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EXTREMAL QUANTILE TREATMENT EFFECTS

BY YICHONG ZHANG
Singapore Management University

This paper establishes an asymptotic theory and inference method for
quantile treatment effect estimators when the quantile index is close to or
equal to zero. Such quantile treatment effects are of interest in many appli-
cations, such as the effect of maternal smoking on an infant’s adverse birth
outcomes. When the quantile index is close to zero, the sparsity of data jeop-
ardizes conventional asymptotic theory and bootstrap inference. When the
quantile index is zero, there are no existing inference methods directly ap-
plicable in the treatment effect context. This paper addresses both of these
issues by proposing new inference methods that are shown to be asymptoti-
cally valid as well as having adequate finite sample properties.

1. Introduction. The sign and magnitude of treatment effects vary depending
on their place in the overall distribution of outcomes, a heterogeneity captured by
quantile treatment effects (QTEs). In many empirical applications, the populations
of interest, such as infants with low birth weights or students with low scores,
are located in the tail of the outcome distribution. Thus researchers encounter not
only the usual missing counterfactual, but also data sparsity because there are not
many observations in the tails. While previous literature has considered the two
problems separately, how to cope with both at the same time while conducting
proper statistical inferences has yet to be addressed.

This paper establishes a new asymptotic theory and inference method for an
estimator of the QTE for low-rank populations. To resolve the usual missing coun-
terfactual problem, it assumes unconfoundedness and rely on the propensity score
(i.e., the conditional probability of an individual being treated) to identify QTEs.
To address the data sparsity, it models a small quantile index t as a drifting object
with sample size n; that is, v := 7, — 0 as n — oo. Then, it uses the modeling of
extremal quantiles to derive a new asymptotic approximation for the finite sample
distribution of the QTE estimator when the quantile index 7 is close to zero.

This paper establishes the asymptotic properties for extremal QTE estimators
when 7, — 0. It finds that there are two asymptotic distributions of the estimator
of 7,th QTE, depending on how rapidly t,, approaches zero. Following the termi-
nology used in [15], 7, is called intermediate when t,, — 0 and t,n — o0. In this
case, this paper shows that the asymptotic distribution for the proposed estimator
of QTE is still Gaussian. Again, following [15], when t, — 0, t,n — k, for some
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k > 0, 7, is called extreme. In this case, the paper shows that the asymptotic dis-
tribution is non-Gaussian. For completeness, a quantile index is called regular if
it is fixed strictly between zero and one. In this case, [28] showed that the QTE
estimator is asymptotically normal. Figure 1 summarizes the asymptotic behaviors
of the estimator of QTE.

This paper builds on the established literature on treatment effects and extremal
quantiles. For the treatment effect literature addressing the missing counterfactual
problem, it adapts the unconfoundedness assumption proposed in [45, 46] and [47].
For the extremal quantile literature addressing the data sparsity problem, [15, 16,
27, 38, 43], and [48] assumed that the conditional quantile is linear, while [7, 10],
and [24] investigated extremal percentiles. See [17] for a recent overview.

When there are no covariates except the constant term and the treatment status
is randomly assigned, the QTE and quantile treatment effect on treated (QTT)
studied in this paper are equal to each other and reduce to the difference of two
percentiles from the treatment and control groups. This difference is equal to the
linear coefficient obtained by a quantile regression of observed outcome on the
treatment status. In this case, the distributional and inferential theories established
in this paper reduce to those of extremal percentiles as well as the extremal quantile
regressions established in [15] and [16].

On the other hand, when there are covariates, the models, parameters of interest,
estimation methods, distributional theories, and inferences in this paper are differ-
ent from those in [15] and [16] as well as the extremal percentile literature. For
the model in this paper, both the conditional quantiles of the potential outcomes
and the propensity score are nonparametrically specified, which is different from
the linear quantile regression model assumed in [15] and [16]. For the parameters,
QTE and QTT studied in this paper are unconditional objects, which are different
from the linear coefficient in the conditional quantile regression studied in [15] and
[16]. The QTE is also distinct from the difference of the conventional percentiles
of the treatment and control groups because the data are not missing at random.
For estimation, the propensity score as an infinite dimensional nuisance parame-
ter is estimated nonparametrically and used to correct for the selection bias. For
the distributional theories, this paper establishes uniform results for the quantile
index in both intermediate and extreme regions. The new theories rely on a high-
level condition on the behavior of covariates as the quantile index approaches zero,
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which is further revealed to depend on the structure of the conditional boundaries
of the potential outcomes given covariates.

For inference, when the quantile index is intermediate, the paper shows that the
standard bootstrap confidence interval (CI) for the QTE estimator controls size. For
the extreme-order quantile case, the paper proves that the conventional bootstrap
CI does not control size. It then proposes a resampling method with or without re-
placement that controls size uniformly over a range of quantile indices. Lastly, by
considering a linear combination of extreme QTE estimators with carefully cho-
sen weights, one can construct a consistent CI for the Oth QTE without imposing
additional restrictions or extrapolating.

To choose among different categories of quantile index, this paper proposes a
quantile-order-category-selection procedure similar to the identification-category-
selection procedure used in [4]. The difference here is that I have two thresholds
while they only have one. When the quantile index is smaller than the first thresh-
old, the extreme-order quantile asymptotic distribution is expected to approximate
the finite sample distribution of the QTE estimator better than the normal approx-
imation. In this case, the new resampling CI developed in this paper can be used
to conduct inference. The simulations in this paper examine the performance of
this threshold in various designs with small, moderate and large size samples. In
all cases, it is found that when the criterion is satisfied, the new resampling CI
controls size while the standard bootstrap CI undercovers (i.e., over-rejects) by as
much as 18 absolute percentage points. When the quantile index is greater than
the second threshold, the paper proves that the standard bootstrap CI controls size.
Last, when the quantile index is between the first and second threshold, the paper
suggests using a conservative critical value.

The modeling of extremal quantiles in this paper is related to the concept of
drifting sequence asymptotics. This concept goes back to [42] using Pitman drift
to characterize power functions. Recently, the concept has been used in the context
of weak instruments by, for example, [49] and [50], and other various models by
[4, 5, 14] and [37].

The rest of the paper is organized as follows. Section 2 defines the parameters
of interest, introduces additional notation and provides relevant background on
extreme value theory. Sections 3 and 4 consider the asymptotic properties of the
estimators for intermediate and extreme QTEs, respectively. Section 5 establishes
the inference theory and provides a step-by-step description of implementation.
A supplement [53] gathers additional theoretical results on estimating the extreme
value (EV) index and conducting two-sample inference, numerical examples of
limiting distributions, empirical and simulation results of the inference methods
proposed in the paper and all theoretical proofs.

2. Definition, extreme value theory and notation. First, denote the potential
outcomes for treated and control groups as Y7 and Yy, respectively. The treatment
status is denoted as D, where D = 1 means treated and D = 0 means untreated.
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The researcher can only observe (Y, X, D) where Y =YD + Yo(1 — D), and X is
a collection of confounders. The propensity score P(D = 1|X = x) is denoted as
[1(x). The parameters of interest are the Tth QTE defined as

q(7) :=q1(7) — qo(7)
and the tth QTT defined as

qp=1(7) == q11p=1(7) — q0|p=1(7),

in which ¢;(7) and g p=1(7) denote the rth quantile of random variables Y; and
Y;|D =1, j=0,1, respectively.

As originally defined by [25] and [40], the QTE, for a fixed percentile, cor-
responds to the horizontal difference between the marginal distributions of two
potential outcomes and is called the shift function in [25]. If an individual can
maintain his ranking in the potential outcome distributions regardless of his treat-
ment status, the QTE is equal to the quantile of the treatment effect (Y1 — Yp).
Without the rank preservation, the QTE still summarizes interesting distributional
aspects of the treatment effect which complements the average treatment effect.
Similarly, the QTT, for a fixed percentile, is the horizontal difference between the
two potential outcome distributions of the individuals in the treatment group. In
the program evaluation, the treatment effect for the group of treated individuals is
of particular interest. QTT provides summary statistics to the distributional aspect
of this effect.

Next, I introduce some extreme value theory, which will be used when I charac-
terize the asymptotic theories in Sections 3 and 4. The cumulative distribution
function (CDF) F belongs to the domain of attraction of generalized extreme
value distributions if there exist sequences (&, )neN, (Bn)neny and a CDF G in-
dexed by a parameter &, such that, for any independent draws (Uy, ..., U,) from
F, ap,(min(Uy, ..., U,) — B,) converges in distribution to G. Here, F belongs to
the domain of attraction of generalized extreme value distributions with a param-
eter £ called the extreme value (EV) index. Define A(z) := F(z)/F’(z) for some
Z > s; as the auxiliary function, in which s; is the lower end point of the support
of U. In addition, for two generic functions fi(-) and f>(-), denote f1(z) ~ f2(2)
if

f1(2)

f2(2)
Then based on the value of £, F has three types of tails:

— 1 as z — sj.

type 1 tail (§ =0): asz— s, F(z+vA(2)) ~ F(z)e" Vv e R,
type 2 tail (§¢ > 0): as z > —o0, Fwz))~v "5F(z)  Vu>0,
type 3 tail (§ <0): asz— 0, F(s;+vz) ~v S F(s; + 2) Yv > 0.
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For example, normal, T and Beta distributions have type 1, 2 and 3 tails, respec-
tively.

Finally, I provide two weak convergence concepts this paper will rely on. I use
U, ~» U to indicate weak convergence as defined by [51]. When U, and U are
k-dimensional elements, the space of the sample path is R¥ equipped with the
Euclidean metric. When U,, and U are stochastic processes, the space of the sample
path will be specified later in each different context. For this paper, the space is
either [*°({v € R: |v| < B}), for some positive B equipped with the sup norm or
the Skorohod space D([— B, B]), for some positive B equipped with the Skorohod
metric.!

3. Intermediate quantile treatment effects. Recall the setup in Section 2.
I further assume the following.

ASSUMPTION 1.

(1) {Y,‘, D,‘, Xi}?:l is i.i.d.

(2) (Y1,Yo) LL D|X.

(3) X is r-dimensional. The support of X, Supp(X), is compact. For some ¢ >
0,c<I(x) <1—c, Vx € Supp(X).

Assumption 1(1) is stronger than necessary. Since the parameters of interest in
this paper are all tail objects, I only require the conditional tails of (Y1, Yy) given
X to be the same across individuals, which allows the middle and the upper tail
of the distributions to be heterogeneous.” Assumption 1(2) is the unconfounded-
ness assumption, which states that the potential outcomes are independent of the
treatment status conditional on additional covariates X. Although strong, this as-
sumption has been widely used in both theoretical investigations and empirical
studies; see, for example, [12, 18, 28, 34, 45]. For extremal QTEs, it is appropriate
to start with this unconfoundedness condition. When the quantile index is regular,
that is, bounded away from O and 1, papers such as [1, 19, 20] and [30] extend the
assumption to allow for endogenous treatment status and rely on an instrumental
variable to correct the selection bias. Similar strategies can be applied here to the
extremal quantile case. While important, I leave the problem of establishing the
corresponding asymptotic theory to future research.

ASSUMPTION 2. The quantile index t, is intermediate, that is, (1) 7, — 0 as
n— 00, (2) tyn —> ooasn — 0.

ITo differentiate, D is reserved for the binary treatment status and {D; ; }fil , j =0, 1 are the sets
of random variables defined in the limiting objective function in Section 4.
2] thank the referee for pointing this out.
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Under Assumption 1 and the fact that Y is continuously distributed, [28] found
that the four quantiles ¢1(7), qo(7), q1jp=1(7) and go;p=1(7) for any 7 € (0, 1)
are identified based on the following four moment equalities:

E[H(DX) (r—1{y < ql(r)})} =0,

E[(ll—_iH?X))(T —1{y < QO(T)}):| =0,
E[D(t — 1{Y < qiip=1(D)})] =
and
[RLLCY

1 —TI1(X) (r—1{r= QO|D:1(r)})} =

respectively.

Define §(t,), the estimator of the t,th QTE, as ¢(t,) := ¢1(14) — go(t,) and
4\p=1(y), the estimator of 7,th QTT, as §;p=1(tx) := q11p=1(Tn) — Gop=1(Tn).
Despite the extremal feature of the quantile index, the natural sample estimator
q1(t,) for the t,th quantile of Y| can be computed through an inverse propensity
score weighted quantile regression:

3.1) 41 (ta) —argmmZ Yi —q)(tn — 1{Y; < q}),

qeR i=1 H(X)

in which ﬁ(-) is an estimator of TT(-) to be defined later. Similarly, go(t,), an
estimator of the 7, th quantile of Yy, can be computed as

(2 dom) = ar%m; o~ ) 1% <q).

For estimating the QTT, §1p=1(t,) and go;p=1(t,) can be computed as

G11p=1(ty) :=argmin Y _ D;(¥; — ) (v, — 1{Y; <q})

qeR =g
and
— DHTI(X))
= ——— ¥ - —1{Y; <gq}),
QOID 1(Th) : arfer]?%mlzl l—H(X) (Y; Q)(Tn { z_C]})
respectively.

Under some suitable conditions specified later, the propensity score estimator
[1(-) is strictly between 0 and 1 with probability approaching one. This implies
that the objective functions for estimating (¢;(7,), §jip=1(tx)), j =0, 1 are all
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convex. One can also directly compute (g, (t,), ¢j|p=1(7,)), j =0, 1 based on the
subgradient conditions of the minimization problems.

Following [28] and [34], T1(X), the propensity score, is estimated by the
sieve method of fitting a logistic model. The method does not require the true
propensity score to be correctly specified as a logistic model. I denote the logis-
tic CDF by L(a) :=exp(a)/(1 4+ exp(a)) and the number of sieve bases by #,,
which depends on the sample size n and can grow to infinity as n — oco. Let
Hp, (x) := (bip(x), ..., bp,n(x))’, where {bh”}Z”:1 are h, bases of a linear sieve
space B. Given all r elements of X are continuously distributed, one can construct
the linear sieve space B as follows:

1. For each element XV of X,1=1,...,r, let B; be the univariate sieve space
of dimension J,,. For example, B3; is a linear span of J, dimensional power series,
that is,

Jn
B = {Zakxk,x € Supp(X(l)), ay € 9{}
k=0

or a linear span of third-order splines with J,, nodes, that is,
2 Jn
B = [Zakxk + Y bj[max(x — 1, 0)]*. x € Supp(X ), ax. b € ER},
k=0 j=1
where —co =1 <t <--- <tj <tj,+1 = 00 partition Supp(X(l)) into J, + 1
subsets 1; = [t;,2j+1) NSupp(X D), j =1,...,J, — 1, I = (to, 1) N Supp(X D),
and 1, = (15, 1,+1) N Supp(X V).
2. Let B be the tensor product of {;};_;, which is defined as a linear space

spanned by functions [;_, g;, where g; € B;. The dimension of B is then &, :=
rd,.

Denote T1(x) := L(Hp, (x)'7,) with

7, i= arg max Z(Di log L(Hp,(X;)'7) + (1 — Di)log(1 — L(Hy,(X;)'))).

reRin ;4

3The subgradient conditions for §;(z,), j =0, 1 imply G;(tn) = Ya, for some positive integers
hj, j=0,1suchthat Dy; = j,

1

D.
<> =LY, <Y} <tan

T — =— ~
) g T
and
1 1-D;
T — ——=——— < ———1U{Y; < Yp,} < tyn.
n 1—H(Xp,) i;%z:o 1-T1(X;) i 0 n

Both 727, j =0, 1 are uniquely defined as long as the above two conditions do not hold in equality,
which is usually the case in practice.
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There are other methods to estimate the regular QTE in addition to the inverse
propensity weighting method used in this paper. [2] established the large sample
properties of the matching estimator and showed that bootstrap inference is invalid.
[36] considered using propensity score to balance the covariates in the treatment
and control groups. [29], [31] and [44] studied the use of doubly robust moment
conditions to estimate the regular QTE. It is still an open question how these esti-
mators behave as the quantile index approaches 0.

For brevity, the rest of the paper only considers the estimation of g1 (z,), go(t,)
and g (t,). The asymptotic results for G1|p=1(tn), gojp=1(tx), and §|p=1(t,) can
be derived in a similar manner.

Furthermore, for the intermediate case, instead of only one quantile index 7, |
focus on a range of them. That is, kt,, k € [k, k2] for some fixed and known con-
stants k1 and « such that 0 < k1 < k2 < co. [ then aim to derive a uniform asymp-
totic theory for the process {(g1(kt,), go(kt,)) : k € [x1, k2]}, where for each k,

6,I\(k'fn) = él (ktp) — éO(an)a

qi(kty) = argmini AL(Yi —q)(kt, — 1{Y; < q})
ger o (X))

and

" 1-D;
qo(kt,) == argminz !

in— kn—]]. Yif .
gm izll—l'I(X,-)( @) (ktn — 1{Y; < q})

The following sufficient regularity conditions are adapted from Assumptions
A.1 and A.2 of [28].

ASSUMPTION 3.

(1) The density of X is bounded above and bounded away from O over its sup-
port.

(2) The propensity score I1(x) is s-times continuously differentiable with all
the derivatives bounded.

(3) The conditional expectation E(kt, — 1{Y; < q;(kTt,)}|x) is 7-times con-
tinuously differentiable in x with all derivatives bounded by M,, uniformly over
(x, k) € Supp(X) x [«1, k2]. . .

(4) Let £ () = Supy csupp(x) | Hi, (0114 Then, e — 0, " — o,

n

ntnf(hn)6h;S/r — 0 and ”A{';r — 0 where r is the dimension of X.

Tnlln

Assumptions 3(1) and 3(2) are common in the sieve estimation literature, for ex-
ample, [13, 28] and [34]. Assumptions 3(3) and 3(4) are tailored to fit the special

4For an arbitrary vector or matrix A, denote || A as /tr(AT A).
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case in which the quantile index is intermediate and the derivative of the quantile
varies with the sample size. In fact, the magnitude of M, depends on the tail be-
havior of Y; conditional on X. When the density of Y;|X vanishes in its lower tail,
M,, decreases to zero. When the density of Y;|X diverges in its lower tail (such as
a Beta distribution with the first shape parameter less than 1), M, diverges to in-
finity. Assumptions 3(3) and 3(4) implicitly deal with the case that all » elements
of X are continuous. If some elements of X are discrete, dimension r is inter-
preted as the dimension of continuous covariates and Assumptions 3(3) and 3(4)
can be extended in a conceptually straightforward manner by using the continuous
covariates estimator within samples that are homogeneous in discrete covariates,
at the expense of additional notation. Furthermore, based on the standard sieve
estimation results, ¢ (hy,) = O(h,lq/ 2) and ¢ (h,) = O (h,) for B-splines and power
series, respectively. Therefore, if B-splines are used to form the sieve bases and
h, = Cn® for1 some positive constants C and ¢, then Assumption 3(4) is equiv-

alent to ¢ < 7, 7,n%"1 = 0, 7,n'TC=/" 0 and M,n'""/" /7, — 0. Given

sufficient smoothness, if ¢ < 1/6, Assumption 3(4) Yholds. In addition, the conver-
gence rate of I1(-) to TI(-) is of order (};l—”)l/2 + h,, " . Therefore, Assumption 3(4)
requires the convergence rate of I1(-) to be faster than n°/12. This rate is faster
than the usual n'/4 rate in semiparametric estimations, which suggests Assump-
tion 3 may be relaxed. On the other hand, the convergence rate of the intermediate
QTE estimator is not n!/2. This implies the slowest rate allowed for the propen-
sity score estimator may not be n!/4. Estimation of the intermediate QTE under
minimal requirement on the convergence rate of the propensity score is left as a
potential area for future research. Last, Assumptions 3(3) and 3(4) are expected
to be further relaxed by using the doubly robust estimation method as illustrated
in [29].
Next, [ impose regularity conditions on the tails of Y7 and Yj.

ASSUMPTION 4. For j =0, I:

(1) Y, Y;|X are continuously distributed with density f;(-) and f;(-|X), re-
spectively.

(2) The density f;(-) is monotone in its lower tails.

(3) The CDF of Y; belongs to the domain of attraction of generalized EV dis-
tributions with the EV index §&;.

These restrictions are mild. Assumption 4(1) is common in the quantile regres-
sion literature. Assumption 4(2) refers to the tail of the distribution, which is satis-
fied by most well-known continuous distributions. Assumption 4(3) is a standard
condition in extreme value theory and is satisfied by almost all continuous distri-
butions.
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Before stating the first main theoretical result of the paper, I introduce the nor-
malizing factor A; , (k) for g;(kt,):

33) Ak = /%fj(qj(krn)) for j =0, 1 and k € [k1. k2].

Recall that for the estimator of the tth percentile in which t is regular, the conver-

gence rate is ./n and the asymptotic variance is frz((;f(?)). By moving the asymp-
il

totic standard deviation to the same side of the convergence rate, we obtain a nor-

malizing factor
n
N mfj(ﬂu(f))-

Then letting 7 := 7, — 0, we heuristically obtain the normalizing factor for the
intermediate-order quantile estimators defined in (3.3) with k = 1.

THEOREM 3.1. If Assumptions 1-4 hold, then

()Ml,n(k) (‘}l (kth) — q1 (an)), Ao,n (k) (C}O(kfn) - QO(an)))

as a two-dimensional stochastic process indexed by k is asymptotically tight un-
der the uniform metric. In addition, if there exist functions Hy(ky, k2), Ho(k1, k2),
Hoy(k1, kp) and Hig(k1, kp) on (k1, ko) € [x1, k2] X [Kk1, k2] such that, as T, — O,

1 E[P(Yl < qi1(min(ky, k2)7,)| X)

T, IT(X)
200 by < qikim) X) (Y < Cll(kZTn)|X):| = Hilkr, k),
(X) - a
i]E[P(YO < qo(min(ky, k2)7,)| X)
o 1—T1(X)
= by < qotkim) X) P (Yo < qo(szn)|x)} — Hokr. ko),
1 —T(X) - B

1
_L__EP(YO < qokity)|X)P(Y1 < qi1(katy)|X) — Hoi(k1, k2)
and

1
T—EP(YI <qi(kity)|X) P (Yo < qo(kat)|X) — Hio(ki, k2),

n

then for k € [k1, k2],

()\l,n(k)(ﬁ}l (kty) — QI(an)): )\O,n(k)(QO(an) - CIO(an))) ~ B(k),
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where B(k) is a Brownian bridge with covariance kernel:
Hy(ki, k2)  Hyo(ky, k2)

| ~kika Vkiky
Hki, k2) == Hoy(ky, ko) Ho(ky, ko)

Vkiky Vkiko

Theorem 3.1 shows that the asymptotic distribution of the intermediate QTE
estimator is still Gaussian, just as when the quantile index is regular. Intuitively,
this is because for j =0, 1, ¢;(t,) can be interpreted as a cutoff for which the
numbers of {Y; ;}"_, below and above the cutoff are of the same order of nt, and
n(l — t,), respectively. When 7, is intermediate, both orders diverge to infinity,
which is the same as the case in which 7 is regular. Thus the shapes of asymptotic
distributions under regular and intermediate-order quantile indices are the same.

Based on [28], the influence function for ¢ () with regular t is

: [ b (t —1{Yi1 <q1(v)})
(3.4) Ji(g1 (7)) LITI(X;)
_ E(( - Jl{YIi],l(;i)m(f)})IXi)(Di B H(Xi))]
Theorem 3.1 shows the influence function for g;(7,) is
1 D; E(Ti 1,01 Xi)
(3.5) ¢i,1,n = ﬁ[mnln - W(Di - H(Xi)):|,
where

Tiin =1t —1L{Yi1 <qi(w)}.

Comparing (3.4) and (3.5), we find that the two influence functions are the same up
to a deterministic sequence w when k =1 and 7 in (3.4) is replaced by t,,.

In the influence function, the first term represents the estimation error when the
propensity score is known and the second term is the information gain by non-
parametrically estimating the propensity score. For the regular case, both the first
and second terms in (3.4) contribute to the asymptotic variance of the estimator.
However, for the intermediate case, the second term in (3.5) may be asymptoti-
cally negligible, implying that there is no information gain by nonparametrically
estimating the propensity score. This is in contrast to the regular case. To see this,
note
. . 2 2 _
lE(E(Tl,l,nIXl)(Di _ H(Xi))) _pP M =q @) X)d — (X)) +o(l).
I1(X;) T, I1(X)

Since P (Y1 < q1(70)|X) = Op(7,), under some suitable integrability condition,
the second term in the influence function vanishes as 7, — 0.

Tn
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There are two difficulties to derive the asymptotic theory of §(z,,) := 41 (1) —
go(ty). First, since the density f;(-) is unknown, the normalizing factors proposed
in Theorem 3.1 are not feasible. Second, as 7, — 0, f;(g;(r,)) may decay to zero
(e.g., normal distribution, T distribution, Beta distribution with the first parameter
greater than 1) or diverge to infinity (e.g., Beta distribution with the first parameter
less than 1). Therefore, due to the difference of tail behaviors of Y; and Yy, the
convergence rates of ¢j(t,) and go(t,) are not necessarily the same. To address
the first point, I follow [15] and build a feasible normalizing factor. To address the
second point, I use the following assumption.

ASSUMPTION 5. Let m be some spacing parameter that is greater than 1. Then

q1(mty) — q1(Ty)
qo(mty) — qo(ty)

— p € [0, +o0].

Assumption 5 aims to bridge the normalizing factors of §;(t,) and go(t,) by
considering the ratio of the differences of quantiles of Y; and Yy at quantile in-
dices mt, and 7,. Given other assumptions in the paper, if Assumption 5 holds for
one m, then it holds for any positive value of m as well. For the analytical infer-
ence, researchers need to choose m. The choice of m is discussed in Section 5.5.
In addition, for the intermediate case, the bootstrap inference will be shown to be
valid and does not require that the value of m to be specified. When p = 0, the
convergence rate of gq is slower so the estimation error of ¢ (z,) is asymptotically
negligible. On the other hand, if p = 00, §o(1,;) has a faster convergence rate than
q1(t,), and thus can be treated as known. Finally, when p € (0, c0), the conver-
gence rates of ¢1(t,) and §o(t,) are the same. For analytical inference, when t,, is
intermediate, p can be estimated by

G1(mty) — q1(tn)
Go(mty) — Go(ta)
Under Assumption 5, I define the feasible normalizing factor for g (z,,) as
A (k) == . . /K, . . :
max{(g1(mkt,) — q1(kty)), (qo(mktn) — Go(kty))}

The next theorem shows that the intermediate QTE estimator is asymptotically
normal with the feasible normalizing factor A, (k).

b=

— fko— o (lemE ] (k)
THEOREM 3.2. iet p(k) = k=51 p, Ci(p,m, k) == (=) i a0y
Co(p,m, k) := (1_'5'; 9yl max(pl(k) 1),5 and B(-) be as defined in Theorem 3.1.

If Assumptions in Theorem 3.1 and Assumption 5 hold, then uniformly over

. . . . —m—
SHere I adapt the convention that 55 =0, § = sign(c)oo for any real number ¢, and 1 ’; =

log(m) when & =0.
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k € [k, k2],

I (k)(q (k) — g (kTy)) ~ [C1(p, m, k), =Co(p, m, k)] B (k).

The next theorem shows that the standard bootstrap inference for the interme-
diate QTE controls size. It is worth noting that the propensity score has to be
re-estimated for every bootstrap sample. Let §7(z,) be the estimator computed
using the bootstrap sample and 52” (1) be the ath quantile of c}Jf (tn) — ¢ (1) con-
ditional on data. The two-sided (1 — a)th bootstrap CI for any a € (0, 1) can be
written as

CIbOOt(-L—n) = (é(l’n) — é?fa/z(fn), q(tn) — 56’1172(‘[”))

THEOREM 3.3. If Assumptions 1-5 hold, then

: b
nll)ngo P(q(ty) € CI"Y(1y)) =1 —a.

The key advantage of using bootstrap inference is that it does not require esti-
mation of either the normalizing factor An or the asymptotic variance-covariance
matrix. [26] has already proven the validity of bootstrap inference for the
intermediate-order percentiles. For the regression case, [22] pointed out that the
bootstrap inference is valid for linear intermediate-order quantile regressions. Re-
cently, [23] proved that the bootstrap inference for the intermediate-order quantile
regression is valid in sample selection models. This paper shows that the bootstrap
inference is also valid for the intermediate-order QTE estimator.

4. Extreme quantile treatment effects. Section 4.1 establishes asymptotic
theory for the t,th QTE when 7, is extreme. It serves as the foundation for the
inference theory in Section 5. Section 4.2 considers the asymptotic distribution
of the extreme QTE estimator with a feasible normalizing factor, which permits
inference through a resampling method proposed in Section 5.2.

4.1. The main result.

ASSUMPTION 6. Assume 7, is extreme; that is, (1) 7, — 0 as n — o9,
(2) tyn — k for some positive constant k as n — 00.6

The use of k in this section is slightly different from the use in the intermediate case. In the
intermediate case, the limiting distribution is established for 7,,k, in which t;, serves as the anchor
quantile index and k is a positive multiplier. In the extreme case here, k is the limit of t,n. However,
we can set the anchor quantile index t;, to 1/n. Then k can still be interpreted as the multiplier and
the limiting distribution will be derived for 7, k.
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Define the estimator g (t,) of the 7,th QTE ¢(t,) as
4.1) q(tn) == q1(tn) — Go(ta),

where §1(t,) and go(1,) are computed from (3.1) and (3.2), respectively.

I use the same objective functions as those used to compute the regular and
intermediate QTE, although, as will be shown later, the asymptotic behavior of
4 (t,) is no longer normal compared to the ones with intermediate and regular
quantile indices. This is because the number of observations below g (z,) is of the
same order of magnitude of 7,1, which does not diverge to infinity (Assumption 6).
I also need the propensity score estimator T1(-) to be uniformly consistent.

ASSUMPTION 7. The estimator of the propensity score is uniformly consis-
tent, that is, SUP ; cSupp(X) ITI(x) — IT(x)| = 0, (1).

This assumption does not require that the convergence rate for the nonpara-
metric propensity score estimator be faster than n!/4, as usually assumed; see, for
example, [41]. The reason is similar to the nonnormality of the limiting distribu-
tion: there are only a finite number of observations below the estimator of §;(t,),
which are thus counted in the summations in (3.1) and (3.2). Summing over a finite
number of observations prevents the accumulation of the first-order approximation
error ﬁ(Xi) —I1(X;).

The next high-level assumption determines the shape of the asymptotic distri-
bution of the extreme QTE estimator.

ASSUMPTION 8. For j =0, 1:

(I) Let P(X € -|Y; = y) denote the conditional distribution of X given Y; = y.
Then P(X € -|Y; = y) weakly converges to the CDF of a random vector X; as
y = ¢q;(0).

(2) Let P;F(Xj € -|Y; = g;(0)) be the CDF of X;. Then PJTL(XJ- e Y; =
q;(0)) has finite mass points.

(3) Let S be the discontinuity of the function x + I[1(x). Then Pj+ (Xj €
S|Y; =¢q;(0))=0.

Assumption 8(1) is high-level. Section C in the supplement provides primitive
sufficient conditions for Assumption 8(1) to hold. Section D in the supplement
contains more numerical illustrations. In general, PJ.Jr (Xj €-|Y; =¢q;(0)) depends
on the conditional boundary of Y; given X. The phenomenon that the asymptotic
distribution depends on boundary conditions is common in nonregular estimations;
see, for example, [21, 35] and [39]. For Assumption 8(2), the number of mass
points depends on the number of discrete minimizers of the conditional boundary
of Y; given X which is usually finite. Also, Assumption 8(2) holds when &X; is
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continuous, in which case there is no mass point. Assumption 8(3) is mild as in
many parametric models, for example, probit and logit, S = &.

Theorem 4.1, the main theoretical result of this section, establishes the joint
asymptotic distribution of g;(z,), j = 0, 1 by showing that a normalized version
of (), j =0, 1 weakly converges to the minimizer of an asymptotic objective
function. I first state the normalized version of §;(z,), j =0, 1.

For j =0, 1, the normalized versions of §;(t,) with or without centering are

Z5 (k) == atj.n (3 (ta) — q; (ta))
and
Zjn(k) = ajn(q; (@) —aj — Bjn);
respectively, where a; is an auxiliary constant so that U; = Y; — a; has lower

endpoint 0 or —oo. In particular, if g;(0) > —o0, then a; = ¢;(0); otherwise, a;
is arbitrary. The normalizing constants (¢ ,, 8 ) for j =0, 1 are given by

type 1 tails (§; =0): «;, = 1/(A(F[jj1(1/n))), Bin = le(l/n),
type 2 tails (&, > 0): ;o = —1/(F5'(1/m),  Bjn=0,

type 3 tails (§; < 0):  «j, = 1/(Fl}j1(1/n)), Bjn=0,

Fy; () . e .
=" isthe auxiliary function defined

in which Fy; is the CDF of U; and A(:) := =
J FUj O]

in Section 2.
The asymptotic objective function of the local parameter z is

(4.2) —kz + Z Wi(Dy,j, TI(X; ))Is (T js 2)s
i=1

in which Wi(d, ) = % and Wo(d, ) = %. To see the meaning of each term in
(4.2), I denote, for j =0, 1,

type 1 tails (§;, =0):  h;(l) =exp(l) for/ e R, njk) =log(k),
type 2 tails (£, > 0):  h;j(1) = (~1)"'/%  forl <0, nj(k) = (k)%
type 3 tails (5, <0): h;()=1"15  forl>0,  n;k) =k*.
Then {&; j, D;,j, A; j} is an i.i.d. sequence such that
{&i1,Di1, X} LL {0, Dio, Xio}

and for j = 0,1, &; ; is governed by the law P;’(Xj €-Y; =¢q;0), D;; is
Bernoulli distributed with success probability IT(A; ;) conditional on &; ;, and &; ;
is standard exponentially distributed independently of both (X; ;, D; ;). In addi-
tion, J;.j == h7 " (Xj_; &.7) and Is (u, v) := 1{u < v} (v —u) —L{u < —8}(=5 —u)
for an arbitrary § > 0. The same function of /s (u, v) is first used in [15].
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ASSUMPTION 9. For both j =0, 1 and a generic fixed constant k > 0,

o0
—kz + Z W; (D, j, I(X;, )s(Ti j, 2)
i=1

has a unique minimizer almost surely.

Assumption 9 indicates that the asymptotic objective function has a unique min-
imizer which is needed for applying the argmin theory. This type of assumption
is common in nonregular estimation literature; see, for example, [16, 21, 32] and
[39]. Lemma G.6 provides a sufficient condition for this assumption to hold. In
general, the assumption holds when X; is absolutely continuous. If X’; has a unique
mass point at xgp, the sufficient condition requires that kI1(x¢) is not an integer,
where T1(-) is the propensity score. Since integers are sparse on the real line, this
sufficient condition is mild. In addition, [32] considered the nonparametric estima-
tion of the conditional boundary and encountered the problem that their asymptotic
objective function does not have a minimizer. This problem is mainly due to the
fact that their estimator may not be tight.” In contrast, the tightness of the extreme
QTE estimator is established in the supplement. Last, it is possible to regularize
the linear program in the subgradient condition to guarantee a unique minimizer
for every n, and thus, relax Assumption 9.3

THEOREM 4.1. If Assumptions 1, 4 and 6-8 hold, there egcist K1 aizd Ky such
that 0 < k1 < k2 < 00 and (k1, k) satisfy Assumption 9, then (Z1 ,(k), Zo,n(k)) ~
(Z1,00(k), Zo,00(K)) in D*([ic1, k2]), where

(Z1,00(k), Zo, 00 (K))

= argmin Z |:_ij+ZWj(Di,j7H(‘Xi,j))lé(\;]i,jvzj):|~

(z1,20)€R? j=0,1 i=l

In addition, in DZ([Kl, K2]),

(Z§ k), Z5 () ~ (Z5 oo (k) Z§ oo (0)) 1= (Z1,00 (k) — 11 (K), Z0,00 (k) — 10 (K)).

The immediate corollary of Theorem 4.1 is the finite dimensional convergence.
Due to the lack of continuity of the sample path of (Z1,00(), Z0.(+)), the projec-
tion mapping is only continuous when the index k& is not at the discontinuity.

"To be more precise, the distributions of Hall and Van Keilegom’s [32] estimator as a sequence
indexed by the sample size n may not be tight in the sense of [11].
81 thank the referee for this point.
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COROLLARY 4.1. If the assumptions in Theorem 4.1 hold and Assumption 9
is satisfied for k € {kl}lL:1 , then

(217,1(](1), 207n(kl))lel ~ (Zl,oo(kl)» ZO,OO(kI))lL=1
such that
(Z1.00(kD), Zo.0o kD)1,

L 00
;= argmin Z Z —kizj1 +2Wj(Di,j, (X D)s(Trjs2j.0)

(Zl,hZO.l)lel j=0,11=1 i=1

and
(2, (k), 2§ (k) g~ (Z5 oo (k). Z§ oo (RD) 1y
= (Z1 00 lkt) — m1 k1), Zo,00 (kt) — 10 (kp)) 1.

REMARK 1. Theorem 4.1 and Theorem 3.1 (for the intermediate-order quan-
tile), along with Theorem 1 in [28] (for the regular quantile), characterize the
asymptotic distribution of the QTE estimator when the quantile index ranges from
0 to 1. Starting with the regular quantile, the asymptotic distribution is normal.
Estimating the unknown propensity score provides additional information. When
the quantile index is intermediate, the shape of the asymptotic distribution remains
normal, but the additional information from estimating the propensity score be-
comes asymptotically negligible. When the quantile index moves even closer to
the origin so that it is extreme, the shape of the asymptotic distribution becomes
non-Gaussian, but the information from estimating the propensity score is still
asymptotically negligible.

REMARK 2. I do not impose any parametric restriction on the conditional
quantile of ¥; given X, in contrast to [15], which considered linear extreme-order
quantile regressions. The parameters considered in linear quantile regressions are
conditional objects, while QTEs in this paper are unconditional objects. In order
to deal with conditional quantiles, [15] proposed an innovative solution: use the
asymptotic independence between residuals and covariates X in the tails in addi-
tion to linearity to regulate the conditional tail behavior. On the other hand, As-
sumption 8 does not nest, nor is nested by, the linearity and asymptotic indepen-
dence condition in [15]. In particular, linearity is not imposed by Assumption 8.
Section C in the supplement verifies Assumption 8 under three different condi-
tional boundary conditions.

REMARK 3. Theorem 4.1 has shown that §; (t,) and §o(t,) are asymptotically
independent because, by construction,

{Ji1, Xi1, Di}i=1 WL {Ti 0, Xi0, Dioli=1-
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Thus the joint asymptotic distribution of (Go(t,,), §1(z,)) is fully characterized by
the marginals. In Section D of the Supplementary Material I compute the marginal
distribution of ¢ () under various boundary conditions.

REMARK 4. Directly computing the critical value of the asymptotic distribu-
tion of ¢(t,) is infeasible. Note that the ultimate parameter of interest is g (t,) :=
q1(tn) — qo(t,). Although the joint asymptotic distribution of (go(t,), ¢1(t,)) has
been established by Theorem 4.1, the convergence rates depend on the tails of
Y1 and Yp and are difficulty to estimate consistently. Furthermore, the asymp-
totic distributions of go(t,) and §;(t,) are complicated and depend on un-
known boundary conditions. In Section 5, I propose to use a modified b out
of n bootstrap with or without replacement to construct a CI and draw infer-
ences.

REMARK 5. As pointed out in Remark 1, the shape of the asymptotic distri-
bution changes as the quantile index moves from the intermediate region to the ex-
treme region. Therefore, the extreme-order quantile asymptotic distributions pro-
posed in Theorem 4.1 are valid only if k£ = 7,,n is not large, that is, 7, < 1,51) for
some r,El) which will be defined in Section 5.3.

4.2. Feasible normalizing factor. This section considers the next missing
piece needed for the resampling inference: the feasible normalizing factor. Follow-
ing [16], I propose a feasible normalizing factor and establish the corresponding
asymptotic theory.

The normalizing factor for the t,th QTE estimator when t,, is extreme has not
been obvious. Note that the estimator of t,th QTE is ¢(z,,) := §1(tn) — Go(Ts).
Due to the different tail behaviors, the normalizing factors for ¢ (t,) and Go(t,)
are not necessarily the same. In addition, by Theorem 4.1, the normalizing factors
for g1 (t,) and go(t,,) depend on first-order statistics that are unknown and difficult
to estimate.

I propose the following feasible normalizing factor:

423) 5 /.01

oy = ’~ ~ ~ A ’
" max{g1 (mT.0) — §1(tw.0), Go(mT.0) — Go(Tn.0)}

where m is a spacing parameter that is greater than one and 7, ¢ is an extreme quan-
tile index. How to choose m and 7, ¢ will be discussed in Section 5.5. The feasible
normalizing factor uses the smaller of the two factors for g;(z,) and go(t,). In
addition, the proposed factor has the same order of magnitude as, but is not a con-
sistent estimator of, the infeasible normalizing factor « ,, which is made possible
by the following assumption.
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ASSUMPTION 10.

(1) tw,0n — ko € (0, 00).
(2) ko satisfies the condition in Lemma G.7 as well as Assumption 9.

Similar to Assumption 5, I have to bridge the two normalizing factors.

ASSUMPTION 11. Let m be the spacing parameter in (4.3). Then

q1(™0y — gy (ko)
go(™0y — go(R0)

— p € [0, o0].

Assumption 11 rules out the case in which the ratio of two normalizing factors
oscillates and neither converges to a finite number nor diverges to infinity. Since p
can be 0 and oo, the assumption incorporates the case in which one convergence
rate dominates another.

The next theorem characterizes the weak convergence of the extreme QTE esti-
mator with the feasible normalizing factor. Let

kyS(m=¢—1)  if&#£0,

X mKY =1 o m) if & =0.

THEOREM 4.2. The assumptions in Theorem 4.1 and Assumptions 10 and 11
hold. Denote

- xG&1,m, ko)

= Gy M AW i=anld(m) —q(m)

for any t,n — k. Then, for kg fixed,
Zy(k) ~ Z5 (k) inDlxi, 2],
in which

VR(ZS oo (k) — BZ§ o ()

ZE (k) := .
) max{Z o (mko) — Z1,00(ko), p(Zo,00(mko) — Zo,00(ko))}

An immediate corollary from the above theorem is the weak convergence
of a linear combination of Z¢(k)’s. In Section 5.4, I use the linear combina-
tion of extreme QTE estimators to construct a point estimator and a CI for the
Oth QTE. Corollary 4.2 establishes the theoretical foundation for this construc-
tion.
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ASSUMPTION 12. Let {fl}lel be a set of weights that can be random, and:

(1) Y fi=1,
2) 7y AN rpforall/=1,...,L and {rl}lL:1 a set of constant real numbers,
(3) 4, n — k; where {kl},L:1 satisfy Assumption 9.

COROLLARY 4.2. Ifthe assumptions in Theorem 4.2 and Assumption 12 hold,
then

L L L
an (Z AG(Th) — an(rn,z)) Y 1 Z5 (k).

=1 =1 =1

5. Inference. This section establishes inference theories for extreme QTE es-
timators. Section 5.1 shows the conventional bootstrap CI does not control size.
Section 5.2 establishes a new confidence band that controls size uniformly over a
range of quantile indices. Section 5.3 considers a robust confidence interval over
different categories of quantile indices. Section 5.4 proposes to infer the Oth QTE
by combining a set of extreme QTE estimators.

5.1. The standard bootstrap inference. First define the bootstrap estimator
with proper normalizations:

(2], (0. 2§ , (k)

;= argmin ) _ i—Z(Z]l{I; =i})Wj(Di,ﬁ(Xi))Tan

(z1,200€R? j=0,1 L =1 \i=1

n n
+ Z(Z 15 = i}) W;(Dyi, T(X)ls (Ui j = Bjn)s 25)
i=1 \I=1

in which Z;n(k) = O"j,n(‘};'(,n (tn) —aj — Bj.n) for t,n — k,aj and B; ,, are defined
in Section 4.1, and é;,n(‘fn) is the point estimator computed from (3.1) and (3.2)

using the bootstrap sample. Similarly, Zan k) =« j,n(é;’n(rn) — qj(ty)). Here,
(In1sIn2, ..., In ) 1s a multinomial vector with parameter n and probabilities
Lo , %). The data is denoted as ®,, and

PERE
(In,h In,2, ey In,n) uis (Dn-

Let {Ji,j, D j, Xi j}i>1,j=0,1 be the same as the ones in Theorem 4.1 and
{T'i,j}i>1 is a sequence of i.i.d. Poisson random variables with unit mean such
that

{Tij}i=1,j=0,1 LWL {Ti,j, Di j, X j}i=1,j=0,1
and Fi,l AL Fi,().
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THEOREM 5.1. If the Assumptions in Theorem 4.1 hold, then in ’Dz([/q k2D,

(Z] (), Z§ (k) ~ (Z] o (h), Z§ o (0)),
in which
(2] oo (0. Z§ o (K))

00
= argmin Z |:—ij +ZF,-,J~WJ-(D,-,]~,H(é\fi,j))l(;(%,j,zj)}

(z1,20)€R? j=0,1 i=1

and
(257 (), 257 () ~ (25T (h), 25T () i= (2] (k) —mi (k). Z o (k) — o (K)).

The asymptotic distribution of the bootstrap estimator of extreme QTE is dif-
ferent from the original estimator. Compared with the limiting process in Theo-
rem 4.1, there is an additional Poisson random variable term. Since the asymptotic
objective function is not quadratic, ZJT-’ k), j =0, 1 are not linear in I'; ; which
implies the standard bootstrap inference does not control size. Furthermore, due to
the lack of linear expansion of the estimator, Z]Tn (k) — VA j.n(k) does not share the

same limiting distribution with 7 jn(k).

The intuition behind the invalidity of standard bootstrap is similar to the case
of order statistics. When there are no missing counterfactuals or the data are fully
missing at random, the extreme-order quantile estimator considered in this pa-
per reduces to an order statistic. However, Bickel and Freedman [9] have already
shown that the standard n out of n bootstrap inference does not work for order
statistics. More generally, Zarepour and Knight [52] pointed out the usual boot-
strap fails9 asymptotically in cases for which there exists a Poisson point process in
the limit.

5.2. The modified b out of n bootstrap inference. Let the quantile index for the
subsample be 7;. The key insight for the modified b out of n bootstrap inference
is to align 1,b with t,n. Theorem 4.2 shows that the asymptotic distribution of
the 7,th QTE is indexed by k. Letting 1,06 = t,n = k ensures that the sample
distribution of the subsample estimator can mimic the asymptotic distribution of
the full sample estimator.

I consider the modified b out of n bootstrap inference for extreme QTEs
both with and without replacement. Not allowing for replacement (subsampling),
Bertail et al. [7] studied the validity of inference for extreme-order statistics with-
out covariates. Chernozhukov and Fernandez-Val [16] considered a similar infer-
ence procedure in linear extreme-order quantile regressions. Allowing for replace-
ment, Bickel and Sakov [10] considered the modified b out of n bootstrap inference

91 thank the referee for this reference.
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in extreme-order statistics without covariates. Theorem 5.2 proves that the modi-
fied b out of n bootstrap inferences both with and without replacement control size
when inferring the extreme QTE.!?

Before stating the main theorem of this section, I introduce the resampling ver-
sion of the feasible normalizing factor for the subsample

‘. VTb,0b

b max{gF mts0) — 41 (t6,0), 45 MTh,0) — 45 (th.0)}

a

where 15, 0b = 1, 0n and (7,0, m) are the same as the ones used to compute &, in
Theorem 4.2. Then the normalized estimator for the subsample is

28 (k) == &} (§* () — G(w)).

In the above two equations, §*(7) := ¢} (t) — g (r) where c};‘(r) is computed by
(3.1) and (3.2) with t, replaced by t = 15, or 75,0 and using only the data from
the subsample, which is generated either with or without replacement. Without the
star symbol, §(zp) := §1(tp) — Go(7p) Where g (1p,) is computed by (3.1) and (3.2)
with t, replaced by 75, and using the full sample.

b

THEOREM 5.2.  If the assumptions in Theorem 4.2 hold and asn — oo, - — 0

and b — oo polynomial in n, then Z;*(k) ~ ZE (k) in D([k1, k2]).

Theorem 5.2 builds the theoretical foundation for constructing the uniform con-
fidence band for the extreme QTE over k € [k, k2], in which k1, kp are not at
the discontinuity of the limiting process with probability 1. Next, I want to stu-
dentize the process 2,‘1'* (k). When the limiting process is Gaussian, it is common
to first studentize the process by the pointwise standard deviation and then con-
struct the uniform confidence band. Here I consider the same studentization in the
non-Gaussian case. Let S, (k) and o (k) be the feasible and infeasible studentizing
factors.

ASSUMPTION 13. For a (random) scale function S, (k), there exists o (k) > 0,
a deterministic function of k, such that
Sn (k)
o (k)

—1‘=op(1).

kelk, k2]

In addition, with probability approaching one, o (k) and S, (k) are both continuous
in k and uniformly bounded and bounded away from zero over k € [k, x2].

10 suggest using the modified b out of n bootstrap with replacement because it performs better in
simulations.
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Note S, (k) can be S, (k) ;=1 or S,(k) := k=5 + k=5 with corresponding
o(k):=1orok) =k 5 + k%, respectively. In the latter case, §;, j =0, 1 are
unknown. I replace them by their consistent estimators é j» J =0, 1. I 'refer readers
to Section A in the supplement for the detail of these estimators. The choice of
studentizing factors will not affect the asymptotic size of the uniform confidence
band, but will rather affect its power. Unlike the case with Gaussian limit in which
letting o (k) be the pointwise standard deviation is natural, the best choice for the
studentizing factor in this non-Gaussian case is still an open question and should
be the focus of future research.

COROLLARY 5.1. Let C\_, denote the (1 — a)th quantile of

max | ZE* (k) /S, (k)|
kelky,k2]

If the assumptions in Theorem 5.2 and Lemma G.8 as well as Assumption 13 hold,
then

k k ~ k ~
P(‘I(;) € [QA(;) - Sn(k)cl—a/&n’ C}(;) + Sn(k)cl—a/&n:| 1k e[k, Kz])

— 1 —a.

Let {kl}lL:1 be a fine grid, 7, = %, T = %, Tp0 = ];—0 and 15,0 = IZ—O. The
number of subsamples is B;, which is as large as computationally possible. Re-
searchers can compute the uniform confidence band (CB,,) based on the following
procedure:

1. Compute ¢(ty,1) and g(7p) as in (4.1). Compute &, S, (k) and the propen-
sity score ) using the full sample.
2. For the ith subsample, compute §*(tp ) for/ =0, ..., L as in (4.1). Denote

s v Tb,0b

Fp = £~ ~k ~x ~ % ’
max{q, (mtp,0) — q, (tp,0), 45 (MT,0) — g0 (Tp,0)}

where for j =0, 1, c};‘f(-) is computed as in (3.1) and (3.2), respectively, using the
subsample data and the propensity score estimated in the first step. Denote

.....

3. Repeat step 2 fori =1, ..., B,.'! Compute Cl_q as the (1 — a)th quantile
of the (V5 )2,

HNote that step 1 is not repeated, which means the propensity score only needs to be estimated
once.



3730 Y. ZHANG

4. Construct
~(k ~ ~ Ak ~ n
CB, = {ME) — 8000 C—a /i, q(;) + sn<k)c1_u/an] kelk, xz]}.

Next, I consider the modified b out of n inference for a linear combination of
extreme QTEs. Let C, be the ath quantile of Zf:] vrZ5(k;) and C, be the ath
quantile of

L L
aj, <Z UMD );lé(fb,l))-
st =1

Given that Z[L:1 vrZS,(ky) is continuously distributed,'> Proposition 5.1 shows
that C, is a consistent estimator of C,. Denote

L
> 14 (tas) — Cos/@, and
=1

L L
{Z 714 (ta1) = Cioa/2/@n, Y 714 (Ta1) — Ca/Z/&ni|
=1 =1

the median-unbiased estimator and a (1 — a) x 100% CI, respectively.

PROPOSITION 5.1. Under the assumptions in Theorem 5.2 and Assump-
tion 12, I have

L L L
(5.1 @, (Z Vg (To.1) — Z?[@(Tb,z)) Yy ZE k),
=1 =1 =1

L L
(5.2)  lim P <; 714 (tn,1) — Co.5/an < IX;FIQ(Tn,l)) =0.5

and

n—oo

L
lim P(Z 714 (tn.1) — C1—qy2/8n
I=1
(5.3) L Lo - .
<> nq(a) <Y _FG(Tng) — Caj2/an
I=1

=1

=1—a.

12This is shown in Lemma G.7 in the supplement.
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In Proposition 5.1, (5.1) shows the weak convergence of the linear combination
of extreme QTE estimators, (5.2) shows the median-unbiased estimator is asymp-
totically median-unbiased, and (5.3) implies the CI asymptotically controls size.

To implement, let B, denote the number of subsamples. I use the following
steps to compute Cy:

1. Compute {7/, C}(Th,l),@(fn,l)}le and the propensity score estimator (x)
using the full sample.
2. For the ith subsample, compute c};’jb(‘be) for/ =0,..., L asin (4.1). Denote

s vV Th,0b

oy = = = = = ,
P max{@(mtp.0) — 47 (t.0), 4 (mTh.0) — 45 (T5.0))

where for j =0, 1, c};“ (tp) is computed as in (4.1) for each subsample. Denote

L
Vi i=a, [Z F(g" (tp) — é(fb,l)):|~

=1

3. Repeat the second step for i = 1,..., B,. Compute él_a as the (1 — a)th
quantile of the {Vi”“b}?:” 1

When L =1, one can use this procedure to construct the pointwise CI for the
7,,th QTE. The finite sample performance of the CI is examined in Section E of the
supplement.

5.3. A robust confidence interval. The inference methods for intermediate and
extreme QTE estimators are different. This difference raises the practical issue of
how to choose the inference method in a given dataset with a small but given
quantile index. Note that for a € (0, 1), any two-sided (1 — a)th CI can be written
as

(5.4) Cl=(§(t) — Ci_g(ta), §(za) — Cy (),

where Ga(rn) is some critical value. However, the choice of Ga(rn) depends on
the order of t,.

Ideally, I want to use different critical values for different quantile index orders.
For the extreme-order quantile index,

6a(‘fn) = 6abn(fn) = é\a(":n)/&n,

where C,(z,) is the critical value computed by a modified b out of n bootstrap
procedure for 7,,. The corresponding CI is called BN-CI. For the intermediate-
and regular-order quantile indices, éa (tp) = 52"(1,1) where EZ” (1) 1s the critical
value computed by a standard bootstrap procedure. The corresponding CI is called
NN-CI. But in practice, it is impossible to determine the order of any quantile
index because the size of the dataset is finite. The ideal procedure is not feasible.
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Andrews and Cheng [4] faced a similar problem because the model they consid-
ered can be either weakly, semi-strongly or strongly identified. What they propose
is an identification-category-selection (ICS) procedure based on the strength of
identification. Similarly, I propose an order-category-selection (OCS) procedure
based on the quantile index of interest and construct a robust CI.

OF 40 0.1b 1b (2) b
Let, " :=min(5, =), & = PNITOR and for any a € (0, 1),

o)y () = max(Cy (1), Clty ()

and
~l . ~ ~
le_a/z(fn) = mln(c?ﬁa/g(fn)» C?ﬁa/z(fn))-

The robust CI is constructed based on a hybrid critical value C fj () defined as
follows:

Chzy)  ifr, <7D,
Cg(rn) = éflf(rn) if 7, € (7, @ (2)),
Cl" (1) if 7, > rn(z).

In general, r,gl) takes the form of min(i C2b) where C1 and C» are two positive
constants. If k := tn is large, the approximation error from estimating the propen-
sity score will contaminate the asymptotic approximation. To prevent this contam-
ination, I require nt < C{. Chernozhukov [15] and Chernozhukov and Ferndndez-
Val [16] suggest using C € [40, 80]. To be cautious, I choose C| = 40.

Second, the modified b out of n bootstrap method with subsample size b is only
valid if the quantile index used in the subsample, 1} := % = b , 1s close to zero,
which leads to the second requirement that t;, < C». Based on the simulations, the

quantile index 7 is small enough if it is less than C, = 0.1. Combining these two

requirements, I obtain ‘L'( ),

For n large enough, 7, (1) 40. If r < ‘L',El), nt <40 < oo. For such 7, it is
expected that the extreme- order asymptotic distribution can approximate the finite
distribution of the tth QTE estimator better than the standard normal distribution.
In this case, the robust CI equals the BN-CI.

On the other hand, if T > 1:(2),

b
m>——> 0
— log(n)

because b — oo polynomially in n. For such 7, it is expected that the finite sample
distribution of the tth QTE estimator is well approximated by the intermediate or
regular-order quantile asymptotic distribution. In such a case, the standard boot-
strap CI controls size and the robust CI is just the NN-CI.

When 7 € (1, (1) ,gz))’ it is unclear whether normal or EV approximation works
better. In this case, the robust CI uses the least favorable critical value, which is
conservative.
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The OCR procedure is different from the ICS procedure used in [4] because here
I have two thresholds and when the quantile index is less than the first threshold,
the asymptotic size is exact, while in [4], they only have one threshold and when
the strength of identification is less than the threshold, their asymptotic size is
conservative.

Let

Fex := {{taln=1: 7 = 0,n7, = k € (0, 00), k satisfies Assumption 9},
Cine := {{tu}n>1: 70 = 0, n7, — 00}

and

[reg := {{Tn}nzl ‘=1 € (0, 1)}

denote the collections of extreme-, intermediate- and regular-order sequences of
quantile indices. Then let T" := lex U Tipg U Treg.

THEOREM 5.3. Assumptions 1, 3-5 and 7-8 hold. Subsample size b — 0o
polynomially in n and % — 0. Then, for any a € (0, 1),
inf_lim P(q(z) € (§(tn) = C_g (m). §(m) = Ci())) = 1 —a.

{Tn}nzl el'n—o0

Theorem 5.3 shows that the robust confidence interval controls size uniformly
over different types of quantile indices.

5.4. Inference theory for the Oth QTE. 1 use a linear combination of extreme
QTE estimators to infer the Oth QTE so that the estimation bias is canceled out. To
see the source of bias, I need to assume Y and Yy have type 3 tails. This implies
thata; = ¢;(0) and B; , = 0. Hence,

k=5 4+ 0o(l) k% +o0(1)

1.0 X0,n

(5.5 q(tn) — (q1(0) — qo(0)) =G (rn) — q(Tn) +

I can approximate the critical value of the asymptotic distribution for ¢ (z,,) — ¢ (7,)
based on the procedure after Proposition 5.1. The second term on the RHS of (5.5)
is the bias caused by the fact that the parameter of interest is ¢ (0), instead of ¢ (z,).

To get rid of this bias, I propose a feasible estimator ¢ (0) := Z[L:1 714 (ty,1) in
which the weights {f[}lel solve the following system of equations:

L L R L R
(5.6) Z F=1, Z f;kfél —0, Z ;lk;$<) —0
=1 =1 1=1

Here, (éo, él) are consistent estimators of (&g, &) studied in Section A of the sup-
plement.
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To implement, I compute ¢(0) using only three different values of 7, , that is,
L = 3. The reason is twofold: (i) I do not have a selection rule for choosing among
solutions of weights that satisfies (5.6) if the solution is not unique; and (ii) within
a fixed range, the more quantile indices I use, the higher the absolute values of the
weights, which will widen the implied CI.

PROPOSITION 5.2. Let éj be consistent estimates of §; for j = 0,1, L = 3,
(r1, 72, F3) be computed as in (5.6), g(0) := 21L=1 714 (ty.1) and C, be computed as
in the procedure after Proposition 5.1. If the assumptions in Theorem 4.2 hold and
Y; has a type 3 lower tail, for j =0, 1, then

Jlim P(G(0) = Cias2/@n < q(0) < G(0) — Cap2/@n) =1 —a.

Type 3 tails are also called Pareto-type tails, which are prevalent in economic
data such as wealth and incomes, as argued in Section 2.2 of [16]. Second, Y; has
a type 3 lower tail if and only if the EV index is negative, which is testable based
on Theorem A.1. In practice, it implies that the CDF of the two potential outcomes
decay or diverge polynomially as T — O.

Since the lower boundaries of Y| and Yy are bounded, Y; and Yy cannot have
type 2 tails. I still need to assume away type 1 tails when inferring the Oth quantile.
This is because, for type 1 tails, the location normalizing factor B;, # 0. Then
(5.5) becomes

G(tn) — (q1(0) — qo(0))
10g(k) + Oll,nﬁl,n + 0(1) _ log(k) + OlO,n,BO,n + 0(1)

o1 p a0,n

=4 () —q () +

The extra terms cannot be canceled by the proposed method.
There are two alternative methods to infer the Oth QTE, each of which has its
k5L k%o

own restriction. The first alternative is to analytically compute TV, the

leading term of the bias in (5.5), which requires the estimation of the infeasi-
ble convergence rate « ,. However, computing an estimator &, of o, such

that fﬁ — 1 is harder than simply estimating the EV index &;. Usually, in order

to compute &;,,, distributional assumptions such as « , = C;n%/ for some con-
stant C; are imposed. See, for example, the discussion in [16] on the distributional
assumption and [8] on the point of conducting subsampling inference when the
convergence rate is unknown. These distributional assumptions are not needed in
Proposition 5.2.

The second alternative is to ignore the finite sample bias as it is asymptotically
negligible. To be more specific, combining Theorems 4.1 and 4.2, it is clear that
for t,n — k,

an(q(ta) — q(0))
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converges weakly to a nondegenerate limiting distribution. I can then approximate
the critical value of the limiting distribution by computing

Zi (k) =@ (9* (w) — (1))

for 7pb = t,n. Comparing Z;f (k) with Zfl* (k) in (5.2), the only difference is that
the subsample estimator ¢*(tp) is now centered at §(t,) := ¢1(tx) — Go(ts), the
full sample QTE estimator at 7,, instead of ¢ (7). The reason is that for the sub-
sample, ¢ (15) and ¢ (z,) can be viewed as proxies for ¢ (15) and ¢(0), respectively.
Then, after obtaining an estimator of the critical value of the limiting distribu-
tion of Z;f (k) by a similar b out of n bootstrap procedure, one can construct a
median-unbiased estimator and a consistent CI for ¢(0). This method works be-
cause the bias of using ¢ (z;,) as a proxy of ¢ (0) vanishes asymptotically. However,
researchers have no control of the magnitude of the bias in a finite sample. The
properties of the implied CI in finite samples can be sensitive to both the choice of
k = t,n and the subsample size b. Therefore, this method is less robust than the
one proposed in Proposition 5.2.

5.5. Tuning parameters. On the one hand, it is almost inevitable to use tun-
ing parameters to infer extremal QTEs due to the nonparametric and nonregular
nature of the problem. On the other hand, to determine the optimal tuning param-
eters and establish a data-driven method to select them requires further analysis of
higher-order properties of the extremal QTE estimators, which is closely related
to this paper. This important topic will be the subject of future research. In this
section, I provide rules of thumb of selecting tuning parameters, based on either
the previous literature on nonparametric sieve estimation and extremal quantile re-
gressions or my own simulation experience. Detailed simulation evidence based
on the choice of tuning parameters discussed here can be found in Sections E and
H in the supplement.

The number of sieve bases h,. For the intermediate QTE, given sufficient
smoothness and B-spline sieve space, Assumption 3 boils down to h, = Cn®
where 7,n°~1 — 0 and 1, is the intermediate quantile index researchers are in-
terested in. In particular, I require rnnﬁc_l < 0.1, which leads to h,, < C (%)1/ 6

For n = 5000, 7, = 0.2 and C € [0.5, 2], (%)‘/6 ~ 3.6, which indicates that
h, =2,...,7 are reasonable choices for the number of sieve bases. Alternatively,
if the power series are used, then Assumption 3 boils down to z,n!'“"1 — 0. By

the same reasoning, I require 7,n'1~1 < 0.1, which leads to h, < C(O'Tﬂ)l/“.

For n = 5000, 7, = 0.2 and C € [0.5,2], (%2)//11 ~ 2, which indicates that
h, =1,...,4 are reasonable choices for the number of sieve bases. This type of
heuristic calibration of 4, was also considered in [3]. Recently, [33] proposed
to use cross-validation to determine #%,, which also works here. For estimating
the extreme QTE, only consistency of the propensity score estimator is required,
which indicates the estimation and inference of extreme QTE is less sensitive to the
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choice of &, compared to the intermediate case. Last, when there are a rich set of
covariates (or sieve bases), [6] proposed to use the L penalized logistic regression
to estimate the propensity score and provided an algorithm to compute the penalty
loadings. Given the penalty loadings, the number of covariates (or sieve bases) is
determined by data. The exact same procedure can be applied to this paper. All
the simulation results in the Supplementary Material use %, = 4, which performs
quite well in all sixteen simulation designs with small, moderate and large sample
sizes.

The subsample size b. In Sections E and H, I use b = (120, 300, 1000) for sam-
ple sizes (300, 1000, 5000), respectively. By linear interpolation, I suggest the for-
mula for b as a function of n as follows:

1 23 7/ 1og(5000
b= {0.4;1— =(1=300)* = Z=(1—-1000)* - —(1 _ 10g(3000)

)(n — 5000)+J,
40 log(n)

where x* = max(0, x). Based on the formula, when n > 5000,

710(5000)
b=1000 + 222 (5000,
T 201ogn) " )

which implies b — oo polynomially in n and % — 0. The simulation results
also indicate that the coverages of BN-CI are quite stable across b € (100, 200),
(150, 500) and (500, 1500) for n = 300, 1000, 5000, respectively.

The spacing parameter m and t, o in the feasible normalizing factor. Theo-
retically, the choice of 7, in &, does not impact the asymptotic validity of the
normalizing factor. However, in finite samples, this choice involves a trade-off be-
tween bias and variance. If nt, ¢ is small, there are fewer observations used for
estimating ¢ (t,,0), which produces a large variance. But, if nt, ¢ is large, it can
introduce bias in two ways. First, as nt, o increases, the estimation error of the
propensity score will accumulate and contaminate the CI. In addition, since I use
a modified b out of n bootstrap method with subsample size b to construct the CI,
if nt, 0/b is large, then this quantile index cannot be interpreted as extreme-order.
Both imply that the extreme-order asymptotic approximation is not suitable. To
address all the above issues, I choose the index 7,0 as 1,0 = min(ln—o, O'nﬁ) and
Th0 = rn(l) = min(%, 0%) with 7, < r,,E“ and 7, > r,gl), respectively. The simu-
lation study in Section E in the supplement shows this rule performs well in finite
samples.

For m, I follow [16] and use
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where ko = 1, 0n and sp ranges from 2 to 20.13 [16] reported the inference per-
formances of extreme quantile regressions are quite stable across sp € [2, 20]. For
simplicity, I choose sp =9 which implies m = 1 + %. In simulations, I find the
finite sample performance of BN-CI is insensitive to the choice of sp € [2, 20]
also.

The quantile indices {Tn,l}?:1 used to infer the Oth QTE. Let kj = nt,, | =
1, 2, 3. As has already been discussed in Proposition 5.2, k; should be distant from
each other. In addition, to ensure that {Tn,l}?zl are extreme-order, k; should be
less than 40. With this two rules of thumb, I use (kq, kp, k3) = (5, 17.5, 30). Its
finite sample performances are satisfying, as illustrated in Sections E and H in
the supplement. In addition, Sections A and E.5 in the supplement contain the
estimators of the EV index and some implementation details, respectively.

6. Conclusion. By addressing the issues of missing data and data sparsity
simultaneously, this paper establishes asymptotic theory and inference procedures
for an estimator of the unconditional QTE when the quantile index is close to or
equal to zero.
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