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LAW OF LARGE NUMBERS FOR THE LARGEST COMPONENT
IN A HYPERBOLIC MODEL OF COMPLEX NETWORKS

BY NIKOLAOS FOUNTOULAKIS! AND TOBIAS MULLER?
University of Birmingham and Utrecht University

We consider the component structure of a recent model of random graphs
on the hyperbolic plane that was introduced by Krioukov et al. The model ex-
hibits a power law degree sequence, small distances and clustering, features
that are associated with so-called complex networks. The model is controlled
by two parameters « and v where, roughly speaking, o controls the exponent
of the power law and v controls the average degree. Refining earlier results,
we are able to show a law of large numbers for the largest component. That
is, we show that the fraction of points in the largest component tends in prob-
ability to a constant ¢ that depends only on «, v, while all other components
are sublinear. We also study how ¢ depends on «, v. To deduce our results,
we introduce a local approximation of the random graph by a continuum per-
colation model on R? that may be of independent interest.

1. Introduction. The component structure of random graphs and in particular
the size of the largest component has been a central problem in the theory of ran-
dom graphs as well as in percolation theory. Already from the founding paper of
random graph theory [14], the emergence of the giant component is a central theme
that recurs, through the development of more and more sophisticated results.

In this paper, we consider a random graph model that was introduced recently
by Krioukov et al. in [22]. The aim of that work was the development of a geo-
metric framework for the analysis of properties of the so-called complex networks.
This term describes a diverse class of networks that emerge in a range of human
activities or biological processes and includes social networks, scientific collabo-
rator networks as well as computer networks, such as the Internet, and the power
grid; see, for example, [2]. These are networks that consist of a very large num-
ber of heterogeneous nodes (nowadays social networks such as the Facebook or
the Twitter have billions of users), and they are sparse. However, locally they are
dense—this is the clustering phenomenon which makes it more likely for two ver-
tices that have a common neighbour to be connected. Furthermore, these networks
are small worlds: almost all pairs of vertices that are in the same component are
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within a short distance from each other. But probably the most strikingly ubiqui-
tous property they have is that their degree distribution is scale-free. This means
that its tail follows a power law, usually with exponent between 2 and 3 (see, e.g.,
[2]). Further discussion on these characteristics can be found in the books of Chung
and Lu [12] and of Dorogovtsev [13].

In the past decade, several models have appeared in the literature aiming at
capturing these features. Among the first was the preferential attachment model.
This term describes a class of models of randomly growing graphs whose aim is to
capture the following phenomenon: nodes which are already popular retain their
popularity or tend to become more popular as the network grows. It was introduced
by Barabdsi and Albert [2] and subsequently defined and studied rigorously by
Bollobads, Riordan and co-authors (see, e.g., [7, 8]).

Another extensively studied model was defined by Chung and Lu [10, 11]. In
some sense, this is a generalisation of the standard binomial model G (n, p). Each
vertex is equipped with a weight, which effectively corresponds to its expected
degree, and every two vertices are joined independently of every other pair with
probability that is proportional to the product of their weights. If the distribution
of these weights follows a power law, then it turns out that the degree distribution
of the resulting random graph follows a power law as well. This model is a special
case of an inhomogeneous random graph of rank 1 [6].

All these models have their shortcomings and none of them incorporates all the
above features. For example, the Chung-Lu model exhibits a power law degree
distribution (provided the weights of the vertices are suitably chosen) and average
distance of order O (loglog N) (when the exponent of the power law is between 2
and 3, see [10]), but it is locally tree like (around most vertices) and, therefore, it
does not exhibit clustering. This is also the situation in the Barab4si—Albert model.

For the the Chung—Lu model, this is the case as the pairs of vertices form edges
independently. But for clustering to appear, it has to be the case that for two edges
that share an end-vertex the probability that their other two end-vertices are joined
must be higher compared to that where we assume nothing about these edges. This
property is naturally present in random graphs that are created over metric spaces,
such as random geometric graphs. In a random geometric graph, the vertices are a
random set of points on a given metric space, with any two of them being adjacent
if their distance is smaller than some threshold.

The model of Krioukov et al. [22] does exactly this. It introduces a geometric
framework on the theory of complex networks and it is based on the hypothesis
that hyperbolic geometry underlies these networks. In fact, it turns out that the
power-law degree distribution emerges naturally from the underlying hyperbolic
geometry. They defined an associated random graph model, which we will de-
scribe in detail in the next section, and considered some of its typical properties.
More specifically, they observed a power-law degree sequence as well as clustering
properties. These characteristics were later verified rigorously by Gugelmann et al.
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[17] as well as by the second author [15] and Candellero and the second author [9]
(these two papers are on a different, but closely related model).

The aim of the present work is the study the component structure of such a
random graph. More specifically, we consider the number of vertices that are con-
tained in a largest component of the graph. In previous work [3] with M. Bode, we
have determined the range of the parameters, in which the so-called giant compo-
nent emerges. We have shown that in this model this range essentially coincides
with the range in which the exponent of the power law is smaller than 3. What
is more, when the exponent of the power law is larger than 3, the random graph
typically consists of many relatively small components, no matter how large the
average degree of the graph is. This is in sharp contrast with the classical Erd6s—
Rényi model (see [5] or [18]) as well as with the situation of random geometric
graphs on Euclidean spaces (see [25]) where the dependence on the average degree
is crucial.

In the present paper, we give a complete description of this range and, further-
more, we show that the order of the largest connected component follows a law
of large numbers. Our proof is based on the local approximation of the random
graph model by an infinite continuum percolation model on R?, which may be of
independent interest. We show that percolation in this model coincides with the
existence of a giant component in the model of Krioukov et al. We now proceed
with the definition of the model.

1.1. The Krioukov—Papadopoulos—Kitsak—Vahdat—Boguiid model. Let us re-
call very briefly some facts about the hyperbolic plane H. The hyperbolic plane is
an unbounded 2-dimensional manifold of constant negative curvature —1. There
are several representations of it, such as the upper half-plane model, the Beltrami—
Klein disk model and the Poincaré disk model. The Poincaré disk model is defined
if we equip the unit disk I := {(x, y) € R? : x2 + y? < 1} with the metric given®

2 2
by the differential form ds? = 4%. For an introduction to hyperbolic ge-

ometry and the properties of the hyperbolic plane, the reader may refer to the book
of Stillwell [26].

A very important property that differentiates the hyperbolic plane from the eu-
clidean is the rate of growth of volumes. In H, a disk of radius r (i.e., the set
of points at hyperbolic distance at most r to a given point) has area equal to
27 (cosh(r) — 1) and length of circumference equal to 27 sinh(r). Another basic
geometric fact that we will use later in our proofs is the so-called hyperbolic cosine
rule. This states that if A, B, C are distinct points on the hyperbolic plane, and we
denote by a the distance between B, C, by b the distance between A, C, by ¢ the

/ 2+ / 2
V@) =+, (D) dr

3Thus, the length of a curve y : [0, 1] — D is given by Zf()l 20120
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distance between A, B and by y the angle (at C) between the shortest AC- and
BC-paths, then it holds that cosh(c) = cosh(a) cosh(b) — cos(y) sinh(a) sinh(b).

We can now introduce the model we will be considering in this paper. We call
it the Krioukov—Papadopoulos—Kitsak—Vahdat-Bogufid-model, after its inventors,
but for convenience we will abbreviate this to KPKVB-model. The model has three
parameters: the number of vertices N, which we think of as the parameter that
tends to infinity, and o, v > 0 which are fixed (i.e., do not depend on N). Given
N,v, o, we set R :=2log(N/v). Consider the Poincaré disk representation and
let O be the origin of the disk. We select N points independently at random from
the disk of (hyperbolic) radius R centred at O, which we denote by Dg, according
to the following probability distribution. If the random point u has polar coordi-
nates (r, 6), then 0, r are independent, 6 is uniformly distributed in (0, 277] and the
cumulative distribution function of r is given by

0 ifr <O,
(.1 Fy () cosh(ar) — 1 0 <r <R
. ry=4 ——— i r ,
R cosh(aR) — 1 - =
1 if r>R.

Note that when o = 1, then this is simply the uniform distribution on Dgr. We label
the random points as 1, ..., N.

It can be seen that the above probability distribution corresponds precisely to the
polar coordinates of a point taken uniformly at random from the disk of radius R
around the origin in the hyperbolic plane of curvature* —«?. Indeed, a simple cal-
culation shows that the area of disc of radius r on the hyperbolic plane of curvature
—a?is equal to cosh(ar) — 1. So the above distribution can be viewed as selecting
the N points uniformly on a disc of radius R on the hyperbolic plane of curvature
—a? and then projecting them onto the hyperbolic plane of curvature — 1, preserv-
ing polar coordinates. This is where we create the random graph. The set of the N
labeled points will be the vertex set of our random graph and we denote it by V.
The KPKVB-random graph, denoted G(N; «, v), is formed when we join each
pair of vertices, if and only if they are within (hyperbolic) distance R. Note this is
precisely the radius of the disk Dpg that the points live on. Figures 1 and 2 show
examples of such a random graph on N = 500 vertices. Krioukov et al. [22] in fact
defined a generalisation of this model where the probability distribution over the
graphs on a given point set V of size N is a Gibbs distribution, which involves
a temperature parameter. The model we consider in this paper corresponds to the
limiting case where the temperature tends to 0.

Let us remark that the edge-set of G(N; «, v) is decreasing in « and increasing
in v in the following sense. We remind the reader that a coupling of two random

4That is the natural analogue of the hyperbolic plane, in which the Gaussian curvature equals

—a? at every point. One way to obtain (a model of) the the hyperbolic plane of curvature —a?

multiply the differential form in the Poincaré disk model by a factor 1/ a?.

is to



A LLN FOR THE KPKVB MODEL 611

FI1G. 1. The random graph G (N; a, v) with N = 500 vertices, v =2 and o =0.7 and 3/2.

objects X, Y is a common probability space for a pair of objects (X', Y’) whose

marginal distributions satisfy X’ Lx,v'%y.

LEMMA 1 ([3]). Leta,a’,v,v' > 0 be such that « > o' and v <V'. For every
N €N, there exists a coupling such that G(N; a, v) is a subgraph of G(N; o', V).

The proof can be found in our earlier paper [3] that was joint with Bode.

We should also mention that Krioukov et al. in fact had an additional param-
eter in their definition of the model. However, it turns out that this parameter is
not necessary in the following sense. Every probability distribution (on labelled
graphs) that is defined by some choice of parameters in the model with one extra

. . L2 -.‘ v A
. . .o 2, okl od
Pty dY

F1G. 2. The random graph G(N; e, v) with N = 500 vertices, « = 1 and v =0.2 and 10.
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parameter coincides with the probability distribution G (N; «, v) for some N, «, v.
This is Lemma 1.1 in [3].

Krioukov et al. [22] focus on the degree distribution of G(N; «, v), showing
that when o > % this follows a power law with exponent 2« + 1. They also discuss
clustering on the generalised version we briefly described above. Their results on
the degree distribution have been verified rigorously by Gugelmann et al. [17].

Note that when o = 1, that is, when the N vertices are uniformly distributed
in Dg, the exponent of the power law is equal to 3. When % < o < 1, the expo-
nent is between 2 and 3, as is the case in a number of networks that emerge in
applications such as computer networks, social networks and biological networks
(see, e.g., [2]). When o = %, then the exponent becomes equal to 2. This case
has recently emerged in theoretical cosmology [21]. In a quantum-gravitational
setting, networks between space-time events are considered where two events are
connected (in a graph-theoretic sense) if they are causally connected, that is, one is
located in the light cone of the other. The analysis of Krioukov et al. [21] indicates
that the tail of the degree distribution follows a power law with exponent 2.

As observed by Krioukov et al. [22] and rigorously proved by Gugelmann et al.
[17], the average degree of the random graph can be “tuned” through the parameter
v: for o > %, the average degree tends to 2a?v /7 (or — %)2 in probability.

In [3], together with M. Bode we have showed that & = 1 is the critical point for
the emergence of a “giant” component in G(N; o, v). More specifically, we have
showed that when o < 1, the largest component contains a positive fraction of the
vertices asymptotically with high probability, whereas if « > 1, then the largest
component is sublinear. For o = 1, then the component structure depends on v.
We show that if v is large enough, then a “giant” component exists with high prob-
ability, whereas if v is small enough, then with high probability all components
have sublinear size.

Kiwi and Mitsche [20] showed that when o < 1 then the second largest compo-
nent is sublinear with high probability.

In [4], together with M. Bode we studied the probability of being connected.
We showed that when o < %, then G(N; «, v) is connected with high probability,

while if o > % the graph is disconnected with high probability. For o = %, the
probability of connectivity tends to a constant ¢ = c(v) that depends on v. Curi-
ously, c¢(v) equals one for v > s while it increases strictly from zero to one as v
varies from O to 7.

1.2. Results. The results of this paper elaborate on the component structure of
the KPKVB model, refining our previous results from [3] with Bode. We show that
the size of the largest component rescaled by N (i.e., the fraction of the vertices
that belong to the largest component) converges in probability to a nonnegative
constant. We further determine this constant as the integral of a function that is
associated with a percolation model on R?. We also show that the number of points
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in the second largest connected component is sublinear. When o = 1, we show
that there exists a critical v around which the constant changes from 0 to being
positive. In other words, there is a critical value for v around which the emergence
of the giant component occurs. We let 41y and ¢(2) denote the largest and second
largest connected component (if the two have the same number of vertices, then
the ordering is lexicographic using a labelling of the vertex set).

THEOREM 2. Forevery v, a > 0, there exists a c = c(«, v) such that

%
16| e

and —l %(2) | —
N

0 in probability,

as N — oo. The function c(a, v) has the following properties:

(i) If a > 1 and v arbitrary, then ¢ = 0;
(i) If « <1 and v arbitrary, then ¢ > 0;
(ii1) There exists a critical value 0 < vy < 00 such that if « = 1 then:

(@) if v < v then ¢ =0;
() if v > veyit then ¢ > 0.

(iv) c=1lifandonly ifa < %

(V) c is strictly decreasing in o on (%, 1) x (0, 00) and strictly increasing in v on
(5, 1) % (0,00) U{1} X (verit, 09).

(vi) c is continuous on (0, c><>)2 \ {1} X [Verit, 00), and every point of {1} X (Verit, 00)
is a point of discontinuity.

The above theorem leaves open the case where o« = 1 and v = v¢¢. We do not
know whether c(1, vepq) is positive or 0. The latter would imply that c(1, v) is
continuous as a function of v. We, however, conjecture that c(1, veit) > 0.

1.2.1. Notation. For a sequence of real-valued random variables X, defined

on a sequence of probability spaces, we write X, LS a, where a € R, to denote
that the sequence X,, converges to a in probability. For a sequence of positive real
numbers a,, we write X, = o0p(ay), if | X,|/ay LS 0,as n — oo.

An event occurs almost surely (a.s.) if its probability is equal to 1. For a se-
quence of probability spaces (£2,, P,,, F,,), we say that a sequence of measurable
sets £, € F,, occurs asymptotically almost surely (a.a.s.), if lim,_ - P, (&) = 1.

1.2.2. Tools and outline. Roughly speaking, one can show that two vertices of
radii r1 and r;, respectively, which are close to the periphery of Dg are adjacent if
their relative angle is at most e(Y1+y2)/2/N, where yy = R —ry and y, = R — ).
Hence, conditional on | and r;, the probability that these two vertices are adjacent
is proportional to e112/2 /N
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We will map Dy onto R? preserving y and projecting the angle onto the x-axis
scaling it by N. Hence, relative angle ¢112)/2 /N between two vertices in Dg
will project to two points in R? whose x-coordinates differ by at most e(1772)/2,

This gives rise to a continuum percolation model on R?, whose vertices are the
points of an inhomogeneous Poisson point process and any two of them are joined
if their positions satisfy the above condition. This continuum percolation model is
a good approximation of G(N; «, v) close to the periphery of Dg. As we shall see
later in Section 4, we can couple the two using the aforementioned mapping so
that the two graphs coincide close to the x-axis.

In Section 2, we determine the critical conditions for the parameters of the con-
tinuum percolation model that ensure the almost sure existence of an infinite com-
ponent. Thereafter, in Section 4, we show how does this infinite model approximate
G(N; a,v) and deduce the law of large numbers for the size of its largest and the
second largest connected component. The fraction of vertices that are contained in
the largest component converges in probability to a constant c(«, v). More specif-
ically, we show that the function c(w, v) is given as the integral of the probability
that a given point “percolates”, that is, it belongs to an infinite component, in the
infinite model.

2. A continuum percolation model. Given a countable set of points P =
{p1, p2,...} CR x [0, 00) in the upper half of the (euclidean) plane, we define a
graph I'(P) with vertex set P by setting

pip;j € E(T(P)) ifandonlyif |x —x;|< e20itY) —. t(iy ¥,

where we write p; = (x;, y;). For a point p = (x, y), we let B(p) denote the ball
around p, that is, the set {p’ = (x",y") : y/ > 0, |x — x’| < t(y,y’)}. Thus, B(p)
contains all those points that would potentially connect to p. During our proofs,
we will need the notion of the half-ball around p. More specifically, we denote by
Bt(p) theset {p' = (x",y):y >0,0 <x’ —x <t(y,y')} and by B~ (p) the set
(pP'=x",y):y >0,0<x—x"<t(y,y")}. In other words, the BT (p) consists
of those points in B(p) that are located on the right of p (i.e., they have larger
x-coordinate) and B~ (p) consists of those points that are on the left of p. Finally,
for a point p € R?, we let x(p) and y(p) be its x- and y-coordinates, respectively.
We first make a few easy geometric observations that we will rely on in the sequel.

LEMMA 3. The following hold for the graph I (P) defined above:

() If pipj € E(I'(P)) and pi is above the line segment [p;, p;] (i.e., [pi, p;]
intersects the vertical line though py below py), then at least one of the edges
PkPi> Pkpj is also present in I'(P);

(i) If pipj. pkpe € E(I'(P)) and the line segments [p;, p;l, [pk, pel cross,
then at least one of the edges p; pk, pipe¢, Pj Pk, Pj Pe is also present in I'(P).
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PROOF OF PART (i). By symmetry, we can assume that x; < x; < x; and that
yi < yj. The assumption that py is above the line segment [p;, p;] implies that
Vi < yk. That pyp; € E(I'(P)) now follows easily from |x; — x| < |x; — x;| <
03 0i+y)) < ey O

PROOF OF PART (ii). Of course the projections of the two intervals onto the x-
axis also intersect. We can assume without loss of generality that x; < x¢, x; < x;.
(If one of the two segments is vertical then we are done by the previous part.)
If [x;, x;] € [xk, x¢], then either p; or p; is above [py, p¢] (since the segments
cross) and we are done by the previous lemma. Similarly, we are done if [xg, x;] C
[x;i, xj]. Up to symmetry, the remaining case is when x; < xx < x; < xy.

Suppose now that y; > y;. Then |x; — xk| < |x; — x| < e20i+y) < 20ty
In other words, pp; € E(I'(P)). In the case when y; < y;, we find similarly that
pipe€ EQC(P)). O

We now consider a Poisson process on the upper half of the (Euclidean) plane
R x [0, 00), with intensity function

2.1) far(x,y)i=h e

Here, «, 1 > 0 are parameters. Let us denote the points of this Poisson process by
Par :={p1, p2, ...}, and let us write p; := (x;, y;) for all i. We will be interested
in the random countable graph I'y ; := I'(Py ;) with I'(:) as defined above. (In
Figure 3 we can see two samples of I'y 3, for« =0.8 and A =13 and A = 1.5,
respectively.)

In what follows, we will make frequent use of the following two facts on P, ;.
The following result is a direct consequence of the superposition theorem for Pois-
son processes (which can for instance be found in [19]).

LEMMA 4. Wheno > o' and . < ), then Py .y is distributed like the union of
Pu,s. and an independent Poisson point process with intensity function fu 3r — fo, 1.

F1G. 3. The random graph 'y  with o =0.8 and .. = 1.3 and A = 1.5, respectively.
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We will also need to use the following related observation.

LEMMA 5. The exists a coupling of all the Poisson processes Py ) with o, ). >
0 simultaneously such that (almost surely) Py C Py ;r whenever o > o and
A<M

PROOF. For completeness, we spell out the straightforward proof. Let Q de-
note a Poisson process of intensity 1 on R x (0, oo)z, and let us define

Qi ={(x,y,20)€Q:z<re”*}, Py =1[Quanl,

where 7 denotes the projection on the first two coordinates. It is easily checked
that P/, is a Poisson process with intensity f . By construction, we have the
desired inclusions P, , € P’, ,, whenever« >’ and A <A’. O

2.1. Percolation. We say that percolation occurs if the resulting graph I'y
has an infinite component.

THEOREM 6. For every o, A > 0, it holds that PP, ; (percolation) € {0, 1}.

PROOF. Observe that (the probability distribution of) P, , is invariant un-
der horizontal translations. A standard argument (see, for instance, [23], Propo-
sition 2.6) now shows that all events E that are invariant under horizontal transla-
tions have probability P(E) € {0,1}. U

In the sequel, we shall deal with the following quantity:

22 0(v;a,2) :=P(T({(0, )} UPa,s)
. contains an infinite component visiting (0, y)),

defined for all y > 0. This is often called the percolation function in the percolation
literature. The following observations make the link between 6 and the event that
percolation occurs more explicit, and will be used in the sequel.
LEMMA 7. We have, for all a, ). > 0:
(1) Pgy a(percolation) =1 if and only if 6(y; a, X) > 0 for all y > 0;
(i1) Pqy, »(percolation) = 0 if and only if 6 (y; o, 1) =0 for all y > 0.

PROOF. Let us denote E := {percolation} and let E, denote the event that
(0, y) is in an infinite component of I"({(0, y)} U Pqy.1).
Let us first assume that P(E) = 1. For i € Z, let us denote

F;, = {[i, i + 1) x [0, co) contains a point of P that

belongs to an infinite component of '[Py, A]}.
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We clearly have

1=re) =p(UF) = LB,
i€eZ i€eZ
On the other hand, we must also have that P(F;) = IP(F;) for all i, j € Z (since
the point process Py ; is invariant under horizontal translations). It follows that
P(Fy) > 0. We now remark that Fp C E,, forevery y > 0, since if (x, y') € [0, 1) x
[0, 00) then |x” — 0 < 1 < ¢20"*+Y) This shows that if P(E) = 1, then P(E,) >0
for all y > 0.

Let us now suppose that P(Ey) > 0 for some y > 0. Let G denote the event that
at least one point of P, falls inside [0, 1] x [y+21In2, co0). By the FKG inequality
for Poisson processes (see, for instance, [23], page 32), we have P(E, N G) >
P(E,)P(G) > 0. Now note that if (x', y") € R x (0, 00) is such that [x'] < e®+Y)/2,
then we also have that |x/| + 1 < 2e0HY)/2 = (+2In2+Y)/2 This means that, if
G holds then there is a point p € P, that is adjacent to every neighbour of (0, y)
in I'[{(0, y)} U Py, ]. This implies that £, N G C E. Thus, if P(£) > 0 then also
P(E) > 0 and in fact P(E) = 1 by Lemma 6.

The above observations show that P(E) = 1 & P(Ey) > 0 (for every y). This
implies both part (i) and part (ii). [

In the next lemma, we show that when « crosses the value 1/2, then 6(y; o, A)
drops below 1.

LEMMA 8. We have:

(1) Fora < %, we have that 0(y; o, \) =1 forall y > 0 and A > 0;
(i1) For o > %, we have that 6 (y; a, A) < 1 forall y >0 and A > 0.

PROOF. We start with the proof of (ii). Let D denote the degree of (0, y) in
I'[{(0, ¥)} U Py.2]. Then D has a Poisson distribution with mean

eHN/2

o 4 00 /
(2.3) ED =/ / re Y dxdy = ZAey/Z/ ez dy’ < oo.
0 J—ebt¥)/2 0

(Assuming that o < 1/2.) Hence (0, y) is isolated with probability e ED 5 0
and, therefore, 1 — 6(y; o, A) > 0.

For the proof of (i), we note that the computations (2.3) give that this time
[ED = oco. Hence, by the properties of the Poisson process, almost surely, (0, y)
has infinitely many neighbours and in particular lies in an infinite component. [

We will now restrict our attention to the case @ > 1/2 and we show that a non-
trivial phase transition in A and « takes place. We begin with the case when o = 1.
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LEMMA 9. There exists a A~ > 0 such that if A < A~ then
Py ;. (percolation) = 0.

PrROOF. We will show that, provided that A is small enough, we have
6(0; 1, 1) = 0. By Lemma 7, this will prove the result.

Let us thus consider the component of (0,0) in I'[{(0,0)} U P;.]. We will
iteratively construct a sequence of points (xg, yo), (X1, ¥1), .. .. The sequence may
be either infinite or finite and it will have the following properties:

(p-1) x0=yo=0;
(p-ii) x; < Xit1;
(p-iii) If the sequence is finite, then the component of (0, 0) is contained in
[— max; x;, max; x;] x [0, 00).

For notational convenience, we will write p;r = (x;, ) and p; = (=x;, yi).

Assume that x; and y; have been determined, for some i > 0. We consider the
points (B*( pl-+) U B~ (p; ) NPy, that is, the points of Py, that either belong
to the right half-ball around p;r or the left half-ball around p; . If there are no
such points, then the construction stops (and x;, y; are not defined for j > i + 1).
Otherwise, we set

xi41 :=max{|x|: p' = (x,y) € (BT (p;" ) UB (p;)) NP1},
yit1 :=max|y: p' = (x,y) € (BT (p; ) UB~(p;)) NP1}

The conditions (p-i) and (p-ii) are clearly met by the construction. Let us remark
that the points p;r and p;” may not belong to P; ; and that, by construction, there
is no point among B+ (pl.+) MNP that is higher than pittl or to the right of it (and
similarly for p;”).

Now suppose that (x;, y;) is defined and there exist points p’ € Py ; \[—x;, x;] X
[0, 00) and p” € Py N [—x;, x;] x [0, 00) such that p’ € B(p”). We will show
that in this case, the sequence does not terminate in step i, that is, (xj 41, Yi+1)
will be defined as well. This will prove that our construction satisfies condition
(p-iii) above, since the sequence can only stop at step i if the component of (0, 0)
is contained in [—x;, x;] X [0, 00).

By symmetry, we can assume without loss of generality that x(p’) > x;. Let
1 < j <i be such that x;_1 < |x(p”)| < x;. (Note that a.s. there is no point in
Py, with x-coordinate equal to 0, so j is well defined a.s.) Note that y(p”) <y,
by the definition of y;. We see that

Ik = 2(p)] < [x(p") = x(p)] < FOP IO < O,

In other words, p’ € US’:O B(p;r). Since x(p’) > x; we must have p’ € By (p;")—
otherwise x; would be even bigger by definition of of the sequence (x;, y,). Thus,
(Xi+1, Yi+1) is defined so that condition (p-iii) is indeed met.
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In what follows, we show that, provided that X is sufficiently small, almost
surely the sequence (xo, yo), (X1, ¥1), ... is finite. That is, at some point in the
construction, the set B~ (p; ) U BT( pi+) does not contain any point of Py .

Suppose that we have already found (x1, y1),..., (x;, y;). Observe that, by
construction, both B (p;") N U;_:%) B+(p;r) and B~ (p; ) N U;_:%) B~ (p;) can-
not contain any point of Pj; (for otherwise the value of x; would be even
larger). Thus, y;11 is the maximum y-coordinate among points of P ; inside
BHpH\UZy BT (p) U B~ (p) \UZy B~ (p})) (provided there is at least
one such point—for convenience let us set y; 1| = —00 otherwise). The expected
number 1 (z|x1, y1, .-, X, yi) of points in (B*(p;) \U'Zp BT (p1) U B~ (p; )\

Ui'_:lo B~ ( pJ-_)) with y-coordinate at least z satisfies
o 0o pxi+t(y,yi) ., L,
H(Zlxr, Y1, iy yi) <2 fia(x',y')dx'dy
Z Xi

i [ _y .,
=2)»er e 2dy
Z

— 4peVi=/2

Thus

. i—2)/2
(2.4) P(yig1 < z|X1, Y1, ...\ Xiy Vi) = e—ﬂ(z\xl,)ﬂ ..... Xi,Yi) > e—4Ae(y, 2)/ ‘

Writing A; := y; — yi_1, we see that these increments A; are stochastically domi-
nated by an i.i.d. sequence {A;};cn with common cumulative distribution function

X2 _(x7212n(4)h))

Fy, (x)=e M =
This is a Gumbel distribution and it satisfies EA; = 2In(4A) + 2y, where y is
Euler’s constant, and \far Al = 272 /3 (see, e.g., [24], page 542). Observe that for
A <e V/4 wehave EA| < 0. Let us thus fix such a A. We have that

P((x;, yi) exists) =< }P’(AI 4+ Ai >0).

The law of large numbers now implies that the right-hand side tends to zero as
i — oo. It follows that the sequence (xg, yo), (X1, ¥1), . .. is finite with probability
one. Thus, with probability one, there is a k € N such that the component of (0, 0)
is contained in the strip Sy :=[—k, k] x [0, 00). Let us remark that | Sy NPy 5| is a
Poisson random variable with mean 2k < oo. Hence, almost surely, |Sx NP1, | is
finite for all k. So in particular the component of (0, 0) is also almost surely finite.
This proves that 6(0; 1,A) =0 when A < eV /2. [J

The proof of the above lemma gives a general approach for the exploration of
the neighbourhood around a given vertex in the context of the KPKBV model.
Due to the special definition of the ball around a vertex (which stems from a local
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approximation of the hyperbolic metric) and the way the random graph is created,
the growth of the neighbourhood in each generation is determined by the highest
point in the neighbourhood as well as the rightmost and the leftmost points. Hence,
in this context standard methods, such as a branching process argument, would not
give a good approximation to the way the neighbourhood grows.

The above proof can be extended and show the fact that when o > 1, then for
any A > 0 a.s. no percolation occurs. However, we shall not need to do this here
as our goal is to study the largest component of the KPKVB model, and the corre-
sponding case has already been covered in [3].

Next, we will show that for « = 1, there exists A™ > 0 such that when A >
AT, then percolation occurs with positive probability. As we shall see later (cf.
Lemma 12), this fact together with Lemma 9 imply the existence of a critical value
for the parameter A around which an infinite component emerges. Furthermore,
we also prove that for any @ < 1 and any A > 0 percolation occurs with positive
probability.

The proofs of these facts follow the same strategy. More specifically, we will
consider a discretisation of the model, by dividing the upper half-plane R x [0, c0)
into rectangles that contain in expectation the same number of points from P ;.
Furthermore, the rectangles are such that for any two rectangles that have inter-
secting sides any two points that are contained in them are adjacent in I'y ;. We
define rectangles

25  Rij={(,y:iln2<y<@+Dn2, 27" <x <+ 1271},

where i > 0 and j € Z. See Figure 4 for a depiction. Observe that for i > 1,
the rectangle R; ; shares an edge (from below) with the rectangles R; 1 2; and
Ri_1,2j+1 and (from above) with the rectangle R;1 /2. It also shares its side
edges with the rectangles R; ;1 and R; ;1. We assert the following.

y=3n2

y=2In2

y=I2

Ro,-1| Bo,0|Ro,1

FIG. 4. The dissection into the rectangles R; ;.
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LEMMA 10. Forall p € R; j, we have

B(p) 2 Riy1,1jj2) YR j-1UR; jy1URi—12j UR;—12j+1.

PROOF. Indeed, let p’ € R; j4+1. Then

2iln2 Y +y(p)
2 <e 2

x(p) —x(p)| =227 =e
By symmetry, the same holds if p’ € R; j_1.If p’ € Ri41,j/2), then

iIn2+(i+1)In2 y(P)+y ()
2 2

x(p) —x(p)| <2271 <212 =, e

Note that this also implies that for any p € R; ; we have B(p) D Ri_12j,
R;_1,2j+1. This concludes the proof of the lemma. []

Phrased differently, Lemma 10 states that any two points of P, that belong to
adjacent boxes must be adjacent in Iy ;.

The general strategy here is to consider a graph (which we will denote by %)
whose vertex set consists of those boxes that contain at least one point and any pair
of such boxes are adjacent in this graph, if they touch along a side (i.e., they share
more than just a corner). The above lemma implies that if the graph & contains an
infinite component, then I';, , percolates.

The following gives the expected number of points of P, ; that fall inside R; ;:

(i+1)In2

21'—1
E[R;,j N Pa,xl =E[Ri,0 NPyl Z)»/ / e *dxdy
0

(26) iln2

— &21.—1(2—011. _ 2—0[(1."1‘1)).
o

We will use this formula below.
The next lemma uses this discretisation in order to show that when o« = 1 and A
is large enough, then percolation occurs with probability 1.

LEMMA 11. There exists a At < oo such that if A > AT then
IP; 5 (percolation) = 1.

PROOF. We consider the above discretisation and declare active a rectangle
that contains at least one point from P ;. We define the graph % whose vertex set
is the (random) set of active rectangles and a pair of active rectangles share an edge
if they touch along a side. The definition of the discretisation and, in particular,
Lemma 10 implies that if the graph % contains an infinite connected component
then I'y ; contains one as well.

We will show that the probability that a rectangle is active can become as close
to 1 as we please, if we make A large enough. In the light of Theorem 6, it thus
suffices to show that, for A sufficiently large, the rectangle R is in an infinite
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component of Ap ; with positive probability. Hence, to bound the probability that
a point (0, y) belongs to an infinite component is greater than 0, it suffices to
show that the box wherein it is located belongs to an infinite component in % with
positive probability, provided that A is large enough. Once we have shown this, the
lemma will follow from Theorem 6.

By (2.6), for any i > 0 and j € Z, the expected number of points of P;  in R; ;
is
i—1(n—i —iely _ A
E|Ri7jﬂpl,x|:)»2 (2 -2 ):Z
Therefore, the probability that the rectangle is active iS pact := 1 — e_%. We set
Gact ::l_ Pact = e_% .

Let Z (in some sense the complement of &) denote the graph whose vertex set
is the set of inactive rectangles where any two such rectangles are adjacent in this
graph if they touch (either along a side or just in a a corner). Observe that if R g is
not in an infinite component of % then either Ry o is not active, or there is a path
in % between a rectangle Ry, j- and a rectangle Ry j+ with j© <0 < j *. This
path must pass through some rectangle R; o with i > 0. Simplifying matters even
further, we can say that if Ry ¢ is not in an infinite component of % then either Ry
is not active or, for some i > O there is a path of length i starting in R; ¢. Since
each rectangle touches at most 8 other rectangles, we see that

i : 7
(2.7) P(component of R g is finite) < gact+ Z(7qact)’ = Gact- (1 + #>
— — /qact
i=1
It is clear that by choosing A sufficiently large, we can make gac¢ as small as we
like. And, it is also clear that for g, sufficiently small, the right-hand side of (2.7)
is smaller than 1. Thus, for sufficiently large A, the probability that there is an

infinite component in I'; j is positive (and hence equals one). [J
At this point, we can deduce the existence of a critical A, when o = 1.

LEMMA 12. There exists a Aqit > 0 such that

£ < At
[Py ;. (percolation) = lf < Acrit
1 lf A > Acrit-

PROOF. This follows immediately from Theorem 6 and Lemmas 9, 11 to-
gether with the observation that [P (percolation) is nondecreasing in A by
Lemma5. O

The next lemma shows that percolation occurs always when « < 1, indepen-
dently of the value of A. The proof is an easy adaptation of the proof of Lemma 11.
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LEMMA 13. Forevery o < 1 and A > 0 we have P, , (percolation) = 1.

PROOF. We again consider the graph & defined in the proof of Lemma 11.
Using (2.6), the expected number of points of P, that fall inside the rectangle
R,',j is

A .
(28) ElRi,j m,Pot,)\| = 2—(1 — 2—0{)21(1—0()‘
07

Note that this does not depend on j and tends to infinity with i. Thus, for every
g > 0 there is an ig = ig(e, A, &) such that P(R; ; N Py = @) = e HIRiMPal < ¢
foralli >ipandall j € Z.

We fix a sufficiently small ¢, to be made precise later, and we consider the
corresponding io. Arguing as in the proof of Lemma 11, we observe that if R;; ¢ is
not in an infinite component of % then either R;, ¢ is not active or for some j > 0
there is a path of length j in Z starting in Riy+j,0- Analogously to (2.7), we find

7
P(R;,,0 in a finite component) < 8(1 + ﬁ) <1,

where the last inequality holds provided ¢ was chosen sufficiently small. This
proves the lemma. [

Having identified the range of o and A where percolation occurs, we proceed
with showing that if there is an infinite component, then it is a.s. unique.

LEMMA 14. For every 0 <o <1 and A > 0, almost surely, there is at most
one infinite component.

PROOF. We consider the dissection of R x [0, c0) that was defined in (2.5).
Consider the boxes R;, j, and Rj, j,. Let iop be the smallest i such that 2 -1
17112171, 1 j2]2727 1. In other words, this is the smallest i for which R;_1and R; 1
both lie above the two boxes. Note that i > max{iy, i3}.

As we have seen in the proof of Lemma 13 [cf. (2.8)], each box is active (i.e., it
contains at least one vertex) with probability at least 1 — e (1-27 p>0.5So0
for any i > 0, the rectangles R; _», R; —1, R; 1, R; 2 are all active with probability
at least p4. Let E; denote this event. If E; is realised, then there are vertices ug €
Ri _2,u1 € R;_1,v1 € R; 1 and vy € R; > and by the definition of the boxes these
four vertices form the path uguvivg.

Now, if i > io, then these vertices lie above the boxes R;, j,, R;,, j,. Furthermore,
with probability 1 there is an i > iy such that E; is realised.

We claim that if an infinite path Py visits box R;, j, and an infinite path P, visits
box R, j,, then they belong to same connected component. Indeed, consider the
region defined by the segments [uq, u1], [u1, v1], [v1, Vo], the lines x = x(ug), x =
x(vg) and the x-axis - let R denote it. (See Figure 5 for a depiction.) Let P be an
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F1G. 5. The event R;.

infinite path that visits box R;, j,, and consider an edge e of P; that has one end
inside R and one point outside. Observe that one of the following three options
has to be the case: (1) e crosses at least one of the edges uguy, ujvy, vivg, or (2) e
crosses the line x = x (ug) below ug, or (3) e crosses the line x = x(vg) below vg.
In all three cases, Lemma 3 implies that P is in the same component as the path
uou1v1vg. Completely analogously, P; is also in the same component as the path
UgU1v1vQ.
Thereby, we can conclude that P; and P, belong to the same component. [

3. The function c(«, v). The function c(«, v) which appears in Theorem 2 is
defined as follows:

[e.¢]
/ O(y; a, va/m)ae *Y dy ifa<l,
cla,v):=13Jo
0

ifoo > 1.

(3.1)

The above integral essentially corresponds to the probability that a point of Pa, A
belongs to an infinite component in the continuum percolation model, where A =
v /. In other words, we show that 6(y; o, va/mr) is a good approximation to
the probability that a vertex of radius R — y belongs to the largest component
of G(N; a,v). In the next section, we shall see that this choice of A makes the
continuum percolation model a good approximation to the KPKBYV model.

Property (i) holds by definition of c¢. Property (ii) follows immediately from
Lemmas 13 and 7. Property (iii) follows immediately from Lemmas 12 and 7,
where of course verit = 7 A¢rit. Property (iv) follows immediately from Lemma 8.

To deduce parts (vi) and (v) of Theorem 2, we will first deduce the monotonicity
and continuity properties of 6(y; o, A). We will begin with the former, as they are
slightly easier than the latter.
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3.1. The monotonicity of 6(y; o, A). Property (v) follows immediately from
the next lemma.

LEMMA 15. We have:

) If% <a<landd <a,then(y;a,)) <0(y;a’, ) forall y, A.

(i1) If% <a<land A >0 o0rif a =1 and ) > A, then 0(y; o, A) <
O(y;a, ) forall y and all )/ > .

PROOF. We start with (i). Using Lemma 4, we write P, ; as the union of Py
and an independent Poisson point process P’ with intensity g := fo/ 1 — fax-

Let E denote the event that (0, y) is in an infinite component of I'[{(0, y)} U
Pa.s]. By Lemma 8, we have P(E) < 1.

If for h > 0, we denote by Fj the event that the box [—#, h] x [0, 2] con-
tains a vertex in an infinite component of I'y », we then have P(UJ,.o Fr) = 1
by Lemma 13. Hence, there is an & > y such that P(E€ N Fp) > 0.

Let G, denote the event that there is a point of P’ inside [0, 1] x [2log(h +
1), 00). Observe that Gy, is independent of E, Fj and that P(Gp) > 0 as g is posi-
tive on [0, 1] x [2log(h + 1), 00). It follows that

]P’(EC NF,N Gh) > 0.
Next, observe that if F, N Gy holds, then (0, y) is in an infinite component of
I'[{(0, y)} U Py 1]. This gives
0(y;a, 1) = P(E) +P(E° N F, N Gp) > P(E) =60(y; a, 1),

which proves part (i). The proof of (ii) is completely analogous. [J

3.2. The (dis-)continuity of 0(y; «, A). In this subsection, we give a collection
of results towards the proof of Theorem 2(vi). Since 6 and, as we just proved,
the function c(¢, v) are monotone with respect to each one of their arguments, it
suffices to show the continuity of c(«, v) with respect to « and v, separately. First,
we will show that the percolation probability 9 is continuous with respect to «, A, y
for many choices of these parameters. We begin with continuity in y.

LEMMA 16. 6(y; a, L) is continuous in y.

PROOF. If o < %, then there is nothing to prove by Lemma 8. Let us thus

suppose that o« > %, and let y > y’ > 0 be arbitrary. Since every point of P, ; that
is adjacent to (0, y") will also be adjacent to (0, y), it is clear that 6(y; o, 1) >
0(y’; a, 1). Moreover, we have that

O(y:o, A) —0(ys a, 1)
< P(There is a point of P, that is adjacent to (0, y) but not to (0, y')).
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Let u denote the expected number of points of Py, that are adjacent to (0, y)
but not to (0, y"). We have that

0<6(y;o,0) —0(ys0,A) < pu

Let us now compute that

w= /OO 2(6%(t+y) — e%(l"'y/)) e dr =2a(e¥/? — ey//z)/<oz — %)
0
Thus w can be made arbitrarily small by choosing y, y” sufficiently close to each
other. It follows that 6 is continuous in its first argument as claimed. [J

In the next lemma, we show that the probabilities of certain events under the
measure Py , are continuous with respect to these two parameters. We will use
this several times later on.

LEMMA 17. Let E be an event that depends only on the points inside a mea-
surable set A C R x [0, 00), and suppose that o > 0 is such that [, e~ dx dy <
00. Then (a, L) = Py ;. (E) is continuous on (agp, 00) x (0, 00).

PROOF. We start with the continuity in A. To this end, we pick o > «¢ and
0 <2’ <. By Lemma 4, we can couple Py ;, Py, and P, ; ;s such that Py ; is
the superposition of P, ;/ and an independent copy of Py 5. Thus,

Py 3 (E) — Py 3/ (E)| < P(there exists a point of P, ; _,/ that falls in A)
, , p ,
<r —)»/|/ e “Ydxdy.
A

Since [, e~* dx dy < oo we can thus make the left-hand side arbitrarily small by
taking A and A close enough.

Continuity in « is similar. Pick « > ¢’ > . By Lemma 4, we can couple
Pa.r, Por s so that Py, is the superposition of P, ; with an independent Pois-
son process with density g4 o/ (x,y) 1= e @Y — o). Reasoning as before,
we see that

IPos(E) — Py (E)| < /A goar 2 (x, y) dr dy.

Since 0 < gy o2 (x, y) < Ae” %Y, it follows from the dominated convergence the-
orem that we can make the left-hand side arbitrarily small by choosing «, &’ close.
O

The next lemma proves the continuity of 6(y; «, A) from above with respect to
A and from below with respect to «.



A LLN FOR THE KPKVB MODEL 627

LEMMA 18. Forevery y >0 and o, ) > 0, we have that

6y 2) = lim6(y: . 2) = lim 0(y: . 2).

PROOF. The result is clearly trivial when o < %, by Lemma 8. Hence we can

assume o > % Let us first remark that 6(y; «, A) is nondecreasing in A. This fol-
lows from Lemma 4.
Let us fix y, A. For any K > 0, we define the event

Ek := {there is a path in I'(Py; U {(0, y)}) that starts at (0, y)
and exits the box [—K, K] x [0, K1}.
We have that Ex D Ex1 forall K, and
0y, 1) =P, ([Qy Ex) = Jim Poi(Ex)

Hence, for ¢ > 0 arbitrary, we can find a K such that P,y (Eg) <0 (y; o, A) +¢/2.
Now notice that the event Ex depends only on the points of P, in the set

Ak ={(x",y"):3(x",y") e [-K, K] x [0, K] such that (x’, y') € B((x", y"))}
={(.y): || S K + 2000},
(Every point that is connected by an edge to a point in [—K, K] x [0, K] must lie
in Ag.) We pick an arbitrary o > g > % and compute
o0 1
f e ' dsdr =/ (K + e%(t"'K))e_“O’ dr = (K + 2eK/2)/<ao — —) < o0.
Ak 0 2
Hence, Lemma 17 applies. In particular, there exists a § > 0 such that 1 < 1” <
A+ 8 implies that P, 3/ (Ex) <Py 3 (Eg) + €/2. Hence, for such A’, we have
Oy, 2) <0(y; o, 1) <Py (Ex) <0(y; o, A) + .

As ¢ was arbitrary, we indeed see that 6 (y; o, 1) = limys 1, 0(y; ¢, A').
Completely analogously, there is a § > 0 such that « > o’ > & — § implies that
Py 1 (Eg) <Py (Ek) 4 €/2, and hence

O(y;a, M) <0(y;a',A) <Py (Ex) <0(y;a, 1) +¢.

As & was arbitrary, we can again conclude that 0(y; o, A) = limy/44 0(y; o, A).
O

To deduce the continuity with respect to & and A in the directions not covered by
the previous lemma, we need to make a case distinction. This depends on whether
or not the certain points around which we want to show continuity are points where
percolation occurs.
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LEMMA 19. Let o, A > 0. Suppose that there exists a Ao < A such that
Py 5o (percolation) > 0. Then for all y > 0, we have limNMQ(y;a,)u’) =
O(y; a, A).

Similarly, if there exists an ag > o such that Py ) (percolation) > 0, then
limgy o 6(y; o', 1) =60(y; a, 1), forall y > 0.

PROOF. The proof is an adaptation of a proof by van den Berg and Keane [27]
for standard bond percolation. (see also Lemma 8.10 in [16], page 204). Through-
out the proof, we consider the coupling provided by Lemma 5 that ensures that a.s.
Pyr.ar S Pyr v whenever o' > o and A" < 1”.

We start by proving the first statement of the lemma. Let £,/ denote the event
that (0, y) is in an infinite component of I'(Py y» U {(0, y)}). Observe that E; O
U <a Ew. Since limy/4;, P(E;/) = P(U,/ <, Ej), it suffices to show that

IP( U EN) =P(E,).

A<

Aiming for a contradiction, let us assume that P(E; N (;/; £7,) > 0, and
let us consider a realization of our marked Poisson process P, ; for which
Ej N <y E5, holds.

Note that, a.s., in I ;, there is an infinite component. If E; holds, then there
is a finite path po = (0, ), p1, ..., px € Pa.x U{(0, y)} that connects (0, y) with
a vertex pg in the infinite component of I'y ;,. (Note that by Lemma 14 there is
only one infinite component in Iy, so such a path exists a.s.) If Q is the intensity
one Poisson process on R x [0, o0)? used in the construction of the coupling in
Lemma 5, then there are points (x1, y1, 21), ..., (XK, Yk, 2x) € Q such that p; =
(xi,yi)and z; < Xe”*i foralli =1, ..., K. So in particular, there must be a A9 <
A < Asuchthat z; < Ae ®i foralli =1,..., K. This implies that py, ..., px €
Py, and hence E;/ holds for some A" < A. Contradiction! This proves that P(E; N
(i <1 E5,) = 0 after all, and hence the lemma.

The proof of the second part is completely analogous. [

Finally, we need to consider the case where @ = 1, A < A¢rit and &’ approaches 1
from above. To this end, we will need a lemma in which we approximate the event
that (0, y) does not lie in an infinite component by the event that the component of
(0, y) induced within a large but bounded region is small.

More specifically, for h > n > y > 0 we define the event U(y;n, h) as fol-
lows:

U(y;n, h) == {In T((Py.s U {0, »)}) N [—€", e"] x [0, h]),
the component of (0, y) is contained in
[—n,n] x [0, n] and has at most n Vertices}.

Figure 6 illustrates the event U (y; n, h).
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F1G. 6. The event U(y;n, h).

LEMMA 20. For every o > 1/2, 1 > 0 and K, e > 0, there exists an ny =
no(a, A, K, &) such that

Per(U(yin,h))=1—-0(y;a, 1) —e¢,
forallh>n>ngandall0 <y <K.

PROOF. Let E(y) denote the event that (0, y) is in a finite component of
I'(Pa,x U{(0, y)}), and let E(y, n) be the event that this component has at most n
vertices and is contained in [—n, n] x [0, n]. Clearly, E(y) =, E(y,n), so that
there exists an ng = ng(y) such that

Py (E(y,n)) = Pes(E(Y) —e/3=1—-0(y;a, 1) — /3,

for all n > ng. Recall that 8 is continuous in y by Lemma 16. By an almost
verbatim repeat of the proof of Lemma 16, we have that y = Py 3 (E(y, n)) is
continuous in y for all fixed n. Thus, for every y € [0, K] there is a §(y) such
that P(E(y',no(y)) = 1 —0(y";a, A) — 2¢/3 for all y' € (y — 8(y), y +8()).
By compactness, there exist yi,..., yy € [0, K] such that [0, K] C Uiﬂil(yi —
8(vi), yi + 6(yi)). Let us now set ng := max(ng(yy), ..., no(yy)). Then we have
that, forevery n > npand all 0 <y < K, Py 2 (E(y,n)) >1—-0(y; a, 1) — 2¢/3.
(Since each y € [0, K] is in some interval (y; — §(y;), i + 6(¥;)), and hence
P i (E(y, 1)) = Py (E(y, no(v) = 1 = 6(y; , 1) — 2¢/3.)

To conclude the proof, we simply remark that U (y, n, h) 2 E(y, n) for all every
h>n. O

LEMMA 21. IfP; ,(percolation) =0, then limy 1 0(y; o', A) =0(y; 1, 1) =
Oforall y > 0.
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We remark that, since we do not know whether or not there is percolation a.s.
when A = At, we do not just want to change the prerequisite [P , (percolation) =
0 into A < Ait. If in a future work, it turns out that there is no percolation a.s. at
A = Acric then the lemma applies.

PROOF. Let us fix some y > 0 and let ¢ > 0 be arbitrary. Using the previous
lemma, we select an n such that Py 5 (U (y,n,h)) >1—¢/3 forall h > n. Let

Ry ={(x,y) €R x [0,00)\ [—¢", e"] x [0, h]:
3(x', ') € [=n, n] x [0, n] with |x — x| < €20}
={(x.y) eR x [0, 00) \ [—e", "] x [0, 1] : |x| <n +ezOFM).

Note that, if we keep n fixed and make & > y sufficiently large, we have n +

ex O oh Thus, for sufficiently large 4, we have R; C {y < h}. Denoting by
Ay, the event that R, NPy x # &, we see that

[e.e]
Pa(An) SEIR N Pasl < [ 201+ B H0)re a
h

2
_ 2 o 26 o
o o — %

Thus, we can fix a h = h(e, n, A) sufficiently large for P, ; (A;) < €/2 to hold
uniformly for all > 0.9.

By Lemma 17, there exists a § > 0 such that [Py 3 (U(y; n, h)) — P1,(U(y;
n,h))| <eg/2forall @ € (1 —6,1+45). Let E denote the event that (0, y) is in

an infinite component. Then E C U (y; n, h)° U Ay. It follows that, for all @ €
(1-4,1+9),

Py a(E) <e.

Since ¢ > 0 was arbitrary, the result follows. [J

The continuity of c(a, v). Here we briefly spell out how part (vi) of Theorem 2
follows from the lemmas we have proved in this section. That ¢ is continuous
in the points claimed in property (vi) follows from Lemmas 18, 19, 21 together
with properties (i)—(iv), using the dominated convergence theorem. (To apply the
dominated convergence theorem, we note that (y, «, va/m)ae™*Y is continuous
in y by Lemma 16, and hence measurable, and that it is majorized by the integrable
function ¢~%Y with 0 < @9 < «.) That ¢ has a point of discontinuity on every
(a0, v) € {1} x (verie, o0) follows from the fact that ¢(1,v) > O for v > v but
c(a,v)=0forall @ > 1.
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FIG. 7. Depiction of the event Cy, j, (not to scale).

4. Transferring to G(N; o, v): Proof of Theorem 2.

4.1. Part I. Finitary approximation of the percolation probability. 1In this sec-
tion, we prove some preliminary lemmas that will enable us to transfer the be-
haviour of the continuum percolation model to the finite random graph G (N; «, v).
Amongst other things these lemmas will allow us to compare the percolation prob-
ability 6 (y) with the probability that a point of radius R — y belongs to the largest
component. Note that Lemma 20 above gives a lower bound on 6(y; «, A) in terms
of an event that is determined within a large but bounded domain. Lemma 24 be-
low provides an analogous upper bound. Before we state and derive Lemma 24,
we however need some more preparatory work.

Let Cy, 5 denote the event that there exists a path in I'(Py ;) starting at a point
of Py N [—wel, —(w — 1)e] x [0, h] and ending at a point of Py N {[(w —
De’, we"] x [0, h]}, with all its points having y-coordinate at most k. See Fig-
ure 7 for a depiction. We will show that if the parameters o and A are such that
percolation occurs with probability 1, then as 4 grows the probability of Cy, , con-
verges to 1. To this end, we will need the following lemma which states that the
infinite component extends in all directions indefinitely.

LEMMA 22. Suppose that o, A is such that P, ) (percolation) = 1. Then, for
every vertical line £, the unique infinite component contains points on either side

of L.

PROOF. We define

E, = {the unique infinite component is contained in the halfspace {x > n}}.
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Let us write ¢ :=P(E(). Since the model is invariant under horizontal translations,
we have P(E,) = P(Ey) for all n € Z. Hence,

¢= lim P(E,) = P(ﬂ E,,) =0
n—oo
neN
as clearly N, E, = &. So P(E,) =0 for all n.
In other words, almost surely, for every vertical line £, the infinite component
contains points to the left of £. By symmetry, it also contains points to the right of
every £ almost surely. [J

We can now proceed with the proof of the statement regarding C, j,.

LEMMA 23.  Leta, . > 0 be such that Py ) (percolation) = 1. For every (fixed)
w > 1, we have limy_, o0 Py 2 (Cyp ) = 1.

PROOF. We begin with the case where o < 1. Here, we will show some-
thing stronger: with probability approaching 1 as 7 — oo there is a path be-
tween two points of Pa » Whose x-coordinates belong to [— we' ,—(w — l)eh]
and [(w — 1)e”, ], respectively, and the remaining points have y-coordinates
that are between h — 1 and h. To this end, we define a collection of boxes
Bi =[ie" 12, (i + )e"=1/2) x [h — 1, h], for i = —[2we], ..., |2we]. Note
that the leftmost and the rightmost boxes are such that the points of both have
x-coordinates which belong to [— we' ,—(w — l)e ] and [(w — l)eh, weh], re-
spectively.

We will show that (1) any points of P, ; that belong to adjacent boxes must be
also adjacent and (2) with high probability all boxes contain at least one point.

To show (1), consider a point p; € By and a point p; € By. Then |[x(p1) —
Y(pD+y(p2)

x(p) <21 2=et"l<em 2 since y(py), y(p2) = h — L.
Part (2) follows from a simple calculation. We have

h el A h
ElBoﬂPa,ﬂ:k/ / _O‘ydxdy——eh/ e Y dy
—h—1Jo 2e¢  J-(h-1)

- Leh(e—a(h—l) _ eah) = A

_ (-wh e _
Zeae (e )’

2eq
whereby

Ale® — l)e(l"‘)h>.

Py (IBoNPyrl =0) = eXP(‘ oo

Hence, provided o < 1, the probability that at least one of these boxes does not
contain a point is at most (4we + 1) exp(— Me _l)e(l ahy 5 0, as h — 00.

We now focus on the case where o = 1. Let Eh denote the event that [—A, k] x
[0, /1] contains a point of the infinite component of I'y ;, and this component has
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a point p; with x(p1) < —we” and a point p» with x(p2) > we’. By Lemma 22,
we have | J;, Ej, = {percolation}. So, in particular,
4.1 lim Py, (Ep) = 1.
h—o0
Define A, = {(x,y) : y > h,|x| < we" + e%(hﬂ)}. That is, A, is the set of
all points with y-coordinate at least & that could be adjacent to some point in

[—we”, we"] x [0, h]. Similar to what we did in the proof of Lemma 18, we com-
pute

E[P1s N Al =A/ e~ dx dy
Ap

. (weh+e%(h+y)
=2 e Vdxd
/h /—(weh—%eé(h_"y) Y
o0 o
= k<2weh f e Vdy+ 2eh/2/ e V2 dy)
h h

= Qw+ 1)A.

Let Fj, denote the event that the area A;, does not contain any point of P, ;. Then
we have

]P)L)\(Fh) — e—(2w+l)k‘

Let us also remark that £, N Fj, € Cy, 5. (If E; N Fy, holds, then there is a path with
all y-coordinates at most /, between a vertex p; with x(p;) < we” and a vertex
p> with x(p3) > we”. The x-coordinates of any two adjacent vertices of this path
differ by no more than ", so there must be points in [—wel, —(w — 1)e"] x [0, h)
and [(w — 1)e", we] x [0, h].) Observe that Cy.n and Fj, are independent, since
they depend on the points in disjoint parts of the plane. Thus,

P11 (Cop)e” PV =P 5 (Cop ) P(F)
=P 2 (Cw.n N Fp)
> P1a(En N Fp)
> P13 (En) — (1 =Py (Fp))
=Py 3 (Ep) + e @A,

That limp—, oo P12 (Cy 1) = 1 now follows immediately from (4.1). [
For y, w, h > 0, we define the event T (y; h, w) as follows:
T(y; h, w) :={InT(Py U{(0, y)}), there is a path between (0, y)
and a point in R x [A, 2 4+ 1], and all points of this path lie in
[—weh, weh] x [0, h + 11}.
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(0,v)

x-axis

FI1G. 8. Illustration of the event T (y; h, w).

See Figure 8 for an illustration of the event 7' (y; h, w).

LEMMA 24. Fix % <a<1and A > 0. For every K, ¢ > 0, there exist con-
stants w = w(a, A, K, €), hg = ho(a, A, K, &) > 0 such that

Pos(T(y; w, h)) =0(y;a, 1) — &,
forall0 <y <K and all h > hy.

PROOF. For notational convenience, we will denote 7 (y; w, k) simply by T
in the proof. Let E denote the event that there is an infinite path starting at (0, y).
We can assume without loss of generality that o, A are such that percolation occurs
a.s., because otherwise 6(y; o, A) =0 by Lemma 7 and there is nothing to prove.

We first consider the case when o < 1. Let us define A; := [0, ¢! /1000] x
[, i + 1]. By construction, every point in A; will be adjacent to every point in

Ajtr.
The expected number of points of P, ; that fall inside A; is fii+1 )‘f(l)ggz dz =

Q(e1=®). Thus, the probability of no point falling in A; is e=2C¢" ") This
expression is summable over i, which implies that there exists an ig = ip(, A, €)
such that, writing

F:={A; NPy # @ forall i >ip},
we have
“4.2) Pyr(F)=1—¢/2.

Let E denote the event that (0, y) is in an infinite component of I'[ P, U {(0, ¥)}]
and let E’ denote the event that F holds and there is a path between (0, y) and a
point in {J;>;, Ai. We observe that, by Lemma 14, if E and F' hold then the event
E’ must also hold. (This is because the points in A;, U A;y4+1 U --- clearly form
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an infinite, connected subgraph of I'[Py 5 U {(0, y)}] and if (0, y) is in an infinite
component, then in fact this component must also contain that infinite subgraph.)
Thus, we have

Pa,A(E,) = Pa,k(E NF)> Pa,A(E) _Pa,X(FC) >0(y;a,A) —g/2.

Now let E; = E; (y)" denote the event that F holds and there exists a path P
between (0, y) and a point in (J;-;, A; such that all points of the path P lie in
[—Jj, j] x [0, j]. Note that the E; form an increasing sequence of events with
U, E; = E’, so that there exists a hg = ho(y, a, A, &) > ig with

(4.3) P (Epy) = Pas(E') — /2= 0(y; a, A) —e.

We now remark that if £ ;LO holds then T = T (y; w, h) holds for all & > hg and all
w > 1. Thus, for all such &

(4.4) Po i (T) > Py 3 (Ej) = 0(y; 1) — .

To conclude the proof for the case when o < 1, we need to argue that /o can
be chosen so that (4.4) holds uniformly over all 0 < y < K and all & > hqg.
To see this, we first notice that iy in fact does not depend on y, so that our
only worry is (4.3). We now recall that 6 is continuous in y by Lemma 16
above, and we note the function (y, j) IP’a’A(E;. (y)) is nondecreasing in j
and nondecreasing in y for 0 < y < j By the continuity of 6(y) in y, we can
fix a finite sequence 0 = yg, y1,..., y» = K such that |6(y) — 8(y;)| < €/6 if
¥i <y < yit1. Choosing j; such that ]P)a,l(E;i (yi)) = 0(yi; o, A) — €/6, we see
that Pa,x(E}l. () =6(y;a,A) —¢e/3 forall y; <y < y;;1. By the nondecreasing-
ness in j of Py 3 (E;j(y)), it now also follows that ho := max{jo, ..., ju—1} is a
choice for which (4.3) holds forall 0 <y < K.

We are now left with the case where o« = 1 (and A is such that percolation occurs
a.s.) We fix constants w = w(A) and C = C(A) € N, large and to be determined
later on during the proof. By Lemma 23, we have that

4.5) P1x(Cun NCyp—1N---NCyp—c) = 1—¢/3,

for all sufficiently large #. Let U = U (w, h) denote the event that there is at least
one point in the box [—we /2, we /2] x [h, h 4+ 1]. An easy computation shows
that

i h+1
“6) P,U)=1- exp[—we fh re”t dz]
=1—exp[-Aw(l —1/e)] > 1—¢/3,
where the last inequality holds assuming w = w(X, &) was chosen sufficiently
large.

Let us denote by R; the rectangle [—we', we']x[0,i],and let A C R x [0, o)\
R, denote the set of all points that could possibly be adjacent to a point in R,_c.
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If (x, y) e R x [0, h]\ Ry, and (x', y') € Rj_c, then we have that |x —x'| > we’ —
wel =€ = weh(l — e_C) while eO1tY)/2 < h=C/2 Hence, assuming w, C were
chosen sufficiently large we find that A C {y > h}. We can thus write

A:={(x,y) eRx [h,00):|x| < we € +e(y+hfc)/2}.
If W:={ANP; =}, then we have

o0
Piy (W) <EJANP; | = / 2(weh=C 4 0Hh=02) =2 d;
@.7) h

=2wie € +4re~C/? <e&/3,

where the last inequality holds provided we chose C sufficiently large with respect
to w and A. Combining (4.5), (4.6) and (4.7), we thus have that

Pi,lUNWNCyrN---NCyn—c)>1—e¢.

Letting E denote the event that (0, y) is in an infinite component of I'[P;; N
{(0, ¥)}] as usual, to complete the proof we will show that if E,U, W, Cy 4, ...,
Cy.h—c all hold then T must also hold. Indeed, this will give that
PiaM) =P a(ENUNWNC,,p,N---NCyp—c)
>Pia(E) —e=0(y;1,1) —e.

Let us thus assume that E, U, W, Cy p, ..., Cy p—c all hqld. For each.h —C<
i <h, we fix a path P; i.nside. R; between a point in [—we', —(w — 1)e'] x [0, i]
and a point in [(w — 1)ée', we'] x [0, i] (such a path exists since Cy, ; holds).

(4.8)

CLAIM 25. Suppose that E,U, W, Cy p,...,Cyn—c all hold. Let h — C <
i <hand w > 2. If there is a path P between two points (x',y"), (x",y") with
|x'| < ¢ and |x"| > 3¢’ such that all points of P lie in R x [0, i1, then there is an
edge between some vertex of P and some vertex of P;.

PROOF OF CLAIM 25. Note that the projection onto the x-axis of an edge
of P; or P has length at most ¢/. By assumption there exists a vertex u €
[—e', e!]x [0, i] of P.Let ¢ denote the vertical line through u. Note that some edge
st of P; must intersect £, since P; connects a point in [—we', —(w — l)ei] x [0, 1]
and a point in [(w — De', we'] x [0, i] and, moreover, w — 1 > 1. If the segment
st crosses £ below u, then we are done by by Lemma 3, part (i). We therefore
suppose that sz crosses £ above u. Let £ denote the vertical line through s and ¢”
the vertical line through ¢, and let S € R x [0, co) denote the area below st and
between ¢’ and ¢”. The path P can be viewed as a continuous curve that connects
u € S with a point outside of S (note that the x-coordinates of s, ¢ have absolute
value at most 2¢'). Appealing to the Jordan curve theorem, some edge of P must
intersect the boundary of S. If such an edge intersects st we are done by Lemma 3,
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part (ii). Otherwise, some edge of P must intersect either £ below s or £” below ¢.
In both cases, we are done by Lemma 3, part (). [

To complete the proof, we plan to show, using the claim, that the point (0, y),
the paths Py,_c, ..., P, and any point in the box [—weh/2, weh/Z] X [h,h + 1]
all lie in the same component of I'[{(0, y)} U (P N [—we", we] x [0, h + 1])]—
assuming E, U, W, Cy p, ..., Cy.n—c all hold.

To this end, we first observe that since P;_; has a vertex in [—e! ™1, ei~1] x
[0, i — 1] and a vertex with x-coordinate at least (w — 1)e! ~! > 3¢ (assuming with-
out loss of generality w is sufficiently large for this inequality to hold), Claim 25
shows that there is an edge between a vertex of P;_; and a vertex of P;, for each
h—C<i<h.

Next, we observe that any vertex in the box [—weh /2, we /2] X [h, h 4+ 1] will
be above some edge of Py, and hence has an edge to a vertex on that path, by
Lemma 3, part ().

We further observe that since E and U both hold there must be a path P between
(0, y) and a point (x’, y') in Rj, \ R,—c, with all vertices of P except (x’, y’) lying
inside Rj,_c. Assume first that y’ < h — C. In this case, Claim 25 implies that
there is an edge between a vertex of P and a vertex of P,_c. Now, suppose that
i—1<y <iforsomeh—C <i<h.If |x'| <(w— 1), then (x,y") lies
above some edge of P;_; and there is an edge between (x’, y’) and a vertex of
P;_1 by Lemma 3, part (i). On the other hand, if |[x'| > (w — el then having
chosen w sufficiently large, we see that |x'| > 3e’ so that there is an edge between
a vertex of P and a vertex of P; by Claim 25.

This proves that, provided E,U, W,Cy ,...,Cy n—c all hold, there is a
path between (0, y) and a vertex in [—weh, weh] X [h, h 4+ 1] that stays inside
[—we”, we] x [0, h + 1]. Combining this with (4.8), the lemma follows. (We
note that uniformity in y is not an issue in the « = 1 case since the argument we
supplied for this case works forall y <h — C.) [0

4.2. PartII: Coupling the KPKVB model with the continuum percolation model.
We are now ready to prove Theorem 2, by establishing the link between the contin-
uum percolation model in the previous section and the KPKVB model. It only re-
mains to show that, for all &, v > 0, we have that |6(1)|/N — c(«, v), |%2)|/N —
0 in probability, where €(1) and %(2) denote the largest and the second largest
component of G(N; «, v). Note that for @ > 1, we have already proved this in our
earlier paper [3]. Let us also remark that, since c is continuous forx < 1 and ¢ = 1
for « < 1/2, by the monotonicity in « of G = G(N; «, v) (see Lemma 1.2 from
[3]) it suffices to consider only the case o > % In the remainder of this section, we
shall thus always assume that 1/2 <o <1.

Let Gp, = Gpo(N; o, v) denote the random graph which is defined just as
the original KPKVB-model G = G(N; o, v) with the only difference that now
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we drop Z 4 Po(N) points onto the hyperbolic plane according to the («, R)-
quasi uniform distribution, where Z is of course independent of the locations of
these points. Note that this also gives a natural coupling between G and Gp,: if
X1, X2, ... is an infinite supply of points taken i.i.d. according to the (¢, R)-quasi
uniform distribution, then G has vertex set {X1, ..., Xy} while Gp, has vertex-set
{X1,..., Xz}. The following lemma shows it is enough to show Theorem 2 with
Gp, in place of G.

LEMMA 26. Suppose there is a constant t such that |€(1)(Gpo)| = (t +
0p())N and |€2)(Gpo)| = 0p(N). Then also |€¢(1)(G)| = (t + 0,(1))N and
|€(2)(G)| = 0p(N).

PROOF. Aiming for a contradiction, suppose that limsupy_, o, P(|6(1)(G)| >
(14 &)t) > 0 for some ¢ > 0. Recall that P(Z > N) =1/2 + o(1) (e.g., by the
central limit theorem) and observe that whenever Z > N we have that Gp, 2 G
(under the natural coupling specified just before the statement of this lemma). But
then we also have

hmsup]P’(w > (1+ 8)l>
N—oo N
> limsup(1/2 + o(1)) P(@ > (1+ 8)t> >0
N—o00

a contradiction.

Completely analogously, we cannot have that limsupy,_, . P(|¢(1)(G)|- N -1 <
(1 — e)t) > 0 for some ¢ > 0. Applying the same argument to compare
|€(1)(Gpo) U €(2)(Gpo)| to |€(1)(G) U €(2)(G)| completes the proof. [

In the remainder of this section, we will thus restrict attention to proving Theo-
rem 2 with Gp, in place of G (under the additional assumption that 1 > « > %).

Next we define a correspondence between the continuum percolation model

a2 and Gpo. Let us define W : [0, R] x (—m, 7] — (—%eR/2, ZeR/2] x [0, R] by

eR/2
W:(F,ﬁ)H(ﬁ’T,R—r>.

We let V denote the vertex set of Gp,, and we let V denote Po.va /;T
[——eR/ 2 ” eR/2]1 x [0, R]. Let us denote by I the graph with vertex set V and
an edge between (x,y), (x',y") € V if and only if |x — x'| g2 < 20+, (In
other words, T is the supergraph of I'g,5 induced on v, together with some extra
edges for “wrap around”.)

LEMMA 27. There exists a coupling such that, a.a.s., V=w(V).
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PROOF. V constitutes a Poisson process on (—m, w] x [0, R] with intensity
function

o sinh(ar) 1 v pp o A sinh(ar)
 —_— . — = —.p  —_—
cosh(aR)—1 27 2w cosh(aR) — 1

By the mapping theorem (see [19], page 18), W (V) is a Poisson process on
[—%eR/z, %eR/Z] x [0, R] with intensity function

fowy(x, ¥) = fr (¥ (x, y))|det(])

where J denotes the Jacobian of W~!. It is easily checked that | det(J)| = 2¢~ &/ 2,
We see that

fv(@r,v):=N

9

va %(etx(R—y) — 2 =R

(xv ):_
fo)(x.y)=— T — ¢ af)_

v, 1 —20-R
7 ¢ \1—e 2R _ 20—k

= e (1= 0 (0B 4 O (e ).

Recall also that V is a Poisson process with intensity fy(x,y) = “*e™* on
[—ZeR/2, ZeR/2] x [0, R]. Let us write fiin := min{ fu(v), fy}. Let Po, P1, P2
be independent Poisson processes, Po with intensity fumin, P1 with intensity
Sw(v) — fmin and P, with intensity fy — fmin. We couple Vv, W (V) by setting
W(V)="PyUPy, V="PyUP,. (This clearly also defines a coupling between V
and \7.) This way, the event V= W (V) coincides with the event P = P, = @.
Comparing fy(v) and fj;, we see that

R R
E|Pi|,E|P,| < mef/?. 0(]0 e m2R gy +/0 e @O+R) dy)

_ O(eR(l/Zfoz))
=o(l),
where we used the assumption that o > 1/2. This shows that, under the chosen

coupling, IP’(V =¥ (V))=1—-0(),as claimed. [

Before we can continue studying Gp, and I, we first derive some useful asymp-
totics.

LEMMA 28. There exists a constant K > 0 such that, for every ¢ > 0 and for
R sufficiently large, the following holds. Let us write

1
A(r,r') := ~e®/? arccos((coshr coshr’ — cosh R)/sinhr sinh7’).
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Forevery r,r’ € [eR, Rl withr +r’ > R, we have that
(4.9) e1 ) _ g3 0H)-R < Alr,r') < e10HY) 4 g3 )R,
where y := R —r,y' := R — r'. Moreover,

4.10) Alr, v’ ze%(y"ry,) ifr,” <R —K.
(

PROOF. We compute

coshr coshr’ — cosh R %(e’”/ 4 e T p ey %(eR +e R

sinhr sinh 7’ ‘l‘(eﬂrr’ — el — el 4 (1))

/ i
e el T eR _ e—R
er—l—r’ _ er—r’ _ er/—r + e—(r+r’)

=142

— - 2e—(r+r'_R)<1 —e TR Ry e‘“)

1— e—2r _ e—2r/ + e—2(r+r’)
R (1 _ er—r’—R)(l _ er’—r—R)

=1—2¢ 0" ,
¢ (1 _ e—ZV)(l _ e—2r )

=:1-—x.

We remark that »r — " — R > —2r’ since r + r’ > R. This implies that (1 —
e Ry /(1 —e ") < 1. Similarly, we have (1 —e” ~"~R)/(1 —e™?") < 1. This
shows that x < 2~ 1" —R) —. ¢ Hence,

4.11) arccos(l — x) < arccos(l — s) < /25 + O(s%/?),

using a standard bound on arccos(1 — s) for the last inequality (for completeness,
we provide an explicit proof in the Appendix, see Lemma 34). Now observe that

(4'12) %eR/Z /2S — eR/2*()’+r/*R)/2 — eR*(V‘i’r/)/z — e(y+y/)/2,
since y= R —r, y' = R — /. This also implies that

(4.13) %eR/zsw = OPN2L D N2 [7 . R — @0 H)-R),
2
Combining (4.11), (4.12) and (4.13), we find that

1 y 5 )
Ar,r') = EeR/z arccos(l — x) < W)/ 4 O(e%(y+y =Ry,

proving the upper bound in (4.9).
For the lower bounds, we start by observing that

x> 2eR—(r+r/)(1 . er—r/—R)(l N er’—r—R)

! / !
> 2R (1 — TR o= Ry =iy,
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Thus, again using a standard bound on arccos(1 — ¢) (for which we provide an
explicit derivation in the Appendix, Lemma 34), we find

(4.14) arccos(1 — x) > arccos(1 — 1) > /2t + Q(t3/2).
Similar to (4.12), we find

1 rp2 ()2 / /

Ee «/2_t=e)y \/l_er—r—R_er—r—R

> e(y+y’)/2(1 N er—r’—R . er’—r—R)‘

(4.15)

Note that since eR <r,r’ < R we have thatr —r' — R,r' —r — R < —¢R so that
e "R "R = (1) and hence t =5 - (1 — o(1)). Therefore, reusing (4.13),
we see that

1 ’ /
wie) 56,1%/2;/2 — Q(eR1253/2) = (002 (o) R)
— O+YN/2, Q(eR—(rJrr’))_

Combining (4.14), (4.15) and (4.16), we see that

R/2

1 1
A(r,r') = EeR/Z arccos(l — x) > 5¢ arccos(1 — 1)

(4.17)
> e(”y/)/z(l — TR R Q(ER—(V-H’,)))‘

Sincer —r'—R,r'—r—R<|r—r'|—R=|y—y|—R<y+y — R, we have
that """ R 4 "' ="=R = 0 (eYtY'~R). Tt follows that

A(r, r/) > e(y+y/)/2 _ 0(6%(>’+y/)—R)’

verifying the lower bound in (4.9).

Finally, we observe that if »,7” < R — K,then R— (r +7r') >r —r' — R +
2K,r —r’ — R+ 2K. This gives eR=r+1") > 2K max{e’_’/_R, e’/_r_R}. Hence,
if K is chosen sufficiently large [with respect to the constant implicit in the €2(-)-
notation in (4.17)], we see that the term 1 — e mR _pr'=r=R 4 Q(eR_(’JF’,)) in
(4.17) will actually be strictly larger than one. This proves (4.10). [

Let X1 = (r1,71), X2 = (r2,12),--- € Dg be an infinite supply of i.i.d.
points drawn according to the (o, R)-quasi uniform distribution, and set )Z',- =
Y (X;) for i = 1,2,.... For notational convenience, we will sometimes also
write X ;= (xi~, Vi). ~If the cgupling from Lemma 27 holds, we can write V =
{(X1,.... Xz}, V={X1,...,Xz}.

We will make use of the following result, which is also known as the Mecke
formula and can be found in Penrose’s monograph [25] as Theorem 1.6.
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THEOREM 29 ([25]). Let P be a Poisson process on R? with intensity function
f» and suppose that u := [ f < oco. Suppose that h(Y, X) is a bounded measur-
able function, defined on pairs (Y, X) with Y C X C RY and X finite, such that
h(Y, X) =0 whenever |Y| # j (for some j € N). Then
w
E> hy.P)= — Eh({(Y1,....Y;} . {Y1.....Y;}UP),

ycP I

where the Y; are i.i.d. random variables that are independent of P and have com-
mon probability density function f/u.

We shall be applying the above theorem letting f be the density function in-
duced by fy, va/z on [—FeR/2, ZeR/2] x [0, R]. Thereby

T R/2

M=ﬂ/7 /Re—“ydydxzveR/z(l—e“"R)=N(1—0(1))
T J-ZeR2Jo .

LEMMA 30. On the coupling space of Lemma 27, the following hold a.a.s.:

(i) For all i, j < Z with ri,rj > R/2, we have )?if(j € E(f‘) = X;X; €
E(GP()). ~ ~ ~

(ii) Foralli,j < Z withri,rj > %R, we have that X;X; € EI') & X; X €
E(GPO)

PROOF. Note that if ; +r; < R then X;X; € E(Gp,) by the triangle in-
equality. So the lemma trivially holds for all pairs i, j with r; +r; < R. Let us
also remark that, a.a.s., there is no vertex i with r; < y R =: %(1 — %)R. [Since
the expected number of such vertices is O (eR/2e=2(1-1Ry — g ((l/2—atay)Ry —
0(e22 =Ry = o(1) ]

In all the computations that follow, we shall thus always assume thatr;, 7; > y R
and r; +r; > R. By the hyperbolic cosine rule, we have X;X; € E(Gp,) if and
only if [¢%; — ]2, < arccos((coshr; coshr; — cosh R)/sinhr; sinhr;). In other
words, X; X ; € E(Gpo) if and only if |x; — x|, k2 < A(ri,r;) with A(-,-) as in
Lemma 28.

We fix a small but positive § = § () > 0, to be made precise later on in the proof,
and we let A denote the number of pairs X i X j€ V for which ri+rjp> R(% —94)
and |x; — x|,k lies between A(r;,r;) and eVityD/2 [je., either A(r;, rj) <
1Xi — X | por < eViTYD/2 or OitYDIZ < |x; — x| k2 < A(ri, 7j)]. Observe that
ri+rp> R(% —d)ifandonlyif y; +y; < R(% + 8). Writing (with K as provided
by Lemma 28)

f(xi,xj, ri, rj) =1

. Loy oy
{lxi—x;j|_,r/2 is between A(ri,r;) and e2 ity

g, xj,ri,rj)=1 1. 3ty Topay: 3oty R
e (20 k2T R <y jp<e2 VTP 4 K20
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and applying Theorem 29 and Lemma 28, we see that

ZeRZ (SR ZeR2 r(A+8)R—y; va\2
EA = f(-xiv-xjariarj) —_
_%ER/Z 0 _%ER/Z 0 T

X e (i yf)dyjdxjdyidxi
ZeR2 (4R TR (48R va\2
S (x.ax'ar.9r‘) —
/_geR/Z/o /_gem/o S AT (n)

x e~ Vi) dy; dx; dy; dx;

(3+OR pG+HR-y; 2
§2ﬂeR/2/ ’ /2 2Ke%(yi+yf)_R<v—a> e~ Uit dy . dy
0 0 T

G+HR fE+OR-y 4
_ O(e—R/z/(; 2 /0 2 e(j—a)(Yi+Yj)dyj dyi>

F+OR 5
:O(e—R/sz 2 e(i_a)(j+3)Rdyi)

=O0O(R- eR((%_“)(%—HS)—%))
=o(1),

where the last line holds provided § > 0 was chosen sufficiently small [since o > %

we have % —a < 1 so that we can choose § in such a way that (% —oe)(% +6) < %].
Thus, we have that A = 0 a.a.s. Since r;,7r; > %R implies that r; +r; > %R, this
proves part (ii).

For part (i), we note that by the previous we only need to consider pairs i, j
for which r;,r; > R/2 and r; +r; < R(% — §). Furthermore, we observe that it
suffices to show that, a.a.s., all such pairs satisfy A(r;,r;) > eVity/2 We will
now show that this is indeed the case. Consider an arbitrary pair i, j for which
ri+rj < R(% —§).If r; and r; are both < R — K, then we are done by (4.10) in
Lemma 28. Let thus suppose that r; > R — K. But then we have r; < R(% —§) —
(R—K)= R(% — &)+ K < R/2 (where the last inequality holds for R sufficiently
large). This contradiction shows that we must have r; < R — K. Analogously,
rj < R— K.Hence, A(r,rj) > eVWitY)/2 a5 required. This proves part (i). [

REMARK. We note here that the proof of Lemma 30 can be extended so that
the conditions r;, r; > R/2, resp. rj, rj > %R, can be weakened depending on «.
For instance, for o« = 1, it can be shown that a.a.s. )N(if(j cEDN) & XiX; e
E(Gpo) for all i, j < Z. The current version of the lemma however suffices for
our purposes.
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4.3. Part III: The order of the largest component in the KPKVB model.

LEMMA 31. A.a.s., Gpy, has a component containing at least (c(o, V) —
o(1))N vertices.

PROOF. We assume without loss of generality that c(e, v) > O—otherwise
there is nothing to prove. Let I/ denote the subgraph of I" induced by all vertices
X; with r; > R/2. By part (i) of Lemma 30, it suffices to show I’ has a com-
ponent of the required size. Let ¢ > 0 be arbitrary and choose K = K (¢) such
that /" ae™® dy < /2. We now let w = w(a, va /7, K, £/2) be as provided by
Lemma 24. We choose w fixed but much larger than w (to be determined later in
the proof), and we set 1 := R/2 4 log(w/2) — log w. (Observe that, this way we
have wie” = %eR/z.) We assume that w is sufficiently large so that A + 1 < R/2.
Furthermore, by Lemma 23, we have Py, ; (Cy, 1) =1 —0(1), as h — oo.

We now count the number A of pomts (x,y) € V for which (D) y= K,Q2) x| <
(w) — 1 —w)e = E R/2 _ (1 + w)e”, and (3) there is a path in I" between (x,y)
and a point in [x — we', x + weh] X [h, h 4 1] (that does not go outside of the box
[x —we, x + we'] x [0, h+1]). Let us observe that, by Lemma 3, if Cy, 5, holds,
then all the points counted by A will belong to the same component.

For (x,y) e [—(w; —1— w)el, (w; — 1 —w)e”] x [0, K1, let us define T,y as
the event that (1), (2), (3) hold for (x, y) with respect to the set of points {(x, y)} U
V. By Theorem 29 and Lemma 24, we have (with A = va/7)

(w1—1— w)e Vo
EA = / / O{’;L(Tx’y)<—)eo‘y dxdy
(w1 —1—w)eh /4

K
—2(w; — 1 —w)eh/ ]P)a,x(T(y;h,w))<v—a)e“ydy
0 T

(4.18) =meR2(1 = 2(w 4 1)/w1) /OK Py (T (y; b, w))<”?“>e—“y dy
2(w+1 K _
= veR/2(1 - (le)>/0 Po 1 (T (y; h, w))ae™ ™ dy

K
>N — 8/2)f Po s (T (y; h, w))ae™* dy,
0

where T'(-; -, -) is as in Lemma 24 and the last line holds provided we chose w;
sufficiently large. By Lemma 24 and the choice of K, we see that

K
EA>N( — 8/2)/ @(y;a, 1) —e/2)ae” Y dy
0

>N(1-— 8/2)(/(;009()1; a, Mae Y dy — 8/2)

> N(c(a,v) —¢).
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We now consider EA(A — 1). Using Theorem 29, we see that
K rwi—l—w)e" (K pw—1—w)e" va\2
EA(A—1) =/ / / / Py (Ty,y N Tx/,y/)<—)
0 —(wi—1—w)eh JO —(wi—1—w)eh T
x e e dx dydx'dy’.

Now we remark that 7, and T, , are independent whenever |x — x'| > 2we.
This gives that

2 vy
EAA—-1)<(EA)“+EA.- —we
T
h
2 we
< ar(1+0(2))

_ (IEA)2<1 + 0(51"’:,1))

< (EA*(1+e),

where the last line holds provided we chose w; sufficiently large. Thus, we have
Var(A) < (¢ + o(1))(EA)?. By Chebyschev’s inequality, we have

etol) _ i,

Py (A < (1-¢"*EA) < =
&

Sending ¢ to zero completes the proof. [J

LEMMA 32. A.a.s., in Gpo there are at least (1 — c(a,v) — o(1))N vertices
that are in components of order o(N).

PROOF. Let & > 0 be arbitrary and choose K = K(g) such that
[ ae™®dy < g/4. We now choose ng = no(a, vee/7r, K, /4) according to
Lemma 20.

Now, let A denote the number of vertices (x, y) of I" such that (1) y<K and
X € (—%eR/2 + eR/4, %eR/z — eR/*) (2) the component of (x,y) in T'[V N [x —
eR* x 4+ eR/41 x [0, R/4]] has at most n vertices and is contained in [x — n, x +
n] x [0, n].

For (x,y) € (—%eR/2 + eR/4, %eR/z — eR/%) % [0, K, let us denote by U,y
the event that the component of (x, y) in I'[{(x, y)} U VN [x —eR/* x 4 R/ x
[0, R/4]] has at most n vertices and is contained in [x —n, x +n] x [0, n]. Similar
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to (4.18), we find

EA = e e (M e dra
/ / eR/2+eR/4 ( x,y) 7 e x dy
K
=velR/2(1 - 0(e—R/4))/0 Po.va/z (U (v n, R/4))ae™ dy

K
>N(1-— 0(1))/O (1-6(y;a,va/m) —e/4)ae *" dy

> N(1 —c(a,v) — /2 —0o(1)),

where we used that R/4 — oo in the third line. Similar to the proof of Lemma 31,
we have

ZeR/2_eR Vo 2

x e e~ dx dydx'dy’.

We remark that Uy, Uy v are independent if |x — x'| > 2eR/4 . This gives
2
EAA—1) < (EA)? +EA- —”eR/“ = (EA)*(1 4+ 0(1)),

since EA = Q(N) and e®/* = O(+/N). Applying Chebyschev’s inequality, we
thus find that A > (1 — c(a, v) —¢)N a.as.

Suppose that (x, y) € V satisfies (1) and (2) above, and (x,y’) € (R \ [x —
eR/3 x + eR/4]) x [0, R/4] and (x”,y") € [—n, n] x [0, n]. Then we have that
X" —x'| = eR/* —pn > /2RI > o+Y)/2 for N sufficiently large (using that n
is fixed and R — 00). This shows that every point (x, y) counted by A belongs to a
component of size < n, unless there is an edge between one of the < n points of the
component of (x, y) in the graph induced by VN[x—eR4 x +eR/4 x |0, R/4]
and a point with y-coordinate bigger than R /4.

To complete the proof, it thus suffices to show that the number of edges B of
Gp, that join a vertex with y-coordinate at least R/4 to a vertex of y-coordinate at
most 7 is 0, (N) (using Lemma 28 and Theorem 29). To this end, it suffices to show
that EB = o(N). The above claim, then, will follow from Markov’s inequality.

Thus, we compute, with A(-, -) as in Lemma 28:

n rR ,
= ( ) rreR/2/ / Ay, y)e 0T dy dy’
o Jr/4

R ("% Aoy quan k2 [T G0y gy g
=0le // e 27T dydy’ + e f/ e 27T dydy
0 JR/4 0 JR/4

— 0(€R<%+i(%fa>> + eRU-))

= o(eR/z) =0o(N),
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using Lemma 28 in the second line and o > % in the last line. By Markov’s inequal-
ity, this gives that, B = 0,(N). Thus, at most n - 0,(N) = 0,(N) of the vertices
counted by A are usurped by long edges into large components. []

We have now completed the proof of our main result, as Lemma 26, Lemma 31
and Lemma 32 together complete the proof of Theorem 2.

5. Discussion. We considered the emergence of the giant component in the
KPKBV model of random graphs on the hyperbolic plane. We showed that the
number of vertices in the largest component of G (N; «, v) satisfies a law of large
numbers and converges in probability to a constant c(«, v). We gave this function
as the integral of the probability that a point percolates in an infinite continuum
percolation model, for (almost) all values of @ and v. When o = 1, we showed
that there exists a critical value v, such that when v “crosses” v, the giant
component emerges with high probability. However, we do not know whether a
giant component exists when v = v;. If the answer to this question were negative,
then that would imply that ¢(1, v) is continuous. We however conjecture that the
answer is positive.

CONIJECTURE 33. c¢(1, veri) > 0.

Or equivalently, we conjecture that I'y ;_, percolates. We have no particular
reason to believe that this is the case except that the standard arguments showing
nonpercolation at criticality in other models do not seem to work, and the fact that
we are dealing with a model with arbitrarily long edges and there are long-range
percolation models that do percolate at criticality (cf. [1]).

Another very natural question is for which values («, v) the function c(«, v) is
differentiable.

APPENDIX: EXPLICIT BOUNDS ON arccos(1 — x)

For completeness, we spell out the derivation of some explicit bounds on
arccos(1l — x) that we have used in the proof of Theorem 2.

LEMMA 34. There exist ¢, C > 0 such that ~/2x + cx3/? < arccos(l —x) <
V2x 4+ Cx3? forall 0 < x <2.

PrROOF. We will consider the function
fa(x) =arccos(l —x) — (V2x + ozx3/2).

Since f,(0) =0 for all «, in order to prove the lower bound it suffices to show that
if @ > 0 is sufficiently small then f, is nondecreasing on (0, 2). The derivative
with respect to x is
1 1 3
fal(x) = - — Zax!/2,

V2x —x2 2x 2
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For 0 < x < 2, we have

1 1 3
/ 1/2
x)=0 < > + —ax
Ja V2x —x V2x 2
1 3
& —> 14 —ax
JI—x/2 V2
3 2
&S 1> —x 2(1+—01x>.
( /2) 7

For convenience, let us write z := x/2, 8 := 3a+/2. We have (assuming 0 < x <
2):

fox) >0 & 1>(1-2)(+p2)?
(A1) =1+z228 -1+ BB -2z~ B2
& 0228-1+p(B—2z— B

We now remark that for 0 < 8 < % all coefficients in this last line are nonpositive.
Hence, for o < ﬁ we have that f,(x) > 0 for all 0 < x < 2, and hence also

Jfa(x) >0 for all 0 <x < 2. This proves the lower bound with ¢ := 6%/5.

For the upper bound, notice that for 8 = 2 the quadratic in the last line of (A.1)
becomes 3 — 8z2. This is certainly positive for 0 < z < % Hence, f] ﬁ(x) <0
3

for 0 < x <1, so that also f%ﬁ(x) < 0 for 0 < x < 1. This shows that in fact

arccos(1 —x) < +/2x + ax3/2 forall0 <x <1 and all o > %\/E Now notice that

for x > 1 and a > 7 we have that +/2x + ax>/? > 24+a>n > arccos(l — x).
Hence, the upper bound holds with C := . [
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