kt __f e’ P(|M,| Zx)dX>
D j+l -x_ﬁ blxzk
sc(l Z 2t ——/ T T dx) by (5.13)
Dy by
< C( Z 2kt~ n" I dx)

< C(] +n(2k+1)(k—1)/2k).
A similar argument can be made for /5. By (5.19) and (5.14), we have
(5.20) E(52%) < cn*-1,

This completes the proof of (5.17). A similar argument holds for (5.18). This com-
pletes the proof of Lemma 5.3. [

LEMMA 5.4. For 0 < B <1, there exists a constant bz > B such that

(5.21) EeE2 < .

PROOF. When 0 < 8 < 1, we choose b3 such that 8 < b3 < b; then

Eeb32/2 — / Eet6—12/2by) 4
2mby J-
* by,
- «/27119
<C.
When g = 1, we choose b3 such that 1 < b3 < b,. Then
Eeh3E2/2 — / Bett—12/2b3 g,
J2mbs

) )
— — bt — — ) drt
«/2nb z|<b0 ( ! 2193)

2 1
+ — — — ) dt
«/27[[93 |t|>b0 (sz 2b3)
<C.
This proves (5.21). U
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Let X; = (5, — X)).
LEMMA 5.5. For0 < B <1, andforr > 1, we have
(5.22) E(1X:|" | X;) < CePXT.

PROOF. Let § be a random variable with the probability measure p indepen-
dent of X;. Then

B2 BRE | 7
_ E(lgl"e> HPXE | X))

E(1XiI"| X)) R
E(e2r P51 X))
and
B ARt | § pRie | g
E(e 2n ! |X,’)ZE(€ ! |Xi)
72
> T E(e )
(5.23) "
BX;

> ¢~ 2 PEED/2
> o B2o=BX}12,
By Lemma 5.4, given t = b3y, where b3 depends on §, b and by, we have

P(l€] > y) < e VE(e'])

2 2
< VBT )

< Ce 2

Therefore,
r B2 B 1 r+1yBY2(141/n) /2
E(gle %) < [y 42y el P(E] > y)dy

< C/oo(ry’_l +2ﬂyr+1)eﬁy2(1+l/n)/2—b3y2/2dy
<C ’
and by the Cauchy inequality,

B )¢5 %€ | %,) < P KR gy e 55

< CePXi2,

)

(5.24)

This completes the proof of (5.22). [
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LEMMA 5.6. If0 < B < 1 and (3.4) is satisfied, then for r > 0 and 6 > 0, we
have
(5.25) E(1X;|" %) < cn—r/.
If B =1 and (3.5) is satisfied, then for r > 0 and 6 > 0, we have
(5.26) E(IX;|" %) < cn .

PROOF. Without loss of generality, assume i = 1. Observe that

- 72 1 B 2,6 2
E(|X1|rea9X|) — e E|S2+ ---+§§n|r€2”(¥l+ +&n) +n2(§2+ +&n)
n

< %Eeg(l“/”)élzmgz +et s,,|’e(2£n+%ﬂ>@2+"'+fn)2,
n n

When 0 < 8 < 1 and (3.4) is satisfied, by (5.15), we have Z, > 1. Also, similar
to (5.12),

2

by
P(l&2 4 +&| >y) <2e 20D,
Thus, for r > 2,
El& + -+ + §n|re(%+9n%ﬂ>($z+-~+sn)2

oo B 0+B\.2_ b 2
<C f (ry" ™"+ (B~ 4200 + Bn2)y ) BT T I gy
0

<cn'/?,

This proves (5.25). Similarly, following the proof of (5.17), (5.26) holds for r > 2.
When r =0, similar to Lemma 5.2, we have

E(e?*) < C.

By the Cauchy inequality, (5.25) and (5.26) hold for 0 < r < 2. This completes the
proof of Lemma 5.6. [J

LEMMA 5.7. Foreach 1 <i < j <n, we have
[E((X7 - 1)(X3 - 1))

(5.27) _ Ccn !, 0 < B < 1, under (3.4),
~|cn kB =1, under 3.5).

PROOF. We consider i =1, j =2 only. Note that

B((X} = 1053 = 1) = 5B(&F ~ (6 ~ Dexp( 4561+ + 6.7

n
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Set myp = & + --- + &,. We first calculate the conditional expectation given
&, ..., &,. In fact, for any s, we have

E(62 — 1)(& — 1)ehi@+er +hGr+es

_ VB
_\/?/ él _1 %-2 )
2
x exp(%(& +E)+ %(sl b e - %) di

=L [ (e - e D5
T J—00

Observe that
E(&f — 1)6Xp(ﬂ— & + ﬂ—&)‘

[
(57 ) (&1 + I exp(%awﬂ—m)
(5.28)
< C('B_ s) ﬂvz/(2n2)+ﬂz2/(zf)
~\n
Therefore,
IE(62 — 1)(£2 — 1)edn G+’ + 1@+
o0 s2 B> Bs* B’
e[+ Eeol )
=< (1 )ﬂsz/n
n
Hence,

2 2 1 m%z Bm?2, /n>+Bm?,/(2n)
E((3 — 1)(x3 = 1))] = CE( - 4 ™12 )opmiz/n® smiy/om,
n n
Similar to the proofs of Lemmas 5.3 and 5.6, forO < 8 < 1,

2
E(l L+ m_122>eﬂm%2/n2+ﬁm%2/<2n) <cn!
n n

and for g =1,
2
E(l + m_122>eﬂm%2/”2+/3m%2/(2”) <cn~ Yk,
n n -
This completes the proof of (5.27). U
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Forl <i<n,let 2 =0(Xy,...,X,), and
Qi =E((X; — X;)|Xi — X[ | Z).
As defined at the beginning of this subsection, given {X;, j #i}, X l/ and X; are
conditionally independent and have the same distribution.
LEMMA 5.8. For0 < B <1, we have
(5.29) E(Q?) <C,
(5.30) [E(Qi@))|=Cn".

PROOF. By Lemmas 5.5 and 5.6,
E(Q7) = (X — X])* <4E(X]) < C.
To prove (5.30), let
u(s,t)= (0 —t)|s —t|.

Let &£,&q,...,&, be ii.d. random variables with probability measure p, which are
independent of (X1, ..., X;). We have

_ B, £ exp(P 4 pXi6) | 2)
Eexp(bE + BX:8) | 2)

i

Without loss of generality, consider i = 1, j = 2. Define X1, = }l(S,, - X1 —
X>), and

_ E(u(Xl,é)eXP(ﬂ?_(lzé) | Z27)
E(exp(BX128) | Z7)
, _ B@(Xa, &) exp(BX12é) | 2)
? E(exp(BX126)| 2)
Again, let mip = (§3 +--- + &,). We have
E(Q)05)
1
= Z—Eft(él,mlz)ﬁ(&,mlz)
X exp(;(él +6)° + é(51 +8&)mir + ﬁmﬂ),
n n 2n

o

where

_ E(u(x, &)en)
i, y) = ——2 "
E(en’®)
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As u(x, y) is antisymmetric, we have
B(ii(§1, m12)ii(E2, mi2)en EHEME | ) =0,
Moreover,
E(|ju(x, &)™)

< C(x*EePs/m 1 E(£2eP75/2))

< Cecyz/”z(l + x>+ yz/nz).
Similar to (5.23), EefYé/" > Ce=C¥*/"* and thus,

lii(x, y)| < CeS /" (14 x2 4+ y2/n?).
Therefore, similar to Lemmas 5.5 and 5.6,
[E(Q]0))]

i Eli&1, mio)ii(&, mi)| (€ + &) e i Ert-+6)°

n

=

C m4 P
(5.31) < Bl gt re+ R (@ 4 gh)ehere

n

C _ -
< —E(1+ X9)(1 + X6 + x§)eCxh

C

<—.
n

Next, we estimate E((Q1 — Q’l)z). Note that
01— 0}

£Xy

- 2
_ E@, ©)ePXus 5 1) | 2)
B Eexp(2 + BX,6)

| B(u(Xy, )leP 2 | VB (PRt R )| )
E(e5r+BX0E | 97 )E(ehRt | ) '
Note also that |u(s, )| < (s — £)2. Similar to Lemmas 5.5 and 5.6, we have
(5.32) E((Q1 - 0})%) <Cn 2
Observe that
[E(Q102)| < [E(Q103)| + [E(Q1(Q2 — 03))]

(5.33)
+ [E(Q2(01 — 0Y))| + [E(Q1 — 01)(Q2 — 03)].
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Then, by the Cauchy inequality and substituting (5.29), (5.31) and (5.32) into
(5.33), we get the desired result. [J

We are now ready to prove Propositions 5.1-5.3.

PROOF OF PROPOSITION 5.1. By the definition of S, and S, we have

E(S, =S, | 2)= ZEX — X1 2)

-1
ZX——ZE(XEI%)
i
i lif xe2n ﬁxxdp(x)

l=1 f_ +}3Xxdp(x)

Observe that for 0 < g <1,

B2 a5
0 xe 2 PRI gp(x) _
(5.34) Jco =h(X;) +ri,

32 v
[ e PR g (x)

where
o) — [o0 xeP ¥ dp(x) q
(s) = — Box g an
JZoo €PS¥ dp(x)
2 _
S xe 3T dp ) % xePKin dp(x)
ri = -

P gy | P it
We first give the bound of E|r1,-| Note that by (5.23) and (5.24),

7 _1 BXix
E|m|§E‘f o xeS — DR dp(r)

o€ i eﬁXlx dp(x)

7c2 _
‘f ° (¢ —1)eﬂ“dp(x)f x5 ePXix dp(x)

o B eBXix dp(x) [, ePx dp(x)

3 _.
(535 < 'f 0 17| eXP( " 1 BXix)dp(x)

eXpﬁX’x dp(x)

‘f |x|2€ o +,3X1Xdp(x)f |x|e 2n +ﬂX,xdp(x)
(/2% ePXix dp(x))?
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V2
< Cn~'EeCXi
< cn!
For h(X;), we consider two cases.

Case 1. B=1. As p is of type k, by the Taylor expansion,

o5 PO oo 1% _
X)) = Xi o X 7/ R0 (%o — 21 gy
-1 h (2k— 1)(0) RC=D 0y _ B
5.36 =X—-X;+—— 2 Xx*1 J2k=1 _ 2k—1
e R TR T )
1 -
+(2k_1),/0 ()X — 1)
Hence,
h2k 1() .
5.37 Sy =S| & X Ry,
37 El %)= 2k — 1)! T
where

I S S
R (00 - X = T ) = L5

and ry; is given in (5.34) with 8 = 1.
Observe that by (5.36),

R D) _op

h(Xi)— X —
2k — 1)!
S R DO) st oo
(538) = —;Xi + W(Xl - X )
m/ WO () (X; — 1) %D gz,

For the first term of (5.38), it follows from Lemmas 5.5 and 5.6 that
1
(5.39) —E|X;| <Cn”".
n

For the second term, by Lemmas 5.5 and 5.6 again,
h(Zk—l)(O)E|X2k_1 _ )?2](_1 |
2k — 1! !

(5.40) < Cn (X 11K 1252 + (11 /) 2))
<cn'E(14 |)Z'i|2/<—1)eC|Xi|2

SCn*1
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To bound the last term, we first consider /%) (s). Recalling that

2o xe™ dp(x)

MO = e )

and observing that

o0
/ e dp(x)>1

—0o0

and

dl oo oo,
—/ e dp(x)| = '/ x?e™ dp(x)
dtl J - o0

for j=0,1,...,2k+ 1, we have

o
S/ (1+|x|2k+l)el‘xdp(x)
—00

Vl(Zk)(f)| < C/OO (1 + |x|2k+1)el‘x d,o(x)

< Cetz/z.

Thus, by (5.26),
1 X; -
—EV RO 1) (X; — r)@"—”dt‘
(5.41) 2k =D 1o
< CE(X%*eXi2) < cn™!,
By (5.39), (5.40) and (5.41), (5.38) can be bounded by

_ _ h(Zk—l) 0) -
(5.42) E‘h(Xi) g O g <cn L.
2k — 1)!
Together with (5.34) and (5.35), we have
E|R|<Cn~ .

Case 2. For g € (0, 1), we have
- _ Xi -
h(X;) = BXi +/ h'(t)(X; —t)dt
0

_ B X _
=X =X+ [T - nar
n 0
Hence,
E(S,— S, 1 2)=(-B)X + Ry,

where

1 n /3 )_(,' _ 1 n

R2:__Z<_;Xl+/(; h//(t)(Xi_t)dt>_;Zrli'
i=l1

3
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Similar to (5.42), we have
E‘—gXi + fji R'(t)(X; —t)dt| < Cn™ ",
Together with (5.35), we have

E|Ry| <Cn~ .

This completes the proof. [
PROOF OF PROPOSITION 5.2. Observe that

1 n
E((Sy — S))2 | 2) = SO B(X] - 2XiX] + (X1 2)
i=1

B2 | 4%
2X; [, xe 2 TPXix dp(x)

1 2
= ;;(Xi

B2 | o,
S e tPXix dp (x)

+ e
[23o e PN dp(x)

—0 €

=2+ R3+ R4+ Rs,

Bx2 _
o dp(x>>

where

n

1
Ry = (X7 -1,
i=l

B2 | g%
R4——l " 2X; [, xe 2 TPXiT dp (x)

9

n o B2 g%
i=1 [ e PXixdp(x)

B | g%
_ L xR dp ()

32 o
i3 2% o5 +HXix dp(x)

Rs 1.

By the Taylor expansion, and similar to the proof of E|R| and E|R>|, we have

cn'?2, 0<B<l,
E|R4| +E|Rs| < i
Cn™ 2%, B=1.

As for E|R3|, we have

1 , 1
Y E(X7 - 1)+ 3 Y E(X7 - 1)(X§ —1).
i=1 i#j

E(R3) = )

91
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By Lemma 5.7, we have

Cn™! 0<pB<l
4 2 2 ’ ’
sy =e e e -ni= S o
Therefore,
cn~12, 0<B <1,
E|R3| < 1
Cn™ %, B=1.

This proves (5.9) and (5.10). 0

PROOF OF PROPOSITION 5.3.  We have

E((Sn = Su)ISn = S| 1 2)
1 - / /
= ;ZE((XI' - X)|Xi = Xi[1.2).
i=1

Then (5.11) follows from Lemma 5.8. [J

5.3. Proof of Theorem 3.3. The Berry—Esseen bound (3.11) follows from The-
orem 2.1 and Proposition 5.4 below.

PROPOSITION 5.4.  Let Wy, be as defined in (3.8) and o’ = {01, ..., 0,}, where
for each i, o/ is an independent copy of o; given {o}, j #i}. Let I be a random
index independent of all others and uniformly distributed over {1, ...,n}, and let

2
W, = \/ﬁ(nf7|5,’1|2 — 1), where S, = 3"_ 0j — o1 + o;. Then (W,, Wy) is an
exchangeable pair and there exists a constant cg depending on 8 only such that
(5.43) E(W, — W, | W,) =A(W, — R,) and E|R,| <cgn~'/?,
where A = —1_5:{’/(");

1
(5.44) E|B? — ZE((WH — W) | Wy)| < cpn™'?,

where B is defined in (3.10); and

1
(5.45) XE\E((W,, — W) | Wy = W | Wy)| < cpn™ /2,

PROOF. Let S, =3}"_,0; and 0@ =8, —o;. The proof is organized in the
following three parts.
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(i) Proof of (5.43). Let o = (o1,...,0,). As shown in Kirkpatrick and
Meckes [20] [page 23, equation (12)], we have

2

/ 2 2
n n 0)=—Wn - /2.2 nl/ N nl/ N 1,
E(Wy — W, o) =~ W, + 72,3 (BISul/n) ¥ (BISl/n) + R

N
where ¥ (x) = coth(x) — 1/x and |R{| < Cn—3/2 for some constant C depending

on B. The Taylor expansion yields
BISal

(B1Sal/ )Y (BISul /1) = k() + (¥ (k) + k¥ (e ))( )+R2,

where |R| < C(B|Sn|/n — k)? with C depending on f.
Moreover, by Kirkpatrick and Meckes [20] (page 25),
BlSul KWy

—K =

n 2/n

where |R3| < C|W,|? /n. Recalling (3.9) and combining all of the preceding in-
equalities, we have

+ R3,

E(W, — W, | o) = M(Wn—m

where |R,| < C an /n'/2 .1t follows from Kirkpatrick and Meckes [20] (page 24)
that there exists g9 > 0 such that for all x € (0, go],

P(’ﬂlnSnl

for some constant Kg > 0. Then

_ 2
—K >x>§e Kpnx

E|B|S,|/n — «|* <4/ x3e Ky gy +CP<"B| Sul K'>80>
(5.46) < Cn~2 + Ce Koo
§Cn_2

It follows from the definition of W,, that

2 2 2
S
E|W,|* = E’B ' ”' -1
S 2
< CnE Bl n|_1
nKk
<C,

where C depends on 8. This proves (5.43).
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(i) Proof of (5.44). From Kirkpatrick and Meckes [20] [pages 25-27, equa-
tions (16) and (18)], we have

E((W — W))*| o)

4 n
= 44i4 Z|G(i)\2((1 — 29 (b;)/b;) — 2 (b;) cosa; 4 cos® ;)

—nste (f(l - 2) (i - )

nict\ -
i=1

2.3
__Z<|a(l)| coso; — n’BI; )

+Z(}a(l)| cos? o — (I_E)(n—ﬂ#>>

S R ()

i=1

where b; = 8 lo @] /n and «; is the angle between o; and o @ Therefore,

1

SEE(W = W, ) — B2

(5.47) 25

31— By (1)

-5

i=1

(R4 + Rs+ R + Ry),

where

e M N 2 3
RS:FZQGO)’ cos o — 133 ),

i=1

R¢ = i<|a(i){2cos2a,~ — (1 - %)M—ﬂ#)’

i=1

b= e 1) o a0 5))

i=l

For R4, note that |0 @) — §,,| < 1; then, by (5.46),

(5.48) E Blo @] 4 <3E BlSal
' n B n

— K

4
—K’ +8/nt<Cn?
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Thus,
n 2,22
i (n )k
BlRy| < 3 E[lo - L
i=1 B
21-())2 2
< CnZZE‘ﬂ lo "] i©?
(5.49)

(i)
< CnZZE‘ﬂla | — K'
i=1 n
<cn?,

For Rs, by Kirkpatrick and Meckes ([20], page 28) we have

n 2k n2K3
E|R5|§EZ—<|S,,|(01~,S,,)— 3 ) +2cn®/B
o B B
(5.50) < X5, ”%W+2 28
. — — Kn
5 53
SC”S/Z'

For Rg, we shall prove shortly that

(5.51) E(i((m,a(i))z— (1 - %)m_ﬂ#»zgcn?

i=1

By (5.51) and the Cauchy inequality, we have
(5.52) E|Rs| < Cn’/2.
For R7, as ¥ (k)/k = 1/8, and by the smoothness of 1, we have
Y)Y
K

<Ibi —«|

and

[ (bi) — ¥ ()| < |bi —x].
Thus, by (5.48),
n
(5.53) E|R7| < Cn*Y Elb; — k| < Cn*/.
i=1
Then (5.44) follows from (5.47)—(5.53).

95
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(iii) Proof of (5.45). Similarly, we have
4p%

4 4ZM1"

i=1

(5.54) E(W, —W,)|W, —W,||0)=

n'K

where
M; =E({oi. 0 O)llei. o V) = (o} 0 (o} o V)| 1 0).
We shall prove that

n 2
(5.55) E<Z Mi) <Cn’.
i=1

The proof of (5.55) is given at the end of this subsection.
By the definition of A and (5.55), we have

1 -
CE[E((Wa = W) [Wa = W, |0)| < Cn 12,
This proves (5.45). Thus, we complete the proof of Proposition 5.4.

We now give the proofs of (5.51) and (5.55).

PROOF OF (5.51). Seta=(1— %) (”‘532“2. Given the symmetry, we have

2
(5.56) E(Zn:((ai, A a)) = H| + H,,
i=1
where
Hy = nE((o1, 0 V) —a)?,
Hy =n(n — DE((o7, O’(l)>2 —a)((o2, 0(2)>2 —a).
For Hj, as |a(1)| < n, we have
(5.57) Hy <Cn’.
For H,, we define o2 — Sy —o1 —op,and for j =1, 2, we have
loj PP ~ o, 0P| < Cn.
Thus,
(5.58) H,=Hs3+ L,
where |L;| < Cn? and

Hz =n(n — )E((o, 0(1’2))2 —a)((o2, 0(1’2))2 —a).
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Fori =1, 2, we define
Vi(01?) =E((o, 0(1’2))2 | o2,
and thus,
E(io1.0" 2 ~a)(fo. 0 2 —a)
(5.59) =E((o1, 0 PPP = Vi(61?))((02. 0 T2) = vy 1-2))
+E(Vi(c1?) —a)(Va(61?) —a).

Note that the conditional probability density function of (o7, 02) given o (12 is

é(x +y,0(l’2))),
n

1 B 2
(5600 pdy) = Wexp(%oc,y) +

where x, y € S? and

209 = [ [ew( 2w+ 2a+3,002) ) aByo) Py,

Similarly, we define
5 ! p (1.2)
(5.61) pra(x,y) = =gz exp( —(x +y,07)),
702 7

where x, y € S? and

= B
Z,gl’z):/ / exp(—(x+y,0(1’2))>dPn(x)dPn(y).
S2 Js2 n
For any x,y € S2, we have

(5.62) [p1a(x, y) = pratx, y)| < Cn

Let (£1, &) be a random vector with conditional density function pi2(x, y), given
o (12 Then, for the first term of (5.59), by (5.62), we have

E(fo1, 02 = V(e ) ((o2, 02 = V2( )
(5.63) . ~
=E((&1. 0 ") = Vi(c"?)) (&2, 0 M2 = Va(o1?)) + Lo,
where |Lo| < Cn3 and fori =1, 2,

Vil 2) = (02 |o12)

_ |G(1,2)}2<1 _ 2wb(b12))’
12

(5.64)

(5.65) b1y = Blo1?|/n.
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Observe that given o2 &1 and &, are conditionally independent; then, the first
term of (5.63) is 0, and thus,

(5.66)  |E({o1, 0(1’2))2 -V (0(1’2)))((02, 0(1’2))2 — Vz(o(l’z)))| <cn’.
It suffices to bound the second term of (5.59). Again, by (5.62), we have
E(Vi(e"?) —a)(Va(0"?) ~a)
—E(71(6"?) — a)(Valo"?) —a) + Ls,

where |L3| < Cn3. Recalling that v (k) = « and the definition of a, we obtain

Vi(o"?) ~al
2 (n—1)%2
" (1 - E)"GU’Z)’Z S

(5.67)

< |0(1,2)|2 Y (b12) _ Y(K)

5.68
(5.68) brs ;

< Cn?byy — k| + Cn.
By (5.68) and similar to (5.48), we have
[E(Vi(e"?) —a)(Va(a"?) — a)]

(5.69) <Cn*Elbi — k> +Cn®
< cn’.
It follows from (5.67) and (5.69) that
(5.70) E(Vi(c1?) —a)(Va(c ) —a)| < Cn’.

The inequalities (5.58), (5.59), (5.66) and (5.70) yield |Hz| < Cn?, and this com-
pletes the proof together with (5.56) and (5.57). U

Next, we give the proof of (5.55).

PROOF OF (5.55). Given the symmetry, we have
(5.71) (ZM) =nE(M?) 4+ n(n — HE(M| My).

As oD < n, we have E(Mlz) < Cn*. For E(M1 M>), we define
mi =(0i,0)|{oi, o),
mlgl,Z) — (0,',0(1’2))‘(0,', 0(1,2)> ’

where i = 1, 2. Then we have |m; — m§1’2)| < Chn. Thus,

(5.72) E(M My) =E(M"P M) + Ly,
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where |L4| < Cn3 and

Mi(l,z) _ mlgl,z) _ E(mlgl,z) | 0(1,2)).
Let (&1, &») be as defined in (5.63). By (5.60)—(5.62), we have
(5.73) [E(M"? 2y g2 P < cn,
where fori =1, 2,
M =m"? B | o 12),

g ? = (.0 D) (e, 0 D).
As £ and & are conditionally independent given o (1) we have

E(Ml(l’z)Mz(l’z)) —0,

and by (5.72) and (5.73) we have |E(M1M>3)| < Cn’. Together with (5.71), we
complete the proof of (5.55). [

5.4. Proof of Theorem 3.4. As the vertices are colored independently and uni-

formly, we can construct the exchangeable pair as follows. Let Slf e, E,; be inde-
pendent copies of &1, ...,&,, and I be a random index independent of all others
and uniformly distributed over {1, ..., n}. Recall that

gy e

l 1jeA; mn( Cn)

We replace &7 with E} in W to obtain a new random variable W’; then (W, W’)
is an exchangeable pair. Let 2" be the sigma field generated by {&1,...,&,} and
o? =" (1 — L), We have

BV - W 2) =13 %

Ligi=¢)) —E(yg/=¢,y | 2)

i=1jeA; o
IZ 3 Lig= s, l/en
i=1jeA;
= —W.
n

Hence, (2.2) holds with A = % and R, = 0. By Theorem 2.1, it suffices to prove

E‘l - %E((W — W2 W)‘

< C(\/l/cn -|-\/df{/mn +/en/m)

(5.74)
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and

1

ZE[E((W = W)W — W[ | W)

= C(\/ dy/my + v Cn/mn)’

where C is an absolute constant and d;’ = max{d;, 1 <i <n}.

(5.75)

PROOF OF (5.74). Observe that

E(W-W)*12)

MzZE((Z Ligi=g;) — Lig/ s]) ‘35)

jeA;
(5.76) — Z((XA: (Lig=t,) — l/Cn))Z
je
+E<<,~§ Lig/=g;) — I/C”>2 | %>>
- 2((Zre0) we((Treo) | )

where

h(x,y) =1{x=y} — 1/cy.

By the law of total variance, we need only to bound the variance of the first term.
Note that

W<f<2h@@ﬁj

i=1 \jeA,

(5.77) - ZVar( > hEL &) )

JjEA;

+ ZCOV(( > h(fi,fj))z’ (Z h(gi/’&)')2>'

i’ jeA; leA,

2
(Zmam)=2#@@n-2h@@w&m

JEA; JEA; J#IEA;
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we have
Var(j%i h, 5,-))2 < 2var(,-§i B8 + 2Var(ﬁ§e:Ai G )6 5) ).
Note that
Var(jg B8
=E(Var(j§ W& &) a)) +Var<E(j§ih2(5i,5j) a-))
=, (1205 +3))
<d;/cn,

where for every i # j,
(5.78) Var(h?(&;, &) | &) = (1/en)(1 = 1/cy) (1 — 2/cn +2/cf)
and

(5.79) E(h*(&.6)) 1 &) = (1/ca)(1 = 1/cy).
Also, for j #1#1i,E(h(§;,&;)h(;, &)) = 0. Thus, we have

Var( ¥ e e )

J#IEA;

> h(si,sﬂh(a,a))Z

J#IEA;
1 1\\?2
“aa-n(L(1- 1)
Cn Cn
<2d?/c.
Therefore,
2
(5.80) Var( > hE, gj)) <A4d;[cy +4d? /2.

JEA;

This gives the bound of the first term of (5.77). To bound the second term of (5.77),
we let 8;;r = 1{(y;,v,)ek) for i # i’, which indicates the connection between vertex
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i and i’. We have

cov(( X nee éﬂ)Z’ (z h@f“s’)y)

JEA; leA;

=cOV(Z REED+ Y hEEDhE &),

JEA; J#J'€A;

> g+ Y b @h &)

leAy I#£I'eAy
= > Cov(h*(&.&). h* &, &)
jGA,‘lGAi/

(5.81)
+ > D Cov(h(&i £)h (&), h* (6. &)

j;éj/GAi lGAi/

+ > > Cov(h*(&.&). h&ir &R &)

JEAII#I €A,

+ > > Cov(h(&, E)h(& &), h(Er, EDh(Er, &)

JHJEA; £ €A,
'=H| + Hy + H3 + Hy.

Next, we compute the preceding covariances. For Hy, we have

Hy =8 Var(h* (&, 1)) + 80 Y Cov(h*&, &), h* (&, &)))

JEAN)

+8ir Y. Cov(h(&. &), h* (&, &))

leA;\ i}

+ Y Y Cov(h}.Ep. K2 G &)

JeANi Ay}
For the first term, by (5.78) and (5.79), we have
Var(h® (&, §) < 1/cn.
For j € A; \ {i’}, by (5.79), we have
Cov(h (i, &) h* (6. 8))) = Cov(E(h* (5. &) | &), E(h* (5. £)) | &)
=0.
Similarly, for [ € A;s \ {i}, we have

COv(hz(gl.,’ ), 2, £)) = 0.
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For the last term, if j # [ ¢ {i,i’}, then h(&;,&;) and h(&, &) are independent. If
j=1¢{i,i’}, by (5.79), we have

Cov(h* (&, &), h* (i, &)) = 0.
Therefore,
(5.82) |Hi| < éiir/cn-
For H,, we have

Hy=8u Y. Cov(h(& &)h(E, &), h* (&, &)

J#J €Ai

(5.83) + Y Y Cov(h(&,Eph(E, &), B (&, &)

J#i'€Ai leAy\li)
= Hy + Hop.
For Hyy,if j #i’ or j' #1i’, then
Cov(h(&. &)h(Ei, &), B> (& &)
=E(h(& . E)h(E. &> & &)
=E(E(h(&. £)h . £;0h* &, &) | & &)
=0.
If j =i' or j/ =i, similarly,
Cov(h(&. &) (& £j0), B> (i, &) =0.
Therefore,
(5.84) Hy =0.

For H»), the covariance is not zero only if {j, j'} = {i’, [}. Therefore,

Hpy= Y Cov(h(, &), &), h* (&, &)

lGAiﬂAi/

= Y E(E(hE. &)hE &), W& &) | &0, &))

leAiNA,

1
=— > EM®E.&)

n leA;NAy,

(5.85)

< C(d; Ndy)/cy.
Similarly, Hp, > —C(d; Adjr)/c2. By (5.83)—(5.85),
(5.86) |Hy| < C(d; Ady)cp.
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Similarly,
(5.87) |Hs| < C(d; Ndy)/c2.
For H4, we have

Hy =28 Y. > Cov(h(& ENh(&. &), hEr EDh(Er. &)

JeANI} AU eAy
+ 2 > Cov(h(&i, §)h i &), h(Er, EDR(Ey, &)
JET €A A €Ay
‘= Hyy + Hyp.
For Hyy, the covariance is not zero only if {/,1'} = {i, j}. Thus,

Y Cov(h(&, &nh(Ei &), h(Er, EDh(Er. &)

JEAINA,

|Hat| = 48;i1

< C8iir(d; ndy)/cy.
For Hyy, the covariance is not zero only if {j, j'} = {l.l'}:

Hp=2 Y Cov(h(&, )h(E &), h(Er E)h(Er. &)

J#Ej'€AiNAy
=2 ) Cov(E(h(&.&)hi &) | &, &),

j?éj,EA,'ﬂAi/

E(h(r EDhGr.6) | &.6)))
2
=2 Y Var(h(,§m)
n j;ﬁj/GAiﬁAi/
< C(d; Ndi)?/c.
Therefore,
(5.88) |Hal < C8i0(di A dir) /s + C(di Adir)[cp.
Combining (5.81), (5.82), (5.86), (5.87) and (5.88) we have
2 2
cov(( X nieen) (X wen o) )
(5.89) j€A; leAy
< C(8ij/cn+ (di Ady)/cp + (di Adi)?/c)).
By (5.77), (5.80) and (5.89), we have
n 2
Var(Z( > heg)) )
i=1 “jeA;

< C(d;fm,,/c,% +my,/cy +mﬁ/c,3,).
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The law of total variance yields
n 2 d* 2
Var ZE((Z hE, gj)) | %> B C( LI m_3)
i—1 JeA; ¢ € €

and thus,

Var(%E((W —W')?| 3{))

C (d*m, m, m?>
< —4( S +—+—3”>
o c Cn c

n n
< C(d:/mn +cn/my + 1/Cn)-
This completes the proof of (5.74). O

PROOF OF (5.75). This proof is slightly different from that of (5.74). Observe
that

E(W - W)W — W] | 2)

n
:nG2ZE(<Z ]l{gl:gj} E =t} )
i=l1

JEA;

> Le=g — Ligi—g)

JEA;

The variance of the preceding summation can be expanded to

Var(Z M,-) =) Var(M;) + »_ Cov(M;, My),
i=1

i=1 i’
where

Y Lg=gy) — L)
JEA;

M; = E(( > Lg—e) — ]1{5,.’=s,»})

JEA;

Noting that E(M;) = 0, we have
Var(M;) = E(M?)
4
= E(( > L=t — 1{5{=sj}> )
JEA;
1 1 1 1
ccufL(i- ) () ).
Cn Cn cn  C2
To calculate the covariance term, for each i # j, let n;j = Lig=¢;) — 1 (&=t}
T,=Y nj, ad 7= 3

jeAi JEAN)
Then M; =E(L;|Ti| | Z).
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Observe that for i # i’ and given that 2", T;|T;| is a function of &/ and T;/|Ty|
is a function of Si/,; thus, Cov(T;|T;|, Ty |Ty| | ) = 0. By the total covariance
formula, we have Cov(M;, M;’) = Cov(T;|T;|, T;|T;]). As & and &/ are indepen-
dent and identically distributed, 7;|7;| and —T;|T;| are also identically distributed.
Therefore, E(T;|T;|) = 0, and for some constant C, we have

Cov(M;, M;/)
=E(T|T;| Ty |T|)
E(r OO 10 ) + B TN (@1 T - 80| TS))
+E((TT | = 8 T TN TV T0))
+E((TIT = 0 T | TN (T Ty | = 830 TS0 | TS7))).

Define F; =o{§;, j #i}. Given F;, T;|T;| and Ti(,i)lTigi)| are conditionally inde-
pendent,

B(LITT |77 ) =BT |17 [B(T T | 7)) = 0.

Similarly,
BT 717, 1)) =
and
B0 0|10 =
Thus,

E(Ty| T3 | Ty | Ty )
(5.90) @) @) @)
=B((TTi| = 8 T | T, (T | Tl = 830 T,7 | T3 7))-
Without loss of generality, we assume that 6;;; = 1. Note that
11T - 1,017
= (1 — 1)+ 1O (T~ |10

<2|nii T + |0,

and thus,
B(TIT| - 1.7 |1))?
< CE(nfi/(Ti(i))z) + CE(1};)
Yo E@mpmi)+ Y. E@imgna) + E(n?,v))
JEAN) JHEAN)

<Cd;/c2 +CJen.
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Similarly,

E(T|Ty | — 8 TV | TSP |)? < Cdy /2 + C .

By (5.90) and the Cauchy inequality, we finally have

[E(T3|T;| Ty | Ty )| < CVdidyr ) + C ey

Similar to the proof of (5.74), we obtain the bound (5.75). [J
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