The Annals of Applied Probability

2018, Vol. 28, No. 4, 2370-2416
https://doi.org/10.1214/17-AAP1360

© Institute of Mathematical Statistics, 2018
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As a continuation of a recent paper, dealing with finite Markov chains,
this paper proposes and analyzes a recursive algorithm for the approxima-
tion of the quasi-stationary distribution of a general Markov chain living on
a compact metric space killed in finite time. The idea is to run the process
until extinction and then to bring it back to life at a position randomly cho-
sen according to the (possibly weighted) empirical occupation measure of its
past positions. General conditions are given ensuring the convergence of this
measure to the quasi-stationary distribution of the chain. We then apply this
method to the numerical approximation of the quasi-stationary distribution
of a diffusion process killed on the boundary of a compact set. Finally, the
sharpness of the assumptions is illustrated through the study of the algorithm
in a nonirreducible setting.

1. Introduction. Numerous models, in ecology and elsewhere, describe the
temporal evolution of a system by a Markov process which eventually gets killed
in finite time. In population dynamics, for instance, extinction in finite time is
a typical effect of finite population sizes. However, when populations are large,
extinction usually occurs over very large time scales and the relevant phenomena
are given by the behavior of the process conditionally to its nonextinction.

More formally, let (§;);>0 be a Markov process with values in £ U {3} where £
is a metric space and d ¢ £ denotes an absorbing point (typically, the extinction
set or the complement of a domain). Under appropriate assumptions, there exists a
distribution v on £ (possibly depending on the initial distribution of &) such that

(1) Jlim PG €18 #0) = v().

Such a distribution well describes the behavior of the process before extinction,
and is necessarily (see, e.g., [34]) a quasi-stationary distribution (QSD) in the
sense that

Py €16 #0)=v().
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We refer the reader to the survey paper [34] or the book [19] for a general back-
ground and a comprehensive introduction to the subject.

The simulation and numerical approximation of quasi-stationary distributions
have received a lot of attention in the recent years and led to the development
and analysis of a class of particle systems algorithms known in the literature as
Fleming—Viot algorithms (see [14, 18, 21, 43]). The principle of these algorithms
is to run a large number of particles independently until one is killed and then to
replace the killed particle by an offspring whose location is randomly (and uni-
formly) chosen among the locations of the other (alive) particles. In the limit of an
infinite number of particles, the (spatial) empirical occupation measure of the par-
ticles approaches the law of the process conditioned to never be absorbed; see, for
instance, [43], Theorem 1. Combined with (1), this gives a method for estimating
the QSD of the process.

In a related context, the new paper [40] demonstrates the importance to simulate
QSDs in computational statistics as an alternative approach to classical MCMC
simulations.

Recently, in the setting of finite state Markov chains, Benaim and Cloez [6] (see
also [12]) analyzed and generalized an alternative approach introduced in [1] in
which the spatial occupation measure of a set of particles is replaced by the tem-
poral occupation measure of a single particle. Each time the particle is killed it is
risen at a location randomly chosen according to its temporal occupation measure.
The details of the construction are recalled in Section 2.

The objective of this paper is twofold: on one hand, we aim at extending the
results of [6] to the setting of Markov chains with values in a general space, being
killed when leaving a compact domain. Indeed, to our knowledge, in all the pre-
vious works for this algorithm [1, 6, 12], the state space & is finite. On the other
hand, we also explore various applications: we propose and investigate a numerical
procedure, based on an Euler discretization, for approximating QSD of diffusions.

In contrast with the Fleming—Viot particle system, this algorithm requires less
calculus but more memory. Also, it only depends on only one parameter (the time)
and then approximates in the same time the conditioned dynamics and its long
time limit; in particular, it does not require to calibrate simultaneously the number
of particles and the time parameter as in the standard Fleming—Viot approach. In-
stead, in view of a convergence result for this algorithm, one needs to obtain some
properties which are similar to the commutation of the limits of large particles and
of the long time for the Fleming—Viot algorithm. For the particle system, this type
of problem is not completely solved in general but some results have been obtained
in some particular settings; see, for instance, [14, 17, 18, 26, 29, 42]. Note that an
example where the commutation property does not hold is exhibited in Section 3.2.
Besides, let us cite [20], [6], Section 3, or [36] which give three different discrete-
time Fleming—Viot-type algorithms where the double limit is either not proved or
proved under restrictive assumptions. Another difference is that the Fleming—Viot
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process is often developed in continuous-time although our stochastic approxima-
tion scheme is in discrete time. As a consequence, it is difficult to compare our
assumptions on the transition kernel with the ones of the articles mentioned previ-
ously. However, implementing the methods of [14, 29, 42] requires a discretization
and then leads to the QSD of an Euler-type sequence instead of the one of the tar-
get diffusion process. Theorem 3.9 corroborates the consistence of their methods
and also shows the consistence of our algorithm.

Outline. The paper is organized as follows: In Section 2, we detail the general
framework, the hypotheses and state our main results. In Section 3, we first discuss
our assumptions in the simple case of finite Markov chains and then focus on the
application to the numerical approximation of QSDs for diffusions (including
theoretical results and numerical tests), The sequel of the paper (Sections 4, 5, 6
and 7) is mainly devoted to the proofs and the details about their sequencing will be
given at the end of Section 3. We end the paper by some potential extensions of this
work to some more general settings such as noncompact domains or continuous-
time reinforced strategies.

2. Setting and main results.

2.1. Notation and setting. Let £ be a compact metric space’ equipped with
its Borel o-field B(£). Throughout, we let B(E, R) denote the set of real valued
bounded measurable functions on £ and C(&, R) C B(£, R) the subset of continu-
ous functions. For all f € B(E,R), we let || f|loc =sup,c¢ | f(x)]| and we let 1 de-
note the constant map x — 1. We let P(£) denote the space of (Borel) probabilities
over £ equipped with the topology of weak* convergence. For all u € P(£) and
f € B(E,R), or f nonnegative measurable, we write p(f) (or wf) for [ fdpu.
Recall that u, — w in P(E) provided w,(f) — w(f) for all f € C(£,R), and
that (by compactness of £ and Prohorov theorem), P(€) is a compact metric space
(see, e.g., [22], Chapter 11).

A sub-Markovian kernel on £ is a map Q : £ x B(E) — [0, 1] such that for
all x e £, A Q(x, A) is a nonzero measure [i.e., Q(x,£) > 0] and for all A €
B(), x = Q(x, A) is measurable. If furthermore Q(x, ) =1 for all x € &, then
Q is called a Markov (or Markovian) kernel.

Let Q be a sub-Markovian (resp., Markovian) kernel. For every f € B(E, R)
and u € P(E), we let Of and uQ, respectively, denote the map and measure
defined by

0f (x) = fg FOOG.dy) and pQ()= fg w(dx)Q(x, ).

If Qf € C(E,R) whenever f € C(E, R), then Q is said to be Feller. For all n € N,
we let Q" denote the sub-Markovian (resp., Markovian) kernel recursively defined

2For comments about a possible extension to the noncompact case, see Section 8.
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by
0" (x, ) = /g 0(y.)0"(x.dy) and Q°(x,)=8,.

A probability u € P(E) is called a quasi-stationary distribution (QSD) for Q if u
and p Q are proportional or, equivalently, if

O
no1

The number

2) O(u) :=nQ1

is called the extinction rate of L.

Note that when Q is Markovian, a quasi-stationary distribution is stationary (or
invariant) in the sense that . = Q. In this case, ® (1) = 1; otherwise O (u) < 1.

From now on and throughout the remainder of the paper, we assume given a
Feller sub-Markovian kernel K on £.

Let 3 ¢ £ be a cemetery point. Associated to K is the Markov kernel K on
E U {0} defined, forall x € £, A € B(E), by

K(x,A) =K (x, A),
3) K(x,{3))=1—K(x,&) and
K(d,{3}) = 1.

The kernel K can be understood as the transition kernel of a Markov chain Y)n>0
on £ U {0} whose transitions in £ are given by K and which is “killed” when it
leaves £.
Let § : £ [0, 1] be the function defined by
§=1-K1.

That is, for every x € £,

“4) S(xX)=K(x,{3})=1—K(x,8).
For a given u € P(€), we let K, denote the Markov kernel on & defined by
K, (x,A)=K(x, A) +5(x)u(A)
forall x € £ and A € B(E). Equivalently, for every f € B(E, R),
Kuf(x)=Kf(x)+8(x)u(f).

The chain induced by K, behaves like (Y,) until it is killed and then is redis-
tributed in &£ according to u. Note that K, inherits the Feller continuity from K.
For the sequel, an important feature of K, is that p is a QSD for K if and only if
it is invariant for K, (see Lemma 4.3 for details).
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Let (2, F,P) be a probability space equipped with a filtration {F,},>0 (i.e.,
an increasing family of o-fields). We now consider an £-valued random process
(Xn)n>0 defined on (€2, F, P) adapted to {F,},>0 such that

(5) Xo=x€e€& and Vn >0, P(Xp41 €dy|Fn) = K, (Xn, dy),
where

(6) Un = ZZ:O nk(SXk
ZZ:O Nk

is aweighted occupation measure. Here, (1,),>0 1S a sequence of positive numbers
satisfying certain conditions that will be specified below (see Hypothesis 2.1).
With the definition of K, this means that whenever the original process (Y, ),>0
is killed, it is redistributed in £ according to its weighted empirical occupation
measure ,. Note that such a process is a type of reinforced random walk (see,
e.g., [38]). It is reminiscent of interacting particle systems algorithms used for
the simulation of QSDs such as the so-called Fleming—Viot algorithm (see [14,
18, 43] and [6], Section 3). However, while these latter algorithms involve a large
number of particles whose individual dynamics depend on the spatial occupation
measure of the particles, here there is a single particle whose dynamics depends
on its temporal occupation measure. From a simulation point of view, this is of
potential interest, suggesting fewer computations (but more memory) and leading
to a recursive method which avoids (at least in name) the trade-off between the
number of particles and the time horizon induced by the Fleming—Viot algorithm.
Set, for n > 0,

_ Mn
ZZ:O Nk

The occupation measure can then be computed recursively as follows:

Vn

(7) Mn+1 = = VarDin + Vn+16X,4, -

Under appropriate irreducibility assumptions (see Hypothesis 2.2 below), K, ad-
mits a unique invariant probability IT,. Owing to the above characterization of
QSDs as fixed points of u +— IT,, we choose to rewrite the evolution of (i,) as

) Mnt+1 = MUn + Va1 (—tn + Hun) + Yn+1€n,

where ¢, = dx,,, — I1,,. The process (u,) is therefore a stochastic approxima-
tion algorithm associated to the ordinary differential equation (ODE) (for which
rigorous sense will be given in Section 5):

©) = —p+ 10,

The almost sure convergence of (u,) towards p* (the QSD of K) will then be
achieved by proving that:
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(1) The asymptotic dynamics of (u,),>0 matches with that of solutions of the
above ODE: more precisely, (i,),>0 is (at a different scale) an asymptotic pseudo-
trajectory of the ODE (in the sense of Benaim and Hirsch [7], see [5] for back-
ground).

(i1) The set Fix(IT) = {n € P(£), u =I1,} reduces to u* and is a global attrac-
tor of the ODE.

This strategy was applied in [6] when £ is a finite set. However, the proofs in [6]
strongly rely on finite dimensional arguments that cannot be applied in this more
general setting and the new proofs will require a careful study of the kernel family

(K1) -

2.2. Main results. We first summarize the standing assumptions under which
our main results will be proved. We begin by the assumptions on (¥),>1.

HYPOTHESIS 2.1 [Standing assumption on (y,)]. The sequence (y,)n>0 ap-
pearing in equation (7) is a nonincreasing sequence such that

(10) Y yu=+00 and Jim_y, In(m) =0.

n>0

1
n+1°

The typical sequence is given by y;, =
n>1.

Now, let us focus on the assumptions on the sub-Markovian kernel K. We say
that a nonempty set A € B(E) U {9} is accessible, if for all x € £,

> K'(x,A)>0.

n>1

which corresponds to n,, = 1 for all

It is called a weak® small set if A C £ and there exists a probability measure ¥ on
€ and € > 0, such that for all x € A,

(11 D K"(x,dy) = eW(dy).

n>1

HYPOTHESIS 2.2 (Standing assumptions on K). e (Hy) K is Feller.
e (Hy) The cemetery point {0} is accessible.

Assumptions Hy and Hj imply the existence of a quasi-stationary distribution
but are not sufficient to ensure its uniqueness (see the example developed in Sec-
tion 3.2). For this, we require the supplementary assumptions below.

3This is a mildly weaker definition than the usual definition of small or petite sets (see, e.g., [23,
35)).
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HYPOTHESIS 2.3 (Additional assumptions on K). e (H3) There exists an
open accessible weak small set U .
o (Hy) There exists a nonincreasing convex function C : R™ > R satisfying

o0
(12) / C(s)ds =00
0
such that
¥ (K"1
(*" > C(n),
sup, e K"1(x)

where V satisfies equation (11).

Roughly, the latter hypothesis stipulates that the rate at which the process dies is
uniformly controlled, in terms of the initial point. This is motivated by the recent
work of Champagnat and Villemonais [16] in which it is proved that under mildly
stronger versions of Hz [namely, K/(x, -) > e W for some / independent of x] and
Hy4 [namely, C(¢) > ¢ > 0] the sequence of conditioned laws defined by
K"(x,)
K"1(x)’
converges, as n — 00, exponentially fast to a (unique) QSD. Here, assumption Hy
which does not require the function s = C(s) to be lower bounded does certainly
not guarantee the exponential rate but is a sharper and almost necessary assump-
tion for the uniqueness and the attractiveness of the QSD (on this topic, see also
Remark 2.4 below and Proposition 3.3). More precisely, it will be shown that un-
der H3 and Hy, the semiflow induced by (9) is globally asymptotically stable [i.e.,
Fix(IT) is a singleton and is a global attractor].

Py(Yp €Y, €8) =

n=>0,

REMARK 2.4 (Sufficient condition). A simple condition ensuring Hypothe-
sis 2.3 is that, for some [ > 1, constants ¢y, ¢y > 0 and some W € P(£),

(13) W (dy) < K'(x,dy) < ¥ (dy).
Indeed, under (13), forn > ¢,
W (K") > K" > c; ¥ (K" )

while for n < ¢, 1> K"1> K1 > ¢1. Hence C(1) = min(£!, ¢1) > 0. Note that
(13), which is usual in the literature (see, e.g., [9], Theorem 3.2), is satisfied if
Kt admits a continuous and positive density with respect to a positive reference
measure.

Finally, note that in Hypotheses 2.2 and 2.3 there is no aperiodicity assumption
on K.

We are now able to state our main general result about the convergence of the
empirical measure (i), >0 towards the QSD.
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THEOREM 2.5 (Convergence of the algorithm). Assume Hypotheses 2.1, 2.2
and 2.3. Then, K has a unique QSD p* and the sequence (tn)n>0 defined by (6)
converges a.s. in P(E) towards u*.

In fact, the previous setting also leads to the convergence in distribution of the
reinforced random walk.

THEOREM 2.6 [Convergence in distribution of (X,),>0]. Suppose that the
assumptions of Theorem 2.5 hold. Then, for any starting distribution o, (Xn)n>0
defined by (5) converges in distribution to (1*.

The two above results thus show that the algorithm both produces a way to
approximate u* and also to sample a random variable with this distribution. The
convergence in law of (X,),>0 may appear surprising due to the lack of aperi-
odicity assumption for (¥}),>0. To overcome this problem, we prove in fact that
(Xn)n>0 gets asymptotically this property.

The extinction rate ®(u*), defined in (2), can be estimated through the same
procedure. For this, we need to keep track of the times at which a “resurrection”
occurs. We then construct (X,,) as follows. Let ((U,, X,,)) be a process adapted to
{Fn}, with U,, € EU {0}, X, € &, satistying Xg = Uy = x,

]P)(UnJrl € dylfn) - I?(Xn’ dy)
and
Xn+1=Var1lw,;1=0) + Un+11l{u,, )

where (V,,) is a sequence of independent variables such that V1 ~ u,, condi-
tionally on o (F,, U,+1). Clearly, (X},) satisfies (5) and the times at which U, = 9
are the “resurrection” times (at which X, is redistributed).

THEOREM 2.7 (Extinction rate estimation). Suppose that the assumptions of
Theorem 2.5 are satisfied. Then

— 1
b=~ > L) IR — e (u).
k=1

PROOF. Since P(U,+1 = d|F,) = §(X,), we can decompose 6, as
— M,
Op = 7 + i (8),

where (M,,) is the martingale defined by M, = }_,(1{y,=a) — 8(Xx—1)). Since
the increments of (M,,) are uniformly bounded, (M), < Cn and it follows from
the strong law of large numbers for martingales, that % — Oa.s.asn — +00. On

the other hand, w, () ot u*(8) =1— O(u*) as. This completes the proof.

g
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3. Examples and applications.

3.1. Finite Markov chains. In this entire subsection, we consider the simple
situation where £ is a finite set in order to discuss our main assumptions.
We use the notation

K(x,y)=K(x,{y}) Vx,yef.

We say that x leads to y, written x — y,if ), .o K"(x,y) >0.If A, B C¢,
we write A < B whenever there exist x € A and y € B such that x <> y.

Kernel K is called indecomposable if there exists xg € £ such that x — xq for
all x € £, and irreducible if x — y forall x,y € £.

Note that Hypothesis Hj is automatically satisfied (endow £ with the discrete
topology) and that H3 is equivalent to indecomposability (choose U = {xp} and
WV = §y,). From now on, we investigate separately the irreducible and nonirre-
ducible cases.

Irreducible setting. When K is irreducible, Hypothesis Hyq holds with C(n) =
¢ > 0. This follows from the following lemma.

LEMMA 3.1. There exists ¢ > 0 such that
K'"1(x)=K"(x,E) > cK"(y,E) =cK"1(y)
foralln e Nand x, y € € such that x — y.

PROOF. Let c; =min{K (x,y): K(x,y) > 0}. If x — y, then the path which
links x and y has at most || — 1 steps, and hence,

Irye{l,...,1| =1} suchthat K" (x,y)>c] >l

From the relation,

K"(x,&) = K" (x,&) =) K" (x, )K" (y.€)
y

it comes that

K'"(x,&) =7 Ky, 6).

This proves the result with ¢ = cllglf1 . g

As a consequence, except for the rate of convergence, we retrieve [6], Theo-
rem 1.2 (see also [1, 12] for the convergence result in the case y, = #).

THEOREM 3.2. Suppose K is irreducible and K (xo, £) < 1 for some xg € £.
Then K has a unique QSD p* and under Hypothesis 2.1, () converges almost
surely to u*.
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3.2. Bottleneck effect and condition Hy. Here, we discuss an example demon-
strating the necessity of condition Hy for nonirreducible chains. Note that this ex-
ample can also be understood as a benchmark of more general processes admitting
several QSDs such as general indecomposable Markov chains.

Suppose £ = &1 U & where £ and &£, are nonempty disjoint sets such that:

(1) Vx,ye& x—y;

(2) & = &

Q) &4 &

@) &—0lie,qIxe& K(x,E) <1]and & & 0.

Let K; be the kernel K restricted to &;, that is,

K; = (K(x, y))x,ye&-'

Let u} be the (unique) QSD of K; and ©; the associated extinction rate. Note that,
by irreducibility of K;, and the Perron—Frobenius theorem, ®; is nothing but the
spectral radius of K;.

We consider u} as an element of P(£) by identifying P(&;) with the set of
u € P(E) supported by &;.

As previously noticed, Hy, Hy and Hs are always true. However, assumption
H4 might fail to hold. More precisely, we have the following result.

PROPOSITION 3.3 (Sharpness of Hy). Condition Hy holds if and only if ©1 <
©3. In this case, the unique QSD of K is 5 and, under Hypothesis 2.1 j1, — u3.

PROOF. Fix xg € & and let W = §,,. Hence, Hy, H and H3 hold. By
Lemma 3.1, there exists ¢ > 0 such that W(K"1) = K"1(xg) > ¢K"1(x) for all
x € & and n > 0. Thus Hy is equivalent to

14) Vx €&y, K"1(x0) > C(n)K"1(x)

with C satisfying (12). Let 7y = min{fn > 0:Y, ¢ £} and ©» = min{n > 0 :
Y, = d}. By Lemma 3.1 applied to each of the kernel K;, and from the relation
OF = u;K'1g,, we get that for all x € &;

1 n n
(15) E®i >Py(1; >n) > cO;

for some ¢ > 0. Thus for all x € &,

Py(r2 > n) = Ex[P(r2 > n|Fy,) | = Ex [Py, (12 > n — 71)]

1 _
= ;Ex[®§ Tllr] <n + 1‘[] >n]
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by (15). Thus

1 1
Pi(r2>n) <-04 :@)z—k(Px(n >k—1) = Py(t1 > k) + Py (11 > n)
C C
k=1

1 _ n—1 L B
=6} (@2 Y (O - e hPy(r > k))
k=1

1 n—1
=o' <1 +(1-02) 3 0, P, (v > k)).
k=1

Then, by (15) again, we get
Py (2 >n) < 0(0F 1) = O(Pyy (12 > 1))
when ®; < ®; and
Py (2 > n) < O(O57 (1 + 1)) = O(Py, (12 > n)(1 +n))

when ®, = ©. This proves that (14) holds with C(¢) = C when ® < ®, and
C(t)=C/(1+1t) when ®] = ©;. If now ® > O», it follows from Theorem 3.4
below that another QSD p* # u3 exists, hence Hy fails. [J

For ® < ®3, 3 is a global attractor of the dynamics induced by (9), but when
©®; exceeds Oy a transcritical bifurcation occurs: u; becomes a saddle point
whose stable manifold is P(&;), while there is another linearly stable point u*
whose basin of attraction is P(E) \ P(&2).

This behavior will be shown in Section 7 and combined with standard tech-
niques from stochastic approximation, it will be used to prove the following result.

THEOREM 3.4 (Behavior of the algorithm without assumption Hy). Suppose
®1 > Oy. Then there is another QSD u* having full support [i.e., u*(x) > 0 for
all x € £]. Under Hypothesis 2.1:

(1) (n)n=0 converges almost surely to jLoo € {115, W*}.
(i) If Xo € &, X, € & for all n and o = w3 with probability one.
(iii) If Xo € &1, the event {00 = W*} has positive probability.
(v) If 3, T/ (1 — yi) < 400, the event {AN € N: X,, € & foralln > N}
has positive probability, and on this event Lo = [15.

EXAMPLE 3.5 (Two points space). The previous results are in particular
adapted to the case where & = {i},i = 1,2 and

a 1—a
c=(5 ')
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F1G. 1. Transcritical bifurcation associated to equation (16); b = 1/3, Continuous line:
a > w5 (1), dotted line: a > p*(1).

with a, b € (0, 1). Write u € P(E) as s = (x, 1 —x),0 < x < 1. Then

K. — ( a l1—a )
® 1-=bx b+A-b(1—x)
and the ODE (9) writes
(1->b)x
(I—a)+ (1 —=b)x’
In this case, one can check that ®; =a and ©®; = b, u5 = 5 and when a > b,

w = %81 + }:—Z&z. In Figure 1, for a fixed value of b, we draw the phase portrait
of the ODE (16) in terms of a and especially the bifurcation which appears when
a>b.

(16) F=—x+

REMARK 3.6 (Open problem). Suppose y, = %. Although w3 is a saddle
point when ®; > ®;, Theorem 3.4 shows that the event w, — w5 has positive
probability when A > 1. A challenging question would be to prove (or disprove)
that this event has zero probability when A < 1. This is reminiscent of the situation
thoroughly analyzed for two-armed bandit problems in [30, 31].

REMARK 3.7 (Conditioned dynamics). Note that by mimicking the proof of
Lemma 7.2 below, one is also able to compute the limit of the conditioned dynam-
ics:

K" (y, -
lim P, (Yy € -|Y € €) = lim =) _
n— 00 n— 00 K”l(y)
where v =3 if @) <Oz or y € & and v = u* when ®1 > ©; and y € &.
Furthermore, at least for Example 3.5 above, it is worth noting that the convergence
is not exponential when ®; = ©,.

’
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REMARK 3.8 (Fleming—Viot algorithm). Theorem 3.4 shows that, with pos-
itive probability, our algorithm asymptotically matches with the behavior of the
dynamics conditioned to the nonabsorption. Surprisingly, this is not the case for
the discrete-time (or continuous-time) Fleming—Viot particle system (see [6], Sec-
tion 3, for the definition) which always converges to u3. Actually, let us recall that
this algorithm has two parameters: the (current) time ¢ > 0 and the number of par-
ticles N > 1. When the number of particles goes to infinity, it is known that the
empirical measure (induced by the particles at a fixed time) converges to the laws
conditioned to not be killed; see, for instance, [18, 43] in the continuous-time set-
ting. However, if we keep constant the number of particles and let first the time ¢
tend to infinity then, one obtains the convergence to u3 in place of u*. This comes
from the fact that the state where all the particles are in &, is absorbing and acces-
sible. In this case, the commutation of the limits established in [6], Section 3, fails.
Finally, note that the study of the rate of convergence of Fleming—Viot processes
in a two-points space is investigated in [17].

3.3. Approximation of QSD of diffusions. A potential application of this work
is to generate a way to simulate QSD of continuous-time Markov dynamics. To
this end, the natural idea is to apply the procedure to a discretized version (Euler
scheme in the sequel) of the process. Here, we focus on the case of nondegenerate
diffusions (§;);>0 in R4 killed when leaving a bounded connected open set D.
More precisely, let (§;);>¢ be the unique solution to the d-dimensional SDE

d§ =b(&)dt +o(5)dW;, §o€ D,

where b and o are defined on R with values in R? and My 4, respectively. One
assumes below that the diffusion is uniformly elliptic and that b and o belong to
C%(R?) (see Remark 3.10).

For a given step & > 0, we denote by (é},h)tzo, the stepwise constant Euler
scheme defined by £y =y € D,

Vn eN, 53,+1)h =&h 4 hb(ER) + o (ER) W1y — Wan),

and for all t € [nh, (n + 1)h), Eth = Slﬁ‘h. Under the ellipticity assumption on the
diffusion, the Markov chain (Y, := ,?h)n satisfies the assumptions of Theorem 2.5
(with & = D) [in particular (13)], and thus admits a unique QSD that we denote by
M-

hThis QSD can be approximated through the procedure defined above and the
natural question is: does (1), converge to u* when h — 0, where u* denotes the
unique QSD of (&;);>¢ killed when leaving D? A positive answer is given below.

THEOREM 3.9 (Euler scheme approximation). Assume that (&);>0 is a uni-
formly elliptic diffusion and that D is a bounded domain (i.e., connected open
set) with C3-boundary. Then ((¢/)1>0, D) admits a unique QSD p* and (i} )n>0
converges weakly to u* when h — 0.
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FIG. 2. Left: Approximated density of (,uﬁ) with h = 0.01 and n =5 - 10%,10°, 106 (green,
blue, red). Right: Comparison of uj for h =0.05,0.01,0.001 (red, orange, blue) with pu* (red,
dotted-line).

REMARK 3.10 (Smoothness assumptions). The uniqueness of ©* is given by
Theorem 5.5 of Chapter 3 in [39] (see also [28], Theorem (C)). Also note that in
the proof of the above theorem, one makes use of some results of [27] about the
discretization of killed diffusions. The C2-assumption on b and o is adapted to the
setting of these papers but could be probably relaxed in our context.

We propose to illustrate the previous results by some simulations. We consider
an Ornstein—Uhlenbeck process

dé = —& dt +dBy, t>0

killed outside an interval [a, b], and thus compute the sequence (MZ)nz 1 with
step h.

We will assume that @ = 0 and b = 3. In Figure 2, we represent on the left the
approximated density of MZ (obtained by a convolution with a Gaussian kernel) for
a fixed value of % and different values of n. Then, on the right, n is fixed (n = 107)
and & decreases to 0. Unfortunately, even though the convergence in n seems to
be fast, the convergence of uj towards p* is very slow: the discretization of the
problem underestimates the probability to be killed between two discretization
times. The slow convergence means in fact that this probability decreases slowly
to 0 with A.

However, it is now well known that, under some conditions on the domain
and/or on the dimension, it is possible to compute a sharp estimate of this proba-
bility. More precisely, let (S,h), denote the refined continuous-time Euler scheme
gh =&l andforall f € [nh, (n + Dh),

&' =8 + (= nh)b(En,) + o () (W — Wap).
It can be shown that

~ ~ ~ t —nh ~
LOE oo B =5 By =) = £(x+ 570 =00 + o B ).
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FIG. 3. Approximation of wj with the Brownian Bridge method for h = 0.1 (blue) compared with
the reference density (red, dotted-line).

where for a given T > 0, B” denotes the Brownian bridge on the interval [0, T']
defined by BZT =W, — %WT. In dimension 1, the law of the infimum and the
supremum of the Brownian bridge can be computed (see [27] for details and a
discussion about higher dimension). One has for every z > max(x, y),

t 2

IP’( sup (x + @y —x)—+ )»BT> < Z> =1- CXP<——(Z —x)(z— Y)>-
1€[0.T] r TA?

Thus, this means that at each step n, if §;,41), € D, one can compute, with the

help of the above properties, a Bernoulli random variable V with parameter:

p =Pt € (nh, (n+ Dh),&" € D°|&u = x. Euinn = y)
(if V =1, the particle is killed).

This refined algorithm has been tested numerically and illustrated in Figure 3.

REMARK 3.11. Here, the effect of the Brownian bridge method is only con-
sidered from a numerical viewpoint. The theoretical consequences on the rate of
convergence are outside of the scope of this paper. Also remark that in order to
get only one asymptotic for the algorithm, it would be natural to replace the con-
stant step & by a decreasing sequence as in [32, 37]. Once again, such a theoretical
extension is left to a future work.

Outline of the proofs. In Section 4, we begin by some preliminaries: the starting
point is to show that the QSD is a fixed point for the application u — IT, [on
P(€)] where I1,, denotes the invariant distribution of K, (see Lemma 4.3 below).
Then, in order to give a rigorous sense to the ODE (9), we prove that this applica-
tion is Lipschitz continuous for the total variation norm (Proposition 4.5) by taking
advantage of the exponential ergodicity of the transition kernel K, and the control
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of the exit time 7 (see Lemma 4.1 and Lemma 4.4). In Section 5, we define the
solution of the ODE and prove its global asymptotic stability. In Section 6, we then
show that (a scaled version of) (1,),>0 is an asymptotic pseudo-trajectory for the
ODE. The proofs of Theorems 2.5 and 2.6 are finally achieved at the beginning of
Section 7. In this section, we also prove the main results of Section 3: Theorems
3.4 and 3.9. We end the paper by some possible extensions of our present work.

4. Preliminaries. We begin the proof by a series of preliminary lemmas. The
first one provides uniform estimates on the extinction time

amn T =min{n >0:Y, =09},

where (Y,),>0 is a Markov chain with transition K defined in (3).

LEMMA 4.1 (Expectation of the extinction time). Assume Hy and Hy. Then:

(i) There exist N € N and 6y > 0 such that for all x € £, KN (x,{3}) = 8.
(ii)
supE,[7] < +o0.

xe&

PRrROOF. (i) By Hy, the map x — KN (x,9) =1—K"1(x) is continuous on &.
It then suffices to show that there exists N € N such that KV (x,d) > 0 for all
x € &. Suppose to the contrary that for all N € N there exists xy € £ such that
KN (xy,d) =0. Hence K¥(xy,d) =0 for all k < N. By compactness of £, we
can always assume [by replacing (xy) by a subsequence] that xy — x* € £. Thus

K*(xy, ) N=oo, gk (x*,0) =0 for all k € N. This leads to a contradiction with
assumption Hj.
(ii) Let N and 8y be like in (i). By the Markov property, for all k € N*,

(18) Pi(r > kN) = E,[Py,_ v (T > N1z g—iyv] < (1 = 80)Pi(z > (k — DN).
Thus, for all k e N,
Py (t > kN) < (1 — 8p)F

and, consequently,

1 1

REMARK 4.2. Note that (18) leads in fact to the following statement: there
exists A > 0 such that sup, . E[e*"] < +o00.

The following lemma is reminiscent of the approach developed in [25] for
Markov chains on the positive integers killed at the origin and in [4] for diffusions
killed on the boundary of a domain.



2386 M. BENAIM, B. CLOEZ AND F. PANLOUP

LEMMA 4.3 (Invariant distributions and QSD). Assume Hy. Then:

(i) Forevery u € P(E), K, is a Feller kernel and admits at least one invariant
probability.
(ii) A probability u* is a QSD for K if and only if it is an invariant probability
of K.
(iii) Assume that for every |1, K, has a unique invariant probability T1,,. Then
w > I, is continuous in P(E) (i.e., for the topology of weak convergence) and
then there exists u* € P(E) such that w* = I~ or, equivalently, a QSD p* for K.

PROOF. (i) The Feller property is obvious under Hj and it is well known that
a Feller Markov chain on a compact space has an invariant probability [since any
weak limit of the sequence (% Yio vK ;)n>0 1s an invariant probability].

(ii) Since § =1 — K1, for every A € B(E), we have

‘)= oy = @
WA= Ke)(A) & @A) = o

But, by definition u* is a QSD if and only if the right-hand side is satisfied for
every A € B(&).

(iii) Let (n)n>0 be a probability sequence converging to some  in P(E). Re-
placing (un)n>0 by a subsequence, we can always assume, by compactness of
P(&), that (IT,,),>0 converges to some v. For every n > 0 and f € C(&, R), we
have

., () = My, (K, ) = Ty, (Kf) 4+, () pn ().

By Hj, the maps Kf and § are continuous, and hence by letting n — oo, one
obtains

v(f) =v(Kf) +v@®u(f),

namely v is an invariant for K,,. By uniqueness v = I1,. This proves the continuity
of the map u + IT,. Now, since P(£) is a convex compact subset of a locally
convex topological space (the space of signed measures equipped with the weak*
topology) every continuous mapping from P(€) into itself has a fixed point by the
Leray—Schauder—Tychonoff fixed-point theorem. [

For all u € P(M) and t > 0, we let P/* denote the Markov kernel on £ defined
by

(19) Pl (x, ) = e_tZ%KZ(x, ).

It is classical (and easy to verify) that:
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(@) (P/);>0 is a semigroup [i.e., Py, f = P/'P!" f forall f € B(£,R)].
(b) Every invariant probability for K, is invariant for P/
(©) Ptp“ is Feller whenever K, is (in particular under Hy).

If (X} )n=0 is a Markov chain with transition K, (P/*);>0 denotes the semi-
group of (X %,)’ZO where (N;);>¢ is an independent Poisson process with inten-
sity 1.

For any finite signed measure v on M, recall that the total variation norm of v

is defined as
IviiTv = sup{[vf]: f € BE,R), || flloo < 1}
(20)
=v+(5)+v_(5),

where v = vt — v~ is the Hahn Jordan decomposition of v. Let us recall that if P
is a Markov kernel on M and «, 8 € P(£), then

2y laP —BPltv < |l = BllTv
since | Pflloo < [1f llco-

LEMMA 4.4 (Uniform exponential ergodicity). Assume Hy and Hjp. Then
there exists 0 < ¢ < 1 such that for all o, B, u € P(E) and t >0

la Pt = BP/ |y = (1 = &) lla — Bll7v.
In particular, if T1,, denotes an invariant probability for K ,,,
Ja P = Myl py < (1= &)l = Tl

As a consequence, K, has a unique invariant probability.

PROOF. (i) Set P, = P{*. Let §) > 0 and N € N be given by Lemma 4.1(i). It
easily seen by induction that for all k > 1 and f : £ — [0, oo[ measurable,

Kif = n(HK*1s.

Thus,
1 SN R 1 o ke
Pufz—u(f)ZEK SZWMf)ZK 5
22) e - k! eN! =
1 N
= —HNA=KV1) Z en(f).
where
1
e =——9¥.
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Let R, be the kernel on £ defined by
(23) Vx €€, Pu(x,)=en()+ 1A —e)Ru(x,").
Inequality (22) makes R,, a Markov kernel. Thus for all , 8 € P(€)
lePy — BPulltv=(~1—8&)llaR, — BRullTv = (1 — &)l — BllTv
[where the last inequality follows from (21)] and, by induction,
laP = BPlry < (1 —&)"lle = BliTv-
Now, forall t > 0 write t =n +r withn e Nand 0 <r < 1. Then
||0‘Pzﬂ - IBPZMHTV = ||0‘PrMPZ - lgpr#p: ”TV
<(-&)'|aPl —BP! |y < (1 —2&)"la—Blrv.

As mentioned before, if I, is an invariant probability for K, IT, is also an in-
variant probability for (P/*);>0. The second inequality is thus obtained by setting
B =I1,, and uniqueness of the invariant probability is a consequence of the con-
vergence of (ozP,” )r>0 towards IT,,. [J

4.1. Explicit form for T1,,. Let us denote by A the transition kernel on £ de-
fined by

Ax, )= K"(x,")

n>0
and set
[ Alloo = sup{llAflloo : £ € BE,R), || flloo < 1}.
Remark that

| Alloo = sup A(x, &) € [0, o].

xe&

PROPOSITION 4.5. Assume Hy and Hy. Then:
(i) Forallx €&,
1= A(x, &)= Al(x) = Ex[7] < | Allo < 0.
(i) Forall u e P(M),

wA
n,=——--:
(A1)

(iii) The map v Tl is Lipschitz continuous for the total variation distance.

(24)
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PROOF. (i) The inequality A(x,E) > 1 is obvious. For the second one, we
remark that for all x € £,

Alx, &) = ZK”(x,E) = Z]P’x(t >n) =E,[t] <supE,(r) < o0,

n>0 n>0

where the last inequality follows from Lemma 4.1.
(ii) For any f € B(&,R),

pAK, (1) = (K™ 4+ K"5u(h))

n>0

= uk™ 4 uHn( T K@),

n>0 n>0
Since
Y K"$(x) =) (K"(x,&) — K" (x,8) = A, &) — (Ax, &) — 1) =1,
n>0 n>0

it follows that

(AKL(f) = pn(f)+ D K" f = (wAf).

n>1

As a consequence, (.4 is an invariant measure and it remains to divide by its mass

to obtain an invariant probability.
(iii) It follows from (i) that || AllTv < |||tV | Allcc and A1 > 1. Thus, reduc-
ing the fraction, it easily follows from (ii) that || TT,, — IT, |Itv <2/l Allecllt = VIITV.
O

5. The limiting ODE. As mentioned before, the idea of the proof of Theo-
rem 2.5 is to show that the long time behavior of (t,,),>0 can be precisely related

to the long term behavior of a deterministic dynamical system P(€) induced by
the “ODE”

(25) “lrl/ — _M + HM.”

The purpose of this section is to define rigorously this dynamical system and to
investigate some of its asymptotic properties.

Throughout the section, hypotheses Hy and Hj are implicitly assumed. Recall
that P(€) is a compact metric space equipped with a distance metrizing the weak*
convergence.

A semi-flow on P () is a continuous map

O :RT x PE) = P©&),
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such that
Do) =p and Dy () = Pr o Oy(w).

We call such a semi-flow injective if each of the maps ®; is injective.
A weak solution to (25) with initial condition u € P(£), is a continuous map
£:RT = P(E) such that

t
E00F =uf + [ (-66)f + e /) ds

forall f € C(£) and ¢t > 0.

We shall now show that there exists an injective semi-flow ® on P (&) such that
the trajectory t — ®;(u) is the unique weak solution to (25) with initial condi-
tion .

Let M (€) be the space of finite signed measures on £ equipped with the total
variation norm || - ||ty [defined by equation (20)]. By a Riesz type theorem, M, (£)
is a Banach space which can be identified with the dual space of C(&, R) equipped
with the uniform norm (see, e.g., [22], Chapter 7). In particular, the supremum in
the definition of || - ||Tv can be taken over continuous functions.

Proposition 4.5(i) and the fact that K is Feller imply that Y~ K" f is normally
convergent in C(€,R) for any f e C(€,R). More precisely, D>, |K" flloo <
Il Allooll £ llo> and hence f — Af is a bounded operator on C(E, R). Furthermore,
its adjoint © — u.A is bounded on M, (E). Thus, by standard results on linear
differential equations in Banach spaces, e’ is a well-defined bounded operator
and the mappings (¢, f) — e f and (¢, 1) — pe'* are C™ mappings satisfying
the differential equations

%(et““f) = (MASf) = A f
and
j—t(,uem) — (e A) = p A
For u € P(M) and ¢ > 0, set
(26) g = M1eC(@),
P, () == e eP©),
and t

t ~
su(t):/o @, () Alds.

" o = _ peAAl
Note that, by Proposition 4.5(1), §,(t) = ®,(n)Al = AT > 1, and hence s,

maps diffeomorphically R™ onto itself. We let 7, denote its inverse and

27) Q; (1) = Pr, (1) ().
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PROPOSITION 5.1. The map ® defined by (27) is an injective semi-flow on
P(E) and for all n € P(E), t — () is the unique weak solution to (25) with
initial condition L.

PROOF. Step 1 (Continuity of ®): Let u,, — p in P(€) and t,, — ¢. Then for
all f eC(€)

’Mnet"Af - :uetAf’ = ’MnetnAf - MnetAf’ + ‘MnetAf - :uetAf’

< et — e A 1 f oo + [ne™ f — eS|,

The second term goes to zero because @, — @ and the first one by strong
continuity of ¢ — ¢’. This easily implies that the maps (¢, 1) — @, () and
(t, w) — s,(t) are continuous. The continuity of the latter combined with the re-
lation s, o 7, () = t, implies that every limit point of {z,, (#,)} equals 7,(?);
but since 7,(¢) <t [because s, (t) > t] the sequence {t,,(t,)} is bounded and this
proves the continuity of (¢, u) — 7,(¢). Continuity of @ follows.

Step 2 (Injectivity of ®): Suppose ®; () = P, (v) for some r >0, u, v € P(E).
Set T =17, (t) and 0 = 7,,(t). Assume o > 7. Multiplying the equality QNDT(M) =
d, (v) by e~ ™ shows that . = &, (v). Thus

t=su(t)=/0r CT>S+0_I(V)A1ds=/OU <T>S(V)Alds—f00_r &, (v)Al ds

=t—sy(0c —1).

This implies that T = o, hence u = v. _
Step 3 [t — ®;(u) is a weak solution]: The mappings ¢t — [i; := ®;(u) and
t — =D, () are C* from R into M, (M). Furthermore,

iy =i A— (L AD T = S () (=i + ),
so that
I:Lt =—u+ Hu,

and, in particular,

t
wef — pof = /0 (—pts f + T, f)ds

forall f € C(E).

Step 4 (Uniqueness and flow property): Let {u,} and {v;} be two weak solutions
of (25). By separability of C(£), llis — vellTv = sup peqy lee f — ve f] for some
countable set H C C(£). This shows that t — ||i; — v;||Tv 1S measurable, as a
countable supremum of continuous functions. Thus, by Lipschitz continuity of
w +— IT, with respect to the total variation distance (see Lemma 4.5) we get that

t
e — velly < Nz — vollTy +L/O ks — vs v ds
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for some L > 0. Hence, by the measurable version of Gronwall’s inequality ([24],
Theorem 5.1 of the Appendix),

L
e — vellry < e llmo — vollTv

and hence there is at most one weak solution with initial condition pq. This, com-
bined with (ii) above shows that t — ®,(u) is the unique weak solution to (25).
The semi-flow property ®;,; = ®; o &, follows directly from this uniqueness. [

5.1. Attractors and attractor free sets. A set K C P(E) is called invariant
under @ (resp., positively invariant) if ®,(K) = K [resp., ,(K) C K], for all
t>0.

If IC is compact and invariant, then by injectivity of ® and compactness, each
map ®; maps homeomorphically X onto itself. In this case, we set

PF = @[
fort > 0 and
X = (@[0!

for all £ < 0. It is not hard to check that ®* : R x K > K is a flow, that is, a
continuous map such that & o &~ = <I>;C+S forall ¢, s e R.

An attractor for @ is a nonempty compact invariant set A having a neighbor-
hood Uy (called a fundamental neighborhood) such that for every neighborhood
V of A there exists ¢ > 0 such that

s>t = Dy (Uy)CV.
Equivalently, if d is a distance metrizing P(E)
lim d(®;(u), A) =0,
[—>00
uniformly in p € Uy.
The basin of attraction of A is the set Bas(A) consisting of points u € P(E)
such that lim;_, oo d(®P; (1), A) = 0.

Attractor A is called global if its basin is the full space P(E). It is not hard to
verify that there is always a (unique) global attractor for @ given as

A=) 2(PE&)).

t>0

If K denotes a compact invariant set, an attractor for ®* is a nonempty compact
invariant set A C K having a neighborhood U4 such that for every neighborhood
V of A there exists ¢t > 0 such that

s>t = d,UsNK)CV.

If furthermore A # /C, A is called a proper attractor.
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K is called attractor-free provided K is compact invariant and ®* has no proper
attractors. Attractor free sets coincide with internally chain transitive sets and
characterize the limit sets of asymptotic pseudo trajectories (see [5, 7]). Recall
that the limit set of (u,) is defined by

L= {mlk=n}.

n>0

In the present context, by Theorem 6.4 of Section 6, this implies the following.

THEOREM 5.2 (Characterisation of L). Under Hypotheses 2.2 and 2.1, the
limit set of {u,} is almost surely attractor free for ®.

This theorem, combined with elementary properties of attractor free sets, gives
the following (more tractable) result.

COROLLARY 5.3 (Limit set and attractors). Assume Hypotheses 2.2 and 2.1.
Let L be the limit set of {1, }. With probability one:

(1) L is a compact connected invariant set.
(i1) If A is an attractor and L N Bas(A) #£ O, then L C A. In particular, L is
contained in the global attractor of ®.

Note that in the two previous theorems, we do not assume Hypothesis 2.3. In
particular, the previous result may be true in some settings with several QSDs. This
flexibility is, for instance, used in the proof of Theorem 3.4.

5.2. Global asymptotic stability. The flow @ is called globally asymptotically
stable if its global attractor reduces to a singleton {*}. Observe that, in such a
case, u* is necessarily the unique equilibrium of @, hence the unique QSD of K.

We shall give here sufficient conditions ensuring global asymptotic stability.
The main idea is to relate the (nonlinear) dynamics of ® to the (linear) Fokker—
Planck equation of a nonhomogeneous Markov process on £. This idea is due to
Champagnat and Villemonais in [16] where it was successfully used to prove the
exponential convergence of the conditioned laws and the exponential ergodicity of
the Q-process for a general almost surely absorbed Markov process.

Forallr > 0and s € R, let R, ; be the bounded operator defined on C(£) by

R, f = e(t—s)A(fgS) B e(t—s)A(fes.Al)
1,85 gt et'Al )

where g is defined by (26). It is easily checked? that R;;=Idand R; 50 Rs,, =
Ry, for all t,s > 0 and u € R. Furthermore, for all t > s > 0 R, is a Markov
operator, thatis, R; ;1 =1 and R; s f > 0 whenever f > 0.

4One can also note that R; s is the resolvent of the linear differential equation on C(£)i =

é(A(ug;) — (Au)g;). This explains the unusual order for the indices of R (w.r.t. the standard nota-
tion of inhomogeneous Markov processes).
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To shorten notation, we set
R; = R; 0.
The flow ® and the family {R,};>0 are linked by the relation:
®;(8:) = 8: Ry
for all r > 0 and x € £. However, note that for an arbitrary u € P(E) Ef%(u) and
WR; are not equal. Indeed, recall that uR; f = [¢ R, f (x)u(dx).

LEMMA 5.4. Let d, be any distance on P(E) metrizing the weak™ conver-
gence. Assume that

A;:= sup dy(8xR;,6yR;) — 0
x,ye€

ast — 00. Then @ is globally asymptotically stable.
PROOF. By compactness of &£, the condition A; — 0 is independent of the

choice of d,. We can then assume that dgpy is the Fortet—Mourier distance (see,
e.g., [22, 41]) given as

(28) do (i, v) = sup{lpf —vfl: [l flloo +Lip(f) <1},
where Lip(f) stands for sup, %.
Since
R f—VR f| = ‘/(Rz(X)—Rtf(y))dM(X)dV(y) =< Supg1Rtf(X)—sz(y) :
X,y€
it follows from (28) that
(29) Ar= sup dy(URi, VRy).
n,veP(M)

Fix v € P(£). Then
supd, (VR 45, VR;) = supde((VR 45,1 Ry, URt) <A

s>0 s>0

This shows that {vR;};>0 is a Cauchy sequence in P(£). Then vR; — p* for some
w* and for all u € P(E),

da)(MRz, M*) <A
Now, for all f € C(E)

w((Re f — 1> f)gr)
Mng

D) f =" f] = <|Rif =1 fllog = sup|6xRe f — 1" |-
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Therefore, dw(al',(,u), uw*) < A;and

. t
dw(q)t(,u)’ M ) = A7:M(t) = Sup{As s> —}7
Al o

where the last inequality follows from the fact that §,,(#) < ||.A|loc. This proves that
{n*} is a global attractor for ®. [J

Recall that g; (x) = e'1 [see equation (26)].

LEMMA 5.5. Assume Hy, Hy, H3. Assume furthermore that

Z W(gn) = 00,

v llgnlloo

where WV is the probability measure given by (11). Then ® is globally asymptoti-
cally stable.

PROOF. We first assume that U = £ in condition Hjs, that is, A(x,dy) >
e€W(dy) forall x € £. Then, forall f >0andn e N

A

e (fgn) A(fgn) V(fgn)

R = > > .
S = e Mgl e AT gy log

Let ¥, € P(€) be defined as W, (f) = %{;’S). We get

Rn-l—l,n(x’ ) = ann(')

W (gn)

with €, = ee~Mlle
llgnlloo

forall u,v e P(E)

. Thus, reasoning exactly like in the proof of Lemma 4.4,

ILRut1,n — VRyg1nllTv < (1 =€)l — VTV

and, consequently,

n
18x Rus1 — Sy RugillTv <2 H(l — €x).
k=0

The condition ), €, = oo then implies that ||6yR,+1 — 8y Ry41llTv — O uni-
formly in x, y as t — oo. In particular, the assumption, hence the conclusion, of
Lemma 5.4 is satisfied.

To conclude the proof, it remains to show that there is no loss of generality in
assuming that U = £ in H3. By Feller continuity and Portmanteau’s theorem, for
all n € N and § > 0 the set

Un,8)={xe&:K"(x,U) > §}
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is open. Thus by H3 and compactness of &, there exist § > 0 and ny,...,n; € N
such that

k
E=JU®m. 9.
i=1
Let now x € £. Then x € U (n;, §) for some i and

A(x,dy) =Y K" *(x, dy) = /U K" (x,dz2) Az, dy) = €5¥(dy).

n>0

The next proposition shows that under Hy, Hp, H3 and Hy, the assumptions of
the preceding lemma are satisfied.

PROPOSITION 5.6 (Convergence of ®). Assume Hy, Hy, H3y and Hy. Then the
assumptions of Lemma 5.5 are satisfied. In particular, ® is globally asymptotically
stable.

PROOF. By Lemma 4.1(i), there exists N € N* and ® < 1 such that
KN(x,6) <0

for all x € £. Let (Z,)),>1 be a sequence of i.i.d. random variables on N having a
geometric distribution,

P(Z, = k) = 0%(1 — ©), k> 0.

Let (U,) be a sequence of i.i.d. random variables on {0, ..., N — 1} having a uni-
form distribution,

1
PU,=k)=—, k=0,...,.N—1,
N

and let (N;);>0 be a standard Poisson process with parameter 1. We assume that
(Zw)n=1, (Up)n>1, (N;)s>0 are mutually independent.
By independence, we get that

KZ(&](NZI"FU[) P , KNZ1+U1 n
g2/ -tp| 2
|: @Z, ]Zl ] |: ®Zl ]
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To shorten notation, set s = t(l_T@). Then, forall x € £,

\p(KZf\fl(NZi+Ui)1):|

W(gy) = W(e™1) = fﬂz[
(8s) (e ) e ®Z?Z1Z,-

WY Ni AU
! KZ[:](NZI+U1)1
> e’]E[C (Z(NZi + U) S

N,
®2i=t] Z;

i=1
where the last inequality comes from hypothesis Hy.
Foralln e N,k = (k;) e NV andr = (r;) € {0,..., N — 1}V set
KZ?:I(Nki-i-ri)l(x)

F(n,k,r)= RS

and
n
cxkao=C<2}Nm+wn)
i=1
and hence, the preceding inequality can be rewritten as
U(gs) > e'E[G(Ny, Z,U)F(Ny, Z,U)].
Write (n,k,r) < (n',K',r') when n < n’,k; < k! and r; < r/. The relations

% <1 and K(x,&) <1 on one hand, and the monotonicity of C on the
other hand, imply that

F(n,k,r) < F(n' K,r)
and
G(n,k,r) <G(n' K,r)

whenever (n,k,r) < (n’,K’,r’) Then, by tensorisation of the classical FKG in-
equality, and Jensen inequality, we get that

V(gy) > €'E[G(N;, Z, U)|E[F (N, Z, U)]
N N —1

—et T)IE[F(N,, Z,U)]

= (1125 + T e
—t\1Ze Ty s

ZetC<t

That is,
N -+N_1)(>
(1— @)25 2 8s(X),

so that the assumptions of Lemma 5.5 are fulfilled. [J

wwazc(
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6. Asymptotic pseudo-trajectory. Our aim is now to prove that (i,)n>0,
correctly normalized, is an asymptotic pseudo-trajectory of the flow & defined
by (27).

6.1. Background. To prove that our procedure has asymptotically the dynam-
ics of an ODE, we first need to embed it in a continuous-time process at an appro-
priate scale. Let us add some notation to explain this point. For n > 0 and ¢ > 0,
set T, = ) y_; vk and m(t) = sup{k > 0,1 > 7 }. Let (iZ;)r>0, (r)r=0, (€1)1>0,
(¥1)r>0 defined for all n > 0 and s € [0, y,+1) by

~ N N _
Mz, +s = (1 - >Mn + ——Un+1, Mz, +s = Kn,
Vn+1 VYn+1

€r,+s = € and y (7, 4+ 5) = y,,. With this notation, equation (8) can be written as
follows:

t t
ﬁt=uo+fo h<m>ds+/oads

with () = —u + IT,,. The aim of this section is now to show that ji is a pseudo-
trajectory of ® defined in (27). Let d, be a metric on P whose topology cor-
responds to the convergence in law [as for instance the Fortet-Mourier distance
defined in (28)]. A continuous map ¢ : Ry — P is called an asymptotic pseudo-
trajectory for & if
VT >0, rlinéo(oé?& do (¢t +5), ®(5,£(1)))) =0,

Note that this definition makes an explicit reference to d, but is in fact purely
topological (see [5], Theorem 3.2). In our setting, the asymptotic pseudo-trajectory
property can be obtained by the following characterization.

THEOREM 6.1 (Asymptotic pseudo-trajectories). The following assertions
are equivalent:

(1) The function [k is (almost surely) an asymptotic pseudo-trajectory for ®.
(2) For all continuous and bounded f and T > 0,

t+s
/ & f du
t

PROOF. This is a consequence of [8], Proposition 3.5. [

(30) lim sup

t_)°°0§s§T

=0 a.s.

The previous theorem is one of the main differences with the previous article
[6]. Indeed, in finite state space, the topology of the total variation distance is not
stronger than the weak topology.

As in [6] and older works on reinforced random walks (see references therein),
we now need some properties of solutions of Poisson equations to prove that
(30) holds. However, in contrast with the finite-space setting of [6], the associated
bounds are intricate.
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6.2. Poisson equation related to K. For a fixed n and a given function f :
& — R, let us consider the Poisson equation:

3D f=Huf=U—-Kyg.

The existence of a solution g = Q,, f to this equation and the smoothness of u —
Q.. f play an important role for the study of our algorithm. These properties are
stated in Lemma 6.3. First, we need to establish the following technical lemma.

LEMMA 6.2 (Lipschitz property of u — Kﬂ). For every p,v € P(€) and
j €N, we have

(32) sup [aKf — aK{|ry <271l — vy,
aeP(€E)

and for every bounded function f then
sup [ K () = K (N oo <21 llocll = vilrv.
xe

PROOF. By the definition of the total variation, the second part follows from
the first one. We thus only focus on the first statement. For every j € N, one sets

Kj (i, v) = sup ||ozKpf; —ak/ |y
aeP
We have ko(u, v) =0 and since K, (-) = K(-) +6(-)pu and a(8) < 1,
k1(p, v) =sup aK, —aK,ltv = [a@) (=) |y <l —viTv.

axeP

Furthermore, for every j > 0,
Jor () — (K gy = (K + 810 (K = (K +80) (KoY gy
= |k (K] — K]) + a@®nK,) —a@v(K) |1y
< |eK K}, — aK K] 1y
+ |a @) (K ) — a(@v(K ) |1y
+ a@v(KL) — @Ky |y
<kj(u,v) + Il —vlrv +«;(w, v)

=2 (i, v) + | —vliTv.

Note that for the last inequality, we again used that «(§) < 1 and that for every
probabilities «, 8 and every transition kernel P, || P — BP|Tv < |l — B|lTv. An
induction of the previous inequality then leads to

VieN,  kj(u,v) <2/|lw—vlv.
This yields (32). U
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LEMMA 6.3 (Poisson equation). Assume Hypothesis 2.2. Let u € P(E). Let
(P/")1>0 be defined by (19). Then, for any measurable function f : & — R, the
Poisson equation (31) admits a solution denoted by Q,, f and defined by

400
(33) 0.t = [ (R0 =) dr
Furthermore:

() forevery u € P(E), |Quflloo < Cll f lloos
(i) forevery u,a € P(E), @ Qu fl < Cl flloolle — Iy llTV;
(iii) for every w € P(E) and measurable f : & — R, |Quf — Qv flloo <
Coll flloolle = viiTVs
(iv) forevery u,a € P(E), l@Qu —aQyvlltv < C2ll — v]Tv.

Note that our work is closely related to [8] which also investigates the pseudo-
trajectory property of a measure-valued sequence. Nevertheless, the scheme of the
proof for the smoothness of the Poisson solutions is significantly different. Indeed,
in contrast with [8], Lemma 5.1, which is proved using classical functional results
(such as the Bakry—Emery criterion), the above lemma [especially (iii) and (iv)] is
obtained using a refinement of the ergodicity result provided by Lemma 4.4.

PROOF OF LEMMA 6.3. First, by Lemma 4.4, the integral in (33) is well de-
fined. Then, coming back to the definition of (P,p“ )r>0 [see (19)], one can readily
check that (Pt“ )+>0 has infinitesimal generator £, defined on continuous functions
f:€E—>Rby L, f=(K,—1)f. Without loss of generality, one can assume that
IT1,(f) =0. Then, by the Dynkin formula and the commutation and linearity prop-
erties, it follows that

Vx € E,Vt >0, P/“Lf(x)=f(x)+£u'/0tPS“f(x)ds.

Letting ¢ go to oo and using again Lemma 4.4 (to ensure the convergence of the
right- and left- hand sides), we deduce that it is a solution to the Poisson equation.
Statements (i) and (ii) are also straightforward consequences of Lemma 4.4.
Thus, in the sequel of the proof, we only focus on the “Lipschitz” properties (iii)
and (iv).
Without loss of generality, we assume in the sequel that || f'||oc < 1. By (23), for
every t >0

(34) (@—=BP =1 - (P, — BP, )RY,
where, with the notation of Lemma 4.4, R, is given by

35 R -1 KJ — )

(35) T ( Z ep

>0
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The kernels K {L are Lipschitz continuous with respect to the total variation norm,
uniformly in @ € P(£), as it can be checked in Lemma 6.2 above. Set

En(u,v)= sup |aR) —aRy |y
aeP(E)

From (35) and (32), we have

Ei(u,v) < i —vlTv.

e
(1—¢)

Now,

Ent1(u,v) < sup | (O‘RZ)RM - (O‘RZ)RUHTV
aeP(E)

+ sup [(@R})Ry — (@R7)Ry| 1y
«eP(E)

S EI(M» V) + En(ﬂ» V),

where for the second term, we used that for some laws « and 8 and for a transition
kernel P, |laP — BP|tv < |l — B|Tv. By induction, it follows that

ne
(I—e¢)
As a consequence, there exists a constant C such that
IR, f — Ry flloo < Cnll — vty
and for every o € P(£),
(36) le(R)" f —a(R)" f| < Cnllp —vllTv.

Let us now prove that © — Q,, f(x) is Lipschitz continuous. From the definition
of Q, and from (34), we have

En(u,v) < e —viTv.

400 1
Quf@) —Qufx)=) (1— 8)"/0 (6y =T PR, f — (8 — TIy) PRy f)dr.
n=0

Now, for every n > 0 and r € [0, 1),
|85 — TL) PIRY f — (8 — T1,) PV Rl f|
< [8:(P = PY)RLF| + [(MuPY = TL PR £
+ (8P (R f — Ry F)| + [T P (R, f = RY ).

The two last terms can be controlled by (36) with o« = §, P’ and o =I1, P} =
I1,,, respectively. For the second one, one can deduce a bound from Proposi-



2402 M. BENAIM, B. CLOEZ AND F. PANLOUP

tion 4.5(iii) and the fact that supy,; - [[R};gllcc < 1. Finally, for the first one,
using Lemma 6.2 and (19), we have

I : :
[8: (Pl = PR fl<e™ 3 = 18K = 8:K{ |y < €'l = vliTv.
j=07"
One deduces that, for some constants Cy, C > 0,
+00
100 f(x) = 0uf®)| =D A —&)"[2Cnlw — vty + Cillw — viTv]
n=0

<Cflu—vlTv.

Since the Lipschitz constant C, does not depend on x, the statements (iii) and (iv)
easily follow. [

6.3. Asymptotic pseudo-trajectories.

THEOREM 6.4. Under Hypotheses 2.1 and 2.2, ({i;);>0 is an asymptotic
pseudo-trajectory of @ as defined by (27).

REMARK 6.5. Since the limit of precompact asymptotic pseudo trajectories
is internally chain transitive (see [5, 7]), this theorem implies Theorem 5.2, hence
Corollary 5.3.

PROOF OF THEOREM 6.4. By Theorem 6.1, it is enough to show that for any
bounded continuous function f, for any 7" > 0,

t+s
/z &(f)ds

which in turn is equivalent to, for every m > 0,

=0

limsup sup
t—>+00 5€[0,T]

n+j

> sk(f)‘ =0.
k=n

lim sup max
n—-+o0 J=m

Here,

en(f) = Vn-i-l(f(Xn—H) - Hltn (f)) = Vn—i—l(Q,unf(Xn—H) - K/Ln QM/zf(Xn+l))'
We decompose this term as follows:

(37) en(f) = Vnr1AMu11(f) + ARn1(f) + Va1 ADnt1(f)
with
AMu+1(f) = Ou, [ (Xn+1) — Ky, Qpu, [ (Xn),
ARp1(f) = Vn+1 — Y Ky, O, f (Xn)
+ (VK Qi f (X)) — Vi1 Koy Qs [ (Xng1)),
ADui1(f) = (Kpupsy Qupyr f K1) — Kpp, O, f (Xn41))-
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First, let us focus on A R,,41. Using for the first part that (y,),>0 is decreasing and
that (x, u) = K, Q, f (x) is (uniformly) bounded [Lemma 6.3(i)], and a telescop-
ing argument for the second part yields for any positive integer m:

> ARK(f)

k=n

<Cyn.

Second, (AM;y) is a sequence of (F,)-martingale increments. From Lemma 6.3,
AM,(f) is bounded (and thus sub-Gaussian). As a consequence, using that
lim,,—, y 5 ¥ log(n) = 0, one can adapt the arguments of [5], Proposition 4.4
(based on exponential martingales) to obtain that

lim sup max
n—>-+oo j=<m

Z Yk AM(f)

n+j ‘

Finally, for the last term, one uses that u — K, and p — Q, are Lipschitz contin-
uous. More precisely, using Lemma 6.3(i), (iii) and Lemma 6.2, we see that there
exists C > 0 such that

|K i1 Qs [ (Xnt1) — Ky, Qi f (X1
< |Kti1 Qutyr [ Xnt1) = Ky Qi f X 1)
+ K1 Quin f K1) = K, Qi f (Xn11)|
<NQupirf = Quuflloo
1 Ky = KD (e oo
< Cllifllcollttn+1 — mnliTv
< Cll flloo¥n+1,
where for the last line, we simply used (7). This completes the proof. [J

7. Proof of the main results.

7.1. Proofof Theorem2.5. By Proposition 5.6, {*} is a global attractor for ®.
The result then follows from Corollary 5.3.

7.2. Proof of Theorem 2.6. Let us assume for the moment that there exist C >
0 and p € (0, 1) such that for any starting distribution «,

(38) Vn >0, laKje — w*|py < Co™.

With this assumption, p* is a global attractor for the discrete time dynamical sys-
tem on P induced by the map p +— wK,«. Let v, be the law of X,,, for n > 0;
namely v, (A) = P(X, € A), for every Borel set A. To prove that v, — u*, it is
then enough to prove that the sequence (v;,),>0 is an asymptotic pseudo-trajectory
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of this dynamics; namely that d, (v, K+, v,+1) — 0. Indeed, the limit set of a
bounded asymptotic pseudo-trajectory is contained in every global attractor (see,
e.g., [5], Theorem 6.9, or [5], Theorem 6.10). So, let us first show that for every
continuous and bounded function f,

By definition of the algorithm, for every n > 0,

E[f (Xnt1) | Fa] = Ky, f(Xn) = Kf (Xn) + pn(£)8(Xn).

Taking the expectation, we find

Vi1 () = v K () + E[pn (/)8 (Xn)] = va K (f) + E[(n () — ") (HHS(X) |-

But by Theorem 2.5 and dominated convergence theorem,
Jdim B[ (un — %) (H)8(Xn)] =0,

and hence (39) holds.

We are now free to choose any metric on P embedded with the weak topology.
Let (fx)k>0 be a sequence of C* functions dense in the space of continuous and
bounded (by 1) functions (with respect to the uniform convergence). Consider the
distance d,, defined by

1
do(i,v) = ) o (i) = v(fi)].

k>0

It is well known that d, is a metric on P which induces the convergence
in law. From (39) and the dominated convergence theorem, we have that
dw(VnKu*» Vn+1) —> 0.

It remains to prove inequality (38). The proof is similar to Lemma 4.4. In-
deed, by Lemma 4.1, there exists N > 0 and g such that for all x € £ such that
KN (x,9) > . Using that u*K,» = 0,u*, we have

KY.=KN+KN( 0u

and hence the following lower bound holds: inf,cg K ZLV* (x,+) = dou*(-). It then
implies bound (38) with the same argument as that of Lemma 4.4.

REMARK 7.1 (Periodicity). Note that the previous argument shows in partic-
ular that the uniform ergodicity of K+ is preserved in a nonaperiodic setting. This
is the reason why the convergence in distribution of (X,),>; also holds in this
case.
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7.3. Proof of Theorem 3.4. The proof relies on the following lemma.

LEMMA 7.2. Suppose ®1 > ©,. Then:

(1) P(&) is positively invariant under ® and ®|P (&) is globally asymptoti-
cally stable with attractor {j13}.

(ii) There exists another equilibrium for ® (i.e., another QSD for K) u* having
full support [i.e., w*(x) > 0 forall x € £]. Furthermore, {|1*} is an attractor whose
basin of attraction is P(E) \ P(&).

PROOF. (i) It easily follows from the assumption & ¥ &1, and from the defi-
nitions of K, and IT,, that P(&>) is positively invariant under ®. By irreducibility
of K, Lemma 3.1 and Proposition 5.6, u3 is then a global attractor for ®|P(&>).

(ii) Let d; be the cardinal of & and d = d; + d». Identifying B(&;, R) [resp.,
B(E,R)] with column vectors of R% (resp., R?) and M (&) [resp., M(E)] with
row vectors of R (resp., R9), K can be written as a d x d block triangular matrix

_ (K1 Kp2
k= ( 0 K» )
where for eachi =1, 2, K; is a d; x d; irreducible matrix.

Let E 61 and Eg be the left and right eigenspaces associated to ©1, that is

El@l ={ueME): ukK =0u}

and

Eg, ={feBE R):Kf =0,f}.
We claim that
(40) Ef =Ru*

for some p* € P(E) having full support [i.e., u(x) > 0 for all x]; and
41 Eg, =R/f”
for some f* € B(E, RT) satisfying

ffx)>0 & xeé&,

and pu*(f*) =1.

Actually, by irreducibility of K| and the Perron Frobenius theorem (for irre-
ducible matrices), ®1 is a simple eigenvalue of K and there exists g € B(E(, R) :=
R4 with positive entries such that Kjg = ©1g. ©1 being strictly larger than the
spectral radius ®; of K>, ®1 is not an eigenvalue of K. Thus, it is also simple for
K and (41) holds with f* defined by f*(x) = g(x) for x € & and f*(x) =0 for
X € 52.
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Again by the Perron Frobenius theorem (but this time for nonirreducible matri-
ces), there exists u* € P(£) N El®1, so that, by simplicity of ®1, (40) holds. It re-
mains to check that p* has full support. First, observe that u* cannot be supported
by &, for otherwise pw* would be a left eigenvector of K>, and ®; an eigenvalue
of K. Thus there exists x € & such that u*(x) > 0, but since x < y, then for all
ye &, we have u*(y) > 0.

Replacing f* by we can always assume that

w(f*)=1
This completes the proof of the claim.

Let (f) ={v e M(E):v(f*) = 0}. It follows from what precedes that the
splitting

f*
w(f*)’

ME) =Ru* & (f*)*

is invariant by the map v — vK, hence also by v — v.A, and v > ve'A. Let AL
denote the operator on ( f*)* defined by

For all u € P(E) \ P(&), n(f*) #0 and u decomposes as u = u(f*)u* +
with i = u — u(f*)u* € (f*)*. Therefore,

— =07 ()1 -0 (), K AL
e = pu(f*)e Tt + et = u(f*)e (M + oY )

and

Bt A+
pe “”rW

/LefAl 1 +

qDZ’(/’L) = etAJ_l

Now, remark that any eigenvalue A of AL writes

1 1
A=——7——0,
1—x 1—06,
where A = a+ib is an eigenvalue of K distinct from ®1. In particular,a < ®; < 1.
Then

l1—a 1 1 1
Re(A) = — < — < 0.
(1—a)?+b* 1-0, l—a 1-—06

The fact that all eigenvalues of AL have negative real part implies that ||| — 0
as t — 0o. This proves that lim;_, ®,(n) = u* and that for every compact set
K CcP(E)\ P(&) the convergence is uniform in u € KC [because u — w(f*) is
separated from zero on such a compact]. This shows that u* is an attractor for )
whose basin is P(€) \ P(&>). Proceeding like in the end of the proof of Lemma 5.4,
we conclude that the same is true for ®. [J
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We now pass to the proof of Theorem 3.4:

(i) Let L be the limit set of {u,}. If L CP(&>), then L = {3} because L is
compact invariant and, by Lemma 7.2(i), {3} is the only compact invariant subset
of P(&). It LNPE)\ P(&) # 9, then by Lemma 7.2(ii) and Corollary 5.3,
L ={ur}.

(ii) If Xo € &, then uo = dx, € P(&) and, by the definition of (X,) [see
equation (5)], (X,) lives in &. This implies that 1, — u3 by assertion (i).

(iii) If X¢ € &, the point u* is straightforwardly attainable (in the sense of [5],
Definition 7.1) and then, by [5], Theorem 7.3, we have

B(,Jim = ") > 0.

(iv) Let us now prove the last point of Theorem 3.4 using an ad hoc argument
under the additional assumption

(42) ST =y < +oo.

n>0i=0

If Xo € &, there is nothing to prove. We then suppose that Xo = x € &;. Clearly,
there exists ng > 1 such that X,,, € & with positive probability. Using the estimate
(15), the definition of (X},) and the recursive formula (7) we get that, for all n > ny,

P(Xn41 € E11Fn) < (1 —cO2) (&)
almost surely on the event {X,, € &} and
n n
ta@E)=pmnE) [ A=w)= J] d=w)
i=ng+1 i=ng+1
almost surely on the event
{Xl’l()v Xl’l0+17 ey Xn E 52}
Therefore,
]P)(X}’l()v X}’l()-‘rlv ML) Xﬂ+1 € 52)
=EPXn+1 € E21F) X, Xug 1,0 Xn€E2))

> (1 —(1-cO) ] (- Vi))P(XnO, Xng+1s+++» Xn €E2)
i=nop+1

and, consequently,

P(Vn>=no X, €&) = [] (1—<1—c®2> I1 (1—y,-))IP<Xn0e52).

n>no+1 i=no+1

The right-hand side of the previous bound is positive if and only if (42) holds.
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7.4. Proof of Theorem 3.9. We begin by recalling a classical lemma about the
L?-control of the distance between the Euler scheme and the diffusion (see, e.g.,
[13], Theorem B.1.4, for a very close statement).

LEMMA 7.3. Assume that b and o are Lipschitz continuous functions. Then,
for every positive T , there exists a constant C(T) such that for every starting point
d
x of R%,

E.| sup |& —&[*] < )1+ 1xP)h.
t€[0,T]

We continue with some uniform controls of the exit time of D. For a given set
A and a path w : R, > RY, we denote by 74 (w) the exit time of A defined by

tA(w) =inf{t > 0, w(r) € A°}.

LEMMA 7.4. Assume that b and o are Lispchitz continuous functions and that
oo* > poly. Then:

(i) Let 8§ > 0 and set Ds = {x € R?,d(x, D) < 8}. For each ty > 0, we have

sup Py (tp, (§) > to) < 1.
xeD
(ii) There exist some compact subsets K and K of D such that K C K and such
that there exist some positive ty, t1, such that, for all h > 0,

VxeD, P& €K, tp(E")>1)>0
and

in}fC]P’x(S,, € K andVt €[0,11,& € K) > 0.
xe

PROOF. (i) Using the fact that for every 7o > 0, sup;c(g 1155 — £° — 0in
probability when x — xg, one deduces from the dominated convergence theorem
that x — Py (tp;(§) > 1) is continuous on D. As a consequence, it is enough to
show that for every x € D, P, (tp;(§) > 1) < 1. This last point is a consequence
of the ellipticity condition.

(ii) Let us begin by the first statement. Let 79 > 0. Since the Euler scheme
is stepwise constant, it is enough to show that P, (5{;0 I € IC, Sé’h e D,
£ e{0,...,[t0/h]}) > 0. This follows easily from the fact that, under the ellip-
ticity condition, the transition kernel of the discrete Euler scheme is a (uniformly)
nondegenerated Gaussian with bounded bias (on compact sets).

For the second statement, let xo € D, K = B(xg, r) and K = B(xq, 2r) where
r= %d(xo, aD). For every x € K, let ¢**0 : [0, 1] — R denote the function de-
fined by ¥**0(¢) = txo + (1 — t)x, t € [0, 1]. Let #; > 0. Since ¥ is ¢! and
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SUPy ek 1€[0.1] [0, %0 < 400, it is well known (see, e.g., [3], Theorem 8.5) that
for all € > 0, there exists a positive ¢, such that

Vx e K, IP’X< sup |& — yH 01| < s) > ..
t€[0,11]

Taking & = 5, the result follows. [J

PROOF OF THEOREM 3.9. First, let us remark that by the ellipticity condi-
tion, we have for every starting point x of D, tp &M = tl—)(éh) a.s. Actually,
as mentioned before, L£(Y 1?+1 |Ykh = x) is a nondegenerate Gaussian random vari-
able, which implies that P(Y/",; € dD|Y}' € D) = 0. Furthermore, if x € 3D,
5 "y = 0. Then, if one denotes by w the unique QSD of Y h killed when leaving
D, it follows that (0 D) = 0. Without loss of generality, one can thus work with
D instead of D in the sequel.

Let K" denote the sub-Markovian kernel related to the discrete-time Euler
scheme killed when it leaves D. Namely, for every bounded Borelian function
f:RY >R,

K" f(x) =E[f (x +hbx) + VEo () Z)1 4 ppoor o o0y zeDy )
where Z ~ N (0, I;). Let p;, denote the extinction rate related to uj. We have

43) / K" F s dx) = onil ().

Setting A, = log(pp)/ h, it easily follows from an induction that for every positive
t, for every bounded measurable function f : D — R,

(44) i [£(EM) 1y ehyar] = Ch®) exp(—=ant i (£).

where Cj (1) = exp(% — L%J).

The aim is now to first show that (u}); is tight on the open set D and then,
to prove that every weak limit u (for the weak topology induced by the usual
topology on D) is a QSD. The convergence will follow from the uniqueness of u*
given in Theorem 5.5 of [39], Chapter 3. This task is divided in three steps:

Step 1 (Bounds for Aj): We prove that there exist some positive Amin, Amax and
ho such that for any & € (0, hg), A, defined in (44) satisfies Apin < Ap < Amax. Let
us begin by the lower bound. For every x € D and § > 0,

Py (tn(E") > 10) < Po({zn,(6) > 10} U sup [¢" —¢[>6])

t€[0,10]

<Pu(tp,(§) > 10) + P sup [£" —¢| = 35).

t€[0,170]

By Lemma 7.4(i) and Lemma 7.3, one easily deduces that for 4 small enough,

a:=sup P (tp(") > 10) < 1.
xeD
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Recalling that £” is stepwise constant, note that 7y can be replaced by té’ = |to/h]h
in the previous inequality. Then

Py (tp(§") > ki) = Px(tp (") > kiglep (§") > (k — Dig)
x Py(tp(E") > (k — D)
<aPy(tp(E") > (k — D).
By induction, it follows that there exists s € (0, fg) such that for every ¢ > 0 and
h € (0, ho),
P, (tp(E") > 1) < a8} < C exp(—Amint)

with Apin = —log(a)/(to — ho). Since the right-hand side does not depend on x,
one deduces that ]P’IL;(TD (sh) > t) < Cexp(—Amint). Since this inequality holds
for every ¢ (with C not depending on ), it follows from (44) that Apin < Aj [using
that C(¢) < e]. This yields the lower bound.

As concerns the upper bound, one first deduces from Lemmas 7.3 and 7.4(ii)
that there exists a compact subset XC of D such that there exist some positive f, #1,
ho and €, such that for every x € D, and h € (0, hg), IPx(S[(‘) ek, tp(EM >1) >0
and

(45) inf IP, (6 e K and Vt €[0,11], £ € D) > e.
ye

Once again, using the fact that £” is stepwise constant, one sets té’ = |t9/h]h and
th = 11/ h]h. We have
Py(tp(E") > 1) > Px(slhg+£tlh ek, te{0,...,Ny®)}, Tp(E") > 1)

with N, (t) = inf{£, té’ + th’ > t}. Using the Markov property and an induction, it
follows from (45) that, for 7 small enough, for every ¢ > t{)’, for every x € D,

P, (tp(E") > 1) > Px(éfé € K, tp(E") > 19)eNn®

> CP: (&) € K, tp(E") > 10) exp(lozgt(g)t>,
1

where in the last inequality, we used that for /2 small enough,

h h
r—1 t 1/ t
Nh(t):L hOJ+12_h_%Z__8’ §>0.
1 1t T 20

Set Amax = _105;%‘ Since P, (St}é e, tD(éh) > t9) > 0 for every x € D, it follows

from what precedes that for every ¢ > 1,

Puh (TD(Sh) > t) > cexp(—Amaxt),
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where ¢ is a positive constant (which does not depend on ¢). By (44), one can
conclude that Aj, < Amax [using that C(¢) > 1].

Step 2 [Tightness of (u})]: We show that (i} )ne(0,h0] is tight on D. For § > 0,
set Bs :={x € D,d(x,0D) < &}. We need to prove that for every ¢ > 0, there
exists 8, > 0 such that for every h € (0, ho), u} (Bs,) < ¢. First, by (44) (applied
with # = 1) and Step 1,

h
Wi (Bs) < By Wighepyynpep(en- 1)) < By (61 € Bo).

But, under the ellipticity condition, L(f;‘ 1 |.§0 = x) admits a density p? (x,-) wr.t.
the Lebesgue measure A4 and by [33], Theorem 2.1 (for instance),
suppi‘(x, x')<C,

x,x’

where C does not depend on /. As a consequence, for every x € D,

Py (6l € B5) = [ Pl (5. x)haldx') = Cha(By).

The tightness follows.

Step 3 (Identification of the limit): Let (,u;ln) » denote a convergent subsequence
to w. One wants to show that u = u* (where u* stands for the unique QSD of
the diffusion killed when leaving D). To this end, it remains to show that there
exists A > 0 such that for any positive ¢ and any bounded continuous function
f:D—R,

(46) EulfED)lep@)>i] = exp(=2)u(f).

With standard arguments, one can check that this is enough to prove this statement
when f is C? with compact support in D.

Let us consider equation (44). First, up to a potential extraction, one can deduce
from Step 1 that A,, — A € R. By the weak convergence of (u;ln )n, it follows that
the right-hand side of (44) satisfies

47 Ch(t) exp(—Ant) i (f) = exp(=At) n(f).

Second, by [27] (Theorem 2.4 and remarks of Section 6 therein about the hy-
pothesis of this theorem), there exists a constant C(¢) such that for all x € D,

B[ £ (EM 1,y ehyor] = Bx[f EDepe)=e]] < CrC1()Vh.
It follows that

h—0
Sug|Ex[f($zh)1rD(sh)>z] Ex[fEDlp@)=1]] — 0.
xXe
AS a consequence,
h—0

uh[f(é&t ) rD(§’1)>t] - EMZ[f(St)lfu(f)>f] —0.
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Now, by a dominated convergence argument (using that sup,¢o 1 1§5 — £° — 0in
probability when x — x¢), one remarks that x > E.[ f (&) 1:,&)>:] is (bounded)
continuous on D. As a consequence, E/vb;n[f(gl‘)lfD(S)>f] — EulfGED 1)1

so that
hn h—0
]Euzn [f(gt )IID(Eh")>t] Eﬂ[f(gt)lf[)(f)>[]-

Equality (46) follows by plugging the above convergence and (47) into (44). [J
8. Extensions.

8.1. Noncompact case: Processes coming down from infinity. In the main re-
sults, we chose to restrain our considerations to compact spaces. When & is only
locally compact, the results of this paper could be extended to the class of pro-
cesses which come down from infinity (CDFI), that is, which have the ability to
come back to a compact set in a bounded time with a uniformly lower-bounded
probability (for more details, see, e.g., [2, 15, 19]). First, note that the (CDFI)-
condition is a usual and sharp assumption which ensures uniqueness of the QSD
in the locally compact setting. Second, the (CDFI)-condition is in particular en-
sured if £ is locally compact and if there exists a map V, such that {V < C} is
compact for every C > 0 and M := sup, ¢ KV (x) is finite. Also, let us remark
that P := { € P(E), u(V) < M} is compact for the weak convergence topology
(owing to the coercivity condition on V') and is invariant under the action of the
kernel K. Then, on this subspace P, the main arguments of the proof of the main
results could be adapted to obtain the convergence of the algorithm.

8.2. Noncompact space: The minimal QSD. In Theorem 3.4, we have seen
that when a process admits several QSDs, our algorithm may select all of its QSDs
with positive probabilities. When (CDFI)-condition fails in the noncompact set-
ting (think for instance about the real Ornstein—Uhlenbeck process killed when
leaving R ), uniqueness generally fails and one can not expect the algorithm to
select only one QSD. However, if the aim is to approximate the so-called minimal
QSD, namely the one associated to the minimal eigenvalue and appearing in the
Yaglom limit, then one can use a compact approximation method in the spirit of
[42]. More precisely, consider for instance a diffusion process (&;);>0 on R killed
when leaving an unbounded domain D and denote by u* the related minimal QSD
(when exists). Let also (K,,),>1 be an increasing sequence of compact spaces such
that (J,~.; K, = D. Then, under some nondegeneracy assumptions (see, e.g., The-
orem 3.9), the QSD u* related to K, is unique for every n and by [42], Theo-
rem 3.1, lim,—, y oo u); = w*. Then, using our algorithm for an approximation of
w;; would lead to an approximation of u* for n large enough.

8.3. Continuous-time algorithm. In view of the approximation of the QSD of
a diffusion process (&;);>0 on a bounded domain D satisfying the assumptions of
Theorem 3.9, it may be of interest to study the convergence of a continuous-time
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equivalent of our algorithm (instead of considering an Euler scheme with con-
stant step). Of course, without discretization, such a problem is mainly theoretical
but it is worth noting that the difficulties mentioned below should be very simi-
lar if one investigated an algorithm with decreasing step (on this topic, see also
Remark 3.11).

The continuous-time algorithm is defined as follows:

let x € D and (X});>0 be as (&;);>0 with initial condition & = x;
let ! =inf{t >0| X! ¢ D}, forall t < t! we set X, = X/;
let u; = % i 8x, ds be the occupation measure of X;
let U be a random variable distributed as 1,1 (conditionally on the stopping
time o-field F,1);
o weset X1 =U,;
e the process then evolves as above starting from U'.

We denote by (% )i>1 the sequence of jumping times. At the nth time, the process
jumps uniformly over the positions from all its past and not only from [”, t1].
This sequence of stopping times is increasing and almost surely converges to some
7% € (0, +00]. The process (X;);>0 is well defined until the time 7°°. It is not
trivial that T = oo because the process (X;);>¢ can be arbitrarily close to the
boundary and the times between jumps become arbitrarily short. Nonetheless, we
have the following.

LEMMA 8.1 (Nonexplosion of the continuous-time algorithm). Under the as-
sumptions of Theorem 3.9, we have T = +00 a.s.

The proof is given below. This type of problem is reminiscent of the Fleming—
Viot particle system [10, 11, 43]. However, the comparison stops here because our
procedure is not “Markovian” and their proofs cannot be adapted.

PROOF OF LEMMA 8.1. Let x € D be the starting point of (X;);>¢. Fix e > 0
such that d(x, dD)>¢ and choose 0 < § < €. Let (B;);>¢ a Brownian motion and
choose z in the ball B(x, §) of center x and radius §. We let (&);>0 be the solution
of

déf:b(éf)dt—ka(éf)dBt, "g“§=z,
and

Tesx = inf inf{r >0]& ¢ B(x,e)}.

zeB(x,8)

The variable 7, 5 . is almost-surely positive. On {t*° < +00}, we have, for ev-
ery t € [t!, ),

Te,8,x
T

[L[(B()C, 5)) >
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As a consequence on {t*° < 400}, the process (X;);>0 jumps infinitely often in
B(x, §). Butif it starts from a point z € B(x, §), its absorption time can be bounded
from below by a random variable o (independent from the past) such that o has
the same law as 7, s x. Hence, we have

-L-OO Z Zo_l’ly

n>1

on {t* < 400}, where (0,,),>1 is a sequence of i.i.d. random variable distributed
as Tgs.x. As they are positive, the strong law of large numbers ensures that
> n>00n = +00 almost surely and then P(z*® < +o00)=0. O
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