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We introduce a suitable backward stochastic differential equation
(BSDE) to represent the value of an optimal control problem with partial
observation for a controlled stochastic equation driven by Brownian motion.
Our model is general enough to include cases with latent factors in mathemat-
ical finance. By a standard reformulation based on the reference probability
method, it also includes the classical model where the observation process is
affected by a Brownian motion (even in presence of a correlated noise), a case
where a BSDE representation of the value was not available so far. This ap-
proach based on BSDEs allows for greater generality beyond the Markovian
case, in particular our model may include path-dependence in the coefficients
(both with respect to the state and the control), and does not require any
nondegeneracy condition on the controlled equation.

We use a randomization method, previously adopted only for cases of
full observation, and consisting in a first step, in replacing the control by an
exogenous process independent of the driving noise and in formulating an
auxiliary (“randomized”) control problem where optimization is performed
over changes of equivalent probability measures affecting the characteristics
of the exogenous process. Our first main result is to prove the equivalence
between the original partially observed control problem and the randomized
problem. In a second step, we prove that the latter can be associated by duality
to a BSDE, which then characterizes the value of the original problem as well.

1. Introduction. The main aim of this paper is to prove a representation for-
mula for the value of a general class of stochastic optimal control problems with
partial observation by means of an appropriate backward stochastic differential
equation (backward SDE or BSDE).

To motivate our results, let us start with a classical optimal control problem with
partial observation, where we consider an R”-valued controlled process X solution
to

dX; =b(X;,a)dt + o' (X, a,)dV! +0%(X,, a1)dV?,
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with initial condition Xo = xq, possibly random. The equation is driven by two
processes V ! V2 which are independent Wiener processes under some probability
P, and the coefficients depend on a control process «. The aim is to maximize a
reward functional of the form

_ T
J (@) =E[ [ roxsanas +g(XT)],

where E denotes the expectation under PP. In the partial observation problem the
control « is constrained to being adapted to the filtration FY = (]_—[W) >0 generated
by another process W, called the observation process. A standard model, widely
used in applications, consists in assuming that W is defined by the formula

dW, = h(X;, ;) dt +dV?, Wo = 0.

In this problem, b, o', 62, f, g, h are given data satisfying appropriate assump-
tions. We also introduce the value

Vo =sup J(a),
o

where o ranges in the class of admissible control processes, that is, FW -progressive
processes with values in some set A of control actions. A very effective approach
to this problem is the so-called reference probability method, which consists in
introducing, by means of a Girsanov transformation, a probability P under which
V! and W are independent Wiener processes. Explicitly, one defines dPP = Zr lap
where the density process Z satisfies

dZt:Zth(Xt,Ol[)th, Z()Zl

Next, one introduces the process of unnormalized conditional distributions defined
for every test function ¢ : R" — R by the formula

o (@) =E[p(X)Z: | FV]

and proves that p is a solution to the so-called controlled Zakai equation:
(1.1) dpi(9) = pe (L¥ @) dt + p(h(-, ar)p + M™ $) AW,

where £%¢ = L Tr(co T (-, a) D%*¢) + Dob(-, a), M?p = Depc2(-,a), o = (o',
02) and initial condition pg equal to the law of xo. The reward functional to be
maximized can be rewritten as

T
(12) J(@) =E[ fo pt(f(-,az))errpT(g(-))]

Under appropriate assumptions, for every admissible control process, the equa-
tion (1.1) has a unique solution p in some class of F" -progressive processes with
values in the set of nonnegative Borel measures on R”, and thus (1.1)-(1.2) can
be seen as an optimal control problem with full observation, called the separated
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problem, having the same value Vg as the original one (properly reformulated).
Often, conditions are given so that o, (dx) admits a density 7;(x) with respect to
the Lebesgue measure on R” and the controlled Zakai equation is then written as
an equation for 7, considered as a process with values in some Hilbert space, for
instance the space L?(R") or some weighted L2-space. We also mention that, as
an alternative to the Zakai equation, one could use the (controlled version of the)
Kushner—Stratonovich equation and repeat similar considerations.

However, the new controlled state p, or equivalently 7, is now an infinite-
dimensional process, which makes the separated control problem rather challeng-
ing, and the subject of intensive study. It is not possible to give here a satisfactory
description of the obtained results and we will limit ourselves to a brief sketch
of the possible approaches and refer the reader to the treatises [27] and [6] for
more complete results and references. A first method is the stochastic maximum
principle, in the sense of Pontryagin, which provides necessary conditions for the
optimality of a control process in terms of an adjoint equation and can be used
to solve successfully the problem in a number of cases; see [6] and [32]. A sec-
ond approach is the dynamic programming method to (1.1)—(1.2), which leads to
a Hamilton—Jacobi—Bellman (HJB) equation in infinite dimension, and has been
studied by viscosity methods in [26], later significantly extended in [18]. The is-
sue of existence of an optimal control is addressed for instance in [13].

It is a remarkable fact that the use of BSDEs in this context is limited to the
adjoint equations in the stochastic maximum principle cited above, in spite of the
fact that BSDEs are used extensively and successfully in many areas of stochastic
optimization to represent directly the value function. The reason for this can be
explained by looking at the simple case when o' = I, 02 =0, h(x, a) = h(x), that
is, we have the partially observed controlled system

dX, =b(X;,a)dt +dV;',  dW,=h(X,)dt +dV?,
and the corresponding controlled Zakai equation for the density process n is the
following stochastic PDE in R”:
1 :
(1.3) dn (x) = 7 Ani(x) dt — div(b(x, a)n; (x)) dt +n, () (x) dW;.

The standard method to represent the value based on BSDEs fails for such a con-
trol problem, since the diffusion coefficient is degenerate and the drift lacks the re-
quired structural condition; see for instance [14] for the infinite-dimensional case.
Roughly speaking, an associated BSDE could immediately be written for equa-
tions having the form

1
dny(x) = SAm(x)dt + e () )[r(n: (), 1, x, ) dt +d W]

for some coefficient 7. This often implies, by an application of the Girsanov theo-
rem, that the laws of the controlled processes 1 (depending on the control process
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«) are all absolutely continuous with respect to the law of the uncontrolled process
corresponding to r = 0, but this property fails in general for the solutions to (1.3).
The same difficulty can also be seen at the level of the corresponding HIB equa-
tion: in the simple case, we are addressing this equation is of semilinear type, but
it does not fall into the class of PDEs whose solution can be represented by means
of an associated BSDE; see for instance [28] or [14]. The problem of representing
the value function of the classical partially observed control problem by means of
a suitable BSDE becomes even more difficult in the general case when the HIB
equation is fully nonlinear, and has remained unsolved so far.

It is the purpose of this paper to fill this gap in the existing literature, by intro-
ducing a suitable BSDE whose solution provides such a representation formula.
As a motivation, we note that methods based on BSDEs have the advantage that
they easily generalize beyond the Markovian framework. As a matter of fact, we
will be able to treat control problems where the coefficients in the state equation
and in the reward functional exhibit memory effects both with respect to state and
to control, that is, their value at some time ¢ may depend in a rather general way on
the whole trajectory of the state and control processes on the time interval [0, 7].
Various models with delay effects, or hereditary systems, are thus included in our
treatment. For these models, there is no direct application of methods which ex-
ploit Markovianity, such as the HIB equation (although the Markovian character
can be retrieved in a number of cases after an appropriate reformulation, which
requires however nontrivial efforts and often introduces additional assumptions).

Another motivation for introducing BSDEs is the fact that their solutions can
be approximated numerically. This way our result opens perspectives to finding an
effective way to approximate the value of a partially observed problem, which is
a difficult task due to the infinite-dimensional character of the Zakai equation and
its corresponding HJB equation.

To perform our program, we first formulate a general control problem of the
form

(14) dX;x = bt(Xa, 0() dt + Uz(Xa, a) dBt, X?){ = X0,

for t € [0, T], with reward functional and value defined by

T
(1.5) J(a):EUO ﬁ(X“,a)dt+g(X“)], Vo = sup J (@),

where the coefficients b, o, f, g depend on the whole trajectories of X and « in an
nonanticipative way. The partial observation character is modeled as follows: in the
Wiener process B, we distinguish two components (possibly multidimensional)
and write it in the form B = (V, W). We call W the observation process and we
require the control process o to be adapted to the filtration generated by W and
taking values in some set A, so that the supremum in (1.5) is taken over such
controls. In Section 2.3.2, we prove that this model includes the classical partial
observation problem described above as a special case and, moreover, that this
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formulation is general enough to include large classes of optimization models with
latent factors of interest in mathematical finance; see Section 2.3.1 below.

To tackle this problem, we will use a randomization method, introduced in [24]
for classical Markovian models, but earlier considered in [23] in connection with
impulse control and in [8, 12] on optimal switching problems. The idea of us-
ing the randomization method was inspired by the fact that it allows to represent
(or construct) viscosity solutions to some classes of fully nonlinear PDEs. Other
methods yield similar results, for instance those based on the notion of second-
order BSDEs [31] or the theory of G-expectations [29]. It is likely that they might
also be successfully applied to optimal control problems with partial observation.
We also note that the randomization method has already been applied to a variety
of situations; see [15] (compare also Remark 3.3 below), [2, 5, 9, 11, 16] in addi-
tion to the references given above. In order to present this method applied to the
problem (1.4)—(1.5), we assume for simplicity that A is a subset of a Euclidean
space and we take a finite measure A on A with full support. Then, enlarging the
original probability space if needed, we introduce a Poisson random measure p on
R+ x A with intensity A(da) and independent of the Brownian motion B. Then we
consider the stepwise process I associated with p and replace the control process
« by I, thus arriving at the following dynamics:

dXt:bt(X, I)dl‘-i—a,(X, I)dB[,
t

It:ao—l—/ f(a—ls,)u(dsda).
0 JA

Next, we consider an auxiliary optimization problem, called the randomized or
dual problem (in contrast to the starting optimal control problem with partial ob-
servation which we refer to also as primal problem), which consists in optimizing
among equivalent changes of probability measures which only affect the intensity
measure of w but not the law of W. In the randomized problem, an admissible
control is a bounded positive map v defined on €2 x R4 x A, which is predictable
with respect to the filtration FW-# generated by W and j. Given v, by means of an
absolutely continuous change of measure of Girsanov-type, we construct a proba-
bility measure PV such that the compensator of u is given by v;(a)A(da) dt and B
remains a Brownian motion under PV. Then we introduce the reward and the value
as

T
JRW)=E" [/O fi(X, Ddt + g(X)}, vl =sup IR ),

where E¥ denotes the expectation under P*. One of our main results (see Theo-
rem 3.1) states that the two control problems presented above are equivalent, in
the sense that

(1.6) Vo = UF.
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The reason for this construction is that, as shown in Section 5, the randomized
control problem is associated to the following BSDE with a sign constraint, which
then also characterizes the value function of the initial control problem (1.5). For
any bounded measurable functional ¢ on the space of continuous paths with values
in R”, define

pi(9) =E[p(X A | FH],

and consider the BSDE:
T
Vi=pr@+ [ pfiC.D)ds+Kr =K,
T T
(17 - [ zeaw~ [ [ Ui@nids da),
t t A
Ui(a) <0.

In Theorem 5.1, which is another of our main results, we prove that there exists
a unique minimal solution (Y, Z, U, K) to (1.7) (i.e., among all solutions we take
the minimal one in terms of the Y-component) in a suitable space of stochastic
processes adapted to the filtration FW-#, and moreover,

Yo= UZ)2 = Uy and more generally

(1.8) T W

vo=esssw! [ o D) s +prie) | 7]
v

The BSDE (1.7) is called the randomized equation, and corresponds to the HIB
equation of the classical Markovian framework. Note that the introduction of the
measure-valued process p and its occurrence in the generator and the terminal
condition of the BSDE is reminiscent of the separated problem in classical opti-
mal control with partial observation. We study in a companion paper [4] how one
can also derive such kind of HIB equation in the context of partially observed
Markovian control problems.

We note that probabilistic numerical methods have already been designed for
BSDEs with constraints similar to (1.7) in [21] and [22]. We shall postpone for a
future work the investigation, in the Markovian case, of an approximation scheme
for (1.7), and hence for the value of the partially observed control problem.

We would like to point out that in our approach the original partially observed
optimal control problem is formulated in the strong form, that is, with a fixed
probability space. This is probably a more natural setting, especially in connec-
tion with modeling applications, and it is customary for the stochastic maximum
principle and for other classes of optimization problems like optimal stopping and
switching. However, almost all applications of BSDE techniques to the search of
an optimal continuous control process are set in the weak formulation, since this
avoids some difficulties (one exception may be found for instance in [17]). In spite
of that, in the present paper we have chosen to adopt the strong formulation, at
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the expense of additional technical difficulties. Moreover, we note that our main
results are stated in a fairly general framework, allowing for locally Lipschitz co-
efficients with linear growth and without any nondegeneracy condition imposed on
the diffusion coefficient o. In particular, when o = 0, this includes the case of the
deterministic control problem with a path-dependent state dynamics and delay on
control. Finally, when the diffusion coefficient of the Brownian motion V is zero,
meaning that the dynamics of X is driven only by W, we are reduced to the case
of full observation control problem. Therefore, we have provided a general equiv-
alence and representation result in a unifying framework embedding several clas-
sical cases in optimal control theory and the proofs we present are almost entirely
self-contained. We end this Introduction noting that the randomization method has
already been applied to a variety of situations; see [2, 5, 9—11, 15, 16] in addition
to the references given above.

The rest of the paper is organized as follows. In Section 2, we formulate the
general optimal control problem (1.4)—(1.5) (the primal problem) with partial ob-
servation and path-dependence in the state and the control. We then present two
motivating particular cases: a general optimization model with latent factors and
uncontrolled observation process, which finds usual applications in mathematical
finance, and the classical optimal control problem with partial observation dis-
cussed above (but including also path-dependence). Then, in Section 3, we im-
plement the randomization method and formulate the randomized optimal control
problem associated with the primal problem. We state in Theorem 3.1 the basic
equivalence result between the primal and the randomized problem. Section 4 is
entirely devoted to the proof of Theorem 3.1, which requires for both inequali-
ties sharp approximation results and suitable constructions with marked point pro-
cesses. In Section 5, we show a separation principle for the randomized control
problem using nonlinear filtering arguments, and then relate by duality the sepa-
rated randomized problem to a constrained BSDE, which may be viewed conse-
quently as the randomized equation for the primal control problem.

2. General formulation and applications.

2.1. Basic notation and assumptions. In the following, we will consider con-
trolled stochastic equations of the form
2.1 dX¢ =b/(X% a)dt + 0, (X%, ) d By,

for t € [0, T], where T > 0 is a fixed deterministic and finite terminal time, and
gain functionals

J(@) = E[/OT F(X, @) di +g(xa)].

The initial condition in (2.1) is X§ = x¢, a given random variable with law denoted
po. Before formulating precise assumptions let us explain informally the meaning
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of several terms occurring in these expressions. The controlled process X¢ takes
values in R"” while B is a Wiener process in R4 We write B = (V, W) when
we need to distinguish the first m components of B from the other d components.
The control process, denoted by «, takes values in a set A of control actions. The
partial observation available to the controller will be described by imposing that
the control process should be adapted to the filtration generated by the process
W alone. Our formulation includes path-dependent (or hereditary) systems, that
is, it allows for the presence of memory effects both on the state and the control.
Indeed, the coefficients b, o, f, g depend on the whole trajectory of X* and «. The
dependence will be nonanticipative, in the sense that their values at time ¢ depend
on the values X¢ and «y for s € [0, ¢]: this is expressed below in a standard way
by requiring that they should be progressive with respect to the canonical filtration
on the space of paths.

Now let us come to precise assumptions and notation. Let us denote by C,, the
space of continuous paths from [0, 7] to R”", equipped with the usual supremum
norm ||x [« = x7, where we set x; := sup; g, [x(s)|, for £ € [0, T] and x € C,.
We define the filtration (C/');c[0,7], Where C/' is the o-algebra generated by the
canonical coordinate maps C, — R", x(-) > x(s),0 <s <1:

Cl=o{x(-) > x(s):s €[0,r]},

and we denote Prog(C,,) the progressive o -algebra on [0, T'] x C,, with respect to
.

We will require that the space of control actions A is a Borel space. We recall
that a Borel space A is a topological space homeomorphic to a Borel subset of a
Polish space. When needed, A will be endowed with its Borel o -algebra 5(A). We
denote by M4 the space of Borel measurable paths a : [0, T] — A, we introduce
the filtration (M2);¢(0.7], where M is the o -algebra

MIA =ocla()—a(s):s (0,11}

and we denote Prog(C, x M,) the progressive o-algebra on [0, T] x C, with
respect to the filtration (C" ® M),c0.7]-

(AD)

(i) A is a Borel space.

(i) The functions b, o, f are defined on [0, T] x C,, x M4 with values in R",
R#x(m+d) gnd R, respectively, are assumed to be Prog(C,, x M 4)-measurable (see
also Remark 2.1 below).

(iii) The function g is continuous on C,,, with respect to the supremum norm.
The functions b, o and f are assumed to satisfy the following sequential continuity
condition: once xi, x € C,,, ax,a € My, ||[xr — X|loo — 0, ar(t) — a(t) for dt-a.c.
t €[0, T] as k — oo we have

by (xk, ar) — bi(x, a), o (xg, ax) — o1(x, a),

fi(xg, ar) = fi(x,a) for dt-ae.t €[0, T].
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(iv) There exist nonnegative constants L and r such that
(22)  |bi(x,a) = bi(x',a)| + |or(x,a) — 01 (x', a)| < L(x —x)7,
(2.3) |b:(0,a)| + |0:(0,a)| < L,
(2.4) | fi(x,@)| + g0 < L1+ [Ix]1%),

forall (r,x,x’,a) €[0,T] x C,, x C;;, x My.
(v) po is a probability measure on the Borel subsets of R" satisfying
Jrn 1x1P po(dx) < oo for some p > max(2, 2r).

REMARK 2.1. The measurability condition (A1)(ii) is assumed because it
guarantees the following property, which is easily deduced:

(ii)’ Whenever (2, F,P) is a probability space with a filtration F, and « and
X% are F-progressive processes with values in A and R”, respectively, then the
process (b; (X%, o), 0,(X*, ), fi (X%, a))eqo0,7] 18 also F-progressive.

All the results in this paper still hold, with the same proofs, if property (ii)" is
assumed to hold instead of (ii). There are cases when (ii)’ is easy to be checked
directly.

REMARK 2.2. We mention that the global Lipschitz condition in (A1)(iv) can
be weakened to the case of locally Lipschitz coefficients with linear growth, which
is needed to include the motivating examples presented in Sections 2.3.1 and 2.3.2
under the scope of our results. For the sake of conciseness, we postpone this ex-
tension to the longer version [3] of our paper (see Section 4.3 in [3]). We finally
note that the function g, being continuous, is also C7-measurable.

REMARK 2.3. Assumption (A1) allows us to model various memory effects
of the control on the state process, including important and usual cases of delay in
the control. For instance, suppose that A is a bounded Borel subset of a Banach
space and b : A — R" is Lipschitz continuous. Then we may consider a weighted
combination of pure delays:

q
b(x,a) = E(mea(r - 5i>>,

i=1

where 0 < 6; <--- <8, < T, m; are bounded measurable real-valued functions
and we use the convention that o; = & (a fixed element of A) if ¥ < 0. We may also
allow the delays §; to depend on ¢ in an appropriate way. Alternatively, we may
have

bi(x, ) = 13(/(: w(t, s)a(s)ds>,



BSDES AND OPTIMAL CONTROL OF PARTIALLY OBSERVED SDES 1643

with 7 bounded measurable and real-valued. Note that in the latter case the mea-
surability condition (A1)(ii) fails in general, since the o-algebras /\/l;‘x are deter-
mined by a countable number of times, but the property (i)’ in Remark 2.1 is easy
to verify.

Clearly, we may address more complicated situations which are combinations
of the two previous cases and may also include a dependence on the path x.

REMARK 2.4. We mention that no nondegeneracy assumption on the diffu-
sion coefficient o is imposed, and in particular, some lines or columns of o may
be equal to zero. We can then consider a priori more general model than (2.1) by
adding dependence of the coefficients b, o on another diffusion process M, for ex-
ample, an unobserved and uncontrolled factor (see Application in Section 2.3.1).
This generality is only apparent since it can be embedded in a standard way in our
framework by considering the enlarged state process (X, M).

REMARK 2.5. The requirement that p > max(2, 2r) in (A1)(v) can be weak-
ened for specific results in the sequel. For instance, Theorem 3.1 below still holds
provided we only require p > max(2, r).

2.2. Formulation of the partially observed control problem. We assume that
A,b,o, f, g, po are given and satisfy the assumptions (A1). We formulate a con-
trol problem fixing a setting (2, F, P, F, V, W, xo), where (2, F, IP) is a complete
probability space with a right-continuous and P-complete filtration F = (F;);>0, V
and W are processes with values in R” and R?, respectively, such that B = (V, W)
is an R”*9_valued standard Wiener process with respect to IF and P, and x is an
R-valued random variable, with law pg under PP, which is assumed to be Fy-
measurable. Note that V and W are also standard Wiener processes and that V,
W, x¢ are all independent.

Let us denote FW = (]:rW)tzO the right-continuous and P-complete filtration
generated by W. An admissible control process is any F" -progressive process o
with values in A. The set of admissible control processes is denoted by AW . The
controlled equation has the form

(25) dX;x=b,(Xa,Ol)dt+G,(Xa,O{)dBt

on the interval [0, 7] with initial condition X{y = xo, and the gain functional is

2.6) J(a)=E[/0Tf,(X“,a)dt+g(X“)].

Since we assume that (A1) holds, by standard results (see, e.g., [30], Theo-
rem V.11.2, or [20], Theorem 14.23), there exists a unique FF-adapted strong solu-
tion X% = (X7)o</<r to (2.5) with continuous trajectories and such that (with the
same p for which E|xg|? < 00)

E[ sup |Xf‘|p] < 00.
1€[0,T]
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The stochastic optimal control problem under partial observation consists in max-
imizing J («) over all o € AW

2.7) Vo= sup J(a).

ac AW

REMARK 2.6. LetFB = (.FtB )s>0 be the right-continuous and P-complete fil-
tration generated by B. Then B is clearly a FZ-Brownian motion, the processes
o and X% are FZ-progressive and the filtration F does not play any role in deter-
mining J(«) and Ug. So we might assume from the beginning that F = F2 and
even that F = ]-"O% whenever convenient, but in the sequel we keep the previous
framework unless explicitly mentioned.

2.3. Two basic applications. In this paragraph, we address two classical opti-
mal control problems with partial observation, and we show that they can be recast
in the form outlined in the previous subsection.

2.3.1. Model with latent factors and uncontrolled observation process. Let
(€2, F, P) be a complete probability space with a right-continuous and P-complete
filtration F = (F;);>0. Let V, W be independent standard Wiener processes with
respect to IF, with values in R” and R¢, respectively. We assume that a controller,
for instance a financial agent, wants to optimize her/his position, described by an
n-dimensional stochastic process X solution on the interval [0, T'] to an equation
of the form

dX* =b,(X* M, 0,a)dt +5' (X%, M, 0,a)dV,
(2.8) _ _
+62(X%, M, 0,a)dW,

with coefficients b,&', 52 defined on [0, T] X Ciitnta X My valued in R”, R
RAxd respectively, and Prog(Cjt7+4 X My4)-measurable. Here, the process M,

valued in R, represents a latent factor that can influence the dynamics of X% and
is governed by a dynamics of the form

(2.9) dM, = B(M)dt + y} (M) dV, + y>(M)dW,,

for some coefficients ,3_, yl, y2 defined on [0, T] x C,;; valued in R™, R™>m,
R7*4 respectively, and Prog(C,;)-measurable. The process M is not directly ob-
served, and actually the agent takes her/his decisions based on a noisy observation
represented by a process O in R¢ solution to an equation of the form

(2.10) dO; =h,(M, 0)dt + k,(0)dW,, te[0,T],

for some coefficients 4 and k defined on [0,7] x Cs4g and [0,T] x Cg4,
Prog(Cj;+4)-measurable and Prog(C;)-measurable, valued in R? and R¥*4 | re-
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spectively. For instance, O; may be related to the market price of financial risky
assets at time 7. We denote FO = (fto),zo the right-continuous and I@—complete
filtration generated by O. An admissible control process, representing for instance
the agent’s investment strategy, is any F'?-progressive process o with values in the
Borel space A.

The agent wishes to maximize, among all admissible control processes, a gain
functional of the form

_ T _ _ _
J(a)zE[/O f;(X"‘,M,O,a)dt+§(X°‘,M,0)],

where E denotes expectation with respect to P, for real-valued coefficients f, g
defined on [0, T'] x Ciym+a X My and Cj 4744, Prog(Cii 7 +-a X M a)-measurable
and C}" +4_measurable, respectively.

In order to put this problem in the form addressed in the previous subsection,
we make a change of probability measure and pass from the “physical” probability
PP to a “reference” probability P. Assuming that k; () is invertible for all ¢ € [0, T]
and y € Cy4, and that the process {kt_l(O)h,(M, 0),0 <t < T} is bounded, we
define a process Z setting

t —
z;! =exp(—/ ks (0) " hy(M, 0)dW,
0
1 t _1 2
2 ) ks (0) ™ hs(M, O)| ds), tel0,T].

The process Z~! is a martingale under [P, and by the Girsanov theorem, under the
probability P(dw) = Zt (a))_llf”(da)) the pair (V, W) is a standard Wiener process
in R4 with respect to IF, where W, = W; + [§ ks (0)~'hy(M, O)ds, t €10, T].
We denote by FW = (F);c(0.7] the right-continuous and P-complete filtration
generated by W, and see that the observation process O is a solution under P to
the equation:

(2.11) dO; =k;(0)dW;.
Assuming a Lipschitz condition on k, that is, there exists a constant K such that
ki (y) — k(Y < K (v = y")7,

for all (¢, y, yl) e [0, T] x C; x C4, we deduce that O must be FW—adapted
and, therefore, that ]:,0 C ]:tW for t € [0, T]. On the other hand, since W; =
fé kg (0)_1 d Oy, the opposite inclusion also holds and we conclude that F 0 _FW,
Moreover, it is easily checked that Z is a P-martingale satisfying the equation

(2.12) dZ, = Zk,(0) ' hy(M, O) dW,,
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and that the equations (2.8)—(2.9) for (X*, M) can be rewritten under P as

dX% =[b(X*, M, 0,a) —57(X*, M, 0, )k (0) " h,(M, 0)]dt
(2.13) . )
+6 (X%, M, 0,a)dV, +5}(X%, M, 0,a)dW,,

o1 dM, = [B:(M) — y2(M)k(0) ' hy(M, 0)]dt
' + (M) dV, + yA(M)dW,.,

while the gain functional is rewritten as an expectation under P from the Bayes
formula:

T
(2.15) J (@) :EUO Z:f(X*, M, 0,a)dt + Zrg(X*, M, 0)]

Now let us define the four-component process X = ()_( “ M, O, Z) and note
that the equations (2.11), (2.12), (2.13), (2.14) specify a controlled stochastic equa-
tion for X* of the form (2.5) (with the obvious choice of b and o in that equation).
Similarly, the gain functional (2.15) can be put in the form (2.6) (with the obvious
choice of f and g).

EXAMPLE 2.1. As an example of financial application, let us mention the case
of a risky asset whose price S; satisfies

dS; = S(p(My) dt + 0:(S) dW,)

for a scalar Brownian motion W, a volatility which is a functional of the past values
of S, and an unobserved return process M governed by (2.9). We assume that p,
o¢(+) and o*,_] (-) are bounded functions. The wealth X & of an investor that invests
a fraction «; of her/his wealth in this asset (and the rest in a risk-free asset with
interest rate ) evolves according to the self-financing equation:

- - dSs _
dX% =, X —L + (1 — o) X% dt
(2.16) St

= )_(;X[i" +C(t(,0(Mt) — r)] dt + )_(f‘azat(S)th.

The investor typically observes the risky price process or equivalently the log-price
process O; :=log S; that solves the equation

0:(S)?
2

which can be put in the form (2.10) setting k;(y) = o;(exp(y)) and h;(z,y) =
p(2) — k;(y)?/2. Notice that the wealth process is F?-adapted, since it is solu-
tion to equation (2.16). Therefore, when choosing the investment strategy « the
investor gains no additional information by observing the wealth process, and so it
is reasonable to impose the condition that & should be adapted to the filtration F©
alone, rather than to the one generated by O and X¢.

do, = (p(M,)_ )dt—i—a,(S)dW,,
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2.3.2. A classical partially observed control problem. In the previous exam-
ple, the observed process O was not affected by the choice of the control. We next
remove this restriction, adopting a classical approach which consists in starting
with the “reference” probability IP and introducing the “physical” probability later,
as presented, for example, in the book [6].

Let (2, F,P) be a complete probability space with a right-continuous and P-
complete filtration F = (F;);>0. Let V, W be independent standard Wiener pro-
cesses with respect to [F, with values in R” and R, respectively, and consider the
observation process solution to the equation in R?

2.17) dO; =k (0)d Wy,

where k;(y) is defined on [0, T'] x Cg4, Prog(C,)-measurable, Lipschitz in y and
invertible with bounded inverse. Similarly, as in the previous paragraph, we see
that FW = F9, and an admissible control process is any FW -progressive process o
with values in a Borel space A.

We are given coefficients b, h, &', 5% defined on [0, T] x Ciita X My, valued
in R?, RY, R"™ R4 respectively, and Prog(Ci+q x My)-measurable. Then,
for any admissible control process «, let the process X* be defined as the solution

to the equation in R":
dX% =[b/(X*, 0,a) —G1(X%, 0, )k (0) 'h, (X%, 0, a)]dt
(2.18) i _
+5 (XY, 0,a)dV, + 62 (X*, 0,a)dW,.

We introduce the gain functional J(«) associated to a control o by means of
a change of probability in the following way. Assuming that the function k!4 is
bounded, let us define for any admissible control process «, the P-martingale:

t _ 1 rt _

zg:exp<f ks (0)'hg (X%, 0, o) dWy —5/ ks (0) " Thy (X, o,a)|2ds),
0 0

solution to the equation

(2.19) dZ% = 7%, (0)"'h, (X%, 0, a) dW,,

and introduce the “physical” probability P* setting P%(dw) = Z5(w)P(dw).
Given real-valued coefficients f , & defined on [0, T] x Cjtq x My and Cjiiq,
Prog(Cj+4 x M4)-measurable and C;’~+d—measurable, respectively, the gain func-
tional is then defined as

J(@) =E" UOT fi(X¥, 0,a)dt + g(X*, 0)}.

The interpretation of this formulation is the following. By defining the process W¢
as

s -
Wf’:Wt—/ ks(0)'hg (X%, 0,a)ds,  te€[0,T],
0
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for any admissible control process o, we see by the Girsanov theorem that the pair
(V, W%) is a standard Wiener process in R’”” under the probability P* and with
respect to [F. Moreover, the dynamics of (X%, O) is written under P* as

dX% =b,/(X% 0,a)dt +5(X*, 0,a)dV, +53(X*, 0,a)dW?,
dO; = h(X%, 0, a)dt +k (0)dW/.

We then obtain a classical controlled state equation, and an observation process
perturbed by noise and also affected by the choice of the control.

Finally, we notice that this problem is recast in the framework of Section 2.2
by rewriting from Bayes’ formula and the P-martingale property of Z%, the gain
functional as an expectation under P:

(2.20) J(a):E[/(; 7% (X%, 0,a)dt + Z35(X® 0)]

Thus, by defining the three-component process X% = (X%, Z%, O), we see that the
equations (2.17), (2.18), (2.19) specify a controlled stochastic equation for X* of
the form (2.5), and the gain functional (2.20) can be put in the form (2.6).

3. The randomized stochastic optimal control problem. We still assume
that A, b, o, f, g, po are given and satisfy the assumptions (A1l). We implement
the randomization method and formulate the randomized stochastic optimal con-
trol problem associated with the control problem of Section 2.2. To this end, we
suppose we are also given A, ap satisfying the following conditions, which are as-
sumed to hold from now on:

(A2)

(i) A is a finite positive measure on (A, B(A)) with full topological support.
(i1) ao is a fixed, deterministic point in A.

We anticipate that A will play the role of an intensity measure and ag will be
the starting point of some auxiliary process introduced later. Notice that the initial
problem (2.7) does not depend on X, ag, which only appear in order to give a
randomized representation of the partially observed control problem. In this sense,
(A2) is not a restriction imposed on the original problem and we have the choice
to fix ap € A and an intensity measure A satisfying this condition.

3.1. Formulation of the randomized control problem. The randomized control
problem is formulated fixing a setting (fz, FP,V, W, L, Xo), where (Q, F, IE’)
is an arbitrary complete probability space with independent random elements V/,
W n, xo The random variable X is R”-valued, with law £0 under P. The process
B = (V W) is a standard Wiener process in R” ¢ under P. [ is a Poisson random
measure on A with intensity A(da) under P; thus, i is a sum of Dirac measures
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of the form i = Y on>1 8( S i)’ where (1,),>1 is a sequence of A-valued random
variables and (S,),>1 is a strictly increasing sequence of random variables with
values in (0, 00), and for any C € B(A) the process 1((0,7] x C) —tA(C), t >0,
isa ]f”—martingale. We also define the A-valued process

3.1) Ii=7) inlg, 5.0, 120,

n>0

where we use the convention that 5‘0 =0 and fo = ag, the point in assumption
(A2)(i1). Notice that the formal sum in (3.1) makes sense even if there is no addi-
tion operation defined in A and that, when A is a subset of a linear space, formula
(3.1) can be written as

~ t ~
n=@+//m—hgmwwx £>0.
0 JA

Let X be the solution to the equation

(3.2) dX, =b,(X, dt +o,(X,)dB,,

for t € [0, T], starting from )A(o = Xo. We define two filtrations IE‘W”l = (]-",W’ﬁ“),zo

and Ffo-B-it = (Fro-B-ly _setting

33) .EW’ﬁ =0(Ws, (0,51 x C):s €[0,1],C € B(A)) VN,

FioBl — 5 (%0, By, 1((0, 5] x C) 15 €10, 1], C € B(A) VN,

where A denotes the family of P-null sets of 7. We denote P(Fw’ﬁ), P(Fi(”é )
the corresponding predictable o -algebras.

Under (Al) it is well known (see, e.g., Theorem 14.23 in [20]) that there exists
a unique IF;‘O’B”A‘—adapted strong solution X = ()A(,)OSIST to (3.2), satisfying )A(O =
X0, with continuous trajectories and such that (with the same p for which I@|£0|p <
00)
(3.4) fE[ sup |f(t|P] < 00.

1€[0,T)

We can now define the randomized optimal control problem as follows: the set

V of admissible controls consists of all § = D (&, a): Q x Ry x A — (0, 00),

which are P(IE‘W"}) ® B(A)-measurable and bounded. Then the Doléans exponen-
tial process

K=&, (fo /A(f)s(a) — 1)(A(ds da) — A(da)ds))

t A A~
= exp(/(; /A(l — Vg(a))r(da) ds) l_[ vg (fin), t>0,

(3.5)

< =t
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isa martingale With respect to [P and F¥-2, and we can define a new probability
setting PP (do) = KT (a))IP’(da)) From the Glrsanov theorem for multivariate point
processes ([19]), it follows that under PP the FW-i- -compensator of {1 on the set
[0, T] x A is the random measure Vs (@)A(da) dt. Notice that B remains a Brow-
nian motion under ]P’” and using (2.2)-(2.3) we can generalize estimate (3.4) as
follows:

(3.6) supIAE‘A’[ sup |)A(t|p] < 00,
vey tel0,T]

where [£” denotes the expectation with respect to PP, We finally introduce the gain
functional of the randomized control problem:

A .
(3.7) JR(f)):E”[/O ft(X,I)errg(X)]

The randomized stochastic optimal control problem consists in maximizing J ()
over all v € V. Its value is defined as

(3.8) V& =sup IR (D).
pep

REMARK 3.1. Let us define Viprog = ve V: ianX[O TIxA D > 0}. Then

(3.9) vl = sup JR®D).

D €Vinf>0

Indeed, given ¥ € Vand € > 0, define D€ =D v e € l>inf>o and write the gain (3.7)
in the form

JR(€) = IAEI:K;{E (/OT fi(X, Dydt + g(}?))].

It is easy to see that J*(D€) — JR(D) as € — 0, which implies

UZ)z =supJR(MD) < sup JROD).
peV D€Vine=0

The other inequality being obvious, we obtain (3.9).

REMARK 3.2. We end this section noting that a randomized control problem
can be constructed starting from the initial control problem with partial obser-
vation. Indeed, let (22, F,P,TF, V, W, xo) be the setting for the stochastic opti-
mal control problem formulated in Section 2.2. Suppose that (', 7', ) is an-
other probability space where a Poisson random measure p with intensity A is
deﬁned (for instance by a classical result, see [34], Theorem 2.3.1, we may take

= [0, 1], F’ the corresponding Borel sets and P’ the Lebesgue measure). Then
we define Q = Q x ', we denote by F the completion of F ® F’ with respect
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to P ® P’ and by P the extension of P ® P’ to F. The random elements V, W,
xo in € and the random measure p in ' have obvious extensions to Q, that will
be denoted by the same symbols. Clearly, (Q, F,P, V, W, 1, xo) is a setting for a
randomized control problem as formulated before that we call product extension
of the setting (2, F, P, V, W, x¢) for the initial control problem (2.7).

We note that the initial formulation of a randomized setting (Q, F , ]f", \7, W,
{1, Xo) was more general, since it was not required that 2 should be a product
space 2 x Q' and, even if it were the case, it was not required that the process

= (V, W) should depend only on w € €2 while the random measure [ should
depend only on o’ € .

3.2. The value of the randomized control problem. In this section, it is our
purpose to show that the value UZ)z of the randomized control problem defined in
(3.8) does not depend on the specific setting (Q, F PV, W, L, X0), so that it is
just a functional of the (deterministic) elements A, b, o, f, g, po, A, agp. Later on,
in Theorem 3.1, we will prove that in fact Uz)z does not depend on the choice of A
and ay either.

So let now (Q .F IP’ vV, W, L, Xo) be another setting for the randomized control
problem, as in Section 3.1, and let P-4, FFo.B.i % [ P be defined in analogy
with what was done before. So, for any v € V, we also define «" and the probability
dP’ = k1 dIP as well as the gain and the value

- -~ rT -~ - N -
JR®) =E”[/ fi(X, I)dt+g(X):|, Dy = sup SR ().
0 Y%
We recall that the gain functional and value for the setting (Q, F , I@), \7, W, [, X0)

was defined in (3.7) and (3.8) and denoted by J R and UZ)2 rather than J® and OZ},
to simplify the notation.

PROPOSITION 3.1. With the previous notation, we have Uz)z = 0(7)2‘ In other

words, U§ only depends on the objects A, b, o, f, g, po, », ag appearing in the
assumptions (A1) and (A2).

PROOF. It is enough to prove that UZ)2 < f)z)z, since the opposite inequality is
established by the same arguments. Writing the gain J™(9) defined in (3.7) in the
form

JR@®) = [KT</ Fi(X, I)dt—i—g(X))]

recalling the definition (3.5) of the process «¥ and noting that the process [ is
completely determined by fi, we see that J® (D) only depends on the (joint) law
of (X, ft,V) under P. Since, however, X is the solution to equation (3.2) with
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initial condition Xo = £, it is easy to check that under our assumptions the law of
()A(, i, ) only depends on the law of (X, vV, W, i, V). Since X, V and (W, i, D)
are all independent, and the laws of Xy and V are fixed (since V is a standard
Wiener process and x( has law pg) we conclude that J R®) only depends on the
law of (W, [, V) under P Similarly, JR(®) only depends on the law of (W, 1, D)
under P.

Next, we claim that, given D € V there exists U € V such that the law of
(W, [, V) under P is the same as the law of (W, ft, V) under P. Assuming the
claim for a moment, it follows from the previous discussion that for this choice of
v we have

TR®) = JR (@) < OF,

and taking the supremum over ¥ € V we deduce that 1)(7)z < sz)a, which proves the
result.

It only remains to prove the claim. By a monotone class argument, we may sup-
pose that V;(a) = k(a)¢; ¥, where k is a B(A)-measurable, ¢ is IF‘W—predictable
and y is F~ -predictable (where these filtrations are the ones generated by W and
[, resp.). We may further suppose that ¢, = l(to,tl](f)¢0(Wsl, e Wsh), for an in-
teger h and deterministic times 0 < s1 <...s, <fg < t1 and a Borel function ¢y
on R”, since this class of processes generates the predictable o-algebra of FV,
and that ¢, = 1(3,,,§n+1](t)1ﬂ0(§1’ S, M-, Nn,t), for aninteger n > 1 and a
Borel function 9 on R?"*1 since this class of processes generates the predictable
o -algebra of A [see [19], Lemma (3.3)]. It is immediate to verify that the required
process ¥ can be defined setting

D1 (@) = k(@) Lo, ) (D0 Wsy, .., We) 15, 5 1(0)
X WO(SI, LI} gn’ ﬁlv LR ] ﬁn,t),

where (S‘n, fn)n>1 are associated to the measure i, thatis, t =3, 8(5,, - O

3.3. Equivalence of the partially observed and the randomized control problem.
We can now state one of the main results of the paper.

THEOREM 3.1. Assume that (A1) and (A2) are satisfied. Then the values of
the partially observed control problem and of the randomized control problem are
equal:

(3.10) vo =V,

where U and Uz)z are defined by (2.7) and (3.8), respectively. This common value
only depends on the objects A, b, o, f, g, po appearing in assumption (A1).
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The last sentence follows immediately from Proposition 3.1, from the equality
Vg = 1)(7)2 and from the obvious fact that Ug cannot depend on A, ag introduced in
assumption (A2). The proof of the equality is contained in the next section.

Before giving the proof of Theorem 3.1, let us discuss the significance of this
equivalence result. The randomized control problem involves an uncontrolled state
process (X, I) solution to (3.1)—(3.2), and the optimization is done over a set of
equivalent probability measures whose effect is to change the characteristics (the
intensity) of the auxiliary randomized process I without impacting on the Brow-
nian motion B driving X. Therefore, the equivalence result (3.10) means that by
performing such optimization in the randomized problem, we achieve the same
value as in the original control problem where controls affect directly the drift and
diffusion of the state process. As explained in the Introduction, such equivalence
result has important implications that will be addressed in Section 5 where it is
shown that the randomized control problem is associated by duality to a backward
stochastic differential equation (with nonpositive jumps), called the randomized
equation, which then also characterizes the value function of the initial control
problem (2.7).

REMARK 3.3. 'We mention that in the article [15] an equivalence result similar
to Theorem 3.1 was proved. However, in [15] only the case of full observation was
addressed and there was no memory effect with respect to the control, whereas
path-dependence in the state variable was allowed. But the main difference with
respect to our setting is that in [15] the primal problem was formulated in a weak
form, that is, taking the supremum of the gain functional (1.5) also over all possible
choices of the probability space (2, F, P). This simplifies many arguments, and
in particular makes the inequality Ug > UZ)z trivial.

4. Proof of Theorem 3.1. The proof is split into two parts, corresponding to
the inequalities UZ)2 < Ugpand Uy < UZ)Q. In the sequel, (A1) and (A2) are always
assumed to hold. However, instead of the inequality p > max(2, 2r), in (A1)(v) it
is enough to suppose that p > max(2, r).

Before starting with the rigorous proof, let us have a look at the main points:

) v{} < Uy. First, we prove that the value of the primal problem Uy does not
change if we reformulate it on the enlarged probability space where the ran-
domized problem lives, taking the supremum over AW-1'\which is the set of
controls & progressively measurable with respect to the filtration generated by
W and the Poisson random measure p’' (Lemma 4.1; actually, we take & pro-
gressively measurable with respect to an even larger filtration, denoted FW-Hoo),
Second, we prove that for every v € Vipr-. there exists a” € AW#" guch that
Lpv(x0, B, 1) = Zp(x0, B, @") (Proposition 4.2). This result is a direct conse-
quence of the key Lemma 4.3. From .Zpv (x9, B, I) = Z5(x0, B, @"), we obtain
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that J®(v) = J(@"), namely

vFi= sup JRw)= sup J(@").
VEVinf=0 aV
VEVinf>0
Since Vo = supg 4w,/ J (&) by Lemma 4.1, and every @" belongs to AVH e
easily obtain the inequality UZ)2 < Vo.

e Up< UZ)Q. The proof of this inequality is based on a “density” result in the spirit
of Lemma 3.2.6 in [25], which is Proposition 4.1 below. Before, we need to
introduce some notation.

We take an auxiliary probability space denoted (', 7', "), where appropri-
ate random objects are defined [see the Appendix of the longer version [3] of
our paper for the precise requirements on (', 7', P’)]. Then we construct the
product space (SAZ, F, Q):

Q=QxQ, F=F®F, Q=PgP.

The random variable xq and the processes « and B = (V, W) are extended to Q
in a natural way. We denote Xy and & the extensions of xo and «. The extension
of B, denoted B = (\7, W), remains a Wiener process under Q. The filtration
FW can also be canonically extended to a filtration in (Q, F), which coincides
with the filtration F¥ generated by W.

Following [25], for any pair !, o? : 2 x [0, T]1— A of measurable processes
in (€2, F, Q) we define a distance j(a!, &?) setting

T
4.1) A( l,az)zEQ[/o p(a,l,oc?)dt},

where EQ denotes the expectation under Q, and p is a metric in A satisfying
p <1

PROPOSITION 4.1. Let A be a Borel space, let A and ag satisfy (A2) and let
<, F, Q) be the product space defined above. Then, for any FY -progressive A-
valued process o and for any § > 0, there exists a marked point process (3,,, Nn)n>1
defined in (Q, F, Q) satisfying the following conditions:

1. setting

S():O, ﬁOZQO, Il = Zﬁnl[ﬁn,§,1+1)(t)’

n>0

the process 1 satisfies

~ T A
42) 5.&) =E@[ / p(lz,&t)dr} <
0
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2. denoting i = anl 8(§n ) the random measure associated to (S'n, Mn)n>1s
FA = (FI)i=0 the natural filtration of i and FV v FA = (.7-",W vV F*)i>0, then

the FV v Fﬁ-compensator of i under Q is absolutely continuous with respect to
A(da) dt and it can be written in the form

(4.3) Vi (@, a))(da) dt
for some nonnegative P(FW v FYy @ B(A)-measurable function v satisfying

(4.4) _inf  D>0, sup -V < 00,
Qx[0,T1xA Qx[0,T]x A

Roughly speaking, we prove that the class {a" : v € Vips=0} is dense in AW
with respect to the metric p defined in (4.1) (the same metric used in Lemma 3.2.6
in [25]). The proof of Proposition 4.1 is quite technical, and is postponed in the
Appendix of the longer version [3] of our paper. Then the inequality Vg < UZ)2
follows from the stability Lemma 4.4, which states that, under Assumption (A1),
the gain functional is continuous with respect to the metric p.

4.1. Proof of the inequality UZ)2 < Up. We note at the outset that the re-
quirement that A has full support will not be used in the proof of the inequality
vl <.

Let (2, F,P,F, V, W, xo) be a setting for the stochastic optimal control prob-
lem with partial observation formulated in Section 2.2. We construct a setting for
a randomized control problem in the form of a product extension as described at
the end of Section 3.1.

Let A be a Borel measure on A satisfying (A2). As a first step, we need to con-
struct a suitable surjective measurable map 7 : R — A and to introduce a properly
chosen measure A" on the Borel subsets of the real line such that in particular
A=A om~!. We also recall that the space of control actions A is assumed to be a
Borel space and it is known that any such space is either finite or countable (with
the discrete topology) or isomorphic, as a measurable space, to the real line [or
equivalently to the half line (0, c0)]: see, for example, [7], Corollary 7.16.1. Let us
denote by A, the subset of A consisting of all points a € A such that A({a}) > 0,
and let A, = A\ A.. Since A is finite, the set A, is either empty or countable, and
it follows in particular that both A, and A, are also Borel spaces. In the construc-
tion of A/, we distinguish three cases:

1. A, = @, sothat A = A, is uncountable. Then, as recalled above, there exists
a bijection 7w : R — A such that 7 and its inverse are both Borel measurable. We
define a measure A" on (R, B(R)) setting A'(B) = A(7(B)) for B € B(R). Even if
we cannot guarantee that A" has full support, it clearly holds that A'({r}) = 0 for
every r € R. Basically, in this case we are identifying A with R and A with its
image measure A’
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2. Apc = 9, so that A = A, is countable, with the discrete topology. For every
J € A, choose a (nontrivial) interval Z; C R in such a way that {Z;, j € A} is a
partition of R. Choose an arbitrary nonatomic finite measure on (R, B(R)) with
full support (say, the standard Gaussian measure, denoted by y) and denote by A/
the unique positive measure on (R, B(IR)) such that

X (B)=A({j})y(B)/y(Z;)  forevery BCZI;,BeB(R),jcA.

Notice that A’ is a finite measure (A'(R) = A(A)), satisfying A"(Z;) = A({j}) for
every j € A and A'({r}) = 0 for every r € R. We also define the projection 7 :
R — A given by

4.5) n(r)=j if r € Z; for some j € A.

Clearly, . =X o™\,

3. Ac # @ and A, # @. For every j € A. choose a (nontrivial) interval Z; C
(=00, 0] in such a way that {Z;, j € A.} is a partition of (—oo, 0]. Moreover, there
exists a bijection m; : (0, 00) — A, such that 71 and its inverse are both Borel
measurable. Denote by A" the unique positive measure on (R, B(RR)) such that

A(B)=Ar({j})y(B)/y(Z)) forevery BCZ;, Be B(R), j € A,
X (B) = A(m1(B)) for every B C (0, 00), B € B(R).

Again, 1’ is a finite measure satisfying A'(Z;) = A({j}) for every j € A, and
X ({r}) =0 for every r € R. We also define the projection 7 : R — A given by

4.6) 2(r) = Jj %frteforsomejeAc,
1 (r) if r € (0, 00),

so that in particular A = A’ o 7~ 1.

Now let (€', 7', ) denote the canonical probability space of a nonexplosive
Poisson point process on R x R with intensity A". Thus, ' is the set of sequences
@' = (ty, rp)n>1 C (0,00) x R with 1, < 1,41 / 00, (T, Ry)n>1 is the canonical
marked point process (i.e., T, (@) = tn, Ry (') =ry), and ' =3 ,~1 81, .r,) 1S
the corresponding random measure. Let 7’ denote the smallest o—glgebra such
that all the maps 7,,, R, are measurable and P’ the unique probability on F’ such
that ©' is a Poisson random measure with intensity A’ (since A’ is a finite mea-
sure, this probability actually exists). We will also use the completion of the space
(€', F', '), still denoted by the same symbol by abuse of notation. In all the cases
considered above, setting

An=m(Ry),  w= 81, 4.

n>1
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it is easy to verify that w is a Poisson random measure on (0, co) x A with inten-
sity A, defined in (Q/, ', ). Then, following (3.1), we associate to this Poisson
random measure on (0, o0) x A, the A-valued process

I =Y Az, 1,)(0), 1>0,

n>0

where we use the convention that 7p = 0 and Iy = ap the point in assump-
tion (A2)(ii). In (', F'), we define the natural filtrations F* = (]-',“ )i=0, T =

(-7'}“/)20 given by
Ft = o (n((0,51x C):s€10,1],C € B(A)) VN,
F = o (1 (0,51 x B) :s €[0, 1, B € BR)) v N,

where N denotes the family of P'-null sets of F’. We denote by P(F") PFH)

the corresponding predictable o -algebras. Note that F; " c .7-'[“ and ]—"go =F.

Then we define Q = Q x Q'; we denote by F the completion of F ® F’ with
respect to P ® P’ and by P the extension of P ® P’ to F. The random elements
V, W, xo in © and the random measures ., i’ in " have obvious extensions to Q,
that will be denoted by the same symbols. Then Q,F,P,V,W, WU, X0) is a setting
for a randomized control problem as formulated in Section 3.1. Recall that F" de-
notes the P-completed filtration in (€2, F) generated by the Wiener process W. All
filtrations FW | ¥, F#' can also be lifted to filtrations in (Q, F ), and I@’-completed.
In the sequel, it should be clear from the context whether they are considered as
filtrations in (2, ) or in their original spaces. As in Section 3.1, we define the
filtration F"-# = (F""*),~¢ in (Q, F) by

FVr=FVVvFvN

(N denotes the family of P-null sets of F), we introduce the classes V, Vins-0 and,
for any admissible control v € V, the corresponding martingale «", the probability
P'(dwdw) =k} (0, @ )P(dwdw') and the gain J™(v). For technical purposes,
we need to introduce the set V' of elements v' = v (o', a) : @' xRy x A — (0, 00),
which are P (IF#) ® B(A) measurable and bounded. We also define another filtra-

tion FW-Hoo = (]—" °°)z>0 in (Q, F) setting
Flte = Vv F VN

(here F’ denotes a o -algebra in (Q, F), namely {Q x B : B € F'}).

In order to prove the inequality UZ)2 < V9, we first prove two technical lemmata.
In particular, in Lemma 4.1 we show that the primal problem is equivalent to a new
primal problem with F'W-#~_progressive controls on the enlarged space (22, F).
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LEMMA 4.1. We have Uy = SUPg c gW.u/ J (@), where
_ _ T _ _
J (@) =IE[/ fi(X%, @) dt +g(X“)}
0

and AV is the set of all FW-Hoo -progressive processes & with values in A. More-
over, X% = (X?)OS,ST is the strong solution to (2.5) (with a in place of o) satisfy-
ing Xg‘ = X0, Which is unique in the class of continuous processes adapted to the
filtration (FB v o (x0) V F' Vv N)>0.

PROOF. The inequality Vg < supg . 4w J (&) is immediate, since every con-
trol € AV also lies in AW-#" and J () = J (), whence J (@) < supg qw J (@)
and so Vg =sup, 4w J () < SUPg ¢ AW,/ J(a).

Let us prove the opposite inequality. Fix « € AW-#" and consider the (un-
completed) filtration F” := (F¥ v F’);>0. Then we can find an A-valued F”-
progressive process & such that @ = & P(d®) d-almost surely, so that in particular
J (&) = J(@). It is easy to verify that, for every o’ € €', the process a®’, defined
by af’/ () = a;(w, @), is FY -progressive. Consider now the controlled equation
on [0, T

t / t /
X,:xo—i—/ bs(X,aw)ds+f o5 (X, ) d By
0 0
4.7) , ,
:x0+/ bs(X,&(-,a)’))ds-i—/ oy (X, a(-, ') d By.
0 0

From the first line of (4.7), we see that, under Assumption (Al), for every
o' there exists a unique (up to indistinguishability) continuous process X"‘w/ =
(Xf‘w/)oftfr strong solution to (4.7), adapted to the filtration (}",B Vv o(xg) V
N)i>0. Or_1 the other h_and, from the second line of (4.7), it follows that the
process X(-, w") = (X¥(-, »'))o<:i<r solves the above equation. From the path-
Wi_se uniqueness of strong solutions to equation (4.7), it follows that X;"w/ (w) =
X (w, w'), forall t € [0, T], P(dw)-a.s. By the Fubini theorem,

/

J(@) =J(@) =/Q/E[f0Tf,(X“”’ ,oz“’,)dt—i—g(X“w/)}IP’/(dw/).

Since the inner expectation equals the gain J («®'), it cannot exceed V and it fol-
lows that J (&) < V. The claim follows from the arbitrariness of &. [

The next result provides a decomposition of any element v € V), that is,
P(FEY-1) @ B(A)-measurable and bounded.
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LEMMA 4.2. (i) Let v € V, then there exists a P-null set N € N such that v
admits the following representation:

v,(a),a)/,a) =V )(w a)lio<i<1 (o))
# 3 o (06). A0 ). Aol )

X N1, @) <t <1 (@)

for all (w,w',t,A) € Q x Ry x A, (w,0) ¢ N, for some maps v : Q x
Ry x Ry x A)* x A— (0,00), n > 1, [resp., v : Q@ x Ry x A — (0, 00)],

which are P(FV) ® B((R4+ x A)") ® B(A)-measurable (resp., PEY) ® B(A)-

measurable) and uniformly bounded with respect to n. Moreover, if v € Vipg~.o then
infg, (0.71x4 v > 0 as well, for every n > 0.

(i1) Let v € V, then there exists N € F, with }P’(N’) =0, such that the map v® =
vP(w',a): Q' x Ry x A— (0, 00), defined by

v (@, a) = v(w, o, a), (' 1,a) e Q' xRy x A,

belongs to V' whenever w ¢ N. Moreover, for every w ¢ N there exists Ny, € N
such that

v (@, a) = v (@, ) o<r=r, )
(4.8) +Zv(”) (@, (T1 (o), A1 (@), ... (To(&), An()). a)

X Wt ()<t <T, 1))

for all (o' t,a) € Q' x Ry x A, o ¢ N/, where, clearly, v.(")(a), ) [resp.,
V@, )1is BRL) @ B(R4 x A)") ® B(A)-measurable (resp. B(R.) ® B(A)-
measurable).

PROOF. The proof is an extension of the results in [19], Lemma 3.3; it is based
on monotone class arguments and is left to the reader. [J

By Lemma 4.2(ii), given v € V, consider the process v® € V', with correspond-
ing P-null set N € F. Define the Doléans exponential process «”“ by formula (3.5)
with v in place of v. Notice that by Lemma 4.2(ii) we have «; (a/ )= Kt V(w,w),
for all (o', 1) € ' x Ry, whenever w ¢ N. Moreover, for w ¢ N, (k/ ),20 is a
martingale with respect to P’ and F#. We claim that there exists a unique prob-
ability measure P*” on (', F&) such that P**(de') =« (')’ (de') on each
o-algebra F/*, and by the Girsanov theorem, the F*-compensator of x4 under P"”
is given by the right-hand side of (4.8).
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The verification of the claim is a standard argument: using the boundedness of
v, one first verifies that

N bT, (@)
Ken, (a) ) =ape"

for some constants a,, b, which implies that (K;)AT”),ZO is a uniformly integrable
martingale with respect to P’ and F#. Then the probabilities IP’Zw defined on ]-"Tfl

setting IP’,‘;w do) = /c%(j ()P (de') satisfy the compatibility condition: PZL =
IP,‘;U) on .F’TLn for every n. Arguing as in Theorem 3.6 in [19], by the Kolmogorov
extension theorem there exists a unique probability P** on (€, F%) such that
P = Pzw on each .7-"%1 , and P"* has the required properties.

We can now state the following key result (Lemma 4.3) from which the re-
quired conclusion of this subsection follows readily (see Proposition 4.2). Recall
that (', 7', P’) denotes the canonical probability space constructed above.

LEMMA 4.3. Given v € Vipf=0, there exist a sequence (T,),A)),>1 on
(Q, F,P) and a P-null set N € F, with N C N (N is the set appearing in
Lemma 4.2(i1)), such that:

(i) foreveryn>1,(T,), A;) takes values in (0,00) x A and T,/ < T, ,;

(ii) for every n > 1, T,V is an FW”“‘QO—stopping time and A, is ]-';Vu’ﬂé’o—
measurable; ’

(iii) lim,— o0 T,) = 00;

@iv) for every w ¢ N, we have

o ((T) (o, ), A)(o, '))nzl) = Lo (T, Ap)n>1).

Finally, let &) = aoljo, 1) + X521 Ay, Lizy v, )(¥) be the step process associated
with (T, A))p>1. Then @ € AY* and Lo (& (@, ) = Lpwo (1), 0 ¢ N.

PROOF. Suppose that we have already constructed a multivariate point process
(T,), A;)n>1 satisfying points (i)—(ii)—(iii)—(iv) of the theorem. Then, by (ii), it fol-
lows that @V is cadlag and FW’“QO—adapted, hence progressive. Moreover, by (iii),

for every (w, t) € Q x [0, T] the series Yo Ay (J))I[Tnv (@),Tn"+1)(f) is a finite sum,

and thus @* € AV#'. Furthermore, by (iv), we see that Zp (@"(w, -)) = Lpwe (1),
wé¢N.

Let us now construct (7,/, A)),>1 satisfying points (i)—(ii)—(iii)—(iv). Fix v €
Vinf>0 and let N € F be as in Lemma 4.2. In particular, recall that formula (4.8)
holds for some maps v, n > 0, satisfying 0 < infv™ < supv®™ < M, for some
constant MV > 0, independent of n. Next, recall the construction of the map x :
R — A and the measure A'. Accordingly, we split the rest of the proof into two
cases.
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Case I. A, = @, so that A = A, is uncountable. In this case, m : R — A is

a Borel isomorphism, so to shorten notation we identify A with R and use the
notation A, A, Ay, u, FWhe = (ftw’“w),zo instead of R, A, R,, {1, FWikoo =
(.EW’MZ’O),ZO. Since we are treating the case A, = &, we have AL({a}) = 0 for every
a € A. We construct by induction on n > 1 a sequence (7,’, A,),>1 and a P-null
set N € F, with N C N, such that (T,), A))n>1 satisfies properties (i) and (ii) of
the theorem, and also the following properties:

(iii)" for every n > 1, we have 7 > T,,/M";
(iv)’ foreveryn > 1 and w ¢ N, we have

Lo (T (w, ), Al (@, ), ..., T)(w, ), A (w, )

4.9)
= Lo (T1, Ar, ... Tny Ay).

Notice that (iv)’ is equivalent to (iv). Moreover, since lim,,_, o T, = 00, we see
that (iii)’ implies property (iii).
Step 1: the case n = 1. Define

(4.10) 0 () = ﬁ/ot/Avio)(a),a))»(da)ds.

Since 0 < infv@® < supv©® < MY, we see that, for every w € Q, the map
t— 9,(1)(a)) is continuous, strictly increasing, Qél)(a)) =0, Ql(l)(a)) < M"t, and
Qt(l) (w) /" 00 as t goes to infinity. Then there exists a unique 77" : Q — R, such
that

9}})@ () =Ty (o).

Notice that 7" > Ti/M{. Moreover, since 71 > 0, we also have T > 0.
Let ETl = {(o,1) € Q x Ry : Qt(l)(a)) = Ti()}. Since the process (@, 1) —
(Qt(l)(a)), Ti (@) is FW’“m—adapted and continuous, ETI is an FW’“OO-Optional
set (in fact, predictable). Since T}"(w) = inf{t € Ry : (&, 1) € E7,} is the début of
E7,, from Theorem 1.14 of [20] it follows that 7" is an F"-*-stopping time. In
particular, T} is F-measurable, therefore there exists a P-null set NTlv € F such
that T} (w, -) is F '-measurable, whenever ¢ NTlv.

Now define
b (0)
A((—00, b)) _ [ oo Vv iz (@, @)X (da)
imPin sn KO0 gy T
A(A) 7S leu(@)(w,a))»(da)

Since infv® > 0 and A({a}) = 0 for any a € A, we see that, for every @ € S,
the map b — Fb(l)(J)) is continuous, strictly increasing, valued in (0, 1), and
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limp_s _ oo Fb(l)(d)) =0, limp— 400 Fb(l)(cb) = 1. Then there exists a unique A} :
Q — R such that
1
FA (w)(a)) = FA](a)/)'
We note that the process
b 0
oo (@, a)r(da)
[0, a)r(da)

(w,1) >

is predictable with respect to F", hence it is also FW-#_progressive. Substituting
t with T(@), we conclude that Fb(l) is (]—" W *)-measurable. Since A is clearly
F'-measurable and F' C J’:W oo fW oo , A1 is also (f v #°°)_measurable. Re-
calling the continuity of b — F b( )(a)) 1t is easy to conclude that A} is (]—" Wi ©)-
measurable. This implies that A} V a is also T u *-measurable. From the ar-
bitrariness of a, we deduce that A} is F. “1/ M OO-measurable. In particular, A} is
F-measurable, therefore, there exists a P-null set N AV € F such that A} (w, -) is
J'-measurable, whenever » ¢ Nv.

In order to conclude the proof of the case n = 1, let us prove that (4.9) holds
for n =1, whenever w ¢ N| := N U NTlv UN AV We begin recalling that, for every

w ¢ N, the [F*-compensator of x under P** is given by the right-hand side of (4.8),
so that in particular we have

P (T, >t):exp<— fo t /A vs(o)(a),a))\(da)ds)

= exp(—(A)6" ().
Notice that
P(1 (@, ) > 1) =P (04, , @) > 6" (@)

=P(T1 > 6, (@) = exp(=2(A)6;" (@),
for every @ ¢ Nrp, where for the last equality we used the formula P(T) >
t) = exp(—A(A)t). Therefore, Lp/ (T} (w, -)) = Lpvo (T1), for every o ¢ NU Nrp.
Now, recall that, for every w ¢ N, we have, P'-a.s.,
2o v (@, a)i(da)

JX2 0P (@, a)r(da)
On the other hand, for every w ¢ Nrp U Ny, P'-as.,

P (A1 <b|o(Ty)) =

P(A)@,) =b| o (T} (@) =P(F, @) < F{ (@) [o(T} ©,))

=P/(Fa, < F(0,) | o (T} (@, ).
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Since A; is independent of T} under P’ and T (w, ) is o (T1)-measurable, it fol-
lows that Ay is also independent of T}’ (w, ). Moreover, by definition we see that
Flfl)(w, -) is o (T} (w, -))-measurable. Therefore, for every w ¢ NT]v U NA‘{, we
have, P'-a.s.,

P'(Fa, < B (@) |0(T} (@, ) =P'(F4, <a =F ) (.).

=Dl oD o,
where we used the fact that F4, is uniformly distributed in (0, 1) under P’. As a
consequence, recalling that Zp (T} (@, -)) = ZLpwe (T1), for every o ¢ NU Ny,
we deduce that £ (T)"(w, -), A} (w, -)) = ZLpwe (T1, A1), whenever o ¢ N;. This
concludes the proof of the base case n = 1.

Step 2: the inductive step. Fix n > 1 and suppose we are given (T}, A}), ...,
(T, A,) satisfying points (i) and (ii) of the theorem. Suppose also that (4.9) holds
for the fixed n, whenever w ¢ N,,, for some P-null set N,, € F in place of N, with
N CN,.

Given 8V as in (4.10), we define recursively, fori =1,...,n,

o
60 (@) =010 ), (@)

: w@wv O] v, = v, =
+m TV (®) Avs (w’(Tl (a))aAl(a))),.,,,

(T, (@), A} (®)), a)r(da) ds.

4.11)

Since 0 < infv® < supv® < M", we see that, for every @ € Q and i =
1,...,n, the map ¢ — 9(l+1)(a)) is continuous, strictly increasing, 9(’+1)( y=0

9(1+1)(w) < M"t, and 0 (@) 7 0o as t goes to infinity. Then there exists a

unique 7,” ; :  — R such that

7%—'_ 1()w) (@) =Tyt (w ( )

Notice that 7, | > T,,+1/M". Moreover, since T,+1 > Ty, we also have T,/ | >
T, . Indeed, arguing by contradiction, suppose that 7,’ (@) < T,/ (®) for some
@ € Q. Then

+1 -
Oty (@) = Tu(e) < Ty (o )—9% ()a))( ):e;ﬁl@)(“’)’

where the last equality follows from (4.11). From the monotonicity of 8, we get
T, (w) < T, (@), which yields a contradiction. i
Reasoning in the same way as for T}’ since Tnv—i-l is the début of E7,_ , :=
{(0,1) € Q x R4 '0("+1)(c2)) T,i1(w)}, it is an FW:koo -stopping time. In par-
ticular, T, 1 1s F-measurable, so that there exists a P-null set NTv € F such that
T, + (@, ) is F '-measurable, whenever o ¢ NTn“H
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Now define Fj, =P’ (A < b) = A((—00, b])/L(A) as before and
Lo v (@ (TY (@), A} @), ... (T)'(@), A}(@)). a)h(da)

S5V )@ (T7(@), A1@)). ... (T} (@), Ay(@), a)h(da)

D, -
F'Y (@) =

Since infv™ > 0 and A({a}) = 0 for any a € A, we see that, for every @ € €,
the map b — FZS"H)(&)) is continuous, strictly increasing, valued in (0, 1), and
limp—s — oo F("+1)(') =0, limp_s ;oo F("+1)(') = 1. Then, proceeding along the

same lines as for the construction of A}, we see that there exists a unique Fbitee_
n+1

measurable map A} | : : Q@ — R such that

(n+1) _
Fyv Ar, 1(w)( ) = Fa, ()
In particular, A} | is JF-measurable, therefore, there exists a P-null set N Ar,, € F

such that A) (@) is F '_measurable, whenever w ¢ N A,
In order to conclude the proof of the inductive step, let U us prove that (4.9) holds
for n + 1, whenever w ¢ N, +1 := N, U NTn“H U NAn+1' Set Sy,+1=Ty4+1 — T, and

recall that, for every w ¢ N, the F*-compensator of x under P** is given by the
right-hand side of (4.8), so that in particular we have, P’-a.s.,

va(Sn—I—l >t | 6(T17A1’ "'5T}’L5 An))

(4.12) T+t
- exp<—/T fA v (w, (T1, A1), ..., (Ty, An), a)A(da) ds).
Define S* 1 = T,1+1 — T,) and observe that, whenever w ¢ N, U NTan, P'-as.,

P/(SY, (@) > 1| o(T} (@, ), AV @, ), ..., T} (@, ), Al(®, )
=P, @) > 0fit,) ) (@, ) |
o (TV(@,), AV (@,), ..., T (@, ), AL, "))
) T (@)
T)(w,), A)(w,-),a)\(da)ds

Avén)(w, T]v(a)9 ')’ A]{((l), ')’ ey

9}"3(0) y@, ) ‘ o(T)(w,"), Al (w,"),.... T} (w,"), A (w, )))

7 1 Tn (w7')+t (I’l)
:]P’(Sn+1>m o /I;vs (w,...,a)l(da)ds‘
”v @,

o(TV (w,), ..., A)(w, )))
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Recall now that S, is independent of (77, Ay, ..., T,, A,) under I, and note
that, by construction, (T)"(, -), A} (@, -), ..., T,)(®, "), A)(w, ) iso (T, Ay, .. .,
T., A,)-measurable. Therefore, S, is also independent of (7} (w, -), A](w, -),
o I)(w, ), Ay (w, ). As a consequence, for every w ¢ N, U NTan, P-as.,

1 T, (w, )+t

w@ .
TR Jrve.

/ v (w, ..., a)r(da)ds
A

o(TV (w, ), ..., A)(w, )))

=P (Sp+1>7) Ty (@,)+
R

Tn‘)(a),~)+[ (”) v v
=exp(—/ /Avs (0, (T (@, ), Al (@, "), ...,

TV (.
T)(,), Al(®, ), a)\(da) ds) ,

where for the last equality we used the formula P'(S,1 > r) = exp(—A(A)r).
Comparing with (4.12), we see that the conditional distribution of S, given
T (w,), A} (@, ), ..., T,)(w, "), A} (®, -) under P’ is the same as the conditional
distribution of S, 41 given T1, Ay, ..., T, A, under P, Together with the induc-

tive assumption (4.9) this proves that
(4 13) gp/(T]v(a)v ')’ ) Tnv(a)v ')’ A;)l(a)’ ')’ Tnv+] (Cl), ))
‘ =$]va(Tlv""Tn’Al’lle’l“r])’

forevery w ¢ N, UN T, - Now, recall that, for every o ¢ N ,P-as.,
P" (Ant1 <blo(T1, ..., A, Tus1))

(4.14) v (@, (T A, (T, Ag), @)h(da)
S (@, (T1, Ay, . (Ty, Ag), @) (da)

On the other hand, for every w ¢ N, 1, we have, ’'-a.s.,

P(Ay (@) <blo(TV(®,),....,Ap(@,), T} | (w,))

n

1 1
=P @) < B .|

o(TV(@,), ..., Ap(@,), T, | (w,))

=P (Fa,., < F" (@, ) 10(TP (@, ), ..., AL, ), T\, (@, ).

n+1

Since A, is independent of (Ty,..., A, T,+1) under P’ and (Tl"(a), B T
A(w,-), Tn"+l(w, ) is o(Ty, ..., Ay, Ty41)-measurable, it follows that A,
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is also independent of (T}"(w, -), ..., A} (@, ), T,/ (w,-)). Moreover, by defini-
tion we see that Flf"H)(a), Viso (T (w,-), ..., Ay(w, ), T, | (v, -))-measurable.
Therefore, for every w ¢ N1, we have P'-a.s.,

P'(Fa, < F'" @) [0(T @), ... Al@. ). T (@,)))

n+l1

=P (F4 ., <a)

(n+1)
nel = Ia:Fb("H)(a),~) =F, (@,°),

where we used the fact that Fy,,, is uniformly distributed in (0, 1) under P
Comparing with (4.14), we see that the conditional distribution of A} | given
I (o,), Al(@,),....T)(0,), Aj (@, ), T,/ (0, -) under P’ is the same as the
conditional distribution of A, given Ty, A1, ..., T,, Ay, T,+1 under P There-
fore, by (4.13) we deduce that (4.9) holds for n + 1, whenever w ¢ N,4+1, which
concludes the proof of the inductive step and also the proof of Case 1.

Case II: A. # &. Let m : R — A be the canonical projection (4.5) or (4.6)
according whether A, = @ or A, # &. The idea of the proof is to construct a
random sequence with values in (0, co) x R using the Case I previously addressed,
and obtain the required sequence (7, A}),>1 by projecting the second component
onto A. The detailed construction and proof is presented below in the case A, =
o, the other one being simpler and entirely analogous.

Given v € Ving=0, define b = b, (w, o', 7) : @ x Ry x R — (0, 00) by

vi(w, 0, r) = v (w, &, 7(r)).

By a monotone class argument, we see that v is P(FW’“,) ® B(R)-measurable.
Then we can perform the construction presented in step I, with R, A/, v, R,, i/,
FWikoo = (Ftw’“i’o),zo instead of A, A, v, Ay, w, FWteo = (FV#%) _o. respec-
tively. This way we obtain a P-null set N € F and a sequence (7", RY),> with
values in (0, oo) x R such that Tn‘j < Tnf)—i—l /00, T,f is an F'W-/eo_stopping time
and RE is .7-";;"_‘ *-measurable, and

(4.15) Lo ((T) (@, ), R)(@,9),21) = Lps (Tn. Ru)n=1)

v
n

for every w ¢ N. We define the required sequence (7, A}),>1 setting
TV : =T, AL :=m(R)).

Clearly, conditions (i)—(ii)—(iii) of the theorem hold true and, recalling the notation
A, =m(R,), from (4.15) it follows that

(4.16) Lo ((TY (@, ), AL, ))21) = Lpwo ((Tn, An)nz1).-
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Next, note that, by the definition of v,

/R(l — V(M)A (dr) = /(O,oo)(l — U (r)A (dr) + Z -/I,(l — 0 (r))A'(dr)

JEA:

:/A ‘(1 — v ($))r(da) + Z (I =ve(N)A({7})

JEAC
= 1 — v A
[ (1= v@)acda)
and v, (R,) = v, (m(R,)) = vr, (Ap), so that

K’ :exp</0t/R(l —ﬁs(r))k’(dr)ds) [1 vn(Rw)

Th=t
t
= exp(/ / (1 —vs(a))r(da) ds> [] v, (Aw)
074 T,<t
=« .
Therefore, we have for w ¢ N on every o -algebra F/',
P (do') = k) (w, )P (do) = & (0, @ )P (de') = P (do)
and property (iv) of the theorem follows from (4.16). The proof is completed. [
We can now prove the main result of this subsection and conclude the proof of
the inequality UZ)Q < Vy.
PROPOSITION 4.2.  For every v € Vingsq, there exists a’ € AWH such that
“4.17) va(xo,B,I)z.,%@(xo,B,&”).

In particular, V and W are standard Wiener processes, V., W, xo are all indepen-
dent under P, and we have

(4.18) Lo (X, D) =ZL(X¥,a"),  JRw) =J(@").

Finally, UZ)a = Sup,cyp JRW) < SUPg c AW,/ J(@) = Supyeqw J (@) =: Vy.

PROOF. Suppose that (4.17) holds. Then, from equation (2.5) and Assump-
tion (A1) it is well-known that the first equality in (4.18) holds as well, and this
implies the second equality. From the arbitrariness of v € Vjy-0, we deduce that
SUPy eV o JRWw) < SUPg e qw. J (@). Since SUPy eV, o JRWw) = Sup,cy JR W)
by (3.9), we conclude that sup,,, JRWw) < SUPG AW/ J(@) = supyeaw J (@),
where the last equality follows from Lemma 4.1.



1668 BANDINI, COSSO, FUHRMAN AND PHAM

Let us now prove (4.17). Fix v € Vixr~0 and consider the process " given by
Lemma 4.3. In order to prove (4.17), we have to show that

(4.19) E[xp x xo) ¥ (B)p (] = E[x (xo)¥ (B)g(@")],

for any y € Bp(R") (the space of bounded Borel measurable real functions on R"),
for any ¢ € Bp(C,,+q) (the space of bounded Borel measurable real functions on
Cy+d, which denotes the space of continuous paths from [0, T'] to R™+4 endowed
with the supremum norm) and any ¢ € B,(D4) (the space of bounded Borel mea-
surable real functions on D 4, which denotes the space of cadlag paths from [0, 7]
to A endowed with the supremum norm). By the Fubini theorem, (4.19) can be
rewritten as

/Q X(xo(w))w(B(a)))( /Q o, w')qs(z(w’))zp/(dw/))mdw)

_ /Q X(xo(a)))llf(B(a)))( /Q /¢(6¢"(a),w’))]P)/(dw/))]P’(da)).

Let N € F be as in Lemma 4.2. Then we have to prove that E'[k} (w, )¢ (I)] =
E'[¢ (@’ (w, -))], whenever w ¢ N, or, equivalently by definition of P

E"[¢()] =E[¢(@"(w,))]  whenever w ¢ N.

This is a direct consequence of the last statement of Lemma 4.3. [J

4.2. Proof of the inequality Vg < UZ)Q. In this proof, we borrow some con-
structions from Proposition 4.1 in [15], but we need to obtain improved results and
we simplify considerably some arguments.

Suppose we are given a setting (€2, F, P, F, V, W, xo) for the optimal control
problem with partial observation, satisfying the conditions in Section 2.2, and con-
sider the controlled equation (2.5) and the gain (2.6). We fix an F" -progressive
process o with values in A. We will show how to construct a sequence of settings
(Q, F , I@’k, 17, W, ik, X0)x for the randomized control problem of Section 3.1, and
a sequence (9*); of corresponding admissible controls (both sequences depending
on «), such that for the corresponding gains, defined by (3.7), we have

(4.20) JRO) = J(@)  ask — oo.

Admitting for a moment that this has been done, the proof is easily concluded by
the following arguments. By (4.20), we can find, for any ¢ > 0, some k such that
JR(*) > J(a) — e. Since JR(DK) is a gain of a randomized control problem, it
can not exceed the value UZ)z defined in (3.8) which, by Proposition 3.1, does not
depend on ¢ nor on «. It follows that

U83>J(a)—s

and by the arbitrariness of ¢ and «, we obtain the required inequality UZ)a > Vy.
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In order to construct the sequences Q,F, I@’k, vV, W, ik, Xo)x and (D) satisfy-
ing (4.20), we apply Proposmon 4.1 above. Then, for any integer k > 1, there exists

a marked point process (Sn, nn)n>1 defined in (Q, F, Q) satisfying the following
conditions:

1. Setting S0 =0, ’70 =ap, I} =3 >0 Unl[sk 5 y(1), we have oI%, &) <
1/k.

2. Denote iy = donsl 5(Sk ) the random measure associated to (Sn, n”)n>1
and FAx = (F 2 *)i>0 the natural filtration of /i ks then the compensator of jix un-
der Q with respect to the filtration (Ftw \Y, .7-}“ ")i>0 is absolutely continuous with
respect to A(da) dt and it can be written in the form

0K (&, a)r(da) dt

for some nonnegative P(]F‘W"l) ® B(A)-measurable function ¥ satisfying
_inf k>0 and sup DK < o0.
Qx[0,T]xA SA?X[O,T]XA

We note that i (and so also ¥ and L)) depend on « as well, but we do not make it
explicit in the notation. Let us now consider the completion of the probability space
(2, F,Q), that will be denoted by the same symbol for simplicity of notation,
and let A denote the family of @Q-null sets of the completion. Then the filtration
(]-',W v FI'* v N'),>0 coincides with the filtration previously denoted by FW- ik —
(.EW’“ *)i>0 [compare with formula (3.3) in Section 3.1]. It is easy to see that
ﬁf (@, a)A(da)dt is the compensator of [i; with respect to FW-i and the extended
probability QQ as well.

Using the Girsanov theorem for point processes (see, e.g., [19]), we next con-
struct an equivalent probability under which fi; becomes a Poisson random mea-
sure with intensity A. Since Pkisa strictly positive P(FW’ﬁ“k) ® B(A)-measurable
random field with bounded inverse, the Doléans exponential process

Mk = exp</olfA(1 — ﬁf(a)_l)f)tk(a))\(da)ds>

Sk<t

4.21)

is a strictly positive martingale (with respect to FW.ii and @), and we can define
an equivalent probability ]13’k on the space Q, F) setting ]fl’k dw)y=M '; (®)Qdw).
The expectation under I@’k will be denotec} I@k. By the Girsanov theorem, the re-
striction of fix to (0,T] x A has (]@k,FW’ﬂk)—compensator M(da) dt, so that in
particular it is a Poisson random measure. It can also be proved by standard argu-
ments (see, e.g., [15], p. 2155, for detailed verifications in a similar framework)
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that B is a (]f”k, FW"lk)—Wiener process and that B and [ix are independent under
I@’k. We have thus constructed a setting (Q, F, ]@’k, V. W, [k, Xo) for a randomized
control problem as in Section 3.1. Since d* is a bounded, strictly positive and
P(FWY-i) @ B(A)-measurable random field it belongs to the class VK of admissible
controls for the randomized control problem and we now proceed to evaluating its
gain J R(H¥) and to comparlng it with J (o). Our aim is to show that, as a conse-
quence of the fact that ,o(Ik &) < 1/k, we have JR(H*Y > J (@) as k — oo

We introduce the Doléans exponential process «"” o corresponding to DX [com-
pare formula (3.5)]:

422) & —exp(// (1—95a) x(da)ds>]"[v§5(ﬁ,’;), t€l0,T],

Sk<t

we define the probability d I@’ik = K%k dPy and we obtain the gain
A T . . A
TR () =1 [/ fi(X5 1% dr + g(X")]
0

where X* is the solution to the equation
(4.23) dXk =bp,(X*, V) dt + o, (X5, [¥YVdB, Xk =x0.

. ok .
However, comparing (4.21) and (4.22) shows that k. M 5 = 1, so that the Girsanov
- sk . . -
transformation [Py +— [P} is the inverse to the transformation Q ~ IPx made above,

and changes back the probability [Pt into Q considered above. Therefore, we have
I@gk = @ and also

(4.24) JR(H5) :E@[/OT fi (XX, i")dt+g(f(’<)]

On the other hand, the gain J(«) of the initial control problem with partial obser-
vation was defined in (2.6) in terms of the solution X to the controlled equation
(2.5). Denoting X the extension of X% to €, it is easy to verify that it is the
solution to

(4.25) dX% =b,(X*, &)dt +0;(X%,&)dB,,  X§ = %o,
and that
T A A
(4.26) Je) = EQ[ [ A= ayan+ g(xa)]
0

Equations (4.25) and (4.23) are considered in the same probability space (fl,
F, Q). In (4.23), we find a solution adapted to the filtration G := [F¥o. B/t [defined
as in (3.3)] and in (4.25) we find a solution adapted to the filtration GO := F¥o.B
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generated by Xo and B (since o was F" -progressive and so & is progressive with
respect to FW ¢ Fio. By,

In order to conclude, we need the following stability lemma, where the continu-
ity condition (A1)(iii) plays a role.

LEMMA 4.4. Given a probability space (flﬁ , Q) with filtrations GF =
(g,k )i>0 (k > 0) consider the equations

dyk =b,(Y*, yX)dt + 0, (Y5, ) dB,,  YE =0,

where B is a Wiener process with respect to each G*, EQ|yo|? < o0, yq is Q;‘-
measurable and y* is G¥-progressive for every k. If p(y*, y%) — 0 as k — oo,
then

EQ sup [v¥—Y0|” >0,
t€[0,T]

EQ [/OT (Y% vk dr + g(Yk)] — EQ [/OT £ (Y0, v dr + g(YO)].

PROOF. This stability result for control problems was first proved in [25] in
the standard diffusion case. The extension to the non-Markovian case presented
in [15], Lemma 4.1 and Remark 4.1, also holds in our case with the same proof,
using the continuity assumption (A1)(iii) and the Lipschitz and growth conditions
22-24). O

Applymg the lemma to B = B, Yk = X*, vk = = [* (for k > 1) and Y = X?,
y = &, and recalling that p(I @) < 1/k — 0 we conclude by (4.24), (4.26) that
JR(H¥) — J (@) as k — 0o. Therefore, relation (4.20) is satlsﬁed for thls choice of
the sequence (vk)k and for the corresponding settings (Q ]-" ]P’k, V W ks X0)k-
This ends the proof of the inequality Uy < UR.

5. The randomized equation. In this section, the assumptions (A1) and (A2)
are assumed to hold. We will show how the randomized formulation of the control
problem leads to a randomized equation in terms of a backward SDE. We choose a
setting for the randomized control problem (3.8) as in Remark 3.2, that is, a product
extension (Q, F,P, V, W, i, xo) of the setting (2, F,P, V, W, xo) for the initial
control problem (2. 7) In view of Proposmon 3.1, entirely analogous results hold
true in any setting & F PV, W, i, Xo) for the randomized control problem as
described in Section 3.1.

5.1. The separated randomized control problem. We first consider the (path-
dependent) filtering of the randomized process X solution to (3.2), which consists

in the process of conditional distributions p; of X.5; given ]-",W’“ . More precisely,
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let #(C,,) be the space of probability measures on C, and let B,(C,,) denote the
space of bounded Borel measurable real functions on C,,. We define p = (pr)o<;<T
as an F"-#_optional process valued in Z(C,) satisfying, for every ¢ € B, (C,),

[we use the notation p;(¢) = an e(x)pr(dx)]
(5.1) pi(@) =E[p(XA) | F'*], 1[0, T], Pas.

The process t > E[@(X.x;) | ]-',W’“ ] is understood as an optional projection. The
existence of such a process p follows, for example, from Theorem 2.24 in [1].
While (5.1) is defined for bounded ¢, since p; is constructed as a #(C,,)-valued
process, relation (5.1) holds for unbounded ¢ once the conditional expectation is
well-defined, that is, o, (|¢|) < oo forall ¢ € [0, T], P-a.s. (see, e.g., Remark 2.27
in [1]).

We can now express the randomized gain functional in terms of the FW-#-
optional processes p and /.

LEMMA 5.1. Forany v €V, we have

R R )Y r
JR(W) =E UO px(ﬁ(-,l))dterT(g)}

and, more generally,

T
E* [ f Fo(X. D ds +g(X) | EW’“}
(5.2) !

T
=E”Ut ps(fs (. D) ds + pr(g) ‘ J-",W’“}

forall0 <t <T.

PROOF. The result follows from the Bayes formula and the (P, FW-#)-
martingale property of the density process k. [

The above Lemma 5.1 together with Theorem 3.1 proves that the randomized
control problem, and thus the primal control problem under partial observation,
can be written in a separated form involving FW-#-optional state processes:

T
(53) vp = supE” [ [ ot nyar+ m(g)]

veVy

5.2. BSDE representation. The purpose of this paragraph is to show that the
separated randomized control problem, described by the right-hand side of (5.3),
admits a dual representation in terms of a constrained backward SDE, which then
characterizes both the primal control problem and the randomized control problem
(as well as the separated randomized control problem). We shall refer to it as the
randomized equation.
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On the space (2, F,P) equipped with the filtration F"-#, let us consider the
following constrained BSDE on the time interval [0, T']:

T
pT<g>+/ o(fs(, D) ds + K7 — K,

(5:4) / ZodW, — / f Us(a)(ds da),
Ui(a) <0.

We look for a (minimal) solution to (5.4) in the sense of the following definition.

DEFINITION 5.1. A quadruple (Y;, Z;, Us(a), K;) (t €[0,T],a € A)is called
a solution to the BSDE (5.4) if:

1. Y e SX(F Wf’“), the set of real-valued cadlag FW-#-adapted processes satis-
fying [|Y |1, := Elsupy, <7 |Y:]*] < 00;

2. Z € L%,V(IFW*“), the set of FW-“-predictable processes with values in R?
satisfying || 22, := Bl 1Z;|?dt] < oo;

w

3. U e LE(FW'“), the set of real-valued P(FW-#) ® B(A)-measurable pro-

cesses satisfying ||U||i2 = I_E[fOT 41U (@)|*A(da) dt] < oo;
fi

4. K € KC2(FW-1), the subset of S2(F"-#) consisting of F"-#-predictable non-

decreasing process with Ko = 0;

5. P-as. the equality in (5.4) holds for every ¢ € [0, T] and the constraint
U;(a) <0 is understood to hold P(dw)A(da) dt-almost everywhere.

A minimal solution (Y, Z, U, K) is a solution to (5.4) such that for any other solu-
tion (Y', Z',U’, K'), we have P-as., Y, <Y/ forallr € [0, T].

We now state the main result of this section.

THEOREM 5.1. There exists a unique minimal solution (Y,Z,U,K) €
S2(FW-1y x L%V(]FW’“) X L%L(IFW’“) x K2(EWY-1) to the randomized equation

(5.4). Moreover, we have Yy = sup,,cy, J R (), and more generally,

(5.5) Y, = esssupE’ [ f " (D) ds + pr(e) | EW’“]

vey

REMARK 5.1. Combining Theorems 3.1 and 5.1, we deduce the BSDE rep-
resentation for the primal problem

(5.6) Yo= sup J(a).

ac AW

We refer sometimes to Yo = sup, .y, J R) as duality relation, since Yy coincides
with the infimum inf{Y} : (Y', Z', U’, K') € S2(FW-#) x L, FW#) x Lz (FV#) x
IC2(FY-#) solution to (5.4)}.
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REMARK 5.2. In the Markovian setting studied in our companion paper [4],
in addition to the probabilistic representation formula of Theorem 5.1, we are also
able to find an optimal control when the value function is regular enough; see the
verification Theorem 5.1 in [4].

PROOF OF THEOREM 5.1. Let us introduce for every n € N the following
penalized BSDE on [0, T']:

T
Y =pr(g) +/ ps(fs(, D) ds + Ky — K}
(5.7 '

T T
—/ Z;’dWs—/ f Ul'(a)u(dsda),
t t A

where
K] :n/ot/A(US"(a))Jrk(da)ds.
Set & := pr(g) and F; := p;(f: (-, I)). By (2.4) and (3.6), we see that
E|£|? < oo, I‘E[/OT |F,|2dt] < o0

[here we use the assumption that p > 2r in (A1)(v)]. Then, from Lemma 2.4 in
[33], it follows that, for every n € N, there exists a unique solution (Y", Z", U") €
SEEW-H) x L3, (FY-H) x L%L(FW’“) to the above penalized BSDE.

Now, proceeding along the same lines as in the proof of Lemma 4.8 in [15], we
obtain the formula

T W
58 w=esswr[ [ alnen)ds+ore | 7],

vey,

where V, = {v € V : v takes values in (0, n]}. By (5.2), together with estimates
(2.4) and (3.6), we deduce that

(5.9) sup ¥, < o0 forall0<r<T.
n
Notice that equation (5.4) can be written as follows:
T
=pr@+ [ (p(n60) - [ Ui@rda))ds+ K7 -,
t

[ zaw - [ [ viwpasao,
Ui(a) <0.

(5.10)

Then we see that the above equation is a particular case of a backward stochas-
tic differential equation studied in a general non-Markovian framework in [24].
In particular, existence and uniqueness of the minimal solution (Y, Z, U, K) to
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equation (5.10) [or, equivalently, to equation (5.4)] follow from Theorem 2.1 in
[24]. Indeed, Assumption (H0) in [24] is clearly satisfied. Concerning Assumption
(H1), this is only used in Lemma 2.2 of [24] to prove that the sequence (Y"),
satisfies (5.9), a property that in our setting follows directly from (2.4) and (3.6).

Finally, from Theorem 2.1 in [24] we also have that Y;" (@) converges increas-
ingly to Yy (@) as n — oo, ]I_D(dc?))—a.s. Since V =, V, letting n — oo in (5.8) we
obtain (5.5). O

We end this section proving the following generalization of formula (5.5).

THEOREM 5.2 (Randomized dynamic programming principle). For all 0 <
t <T,we have
W ,ui|

Y; = esssup ess supE”[/t or(fr (. 1))
Wu,i|

vey TeT
where T denotes the class of [0, T1-valued FV-*-stopping times.

5.11)

= esssup essinfE”[/; or(frC. 1)) dr + Y

vey teT

PROOF. For every n, proceeding along the same lines as in the proof of
Lemma 4.8 in [15], we obtain

Y/ :IE”|:Y,” + /tt or(frC. 1)) dr
(5.12) + /tt /A[n(Uf(a))Jr —v(@)U]'(a)|\(da) dr ‘ ]-"tw’“]
> E”[Y;’ + /tt or(fr G, 1)) dr ‘ .FtW’“} forallveV,, teT.
Recalling that ¥ > Y", we find
Y; > E”[Yr” + /tt or(fr G D)) dr ‘ .FtW’“] forallveV,,teT.
Letting n — o0, and recalling that V,, C V, we end up with

T
Y; zE”[YT —|-/ pr(f,(-,l))dr‘.ﬁw’“} forallveV,te€7.
t

u}
wu}

The above inequality yields

Y, > esssup esssupE” [/ Or fr( I) dr+Y
vey teT t

Yt>esssupessme [/ Or fr( I) dr +Y;

vey teT t
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It remains to prove the reverse inequalities. As in the proof of Lemma 4.8 in [15],
for every n and ¢ € (0, 1), we define v>"(a) = nliyn@=o0; + €l{—1<vur@<o0y —
e(U(a)) ™' Iz (@y<1}- Then v¥" € V, and

n(UM@)" —vE™(@)UMa) <e  forallr €[0,T].

Therefore, from equality (5.12), we find
&,n n T
Yt”l=]EV |:Y1; +,/1: :Or(fr(»l))dr
T
+ / fA[n(U," (@) = v (@)U" (a)|(da) dr ‘ JE,W’“]
t

e,n T
<EY [Yf +/ or(frC. D)) dr ‘ ]-",W’“} +ex(AT forallt eT.
t
Then we obtain the two following inequalities:

en T
Y <esssupE’ |:Y;1 +/ or(frC, D)) dr ’ Ftw’“] + eAl(A)T,
teT t

en T
Y/ < essi%le” [an +/ or (-, D)) dr ‘ }}W’“:| +er(A)T.
TE t

As a consequence, we get (we continue the proof with “essinf” over T € T, since
the proof with “ess sup” can be done proceeding along the same lines)

T
Y] <esssup essi7r_1fE” [Yf +/ or(fr G D)) dr ‘ .EW’“] + eA(A)T.
t

vev, TE

Using the arbitrariness of ¢, and recalling that V,, C V and Y" <Y, we obtain

T
Y/" <esssup essinfE” [Y, —i—/ or(fr (G D)) dr ‘ .F,W’”].
vey teT t

The claim follows letting n — oco. [
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