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BY GIULIA BINOTTO!, IVAN NOURDIN? AND DAVID NUALART?
Universitat de Barcelona, Université du Luxembourg and University of Kansas

The aim of this paper is to establish the weak convergence, in the topol-
ogy of the Skorohod space, of the v-symmetric Riemann sums for functionals
of the fractional Brownian motion when the Hurst parameter takes the critical
value H = (4¢ + 2)71, where £ = £(v) > 1 is the largest natural number sat-
isfying fol a?iv(da) = ﬁ forall j =0,...,¢ — 1. As a consequence, we
derive a change-of-variable formula in distribution, where the correction term
is a stochastic integral with respect to a Brownian motion that is independent
of the fractional Brownian motion.

1. Introduction. Suppose that B = {BH ¢ > 0} is a fractional Brownian
motion (fBm) with Hurst parameter H € (0, 1), that is, B is a centered Gaussian
process with covariance given by

1

(1.1) R(s, 1) :=IE[BletH]=§(s2H+t2H—|t—s|2H),
for any 5,7 > 0. When H < %, it is well known that the integral fé g(BSH)dBSH
does not exist in general as a path-wise Riemann—Stieltjes integral. In the pioneer-
ing work [5], Gradinaru, Nourdin, Russo and Vallois proved that this integral can
be defined as the limit in probability of suitable symmetric Riemann sums if the
Hurst parameter is not too small. Let us briefly describe the main contribution of
[5].

Let v be a symmetric probability measure on [0, 1], meaning that v(A) = v(1 —
A) for any Borel set A C [0, 1]. Given a continuous function g : R — R, consider
the v-symmetric Riemann sums of g(BX) in the interval [0, ¢] given by

lnt]—1

1
Svg.n= > (B%, —Bf)fo g(BY + (B, — BM)v(dw),
]:O n n n n

n
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where n > 1 is an integer and | x | denotes the integer part of x for any x > 0. Then,
following [5] and providing the limit exists, the v-symmetric integral is defined as
the limit in probability of the v-symmetric Riemann sums as n tends to infinity,
namely,

t
/0 g(BH)d" B! = lim_S}(s.1).

It is proved in [5] that this integral exists for g = f’ with f € C*®T2(R), if the
Hurst parameter satisfies H > m. Here, we denote by £(v) > 1 the largest
positive natural number such that

(1.2) /OIQZjv(doz): Vi=0,1,...,40v) — 1.

2j+1

Moreover, in this case the integral f(; f (BSH )d "BSH satisfies the chain rule

t
1B = fO+ [ /(BB
Basic examples of v-symmetric Riemann sums and integrals are the following:

) Ifv= %80 + %81, then S} are the trapezoidal Riemann sums. In this case,
£(v) =1 and v-symmetric integrals exist for H > %.

(1) Ifv= %80 + %81/2 + éél, then £(v) = 2. In this case, S} are the Simpson—
Riemann sums and v-symmetric integrals exist for H > %.

(iii) If v is the Lebesgue measure, then £(v) = 0o, and v-symmetric integrals
exist for any H € (0, 1).

The lower bound for the Hurst parameter is sharp, in the sense that for

w2
H = m the v-symmetric integral diverges in L?(2) for f(x) = x2. This has
been proved, for the example (i) above, in the references [2] and [5]. The goal
of this paper is to show that when H = m, the v-symmetric Riemann sums
converge in distribution and, as a consequence, we obtain a change-of-variable for-
mula in law with a correction term which is an It6 stochastic integral with respect
to a Brownian motion which is independent of B . More precisely, the main result
is the following theorem.

We say that a function f : R — R has moderate growth if there exist positive
constants A, B and o < 2 such that | f (x)| < AeBI forall x € R.

THEOREM 1.1. Fix a symmetric probability measure v on [0, 1] with £ :=
2(v) < oo and let BH = {BtH, t > 0} be a fractional Brownian motion with Hurst

parameter H = ﬁ. Consider a function f € C*(R) such that f and its
derivatives up to the order 20€ + 5 have moderate growth. Then

a3 S S = ro = [ 0B aw,,
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where W = {W,, t > 0} is a Brownian motion independent of B ¢, is a constant
depending only on v and the convergence holds in the topology of the Skorohod
space D([0, 00)).

The value of the constant ¢, in (1.3) is ¢, = k, ¢o¢, where k,, ¢ is defined in (3.2)
and oy is given by

o0
(1.4) o =E[XT]+2 Y E[(X1X15:)* ],
j=1

where X ; = le./ (4e+2) _ lei (f'e”) for j > 1 (see, for instance, [14], Theorem 10).

The statement of Theorem 1.1 can be interpreted as a change-of-variable
formula in law. Indeed, although the sequence of v-symmetric Riemann sums
SY(f’,t) fails in general to converge in probability and the v-symmetric integral
fé f (BSH )d 1)BSH does not exist in the sense introduced above, this sequence con-
verges in law and we can still call the limit (which is defined only in law) the
v-symmetric integral, and denote it by [ f/(Bf)d” BH . 1n this way, we can write

t t
Hy _ r(pHY v pH 2e+1)( pH
P8I = O+ [ (BB e [ OB aw,

where this formula has to be understood in the sense that the random variables
fo £/ (BEYd"BH and f(BE)— f(0)—c, 5 f@HD(BH) dW, have the same law.

Some particular cases have already been addressed recently in the literature. In
the case v = l(So + %8 1 (trapezoidal Riemann sums), the critical value is H = %,
and the corresponding version of Theorem 1.1 was proved by Nourdin, Réveillac
and Swanson in [12]. The convergence results for trapezoidal Riemann sums were
extended to a general class of Gaussian processes by Harnett and Nualart in [6]. If
V= %80 + %8 1 + é(Sl (Simpson Riemann sums), the critical point is H = 11—0 and
the convergence in law for any fixed time ¢ > 0 was proved by Harnett and Nualart
in [8].

For related results in the case of midpoint Riemann sums, we refer to the works
by Burdzy and Swanson [1], Nourdin and Réveillac [11] and Harnett and Nualart
[7]. In this case, the critical value of the Hurst parameter is H = }1, and the com-
plementary term in the It6 formula involves a second derivative; see also Nourdin
[9].

Let us briefly describe the strategy we will follow for the proof of Theorem 1.1.
First, using Taylor’s formula and the properties of the symmetric measure v de-
rived in [5], we determine the following decomposition for v-symmetric Riemann
sums:

20
SY(f )= f(BE,) = £(0) = > @"t) — Ru(1),

h=¢
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where, foreach h =4¢,...,2¢,

lnt]—1
(I)h(t)— Z k f(2h+1)(BH)(AnBH)2h+l,
j=0

the constants k, j; are defined in (3.2) and we use the notation BH 3 (BH +BH s} )

Vl

and A”BH Bﬁl — BY_The residual term R, (1) is a weighted sum of the powers

(A:?BH )H+2 w1th coefﬁc1ents that converge to zero as n tends to infinity. Taking

into account that H = ﬁ, it is not difficult to show that R, (¢) converges to zero
in probability, uniformly in compact sets.

In Lemma A.1, proved in the Appendix, we show that for any h = ¢, ..., 2¢,
the moment of order four IE[|®Z(I) — <I>Z(s)|4], for any 0 <s <t <T, can be
estimated by

Cr 24: nzw mN (LntJ - LnsJ)
N=2

n

This lemma is proved by expressing the product of increments ]_[?:1 (A’}i BH)2h+1
as a linear combination of multiple stochastic integrals and applying the duality re-
lationship between multiple stochastic integrals and the iterated Malliavin deriva-
tive. As a consequence, for h =£+ 1, ..., 2¢, the terms CDZ (t) converge to zero in
the topology of the Skorohod space D ([0, 00)), and for 4 = £, the sequence CIDﬁ (1)
is tight.

Thus, the only nonzero contribution to the limit in law of the v-symmetric Rie-
mann sums S, (f’, ) is the term

|nt]—1
204+1) (BH H\20+1
(1.5) kve Y. fEED(BE(ATBT)TT,
j:0 n
and it suffices to show that the finite dimensional distributions of this process con-
verge to those of ¢, fé FRED (BH) dWwy. Notice that the process appearing in (1.5)
is a weighted sum of the odd powers (A?BH )24+ of the fBm. It is well known

that for H = ﬁ, the sums of these odd powers converge in law to a Gaussian
random variable. More precisely, the following stable convergence holds:

lnt]—1

(1.6) ( > (arBH)H gl z>o) j (0¢W;, B 1 >0),
j=0

where oy is defined in (1.4) and in the right-hand side, the process W is a Brownian

motion independent of B . The proof of the convergence for a fixed ¢ follows from

the Breuer—Major theorem (we refer to [10], Chapter 7, and [4] for a proof of this

result based on the fourth moment theorem). Then the convergence of the weighted
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sums (1.5) follows from the methodology of small blocks/big blocks used, for
instance in the works [3] and [4]. The basic ingredient in this approach is the proof
that the reminder term converges to zero and this follows from Lemma A.2, proved
in the Appendix. However, unlike the above references, the convergence to zero
of the reminder term cannot be established using fractional calculus techniques
because H < %, and it requires the application of integration-by-parts formulas
from Malliavin calculus.

The paper is organized as follows. Section 2 contains some preliminaries on the
Malliavin calculus and the fractional Brownian motion. Section 3 is devoted to the
proof of Theorem 1.1 and in the Appendix we show two basic technical lemmas.

2. Preliminaries. In the next two subsections, we discuss some notions of
Malliavin calculus and fractional Brownian motion. Throughout the paper, Cr and
C will denote any positive constants depending or not on 7', respectively; they may
change from one expression to another.

2.1. Elements of Malliavin calculus. Let $) be a real separable infinite-
dimensional Hilbert space and let X = {X (h), h € $} be an isonormal Gaussian
process over $). This means that X is a centered Gaussian family, defined on a
complete probability space (€2, F, P), with a covariance structure given by

E[(X(WX()]=(h, gy  h.geh.

We assume that F is the o -algebra generated by X.

For any integer ¢ > 1, let $5®9 and $H©7 denote, respectively, the gth tensor
product and the gth symmetric tensor product of §3.

Let {e,,n > 1} be a complete orthonormal system in §). Given f € H©P, g

$H® and r € {0, ..., p A g}, the rth-order contraction of f and g is the element
of H®WP+T4=2") defined by
(e e]

Q2D f®g= Y, (fien® - Qei)ger (g€ @ Qe )ger,

where f ®0 g = f ® g and, for p =¢q, f ®, & = ([, g)ges. Notice that f ®, g is

not necessarily symmetric. We denote its symmetrization by f&®, g € HOP+a-27)
Let H, denote the gth Wiener chaos of X, that is, the closed linear subspace

of L%(Q) generated by the random variables { H, (X (h)), h € §, |||l = 1}, where

H, is the gth Hermite polynomial defined by

49

dxd

For g > 1, let I,(-) denote the generalized Wiener—It6 multiple stochastic inte-
gral. It is known that the map

(2.3) 1,(h®?) = Hy (X (h))

(2.2) Hy(x) = (_1)qex2/2 (e—xz/z)‘
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provides a linear isometry between $©¢ (equipped with the modified norm
V'l - Il 59¢) and H, [equipped with the L?(£2) norm]. For ¢ = 0, we set by con-
vention Ho = R and I equal to the identity map.

Multiple stochastic integrals satisfy the following product formula. Let p, g > 1
positive integers. Let f € H©? and g € 4. Then,

PAq

(2.4) LNl =Y. z!(f ) (Z)1p+q_zz (r&:2).
z=0

where ®; is the contraction operator defined in (2.1).

From the hypercontractivity property of the Ornstein—Uhlenbeck semigroup, it
is well known that all L"(€2)-norms, r > 1, are equivalent on each Wiener chaos.
In particular, for any real number r > 2, any integer p > 2 and any f € H°?, we
have

(2.5) 11, @y < Cropllp (D] 2y = cr,pﬁ Il fllgep-

Let S be the set of all smooth and cylindrical random variables of the form

F=g(X(¢1),.... X(¢n)),

where n > 1, g : R” — R is an infinitely differentiable function with compact
support, and ¢; € 5. The Malliavin derivative of F with respect to X is the element
of L?(2; $) defined as

n
DF=Y_ g—g(an), o X ()i
i=1 i
By iteration, we can define the gth derivative D? F for every g > 2, which is an
element of L2(Q2; $©9).
For any integer ¢ > 1 and any real number p > 1, let D?? denote the closure of
S with respect to the norm || - ||pe.r, defined as

q
”F”H];)w =E[|FI"]+ ZE(”DZFHQ@)-
i=1
More generally, for any Hilbert space V, we denote by D?-” (V) the corresponding
Sobolev space of V-valued random variables.
The Malliavin derivative D fulfills the following chain rule. If ¢ : R* —
R is continuously differentiable with bounded partial derivatives and if F =
(Fi, ..., F,) is a vector of elements of D!-2, then o(F) e D2 and

n

ad
Dy(F)=Y_ =(F)DF..

i=1°"1
We denote by § the Skorohod integral, also called the divergence operator,
which is the adjoint of the operator D. More precisely, a random element u €
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LZ(Q; ) belongs to the domain of §, denoted by Dom 4, if and only if, for any
F € D12, we have

[E(DF,u)5)| < cul Fll 120

where ¢, is a constant depending only on u. If # € Dom §, then the random variable
&(u) is defined by the duality relationship

E(FSu)) =E((DF, u)5).

This is called the Malliavin integration by parts formula and it holds for every
F € D2, For ¢ > 1, the multiple Skorohod integral is defined iteratively as
89(u) = 889 Y (u)), with 8°(u) = u. From this definition, we have

(2.6) E(F89(u)) = E(DIF, u)ge,).

for any u € Dom 87 and any F € D72, Moreover, 87 (h) = I,(h) for any h € H9,
We refer to [13] for a detailed account on the Malliavin calculus for an arbitrary
isonormal Gaussian process.

2.2. Fractional Brownian motion. Let BH = {B,H ,t > 0} denote a fractional
Brownian motion with Hurst parameter H. Namely, B is a centered Gaussian
process, defined on a complete probability space (€2, F, P) with covariance given
by (1.1). We assume that F is generated by B . Along the paper, we suppose that
H < %

We denote by £ the set of R-valued step functions on [0, 0c0). Let §) be the
Hilbert space defined as the completion of £ with respect to the scalar product

(110,11, Ljo,s1) 55 = R(s, 7).

The mapping 1jo;; — B/ can be extended to a linear isometry between the Hilbert
space $) and the Gaussian space spanned by B . In this way, {BH (h), h € $1} is
an isonormal Gaussian process as in Section 2.1.

Recall the notation Ef = %(Bf + BH ) and A’}BH =B7, — Bf. Moreover,

Jj+l Jj+l
n n n n
we set
81 = ]]-[l itly
n n’> n
& =10,
and

- 1 1
8% = E(eﬁ -{-8;%1) = 5(1[0%] +1[O,%])'
The fractional Brownian motion with Hurst parameter H satisfies

2.7) E[(A"B™)]=(3;.8,)5 =n"".
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Moreover, using the fact that the function x — x2#

t > 0 and any integer j > 0, we obtain

is concave for H < %, for any

(2.8) [E[(a7B") B ]| =1(0;. e0)5| <™.

The following lemma has been proved in [8], Lemma 2.6.

LEMMA 2.1. Let H < % and let n > 2 be an integer. Then there exists a con-
stant C not depending on T such that:

(a) Foranyt €0, T],

nT]—1

3 [0;. e8] < ClaT |2Hn=2H,
=0 "

(b) For any integersr > 1and 0 <i < |nT] —1,

nT]—1
(2.9) Y @i, 00)g <Cn
]:0 n n
and consequently
InT]—1
(2.10) > [8,.,00)5 = ClnTjn=>H.
J’lzo n n

The next result provides useful estimates when we compare two partitions. Its
proof is based on computing telescopic sums.

LEMMA 2.2, We fix two integers n > m > 2, and for any j > 0, we define
k:=k(j)=sup{i >0: . < ﬁ}. The following inequalities hold true for some
constant Ct depending only on T:

(2.11) > [0, exp)e| < Crm!' T,
J:O n m
|[nT]—1
(2.12) > |<a£,5£ —skﬁ’{>>ﬁ|§CTm1*2H
j=0

and, forany 0 <i < |nT]| —1,

InT|—1
(2.13) Z |(3_‘,§L —Ski))y3| < CTm_ZH.
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PROOF. Let us first show (2.11). We can write

[nT]-1 [nT]—1
> |<31» 7f Z IE[( BJ‘H )BQ“
j=0
T|—1, , .
ﬂi -
2 i n n
_‘J'“__ J @M’
n m n m
1 oy e 2H 2H
= Y [G+ DT =]
j=0
O Rl
2 i n m n m '

The first term is a telescopic sum and it is easy to show that
1 [nT]—1 1 .
j=0

For the second term, observe that, for a fixed k =0, ..., [mT ] + 1, the sum of the
terms for which k(j) = k is telescopic and is bounded by a constant times m =2 |
Summing over all possible values of k, we obtain the desired bound Crm!'—2H,

Inequality (2.12) is an immediate consequence of (2.11) and the following easy
fact:

nT]—-1 anTJ 1
Z “8% En 53} 2 Z ’E[(B/H BH)(B/+1 +Bf)]‘
j=0 j=0 " ’
n—2H (nT]—1
j=0
1
= 5n*Q’T'(LnTJ)Z” <Cr<Crm' ™.

Let us now proceed with the proof of (2.13). We can write

[nT -1

Z} i t_—8@>5§|
n m

n

| 7=

=3 X [l - BBY + 8L, 251
j:O m
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=:A| + Aj.

Let us first consider the term A;. The main idea to estimate this term is to use
the fact that the covariance between the increments Bffrl BY and BF — Bl is

n n m
nonpositive if j >1i or j < jg, for some index jy dependlng on i. Then the sums
with j > i or j < jp are telescopic and can be easily estimated. Finally, it suffices
to consider the remaining summands. Proceeding in this way, we write

1 InT|—1

Ar=3 ) IHjl

J=0

i j+1 21

n n

M kG jH1PH
+'<_>_J_
m n

|0 ]

m n

Taking into account that % < ,’l;, it follows that, for j > i,
e -2
n o n n n
n (j +1 k(i))ZH (J' k(i))”’
n m n m

1
Lo, k(i)\2H=1 : \2H-1
:ZH/ [<1+x—ﬂ> —<i+x—l—> :|dx
0 n m n n
<

On the other hand, if jy is the largest integer j > 0 such that £ +1 <k (’) , then, for
J = Jos

o i_£2H_ i_j+12H
]_n n n n

+<@_f+1>w <@_1)2H

m n m n

1 : : 2H-1 : : 2H-1
oo IO d ) G ) e
0 m n n n

<0.
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Consider the decomposition

Y IHj ij |Hjl
( |+Z|H|+nT | )

Jj=Jjot+1
=: E(A“ + A+ A).

For the terms A1 and A3, we obtain, respectively,

Jo
A=) (-H)

(A ()"
§2<£ B @>2H
n m

—2H

<Cm

and
nT|—1
A= ) (=H))

J=i

:(LnnTJ _;_->2H_<Lnn“ _%Yﬂ

< (LKoY
n m

—2H

oy

<m

Finally, for the term A, we have

; 2H i i+ 1 2H
e 265

.] 1
R J—  —_

+ Z
=: A1+ A12.

Jj=Jjo+1

The term A13; is a telescopic sum which produces a contribution of the form

e 2H
(J_ol) < Cpm—2H
n
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and the term A7 can be bounded as follows:

. 2 k(i 2H . 1 k(i 2H
Alzzf‘jo—'_ _ kD +‘J0+ _k®
m n m
+ Z [(1“ @)ZH_(L‘_@YH]
it m n m
<C m_ZH—l—(i_@)ZH_(jo—i_z_@)zH
=T n m n m
fCTm_ZH.

The term A; can be treated in a similar way. This completes the proof. [
We will use the following lemma.

LEMMA 2.3.  For any odd integer r > 1, we have
% 2uH 2
(A7 B Z Crun M I, (09777"),
where C,, are some integers.

PROOF. By (2.7), we have ||A;fBH||Lz(Q) =n"H . For any integer g > 1, we
recall [see (2.2)] that H,(x) denotes the Hermite polynomial of degree g. Using
an inductive argument coming from the relation H, 1 (x) =xH,(x) —qH;—1(x),
it follows that

(2.14) Z Hy 5, (x),

where C,, is an integer. Applying (2.3) to h =nfd;, that is, X (h) = A;?BH/
||A;!BH 2 = nHA;?BH, we can write
(2.15) H,(n" A% B™) = 1,(n"0%").

Substituting (2.15) into (2.14) yields

n

51
(AnBH — Z Crulr o ( (r—2u)H8;_®r—2u)’
u=0

which implies the desired result. [
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3. Proof of Theorem 1.1. We recall that £ = £(v) is defined by (1.2). The
first ingredient of the proof is the following expansion, established in [5], based on
Taylor’s formula and the properties of the measure v:

1
Fb) = f@) + (b —a) f (@ +a(b —a))v(de)

3.1) +Zk f(2h+1>(a+b>(b_a)zh+1

h=¢( 2
+ b —a)**2C(a, b),

where a,b € R and C(a, b) is a continuous function such that C(a,a) = 0. The
constants k, 5 are given by

1 1 1 1\2h
(32) ko = [(2}1 F )4 _fo (a N 5) v(d“)]

Applying equality (3.1) to a = BH and b = Bﬁl and using the notation Ef’ =

n

2(BH + B,H) and A"BH = B,

]+l

— Bf yields

lnt]—1
CEMENIOE Z A"BH/ '(BY +an?B™)v(de)

2¢ |nt]-1 -
+Z Z ky f(2h+1)(BH)(AnBH) +

h=¢ j=0

lnt]—1
4042
+ 3 Clel Bl)aja)

which can be written as

20
(3.3) FBE) = FO =80 1)+ Y @) + Ra(0),

h=¢{
where, foreach h = ¢, ..., 2¢,
nt]—1
(3.4) q)h(t)_ Z k, f(2h+1)(BH)(AnBH)2h+1
j=0
and

lnt]—1
Ra(1) = Z C BH B,+1 )(An B2,
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Let us consider the convergence of each term in the decomposition (3.3). First,
we will show that the term R, (¢#) converges to zero in probability, uniformly in
compact sets. In fact, for any 7 > 0, K, € > 0, we can write

P( sup |Ry(1)| > E)

0<t<T

1

< P( sup |C(Bf, BH)| > —)
x,te[(),TI] K
[t=s|<y

[nT|—-1
+ P( S (anBH)H S Ke).

j=0

(3.5)

Taking into account that H = ﬁ and using (2.7), we can write, with ¢y denoting
the kth moment of the standard Gaussian distribution,

i pag+2 [nT]  Tigeso
(3.6) Pl Y (atB* s ke) < F < Ly
i J Ke n Ke

From (3.5) and (3.6), letting first n — oo and then K — oo it follows that for any
€>0and T >0,
lim P( sup |R,(1)| > e) =0.
n—oo 0<t<T
On the other hand, by Lemma A.1, the terms q)ﬁ withh=¢+1,...,2¢ con-

verge to zero in the topology of D([0, o)) and do not contribute to the limit. As a
consequence, the proof of Theorem 1.1 follows from the next proposition.

PROPOSITION 3.1. Under the assumptions of Theorem 1.1, one has

nt]—1
37 oln= Y f(2€+l)(BH)(AnBH)2Z+1_)O_/f(21€+1)(BH)dWS’

n—00
j=0

where W = {W;,t > 0} is a Brownian motion independent of B o, is the con-
stant defined in (1.4), and the convergence holds in the topology of the Skorohod
space D([0, 00)).

PROOF. In order to show Proposition 3.1, we will first prove that the sequence
of processes {@fl (t),t > 0} is tight in D([0, 00)), and then that their finite dimen-
sional distributions converge to those of

t
{O’g/ FEY By awg, 1 > 0}.
0
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Notice that the tightness of the sequence dDﬁ is a consequence of Lemma A.1.
Indeed, this lemma implies that for any 0 <s <t < T, there exist a constant Ct
depending on T, such that

4 o N
Blloo - ofo ] < cr Y (1)
N=2

n

It remains to show the convergence of the finite-dimensional distributions. Fix
a finite set of points 0 <t < --- <ty < T. We want to show the following conver-
gence in law, as n tends to infinity:

(3.8) (@), ..., D <rd>) > (Y1, Ya),

where
t
n:wfaﬂwﬂwﬁdm, i=1,....d,
0

W = {W,, t > 0} is a Brownian motion independent of B, and oy is the constant
defined in (1.4).

Taking into account the convergence (1.6), the main ingredient in the proof of
the convergence (3.8) is the methodology based on the small blocks/big blocks
(see, for instance, [4]). This method consists in considering two integers 2 <m < n
and let first n tend to infinity and later m tend to infinity. For any k£ > 0, we define
the set

Q:be{ L lnt) — 1) k§i<ﬁiq.
m-— n m

The basic ingredient in this approach is the decomposition

Lmi; ]

k=0 jeli

Lmi; |

4 Z Z (2¢+1) BH f(2€+1)( Z)](AnBH)ZZ-‘rl
k=0 jeli m

AL 4 4@
s in,m n,m*
From Lemma A.2 with r =2¢ + 1 and ¢ = f**D we can write, for any ¢ > 2,

E[(A%)]

=Cr  sup sup |F(B]) - r (B _J)”Lq(SZ)
0<w<3(2¢+1)0<j<|nT|—1 n "
+Cr sup sup Hf(w(ELH) ”22(9) (m_ZH + "2H_1m2_4H)
0<w=<3(2¢+1)0<j<|nT]-1 "



2258 G. BINOTTO, I. NOURDIN AND D. NUALART

+Cr  sup sup S (BE)] 20
0<w<3(2¢+1)0<i,j<|nT]—1

A FOBL) = £ (B gy (142 )
<Cr |:m—2H +n2H—1m2—4H

f(w>(fs+> £ (BH

) jﬂ(Q))j|’

X (1 + sup sup
0<w<3(2¢+1) s.1€00,T]

lt=sl<m

where k :=k(j) =sup{i >0: ,;1— < %} This implies

lim sup E[(A,(lzn?)z]
n—oo

<Cr (m_zH + sup sup ||f(w) (Bfl) - f(w) (B;H)”iz(sz)’
0<w=<3(2¢+1) s.t€[0,T]
lt=sI<7

which converges to zero as m tends to infinity.

On the other hand, from (1.6) we deduce that the vector (Af,lnp , .. A(1 d))
converges in law, as n tends to infinity, to the vector with components

o Z f<2‘+1>(BH)(Wk+1 W),
k=0 "

i=1,...,d, where W is a Brownian motion independent of B . Each of these
components converges in L?() to the stochastic integral oy féi f @e+D) (BSH )d Wy,
as m tends to infinity. This completes the proof of the theorem. [

APPENDIX

This section is devoted to state and prove a couple of technical lemmas. The
first lemma is the basic ingredient to show that the sequence of processes ®¢ is
tight and the processes CIJz forh=£+41,...,2¢ converge to zero in D([0, 00)).
Fc;qr this, we need to estimate the fourth moment of the increments of the processes
Py

LEMMA A.1. Consider the processes QDQ, h=2¢,...,2¢ defined in (3.4).
Then, forany 0 <s <t < T, we have

4
E[|®! (1) — " (5)[*] < Z (Lnt] — Lns])Nn=2NH@H+D

where the constant Ct depends only on T .
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PROOF. Forany 0 <s <t <T, we can write

Lnt)—1 4
E[|®, (1) — d)n(s)|4] — Z E|:H(f(2h+l)(§g)(A;giBH)2h+1):|‘

J1sJ2,J3.ja=\ns] Li=1
By Lemma 2.3, we obtain

(A’ BH) 2htl Z Cony1un™ H12h+1—2u(8;'_8i)(2h+1_2u))’

n

which leads to

4 h 4
i=1 ui,up,u3,us=0 i=1 "

where Cj, y 1S a constant depending on 4 and the vector u = (ug, ua, u3, us) and
we use the notation |u| = u| + up + u3 + u4. To simplify the notation, we write
2h+1—u; =v; fori =1,2,3,4. The product formula for multiple stochastic
integrals (2.4) allows us to write

4

[T(r 65"

i=1 n

=Y Co [] @;,05)5"

Ji
aeA  l<i<k<4 "

V] —o1p—@13 214 V) =0 —ap3 -4
X Iy —21a (0% 0%
n n
® V3 —a13—ap3—0a34 ®v4—a|4—a24—a34
® 95 ® a7}, ),
Vl n

where |v| = v + vo + v3 + v4 =87 + 4 — |u|, A is the set of all multiindices
o = (a2, 013, 014, 0023, 0024, 034) With o > 0, such that

a2+ o3 +o1g < g,
a2 + o3 + 024 < V2,
13 + 023 + 034 < U3,
14 + 024 + 0034 < V4.
For any j = (j1, j2, j3, ja), Lns] < ji < [nt] — 1, we set

4
B=[152 (),

i=1 "
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and
®vl —o2To3 A4 ®V2T*127*23 %24
hJ o v = 8 ® 9]
n n
® 8@”3_”13_“23_0‘34 8®U4 —014—004—034
i .

n n

Applying the duality formula (2.6), we obtain
E[Y;ljv/—21a| (hjav)] = E[(D™M 25, hj o v}y oni-aa]-

Therefore, we have shown the following formula:

E[|®! (r) — o (5)[*] ZZch n 2N g
aEeA
x( [T <.

1<i<k<4

Ji» ajk >(;'2k>E[<D|V|_2|a| Yj’ hj7a7V>H®‘V|—2‘a‘]’
where the components of j satisfy |ns| < j; < |nt] — 1 and 0 < u; < h. Finally,
the inner product (DIVI=2le] Yj, hj,a,v)y@-2 can be expressed in the form

Yop [T (057105

pel’ 1<i,k<4
where B = (Bik)1<i k<4 1s a matrix with nonnegative entries such that

4
> Bi=vi—an — a3 — a4,
k=1

4

> Bk =v2 — a1 — a3 — g,
k=1

4
> B =v3 — 13 — a3 — a3,
k=1

4
Z Bak = V4 — 14 — Q24 — 034.

Notice that |8]| = Z?,k:l Bik = |v| — 2|a|. Moreover, the random variables ®g are
linear combinations of products of the form [#_, f (Bg ), with2h +1 <w; <

n

2h 4+ 1+ |v| — 2||. This leads to the following estimate:
E[|®) ) — @) 5)]']

e Y ]

aecA el 1<i<k<4

alk
a]t ’ a]k

n
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Consider the decomposition of the above sum as follows:
E[|®,(t) — @u(s)|*] < Cr (A + AP + AD),

where A,(,D contains all the terms such that at least two components of o are
nonzero, A,(lz) contains all the terms such that one component of « is nonzero and
the others vanish and Aff) contains all the terms such that all the components of «
are zero.

Step 1. Let us first estimate Af,l). Without any loss of generality, we can assume
that 1o > 1 and 13 > 1. From (2.9) with » = 1, we obtain

lnt]—1

(A.1) > 05,050 <Cn
a=lnsp "

and

|nt]—1
> 05, 85)u] < Cn2H,

j=lns) " "

We estimate each of the remaining factors by n =2 . In this way, we obtain a bound
of the form

A,(ll) < C(LntJ _ LnsJ)zn—ZH(\uH-\dl-i-lﬂ\).
Taking into account that || < %lvl, we can write

luf + la| + 18] = [u] + [af + [v] — 2|e]

= [a] + [v] — ||

= fu +
= 2
|ul
=4h+2- -
T
> 4h +2,
and, as a consequence,
(A2) AD < C(lnt) — |ns])*n—HH D,

Step 2. For the term A,(12), we can assume that «jp > 1 and all the other compo-
nents of « vanish. In this case, we still have the inequality (A.1). Then we estimate
each of the remaining factors by n =2 In this way, we obtain a bound of the form

AD < C(lnt] — [ns])Pn2H (ulHal+BD,
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Taking into account that |¢| = ap <v;=2h+1—u; <2h + 1, we can write
lal + |o| + |B] = [u] + |a| + |V] — 2|e|
= [u| + [v] — ||

> u| + |v| — 2k — 1

=6h+3,
and, as a consequence, we obtain
(A.3) AD < C(nt] — |ns])n~OH@+D,
Step 3. Estimating all terms by n=2# | we get

A® < C(lnt] — |ns]) n2HuHIAD,
We have
lul + |8l = u| + |[v| =8h + 4,
and, as a consequence, we obtain
(A.4) A® < C(lnt) — |ns)) n—8HE+D,

In conclusion, from (A.2), (A.3) and (A.4), we obtain the desired estimate. This
completes the proof of the lemma. [J

The second lemma provides a bound for the residual term in the application of
the small blocks/big blocks technique and it is a variation of [8], Lemma 3.2. Its
proof is based on the techniques of Malliavin calculus. As before for two integers
n>m>2,forany j >0 we define k :=k(j) =sup{i >0: - < ,fl}

LEMMA A.2. Letr=1,3,5,... andn > m > 2 be two integers. Let ¢ : R —
R be a C* function such that ¢ and all derivatives up to order 2r have moderate
growth, and let B = {B .t > 0} be a fBm with Hurst parameter H < 5. Then,
forany g >?2 and any T > 0,

lnt]—1 2
sup E[( > (¢(BY) - ¢(BW))(A;%BH)’> } <Crlyn'™*H,
1€[0,T] =0 g m

where Cr is a positive constant depending on q,r, H and T and

Lnn = sup sup o™ (B]) - ¢(w)(Bk(/))||LQ(Q)

0<w=<2r0<j<|nT]—-1 n

+ sup sup ||¢(w)(35{)”L2(Q)(m_2H+”2H_1m2_4H)
0<w=<2r0<j<|nT]-1 n

+ sup sup ||¢(w)(BH)”L2(Q)”¢(w)( ) ¢(w)( '))HLZ(Q)

0<w<2r0<i,j<|nT]-1

% (1 +n2H—1m2—4H).
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PROOF. The proof is based in the methodology used to show Lemma 3.2 in
[8]. To simplify notation, let Y (¢) := ¢(B£I) — qb(Bg_j)), and set

[nt]—1 2
I :=E[< > Yj(qs)(A'}BH)’) }
j=0
From Lemma 2.3, we obtain
5] lnt]—1

I[: Z Cr,ucr,v}’l_zH(u-i-U) Z E[Yl‘(¢)Yj(¢)]r72u(8?r_2u)lr72v(8;‘®r—21))]

n

u,v=0 i,j=0
L5) [nT|—1
<C Y n e N B[V ()Y (@) -2 (08 [0 (397 )]).
u,v=0 i,j=0 " n

Then we apply the product formula (2.4) in order to develop the product of two
multiple stochastic integrals and we end up with

L5] r—2u)A(r—2v) InT]—1

n~ W) N E[Yi ()Y (9)
u,v=0 z=0 i,j=0
X Izrfzmu)—zz(3?r_2"_1®3?r_zv_z)w%’ 91)5]]

n n n

A
a

Iy <

L5 [nT|—1
- C n—ZH(u-H)) Z |E[Yi (¢)Yj (¢)12r—2(u+v) (a?r72u®8§§)r72v)]|
u,v=0 i,j=0 " n

L5 r—2u)A(r—2v) [nT]—1

+C Y Y a2 S RY ()Y (9)
z=1

u,v=0 i,j=0

X 12r—2(u+v)—2z(3;&_2"_Z®3?r_zv_z)(3;1;’ %‘)fa]‘

n

—: C(D1 + D»).

We first study term D», that is when z > 1. On one hand, from the estimate
(2.5), we get

[ 222 (OF ™ @) | a2y = CUNBLIG™ N0, 1577)

n

_ Cp2Hr—u—v=2)
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On the other hand, using (2.10), we obtain
[nT]—1
(A.6) Y [(0:.9,)5 < Cn' T2
ij=0 n n
Thus, from (A.5) and (A.6) and using Holder’s inequality, we deduce that the term
D> is bounded by

\_ 1 (r=2u)A(r—2v)

Dy <C Z Z p—2H u+v)

u,v=0

2 —2H(r—u—v—z), 1-2zH
X sup ||Yj(¢’)||Lq(Q)” (v 72
0<j=<InT]-1

<C s V@) 7eqn' .
0<j=<[nT]-1

Now, let us study term D, that is, when z = 0. By (2.6), we have
|E[Y (¢)Y (¢)12(r —u—v) (8®r 2u®8®l’ 2v)]|

1

= [E[(D*"*~(Y;(9)Y;(9)), 0E~ 2“®a®r P )ge2r—un]].

Write s = 2(r — u — v). By definition of Malliavin derlvatlve and Leibniz rule,

D, . (Yi($)Y;($)) consists of terms of the form Dy, (Y;(¢)) Duyd” (¥;(9)).

where J isasubsetof {1, ..., s}, |J| denotes the cardinality of J andu; = (u;);c .

Without loss of generality, we may fix J and assume that a = |J| > 1. By our

assumptions on ¢ and the definition of Malliavin derivative, we know that
D*(Yi(9)) = ¢ ('éf)’gi@a ¢(a)(Bk(:>)8k<z>

n

Yi(9)els + 0 (BIED” — i),

m n n m

where we recall that k = k(i) = sup{; : % < r%}, and, for each a < 2r, we have
D(Yi(¢)) € L*(2; $5%%). Setting b = s — |J| = s — a and with a slight abuse of
notation, it follows that

E[(DS, (Yi($)) Db, (¥; (). 92 @ 3% 2) o0 sr]

= || Y; (¢(a)) || L2(Q) ” Y; (‘P(b)) || L2(RQ)

|(sk(,) (u)® 8k(7) (uye), a?r—Zu ® 8?r_2v>sﬁ®s|

1

+ || Y; (¢(a)) ||L2(s2) ”‘p(b)(BH) ||L2(s2)

0
§‘\§ :

|(5k<z) (uy) ®(

il

)(ll_]C) a®r 2u®a®r 2v>ﬁ®5|

ﬂ
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+ o (Ef) |21 Y; (@™)] L2(Q)

x [(ED — &5 ) @ ekm (ye), 082 ® 09" ) o

m n m

+ ¢ (B! )||L2(Q)||¢(b)( )||L2(Q)

x [(EP =) @ (~®b — &2 ) (uye), a;r-ﬂ ® 0% %)

n m n

ﬁ@s’
=: D11 + D12+ D13+ Dya.

Consider first the term Djp;. By (2.8), we have either
_ _ 2
Dy1 < Cl(exn ')ﬁ(’l 2Htb=D qup sup Y (6“2
m 0<w=<2r0<j<|nT]-1
or

Dy1 < Cllesa, aim‘n—ZH(aer—l) sup sup HYJ-(¢(“’))||%2(Q)-
o n 0<w<2r0<j<|nT]-1
By Lemma 2.1.a,

|nT]—1

(A7) Z [(exa, 9;)0] < C

and by (2.11),

(nT|—1[nT|—1

(A.8) > Z|8k(z), 5§|| k() f)55|§CTm

i=0  j=0 "

2—4H

As a consequence, inequalities (A.7) and (A.8) imply

3] InT]—1
n72H(u+v) Z Dy
u,v=0 i,j=0

L5] [aT|—1

<C sup  sup ”Zi(‘f’(w))”iz(g) Yoy prRHtvkathoD
0<w=<2r0<j<[nT]-1 w0 =0

+ Cr sup sup ||Yj(¢(w))Hi2(sz)
0<w<2r 0<j<[nT|—I

L5]
% Z p2Hurv+at+b=1) 2H, 2—4H

u,v=0

<Cr sup  sup  [¥i(@™)|Fagq (1 +n' 2 mE )2
0<w=<2r 0<j<[nT]-1
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where weusedthatu +v+a+b—1=2r—(u+v)—1>r,sinceu+v+1=<
2| 5] + 1 =r for any odd integer r.
We apply the same calculation to D12 and D13, and we similarly obtain that

L5] nT|—1
n—2H(u+v) Z (D12 + Di3)
u,v=0 i,j=0

<Cr sup sup Hd’(w)(gz)”Lz(sz) sup Y (¢™) l2@
0<w<2r0<j<|nT|—1 " 0<j=InT]-1

% (1 + n2H—1m2—4H)n1—2rH.

Now we study term Dy4. Inequalities (2.12) and (2.13) state that

InT|—1
Y |Ei —ew.d;)n] <Crm™*H and
J:O n m n

[nT|—1
Z [(Bi — e, 8i )| < Crm! 21
l:() n m n

Then, with the same arguments as those used for D1, we obtain

L5] |nT|—1
n—2H(u+v) Z D4
u,v=0 i,j=0
SCrosup sup  §O(BY) B 42 21,

0<w=<2r0<j<|nT]—-1

The proof is now complete. [
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