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ASYMPTOTIC EXPANSION OF THE INVARIANT MEASURE FOR
BALLISTIC RANDOM WALK IN THE LOW DISORDER REGIME!

BY DAVID CAMPOS? AND ALEJANDRO F. RAMIREZ
Universidad de Costa Rica and Pontificia Universidad Catolica de Chile

We consider a random walk in random environment in the low disorder
regime on 74, that is, the probability that the random walk jumps from a
site x to a nearest neighboring site x + e is given by p(e) + €£(x, e), where
p(e) is deterministic, {{£(x,e) :lel1 =1}:x € Zd} are i.i.d. and e > 0O is a
parameter, which is eventually chosen small enough. We establish an asymp-
totic expansion in ¢ for the invariant measure of the environmental process
whenever a ballisticity condition is satisfied. As an application of our expan-
sion, we derive a numerical expression up to first order in ¢ for the invariant
measure of random perturbations of the simple symmetric random walk in
dimensions d = 2.

1. Introduction. We derive an asymptotic expansion for the invariant mea-
sure of the environmental process of random walks moving on Z in the low dis-
order regime within the spirit of previous expansions of Sabot [15] for the velocity.
Our result is one of the few instances where explicit quantitative information about
the invariant measure of the environmental process is given for random walks in
random environments in dimensions d > 2 with nonvanishing velocity.

For x € R?, we denote by |x|; and |x|y its ' and /% norms, respectively. Let
Vi={eeZ!:|e|y =1} and P :={p, : e € V} where p, >0 and Y ,cy pe = 1.
We define © := PZ endowed with its Borel o -algebra and denote any w = {w(x) :
x € Z%} € Q where for each x € Z¢ we let w(x) = {w(x,e):e € V} € P, an en-
vironment. We now define the random walk in the environment w as the Markov
chain {X,, : n > 0} with state space Z¢ defined by the transition probabilities

PXpri=y+elXy=y)=w(y,e),

forallee V,ye 74 and n > 0. For each x € Z¢, we denote by Py o its law if the
random walk starts from x. Throughout, we will assume that the space of environ-
ments €2 is endowed with a probability measure P. We will call Py ,, the quenched
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law of the random walk, while P, := [ Py , dP the averaged or annealed law of
the random walk. We will suppose that {w (x) : x € Z¢} are i.i.d. under IP. The law
P is said to be uniformly elliptic if there exists a ¥ > 0, which we will call the
ellipticity constant, such that for all x € Z¢ and e € V/,

Plw(x,e) > k) =1.

Define Py := {p € P : min.cy p(e) > 0}. Consider a transition kernel py =
{po(e) : e € V} € Py. For our main result, we will consider laws P, which are
perturbations of a simple random walk which jumps according to the transition
kernel pg. To be precise, for each ¢ > 0 define

(1.1) Qpye =l eQ:|w(x,e) — pole)| <eforallx e Z¢, e c V).

We will consider laws P which are concentrated on 2, . for some ¢ > 0. Let us
note that for £ < min.cy po(e), each probability measure concentrated on €2, . is
uniformly elliptic with ellipticity constant

(1.2) Kk = min po(e) — ¢.
ecV

Throughout this article, x will be given by (1.2). Recall the definition of the
local drift

d(x,w) = Z w(x,ee,
ecV

for x € Z¢. For w € , define the canonical shifts {8, : x € Z¢} as Orw(y) =
w(x + y) for all y € Z?. Finally, define the environmental process {@, : n > 0}
starting from @wp = w as

d)n = ana).

The transition kernel of this process is defined as the map R from the set of func-
tions f: Q2 — R to itself given by

(1.3) Rf (@)=Y (0,¢) f(Oew).

ecV

To state the main result of this article, let us define for each w € Q, x € Z4 and
ecV,

(1.4) £(x,e):= é(w(x,e) — po(e)),
so that

(1.5) w(x,e) = po(e) +&(x, e),
and

E(x,e):=&(x,e) —E[£(x, e)],
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where the notation [E denotes taking expectation with respect to the measure P.
Define also

(1.6) pe(e) := po(e) + eE[£(0, e)].

Furthermore, define for n > 0 and x,y € 74, pn(x,y) as the probability that a
random walk with transition kernel p € P jumps from x at time O to site y at time
n, and the function:

n

(1.7) Jpe(x) = lim_ > (0, —x) — pi(0,0)),
k=0

where here for p € P, the subscript p* in the above expression is the transition
kernel p* € P defined by

(1.8) p¥(e) = p(—e) foreeV.

Note that for each p which defines a transient random walk, the above expression
can be written as a difference of a Green function evaluated at different points. On
the other hand, in the two-dimensional recurrent case, (1.7) is equal to the negative
of the potential kernel of a random walk with transition kernel p*.

In the main result of this article, we establish an asymptotic expansion for the
invariant measure of random walks in environments whose law is supported in
2, for a given pg € Py and ¢ small enough. To formulate it, we will assume the
following condition on the local drift. For later convenience, we will denote the
elements of V alsoas ey, ...,eq, —e1,..., —eq, where foreach 1 <i <d, ¢; is the
vector which has all coordinates equal to 0 except for the ith coordinate which is
equal to 1. Given pg € Py, C > 0 and ¢ > 0 we will say that a probability measure
[P defined on 2 satisfies the linear local drift condition (LLD), with constant C if
P(€2p,,¢) =1 and

(1.9) E[d(0, w)] - e1 > Ce.

As shown in Lemma 2 and pages 3010 and 3011 of [15], whenever the linear local
drift condition (LLD), is satisfied for pg fixed and for ¢ small enough with con-
stant C (not depending on ¢) the random walk satisfies Kalikow’s condition (see
[19] or [15] for its definition), and hence by Theorem 3.1 of Sznitman and Zerner
[19], the environmental process has a marginal law at fixed time which converges
in distribution to an invariant measure. We will call this invariant measure, the lim-
iting invariant measure of the environmental process. Given a measure p defined
on  and a subset B C Z¢, we will call the marginal law of i in P2 the restriction
of utoB.

THEOREM 1. Letn >0, C > 0 and B be a finite subset of Z¢. Assume that

po € Po and that there is an €1 such that for all ¢ < g1, P satisfies the linear local
drift condition (LLD), [cf. (1.9)] with constant C. Then there is an gy > 0 such
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that whenever ¢ < &g, the limiting invariant measure Q) has a restriction Qp to B
which is absolutely continuous with respect to the restriction Pp to B of P, with a
Radon—Nikodym derivative admitting P-a.s. the expansion

dQp - _
(1.10) &zl—l—szZf(z,e)fp;(e—l—z)—{—O(sz ),

dPB zeBecV

where |0(82_”)| < clsz_”,for some constant c; = c1(n, k, d, B) depending only
onn,k,dand B.

Since explicit formulas for the Radon-Nykodym derivative are available in the
case d =1 (see, e.g., [7]), Theorem 1 in that case is not particularly interesting.
Nevertheless, it is worth noting and it will be shown in Section 2.1 that when
d =1, the expansion (1.10) has an error O (g2, which is bounded by c1e27m
where ¢ does not depend on B, so that actually the expansion is valid for the full
Radon—Nikodym derivative dQ/dP with B = Z in (1.10). This is in accordance
with the known fact that under the linear local drift condition (LLD) in dimension
d =1, Q is absolutely continuous with respect to P [7]. A key point for the sum
in (1.10) of Theorem 1 to converge on Z in dimension d = 1, is the appearance of
Jpx instead of J .

On the other hand, in certain situations, we can expand J pi- This is the content
of the following corollary, where we define

(1.11) do:=)_ epo(e).

ecV

COROLLARY 2. Letd>2o0ord=1withdy#0. Let n >0, C >0 and B be
a finite subset of Z¢. Assume that py € Py and that there is an €| such that for
all ¢ < ey, P satisfies the linear local drift condition (LLD), [cf. (1.9)] with con-
stant C. Then there is an gy > 0 such that whenever ¢ < g, the limiting invariant
measure QQ has a restriction Qp to B which is absolutely continuous with respect
to the restriction Py to B of P, with a Radon—Nikodym derivative admitting P-a.s.
the expansion

dQp

=" & " 2—
(1.12) P, _1+eZ€ZB§g(z,e)Jp0(e+z)+0(g ),

where |0 (e27")| < c26>7", for some constant ¢y = c2(n, k, d, B) depending only
onn,k,dand B.

From the point of view of its explicitness, a startling consequence of Corol-
lary 2 is stated in Corollary 3 of Section 3, where due to the fact that the potential
kernel of a simple symmetric random walk in dimension d = 2 can be recursively
computed, we can obtain a numerical expression up to first order for the limit-
ing invariant measure. Furthermore, the Radon—-Nikodym derivative (1.10) plays
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an important role in local limit theorems (see, e.g., Theorem 1.11 of [2] valid for
d=>4).

On the other hand, by the fact that the marginal law of the environmental process
converges to the limiting invariant measure, and the fact that

n—1
X, — Y d(0,@)n >0,

i=0
is a Pp-martingale, we can recover through Theorem 1 Sabot’s expansion for the
limiting velocity [15], defined as the Py-a.s. limit

v:= lim =2,
n—oo p

under the linear local drift condition (LLD), for ¢ small enough with constant C
(not depending on ¢), so that

(1.13) vzfd(O, w)dQ=d0+8d1+52d§+0(33_’7),
where dj is defined in (1.11), d; :=)_,cy eE[£(0, €)] and

dy =" eCeoJp:(€),
ecVeeV
where C, . := Cov(£(0, e), £(0, ¢)).

The absolute continuity of the invariant measure QQ of Theorem 1 with respect
to the law of the environment restricted to finite sets follows from the proof of The-
orem 3.1 of Sznitman and Zerner in [19]. In dimensions d > 4, since Kalikow’s
condition is satisfied, by a result of Berger, Cohen and Rosenthal [2] (see also
a previous result of Bolthausen and Sznitman [4] valid at low disorder), we also
know that QQ is absolutely continuous with respect to IP, and in dimensions d > 2,
by [14], we know that it is absolutely continuous with respect to P in every for-
ward half space perpendicular to e;. In dimensions d =2 and d = 3, it is still an
open question wether or not Q is absolutely continuous with respect to IP. On the
other hand, with the methods presented in this article, we are not able to derive an
expansion of dQ/dP on the whole lattice in dimensions d > 4, because the error
term we obtain in (1.10) of Theorem 1 tends to infinity as the cardinality of B
grows to infinity. An open problem is to settle wether or not under the linear local
drift condition (LLD), at least in dimensions d > 4, the expansion (1.10) is still
valid for B = Z4.

Besides the work of Sabot [15] for the expansion of the velocity, random per-
turbations of random walks have been also considered in [8] (see also [12] for
perturbations of diffusions in random environment), for perturbations leading to
the Einstein relation and in [1, 5, 6, 18] for perturbations of the simple symmet-
ric random walk. The Green function expansion methods of [15] are an important
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tool used in the proof of Theorem 1. Nevertheless, they have to be adapted to the
context of this article, and most importantly, in [15] somehow the use of Kalikow’s
property for random walks in random environment conceals the fact that underly-
ing the velocity expansion there is really an expansion of the invariant measure.
In fact, a key step in the proof of Theorem 1, is to obtain an explicit expression
of the invariant measure in terms of the Green function of the random walk. In
[8], it is shown that the perturbations over a random environment which satisfies
Sznitman’s ballisiticity condition (7”) [17], produce an invariant measure for the
environmental process which is up to first order equal to the unperturbed invariant
measure. Nevertheless, although an expression for the error is given in terms of
regeneration times, it is not explicit. Furthermore, in [18] it is proven that for per-
turbations of the simple symmetric random walk, under a weaker condition than
the linear local drift condition (LLD), where in the right-hand side of (1.9) C =1,
¢ is replaced by £*@ | with «(3) =2.5 — n and a(d) =3 — n for d > 4 with n > 0
arbitrarily small, the perturbed random walk is ballistic. Nevertheless, we do not
know if it would be possible to extend Theorem 1 and the expansion of [15] under
this weaker assumption in dimensions d > 3. On the other hand, we would like to
emphasize that Theorem 1 is one of the first results for the model of random walks
in a random environment in the ballistic regime, and hence nonreversible, giving
explicit quantitative information about the invariant measure of the environmental
process.

Standard analytic perturbative expansions of invariant measures usually require
the existence of a spectral gap for the unperturbed generator of the corresponding
process [10], which is not the case in the framework of Theorem 1. The proof of
Theorem 1 is based on careful expansions of the Green function of the random
walk within the spirit of [15]. Nevertheless, a key ingredient that we have to incor-
porate here is to obtain an expression for the limiting invariant measure in terms of
accumulation points of a Cesaro-type average performed at a stopping time with a
geometric distribution. This is the content of Proposition 5 in Section 4. Further-
more, it is necessary to obtain careful expansions of Green functions of random
walks perturbed at multiple points.

In the next section of this article, we will derive a more explicit version of
Corollary 2 for the case of perturbations of the simple symmetric random walk in
dimension d = 2. Then, in Section 3, we will give a heuristic explanation of the
expansions (1.10) and (1.12) of Theorem 1 and Corollary 2. In Section 4, we will
derive an expression for the limiting invariant measure in terms of Cesaro averages
of the marginal laws of the environmental process up to a stopping time with a
geometric distribution. In Section 5, we will show how to perturb at a finite number
of sites the Green function of the random walk. The results of Section 5 will be
used to expand a typical term of the expression giving the limiting measure in
Proposition 8 of Section 6. Using this expansion, Theorem 1 is proved in Section 7.
Finally, Corollary 2 will be proved in Section 8.
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2. Some explicit computations.

2.1. Dimension d = 1. Even though in the case d = 1 the Radon—Nikodym
derivative dQ/dP can be computed explicitly (see, e.g., [7]), for completeness
and as a way to asses the insight given by Theorem 1 and Corollary 2 in higher
dimensions, we show to what does the expansion (1.10) of Theorem 1 reduce in
that case.

Whenever the linear local drift condition (LLD), is satisfied for ¢ small enough
with a fixed constant C (not depending on ¢), the invariant measure Q of the envi-
ronmental process has the explicit Radon—Nikodym derivative

dQ 1—E[po] x I

2.1 — 1 ,
2.1 5= 1+IE[ T Elo]¢ +00) D[] oxrs
j=0k=0

where p; = “’af’(‘;(_l;) for j € Z. Furthermore, we have

0 forx <0,
2.2 Jpx = 1 1
2.2 p () Py — for x > 0,

do + edy do + edy
where

e = 1 — pe(1)
ST pel)

It folllows from (1.10) of Theorem 1 that for each finite B C Z, with BT :={x €
B :x >0},

dQp _ cte
2.3) a, =T d+d Y Y EG@epi 4+ 0T,

zeBt eV

which can also be obtained expanding (2.1) in e&. Of course, (2.3) is valid even
for B=7.

2.2. Random perturbations of the simple symmetric random walk in d = 2.
Here, we will derive explicit numerical expressions for some marginal laws of the
invariant measure which will be consequences of Theorem 1 and Corollary 2, for
the case in which the perturbations are done on a simple symmetric random walk,
so that pg(e) = % for all e € V. To simplify notation, we will drop the subindex
from J), writing instead just J := J, for this choice of py.

First, let us note that when d = 2, the explicit values

0 for z = (0, 0),
—1 for z = (0, 1), (£1, 0),

_ 4
J@)=3_7 forz = (1, 1), (£1, 1),
v
8
—_4 for z = (0, £2), (£2, 0),
T
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can be recursively derived (see McCrea and Whipple [13] or Spitzer [16]). We
hence obtain the following corollary from Corollary 2. Here, we define zg := (0, 0)
and z; := (0, 1).

COROLLARY 3. Let pg be the jump probabilities of a simple symmetric ran-
dom walk, n > 0, C > 0 and d = 2. Assume that there is an €| such that for all
e < g1, P satisfies the linear local drift condition (LLD), [cf. (1.9)] with con-
stant C. Then there is an gy > 0 such that whenever ¢ < &gy, the Radon—Nikodym
derivative of the restriction Qy, -, to {20, 21} of the limiting invariant measure QQ
with respect to the restriction Py, ,, of P to {z0, 21}, admits P-a.s. the following
expansion:

dQq 2, 4 _ B ( 3 ) i N
=P — 1 - ) y — _ 4 , 0 n '
dP. 2, m B en+5G —en)e+ - E(z1,e2)e + O(e27M)
In particular, we have that P-a.s.

dQZo 2—

0 _1+0 "
aP,, +0(eM)
dQ.,

4 _ _ 8 -
i (ZE@en+EGr-en) + (2 —4)éen)e + 06>,

Here, |0 (s27M)| < che®™", for some constant ¢y = c) (1)) depending only on 1.

Similar estimates can be obtained for the marginal law of the limiting invari-
ant measure Q restricted to other finite subsets of Z> using the recursive method
presented in [13] (see also [16]) to compute J.

3. Formal derivation of the invariant measure perturbative expansion.
Here, we will show how to formally derive the expansion (1.10) of Theorem 1.
Given any p € P, defining a nonvanishing drift > .y ep(e) # 0, we define for
each x, y € Z¢ the Green function g”(x, y) as the expectation of the number of
visits to site y of the random walk starting from site x.

Consider a perturbation of an environment pg according to (1.5). Let us write
the transition kernel of the environmental process [cf. (1.3)] as

3.1) R=Ro+eA,

where Ry is the transition kernel of the deterministic environment p. [cf. (1.6)],
so that for f : 2 — R we have

Rof (@)= pe(e) f(Bew),
ecV
and

Af (@)=Y &0, e)f(Bw).

ecV
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The invariant measure Q satisfies the equality

(3.2) / (R—1)fdQ =0,

for every continuous function f : Q2 — R, where / is the identity operator. Now as-

sume that the Radon—-Nikodym derivative 4 := ‘j%% exists and that it has an analytic

expansion:

0 .
h=> ¢h,.
i=0

Note that since for ¢ = 0 the measure P is the invariant measure for the environ-
mental process with transition kernel Rg, we should have that 2o = 1. Substituting
this expansion and R [cf. (3.1)] into (3.2), and matching powers, we conclude that
foreachi >0,

(3.3) hiv1=—(Rs—1)"" A*h;,

where for any linear operator L, L* denotes its adjoint with respect to the
measure [P. Now, note that at least for functions f for which the summation
> .ez4 872 (2, 0) f (B, w) is finite, we have

(Rs—1)" flo)=— g7 (0,2 f(6,)
774

== > g7(z,0)f(b;w),

ze74

where we recall that p(e) := p(—e) for e € V [cf. (1.8)]. Furthermore,

A*f(w) =) E(—e.e) f(Bew).

ecV

From the recursion (3.3), and the fact that ) .y é(z, e) =0, it follows that

@@= Y g"0.0éz—ece)

zeZd ecV

= Y &G, )g (0,7 +e)

zeZd ecV

= Y E@eolpi+te,

zeZ4 ecV

which is the factor of the first-order term in the expansion (1.10).
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4. Invariant measure as a geometric Cesaro limit. In analogy with the fact
that limit points of Cesaro averages of the environmental process give rise to in-
variant measures (see, e.g., [7]), here we will show that when such an average
is done according to a geometric stopping time, its limit points are still invariant
measures.

Foreach § € (0, 1), let us consider the Green function of the random walk before
a stopping time 15 with geometric distribution of parameter 1 — §, independent of
the random walk and of the environment, defined for a given environment @ € 2
and sites x, y € Z4 as

T5—1
gg)(x’ y) = E;’Q[Z ly(X}’l):|9
n=0

where the expectation E’.  is taken both over the random walk and over the ran-
dom variable t5. Define now the probability measure (5 on €2 as the unique prob-
ability measure such that for every continuous function f : Q2 — R,

4.1) /fdua _ Laezt Blg (0.0) f (Gr0)]

Yz Elg2(0,x)]

For the following proposition, we do not require the environment of the random
walk to be elliptic, nor any other assumption on the environment.

PROPOSITION 4.  Consider a random walk in random environment. Then each
accumulation point of the set of measures {us : 6 > 0} [cf. (4.1)] as & tends to 1
from below, is an invariant measure of the environmental process.

PROOF. Note that for each § > 0, as in the proof of Proposition 2 of Sabot
[15], one can prove that for every continuous function f : 2 — R the following
identity is satisfied:

EIXR) fOx®)]  Yyeze Blgg 0.) f (6y0)]

4.2 =
4.2 Elt] 3 yeze Blg§ (0, )]

where the notation E;, denotes taking the expectation with respect to the annealed
law of the random walk and with respect to t5, while £ means the expectation
with respect to t5. Let u be an accumulation point of {us : § > 0} as § — 1.
Then there exists a sequence {8y : k > 1} such that limg_, » 8 = 1 and such
that limy_, oo p := limg_ oo s, = n weakly. Using the Markov property of the
quenched random walk, one can deduce that, for all natural m,

Eo.o[Rf (Ox,0)] = R™! f(w),
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where R is the transition kernel defined in (1.3). Hence, by (4.2) and the definition
(1.3) we see that

EIYT S R (Ox,0)]
E[7s,]

/ Rf dyuy =
_EE[S) R f ()]
B Elts,]

%=1 om
_EELSS RY@) 1 e g
Elzs,] Elzs,] Elzs,]

= [ fam+

E[f]

-EE[R" f]—

-E[f].
E[Ték] E[Tﬁk] [f]

Taking the limit when k — oo and using the fact that the last two terms tend to
zero as k — oo by the boundedness of f and the fact that limy_, o, E[75,] = 00,
we conclude that

/Rfdu:/fdu. O

To state the next proposition, we recall the definition of the polynomial ballis-
ticity condition, introduced in [3]. We say that the polynomial ballisticity condition
(P) s in direction [ is satisfied (see [3]) if for all L > ¢, where

o0 1 .
co=23@=D A exp{2<1n90+ Z %) },
j=1

it is true that
1
Po(Xry, -1 <L) = T
where
d L 3
Bri=(x€Z: =2 =x-l1=< L |mxle <2517,

and m;x is the orthogonal projection of x on the subspace perpendicular to /.

PROPOSITION 5. Consider a random walk in a uniformly elliptic random
environment satisfying the polynomial condition (P)y for M > 15d + 5. Then
W= limg_, - us exists and is an invariant measure for the environmental pro-
cess. Furthermore, the law of the environmental process at time n, converges in
distribution to |1 as n — o0.
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PROOF. Let us first note that by Theorem 1 of [3], the polynomial condition
(P)p with M > 15d + 5 implies condition (7") introduced by Sznitman in [17].
On the other hand, Theorem 3.1 of [19], which is formulated under the assumption
that Kalikow’s condition is satisfied, is still valid if Kalikow’s condition is replaced
by condition (7). Therefore, since lims_,| 75 = oo in probability, we know by
Theorem 3.1 of [19] that there exists an invariant measure & of the environmental
process such that in probability

Ts—1

. 1
lim T—6E0|:n§0f(9xmw)] = [ ran.

Since 15/ E|[ts] converges in distribution to an exponential random variable S of
parameter 1, it follows that in distribution

. 1 5—1

Hence,

lim

1 T5—1
E ox, ) | = / du.
s—1- E[ts] OLXZ:Of( me)} fdu
which proves the claim. [J

5. Green function expansion. To prove Theorem 1, we will extend the
method presented by Sabot in [15], starting with perturbative estimates for the
Green function of the random walk. To do this, we need first the following lemma,
which we will use several times. We recall the definition of the ellipticity constant
given in (1.2).

LEMMA 6. Foreachse (0,1),ecV,y,z¢€ 74 with y#zand w € 2, we
have that

(5.1) 85 (v,2) = degs’(y, 2+ o).
PROOF. It is enough to note that for all y, z € Z¢ one has that
g3, =08y:4+8) gf(v.z+e)w(z+e, —e),

ecV

and then use the fact that the environment is uniformly elliptic with ellipticity
constant k. [

The main result of this section is the following lemma which extends Lemma 1
of [15] for perturbations at one site of the Green function, to perturbation at multi-
ple sites.
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LEMMA 7. Consider an environment w € Q. For B C Z¢ consider an envi-
ronment w® which is a perturbation of w in each of the points in B. In particular,
we have for each e € V that

w(x,e) ifx¢ B,

a)B(x,e) = .
w(x,e) + Ayw(e) ifx € B,

for some {Ayw(e):ecV}e (-1, nHY for each x € B. Assume that there is a
constant k > 0 such that w(x, e) > k and wp(x,e) >k for all x € 78 and e € U.
Then, for each 8 € (0,1) and y, y' € 74,

B B
(5.2) 185 (v, Y) — &5 (v, )| <nc3gs (v.y)

and

B

g5 (v,y) —e5(v.y)

(5.3) — > g8, x) Y Arw(e)[dgs (x +e,y) — g5 (x, x)]

xeB ecV
B
< nzcg(l +ne3)gs (v.)),
where

_ 2d Sup,cy vep | Axw(e)]

(5.4) 3 =

K

and n is the cardinality of B.

PROOF. Using a standard resolvent expansion, (see (9) and (10) of [15] with
n = 0), we can obtain the following first-order expansion of gg’B:

B
g5 (v.y) —es(v.y)
B
=38 gP(r.x) Y Arw(e)gy (x+e,y).

xeB ecV

Now, following the proof of Lemma 1 of Sabot [15], it is easy to deduce (5.2).
Meanwhile, in order to prove (5.3), we will use (5.2) and the following inequality,
which is valid for any environment w:

1 g8z, y)
5.5 88P(z+e,y) —gf(z,y)| < 5202, Vz,y' €7 ecV
55 [8g5(z+ey) 85z PR T y
(for more details, see Lemma 1 of [15]). Now, expanding again the Green function
through the resolvent (see (9) of [15] with n = 1), we obtain the second-order
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expansion
B
g5 (v.Y)—e’ (. y)
— Y g (.0 Y Arw(e)[8g5 (x +e,y) — 8§ (x, x)]

xXeB ecV

= > Y g0 0Aw(e) (885 (x +e,2) — g5 (x,2))
x,z€Be,e’eV
x Azw(e’)((Sgg“B (z+¢€,y)— gf;‘)B (z,y),

where we have used the fact ) .y Ayw(e) =0 twice. Hence, with the help of
(5.5) and (5.6), we can see that

(5.6)

B
g5 (v.y) —es(v.y)

=Y g8 (. %) > Arw(e) gy (x +e.y) — g§ (x, x))

xXeB ecV
(5.7) 5
<AZ<Z gf;“(y,X)gé"(x,Z)) L 85 @ y)
B z€B “xeB ggo(x,x) gfsz(Z»Z)
w wB /
< An(z 8s (y’zz);ga (z,y ))’
-y g5 (z,2)

where we define
A= (24 | Ao )|)2
=— sup w(e)|) ,
i ecV,zeB :
and where in the last step, we have used the fact that for each environment « and
each y,z € 74,

g5 (v, x)g5 (x, 2)
(5.8) P <ngf'(y,2).
xeB g6 (X, x)
Now, with the help of (5.2), for each z € B one can deduce that
w
(5.9 w <1+ncs,
g5 (¥.2)

where c3 is defined in (5.4). Thus, with the help of (5.8), we can substitute (5.9)
into (5.7) to conclude that

B

g (v.y)—g’ (v, y)

=Y g8, x) Y Avw(e)[8g) (x +e, ) — g5 (x,x)]

xeB ecV
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wB a)B /
7Z Z?

fAn(1+nc3)Zg5 (wa)ga (z,y)
z€B g(S (Z’Z)

B
< nzcg(l +nc3)gs (v, ). O

6. Local function expansions. In this section, we will derive in Proposition 8
which follows, an asymptotic expansion in the perturbation parameter ¢ for certain
expectations of a given local function f, involving the Green function of the ran-
dom walk. In fact, these expectations are with respect to the so called Kalikow
environment [9]. Throughout, we fix a transition kernel pg € Py.

PROPOSITION 8. Let C > 0. Assume that there is an € > 0 such that for
all ¢ < g1, P satisfies the linear local drift condition (LLD), [cf. (1.9)] with con-
stant C. Let A be a finite fixed subset of 7Z¢. Consider a continuous function f
defined on Qp, ., which depends only on sites located at A. Let n > 0. Then there
exists an g9 > 0, and a constant c4 = c4(n,d, k, A), such that for all 0 < ¢ < g9,
whenever 8 is close enough to 1, there is a function hs such that for each y € 74
the following identity is satisfied:

El[g5(0,y) f(6yw)]
Elgs (0, y)]

1
—E[fl+6—o08
7] SE[gf;" 0, y)]

x Y Y Cov[é(z,e), f]Jp:(z+ ©)E[g§ (0, 2+ y)]

z€A eV

6.1)

+Elhs f1x O(e*7"),
where hs satisfies
(6.2) [E[lAs|f]| <E[I£1].
|0 (e*™M)| < c48®™ " and Jyx (x) is defined in (1.7).

Let us now prove Proposition 8. For each subset B C Z¢, we will define the
following perturbation of a given environment w € €2,

w(x,e) ifx ¢ B,
pe(e) if x € B.

Note that trivially we can get

Elgs (0. ) f6yo)] _ Elgi' (O, ) f(Oyo)]
E[gs (0, y)] E[gs (0, y)]

(6.3) +E[f],
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where f = f — E[f]. Next, using the independence between gf;’AH and f o6, and
the fact that f is a centered random variable, we can see that

Elgs (0, f (0,0)] _ El(g5 0, ») — 88" (0, y) f 6y)]
Elg5(0, )] Elg5(0, )] ’

where A + y ={a + y : a € A}. Thus, using inequality (5.3) of Lemma 7, we can
deduce that

E[(g2(0, y) — g2" " (0, y)) f (6,0)]
Elgs (0, y)]

= (EEI: Z Z g§’A+y 0, 2)&(z, e)(8g§’A+y (z+e,y)

z€A+yecV

(6.4)
- @) 60)) / Ele o)

E[g2(0, y) f(Byw) x O1(e?)]
Elg{ (0, y)] ’

where O (¢) satisfies the inequality

16d*n?
6.5) 101(e2)] < K4” (1 + csn)e,

n is the cardinality of A and here cs is defined by [see (1.1), (1.4) and (5.4)]

4d
cs=cs5(d,k,A) = —8

2
Using now the independence between & (z, e) for z € A + y and the Green func-
. ATy
tion g’ °, we can see by (6.4) that

E[(g2(0, y) — 2" (0, ) f (6y0)]
E[g5 (0, y)]
=¢ Z Cov[é(z, e), f(w)]

Z€EA
eeV

(6.6) | | |
5 Elg? " 0.2+ 1) G+ y+ey)— ¢ @+ y. 2+ )]

E[gs (0, y)]
E[g£(0, y) f (Byw) x O;(e?)]
E[g5(0, )] '

+
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In addition, with the help of (5.2) of Lemma 7, due to the development of (6.6) we
can conclude that

E[(g2(0, y) — g2 (0, y)) f(6y0)]
E[gs (0, y)]

=¢ ) Covl[£(z,e), f()]
Z€EA

EBlgy 0.2 4068 Gty ey — g Gy 24 y)]
Elgg"" (0. )]

(6.7)

+ Z Cov[é(z, e), f(w)]

€A
y Elg?" "™ 0,2+ 908" " +y+ey) — g e+ y. 2+ )]
Elgg"" (0, )]
. Elgg' o, 021 Elgy(0,y) f(Oyw) 01 ()]
E[g§' (0, y)] E[g§ (0, y)] ’

where
(6.8) |02(%)] < ‘t{d—fs?

Now, to express the second term of (6.7) in terms of Jpx [cf. (1.7)], we will require
a lemma which is a variation of Lemma 3 of [15]. For v € Zd, define

d

e pg(—ei)>”f
6.9 = )
© . E( pe(ei)

where v; are the coordinates of v. Also, foreachz€ A,ee Vand y € 74, define

(v, 2)
(6.10)

Aty Aty A
B0+ 06 ety te ) — gy @y + )]
Elgy™" 0.2+ )]

LEMMA 9. Let C >0, n > 0 and po € Po. Assume that there is an €1 such
that for all € < g1, P satisfies (LLD), with constant C. Then there exists an g9 > 0
and a constant c¢ = c6(n) > 0 such that for each € < ey we have that forall z € A,
ecV andy € Z% one has that

(6.11) Tim| /) (v.2) = Jpe (2 +0)] < co¢”(z +e)e' 7.
—



4692 D. CAMPOS AND A. F. RAMIREZ

PROOF. We will just give an outline of the proof, stressing the steps where
modifications have to be made with respect to the proof of Lemma 3 of [15]. For
eachz € A, y € Z4, we define

22" 0,y +7)
E[g2" (0, y +2)]

Now, using a generalized version of a result of Kalikow [9], stated in Proposition 1
of [15], we can see that

P:.= P.

P(3,2) =088 +y+ey)—glz+y z+Y),

where gf;?’ denotes the Green function of Kalikow random walk, defined by its
transition probabilities @(x, e) given by

Elg?" (y + z, D)o’ (x, )]
Elgg" (y + 2z, )]

w(x,e) =

for each x € Z4 and e € V. Here, E is the expectation with respect to P. Itis easy
to verify that

Elg?" (y + z. x)E(x, )]

Elgd" (v + 2, )]
Elw(x,e)] ifxeA.

Elw(x,e)] +¢ ifxd¢A,

6.12)  @(x,e) =

Using twice (5.9), we can deduce that

Elgy" (v +z.0E o] Elgy"" (v +z.0Ex, o)
- wAVlx

Elg?" (v + 2, x)] Ege"™™ (y + 2, x)]

_Elgg" 0,y +2g" " 0+ 2. 0E @, 0)]
Elgg" 0,y + g ™" (v + 2, 0)]
= 0(e),

+ O(¢e)

(6.13)

+ O(¢e)

where in the last step, we used the independence between g?U{X} and .gz-(x, e), and
the fact that |O(e)| < c7e, where c7 is a constant, which depends on «, d and
cardinality of A [see (5.4)]. Now, from (6.12) and (6.13), we can deduce that for
each x € Z% and e € V the following identity is satisfied:

d(x,e) =Elw(x, e)] +*Acw(e),

where A,w(x) is uniformly bounded in x, e, y, z, 8, €. The following steps of the
proof are then identical to steps 2 and 3 of Lemma 3 of [15]. [
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We can now continue with the proof of Proposition 8. Note that using the defi-
nition (6.10), we can rewrite (6.7) as

E[(g2(0,y) — 2" " (0, ) f(6,)]
E[g2 (0, y)]

E[g?"" (0,2 + y)]

=&y Cov[E(z,e), f(@)]J (1, 2) %

i Elg¢"" (0, y)]
E[go" "
(6.14) + 3" Covlg(z,e), f(@)]I(y,2) L5 A-i(—? z+y)]
& Elgg" (0, )]

éEV
. Blegg' o, ¥)02(e%)]
E[g5' (0, y)]
E[g£(0, y) f (y») O1(e%)]
E[g5 (0, y)] '

On the other hand, with the help of (6.11) of Lemma 9, it follows that for each
n > 0 we can choose §q such that for § € (8¢, 1)

(6.15) 12 (3, 2) = T (2 + €)] <2¢60° (2 + €)s' .
Hence, for § € (§g, 1) we conclude from (6.14) that

E[(g2(0, y) — g2 (0, y)) f(6y)]
E[g?(0, y)]

+

E[g2" " (0,7 + y)]
0, )]

=¢ ) Y Cov[&(z,e), f(@)]Jp:(z+e) x

zEAecV E[gg)

+ 03(¢*7) Z Z Cov[&(z, e), f(w)]
z€AecV

(6.16)
E[g2(0, y) 04(e?)]

E[g5(0, y)]

Elg{ (0, y)Os(e3™M)]
E[g5 (0, y)]

+ Y CovlE e), f(@)]Tp:(z+0)

z€A eV

+) ) CovlE(z, ), f(w)]

zeAecV
E[g2(0, y) f (Byw) 01 (e?)]
E[g§(0, y)] '

Elg?" ™ (0.24y)]
Elge™ ™ (0.y)]
1

Gopm choosing a nonrandom nearest neighbor self-avoiding path from y to z 4+ y

where we have used the fact that the expression can be bounded by
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and using (5.1) of Lemma 6 at most p(A) times, and where

_ 2cecge? 4dn

2—n 2 2

(617) |03(8 ){ = (5K)p(A) ’ }04(8 )| = KZ(&C),O(A)(9 ’
_ 4dn _

(618) ‘05(83 7])‘ < 2WC6C883 n

and

cg:= sup [¢p°(z+e)|

z€A,eeV

In addition, if we use again (5.2) of Lemma 7, we can say that

wATY a)
(6.19) Elef Ozt _ | Bl 0.2+ 06)]
Elgs'(0,z+ y)] E[g%(0,z + )]
and
(6.20) Elgg O, 0] _ E[gg (0, )]

E[g2"” (0,1  Elgy 0, + 07N’
provided that for each T > 0 one has that
(6.21) |0 (7)| < nesr, Vi=6,7.

Using (6.19) and (6.20) for the first term of the right-hand side of (6.16) and using
once more (6.15), we see that for § > §y one has that

E[(g2(0,y) — 2" " (0, ) F(6y0)]
E[g2(0, y)]

1
= BP0, )] ; Cov[£(z, ), f(@)]Jpr(z 4+ €)E[g5' (0,2 + y)]

ecV

E[0s(e%)g5(0,z+ )]
+ ;;Cov[é(z,e), f(@)]Jp:(z+e) RLg2(0.2 + )]

E[O9(¢%)g$ (0, y)]
[2(0, y)(1+ 07(¢))]

=Y Cov[gz o). f(@)]pe + o)

éeV

E[0s(e2)g5(0,z + )]
_ ; Cov[£(z, e), f(@)]Jps(z +e) Blgf (0,2 1 )]

" E[O9(g)g§ (0, y)]
E[g§ (0, y)(1 + O7(¢))]

(6.22)
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+ 03(e°7") Y Y Covl[é(z, e), f(w)]
ze€A eV
Elgy (0, y) 04(c?)]
E[g5 (0, y)]

+ 3 Cov[E(z. e), f(@)]p:(z+e)
E[gy (0, y)Os(3™M)]
Elg§ (0, )]

+ Z Cov[£(z, e), f(w)]

ecV

E[g£ (0, y) f (By») O1(e?)]
E[g§ (0, y)]

where, by (6.21), we know that for each 7 > 0

ncs

Vi=38,9.

Defining

E[0s(?)g2 (0,2 + y)]

hy =) E(z,e)Jp:(z+e) X E[g3(0,z+ y)]

eeV

B i E[O9(%)g% (0, y)]
hy ._—gé(z,e)fpé‘(z"'e) E[g2(0,y)(1+ O7(e))]’

E[0s(%)g2(0,z + )]
El[g(0,z+ )]

hy:=—) E(z.e)Jpr(z+e) X
E[O9(e)gy (0, y)]
E[g5(0, y)(1 4+ O7(e))]’
hy = Zé(z, 6)03(82_n),

eeV

E[04(c%)g5 (0, y)]
E[g§(0,y)]

hs =) &(z,e)Jpr(z+e) x

;eV

E[O05(37M)g8 (0, y)]
—QW”X E[g2(0, y)]

ecV
§2(—y,0001(£2)
Elg{ (0, y)]

he :

with 01 (£2)(w) := 01(6?)(O(—yyw),
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Elgy (0, y) 01(e%)]
Elg5 (0, y)]
we can rewrite (6.22) in the following way:

E[(g2(0,y) — 2" " (0, ) F(6,0)]
E[g§ (0, y)]

1 w
Sm ;COV[f(Z, e)’ f(a))].]pg(z + E)E[g8 (O, 7+ y)]

ecV

and hg:=—

624) =

+ Elhs f1,
where hs 1= Z§:1 h;. Now, in order to show that (6.2) is satisfied, it is necessary to
justify that for any z € A and e € V, J)x(z + e) is bounded. If we use (6.5), (6.8),

(6.17), (6.18), (6.21), (6.23) and the fact that for each e € V and z € A, &(z, ¢) is
bounded by 2, it is easy to deduce that there exists &g > 0 and an constant cg =
c9(n) such that for all 0 < & < g9, whenever § is close enough to 1, the following
inequality is satisfied for all 1 <i <8:

(6.25) IE[Ih:1f]] < |0 )|E[If]]  with |O(e*77)| < coe ™.

In the case of &7, if we apply independence and use (5.4), (5.9) and (6.5), one can
deduce that for 0 < ¢ < g( exists a constant ¢1¢ > 0 such that

1

Ellh7f]]| £ =7
[Efi71 ] E[gs (0, y)]

ATy gw(o»y)
(6.26) <E[g" 0 | f00)] - -5 01(62) |

gs (0,y)
<|o(?)E[lf1].

where |0 (¢2)| < c1o€2. Finally, with the help of (6.25) and (6.26), Proposition 8
is easily proven.

7. Proof of Theorem 1. In this section, we will prove Theorem 1. Let A be a
finite set. Note that, with the help of (4.1) and Proposition 8, there exists an g9 > 0
and a constant c4 such that for § close enough to 1, for all y € Z¢ and 0 < & < &g
we have that for every continuous function f of {w(x) : x € A} that

/fdﬂa

_ ( )3 (E[gg‘)((), WIELS]

yezd

+ ¢ Z Cov[é(z, e), f(w)]Jp; (z+e)E[g50,z+ )]

z€A
ecV



RANDOM WALK IN THE LOW DISORDER REGIME 4697

FE[g 0. 0Bk 11 x 0 ) ) /(X Bleg0.9)])

yeZd

=E[f]+e ) Cov[E(z,e), f(@)]Jp:(z +e) +Elhs f1x O(*77),

where h; satisfies

(7.1) [E[lhs| £]] <E[I£1],

and |0 (¢27")| < c4&*>". Taking now the limit when § — 1~, by Proposition 5 we
conclude that

/fdQ):E[f]-i-s > Cov[é(z,e),f(a))].]p;(z-l-e)+/de,
z€A,ecV

where by (7.1), V is a signed measure satisfying

[ rarvi| <o) ENA1)

where | V| is the total variation of V. Hence, the restriction of QQ to A is absolutely
continuous with respect to P4, from where we can conclude that there is a function
h, which is defined by

/fd@:E[f] +¢ Z Cov[é(z,e),f(w)]],,g(z—i-e)—l-E[fh] X 0(82_")
z€A,ecV

such that E[|]] < oo, and such that for every continuous function f one has that

(7.2) [E[f1h1]] <E[I£1]-

Now, noting that any function f in L can be approximated by continuous func-
tions, it is easy to check that in fact (7.2) is satisfied for every f € L. Therefore,
h is bounded, from where we conclude the proof of Theorem 1.

8. Proof of Corollary 2. Here, we prove Corollary 2. It is enough to show
that Jpx [cf. (1.7)] is well approximated by J pi- By standard Fourier inversion
formulas (see, e.g., display (1) of p. 148 of Spitzer [16] stated for dimension d =2
but actually valid in any dimension, or also Proposition 4.2.3 of Lawler and Limic
[11]) we can conclude that for each z € Z¢ and e € V,

Jp;(z +e)

1 d pe(_ej) Z/;gj )
8.1 = —_— —1
®-D <2n)d<.:1< P(e)) >

J
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COS(Z?ZI(ZJ' +ej)x;)
x/ 7 dxj
(02717 1 —23°¢_1 \/p(ej) p?(—e)) cos(x;)
L f cos(X_(zj +ej)xj) — 1 .
2m)? Jio,271 1—22?:1 pé(ej)pf(—ej)cos(x;) ”

where for each 1 < j <d, z; is the jth coordinate of z. When dy = 0 [cf. (1.11)],
we can conclude from (8.1) that

Jpi(z+e) + O(eloge) ifd=2,

Jo(z + =
piete {]pg(z-l-e)—i-O(s) ifd>3.

For the case dy # 0, a simpler estimation gives us that for any dimension d > 1:
Jpr(z+e)=Jp(z+e)+ O(e).
Note that the case d = 1 with dy # 0 can also be deduced from (2.2).
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