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In quantum optics, the quantum state of a light beam is represented
through the Wigner function, a density on R2, which may take negative values
but must respect intrinsic positivity constraints imposed by quantum physics.
In the framework of noisy quantum homodyne tomography with efficiency
parameter 1/2 < n <1, we study the theoretical performance of a kernel es-
timator of the Wigner function. We prove that it is minimax efficient, up to
a logarithmic factor in the sample size, for the Lo-risk over a class of in-
finitely differentiable functions. We also compute the lower bound for the
IL,-risk. We construct an adaptive estimator, that is, which does not depend
on the smoothness parameters, and prove that it attains the minimax rates for
the corresponding smoothness of the class of functions up to a logarithmic
factor in the sample size. Finite sample behaviour of our adaptive procedure
is explored through numerical experiments.

Quantum optics is a branch of quantum mechanics which studies physical sys-
tems at the atomic and subatomic scales. Unlike classical mechanics, the result of
a physical measurement is generally random. Quantum mechanics does not predict
a deterministic course of events, but rather the probabilities of various alternative
possible events. It provides predictions on the outcome measures, therefore ex-
ploring measurements involves nontrivial statistical methods and inference on the
result of a measurement should be done on identically prepared quantum systems.

In this paper, we study a severely ill-posed inverse problem that has arisen in
quantum optics. Let (Z1, ®y), ..., (Z,, P,) be n pairs of independent identically
distributed random variables with values in R x [0, 7] satisfying

Zo = X¢+/2v&,
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where X; admits density p(x, ¢) w.r.t. the Lebesgue measure on R x [0, 7], & is
a standard normal variable independent of X; and y € (0, 1) is a known scalar.
Due to the particular structure of this quantum optics problem, the density p(x, ¢)
satisfies

1
p(x,¢) = ;R[W](x, d)Lj0,71(d),

where W : R? — R is the unknown function to be estimated based on indirect
observations (Z1, ®1), ..., (Z,, ®,) and R[W] is the Radon transform of W. The
Radon transform will be properly defined in Section 1 below. The target W is
called the Wigner function and is used to describe the quantum state of a physical
system of interest.

For the interested reader, we provide in Section 1 a short introduction to the
needed quantum notions. This section may be skipped at first reading. Section 2
introduces the statistical model by making the link with quantum theory. The inter-
ested reader can get further acquaintance with quantum concepts through the text-
books or the review articles of Barndorff-Nielsen, Gill and Jupp (2003), Helstrom
(1976), Holevo (1982) and Leonhardt (1997).

1. Physical background. In quantum mechanics, the measurable properties
(ex: spin, energy, position, ...) of a quantum system are called “observables.” The
probability of obtaining each of the possible outcomes when measuring an observ-
able is encoded in the quantum state of the considered physical system.

1.1. Quantum state and observable. The mathematical description of the
quantum state of a system is given in the form of a density operator p on a com-
plex Hilbert space H (called the space of states) satisfying the three following
conditions:

1. Self-adjoint: p = p*, where p* is the adjoint of p.
2. Positive: p > 0, or equivalently (yr, pyr) > 0 for all ¢ € H.
3. Trace one: Tr(p) = 1.

Notice that D(H), the set of density operators p on H, is a convex set. The extreme
points of the convex set D(H) are called pure states and all other states are called
mixed states.

In this paper, the quantum system we are interested in is a monochromatic light
in a cavity. In this setting of quantum optics, the space of states H we are dealing
with is the space of square integrable complex valued functions on the real line.
A particular orthonormal basis for this Hilbert space is the Fock basis {¥/;} jen:

1
NNCIRT

(1) i (x) = H;(x)e ™/,
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where H;(x) := (—1)J e"zﬁlje_’62 denote the jth Hermite polynomial. In this
basis, a quantum state is described by an infinite density matrix p = [0} k]; keN

whose entries are equal to

Pjk = ¥j, p¥i),

where (-, -) is the inner product. The quantum states which can be created currently
in laboratory are matrices whose entries are decreasing exponentially to 0, that is,
these matrices belong to the natural class R(C, B, r) defined below, with r = 2.
Let us define for C > 1, B > 0and 0 < r <2, the class R(C, B, r) is as follows:

(2)  R(C, B,r):={p quantum state : | o ,| < C exp(—B(m + n)"/?)}.

In order to describe mathematically a measurement performed on an observable of
a quantum system prepared in state p, we give the mathematical description of an
observable. An observable X is a self-adjoint operator on the same space of states
‘H and
dimH
X= Y x.Pa,
a

where the eigenvalues {x,}, of the observable X are real and P, is the projection
onto the one-dimensional space generated by the eigenvector of X corresponding
to the eigenvalue x,.

As a quantum state p encompasses all the probabilities of the observables of the
considered quantum system, when performing a measurement of the observable X
of a quantum state p, the result is a random variable X with values in the set of the
eigenvalues of the observable X. For a quantum system prepared in state p, X has
the following probability distribution and expectation function:

P,(X =x4) =Tr(Pyp) and E,(X)=Tr(Xp).

Note that the conditions defining the density matrix p insure that [P, is a probability
distribution. In particular, the characteristic function is given by

Ep (eitX) — TI‘(,OeiZX).

1.2. Quantum homodyne tomography and Wigner function. In quantum op-
tics, a monochromatic light in a cavity is described by a quantum harmonic os-
cillator. In this setting, the observables of interest are usually Q and P (resp., the
electric and magnetic fields). But according to Heisenberg’s uncertainty principle,
Q and P are noncommuting observables, they may not be simultaneously measur-
able. Therefore, by performing measurements on (Q, P), we cannot get a probabil-
ity density of the result (Q, P). However, for all phase ¢ € [0, w] we can measure
the quadrature observables

Xy :=Qcos¢ +Psing.
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Each of these quadratures could be measured on a laser beam by a technique de-
veloped by Smithey and called Quantum Homodyne Tomography (QHT). The the-
oretical foundation of quantum homodyne tomography was outlined by Vogel and
Risken (1989).

When performing a QHT measurement of the observable Xy of the quantum
state p, the result is a random variable Xy whose density conditionally to ® = ¢
is denoted by p,(:|¢). Its characteristic function is given by

]Ep (eitqu) — Tr(peil‘Xd)) — Tr(peit(QCOS¢+Psin¢)) — J—_'l [Pp(|¢)](t),

where Fi[p,(-|)1(t) = [ eltx Pp(x|¢)dx denotes the Fourier transform with re-
spect to the first variable. Moreover, if & is chosen uniformly on [0, 7], the joint
density probability of (X4, ®) with respect to the Lebesgue measure on R x [0, 7]
is

1
Po(x, ¢) = —pp(X|$)110.71 ().

An equivalent representation for a quantum state p is the function W, : R? - R
called the Wigner function, introduced for the first time by Wigner (1932). The
Wigner function may be obtained from the momentum representation

(3) Wp(u, v) = fz[Wp](u, V) :Tr(pei(uQ—i-vP))’

where F; is the Fourier transform with respect to both variables. By the change of
variables (u, v) to polar coordinates (¢ cos ¢, t sin¢), we get

@) Wp(t cos, tsing) = Fj [Pp(-|¢)](t) — Tr(peitxd)).

The origin of the appellation quantum homodyne tomography comes from the fact
that the procedure described above is similar to positron emission tomography
(PET), where the density of the observations is the Radon transform of the under-
lying distribution

5 pp(x|d>):R[Wp](x,qb):fWp(xcos¢>—|—tsin¢>,xsin¢>—tcos¢>)dt,

where R[W,] denotes the Radon transform of W,. The main difference with PET
is that the role of the unknown distribution is played by the Wigner function which
can be negative.

The physicists consider the Wigner function as a quasi-probability density of
(Q, P) if one can measure simultaneously (Q, P). Indeed, the Wigner function
satisfies

(6) W, :R* >R, f W,(q, p)dqdp =1,

and other boundedness properties unavailable for classical densities. However, the
Wigner function can and normally does take negative values for states which are
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not associated to any classical model. This property of the Wigner function is used
by physicists as a criterion to discriminate nonclassical states of the field.

In the Fock basis, we can write W, in terms of the density matrix [pji] as
follows [see Leonhardt (1997) for the details]:

Wy(q, p) = ijij,k(q, 128
ik

where for j >k,

(7N Wirlg,p)=

(Jrl)](].) (V2ip — ) e @I LI (297 4 2p?)

and L{ (x) the generalized Laguerre polynomial of degree k and order o.

1.3. Pattern functions. The ideal result of the QHT measurement provides
(X¢, ®) of joint probability density with respect to the Lebesgue measure on
R x [0, ] equal to

1 1
®) Po(x, @) = —pp(x|§)10.1(9) = ;R[Wp] (%, 9)1L10,71(9)-

The density p,(-,-) can be written in terms of the entries of the density matrix p
[see Leonhardt (1997)]

9) Pox )= pjatri()Yr(x)e” VP2,

J.k=0

where {1/} en is the Fock basis defined in (1). Conversely [see D’ Ariano, Mac-
chiavello and Paris (1994), Leonhardt (1997) for details], we can write

(10) Pk 2/0 /pp(x,d))fj,k(x)e—(j—kw dxdé,

where the functions f;x : R — R introduced by Leonhardt, Paul and D’ Ariano
(1995) are called the “pattern functions”. An explicit form of the Fourier transform
of fj«(-) is given by Richter (2000): for all j > k

2k=j 2
(1) fu® = fij@) =m(=)'" "\/Jivltf -k “L’ "(;).

Note that by writing = ||w|| = ||(g, p)|| = \/¢* + p? in the equation (7), we
can define for all j >k

1
2_ kINZ ., o i
(12) k() :=|W,k(q, p)}——(ﬁ) ke LI (24%)].
Therefore, there exists a useful relation, for all j > k,

(13) | fix(®)] =721 (2/2).
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Moreover, Aubry, Butucea and Meziani (2009) have given the following lemma
which will be useful to prove our main results.

LEMMA 1 [Aubry, Butucea and Meziani (2009)]. For all j,k € N and J :=
j+k+1,forallt>0,

1 (1 ifo<t<+J,
14 [ —
( ) ],k(t)f T e_(t_ﬁ)Z lfzzﬁ

2. Statistical model. In practice, when one performs a QHT measurement,
a number of photons fails to be detected. These losses may be quantified by one
single coefficient 1 € [0, 1], such that n = 0 when there is no detection and n = 1
corresponds to the ideal case (no loss). The quantity (1 — 1) represents the propor-
tion of photons which are not detected due to various losses in the measurement
process. The parameter 7 is supposed to be known, as physicists argue that their
machines actually have high detection efficiency, that is, n = 0.9. In this paper, we
consider the regime where more photons are detected than lost, thatis, n € (1/2, 1].
Moreover, as the detection process is inefficient, an independent Gaussian noise
interferes additively with the ideal data X4. Note that the Gaussian nature of the
noise is imposed by the Gaussian nature of the vacuum state which interferes ad-
ditively.

To sum up, for ® = ¢, the effective result of the QHT measurement is for a
known efficiency n € (1/2, 1],

15) Y =nXp+(1—n)/28,

where £ is a standard Gaussian random variable, independent of the random vari-
able X4 having density, with respect to the Lebesgue measure on R x [0, 7], equal
to py(-,-) defined in equation (8). For the sake of simplicity, we re-parametrize
(15) as follows:

(16) Zi=Y/ i =Xg+ /(= m/@E = X4+ /208,

where y = (1 —n)/(4n) isknown and y € [0, 1/4) asn € (1/2,1]. Note thaty =0
corresponds to the ideal case.

Let us denote by p}, (-, -) the density of (Z, ®), which is the convolution of the
density of X, with N7 (-) the density of a centered Gaussian distribution having
variance 2y, that is,

1
P 9) = | SRIW,ICO)L0m@ |+ N7 @) = py.0) N @)
a7)
=/pp(z—x,¢)Ny(x)dx.
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For @ = ¢, a useful equation in the Fourier domain, deduced by the previous
relation (17) and equation (4) is

(18)  Fi[p} (. $)] (1) = Fi[pp (. $)](ONY (t) = W, (t cos(@h). t sin(¢)) N7 (1),

where F] denotes the Fourier transform with respect to the first variable and the
Fourier transform of N7 (-) is N (1) = e v

This paper aims at reconstructing the Wigner function W, of a monochromatic
light in a cavity prepared in state p from n observations. As we cannot measure
precisely the quantum state in a single experiment, we perform measurements on 7
independent identically prepared quantum systems. The measurement carried out
on each of the n systems in state p is done by QHT as described in Section 1.
In practice, the results of such experiments would be n independent identically
distributed random variables (Z;, ®1), ..., (Z,, ®,) such that

(19) Zy=Xe+/2v&
with values in R x [0, r] and distribution ]P’% admitting density p%(-, -) defined
in (17) with respect to the Lebesgue measure on R x [0, 7]. Forall £ =1, ...,n,

the &;’s are independent standard Gaussian random variables, independent of all
(X¢, @p).

In order to study the theoretical performance of our different procedures, we
use the fact that the unknown Wigner function belongs to the class of very smooth
functions A(B, r, L) [similar to those of Aubry, Butucea and Meziani (2009),
Butucea, Gutd and Artiles (2007)] described via its Fourier transform:

(20) A(B,r, L) := {f ‘R?> > R, /f|f(u, v)|262’3”(”’v)”r dudv < (ZJT)ZL},

where f (-, -) denotes the Fourier transform of f with respect to both variables and
|| (u, v)|| = v/u? + v2 denote the usual Euclidean norm. Note that this class is rea-
sonable from a physical point of view. Indeed, it follows from Propositions 1 and
2 in Aubry, Butucea and Meziani (2009) that any Wigner function whose density
matrix belongs to the realistic class R(C, B, r) lies in a class A(B’, r, L") where
B >0 and L' > 0 depend only on B, C,r. To the best of our knowledge, there
exists no converse result proving that the density matrix of any Wigner function in
the class A(B’, r, L") belongs to R(C, B, r).

Previous works and outline of the results. The problem of reconstructing the
quantum state of a light beam has been extensively studied in physics literature
and in quantum statistics. We only mention papers with a theoretical analysis of
the performance of their estimation procedure. Additional references to physics
papers can be found therein. Methods for reconstructing a quantum state are based
on the estimation of either the density matrix p or the Wigner function W,. In
order to assess the performance of a procedure, a realistic class of quantum states
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R(C, B, r) has been defined in many papers such as in (2) where the elements of
the density matrix decrease rapidly. From the physics point of view, all the states
which have been produced in the laboratory up to now belong to such a class with
r =2, and a more detailed argument can be found in the paper of Butucea, Guta
and Artiles (2007).

The estimation of the density matrix from averages of data has been consid-
ered in the framework of ideal detection (n =1, i.e., y = 0) by Artiles, Gill and
Guta (2005) while the noisy setting has been investigated by Aubry, Butucea and
Meziani (2009) for the Frobenius norm risk. More recently in the noisy setting,
an adaptive estimation procedure over the classes of quantum states R(C, B, r),
that is, without assuming the knowledge of the regularity parameters, has been
proposed by Alquier, Meziani and Peyré (2013) and an upper bound for Frobenius
risk has been given. The problem of goodness-of-fit testing in quantum statistics
has been considered in Meziani (2008). In this noisy setting, the latter paper de-
rived a testing procedure from a projection-type estimator where the projection is
done in L, distance on some suitably chosen pattern functions.

The Wigner function is an appealing tool to physicists to determine particular
features of the quantum state of a system. Therefore, this work is of practical in-
terest. For instance, nonclassical quantum state corresponds to negative parts of
the Wigner function. This paper deals with the problem of reconstruction of the
Wigner function W,, in the context of QHT when taking into account the detection
losses occurring in the measurement, leading to an additional Gaussian noise in the
measurement data (n € (1/2, 1]). In the absence of noise (y = 0), Gutd and Artiles
(2007) obtained the sharp minimax rate of pointwise estimation over the class of
Wigner functions A(B, 1, L) for a kernel based procedure. The same problem in
the noisy setting was treated by Butucea, Gutd and Artiles (2007); they obtain min-
imax rates for the pointwise risk over the class A (B, r, L) for the procedure defined
in (21). Moreover, a truncated version of their estimator is proposed by Aubry, Bu-
tucea and Meziani (2009) where an upper bound is computed for the ILy-norm risk
over the class A(B, r, L). The estimation of a quadratic functional of the Wigner
function, as an estimator of the purity, was explored in Méziani (2007).

The reconstruction problem considered in this paper belongs to the class of
linear inverse problems. It requires to solve simultaneously a tomography problem
and a density deconvolution problem. We refer to Cavalier (2008) for a survey of
the literature on general inverse problems in statistics.

Tomography problems, such as noisy integral equation of the form y =
RIf1(x,d) + & where (x,¢) € R x [0, 7], £ is some random noise and f is
the unknown function to be recovered, have been investigated in Korostelév and
Tsybakov (1991, 1993), Klemeld and Mammen (2010) and the references cited
therein. For density type tomography problems closer to our setting, Johnstone and
Silverman (1990) considered uncorrupted observations, corresponding to y = 0
in (19), and established the minimax rate of the inverse Radon transform over
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Sobolev classes of density functions for the quadratic risk. Under a similar frame-
work, Donoho and Low (1992) obtained the pointwise minimax rate of reconstruc-
tion.

The deconvolution problem has been studied extensively in the literature. We re-
fer to Bissantz and Holzmann (2008), Bissantz et al. (2007), Butucea and Tsybakov
(2008a, 2008b), Carroll and Hall (1988), Delaigle and Gijbels (2004), Diggle and
Hall (1993), Fan (1991, 1993), Goldenshluger (1999), Hesse and Meister (2004),
Johnstone and Raimondo (2004), Johnstone et al. (2004), Meister (2008), Pensky
and Sapatinas (2009), Pensky and Vidakovic (1999), Stefanski (1990), Stefanski
and Carroll (1990). Most of these papers concern the quadratic risk or the point-
wise risk. Lounici and Nickl (2011) established the first minimax uniform risk
estimation result for a wavelet deconvolution density estimator over Besov classes
of density functions.

The remainder of the article is organized as follows. In Section 3, we establish
in Theorem 1 the first Loo-norm risk upper bound for the estimation procedure (21)
of the Wigner function while in Theorem 2 we establish the first minimax lower
bounds for the estimation of the Wigner function for the Ly-norm and the Lo-
norm risks. As a consequence of our results, we determined the minimax Ly,-norm
and L,-norm rates of estimation for this noisy QHT problem up to a logarithmic
factor in the sample size. We propose in Section 4 a Lepski-type procedure that
adapts to the unknown smoothness parameters 8 > 0 and r € (0, 2] of the Wigner
function of interest. The only previous result on adaptation is due to Butucea, Guta
and Artiles (2007) but concerns the simplest case r € (0, 1) where the estimation
procedure (21) with a proper choice of the parameter 4 independent of 8, r is natu-
rally minimax adaptive up to a logarithmic factor in the sample size n. Theoretical
investigations are complemented by numerical experiments reported in Section 5.
The proofs of the main results are deferred to the Appendix.

3. Wigner function estimation and minimax risk. From now on, we work
in the practical framework and we assume that n» independent identically dis-
tributed random pairs (Z;, ®;);=1,...» are observed, where ®; is uniformly dis-
tributed in [0, v ] and the joint density of (Z;, ®;) is p%(-, -) [see (17)]. As Butucea,
Gutd and Artiles (2007), we use the modified usual tomography kernel in order to
take into account the additive noise on the observations and construct a kernel
K ;: , which performs both deconvolution and inverse Radon transform on our data,
asymptotically such that our estimation procedure is

Y L R e _
(21) W,,(q,m—zﬂngn([z@a Zy),

where 0 <y < 1/4 is a fixed parameter and 2 > 0 tends to O when n — oo in a
proper way to be chosen later. The kernel is defined by

~ 2
(22) K} () =1tle"" Lysj<1/n,
where z = (¢q, p) and [z, ] = g cos ¢ + psing.
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From now on, || - |leo and || - [|2 and || - ||; will denote respectively the Lo-norm,
the ILy-norm and the ILj-norm. As the L.-norm risk can be trivially bounded as
follows:

(23) [W = Wolloo < IW} = E[W; T + IE[W; ] = W,

oo

and in order to study the L,-norm risk of our procedure VV\Z , we study in Propo-
sitions 1 and 2, respectively, the bias term and the stochastic term.

PROPOSITION 1. Let WZ be the estimator of W, defined in (21) and h > 0
tends to O when n — 0o. Then

— L _ _gpr
|E[W) ]— W, < N 7(2ﬂ)213rh(r D27 (1 4 0(1)),
where W, € A(B, r, L) defined in (20) and r € (0, 2].
The proof is deferred to Appendix A.

PROPOSITION 2. Let ‘//V\,i/ be the estimator of W, defined in (21) and 0 < h <
1. Then there exists a constant C1, depending only on y such that

— — - 1 1
@y B[ Bl = Crer (22,
n n

Moreover, for any x > 0, we have with probability at least 1 — e™ that

o) 1T B oo man] 8T, I )

where C> > 0 depends only on y .

The proof is deferred to Appendix A.2. The following theorem establishes the
upper bound of the IL,-norm risk.

THEOREM 1. Assume that W, belongs to the class A(B,r, L) defined in (20)
for somer €10,2] and B, L > 0. Consider the estimator (21) with h* = h*(r) such
that

Yoy P smitogn)  if0<r<2

(h*)2 ~ (h*) 2 ’

= ( 26+y) )1/2
~ \log(n/logn)

(26)
ifr=2.

Then we have

E[[| W} = Wplloo] < Con(r),
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where C > 0 can depend only on y, B, r, L and the rate of convergence v, is such
that

(h*)(r—Z)/Ze—ﬂ(h*)" lfo<l" <2’
(27) v (r) = (10gn>%

n

ifr=2.

Note that for r € (0, 2) the rate of convergence v, is faster than any logarithmic
rate in the sample size but slower than any polynomial rate. For r = 2, the rate of
convergence is polynomial in the sample size.

PROOF OF THEOREM 1. Taking the expectation in (23) and using Proposi-
tions 1 and 2, we getforall0 < h < 1

E[[ W) = Wolloo] <ENW) —E[W; o]+ [E[W) ] = W, |
o1 —
< Ce’ 2\/j(1 +0(1)) + Cph"=22e=P" (1 1+ 0(1)),
n

where Cp = /m, h— 0asn— ooand W, € A(B, r, L). The optimal band-
width parameter A*(r) := h™ is such that

—r 5 1
(28) h* = arg inf{CBh(r_z)/ze—ﬂh + e Og”}.
h>0 n

Therefore, by taking the derivative, we get

14 g1
W2 + DG = Elog(n/logn) + Ci(14+0(1)).
For 0 < r < 2, (26) provides an accurate approximation of the optimum /~* when
the number of observations » is large. By plugging the result into (28), we get

(h*)™2/2g=BUD T _ ()22 [logn w2
n

It follows that the bias term is much larger than the stochastic term for 0 < r < 2.

It is easy to see that for r = 2, we have h* = (%)1/ 2 and that the bias term

and the stochastic term are of the same order. [

We derive now a minimax lower bound. We consider specifically the case r =2
since it is relevant with quantum physic applications. The only known lower bound
result for the estimation of a Wigner function is due to Butucea, Gutd and Artiles
(2007) and concerns the pointwise risk. In Theorem 2 below, we obtain the first
minimax lower bounds for the estimation of a Wigner function W, € A(B,2, L)
with the Ly-norm and ILo,-norm risks.
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THEOREM 2. Assume that (Z1, ®1),...,(Z,, ®,) coming from the model
(16) with y € [0, 1/4). Then, for any B, L > 0 and p € {2, o0}, there exists a con-
stant ¢ :=c(B, L, y) > 0 such that for n large enough

—~ __B
i,rlf sup EIW, — Wp”p >cn 2640,
Wa W,eA(B.2.L)

where the infimum is taken over all possible estimators W, based on the i.i.d.
sample {(Z;, ®)}'_,.

We believe similar arguments can be applied to the case O < r < 2 up to several
technical modifications. This is left for future work. The proof is deferred to Ap-
pendix B. This theorem guarantees that the IL,-norm upper bound derived in The-
orem 1 and also that the IL,-norm risk upper bound of Aubry, Butucea and Meziani
(2009) are minimax optimal up to a logarithmic factor in the sample size n.

4. Adaptation to the smoothness. As we see in (28), the optimal choice of
the bandwidth £* depends on unknown smoothness parameters 8 and r € (0, 2].
We propose here to implement a Lepski-type procedure to select an adaptive band-
width h. The Lepski method was introduced in Lepskii (1991, 1992) and has be-
come since then a popular method to solve various adaptation problems. We will
show that the estimator obtained with this bandwidth achieves the optimal mini-
max rate for the Lo-norm risk. Our adaptive procedure is implemented in Sec-
tion 5.

LetM >2,and0 < hp < --- < hy < 1agridof |0, 1[, we build estimators ng
associated to bandwidth 4, for any 1 <m < M. For any fixed x > 0, let us define

7y (x) = max( log(:’l)ﬂ , log(:’l)ﬂ ). We denote by L, (-), the Lepski functional such
that

WY _ WY yhi?
L(m) =max{|W, — Wy, | oo — 26€”™i ry(x +log M)}
j>m m
(29) ,
+ 2kce”mr, (x + log M),
where « > 0 is a fixed constant. Therefore, our final adaptive estimator denoted by

W\Zﬁ will be the estimator defined in (21) for the bandwidth hg. The bandwidth
hg 1s such that

(30) m = argmin L, (m).

1<m<M

Note that the following result is valid for any 8 > 0 and r € (0, 2].
THEOREM 3. Assume that W, € A(B, r, L). Take k > O sufficiently large and

M > 2. Choose 0 < hyy < --- < hy < 1. Then, for the bandwidth hg with m de-
fined in (30) and for any x > 0, we have with probability at least 1 — e™*

— _B -
Gl W —W,|<C min {h/> e + e, (x + log M)},

1<m<M
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where C > 0 is a constant depending only on y, B, r, L.
In addition, we have in expectation

oy _B _
(32) E[[Wy, — Wyl )= €' min (a2~ e T 4 eV, (log M),

1<m<M

where C' > 0 is a constant depending only on y,r, 8, L.

The proof is deferred to Appendix C.

The idea is now to build a sufficiently fine grid 0 < Ay < --- < h; < 1
to achieve the optimal rate of convergence over the range § > 0. Take M =
Lv/logn/(2y)]. We consider the following grid for the bandwidth parameter A:

1 2
(33)  h=1/2, hm:—<1—(m—1) y), l<m<M.
2 logn

We build the corresponding estimators VV\;; . and we apply the Lepski procedure

(29)—(30) to obtain the estimator I//V\{ﬁl. The next result guarantees that this estima-
tor is minimax adaptive over the class

Q:={.r,L),>0,0<r<2,L>0}.

COROLLARY 1. Let the conditions of Theorem 3 be satisfied. Then the esti-
mator W}Tm for the bandwidth hg, with m defined in (30) and for any (8,r, L) € Q
satisfies

limsup  sup  E[|W) —W,|, ] < Cu.(r),
n—00 W,cA(B.r,L) "

where v, (r) is the rate defined in (27) and C is a positive constant depending only

onr,L,Bandy.

PROOF. First, note that forallm =1, ..., M and as

hm € ((v/(21ogm)'?,1/2],

1 =£ ) —2
the bias term h,rn/2 Le M s larger than the stochastic term e””» r, (log M) up to a
numerical constant. Let us define

m := argmax{|hy, — h*|: hy < h*},
1<m<M

where m is well defined. Indeed, we have
hy  (1/2)(1 = MQ2y/logn)!/? + 2y /logn)'/?)
h* (logn/Q2y) — (B/y)(h*)=")~1/2

= S(1= M+ (dogn) /) )1 = (25 log) (1) "))
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Moreover, as 0 < ((logn)/(Zy))l/2 — M <1, we get

< (1~ 28/ (log) () )" = 1.

Therefore, from (32),

Y r/2—1 _h% r/2—1 _h% -1
E[[Whe = Wolosd = Chi™ e " < Chg™ e " va(r)va(r)
ha\7/2—1 _, ey
= C<h—i’:> e B =Dy ().
By the definition of 7, it follows that 27" > (h*)™", then

e hs r/2—1 hlﬁ — h* r/2—1
E[HWZE,—W/JHOO]SC(h—Z) vn<r):C( - +1) U ().

By construction |hz — h*| < (¥ /(2 logn))l/z, then we have

— (y/(2logn))!/2\ /21
BIW, — Wyl = 0(1- L2 ) o,
As (1)1 < (logn/(2))'/2, it holds that 1 — @LCEN > 1 5 Therefore,
therf/:\ exists a numerical constant C’ > 0 such that, for any 0 < r < 2, we have
E[|W) = Wplle] < C'op(r). O

5. Experimental evaluation. We test our method on two examples of Wigner
functions, corresponding to the single-photon and the Schrodinger’s cat states, and
that are respectively defined as

W,(q, p) = —(1 —2(q> 4 p¥))e 4,

1

W,(q. p) = _e ~(q—40)°~p? +2e—(q+qo) =P’ 4 cos(Rqop)e 4’

We used go = 3 in our numerical tests. The toolbox to reproduce the numerical
results of this article is available online.* Following the paper of Butucea, Guti and
Artiles (2007) and in order to obtain a fast numerical procedure, we implemented
the estimator Wh defined in (21) on a regular grid. More precisely, 2-D functions
such as W, are discretized on a fine 2-D grid of 256 x 256 points. We use the
Fast Slant Stack Radon transform of Averbuch et al. (2008), which is both fast and
faithful to the continuous Radon transform R. It also implements a fast pseudo-
inverse which accounts for the filtered back projection formula (21). The filtering
against the 1-D kernel (22) is computed along the radial rays in the Radon domain
using fast Fourier transforms. We computed the Lepski functional (29) using the
values x =log(M) and « = 1.

4https:// github.com/gpeyre/2015- AOS- AdaptiveWigner.
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0.25[
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0.15}
0.1}
0.05}
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W

m

Histogram of the repartition of h W,’:A (2-D display) (3-D display)
FI1G. 1. Single photon cat state estimation, with n = 0.9, n = 100 x 103. Left, top: display of
IIW}}: — Wolloo/IIWplloo as a function of 1/ h. The central curve is the mean of this quantity, while
the shaded area displays the +2x standard deviation of this quantity. Left, bottom: histogram of the
empirical repartition of M computed by the Lepski procedure (30). Center: display as a 2-D image
using level sets of Wy, (top) and W;:ﬁ (bottom). Right: same, but displayed as an elevation surface.

Figures 1 and 2 report the numerical results of our method on both test cases.
The left part compares the error ||W,’; — Wyl (displayed as a function ﬁf h)
to the parameters hg selected by the Lepski procedure (30). The error ||W},/ —

W, (2-D display)

W, (3-D display)

0
1.2 14 1.6 1.8 2

W, (3-D display)

m

Histogram of the repartition of h I//V\;L’A (2-D display)

FI1G. 2. Schridinger’s cat state estimation, with n = 0.9, n = 500 x 103, We refer to Figure 1 for
the description of the plots.
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W)l (its empirical mean and its standard deviation) is computed in an “oracle”
manner (since for these examples, the Wigner function to estimate W, is known)
using 20 realizations of the sampling for each tested value (hi)iAi |- The histogram
of values kg is computed by solving (29) for 20 realizations of the sampling.
This comparison shows, on both test cases, that the method is able to select a
parameter value hg which lies around the optimal parameter value (as indicated
by the minimum of the L,-norm risk). The central and right parts show graphical
displays of W};ﬁ, where m is selected using the Lepski procedure (30), for a given
sampling realization.

APPENDIX A: PROOFS OF PROPOSITIONS

A.1l. Proof of Proposition 1. First, remark that by the Fourier transform for-
mula for w = (g, p) € R2 and x = (x1, x2):

! // Wp(x)e_i(qxl"'pr) dx.

34 w =
(34) pw) =5
Let WZ be the estimator of W), defined in (21), then

— 1
E[W; (w)] = EE[K;},/([UJ, ®]1—21)]
1 T
=5 |7 [ &L 01-2ps e prdzao

1 b4
- E/o K * pl (. ) ([w, ¢1) dg.

In the Fourier domain, the convolution becomes a product, combining with (18),
we obtain

— T 1 ~ .
14 — 4 —it[w,¢]
E[W,, (w)] = /0 P / K} OFR[pL ¢ )e ™ drdg.
As N (1) = e_)”z, definition (22) of the kernel combined with (18) gives

— b 1 ~ ~ ~ .
E[W) (w)] = fo i f K] (t)W,(t cos(¢), t sin(¢))NY ()e "1 dr dg

T 1

= — t|W,(t cos(¢), ¢ sin e 1w Al gr ag.
s /mfl/hu o (tcos(@), £sin(9)) ¢
Therefore, by the change of variable x = (f cos(¢), t sin(¢)), it follows

(35) E[W) (w)] = W, (x)e ™ @x1P2) gy,

o
(27)? Jyxii<1/h
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From equations (34) and (35), we have
[E[W), (w)] = W, (w)]

1 / —_
=< W,(x)|dx
(27)? ||xu>1/h| o)l

1 W 2 28]x|I" 12 —28Ix|I" 172
< 3 //|Wp(x)| e dx / e dx
(2m) llxll>1/h

[ L .
< |—— =212, (4 1 h— 0
=\ Grorer e (1+o(1)), — 0,

by applying Lemma 7 (see Section C.1 below) and as W, € A(B, r, L) the class
defined in (20).

A.2. Proof of Proposition 2. We recall first the notion of covering num-
bers for a functional class. For any probability distribution Q, we denote by
L?(Q) the set of real-valued functions on R embedded with the LZ(Q)-norm
I~ ll2c0) = K 1>d 0)'/2. For any functional class # in L*(Q), the covering
number N (e, H, L2(Q)) denotes the minimal number of LZ(Q)-balls of radius
less than or equal to ¢, that cover H.

The following lemma is needed to prove the Proposition 2.

Y
LEMMA 2. Let 8y :=h"'en? >0 forany 0 < h < 1, then the class
(36) Hyp=18,"K/(-—1),teR}, h>0
is uniformly bounded by U := 2;%:
positive constants A, v depending only on vy,

(37) sup N (e, Hp, L*(Q)) < (A/e)Y,
0

. Moreover, for every 0 < ¢ < A and for finite

where the supremum extends over all probability measures Q on R.

The proof of this lemma can be found in Lounici, Meziani and Peyré (2018). To
prove (24), we have to bound the following quantity:

2
~ 2
B{IK (2. 00~ 20P) < |K] P < IRV = [ vler”an]

(38) _ [2 /0 "

2
_ <y—leyh2 _ l) < izeth’Z.
Y Y

-1

, 12
te’! dt}
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_ -2
Moreover for 8, = h~'e?"™" | we have

h2
(39) 52| K7 (12, el — Z0)[*] < et

By Lemma 2, it follows that the class Hj is VC. Next, we note that the supre-
mum over R is the same as a countable supremum since K }: is continuous. Hence,
we can apply (75) to get

E[[W) = E[W) ][]

n

1
= sup = > (K] ([z, Pel — Ze) — E[K) ([z, D] — Zﬁ)])‘
zeR2|[ <7
(40)
8 n
= " Esup |3 (8 K (2, Dol — Ze) — E[5;, ' K] (1z, D1 — Z0)])
2rn g2 -1

C(y)é f AU AU
fﬂ(o nlog—+Ulog—),
2mn o o

where U = % is the envelope of the class H defined in Lemma 2. By choosing

h? _
o= — > sup E[(8, 1K;Z([Z, D] — Zﬁ))z]
zeR2

in (40) we get the result in expectation (24).
Now, prove the result in probability (25).
In view of the previous display (38), we have

Var(y (hd) ' |[K} ([-, @11 — Z1) — E[K] (-, @11 = Z1)]))
< y2(hw) 2E[|K) ([, @11 — Z1) ]

|
<y2(hép) 2= - AN,

The following result is proved in Lounici, Meziani and Peyré (2018):

1 . 1 ! >
STUKY | =—5" / i g (; dt‘ < —6‘1/ tle’t dt
o 1Kh s Znhigﬁ ¢ i (0 =27 ltle
Loy e 1 h! 2
(41) <5 / e di < 55 / 2yt d
T 0 Yy 0
SLS (yh2 I)SL(S (Vhfz_l)gL:zU.
2y " 2yw 2ym



1336 K. LOUNICI, K. MEZIANI AND G. PEYRE
AsU = Qy%r and by (41), it follows
y (hsp) K ([ @11 = Z1) —E[K) ([ @11 = Z1)]| oo
<y s K} llo <yh™'U < 1.
We use Talagrand’s inequality as in Theorem 2.3 of Bousquet (2002). Let us define
ny ,— —
Z = EHWZ —E[W; ]l

X

Then, for any x > 0 and with probability at least 1 — e™*, we obtain

Z <E[Z]+ v2xn + 4xE[Z] + % <E[Z] + v2xn + 2VxE[Z] + %

4
< 2E[Z] + v2xn + ?x

where we have used the decoupling inequality 2ab < a* + b with a = /x and
b = /E[Z]. Thus, with probability at least 1 — e™*, we get

=y =y hah =y — e]/]’l72 X 4x
W) —E[W) ]| = 2= 2E[|W) —E[W)]]..]+ (/5 +5)
Plugging our control (24) on E[|W} — E[W} 1llc], the result in probability fol-
lows.

APPENDIX B: PROOF OF THEOREM 2—LOWER BOUNDS

B.1. Proof of Theorem 2—Lower bounds for the L,-norm. The proof for
the minimax lower bounds follows a standard scheme for deconvolution problem
as in the paper of Butucea, Gutd and Artiles (2007), Lounici and Nickl (2011).
However, additional technicalities arise to build a proper set of Wigner functions
and then to derive a lower bound. From now on, for the sake of brevity, we will
denote A(B,2, L) by A(B, L) as we consider only the practical case r = 2. Let
Wo € A(B, L) be a Wigner function. Its associated density function will be denoted
by po(x. ) = 2RIWol(x, $)L[0.x1 ().

We suggest the construction of a family of two Wigner functions Wy and W
such that for all w € R?:

Wi(w) = Wo(w) + Vi (w),

where the construction of Wy and Vj, are given in Appendices B.1.1 and B.1.2 and
the parameter 7 = h(n) — 0 as n — co. We denote by

1
pm(x, @) = ;R[Wm](x, ) L0,71(), m=0,1
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the density function associated to the Wigner functions Wy and W;. As we consider
the noisy framework (16) and in view of (17), we set form =0, 1

Ph(z, @) =[pm(, ) *x N"](2).

If the following conditions (C1) to (C3) are satisfied, then Theorem 2.6 in the book
of Tsybakov (2009) gives the lower bound.

(Cl) Wy, W1 € A(B, L).

__B_
(C2) We have || W) — Wol|3 > 42, with 92 = O(n™ #+7).
(C3) We have

Y 2
”Xz(Pl»Po //(pl(z ) — py (2, 9))

P (2 ¢)
Proofs of these three conditions are provided in Appendices B.1.3 to B.1.5.

1
dzdp < —
z¢_4

B.1.1. Construction of Wy. The Wigner function Wy is the same as in the
paper of Butucea, Gutd and Artiles (2007). For the sake of completeness, we recall
its construction here. The probability density function associated to any density
matrix p in the ideal noiseless setting is given by equation (9). In particular, for
diagonal density matrix p, the associated probability density function is

Pp(x, )= prr¥t(x).

k=0

For all 0 < a, A < 1, we introduce a family of diagonal density matrices p®* such
that for all k e N

1 o
A k. (1—2)
42) e =f0 o hes 2

Therefore, the probability density associated to this diagonal density matrix p®*
can be written as follows:

43) pas(x,¢)= zp;:kwk (x) = Zwk (x) / 28

Wﬂx<z<1 dz.

Moreover, by the well—known Mehler formula [see Erdélyi et al. (1953)], we have

o~ k2 1 (_ 21—z>
kg(:)z wk(x)—in(l_zz)exp X T2/

Then it follows
o I 1-2)~ < o1 — )
X, —X 1 dz.
pO{,)\,( ¢) )\‘)0{ m 1 + r<z<l
The following lemma, proved in the paper of Butucea, Gutd and Artiles (2007),
gives a control on the tails of the associated density py i (x, ®) = pg.a(x) as it
does not depend on ¢.
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LEMMA 3 [Butucea, Guta and Artiles (2007)]. For all ¢ € [0, 1] and all 0 <
o, A < 1 and |x| > 1 there exist constants c, C depending on o and )\ such that

clax| 120 < b5 (x) < Cla| 7129,

In view of this lemma, the Wigner function Wy will be chosen in the set
W = {W""A = W,, , : Wigner function associated to py 3 : 0 < &, 2 < 1},

where X is such that Wy is a Wigner function belonging to A(8, L) [see Section 6.1
in Butucea, Guta and Artiles (2007) or the proof of Theorem 2 in Guta and Artiles
(2007)].

B.1.2. Construction of V, for the Lo-norm. Let
(44) 8 :=log~ ! (n).

We define two infinitely differentiable function g and g such that:

e g :R—[0,1].

e The support of g is Supp(g1) = (3, 25).

e AndVre[3, 21,51 =1.

e g:R— [—1, 1] is on odd function, such that for some fixed ¢ > 0, g(x) =1 for
any x > ¢.
Define also the following parameters:

(45) ar:==(h"2+8)"* by :=((n"2+25)"

(46) ar=(h2+@4/3)8)"2, b=+ (5/3)8)"%,

47) Co:=/mrL(B+y).

We also introduce an infinitely differentiable function Vj, such that:

o V: R2 — R is an odd real-valued function.

o Sett =,/ w% + w%, then the function V}, admits the following Fourier transform
with respect to both variables:

48)  Vi(w) = FolVil(w) :=iaCoh ' ePh e 21 g (112 — h™2) g (wn),

where a > 0 is a numerical constant chosen sufficiently small. The bandwidth
is such that

~12
(49) h= (k’i) .
2(6+y)
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Note that Vj, (w) is infinitely differentiable and compactly supported, thus it be-
longs to the Schwartz class S(R?) of fast decreasing functions on R?. The Fourier
transform being a continuous mapping of the Schwartz class onto itself, this im-
plies that Vj, is also in the Schwartz class S (R?). Moreover, V,(w) is an odd
function with purely imaginary values. Consequently, V}, is an odd real-valued
function. Thus, we get

(50) [ Vitr.rdpdq = [ RV, ) dx =0,

for all ¢ € [0, 7] and R[V},] the Radon transform of V.
Now, we can define the function W as follows:

(51 Wi(2) = Wo(2) + Vi(2),

where W is the Wigner function associated to the density pg defined in (42).
As in (8), we also define

1
P1(x, ¢) = —RIWil(x, $) L0 (¢) and
pﬁ',lz:fo /pl(x»¢)fj,k(x)€(j_k)¢dxd¢.

Lemma 6 in Lounici, Meziani and Peyré (2018) guarantees that the matrix p(!) is
a density matrix. Therefore, in view of (9) and (50), the function W is indeed a
Wigner function.

(52)

B.1.3. Condition (C1). By the triangle inequality, we have
~ 2 ~ 2 ~ 2
[, < [WoeP 1+ | eI

The first term in the above sum has be bounded in Lemma 3 of Butucea, Guta
and Artiles (2007) as follows:

(53) | Woe 117 |2 < 72L.

To study the second term in the sum above, we consider the change of variables
w = (tcos ¢, tsing) and as g is bounded by 1, we get, using (44), (45) and (47)
that

|| Vhemruz”g < //[acoh—leﬂh—z]ze—zﬁuwnzgf(”w”2 —h %) dw

b
fangh_zezﬁh_z /ﬂ/ 1|t|e—2/3|z|2 dt
0
(54) “

_ by T
< nangh_zezﬁh 2264t / tdt < Eangh_ze_zﬂ‘S [b% — a%]
aj

< %azC%h_z(Se_zﬂ‘S < nzL,

for a small enough. It follows from (53) and (55) that W € A(B, L).
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B.1.4. Condition (C2). By applying the Plancherel theorem and the change of
variables w = (f cos ¢, t sin¢), we have that

W1 — Woll3 = 1 Va3 = I1Va 13

1o )
(55) =i | [ o) diag

a*Cc? T 4842 . _

47T20h 22" /0 /|t|e 1 g2 (rsinp) g2 (12 — h™2) dt dép.

Note that for a fixed u € (0, 7 /4), there exists a numericzil constant ¢ > 0 such that
sin(¢) > c on (i, m — ). From now on, we denote by A; the set

(56) A ={weR?:q < |w|?<bi},

where d; and b1 are deﬁned in (46). By deﬁmtlon of g and for a large enough n,
we have for any (¢, ¢) € Ay x (u, m — p) that g%(¢sin(¢)) = 1 with 12 = ||w]|>.
Therefore, (55) can be lower bounded as follows:

202 _
a~C§ _ —2 [TTH 482 _
||W1—W0||%z?2°h 22 / /Z ltle™P" g} (t* — h?) dt d¢
1
(57)

—2u Q2C2h202Ph —4p1% 2/.2 -2
= Coh™ /Zil |t|e gi(t"—h™")dt.

On A, and by construction of the function g, we have glz(t2 — h~2) = 1. Hence,
it results

Fi= [ 1le g — 1) di
Al
(58) > 0 [ gt — ) dr
1

— b ~ ~
> 6_4/%%/ : tdt > %e_‘whf ([;% — 512) > é56_4ﬂb%.

ap

Combining (58) and (58), we get, since Cgh_zé = L/2 that

Wi = Woll3 > =2 20226200 5o 400 = T 2 21 200 =49
2472 48
T —2 -
= 7“02146—2;% 26_23_0’35.
48

It follows from (49) that
_ 2Ma2Ln_%e_%’3 > 4cn_% =: 4(,02,
487 - "

where ¢ > 0 is a numerical constant possibly depending only on S.

2 T
Wi — Woll5 >
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B.1.5. Condition (C3). Denote by C > 0 a constant whose value may change
from line to line and recall that NV is the density of the Gaussian distribu-
tion with zero mean and variance 2y. Note that py and N? do not depend on
¢. Consequently, in the framework of noisy data defined in (16), p())/ (z,9) =

Py () E10.7)(#).

LEMMA 4. There exists numerical constants ¢’ > 0 and ¢’ > 0 such that

(59) ph@)=cz72 Yzl > 1+4,/2y
and
(60) i@ =" Yzl <14,/2y.

The proof of this lemma is given in Lounici, Meziani and Peyré (2018). Using
Lemma 4, the x2-divergence can be upper bounded as follows:

2 (P} (z.9) — p§ (z.9))*
nX*(pi. py) = ﬂf / ) dzdé

1+2y
Y 2
o < f f o P8 = P @9 g

+_/ / 2(p] (2. d) — Pl (2, $))* dzd
" Jo JR\(U+v27,14+2y) (P12 #) = po (2. 9) ¢
. n n

=?11+312

Note that, as in (18) the Fourier transforms of p71/ and pg with respect to the
first variable are respectively equal to

Fi[p] ¢, 9)](t) = Wi(zcos ¢, 1 sing) N (1)
= (\7h(t cos ¢, 1 sing) + Wo(t cos b, t sinqb))e_’”z,

63)  Fi[pl(.)](t) = Woltcos, t sing)e """,

since NV t)y=eV! 2 Using the Plancherel theorem, equations (48), (62) and (63),
the first integral /1 in the sum (61) is bounded by

ns [ [0 - pe oz
47T2/ /|’F1 pl( ¢)](f)—fl[]90( ¢)](t)| dtdd)
4712/ /|Vh(tcos¢ tsing)|%e 2 drdg

_a’Cg h2 Zﬂhzf f ~4B=22 212 =2 e2(¢sin ) dt d.
4712
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By construction, the function g is bounded by 1 and the function g; admits as
support Supp(g1) = (8, 28). Thus,

202

a“C

I < : 0625h2/6—4ﬂt2—2yt2g%(t2 ~h Y di
T

22 b

a“C ) 1 2 2

< —O0p=2,2Ph / e = gy
47 ai

2,2
a“C _ 2 4p 2 n 2
< 0 (b1 —ah 262/3h e 4Bay—2yaj

20212 2
<4 Co b —a p2p2Bh—4pai—2yai

AT 2a
Some basic algebra, (44), (45), (47) and (49) yield
)
n a-C
64 — I < ,
%) o= ogn

for some constant C > 0, which may depend on S, y, L and ¢”. For the second
term I in the sum (61), with the same tools we obtain using in addition the spectral
representation of the differential operator, that

< [0 f 2(p! @ d) — plz.d) dzdd

2

Tl
=/o /E(fl[l’ly('»@]—fl[p5<-,¢>])<t> dtdo

b3 2 2
=/o /E(Vh(tcosqﬁ,tsinfls)e_yt) dtd¢

ot

(65)

T 20 ~
_ —yt° 2 i
_/0 /e at(Vh)(tcosqS,tsm(j))

2

— 2)/163_7”2 Vi(tcosd, tsing)| drde

T T
< 2/ fe—ZVf2|12,1|2dzd¢+ 16;/2/ /zze—zwz|12,2|2dzd¢>,
0 0

where o = \7;, (tcos¢,tsing) and I 1, the partial derivative %(Vh)(t cos g,
tsing), is equal to

iaCoh ™" eP" 2P [g, (12 — h=2)(—4P1g(t sing) + g'(¢ sin ) sin @)
+2tg1 (1 —h™?)g(rsing)].

Since g1 and g belong to the Schwartz class, there exists a numerical constant cg >
0 such that max{||g1 oo, lg]lloo: Igllccs 1€ llcc} < c¢s. Furthermore, the support of
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the function g is Supp(g1) = (3, 23), then
66)  |L1? <a®chCIR2P TP (4B 4 2)t] 4 1) Lay.0) (1),
with a1 and b defined in (45). Proceeding similarly, we have

_ -2 _ 2 _ . 2
“ |o|* = |aCoh 1P " e™2P g1 (12 — h™?)g(tsin )|
_ —2_4Rn:2
< azcécgh 22" —Apt Lay,bp) (D).

Combining (66) and (67) with (65),as0<§ <1

o [T b
I < 2a%c4CRn22P1 f / e (4B + 21t + 1) + 8y 22 di dop
0 Ja
< Znazcécgh_zezﬁh_z

b
« / 672(y+2ﬂ)t2[(1 +4Q2B + 1)t + (24 4B + 8y?)1?] dt.
a

1
An integration by part gives

I < 2ma’c4Ch~2eX T BTG (4 4 2)by + 1) + 8y b f dt
aj

< Znach‘gcgéh_zae—z(ﬂﬂ)h_z6—2(2/3+V)5,

where ¢ > 0 depends only on y, 8.
Some basic algebra, (44), (45), (47) and (49) yield

n 2~
(68) —/12561 C,
c

for some constant C > 0 possibly depending on 8, y, L, cs and ¢’. Combining
(68) and (64) with (61), we get for n large enough

T (pl (2, 8) — ph(z, $))? ~
2(.Y Yy . k,h 0 2
nX (Pk,hvpo) -—"/0 /R pg(z,cb) dzd¢ <a”C,

where C > 0 is a constant, which may depend on 8, y, L cs, ¢ and ¢”. Taking the
numerical constant a > 0 small enough, we deduce from the previous display that

1

nXZ(pZ,h’pg)/) = 1

B.2. Proof of Theorem 2—Lower bounds for the sup-norm. To prove the
lower bound for the sup-norm, we need to slightly modify the construction of the
Wigner function Wy defined in (51). In our new construction, the Wigner function
Wo, associated to the density pg defined in (42), stays unchanged as compared to
the L, case. However, the function Vj, given in (48) is modified as follows. We
replaced the functions g; and g, respectively, into g; . and g, for some 0 < ¢ < 1.

We introduce an infinitely differentiable function g1 . such that:



1344 K. LOUNICI, K. MEZIANI AND G. PEYRE

e g1:.:R—[0,1].
e The support of g1 ¢ is Supp(g1,¢) = (8, 26).
e Using a similar construction as for function g, we can also assume that

(69) greM =1 VieA:=[(1+8)3 (2-¢)]
and
(10 I8heloe = 5

for some numerical constant ¢ > 0.
e An odd function g, : R — [—1, 1] satisfies the same conditions as g above but
we assume in addition that

c
b FANESS

for some numerical constant ¢ > 0.

The condition (71) will be needed to check Condition (C3). Such a function can
be easily constructed. Consider for instance a function g, such that its derivative
satisfies

1
o) = [w R gnm,g)](z),

for any ¢ € (0, &) where v is a mollifier. Integrate this function and renormalize
it properly so that g-(¢) = 1 for any ¢ > ¢. Complete the function by symmetry to
obtain an odd function defined on the whole real line. Such a construction satisfies
condition (71).

It is easy to see that Condition (C1) is always satisfied by the new test functions

Wo.e and Wi .. We now check Condition (C2). Set Cj, = iaCOh*Ieﬁhfz. Then we
have

1 . ~ —
Wie() — W (@) =75 f f W) ()4 (w) — W (w)) duw

1 T > a2 B
:m/o /e tt[Z,¢]|t|Che 2Bt g1,g(t2—h 2)gg(t)dtd¢.

Note that A; =limg_.0 A1 where A is defined in (69). For all z € R2, we define
the following quantity:

s . _ 2 _
1(2) ::/0 /e 91111 Cre™P 14, (12 — h2)[10.00) (1) — L(—c0.0)(2)] d1 d.

The Lebesgue dominated convergence theorem guarantees that

T ,
lim ( | e o iche g (12 = g0y s d</>) = 1(2).

e—0
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Therefore, there exists an € > 0 (possibly depending on n, z) such that

1
[Wie(2) — Woe(2)] > @U(Z)!-

Taking z = (0, 2h), Fubini’s theorem gives
L (7 [ itohsing —2p12 )
I(Z): m‘/(; /e ! sin |t|Che :H_Al(t —h )
X [10,00) (1) = L(—00,0)(1)]dt d
1 T it2hsing 2812 2 -2
:W/Uo o it2hsin d¢>|t|Che 14, (2 — 172

X []l(()’oo)(t) — 1(—00,0)(0] dt.
Note that

s . .
f e~H2hsne goy — (i Hy(2ht) + Jo(2ht)),
0

where Hg and Jy denote respectively the Struve and Bessel functions of order 0.
By definition, Hy is an odd function while Jo and t — |t|Che_25’2 14, (1> —h7?)
are even functions. Consequently, we get

1. _9p42 _
[(2) = Ezch/umo(zht)e 24 (12 = B2 [1(0.00) (2B1) — L(—oo.0)(1)] dt

1 o0
- —iCh/ tHo(2ht)e 271 4, (1 —h=2)dt
2 0

_ iC,

= ;
with a; and by defined in (45). Note that V¢ € [a;, b1] and for a large enough n,
it follows that 2kt € [2, 3]. Therefore, on [aq, b1], the function t — Hy(2ht) is
decreasing. In addition [see Erdélyi et al. (1953)], we have

min {Ho(2ht)} > 1/2.

t€lay,b1]

t Ho(2ht)e 2P s,

We easily deduce from the previous observations that

b
[1(z)| = 1Chl / o287 gy > 1CHL (em2Pal — o=2601)
T 4 Ja —16rnp

Therefore, some simple algebra gives, for n large enough, that

__B_ __B
|1(2)| > c2Bai18(1 — Ba18)8|Cpln” B¥7 > ac'n™ 2B+,

for some numerical constants ¢, ¢’ > 0 depending only B. Taking the numerical
constant a > 0 small enough independently of n, 8, y, we get that Condition (C2)

is satisfied with ¢, = cn™ 26+,
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Concerning Condition (C3), we proceed similarly as above for the IL;-norm risk.
The only modification appears in (66)—(67) where we now use (69)—(70) combined
with the fact that

|Supp(g;)| <2¢ and |Supp(g] )| <28,

by construction of these functions. Therefore, the details will be omitted here.

APPENDIX C: PROOF OF THEOREM 3—ADAPTATION

The following lemma is needed to prove Theorem 3.

LEMMA 5. Fork > 0, a constant, let £, be the event defined such that

M
(72) Ec= WL —E[W] |0 <xe” ry(x +log M)).

m=1

Therefore, on the event &,

HWZ,?, —~W,| <C min {A/> e Pha’ + e’ r,y (x + log M)},

1<m<M

where C > 0 is a constant depending only on y, B, L, r, k and W\Zﬁ is the adaptive
estimator with the bandwidth hg, defined in (30).

The proof of the previous lemma is done in Lounici, Meziani and Peyré (2018).
For any fixed m € {1, ..., M}, we have in view of Proposition 2 that

P(|W) —E[W] 1| < Ce™ ry(x)) =1 e,

where r, (x) = max( 1%, 1%). By a simple union bound, we get

P 17, ~EIT o = G o)) = 1w

1<m<M
Replacing x by (x + log M), implies
IP’( N W, —E[W] .o < Cae”" " ry(x + log M)}> >1—e "
1<m<M

For k > C;, we immediately get that P(E,) > 1 — e~ and the result in probability
(31) follows by Lemma 5. To prove the result in expectation (32), we use the
property E[Z] = [7°P(Z > t)dt, where Z is any positive random variable. We
have indeed for any 1 <m < M that

— _B _
P(] WZIA Wyl = C(hi/* e i 4 eyhmzrn (x +logM))) <e™* Vx > 0.
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Note that

/ 1 M 1 M
rn(x—l—logM):max{ x +log(e )’x+ ogle )}
n n

{ logeM logeM} { [x x}
< max R + maxiy./—V —
n n n o n

<rp(logM) +ry(x —1).

Combining the two previous displays, we get Vx > 0
W 21, 2 —x
P(|Wy = Wyl oo = C(h5 > e M 4”071 log M) + 1y (x = D])) <™.

_ B _ _
Set ¥ = |W) = Wylloo/C, a=hy/ " e 0 + e’ ry(log M) and b = "'t
We have
[e.e] [e.e]
E[Y]:a+E[Y—a]:a+/ }P’(Y—aZu)du:a+b/ P(Y —a > bt)dt.
0 0

Setnow t =r,(x —1). If 0 <t < 1, then we have t = \/% If + > 1 then we have

t = 3. Thus we get by the change of variable t = \/% that

1 n X 1
P(Y—a>bt)dt=| P(Y—a>b /- d
/o ( azbrat /o < ‘= n)2«/xn *

1 ne* c
< — / —dx < —,
—2/nto Jx T T n
where ¢ > 0 is a numerical constant. Similarly, we get by change of variable r = *

n
fo'e) e’} 1 1 e’} /
f ]P’(Y—azbt)dt=/ P(Y—azbf>—dx5—/ e tdx <<,
1 n n/n nJn n

where ¢’ > 0 is a numerical constant. Combining the last three displays, we obtain
the result in expectation.

C.1. Auxiliary results. We prove the following lemma in Lounici, Meziani
and Peyré (2018).

LEMMA 6. The density matrix p defined in (52) satisfies the following con-
ditions:

() Self-adjoint: pV = (p(MV)*.

(ii) Positive semi-definite: p") > 0.
(iii) Trace one: Tr(pV) = 1.
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For the sake of completeness, we collect here several results that are used in our
proofs.

The following lemma, due to Butucea and Tsybakov (2008a), describes the
asymptotic behaviour of integrals of exponentially decreasing functions.

LEMMA 7. For any positive o, B, r, s and for any A € R and B € R, we have

o0 1
(73) / u exp(—au”) du = —v A exp(—av”) (1 4 o(1)), v —> 00
v or

and

(74) fov u® exp(Bu’) du = %”Bﬂ_s exp(Bv’)(1+o(1)),  v—oo.

We present here some results of the theory of empirical processes. We refer the
interested reader to Giné and Nickl (2009) for more details about this theory.

Let Zy,..., Z, bei.i.d. withlaw P on R, and let F be a P-centered (i.e., Pf =
J fdP =0forall f € F) countable class of real-valued functions on R, uniformly
bounded by the constant U, called the envelope of the class.

We say that F is a VC-type class for the envelope U and with VC-characteristics
A, vifits £2(Q) covering numbers satisfy that, for all probability measures Q and
>0, N(F,L>Q), ) <(AU/e)".

For such classes, assuming Pf =0 for f € F, there exists a universal constant
L such that

(75) E:=FE sup
feF

" AU AU
>z < L(ﬁmcﬂ log — + vU log —>
. o o
i=l1

where o is any positive number such that o> > sup rerE(f 2(2)); see, for exam-
ple, Giné and Guillou (2002).

Talagrand’s inequality bounds the deviation of the suprema of empirical pro-
cesses. The following result is a version of this inequality is due to Bousquet
(2002).

THEOREM 4. Assume that Z; are identically distributed according to P. Let
F be a countable class set of functions from a set X to R and assume that all
functions f in F are P-measurable, square-integrals and satisfy E[f(Z1)] =0
with envelope equal to 1. Let 0% > sup rer Var(f(X1)) almost surely, then for all

x >0, we have
P( sup |> " f(Z)
<f€JT i=1

with v =no? + 2E[sup e | 71— f(Z))]].

n n

> f(Z)

f€.7: i=1

ZE|:sup ]+«/2xnv+§) <e %,
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SUPPLEMENTARY MATERIAL

Supplement to ‘“Adaptive sup-norm estimation of the Wigner function
in noisy quantum homodyne tomography” (DOI: 10.1214/17-AOS1586SUPP;
.pdf). This supplementary material contains proofs of several technical results.
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