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Conditional survival distributions of Brownian
trajectories in a one dimensional Poissonian

environment in the critical case™
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Abstract

In this work we consider a one-dimensional Brownian motion with constant drift
moving among a Poissonian cloud of obstacles. Our main result proves convergence
of the law of processes conditional on survival up to time ¢ as ¢t converges to infinity in
the critical case where the drift coincides with the intensity of the Poisson process.
This complements a previous result of T. Povel, who considered the same question in
the case where the drift is strictly smaller than the intensity. We also show that the
end point of the process conditioned on survival up to time ¢ rescaled by v/¢ converges
in distribution to a non-trivial random variable, as ¢ tends to infinity, which is in fact
invariant with respect to the drift h > 0. We thus prove that it is sub-ballistic and
estimate the speed of escape. The latter is in a sharp contrast with discrete models
of dimension larger or equal to 2 when the behaviour at criticality is ballistic, see
[7], and even to many one dimensional models which exhibit ballistic behaviour at
criticality, see [8].
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1 Introduction

The investigation of stochastic processes in a random environment has along history
and is still an active area of research. A very thoroughly studied model is the one of a
diffusive particle in a Poissonian environment of obstacles. For a detailed description
of the general framework and the mathematical details we refer to the very readable
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Survival distributions of Brownian trajectories among obstacles

account of this presented in [16]. Our starting point is the following model composed
of a one-dimensional Brownian particle (X;);>o, starting from 0, with a constant drift
h # 0 and law W", which moves in an environment given by an independent Poisson
process in R with intensity » whose law is denoted by P. Further we denote by C; =
Sup,«; Xs — infs<; Xs = My — m, the range of the process. Let Wth be the restriction of
the Wiener measure W" to C (0,t). The Brownian particle starts from zero and gets
killed upon hitting a point of the Poisson process, i.e. the Kkilling time is denoted by 7. In
this work we will focus on the expected survival time

W@ P{T >t} = E'[e "]

and in particular on the behaviour of the conditioned law

e—uCt h
Q: = det .
Our special emphasis is on the case where |h| = v which due to symmetry can be reduced
to h = v. Before we state our results we recall what is known if 4 # v and indicate why
this model is of interest.

Motivated by previous heuristic arguments by physicists and simulation studies (see
[9] and [5]) it was shown in [4] that even for the higher dimensional analogue this model
exhibits a phase transition in the sense that

(bl —v)? if|hl>v

1.1
0 if |h| < w. b

.1 L e
tgrgoglog(e 2 'K [e t}) =
Thus there is a critical parameter regime given by |h| = v. In [15] it was later demon-
strated that in dimension one

. 1 h2 _ 1 .
tliglo t—%log(e Ttk [e Ct}) = §(|h| - V)z) if |h| < v, (1.2)
which gives a much more precise version for the subcritical case |h| < v than (1.1). The
correct scaling exponents for the higher dimensional problems have also been derived in
[15]. The one-dimensional situation was further investigated in more detail by T. Povel in
[10], where he in particular proved the following result

Theorem 1.1 (Theorem A in [10]). Let |h| € (0,v).

1. The limiting distribution of t73 X .

2 under Q; ast goes to infinity is given as the

taboo measure starting from 0 with taboo interval (0, ¢cy) where ¢q = (Vf—ThO °

2. The limiting distribution of the process X. under the measure Q; converges as
t — oo to a mixture of Bessel-3-processes under which X starts in 0 and never hits
a random level @ and the density of the mixture is given by h2ae~ "% g > 0.

The taboo measure in [10, Theorem A i)] is defined for a € (0,¢y) and B € F; by

72

c 6268
P (B) = MES (1Bm{n0,co)>t}¢(Xt)) ;
where X is a zero-drift Brownian motion, 7o) = inf{t >0: X; ¢ (0,¢)} and ¢ is the

1.4 \vith Dirichlet boundary condition. For a =0

2 dz?
the taboo measure can be defined as a weak limit of ]P((IO’CO) (-)asa—0.

first eigenfunction for the operator
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As is explained nicely in [10] item 2 of Theorem 1.1 describes the microscopic
behaviour of the model and as a matter of fact the limit result is different in the case
h = 0. Thus the presence of the drift has an influence on the microscopic limit.

Analogues results for the case of a random walk with drift instead of a Brownian
motion with drift have been established in [18] and in the case of a Brownian motion
with drift moving among soft Poissonian obstacles the precise analogue of Theorem 1.1
is offered in [14]. In those works a similar exclusion of the critical case is supposed.

As mentioned in this document we study the critical value model in Povel, i.e. for a
Brownian motion with drift h we investigate the convergence of the Brownian motion
under the measure

(m__¢© W, (1.3)

i.e. we focus on the case h = v.

Even though this type of problem has been intensively investigated we have not been
able to locate results covering this case in the present literature and it is the aim of
the present work to fill in this gap. It will turn out that the macroscopic behaviour is
the same as the one in the case |h| < v but the details of the proof tend to be much
more demanding. Our starting point will be the same as the one of Povel [10] but
we are forced to work a long a different route as already one of his first steps breaks
down in the case h = v. In fact the first task consists in controlling the behavior of the
normalization constant E" [e=*“t] as ¢t — cc. In order to establish this Povel [10] relies
on an application of the classical Laplace method, which is not applicable in our setting
namely the case h = v.

Remark 1.2. In contrast to [10] our method of analysing the asymptotic behaviour of
Eh) will essentially rely on some facts from the theory of Mellin transforms and on some
ideas around the Poisson summation formula.

The topic of our work can be considered to be a further contribution to the general
topic of penalizations of diffussion processes (compare e.g. [11], [12] and [13]). Let us
also emphasize that the range of diffusion processes has been of considerable interest in
the probability literature (see e.g. [6], [2] and [17]) but our main result does not seem to
follow easily from these studies.

Let us end this introduction with some remarks concerning the structure of this work.
In the subsequent section 2 we summarize our main results concerning the asymptotic
behaviour of the survival distribution and the limit of the conditioned measure Qgh).
These results are proved in sections 3 and 4, wherein we make use of the asymptotic
properties of certain functions appearing naturally during the proof. The investigation of
those functions is deferred to sections 5, 6, 7 and 8.

During the preparation of the revision of the manuscript Hugo Panzo informed us
that he considered a strongly related problem, namely the case of Brownian motion with
positive drift reflected at zero penalized by the maximum of this process. He announced
very precise results for this model.

2 Main Results

2.1 Notation and conventions

Throughout the paper we use f ~ g to denote that lim f/g = 1 and f < g to imply the
existence of two positive constants C; < C3 such that C1f < g < Cyf.

Throughout the paper we consider a one-dimensional Brownian motion X with drift
h € R. We write W" respectively W} for the Wiener measure on C (0, o) respectively
the restriction of the Wiener measure on C (0,t). When h = 0 we drop the superscript.
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Similarly, we denote by E” [] the expectation of the Brownian motion with drift 4 # 0
started from x. When ~ = 0 we omit the superscript and write instead E, [].

We use the m;, M, 0 <t < oo to denote the running minimum, running maximum
of X, ie. my = inf,<; Xy and M; = sup,, Xs. We use C; for the running range of the
process, i.e. Cy = M; — m,. -

Due to symmetry throughout the paper we assume that h = v > 0.

2.2 Asymptotic expansion for the Laplace exponent

As mentioned before the first crucial quantity to be understood is EJ" [¢=C¢] when
v = h since it is the normalizing constant in the conditioned measure (1.3). When the
drift v # h, [10, p.223, (4) and (5)] discusses the precise rate of asymptotic. Furthermore,

when v = h it follows from (1.1) that ]E(()h) {e%t e*hcf} does not grow exponentially and

,2
in our one-dimensional situation it is also not difficult to see that E(()h) [eizt e*hcf}

— 0.
Obviously, for our purpose a much stronger control on the rate of decay is necessary
and therefore as a first step we provide in Lemma 2.1, which is proved in section 3.2, a

complete asymptotic expansion for the behaviour of ]E((Jh) [e7"C] as t — oc.

Lemma 2.1. Let X be a one-dimensional Brownian motion with drift h > 0. We have the
following asymptotic expansion: namely for any n € INT, as t — oo,

24 20 1 - 2L (1 +1)! 1
h[,—hC:i] _ —h3% X,p2—Cpp2] — —h%2% [ 1 1y
Eg [e } =e€ o [e ] =e <th2 +Z( 1) (th?)i+1 +o <tn+1) :
=1
2.1)

Remark 2.2. It is useful to compare the assertion of this Lemma with the results (1.1)
and (1.2). In the one-dimensional situation the critical case the asymptotic behaviour
of the expected survival distribution differs significantly from the subcritical and the
supercritical cases in the fact that the decay has only additionally a polynomial decay
factor. Therefore, from this point of view it is not clear, whether the behaviour of
X; under Qgh) in the critical case is similar to the subcritical and the supercritical,
respectively, or different from both regimes.

2.3 End point limiting behaviour

The next result shows that the minimum m; under the limiting measure is a non-
degenerate random variable and thus in the limit the process is pushed away from
—00.

Theorem 2.3. For any A > 0, we have that

t—o0

A
lim Qgh) (—my < A) = h/ e M dq (2.2)
0

and therefore lim;_, o My 4 Moo With Mmoo ~ Exp(h).
In the following theorem we study the joint law of the maximum M; = sup,<; Xs up

to time ¢t and the X; as ¢t — oo.
Theorem 2.4. We have that under Qgh),
(Mt X

ViVt
where M, has a distribution function which does not depend on h > 0 and is given by
the expression

lim
t—o00

) L (Moo, M) . (2.3)

2242

11 I TSt
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where the function G(-,-) is defined in (5.3).

Remark 2.5. This result shows that under Qgh) the process is sub-ballistic and estimates
its escape rate, i.e. V/t. This is in contrast with higher dimensional discrete models of
the same type where at criticality the process is ballistic, see [7], and the fact that in
one dimension all models but this one are ballistic too, see [8]. Let us emphasize, that
results which analogously to Theorem 2.4 do identify the scale t'/2 seem to be missing
in the subcritical case.

Remark 2.6. Thus in the case h = v the position X; at time ¢ and its maximum up to time
t properly rescaled exhibit the same behaviour and even converge to a fully dependent
pair of random variables. Moreover, the limiting distribution does not depend on h. This
eventually follows from the scaling property of the Brownian motion, see section 3.5.
The same will be valid for the minimum process m; and X; provided h < 0.

Remark 2.7. It is interesting to note that variants of (2.4) appear throughout the review
paper [1]. Thus, our random variable M, is a transformation of various quantities such
as the maximum of a Brownian bridge, etc., but since we have no further probabilistic
explanation as to why these relationships hold we do not discuss the matter further.

2.4 Limiting process

Next we consider the convergence of the process X under the measures Qih). Thus,
we will specify how the beginning of the process X is affected in the limit by the
conditional measures (1.3). We have the following result.

Theorem 2.8. Under Qgh) the process X converges to the process Y which is a mixture
of (shifted) three dimensional Bessel processes. In more detail, Y is a Brownian motion
started from zero and not allowed to hit independent random level —a whose density is
given by h?ae~"da,a > 0.

This result is the analogue of Povel’s Theorem 1.1 for the critical case |h| = v. It tells
us that at the critical case for the initial behaviour of X in the limit under the conditional
measures (1.3) there is no transition.

This is in contrast with the transition of the behaviour of the normalizing quantities
E" [e7C*] in (1.3). Let us point out, that our results clearly demonstrat that the large
time behaviour of the the process under the conditional measure differs from the
behaviour of the X; under the conditional measure Q;, significantly.

Remark 2.9. Let h = 1. Note that the exponential law of the global infimum under
the limiting measure differs from the law of the barrier a in Theorem 2.8. A three
dimensional Bessel that is started from = > 0 then its global infimum is distributed as a
uniform random variable on [0, z], see [3, (8.3.5), p.85] wherein h(z) = . Since we start
from an independent random level we have that the density of the global minimum is
given by f;o %ye*ydydx = e~ ®dx where 1/y is the density of the uniform distribution on
[0,y] and ye~¥ is the density of the random level. This shows that the two results are
consistent.

3 Proofs

3.1 Useful analytical and spectral computations

We start the proofs by deriving useful formulae and introducing suitable notation.
Recall that 7 ) = inf{t > 0: X; ¢ (0,c)} is the first exit time for the process X from
the interval (0, ¢), ¢ > 0. First using Girsanov’s theorem and then following [10, p.226]
our first claim expresses E(* [¢~"C¢] in terms of the double exit times for the Brownian
motion with zero drift.
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Lemma 3.1. Let X be a one-dimensional Brownian motion with drift h > 0. We have
that, for any 0 < y < oo,

- —h2 = —c ¢ —a
E(()h) [6 hCy ]_{X‘<y}} =e 2 t/ e / e ‘I, (6Xth21{7_(0,c)>th2}1{Xth2<hy}) dadc (3.1)
0 0

Proof. Using the Girsanov’s theorem and then the scaling property of the Brownian
motion we rewrite (3.1) as follows

h) 1 — _hn2 _ _n2 _
B [e7" %L ix,cpy] = e TE [Ty, o] = 7 T [Nt Ot Ly gy ] -
(3.2)
As in [10, p.226] we re-express the quantity

e*Ct:/ / e’“’bdadb:/ / e “"ly7._,, > dadb, (3.3)
My Jmy o Jo ’

where T(_q) = inf{s > 0: By ¢ (—a,b)}. Using this and changing variables c = a+b,a =
a we get

h — 7ﬁ > —cC ‘ —a
E(() ) [6 hctl{Xt<y}] =e 2 t/O e /0 e I, (SX“lz 1{7—(0,c)>th2}1{Xth2<hy}> dadc. O

From (3.1) of Lemma 3.1 it is obvious that it suffices to work with the case h = 1.
Before proceeding further we evaluate the quantities involved in Lemma 3.1 using
some tools from spectral theory. In the sequel we denote by a A b = min{a,b} and
a Vb= max{a,b}.

Lemma 3.2. Let X be a one-dimensional Brownian motion with drift h > 0. Recalling
that B [[] = E, [], we have, for any 0 < y < oo,

e ‘B, {ex“l{m,c>>t}1{xt<y}}

oo 2.9 . . .
_ -5t s m mJ (yAe)—c ) —c
= -2 E e 22 'gin| —a| —s——=(eV¥ cos| —(yAc) ) —e
(C )W2j2+62< (C(y )> )

j=1
+ 2 i 67%t sin (Ma) %e(ym)_c sin (M(y A c)) , (3.4)
= c )+ c
In more detail when y = co we have that
s i T _ =252 Ty j
e °E, [eX‘l{T(O’C)N}} = 22 (—=1)7*! me 2% 'sin (Ca) (1 — (=1 e_c) ,

Jj=1
(3.5)
and therefore

o0

¢ —a _—c X J+1 7T2j2 —W2j2t Jj _—c 2
/O (& & ]E(L |:€ 1{7’(0,6)>t}i| da = 202 (71) me 2c (1 — (71) (& ) s

j=1

which implies that

) o N 00 o0 i1 71_2]-2 "2j2t . A 2
E [e=O] :e—ft/ 203 (-1 T e mE (1 (Y e ) de. 3)
o 5T e
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Proof. The semigroup of Brownian motion with zero drift killed at the double exit time
T0,c) = inf{s > 0: Bs ¢ (0,c)} is a compact selfadjoint semigroup and the transition
density has the following eigenfunction expansion

(OC) Lt J (T 3.8
(x,y) = p{(z,y) Ze 2 sm<cx>sm(cy>, (3.8)

for all z,y € (0,¢), where \; = — 262 , j > 1, are the eigenvalues and ‘\? sin (Zx), j >

1,z € (0, c), are the normalized eigenfunctions of the operator A = L dd > with vanishing

boundary conditions at 0 and c¢. Using (3.8) we then easily get upon 1ntegration that

—c X =32y mj vhe o (mi N
e °E, (e 1{7—(0.C)>t}1{xt<y}) Ze 2¢2 " sin ca | sin ?CL‘ e’dx.

Employing the identity

v . . . 2 .
/ sin (mx) eldr = —% (e“ cos (mv) — 1) + %e“ sin (Mv> , (3.9)
0 c 474 + ¢ c T4 + ¢ c

with v < ¢, we derive immediately (3.4) and, plugging y = oo in (3.4) then (3.5) follows.
Using (3.5) we can compute that

2

T T, (e da =2 Eoo —1)+t 25’ e 1—(=1) e
e %e a (€7 7>ty ) da=2¢ (-1) : se (—1)e ,
0

= (7252 + ¢2)

where we have used

v (7T _ ey _ ] 2 . (7]
sin [ —x e“’dz:772_2 5 e Vcos|—v)] -1 - =33 e Ysin | —v

0 ¢ w252 + ¢ c w252 + 2 c
(3.10)
with v = ¢ and the application of the Fubini theorem is immediate since the series (3.5)
is clearly uniformly convergent for a € [0, ¢], for any fixed ¢, ¢ > 0. This is precisely (3.6).
Finally, (3.7) follows by substitution in (3.1) of (3.6) with h = 1. This completes the
proof. O

3.2 Proof of Lemma 2.1

Proof. To prove Lemma 2.1 we rewrite (3.7) as follows: first thanks to (3.1) we work
with & = 1 and we change variables ¢? — w,w + 1/u,u + v/t to get

2.2 252 . 2
(D [e~C] = et / zcz +L (1= (=1)7 e¢) de

(w252 + ¢?)
/ Z _qytt 7” I (1 — (-1 e*“‘“)zdu
(m252u+ 1)
—e 3tz / Z 17+t 7ﬁ2j2 F€~ = (1 — (-1 671‘/1/2”_1/2)2 dv.
(72522 +1)

We then write

0o 00 ‘ 2.2 22 o0
= / Z (—1)"*! %e‘ T Vv = / F(v,t)dv,
(N (72522 +1) 0
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with the following definition of the integrand

0 _ 2.:2 22
DA AR S (3.11)

=1 (7r] 7+1)

and we put

_ /Ooi(_1>j+1 7r2j2 - "22j2v (_2(_1)]’ e_t1/21)71/2 +e_2t1/zv—1/2) do.
o = (2522 +1)°

Note that immediately then we get that

B [eC) = e 32 (1(1) + Io(1) (3.12)

Study of /;(t): From section 6, see (6.13), we deduce that, for any n € INT,

1,1 ol - lzl (I+1)! 1
eTHIN(t) = 25/0 F(uv,t)dt = ( +> D =+l ) |-

=1

(3.13)
Study of I5(t): Let A(t) = o(t), A(t) T oo and ¢ > 1. Estimating from above the function
under the integral of I5(t) we get that

o0 . 2,:2 2,2 _ ) i
|I2(t)] = / Z (_1)J+1 %e* v (_2 (_1)] 67t1/2v 1/2 + 672t1/2v 1/2) o
0 m2j2% +1)

A(t) = 2242 Vi 2.2
§4/ Zﬂ2j2€_ = ”eiﬁdv—&—él/ Zﬂ' =y
0 AW 55
o0

1 [A() 2.2 242
_ i o w22 1 _A® ;
< 4e A(”/ Zﬂzfe Ve idy + de” a / ZTF vy
0 AW S

j=1

—_ 00 0o OO
_ /=LA@ o° 5 w252 0 _ 1 o5 _ w252
<4max{e \/A<‘>;e 4 } / E n2j2e” "4 Ve  Vidv + E n2j2e” 4 Vdv
R —t 1t

—4max{ 20 “”}(—;/0 G’( )e fdv—%/l G/( )dv>

where the function G’(3, 0) under the integral is computed from (5 3) of section 5. Clearly
then the asymptotic relatlon (5.6), which yields ’G’ (g, )’ ﬁv3 ——=373, when v — 0, and an
obvious computation

oo 00 'S
2.2 22, —n2j2
E7r]e 4d’u:4ge 7 <0

j=1
imply that
/Oo ’G’ (9,0)‘6*%dv+/00 'G’ (E,O)’dv < 0
0 2 1 2
and thus, for any n € INT,
e I(t) =0 (;) (3.14)

Therefore using (3.14) and (3.13) in (3.12) lead to our claim (2.1) where we just recall
that when h # 1 we use relation (3.1) which is basically a rescaling of the time. O
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3.3 Preliminary estimates

The proof of Theorem 2.3 and subsequent results hinge on the following key state-
ments.

Lemma 3.3. Let a > 0. We have that

o0
tli}r&t/ e ‘I, [€X‘1{7’(0,0)>t}} dc = a. (3.15)

Moreover we have uniform convergence, namely

lim sup
t—o00 b<a

o0
t/b By (X117, 5y | de - b‘ =0. (3.16)

Proof. From (3.5) we get that

/ e Ea {Gthmo,um}] de
oo o0 ) . L252 . )
- 2/@ ; (—1)7*! #e*ﬁt sin (”ja) (1 — (~1) e_c) de.

Changing variables u := t/c*> we get
t/ e °E, [extl{ﬁo,c)x}} dc
)i+t mj LI ( . ﬁ)( ; _ﬁ)
—_ sin | 7ja— 1—(—1) e v& |du
\[/ fz 7r2 2u+1 J \/g ( )

R R R P R T
= tJi(t,a) +tJ2(t a), (3.17)

where we refer to (7.9) and (8.1) with v = oo for the expressions of J; (¢,a), J2(t,a) and
recall that for s € {0, 1} the function H is defined by

o0

i 7252
H (a,u,p,7v,h,s) =(—-1)° Z 772]+jp+16_7m sin (7js + wjah). (3.18)
=1

Relations (3.15) and (3.16) follow from the representation (3.17), the application Lemma
7.2 with v = oo (yielding tJ; (¢,a) — a uniformly on a—compact intervals ) and Lemma 8.1
with v = oo ( yielding ¢J(¢,a) = o(1) uniformly on a > 0) and the fact that G (0,3) = —1,
see (5.4) for more detail. O

Our next lemma improves the result above in a sense that it allows to truncate the
integral from In(¢). This will be useful when we wish to remove the dependence on « at
the lower limit of the integrals in (3.15) and (3.16).

Lemma 3.4. Ast — oo,

(o)
sup ¢ / e ‘L, [eth{Tw c>>t}} dec —a
a<lIn(t) In(t) Y
0 _ =t
= sup 1 / e ‘E, [eth{T(o r)>t}] dc—al+o (e 4102(”) (3.19)
a<lIn(t) a -
EJP 22 (2017), paper 14. http://www.imstat.org/ejp/
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Proof. We observe that from the spectral expansion (3.8)

sup PP, (TOC)>t \[Ze 2c2

a€(0,c)

Now we derive an easy estimate by splitting the supremum over (0, ¢) and giving appro-
priate estimates for the cases ¢ € (0,1) and ¢ € (1,1n(¢))

V2 ezt
sup sup P, (Tie >t) < sup e 22t = _—
0<c<In(t) a€(0,c) a( ©0) ) 0<c<In(t) \[Z 0<c<1n () \[1 e 32!
ezt x
< sup ﬂHSCmax{eg(tl) sup 16_012,6_21“;“)}
0<c<In t)\[l—e 2102 (%) 0<c<1 VC

=0 (6721“2“)) .

Therefore using the elementary bound e*¢ < ¢ valid on t < T(0,c) we obtain that

In(t)
sup t / e “E, {eXt iz, p>>t}] de| <tln(t) sup sup Py (7—(0’6) > t)
a<lIn(t) a - 0<c<In(t) b€(0,c)
—0 (esz?w) (3.20)
and the claim follows. O

3.4 Proof of Theorem 2.3

Now we are ready to start with the proof of Theorem 2.3.

Proof of Theorem 2.3: The result is an easy consequence of Lemma 3.3. Recall that by
the definition of Q™ and then (3.2), for any A > 0,

E®) [efhctl{_mtg,q}} B Eo [eXch*Cthzl{_mthz SAh}]
E®) [e—th] - E, [eXthzfc“g]

P (o < A) =

From the representation (3.3) together with 1{717@,1,>>th2} X lm,,.<an} =
L{T0 (anamy.py >th?} for the numerator and (2.1) for the denominator we easily get that

o0 © _—b—a X 2 2
(h) (_ _ fo fo € Eo [e 2 T(_(anAn),p) > th ] dadb
y o (—my < A) = o (exmz—cmz)

~ h?t / / e "B [eX T(_(anany.p) > th?] dadb. (3.21)

Shifting the starting point from 0 — a A Ah for the zero mean Brownian motion under
E[.] we get

QM (—my < A) ~ h2t / / e P NANE o an [€X0 T bt (anany) > th?] dadb
oo Ah
= h%t / / e PR, [e¥02, To,p1a) > th?] dadb
0 0

+ th? / e P2y, [0 o pyan) > th?] db
0

Ah [e'S)
= / e~ %h? (/ e °E, [e 2 Tio,e) > th ] dc) da
0 a

+ e Atk / e “Eap [e¥2, T(o,e) > th?] de. (3.22)
Ah
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Now the uniform convergence in (3.16) of Lemma 3.3 shows that the dominated conver-
gence theorem (DCT) is applicable to the last two expression yielding that

t—o0

Ah A
lim Q( ) (—my < A) = / ae~%da + Ahe M = h/ e~ da.
0 0

This is valid for any A > 0 and we note that he~"“da is the probability density of Exp(h).
This concludes our claim. O

3.5 Proof of Theorem 2.4

Proof of Theorem 2.4: Choose v > 0 and we consider as in the proof of Theorem 2.3

EO |:6 th2 Ch2 l{M“LQShu\/E}]
Eq [eXt,h?*Cm?]

)(:h) (Mt < 1/\/?;) —

~ hzt]EO |:6Xth270th21{Mth2ShV\/{}:| ~ Qiilz)z <Mth2 < V’/th2> .
Therefore we note that any possible limit will be invariant with respect to h. Hence,
assume that h = 1. An easy computation involving the representation (3.3) and

L7t} X I{M <Vi} = 1{7( vy >th and shift of the starting position of X from
0 — a yield that

Bo [ 1y vy | = /O /O e By [X Ty v >t dadd
y\/z [e'e)
= / / e PR, (X, To pra) > t] dadb
+e Vf/ —2‘1E |: 7-(0 vita) > t:| da

a+11f
/ / E, [, T(0.c) > t] deda (3.23)

Jre*”‘/{/o e 2, {6Xf,7'(oyy\/;+a) > t] da

= YE(V) + Ot(l/).

Let us first study O;(v). Choose A > 0. We have that

AV
Oi(v) = eV / 2, {ext77(0’y Vit > t] da (3.24)
0

—uvt > —2a X
+e e Ea{e T o a>t}da.
AVE Owvta)

Note that
—vVt—a X
e t E, |:€ ’;(O,V\/f+a)>tj| <1

and henceforth

eV e, [ T i > 1] da < eV (3.25)
AVE
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To study the first term in (3.24) we use (3.5) with ¢ = v/t + a, the fact that a < AVt

sin(x) < |z and (a +b)~! <a~!,a > 0,b > 0 to obtain that
e~ vVime, |:6Xt37-(0,1/\/g+a) > t}
. 72,2 .
j e T gin ( Tja ) ( (—1) efafvﬁ)
7r2'2+(a+z/\/i) a+ vVt
(3.26)

-9 i (71)j+1

v t%
(1) and hence

Zﬂ- j e 2(V+A) <C
( +V\f
Therefore from (3.25) and (3.26) we deduce in (3.24) that tO;(v)
1 o0 a+V\/Z
(1) (Mt < y\f) ~tY;(v) = t/ e_a/ e ‘E, [eXt,'YZO o) > t] deda
0 a
) t) i

p < vVt
However, we proceed with the same steps leading to (3.17) in the proof of Lemma 3.3 to
get with obvious modification coming from integrating between (a, a + v+/t) in the inner

integral
Yi(v) —/ U (Ji(t,a,v) + J2(t,a,v)) da
0
where Ji(t,a,v), Jo(t,a,v) are defined and studied in sections 7.2 and 8. From (8.2) and
DCT we obtain that -
/ e tJa(t, a,v)| da = o (1)
0
From Corollary 7.6 we get that
s
. a 11
tlggo ; Ji(t,a,v)da = — (VQ’ 2> .
This proves (2.4) since by Corollary 7.4 we have that

oo
t/; e~ |Ji(t,a,v)|da = o(1)
t6
Eo [6 th “LQ1{Mth2>u\/th2;xth2gﬂ\/tiﬂ}]

We then observe that forany v > ¢ > 0
X
(h) ( X, < ) -
Q Mt > 1/\/1?7 Xt > 19\/Z EO [eXth2 —Cthz}
2 2 Cf 2 /-
~ th EO |:€ " } 1{Mth2>”‘/m?xth2§ﬂ th }:|

X
~ QU (M > vV, Xy < 0ViR?)

Then without loss of generality put A = 1. However, using (3.3) to express e~ ¢ and the

1{Mt >V\/z} 1{7—(a,b)>t}dadb:|

same computation as in (3.23) we get that
X
Lix,<ovisay Tioe > ] deda

Ctl{Mt>l/\[Xt<’l9\/z}i|:]EO [e 1{Xt§19\f}/ /
[l
a+y\/z
Lix,<oviray Touvita) > t} da

o X X <
oo
:/ e_
0
oo
— e_”‘/’;/ e 2R, {e
0
(v,9) + O (v, )
P 12/29 http://www.imstat.org/ejp/
age

EJP 22 (2017), paper 14


http://dx.doi.org/10.1214/17-EJP4468
http://www.imstat.org/ejp/

Survival distributions of Brownian trajectories among obstacles

Exactly as the proof of tO.(v) = o (1) we get tO;(v,9) = 0(1), namely that the second
integral is irrelevant for the asymptotic. However, noting that

Ea e 1x, <ovirap Tioe) > t} < VIR, (Ti,o > 1) < ePVEFe

we get that

tY: (v,9) < t/ e_a/ etV gegq
0 a+1/\/{
= te*(”*ﬁ)ﬁ/ e *da=o0(1)
0
and this shows that, for any pair v > 9 > 0, we have that

lim Qgh) <Mt >/t X, < 19\/%) =0.

t—o00

This proves that lim;_, (%, %) 4 (Moo, M). O

4 Proof of Theorem 2.8

4.1 Preliminaries and notation

We recall that a three dimensional Bessel process Y* started from a > 0 is a stochastic
process with continuous paths. It describes the radial part of a three dimensional
Brownian motion started from a and can be identified with a Brownian motion started
from a > 0 conditioned not to cross zero. We denote by ]Pf1 the canonical measure
induced by Y* on the space C (0, c0). We recall that the scaling property of the Bessel
process translates as follows: for any bounded functional F' : C (0,00) — R, h > 0,6 > 0

ET

a

[F (X.2)] = EL [F (hX)]. (4.1)
Furthermore, if F': C (0,u) — R, a > 0,u > 0,2 > 0 then
X
Ef [F(X)1{x,cd}) = B, [F (X)) Lix,eda}s T0,00) > 1] 5 (4.2)

where 7o, is the first exit from the half-line (0, c0), see [3, (8.3.2) p.83] which applies
with h(z) = z in the case of zero drift Brownian motion.

4.2 Proof of Theorem 2.8
Proof of Theorem 2.8. Fix v > 0 and a bounded, continuous functional F' := F, :
C(0,u) — RT with ||F|| its supremum norm. Choose B > 0 and let in the sequel
x € [~ B, B]. Denote by EQ" the expectation under Qﬁh). Choose A > 2B (h+ h~!') and
write
Q(h) o Q(h)
E% T [F(X)1(x,edny] =B [F(X)1ix,edn} L m,>—ay]
(n)
+ B [F(X)1(x,edo) L mo<—a}]
= Ut,h(dxa A) + V%,h(dxa A)a (43)

where Uy (., A), Vin(., A) are finite measures on [—B, B]. However, an obvious estimate
and Theorem 2.3 give that

A
limsup Vi, ([~B, B], A) < ||Fl|oo lim Q" (Lym,<—ay) = ||l (1 - h/ e’mda> -
o0 0

t—o0

(4.4)
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Like in any of the previous proofs and especially (3.21) we have that in the sense of
measures

Uy p(da, A) = / F() uny edry Ly )5 43 QY (dw)
weC(0,00)

_ 1
 Eg(emhct)
_ X
Eq [eXthz Co2 | <T’L2) ]-{thz€hd$}1{mth22—A’l}:|
o Eo(e_hct)

X p2 -
~ tth() |:€X”L2 _C”LZF( - ) 1{th2 Ghdz}l{mm2>Ah}:| =: U(d$7A)

/ F(w) 1wy ede} Lim w)>—aye” @ W (dw)  (4.5)
weC(0,00)

h

Moreover, to evaluate the latter we follow with immediate modifications (3.22) to get
B Ah [e%S)
U(dz, A) = th2/ e*“/ e I, [eXthzO(X)l{ththdx+u}7-(O,c) > thQ} deda
0 a

+th2eﬂ4h/ e “Bap [eX* O(X)1(x_,chdo+a} T(0,0) > th*] de (4.6)
Ah

= Uy p(dz, A) + Uf)(d, A),

where for the sake of brevity we have put

OX)=F <X’12a) . .7)

Clearly, we have from Lemma 3.3 that

o0

lim sup Uf’h([—B,B] JA) < limsup ||F||oce™ " (thQ/
t—o00

t—o00 Ah

= ||F||oc Ahe™ 4. (4.8)

e “Eap [eXthQ,ﬁo’c) > thﬂ dc)

Since
lim limsupth® (U2, ([-B,B],A) + Vin([-B,B],A)) =0

A—00 {00

and (4.5) holds it suffices to study th*U};, (dx, A). Using the Markov property at time uh?
above we get

Ah 0
thQUt{h(dl',A) = th2/ e*a/ e °E, [O(X)l{thzEhd:c+a}1{7_<o,c)>uh2}}
0 a
X Ea+hm [eXch*“hQ 1{7’(0’C>>th2—uh2}:| dadec.

Assuming the validity of Lemma 4.1 below and using the asymptotic relation (4.5) we
get that, for any Borel measurable C C [-B, B,

im [ th2UL,(dz, A) = lim B [F(X)11x.ceyLimes—a]

t—o00 zeC t—o0
Ah
—p2 // aeiahEl [Fu(X — Cl)l{Xued:r+a}}] da.
c Jov(—z)

Setting A 1 co we then get
t—o0

. (n) o _
lim E® " [F(X)1{x,ecy] :h2// ( )ae DB [Fu(X. — a)l{x,cdrta) }] da.
CJOV(—z
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This concludes the proof as B > 0 is arbitrary and this holds for any bounded positive
measurable functional F' and any u > 0. However, the last expression corresponds to
a shifted to zero three dimensional Bessel process Y¢» — ¢, started from independent
random variable with distribution P (e}, € dz) = h?ze~"®dz,z > 0. This concludes the
proof of the theorem. O

To study the measure thQUtl, ,(dz, A) we prove the following proposition.

Lemma 4.1. We have that for anyz € [-B,B], A> 2B (h+h™!)

A

Jim th*U}y,(dz, A) = / hae "Bl [Fu(X. — a)l{x,cdrta}}] da (4.9)
o0 oV(—z)

Proof. Recall (4.7) for the definition of O(X). We consider and estimate in the sense of
measures

B Ah In(t)
th2Ut17h(d{L‘,A) = th2/ e—a/ e ‘E, [O(X)l{thzEhdm+a}1{7’(o)c)>uh2}
0 a
X Eq+ha [GX“#*“”'Z 1{7-(016)>th27uh2}:| dadc

Ah
S/O e “Eq [O(X)l{xuhzehdma}1{ﬁ0,m)>uh2}}

In(t)
™ <th2/ e_c]Ea+h:E |:€X‘h2*'“h21{7—(0,c)>th2—7¢h2}:| dC) da.

Then elementary modification of Lemma 3.4 and (3.20) whenever In(t) > Ah + Bh =
sup(a + hx) yields

th®U}, (=B, B), A) < [|F||s0 (1). (4.10)

Therefore, it remains to study the remaining portion of the integral, or the measure
R Ah [e'S)
thQUt{h (dZE, A) = th? / e / o e °E, {O(X)I{thzEhda:+a}1{7’(0,c)>uh2}
0 In(t

% Ea+hm |:eXth27u}12 1{7’(0‘6)>th27uh2}] deda. (4.11)

Splitting on the event {7 o) > uh*} we get that

Ah 0o
thz/ e*a/ e °E, {O(X)].{thze}idx+a}1{7-(0’c)>uh2}}
0 In(t)
X ]Ea-‘rhw |:eXf,h2,uh,2 1{7’(0,6)>th27uh2}:| deda
Ah
= th2/ e E, [(Q(X)l{xuh2 Ehd1+a}1{7’<o,w)>uh2}}
0

oo

— X

X/l(t)e cEa+ha; [6 th?—uh? 1{7’(0,C)>th27uh2}:| deda
n

Ah
—th? e h e B, |O(X)1 1
o 1n(t) a {thz edz+a} {7—(0‘00)>uh2ﬂ7—(0,6>§uh2}

X Ea+h:c {6Xth2—uh2 1{7’(076)>th2—uh2}:| deda

= S(t,dx, A) — S(t,dz, A),
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where we note that a > 0V (—hx) since otherwise we have that the impossible inequality
my > Xy, u < t must hold, namely the running minimum to exceed the value of the
process. However, according to Lemma 3.4 and the uniform convergence in (3.16) we
get that, for a + hz > 0,a € (0, A),z € [-B, B],

lim sup

oo
thz/ e “Eqine [exthz—uh’" 1{7}0,C)>th2—uh2}} dc—a — hx
=30 44 ha>0,a€(0,A),z€[— B, B] 1

n(t)
=0 (4.12)

and henceforth

Ah
tli)m S(t,dl‘,A) = lim (/ efaEa [O(X)l{thzEhdw+a}1{7'(g7oo)>uh2}:|
o0 0

t—o0 V(—hz)

y (th2 / By, {exthz_uhzlm r)>th2,uh2}} dc)da> (4.13)
In(t) -

Ah
= / ( )e*a(a + hl‘)Ea [O(X)l{thQehdw+a}1{7’(0,x)>uh2}:| da.
oV(—hx

However (4.2) allows us to deduct that

(a+ hx)E, [O(X)l{xuhzehdx+a}1{ﬁo,m)>uh2}] = aB} [O(X)1ix, ,ehdota}) -

We show using (4.1), O(X) = F (X-",i*a), the rescaling property for the Bessel process
and lastly changing variables 7 — a that we have

. Ah _ X.h2 —a
tgrgo S(t,dx, A) = /Ov(hw) ae B! [F (h) ]-{thzehdw-‘ra}}] da
Ah
= / aefaIE% [F (X - %) 1{Xuedz+%}}} da
0V (—hz)

A
= h2/ aeihaEl [F (X - a) 1{Xu€d.t+a}}] da
0

V(—z)

To conclude that

- 2771 _ 2771 _
tlirgo th*Uy p, (dx, A) = tliglo th*Uy p, (dz, A) = tlg(r)loS(t,dx,A)

it remains to show that lim; ,~, S (¢,dz, A) is the zero measure. First note that for any
fixed 0 < a < A and ¢ > In(t) we have that in sense of measures

E, [O(X)l{xuhzehdﬁa}l{ﬁo,ln(t)puhz}} < E, [O(X)l{xuhgehdﬁa}l{po,cpuw}}

< E, [O<X)1{th2€hdx+a}1{7—(0_00)>uh2}} .
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This for the first inequality together with the estimate (4.12) for the second give
S(ta [7B7 B]vA) S

B A
thg(/ e "I, [O(X>1{th2 €hdz+a}1{7'(0100)>uh207’(011n(t)>§uh2}}
z=—B 0V (—hz)

X / e “FEathe |:6Xth27uh2 1{7—(0 C)>th2—uh2}} dCdCL)
In(t) '

B A
g/ (/ e K, {O(X)l{thzEhdz+a}1{7-(0,oo)>“h207_(0,1n(t))S“h2}}
z=—B 0V (—hz)

X sup (a+ hz + o(l))da)
a+hx>0,a€(0,A),z€[—B,B]

<2B(Bh+ A+ 0(1))||Fllsc sup Pu (T(0,00) > uh® N Tiomne)) < uh’})
0<a<A
<2B(Bh+ A+ 0(1))||F|lsc sup Pg (Tiay < uh?)
0<a<A
< 2B(Bh+ A+ 0(1))||F||acPa (Tim)y < uh®) = o(1),
where Ty, = inf {s > 0: X, =1In(t)}. O

5 Poisson summation and the function G(v, x)

We consider the Fourier transform defined as follows

f(&) = /Oo e~ 2T £ (1) dux. (5.1)

— 00

We recall that if | f(x)| + ‘f(w)‘ < C(1+ |z|)~!~° for some § > 0,C > 0 and Vz € R then

Z fG+a) = Z Fi)ermie. (5.2)

j=—o0 j=—o0

When f(z) = \/Le* %7 2 € R then f(€6) = e 27’ ¢ € R and the function clearly

2 2
admits Poisson s{rlcrrnmatlon thanks to its rapid decay at infinity.

Define for v > 0,z € [0, 1]

7'r 7r2'2
G(v,z) = QZCOS 2mjx)e T = Z cos(2mjx)e —TU . (5.3)

j=1 Jj=—00
Then the following result is a standard consequence of the Poisson summation.
Lemma 5.1. For any v > 0,

G==)?
Gv,z) = Z —2YET L (5.4)
\/7T’UJ oo
Ifz € (0,1) then, asv — 0, forany! > 0,1 € NU {0}
oG 2/2 > . (G—w)2
b=~ 2 S a6

20+3
Vvavtte =
Ifx € {0,1} then, asv — 0, forany! > 0,1 € NU {0}
V2l

o'G
w(v,x) = G(l) ('l}751’,’) ~ ( )l \/7 1 (56)
TV T2
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Proof. To justify (5.4) we apply the Poisson summation for f(x) = \/2;?6*9”2/2”2 with
o =+/v/2to get
o 7242 o 252
G(v,z) = 22005 (2mjx)e” 2 YV = Z cos (2mjxr)e” 2 Y —1
j=1 j=—00
i w252 2 s j—x)?

The relations (5.5) and (5.6) are a result of differentiation of (5.4) which applies due to
the uniform convergence of (5.3) in any small enough neighbourhood of v > 0. O

6 The function F(v,1)

We recall that the Mellin transform is defined as follows
(o]
Mf(s) = / 257 f(z)d. (6.1)
0

Then Mellin transform is well defined at least for all s such that M|f|(R(s)) < occ. If for
example M f(s) is defined, absolutely integrable and uniformly decaying to zero along
the lines of the strip a < ¢ := R(s) < b, for a < b, the Mellin inversion theorem applies as

follows )
1 c+100

f@):

T 2mi

Mf(s)x™%ds, (6.2)

for any a < ¢ < b. We recall that with f,(z) = (1 +2)~“, for any a > 0, we have that
T(s)I'(a—s)

Mfa(s) = T, forall s: 0 < R(s) < a. (6.3)

We note the special case that will be needed further which follow from the

m(1—s)
sin (7s)

Mfa(s) = ,for0<ec<2. (6.4)

We know that, as # — oo, the following asymptotic holds

1

I ]
sin ((c + i0)) | Ce (6.5

Therefore M f, is invertible on its region of definition.
Recall that from (3.11) we have that by definition

i i+1 7T2j2 =242
F(v,t) = (—1)? — e "z "
=1 (7252¢ +1)

We see that using formally (6.4) and (6.2) with z = 7r2j2§, forany 0 < ¢ = R(s) < 1, we
obtain that

1 %) ) c+ioco 1— s
F('U,t) = — Z (—1)j+1 7r2j2/ v*StS,]T*Qijqudse, ZJ v
2mi = c—ico sin(7s)
1 c+1i00 1— 00 - s
= T/ U*StsM Z (_1)j+1 '/T2725j272867 4 v s,
T Je—ico bln(ﬂs) =
EJP 22 (2017), paper 14. http://www.imstat.org/ejp/
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The interchange of integration and summation is justified by the fact that

0o 0O 7242 0 1
/ ZjQ_ch_T’UM——Fl'de < 00,
e |sin(7(c +6))|

which in turn follows from (6.5). We denote by

oo

n(s,v) = Z (_1)j+1 7T2—2sj2—2se_n j

Jj=1

(6.6)

and note that 7(s,v) is clearly an entire function for any v > 0. Then we have that

1 fetiee (1l —s)
F(v,t) = — T ds. 6.7

(v, ¢) 2mi /c_ioo v sin(7s) (s, v)ds (6.7)
Clearly, from the reflection formula the poles of 7/ sin(rs), for R(s) < 1, are located at
0,—1,—2,-3,--- and it has residues at each pole of value (—1)". Since (6.5) holds we
can use the residue theorem to conclude that upon shifting the contour from ¢ € (0,1) to
¢ € (—n —1,—n) that

= l 1 oo —s sﬂ—(l B S)
F(v,t) =n(0,v) + Z l—|—1 tl —n(=l,v) + e vt ———n(s,v)ds. (6.8)
=1

oo sin(ms)

Next we investigate the properties of n(s,v) where we recall that s = ¢ + . We
check from (6.6) immediately that, for ¢ € (—n — 1, —n) with {¢} = —c¢ — n, the following
representation of 7 is available

n(c+i6,v) Z )7+ (122742 (. 2j2){c}717i067i2]21)
j=1
o0 . .
:2c+1 ZGZ J-‘rl 2 2)n+2 ({ }—:1 9)/ 67722]2 " ﬂ-edue*#”
C —1 0

20+1—i9 J 2 om 2 3
r({c}+17w)/ Z Al

(uto) | g ded=if gy, (6.9)

2c+17i9 0 (c})—ib
-_—— _1 _ Cy—1 d .
T({c} +1—if) /0 n(=1 =, utvju "
We proceed to study in more detail n(—I,v).

Lemma 6.1. We have that n(—I + 1,v) = (-1)"""2"1G® (v,1),1 > 1 and 7(0,v) =
F(v,0). Asv — 0,

n(=l+1,0) = (1) 2' G0 <v7 ;)

=
\/>U 2 jm—oo 2
and, as v — oo,
_ 1
n(=l+1,v) = (=1)"" T2t 1g® <v, 2) ~ (=) e, (6.11)

Proof. The representation of n(—I+1, v) follows by formal differentiation in (5.3) with x =
1/2 and inspection of the terms. Finally the proof of (6.11) follows from differentiation of
(5.3) and (6.10) is a result of differentiation and (5.5). O
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We are now ready to obtain our crucial result.
Lemma 6.2. We have that, for any n € IN, and uniformly for compact sets of v the
following asymptotic expansions hold
ol

F(v,t) =n(0,v +Z ") —n(=1,v) + h(v)o (;) (6.12)

> = 1281+ 1) 1
/0 F(v,t)dvzl—i—lzzl(—l) tl+0<t"> (6.13)

Proof. Recall that s = ¢+ i6. Relation (6.12) holds immediately from (6.8) and the fact
that from (6.6)

and

sv\<§77202c 2”<oo.

To prove (6.13) we observe that all terms involving v'n(—I+ 1, v) are absolutely integrable
thanks to (6.10) and (6.11). Indeed at infinity all is clear from (6.11) whereas we apply
(6.10) as follows ignoring any constants with respect to v:

/1 (=i +1,v)|d </1 Ly ( 1>2l A3,
v n(— ,0)[dv < —_ ji—=1] e v v
; o, vitl . 2
L) e
j=—00
Z/ e dy < 0.
j=—00

Also we conclude from 7(0,v) = G’ (v, 3) that

oo -(2) -0 (0d) =1

where the latter integration to 1 can be concluded from (5.3) and (5.4). The other terms
in (6.13), namely

/ vy (=1, v) dv = 24!
0

can be deduced by using that 7(—1,0) = (~1)' 2GU+Y (v, 1) from Lemma 6.1, integration
by parts which holds due to (6.10) and (6.11).
So it remains to consider the integral term. Invoking (6.9) we note that

r 1 c+i00 7T(1 - 5)
H = |— 78t57 d
(v) = |5 /(H_OO L ey n(s,v)ds
2~ 1 —c+if) -
= —n—1 e} duds.
oo / Isin(m(c +i0))T ({c} + 1 —i0)] J, In(—n —1,u+v)| uldu
Upon integration with respect to v and changing variables x = u + v,y = u we get
oo
/ H(v)dv <
0
- [1—c+ 16| o0 / "
o - e ~dydzdo
/—oo |sin(m(c+i0))T ({c} + 1 —140)| J, In(=n —1,2)| yd

0 |1 — C—‘r’te‘ 1+
< 92°°B 1,1— -1
< 2B({e} + 1, C)/_Do [sin(r(c + i0))T ({c} + 1 —i0)] J, Cln(en = 1) drds

< 00,
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where we have used that ¢ = —{c¢} — n and B(:,-) is the classical Beta function.
The finiteness of the last integral is a similar consequence from (6.10) and (6.11) as

before and the decay of [sin(n(c+i0))| ~ Ce™l%, see (6.5) which surpasses that of
T ({c} +1—if)| < e 31 O

7 The function J,(a,t,v)

7.1 The auxillary functions I' and H
We recall that

o0

™ ] w252
H (a,u,p,v,h,1) = fZijHeijwsin(ijrﬂjah), (7.1)
j=1
see (3.18). Denote by
=3 - h
r 1 T S (1) j
(a,u,p,v,h,1) = ZW proyens L (mjah + mj)

h 1
—Z/ —m i upv— ”cos<27rj (24—2))6&1
/ Ze = Wy o= G upY og (27'("] (a + )> e Ydv

h+1
= f/ G (u’y + 2upv, H) e dv, (7.2)
2 Jo 2

where the interchange of integration and summation is obviously possible for any fixed

pair u > 0,7 > 0 and we have used (5.3) to identify the expressions with G(-, -). Applying
(5.4) we see further that

2
L[~ 1 > ,M 1
r Qa, U, p, 7h71 :*/ _— e w2 oV —
( P ) 2 Jo ( Qﬁu(,y+2pv)> Z 9

Jj=—00
and thus
a2 2
2| j— t _1
or N > > ( .
— | a,u, ,1, 1) = / e ut2 e ’dv
87( Vi ) 4v/27u Jo 1+2)3jzoo
a2 2
% Va ? 2(”’* ¥l
1 / 1 e g1 -
I . Z j— —Z] e w2 e Ydv, (7.3)
2V2mud Jo o (1429)7 ;5 22

where the interchange of the derivative in ~, for any v > 0, and the integral is clear
due to the absolute integrability of the expressions under the integrals above. This
expression (7.3) will be useful when v < 1. Otherwise, when u > 1, we use the following
which is immediate from the definition of I', namely

or 1. Vu U= 7252 n2;2 NG
-1, —=1)=—= —————e 2z “ ja—— i) - 7.4

7 (o1 ) DI L v A 7o
Clearly upon differentiation we get

OH 1 2 or 1

— a,u,f,l,@,l =" a,u,—,L@,l . (7.5)

da t Vit t1/241/2 9y t Vit
These representations allow for the following claim
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Proposition 7.1. We have that, for any t > 100a2,

>~ 1 |0H 1 \f B 1 1 Vu
and even . Ji
1 1 U
| = 1. X= < .
SUD | SUD —= | (b,u, t,l, \/f’l)‘ < f(u) (7.7)
or 1. Vau )’
su sup — byu,—,1,—,1])| < f(u (7.8)
t>1oga2 0<bI<)a oy ( TV fw)
with fo w)du < oo.

Proof. We start with (7.8). Clearly, when u > 1, a trivial bound using (7.4) gives (7.8)

with
0 7r2j2
u)=u Z n?j2e 2 v
j=—00
and [;° f(u)du < co. Assume that u < 1. Then supy<,<, b% <1/10 for t > 100a?,u < 1,
and using th1s in (7.3) the following estimate is obtained

2or (b w i \/ﬂ1)‘

sup  sup .1,
£>100a2 0<b<a udy t Vi
, ()

Cj 2 _ ——L
<Crry <J —3) ¢ T e )
0o ;I

uz?2

S 1 2
for some C' > 0 big enough. Put b; = b;(v,a) := % and we get upon changing

50a2

variables u +— 1/w that

[romee £ (1) [ [Foamme

j=—00
:CZ(J—>/ %/ Vwe Ydwe Vdv
j=—00
%
<0y i) (eggm) [ v
Splitting the integration in v at the point where b; = |j — %], =500 |j — 3| -1,
we get that
3 o o)
/ fu)du < C/ 50 2 2 e Vdu x Z |] — | \/Ee—u;dw
j=—o00
o > 52 o v oS
j=—00 3 i

< 0.

This proves (7.8).
When u < 1, ¢t > 100a?, we get from (7.5) and (7.3) that

(-4

OH 1. Vau Cc [* 1\? 20
-1 1] < E j— = w(1+5052) o0
da (a’u’t’ TV )‘u/o j_oo<] 3> ‘ " !
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and the rest is the same as in (7.8). Therefore

Y1 |oH 1. Vu
— | == -, 1,%=01 .
A 7 | 3a (a,u,t, A )‘du<oo

When u > 1 we use (7.5) and (7.4) and the fact that ¢ > 100a2 to get easily that

a—H (a,u, }, 1, @, 1)’ < Cue™

da t Vi
o OH 1
/ —— |3 |aU, 7, 17 @u 1
1 u | Oa t Ve
Inequality (7.7) is immediate from the computations above and (7.5). Finally, (7.6)
follows from (7.7) and (7.8). O

and henceforth

du < 0o.

7.2 Main results on J;(a,t,v)

For any 0 < v < oo define the function

1 fa 1 & L T _x22 Vv
Ji(t,a,v) = — — Y (-1t - 2 “sin <7T]a) du
o VY ; Tt Al vt
1 [z 1 1
- L (aw Y0 du. (7.9)
t t \/17 t \/1?
(et o)

Note that Ji (¢, a,00) = J1(¢,a) in (3.17). We are now ready to study J; (¢, a, v).
Lemma 7.2. For any 0 < v < oo, we have that

. BT @ 8J1(t,b,u) - 1 1
tgrglott]l(t,a,u)—tli)r& ; tTdb——aG 205 ) (7.10)

where G (v, 1) is defined in (5.3). Moreover, for some function f: [0,00) — [0, 00)
sup Sup|tJ1th|<a/ flu)du < o (7.11)
¢>100a2 b<a

and the convergence in (7.10) is uniform on a-compact intervals.

Proof. We will discuss td.J;(t, a,v)/0a showing that it converges to 1, as t — co. Then
since Ji(t,0,v) = 0 we get the answer by using the DCT in

“AJy(t,b,v)
Ji(t,a,v :/ D7) g,
it ) o ob

First note that thanks to the definition of J; (¢, a, ), Proposition 7.1 and (7.5) we obtain
that

a , 8 ) Wy ta y T o
“ (a+vv)? woy ﬁ
2t t 1 1 2t t 1 1
_72H (a72771771> +72H Oy ———— 5> 717
a a?’t’a (a + vV/7) (a+vv)* ar i
(7.12)
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However, from (7.1) we get that

2t t 1 1 2t ) n242

“n (a,Q,t,l,,l) - L 322 sin (277) = 0.
a

When v = co we clearly have

EL— ! it 1) =o
(@ arovD)H Tar i)

Let us consider 0 < v < oo. Then from (7.1) we get the bound

sup 2t a (o, t 1 1
o<oza b+ |\ (b+ovD) Yo

1 = il -y b
< — sup — e 20+vD)7 gin (7Tj + Fj)’
1/20<b<a;(b_:zz;)2+1 b+t
v
2.2
1 — e b
< — mje (% +2) sup |sin
Z ; 0<b<a b+ V\/
[e'e) _ 77221'2
a 2.9 4(L+,2)
< m“j%e i o(1),
< y3\/£; j (1)

which means that

t [ee} _ T -
REACLIINPY R L (b,u,lJ,ﬁJ) du| < =23 a?jre ()
t \/i v et

t 3
0<b<a ob (b+y\/f)2 u a’}/ \/i j
=o(1)
(7.13)
Henceforth (7.8) allows us to apply the DCT to demonstrate that
. 0Ji(ta,v) 107
tliggotT —2/12 'U,a (Cl u, 0,1,0 1)d
However, from (7.4),
200 20T JH . ,ﬁu
wdy (a,u,0,1,0,1) = wdy (0,u,0,1,0,1) = ( ) Z 7Y,

Finally from (3.11) we recognize that the last sum is simply F'(u,0) which according to
(5.3) leads to F(u,0) = G’ (u, 3). Therefore since G (o0, 3) = 0, see (5.3),

. O0Li(ta,v) [ B 1 I 11

or 1 Vu o
b,u,—,1 1])|du < d
a’)/(?u?t7 7\/%7 )‘ u—/o f(u)u<oo

Moreover, (7.6) ensures that even
8J1 (t,b,v) < /
0

ob
and therefore the DCT applies and yields our claim namely (7.10). Even more this
uniform bound on the derivative gives (7.11) and subsequently the uniform convergence
in (7.10) for a-compact sets. O

b<a
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When v < oo we are able to give some other useful estimates.

Proposition 7.3. Let oo > v > 0. Then, for any h > 0, we have that

1 o Tawa) 2 1
[ Ji(t,a,v| < =Y wPj% SEA Rty p——) (7.14)
a “= a

a ’

Proof. The proof is immediate from (7.9) and |sin(z)| < |z|. Indeed note that using this
we get

:tz
|J1(t,a,u\§%/ t Zﬁz PR u\/ffdu

,"71 #

a t o0 2 o0 )2
- er, —
< P _g *j%e a -E, ;
which proves the assertion. O

Corollary 7.4. We have that ast — oo
t/l e~ |y (t a, )| da = o(1). (7.15)
t6

Proof. Set a(t) = t. From Proposition 7.3 we get that

t/ eia‘Jl(t,a,VﬂdaSt/ e e | ——.0||da
a(t alt a
(t) ) <% . V)
7(1(15) > —aw ].
< 2te e G —2,0 dw
0 wa(t)
( i T ”)
00 3
5 t
< Cte t® / e w|l1vVv <w+a() + V) dw
0 Vit
=o0(1),
where we have used that from (5.6) we get that |G’ (v,0) | < —, as v — 0. This proves
(7.15). °

The next result allows us to improve the uniform convergence proved in Lemma 7.2.

Proposition 7.5. Let co > v > 0 and a(t) 1 oo such that a(t) = o( ) then for some

C>0
0J1(t,b,v) /°° 10r (az(t) a(t)>
R(t) :== su t————— — 2 0,u,0,1,0,1 <’ + —=.
Q ogbglz(t) b L U oy ( ) du t Vit
(7.16)
and
1 8F ad(t)  a*(t)
r(t):= sup |tJ1(¢,b,v) —2b (0 u,0,1,0,1)du| < C + (7.17)
0<b<al(t) % t Vit
EJP 22 (2017), paper 14. http://www.imstat.org/ejp/

Page 25/29


http://dx.doi.org/10.1214/17-EJP4468
http://www.imstat.org/ejp/

Survival distributions of Brownian trajectories among obstacles

Proof. From (7.13) which is valid, for any a > 0, we see that the following bound can be
immediately derived

Caf(t)
R(t) <
(t) < i

+ sup 2/ Lo 6 1,0,1,0,1) du — 2 /b2 18F<b,u,1,1,\/a,l>du

o<b<a(t)| JL uwdy . _udy 7Vt
v (b+vVT)

Caf(t)

= + Ry (1). 7.18

NG 1(t) ( )

Next we study R;(t). Consider

R 7 26T 20T 1
Ri(t) = sup / < (0,0,0,1,0,1)du— 2 = (b,u,t,l,\\//f,l)>du.

8
0<b<al(t) o W)Q u
Then from (7.4) we easily get writing

LA
u Oy ’u’t

2j2

— 5 U og (ij\\/[f + 7T])
=% cos (ﬂ'jbi/[f + 7T'j)

2.2
—72 e” " tcos (7 mtjt b\/a
72 2“-1-1 Vit

“\:

)L
-3

that the following inequalities hold

Ri(t) = sup /b2 (igg(0u0101)du—igz<bu ,1,\/;,1>) u

0<b<al(t) W

b2 _ n252 . ﬁ
< sup / ‘ 2 Y cos (ﬂ'j (b + 1))
0<b<al(t) Z w2525 Vit

(b+v f)2 Jj=1

IS

2.2 —2”
—ij e” 2 "“cos(mj) ‘du

1 v2 2.
< n sup / ,ou Z ™ =udu
(b+vv)?  J=1

sup / ZJQe_T (cos <7rj (b\/a + 1)) — cos (ﬂ'j)) du
O<b<a i t
(

b+, vi)? |i= 1

i x22 2(t) o= [
S;Z/ Uﬂ'] e TJudu—f—at()Z . U/7T4j4€ 2 udu
Jj=1 (a(t)+yf) J=17 (a4 vi)?
2242 2
< u7r4j4e_TJ“du < C’a t(t),
where we have used implicitly | cos(z + 7j) — cos(7j)| = |1 — cos(z)| < 2%/2. Next we
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estimate using (7.4) that

20r

~ vz 2 8I‘ o2
Ri(t) = sup 0u0101)d < (0,u,0,1,0,1)| du
0<b<a(t) o f)z ﬁ u 8
(22 +)
w252 1
e - 2 a(t 2
1 S e (BT < C (€0, a0,
v? a(t) 2] — A\t Vi
(% + l/) J=—00

Finally, using again (7.4) we obtain

200
/ O (0,4,0,1,0,1) du

Ri(t) = sup U (‘3

0<b<al(t)

0 o 2.2 0 2.2 ¢ 2(t)
25Uy = T a2 < CL.
;/ v=e <ot

z(t)

Since Ry (t) < Ry(t) + Ry(t) + R (t) we get that
a® (t) a(t)
Tt * \/¥>

and (7.16) follows. Now (7.17) is an immediate consequence of (7.16) applied in the
sequence of inequalities

Ry(t) < C’(

r(t) = sup
0<b<al(t)

< sup /
0<b<a(t)

a(t)
[
0 0<b<a(t)

Corollary 7.6. With G defined as in (5.3) and J; in (7.9) we have that

limt/756 e *Ji(t,a,v)da = -G L1 / ae % a = -G 1 1 (7.19)
t—oo o 15 - 2’2 0 o "2 ) ’

Proof. Set a(t) = ts. Then from (7.17)

100
tJy(t,b,v) — 2b/ 0uo,1,0 1) du

(0,1,0,1,0,1) du| de

0J1(t,c,v) _2/°° 10r
dc 1 u@

2

(0,4,0,1,0,1) du

AJ1(t,c,v) _2/°° 10r de < a(t)R(%). .

dc %ua

a(t) a(t) % 9 9T
t/ e_"'Jl(t,aw)da—/ e_“a/ (0,4,0,1,0,1) duda| < r(t)
0 0 < udy
1 1 a(t) 1
<C (t’i n t’ﬁ) / etda < 8. (7.20)
0
By (7.4), (5.3) and G(o0, %) = 0 the difference in (7.20) can be written as
1 1 a(t) Y
G <1/2’ 2> /O e ada (721)
since
20 ad , 22,2 1
&?T(O u,0,1,0,1) = ;(71)1“7&7 e = <u2)
Therefore, we obtain (7.19) from (7.20). O
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8 The function J(a,t)

Define, for any 0 < v < o0,
_n%;2 Vu\ v
Jo(t,a,v) = 2 %gin [ mja——= | e V*du
( \[/ ZWQ ( J \/g)

<a+vf>2
\[/ (a,u,l 1 \\//f()) du, (8.1)

t’ b
where H (a u, 1,1, \\7,0) is defined in (3.18).

Lemma 8.1. We have that

a+uf)2

sup sup t|J2(t,b,v)=0(1). (8.2)
v>00<b<oo

Proof. From (8.1) we easily get the estimate
sup sup t|J2(t,b,v)| < / n?j%e 7“67ﬁdu

v>00<b<oco (8.3)

o 1 v
—\/i/ —G' (u,0) e Vedu.
0o Vu

We then split this integral into three regions.
Region u < 1: We know from (5.6) that |G’(u, 0)| ~ Cu~2. Then this feeds in (8.3) to
yield

1
1 x242
ﬁ/— 2]26 2 efdu—\[/ G/qufdu
oﬁji \F| )

vi (b1 1
<Vte T | — |G (u,0)|e Vadu=o0(1) (8.4)
; \/a| (u,0)] (1)

Region 1 < u < t1: For this region we directly estimate

.2

1 1
4 1 7r2' 2 3
\/Z/ 7Z7T2j267 e Vi du <+te™ & Zﬂ'Q 2e= " / e~ Dy = o(1).
1 Vu 1
(8.5)

[ee) 1 o0 . 1 "
\/E/l —= > wjPeT T e Vidu < Ve 3 / Zw “4 | du=o(1). (8.6)
i+ Vu = t4
Collecting (8.4), (8.5) and (8.6) and plugging them in (8.3) we prove (8.2). O
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