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THE DIVIDEND PROBLEM WITH A FINITE HORIZON

BY TI1ZIANO DE ANGELIS AND ERIK EKSTROM!
University of Leeds and Uppsala University

We characterise the value function of the optimal dividend problem with
a finite time horizon as the unique classical solution of a suitable Hamilton—
Jacobi-Bellman equation. The optimal dividend strategy is realised by a Sko-
rokhod reflection of the fund’s value at a time-dependent optimal boundary.
Our results are obtained by establishing for the first time a new connection
between singular control problems with an absorbing boundary and optimal
stopping problems on a diffusion reflected at O and created at a rate propor-
tional to its local time.

1. Introduction. The dividend problem is a foundational problem in actuarial
mathematics whose formulation dates back to De Finetti’s work [11]. The model
addresses the question of how a fund or an insurance company should distribute
dividends to its beneficiaries prior to the time of ruin. After De Finetti’s seminal
work, the dividend problem has attracted the interest of many mathematicians and
economists who produced a substantial body of literature on the subject. An exten-
sive review of existing models and related mathematical results was published by
Avanzi [1] in 2009, and the list of papers relative to the topic has since continued
to increase.

Here we consider a canonical formulation of the problem in a simple diffusive
setting that was proposed by Radner and Shepp [29] and later considered also by
[20] among many others. The value of a fund after dividends have been paid out
evolves according to

xP X+ ut +oB; — Dy, t >0,

;=
where © and o > 0 are constants, B is a Brownian motion and Dy is the cumulative
amount of dividends paid out up to time ¢. The objective of the fund manager is to
maximise the expected present value of future dividends up to the fund’s default
time yD =inf{r >0: X tD < 0}. In addition, we also assume that the manager
has a finite time horizon T for the investment plan. The assumption of a finite
horizon is the main difference between our model and the vast majority of the
existing literature (including [29] and [20]). From the financial point of view, this
restriction on the set of admissible dividend strategies is very natural and it simply
means that an investment fund is liquidated at a prespecified future date.

Received September 2016; revised January 2017.
1Supported by the Swedish Research Council (VR).
MSC2010 subject classifications. 60J70, 60G40, 91G80, 93E20.
Key words and phrases. The dividend problem, singular control, optimal stopping.

3525


http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1286
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

3526 T. DE ANGELIS AND E. EKSTROM

If the fund’s value at time ¢ € [0, T'] is x > 0, the optimisation problem that the
fund manager is faced with may be stated as follows:

. . o o yPA(T-1) L
(D) Find D™ that maximises 7 (f, x; D) :=E e dDy |,

where we integrate from 0— to account for the possibility of a jump of D at time
zero. From the mathematical point of view, this is a problem of singular stochastic
control (SSC) on a finite time horizon in which the underlying process is absorbed
at zero. It is important to notice that zero is a regular point for the uncontrolled
process R; = x + ut + o B; so that default may occur prior to 7 with positive
probability even if no dividends are distributed.

In this work, we solve (1) by constructing an optimal dividend strategy and by
proving that the corresponding value function V (¢, x) := J (¢, x; D*) is a clas-
sical solution of the Hamilton—Jacobi—Bellman equation, that is, in particular
V eCh2([0, T) x (0, 00)). The optimal dividend strategy is shown to be the solu-
tion of a Skorokhod reflection problem at an appropriate time-dependent optimal
boundary.

To accomplish our task, we develop a self-contained, fully probabilistic proof
that hinges on a new type of connection between SSC problems and optimal stop-
ping. Indeed, we show that V, = U, where U is the value function of an optimal
stopping problem whose underlying process is a Brownian motion with drift ©
and variance o2, which gets reflected at zero and created at a rate proportional
to its local time (cf. [28]). Although links between optimal stopping and singu-
lar control have been known for many years (see, e.g., [2-10, 15, 19, 21-23, 33]
among others), our result makes a fundamental forward leap in this field. For the
first time, we establish that an absorbing boundary in SSC translates to a reflecting
boundary with creation in optimal stopping. This new characterisation proves to
be a powerful tool to tackle problem (1) in an effective way.

We remark that, despite the vast existing literature on SSC, the study of prob-
lems that combine absorbing boundary behaviour with a finite time horizon is still
a major theoretical challenge. For example, we observe that in the literature on op-
timal dividend problems an analytical characterisation of the optimal strategy and
of the value function can only be found in models with infinite time horizon (for a
theoretical study of problems of this kind one may refer to [32]). These models are
substantially easier to deal with compared to (1) because they give rise to varia-
tional problems in the form of ordinary differential equations whereas our problem
is associated to a parabolic one.

To the best of our knowledge, an analytical study of the problem in (1) has
only been addressed very recently by Grandits in a series of two papers, [16] and
[17], followed by a third one [18] containing an extension of the canonical model.
In these papers, Grandits uses methods from PDE and free-boundary analysis that
rely on several transformations of the variational problem associated to (1). In [16],
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the author obtains e-optimal boundaries, whereas in [17] he manages to pass to the
limit as & — 0 and shows that the optimal strategy is of barrier type. Moreover,
Grandits proves that the optimal boundary is continuous and that the value function
V is continuous with locally bounded weak derivatives V; and V.. Under strong
assumptions on the regularity of the boundary, he also derives asymptotic estimates
fort —> T.

Our new connection between the SSC problem (1) and optimal stopping en-
ables us to use powerful methods from optimal stopping theory in the study of the
dividend problem. This leads to a self-contained probabilistic analysis that com-
plements and improves results in [16] and [17]. We obtain spatial concavity and
C'2-regularity of the value function, monotonicity of the boundary and, without
further assumptions, the boundary’s asymptotic behaviour at T along with its char-
acterisation as the unique continuous solution of an integral equation (both of these
properties are actually consequences of results relative to the Russian option; see
the last remark in Section 3 and results in Section 8).

The paper is organised as follows. In Section 2, we introduce the dividend prob-
lem with a finite time horizon in some further detail, and we provide a verification
theorem. In Section 3, we introduce a related optimal stopping problem with a pe-
culiar boundary condition at 0, and we state our main result, Theorem 3.1, which
shows the connection between these two problems. To prove Theorem 3.1, we be-
gin our study of the optimal stopping problem in Section 4 by proving continuity
of the value function as well as existence and continuity of the optimal stopping
boundary. To apply a verification result, however, additional regularity of the op-
timal stopping problem is needed, which is the main contribution of Sections 5
(spatial regularity) and 6 (regularity in time). The proof of Theorem 3.1 is instead
contained in Section 7. Finally, Section 8 gives a couple of concluding remarks
concerning additional properties of the optimal boundary.

2. The optimal dividend problem. Denote by X D—(x SD )se[0,00) the value
of a fund after dividends have been paid out according to a strategy D. We assume
that

) XP =x 4+ pus + o By — Dy,

where x > 0, 4 and o > 0 are constants, B is a standard Brownian motion and D
is a nonnegative, nondecreasing and right-continuous process (adapted to the fil-
tration generated by B) with the interpretation that Dy represents the accumulated
dividends paid out until time s. In particular, if Do > 0, then a lump sum Dy is paid
out at time 0. We only consider dividend strategies that satisfy Dy — Ds_ < X?_
at all times s € [0, co) (with a convention that Dy_ = 0), and we denote the set of
such dividend strategies A.
For a given dividend strategy D € A, denote by

y? =inf{s >0: XP <0}
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the (possibly infinite) default time of the firm, and consider the stochastic control
problem

yD/\(T—t)
3) V(t,x) = sup E, [/ e "’ st}.
DeA -

Here, E,[-]= IE[-|X0D_ =x], T > 0 is a given time horizon, and we refer to prob-
lem (3) as the dividend problem with finite horizon.

REMARK. The integral in (3) is interpreted in the Riemann—Stiltjes sense. In
particular, the lower limit O— of integration accounts for the contribution from an
initial dividend payment Dy > 0. We also point out that choosing a strategy with
Dy = x in (3) yields the trivial inequality V > x.

REMARK. Notice that in (3) we consider the optimisation problem as if it
were started at time O— (i.e., before dividends are paid) but with a time horizon
equal to T — ¢. This is justified because X? is time-homogeneous and, if at time
t the fund’s value before dividends are paid is x > 0, then the residual time of the
optimisation is 7 — ¢. Moreover, we also point out that in the rest of the paper we
use the time-space process (f +s, X SD )se[0,T—r] under the measure P,. The latter is
equivalent to the process (s, XSD)SG[LT] under the measure P, () = P(- IX,D_ =X).

Denote by L the differential operator
o? 2
4 E:B;—i-?ax—i-uax—r.

We have the following verification theorem.

THEOREM 2.1 (Verification). Let a function v € C([0, T x [0, 00)) NC"-2([0,
T) x (0, 00)) be given. Assume that:

(i) max{Lv,1—v,}=00n[0,T) x (0, 00);
(i) v(,0)=0forallt €]0,T];
(iii) v(T, x) =x for x € [0, c0).

Further assume that there exists a continuous function a : [0, T] — [0, 00) with
a(T) = 0 such that:

@iv) Lv=0for (t,x) € [0,T) x (0,00) with0 < x < a(t);
v) vy =1for (t,x)€[0,T] x (0, 00) with x > a(t).

Then V = v. Moreover,

35) D¢ := sup (x +puu+oB, —a(t+u))+

0<u<s
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is an optimal strategy in the sense that
yPAT 1)
V(t,x):IEx[/ e_”de]
0—

PROOF. Fix (t,x) € [0,T) x (0,00). For a given dividend strategy D € A,
denote by D¢ the continuous part of D, and let, for ¢ > 0,

y'S::inf{szO:XsDfe}A(T—t—s).
Then
eirygv(l‘-i-)/s,XDg)

=v(t, x)+/ SLu(t 45, XP ) ds

vt D c
- e x(t+s’ Xs—)st
0

+ Y e (u(t+s, XP) —v(t+5.X2))
O<5<y

+/ Poue(t+s, XD)dBS.

Note that v, is bounded on the set [0, 7T — ] x [g, 00) [recall (v)], so the last
integral is a (stopped) martingale. Taking expected values of both sides gives

E, [e—ryﬁv(t +y°, X]l/)e)]

=v(t,x)—|—]Ex|:/Oy

(6) ve
—E, |:/ e ot +s,X£)dD§]
0

+ Ex[ S e (ot 45 XP) — vt + 5, XSD_))].

0=<s=<y*®

€

e Lot +s, X2) ds]

We notice that (i) implies v, > 1 and, therefore, v > 0 follows from (ii). Using also
Lv <0 and rewriting

A Dy
v(t+s,X‘?)—v(t+s,X‘?,)=—/0 ve(t+5, X2 —y)dy

yields

&

%
v(t,x) > E, |:/ e_”st].
0_
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Letting ¢ — 0 gives

yPA(T—1)
v(t,x)zEx[/ e_”st],
07

and since D € A is arbitrary, v > V.
To prove the opposite inequality, let D be the strategy given by

D¢ = sup (R, —a(t+ u))+,

O0<u<s

where R, = x4+ puu+o B,,. Then X?u = Ry — DY, and we notice that (XP*, D) is
the solution of the Skorokhod reflection problem at the boundary a(-). Therefore,
(iv), (v) and (6) give

£

e a Y
0t x) = E[e 7 vt + y°, X2')] + U

e—rSdDg]
Recall that a is continuous with a(7) = 0. By continuity of v, and since x +—
v(t,x) is increasing due to (i), we have by Dini’s theorem that 0 < v(r +

yE, X]l/):) < h(e) for some function 4 with i(e) — 0 as ¢ — 0. Thus

&

% yPUA(T=1)
e_”de}—ﬂEx[j e_”dD;‘i|
0—

v(t,x) <h(e) +E, [/0

as ¢ — 0. Consequently, we also have the inequality v < V, and the strategy D is
optimal. [

REMARK. As noted above, the inequality V > x always holds. Moreover, if
u <0, then actually V = x, and the optimal strategy is to immediately distribute
the whole capital as dividends. To see this, notice that with v(¢, x) = x and a(¢) =0
we have Lv = u — rx <0, so that (i)—(v) of Theorem 2.1 are satisfied. From now
on we only consider the case u > 0.

3. An optimal stopping problem with local time. Our approach to solving
the optimisation problem given by (3) is to connect it to a suitable problem of
optimal stopping. In order to find the correct candidate for the latter, we begin by
making some useful heuristic observations.

If V satisfies the variational problem cast in Theorem 2.1, and if in addition V;
is continuous everywhere, then V;(¢,0) =0 for all ¢ € [0, T') due to (ii). It follows
that (iv) gives the boundary condition

2

(7) %Vxx(t, 04+) = —uVy(t,04)  fort [0, 7).
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Setting u := V, we now notice that u should solve, at least formally,

Lu=0 for (¢,x) €[0,T) x (0,00) with 0 < x < a(?),
®) u>1 for (t,x) € [0,T) x (0, 00),
u=1 for (t,x) € [0, T) x (0, 00) with x > a(t),

u(T,x)=1 for all x € [0, 00),

with the additional boundary condition
2

9) ue(t,04) = —2u(,04)  fort €0, 7).
o

The boundary value problem (8) is reminiscent of the one associated to an optimal
stopping problem with payoff of immediate stopping equal to 1. Moreover, (9) is
similar to the so-called Feller’s elastic boundary condition at zero for a diffusion
that lives on R [except for the minus sign on the right-hand side of (9)]. This
observation is the key to finding the right connection to optimal stopping.

Recall that (see, e.g., [30], Chapter X, Exercise 1.15), given a real-valued
Markov process (X;);>0 and and an additive functional A, one can construct the
killed process

~ X; on {A; < e},
X[ =
A on {A; > e}.

Here, e is an exponentially distributed random variable with parameter 1 which
is independent of X, A is a cemetery state, and this process has the associated
semigroup (P;);>0 given by

P, f(x) =E[e™ f(X))].

Moreover, if A; = ALY, where (LY);>( is the local time of X at 0, then the process
X is a diffusion with elastic behaviour at zero, the associated semigroup is given
by

(10) P f(x) = Ex[e ™ £ (X)),

and the infinitesimal generator coincides with the generator of X on the space of
functions u(x) with u’(04+) — u'(0—) = 2Au(0).

It is then clear that our problem boils down to finding the appropriate process X.
Since (9) expresses a one-sided condition, and recalling the expression for £ in (4),
we expect that in our case the process X should be a reflected Brownian motion
with drift u and variance o2, killed at a rate r. Hence, letting X be a reflected
Brownian motion with drift ¢ and variance o2, and L its local time at zero, we
are naturally led by (8) and (10) to consider the optimal stopping problem

(11) Ut,x)= sup E[e*?T],

0<t<T-—t

where A =2u /0.
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REMARK. Note that in problem (11) the presence of the local time corre-
sponds to a creation of the process (rather than killing) at O (cf. [28]).

We notice that the reflected Brownian motion with drift is traditionally defined
in terms of analytical properties of its infinitesimal generator. However, it is known
that a useful equivalence in law holds between (X, L%X)) and a more explicit

process. In fact, given a standard Brownian motion B, setting Y; = —ut + o B;
and
S; = sup Y,
0<s<t

it is shown in [27] that

(12) (X5, LOX*) Y (x v S — Y. x VS —x).
From now on we identify

(13) XFi=xVvS—Y and LYAX*)=xVS —x.
Using (12)—(13), we can rewrite (11) in a more tractable form as

(14)  U@.x)= sup E[rr®7]= sup E[HVS0rT],
0<t<T—t O<t<T—t
where the supremum is taken over all stopping times of B.
The following theorem describes the main findings of this article.

THEOREM 3.1 (Connection). Let U be the value function of the optimal stop-
ping problem in (14), and denote by b : [0, T] — R the corresponding optimal
stopping boundary from Proposition 4.2. Then the value V of the dividend prob-
lem satisfies

X
Vo= [ Uty
0
and the dividend strategy Df = Supg<y<s(Xx +pu+oB, —b(t+ u)) " is optimal.

The proof of Theorem 3.1 is given in Section 7 and it builds on the results
of Sections 4-6 concerning U and b. Additional properties of V and b may also
be deduced from the study in Sections 4-6 and we summarise some of them as
follows.

THEOREM 3.2 (Properties of the value function and the optimal boundary).

(1) The value function V belongs to CO1([0, T x [0, 00)) N CY-2([0, T) x
(0, 00)).
(ii) V satisfies max{LV,1 —V,} =00n[0,T) x (0, 00).
(iii) x — V (¢, x) is concave, and t — V (t, x) is nonincreasing.
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(iv) The boundary b : [0, T) — (0, 00) describing the optimal dividend strat-
egy is nonincreasing, continuous and satisfies b(T—) =0

REMARK. It is worth observing that we may consider a more general con-
trolled dynamic for the value of the fund, say

(15) dXP =pn(xPydt +o(xP)dB, —dD,

for some functions p and o. Then the verification result Theorem 2.1 may be
stated in a similar form, but with £ being the second-order operator associated
to u(x) and o (x), and with the process D¢ realising the Skorokhod downwards
reflection of X? at the boundary a(-). In this setting, the formal derivation of (8)
requires to replace £ by L:=0d + %8” + W+ o000y — (r —u') and (9) by
uy(t,04) = 2“(0)

It follows that (1 1) is again the natural candidate optimal stopping problem to
be linked to (3), but now LY is the local time at zero of a diffusion X associated
to £ and reflected at zero, A =2(0)/ 02(0) and the constant killing rate r should
be replaced by a level-dependent rate r — w’. Unfortunately, however, the general
version of (11) cannot be reduced to a simpler form [as in (14)] because there
seems to be no analogue of (12). In Sections 5 and 6, we exploit the explicitness of
(12) to derive sufficient regularity of U so that the verification result Theorem 2.1
can be applied to v (¢, x) = fé‘ U (t, y)dy. While we conjecture that U = V, holds
also for more general absorbed diffusion processes, a full treatment of the general
case is technically more demanding and is therefore left for future studies.

REMARK. One may add a discounted running cost e~ f (¢, X tD ) in the for-

mulation for (3). This would simply give rise to an additional running cost in (11)
of the form e*L =" f.(¢, X;).

REMARK. The optimal stopping problem (14) is closely connected to the Rus-
sian option with a finite horizon; see [12, 13] or [26]. In fact,

U(t,x)=e U, x),
where

U(t,x):= sup E[eV5)~rT]
0<t<T—t
is the value of a Russian option written on a stock with current price 1, a historic
maximal price e**, volatility Ao and drift 0. While some parts of our analysis
in Section 4 can be deduced from studies of the Russian option, we choose, for
the convenience of the reader, to include a detailed study. It should be noticed,
however, that we go substantially beyond the regularity results contained in [12,
13] or [26] by proving that indeed U is ¢! on [0, T) x (0, 00).
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4. Analysis of the optimal stopping problem. Choosing 7 =0 in (14) gives
U(t, x) > 1. Denote by

C:={@t,x)e[0,T] x[0,00):U(t,x)> 1}
and
D .= {(t,x) el0, T]x[0,00):U(t,x) = 1}

the continuation region and the stopping region, respectively. We notice that as-
sumptions in [25], Appendix D, Theorem D.12, are satisfied in our setting. Hence,

from standard optimal stopping theory the stopping time
= =infls>0:U(t +s,X]) =1}
(16) ’
=inf{s >0:(t +s, X}) € D}

is optimal for the problem (14) in the sense that
Ut x) = E[ex(xvsr*—x)—rr*]_
Moreover, for any x € R, the process
(17) e DOU (45, X)), s3>0,
is a P, -supermartingale, and
(18) IR (1 4 5 AT Xoage), 520,

is a P,-martingale. In Proposition 4.2 we provide some qualitative properties of
the shape of C. First, however, we list a few properties of the value function U.

PROPOSITION 4.1 (Properties of U). The function U :[0,T] x [0, 00) —
[0, o0) is:

(1) equal to one at all points (T, x), x € [0, 00);
(ii) nonincreasing in t;
(iii) nonincreasing and convex in x;
(iv) continuous on [0, T] x [0, 00).

PROOF. The first property follows directly from the definition of U, and (ii) is
obvious since the set of stopping times is decreasing in .

For (iii), note that the function e**V5r—%)="7 jg a5. nonincreasing and convex
in x for any fixed . It follows that E[e*VSt—0-r1] ig nonincreasing and convex,
and hence also U.
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Finally, for (iv) we let x; > x; > 0 and ¢ € [0, T']. Then, by (iii),
0=<U((t,x1) = U, x2)

< sup E[e*” (e)t(xl\/srfxl) _ ek(xzvsffxz))]

o 0<t<T—t

<XA(xp —x1) sup E[emf]
0<t<T-t

< )\.(XQ _ xl)E[e)\.ST]’

where the second-to-last inequality follows from the fact that eV~ is Lipschitz
continuous in x with constant Ae*. This proves that U is Lipschitz continuous in
x, uniformly in ¢ € [0, T']. Thus, to prove continuity of U it suffices to check that
t — U(t, x) is continuous for any fixed x € [0, c0). To do that, fix x and let #; < .
Let t* =17 | be optimal for (71, x), and define T:=1t*A(T —1p). Then
0=<U(t1,x) - U2, x)
< E[ek(x\/Sr*—x)—rr* - e)»(x\/Sf—x)—rf]

:E[(e)\(vaT*—x)—rr _ek(xvsTitz_x)_r(T_tZ))l{t*e(T—tg,T—tl]}]

< e—r(T—tz)E[e}»(vaT,,l —Xx) _ e)»(vaT,,z—x)],

which tends to 0 as f, — 11 — 0 by dominated convergence. This completes the
proof of (iv). [

PROPOSITION 4.2. There exists a boundary function b : [0, T) — (0, 00)
such that:

(i) C={(t,x)€[0,T) x[0,00):0<x <b(®)};
(i1) b is nonincreasing;
(ii1) b is continuous on [0, T] if one sets b(T) :=0.
REMARK. It follows that the optimal stopping time from (16) satisfies
tf, =inf{s > 0: X7 > b(r +5)}.

The function b is therefore referred to as the optimal stopping boundary.

PROOF. The existence of a function b : [0, T) — [0, o] satisfying (i) is obvi-
ous from the fact that x — U (¢, x) is nonincreasing. To prove that b > 0 on [0, T),
it suffices to check that U(¢,0) > 1 for ¢t € [0, T). Choosing t = ¢ < T —t yields

12
U1,0) > E[e"5 7] > ¢ D R ePossse B,

By the reflection principle,

2 2
IP’( sup B € dz) =2P(B, €dz) = Ee—z—s dz

0<s<e
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for z >0, so
2 SO 2 2M e
E[e*Poss=s 7 Bs] = eo e Edr= = e dz
e zﬂ_f
2# e 28
> e o? + — .
o\m

Consequently,

2 2
U0)>1+2 [Z2 40
o s

as ¢ | 0. This proves that U (¢,0) > 1, so b(¢) > 0 fort € [0, T).

Next, note that (ii) is immediate from (ii) of Proposition 4.1. To prove that
b(t) < oo we assume, to reach a contradiction, that b(t) = oo for some ¢ € (0, T)
(by time-homogeneity of the model, the assumption that ¢ > 0 is without loss of
generality). Then, since b is nonincreasing, b(s) = oo for all s € [0, ¢], so given a
starting point (0, x), the optimal stopping time t* = 7y, in (16) satisfies T* > 1.
However,

E[ek(vaT*—x)—rr*] Se—rtE[ek(vaT—x)] e <

as x — oo by dominated convergence, since V57 %) < ¢*5T ¢ L1(P). The latter
inequality contradicts the optimality of t*. Thus b(f) < oo for all times 7 € [0, T).

From the continuity of U, the function b is lower semicontinuous, and thus
(i1) implies that it is right-continuous. To finish the proof of (iii), it thus suffices
to prove left-continuity on (0, T']. For this, assume (to reach a contradiction) that
b(t—) > b(t) for some ¢ € (0, T]. For € € (0, t), consider the starting point (¢, x),
where t, =t — ¢ and x = (b(t—) + b(t))/2, and define

Ye :=inf{s > 0: X} ¢ (b(r),b(t—))} A&

Notice that IP’,S,X(L]O/E (X)=0) =1, sothat x v §),, —x =0 almost surely as well.
Moreover, P;,  (y: < t*) =1 and, therefore, the martingale property (18) yields

Ulte, x) = I[*:,[e)‘(xvs%8 _x)_”’gU(tg + Ve, X;ﬁs)]
<Ele™ Lyy,=)] + E[U (te + ve. X)) 11y, <e)]
<e "+ U,0P(y, <¢)
=1—-re+o(e)
as ¢ — 0, which contradicts U > 1. Thus b(t—) = b(¢), which completes the proof
of (iii). [

We end this section by stating that the value function U is a classical solution
to a parabolic equation below the boundary. The proof of this fact is standard (e.g.,
see [25], Theorem 2.7.7) and is therefore left out.
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PROPOSITION 4.3.  The value function U belongs to C'? separately in the in-
terior of the continuation set C and in the interior of the stopping set D. Moreover
it satisfies

(19) LU, x)=0 forO<x <b(t)andt €[0,T),
(20) LU, x)=—r forx >b(t)andt €[0,T).

5. Further regularity of U: The spatial derivative. In this section, we prove
that the value function U is continuously differentiable in the spatial variable; see
Theorem 5.3.

LEMMA 5.1. Let

T =inf{s > 0: X7 > bt + )} AT —1).
Then v/, =1/, a.s.

REMARK. The proof of this follows the proof of [14], Lemma 6.2.

PROOF OF LEMMA 5.1. The claim is trivial for (¢, x) such that x > b(t) so
we fix (f,x) € [0, T) x (0, 00) with x < b(t). Since

=1 =inf{s >0: X{ = b + )} A (T —1),
we have 7" := 1t/ > v*. Moreover, we notice that
(21) Tt/,b(l‘) == 0 ]P—a.s.

due to the monotonicity of b and well-known properties of Brownian motion.

To prove also that rt « < ¥, weintroduce Z; = sup,_, - (X;; — b(t +u)) for
any0<s<s' <T —1t.We clalm that for arbltrary but fixed 0 <s1 <s0 <T — ¢
one has

(22) P(Zs, 5, =0)=0
Let 7y :=inf{u > 51 : X;, =b(t +u)} A (T —t). Then
(23) P(Zsl,sz = 0) = P(Zsl,sz = 0, T € [sla 52)) + P(Zsl,sz = 07 T = SZ)

because on the event {Z, ;, = 0} it must be 11 € [s71, 52].
For the first term of the expression on the right-hand side of (23), we have by
continuity of X and b that

P(Zsl,sz =0, 1 € [s1, SZ))
=P(Z,.5, =0, 71 €51, 52), X7, =b+ 71))

= ]El:l{‘[lE[Sl,s2),X¥1 =b([+‘[1)}]P)(ZS|,sz = O|‘F‘E] )]
= ]E[l{‘[lé[sl,sz),Xfl =b(t+‘[1)}]P)(ZS1,‘E1 \% ZT],SQ = O|~F‘E1)]
[

= E[lriefs1.50.x5, =b+1)P(Zry5y = 01X, = bt + 11))] =
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where we have used the strong Markov property, the fact that Zg, ; 1(z;<5,) =0
and that P(Zz, 5, = 0[X7, = b(r + 71)) = 0 due to (21).
For the second term on the right-hand side of (23) we simply have

P(Zs,.5, =0, 71 = 2) < P(X}, = b(t +52)) =0

since X, has a continuous distribution, which completes the proof of (22).
Now, if t* € [s1, s2], then Z;, 5, > X7« —b(t +1%) >0, so

P(z* € [s1,521) =P(z* € [51, 521, Zs, 5, 2 0)
P(* € [s1. 521, Zs.5, > 0)

=P(c* € [s1,5], 7" €[s1,5]).

Consequently,
Prx(s1 < 7" <s52,7" > 52) =0,

and since this holds for any rational s; and s, we have t* =1"a.s. [

PROPOSITION 5.2.  The optimal stopping time T, is continuous in (t,x) €
[0, T] x [0, 00).

PROOF. First notice that x + X7 is a.s. Lipschitz continuous in x from (13),
uniformly in ¢ € [0, T]. Fix (¢,x) € [0, T] x [0, 00) and w, and take a sequence
[0, T] x [0,00) > (t;, xp) = (t,x) as n — Q.

If X > b(t+s5) forsome s € [0, T —1), thatis, 7/ , <, then continuity implies

X" > bty +5)

/ : / / o
for n la'rge, so 7, . =s for any such n. Therefore, limsup, 7, , <7, ,since s
was arbitrary and

ok
T =T

. * 1 /
(24) limsupz, . =limsupr, . <7, =7/,.

n—oo n—oo -

Next, if s € [0,T — t) is such that X; < b(t 4+ u) for all u € [0, s], then
infy, 0,51 b(t + u) — X;; =: § > 0 by continuity of b and X* in time. By Lips-
chitz continuity of x > X7, inf,cjo.51b(f + u) — X;" > §/2 for n large enough.
By continuity (in time), this implies that inf,,c[o ) b(t, +u) — X 2> 0 for large n.
Consequently, 7 . >, s0

L * *
>
l}lm infr,  >77,

since s was arbitrary. Together with (24), this yields limy o 7" , =7/, U

THEOREM 5.3. The spatial derivative U, (t, x) exists at all points (t,x) €
[0, T x [0, 00) and is continuous on [0, T') x [0, 00). Moreover, it satisfies

(25) Up(t, x) = —AE[ 15,5 yye S =077,
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PROOF. We first show that the function

803 = 15,50

is continuous on [0, T) x [0,00). To do that, assume that [0, T) x [0, 00) >

(tn, xp) — (t,x) € [0, T) x [0, 00) as n — oo. By Proposition 5.2, 7/ . — 7,
a.s. Moreover, notice that

(26) P(S;:, =x) =0.

Indeed, define 7; , :=inf{s > 0: S; =x} A (T — 1), so that 7; , is also the first
time that X* equals zero. Since s — S; is increasing and P(S;, 4, > x) =1 for
all u > 0, we have that IP(ST;jX =x)= IP’(r;fx = 7;.x). However, since b(t +s) > 0
fors € [0, T —t) and X)Tftx =0,

P(T:x =Tx) = P(thx =T —1t)<P(X7_,=0)=0,
and hence (26) holds. By (26),
Is .

-1
o >Xn} {Sfr*,x >x}

a.s. as n — 0o, and consequently,

A(S —xn)—rr’;.m
g(tn’ xn) = —)\.E[l{sr* >xn}e th.Xn h ]

n,Xn

AMSpx —x)—rrf,
hx " ]:g(tsx)

— _)\E[I{Sr,*x >x)e

by dominated convergence. This shows that g is continuous on [0, T) x [0, 00).

Now note that (25) holds for t = T since U(x,T) = 1 and t* in that case
equals 0.

Next, since x — U (t, x) is convex for ¢ € [0, T), its right derivative exists ev-
erywhere on [0, oo) and its left derivative exists everywhere on (0, co), and the
set of points where the right and the left derivative differ (for a fixed ¢ € [0, T"))
is at most countable. Fix (¢,x) € [0, T)) x (0, co) such that the right and the left
(spatial) derivatives agree at (¢, x), and let ¢ > 0. Denote t* = t;fx. Then

U(t, X) _ U(t, x4+ 8) < E[e—rt*(ek(va,* —Xx) e)\.((x—F&‘)\/ST*—(X—I—S)))]

= E[e—”* (eMSex—0) D) 1x<$<xte} ]

FE[e™" " (HS ) — At o]

< (e“ —1)P(x < S+ <x+e)
+ (1 . e_)”e)]E[e_”*e)”(Sr*_x)I{S,* >x+£}]-
Dividing by ¢ and using that
IimP(x < S+ <x+¢)=0,
el0
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we obtain that the right (spatial) derivative at (¢, x) satisfies

U t7 - U t, _ _ %
27 lif(} (, x +¢) (@, x) > _)‘E[l{ST* >x}e)»(51* X)—rt ]
€ £

Similarly, for € € (0, x),
Ut,x)—U(t,x —e) < E[e—rr* (ek(var*—x) o ek((x—s)vST*—(x—s)))]
=E[e" (1= 0N o]

LR[S _ S ¢

< (1 _ eke)E[ek(Sr*—x)—rr* I{St*>x}]a
so the left (spatial) derivative satisfies

(28) lim Ui, x)—U(t,x —e)

< _AEN . AMSpx—x)—rt* ]
lim . < —AE[ls,.-x)€ ]

Since the derivative exists at (¢, x), it follows from (27) and (28) that U, sat-
isfies (25) at (¢, x). Moreover, since U, (z, -) coincides with the continuous func-
tion g (¢, -) outside a countable set, and since the right (left) derivative of a convex
function is right (left) continuous, it follows that U, = g on [0, T') x [0, c0), which
completes the proof. [

COROLLARY 5.4 (Creation condition). The value function U satisfies the
boundary condition U, (t,0) + AU (¢t,0) =0fort <T.

PROOF. Forr € [0, T), we have t{{, >0 a.s., so Sfo*f > 0 a.s. Thus

AS x —rrf
IO,t 0,t

U, (t,0) = —AE[e ]=-AU(,0). 0

COROLLARY 5.5. The smooth fit condition holds, that is, U,(t, b(t)) = 0 for
tel0,T).

PROOF. This follows since U(t,x) = 1 for x > b(¢) and U, is continuous.
O

6. Further regularity of U: The time derivative. In this section, we show
that the time derivative of U is continuous; see Theorem 6.2.

LEMMA 6.1. The function U is Lipschitz continuous in t on [0, T1] x [0, 00),
uniformly with respect to x, for any Ty € (0, T).
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PROOF. Lett, 1 €[0,T1] with 11 < 1, let x € [0, 00), and denote T := Ttﬂ;’x.
Then, recalling that U (-, x) is decreasing, we get
0<U@,x)—Ul(n,x)
< E[e)\(var—x)—rr _ e)\(x\/SM(T_,z)—x)—r(r/\(T—tz))]
— E[(ek(x\/Sffx)frr _ e)»(vaT,,z —x)—r(T—tz)) 1{T—l‘2<‘[<T—1‘1}]
< e—kxe—r(T—tz)]E[ek(vaT_tl) _ ek(vaT_[z)]

< E[e)\ST—tl _ e)\ST—rz]’

where for the last inequality we used

e)\'(x\/ST—tl) _ e)"(XVST_tZ) — 1 (e)\ST—tl _ e}‘(XVST—tz))‘

{X<ST71‘1 }

By explicit formulas (see, e.g., [24], Section 3.5.C),

s zo= | s
>27)= E— 204s S,
' 0 o+/2ms3
SO
Z+ us _ Gt
P(S; edz) = / ( z—1>e 225 dsdz.
' 0 o/ 2ms3
Thus
2
)‘S’ / f (Z+Msz—l>e (Z;LZZ) dsdz
0 o+/2ms3
=: f(1)

and

o8 1 z+ ut _ (4un?
f/(t) :/(; e)LZO_ 2nt3( o-2t 7 — 1) e dz.

Since f'(t) is bounded for ¢t € [T — T}, T, the function U is Lipschitz on [0, T}] x
[0,00). O

The following theorem is the main result of the current section.
THEOREM 6.2. The time derivative U, is continuous on [0, T) x (0, 00).

PROOF. Fix Tp € (0,T),lett;,tp €0, Tyl withty <tpand To+1p, —t1 < T,
and let x € [0, 0c0). Define 7 := ‘E;T?x A (To — 1), and note that U(t; + 7, X7) =
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U(t + 7, X7) = 1 on the set where 7 = t;';’x thanks to (ii) in Proposition 4.1.
Consequently, using (17) and (18), we have

0<U(t,x) — Uz, x)
<E[rVS 07U (1 + 1, X2) = U + 7, X7))]
=E[ VS + 1, X5 = Uty + 7, X)) L e=Ty—1a) ]
<E[e*02 T (U (Ty + 11 — 12, XF, _,,)
— U(To, X7y—i))) r=1p—1}]
< Co(t2 — tDE[* 1 r=py—1) ],

where Cy is a Lipschitz constant of  — U (¢, x) (see Lemma 6.1), which depends
on Ty. In particular, for (¢, x) € C with ¢t < Ty, we have

0<U(t,x) < COE[e)LST l{r;'szTo—t}]

< Co\/E[e?57],/P(z}', > Ty — 1)

by the Cauchy—Schwarz inequality. By Proposition 5.2, 7%, — t,; bitg) = 0 a.s. as
(t,x) — (t0, b(tp)) for t9 < Ty. Consequently, IP’(IZ‘X > To —t) — 0, and hence
Ui(t,x) — 0 as (t,x) — (tg, b(tp)). Since U; is continuous in the interior of D
and in C, this shows that U; is continuous on [0, Ty) x (0, oo). Consequently, since
Ty is arbitrary, this shows that U; is continuous on [0, T) x (0, c0). O

REMARK. The C'-differentiability of the value function is typically referred
to as the ‘smooth fit’ condition in optimal stopping theory. This is a well-known
condition that can be utilised in perpetual problems to produce a candidate so-
lution, which then can be verified to equal the value function. While the smooth
fit condition is generally believed to hold also for time-dependent problems (with
sufficiently smooth underlying data), a formal verification of this fact is often lack-
ing. In fact, in most studies of time-dependent optimal stopping problems it is only
shown that smooth fit holds in the spatial variable for each fixed time; see, for ex-
ample, [12, 13] and [25], Lemma 2.7.8.

In that respect, Theorems 5.3 and 6.2 go beyond established theory for optimal
stopping problems.

7. Proof of Theorem 3.1. Define anew function v : [0, T] x [0, 00) — [0, 00)
by

v(t, x) :/0 U(t,y)dy.
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From Theorem 5.3 and Theorem 6.2, it is immediate to see that v € C12([0, T) x
(0, 00)) and it is continuous everywhere. Moreover, ¢ — v (%, x) is decreasing and
X — v(t, x) is concave due to Proposition 4.1.

Now we want to show that (v, b) solves (i) to (v) of Theorem 2.1 so that v =V
and D? asin (5) is optimal.

Since U >1and U(T,x) =1, we have vy > 1 and v(T,x) =x. Fort € [0,T)
and 0 < x < b(¢) and recalling (19), we obtain

0_2
(vt + pux + Tvxx - rv)(t,x)

X 2
=/O U= 1O ) dy + pU @ 0) + U 0)

X 0,2 0_2
=—f0 (70”+qu)(t,y)dy+uU(t,x)+7Ux<r,x>

O_2
= 7Ux(t, 0)+ nU(,0)=0,
where the last equality follows from the creation condition at zero of Corollary 5.4.
Repeating the same calculation for ¢ € [0,7) and x > b(¢) and using (20) we
then find v; + uv, + %zvxx — rv < 0. Therefore, we have verified (i) to (v) of
Theorem 2.1, since (ii) is obviously true.

8. Concluding remarks. The connection established in Theorem 3.1 enables
the use of techniques from optimal stopping theory in the study of the dividend
problem. For example, the precise asymptotic behaviour of the boundary can be
derived, and the boundary can be characterised in terms of an integral equation.
Both these results have been derived in the context of Russian options (recall the
remark at the end of Section 3) and we only provide their statements.

8.1. Asymptotic behaviour of the boundary ([13]). The optimal stopping
boundary satisfies
b(1)

lim =0,
M (T =) n 7

where we notice that our b(t) is equal to 2~ 11na, with a; as in [13]. This asymp-
totic behaviour is the first term in an expansion that was found in [17]. It is impor-
tant to remark that in [17] the author needs an a priori assumption regarding addi-
tional regularity of b. Here, on the other hand, relying on the asymptotic formula
from [13], together with the established connection between the Russian option
and the dividend problem, we do not require any additional assumptions.
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8.2. An integral equation for the boundary ([26]). The boundary b solves the
integral equation
T—t

29) 1 =E[eMOVST=bO)=r(T=0] 4 f eSP(XPD > b(r + 5)) ds.
A >

The above formula may be deduced from [26] via algebraic transformations. Alter-
natively, it can be directly verified by applying Dynkin’s formula to AL Oty (t,
X,), since U € C' with Uy, bounded, and using (19), (20) and U (¢, b(¢)) = 1.
Moreover, b is the unique solution of (29) in the class of continuous and positive
functions.

8.3. The infinite horizon case. Finally, we remark that the connection sug-
gested by Theorem 3.1 between the infinite horizon dividend problem (see [29])
and the perpetual optimal stopping problem

U(x) — SupE[ek(XVSr—X)—V‘L’]

>0

(which is closely related to the value function of a Russian option, see [31]) also
holds. Indeed, one way to see this is to do the obvious changes in the scheme of
the current paper. Alternatively, since these problems can be solved explicitly, it is
straightforward to check that V = U’ by explicit calculations. Notably, however,
this connection seems unnoticed even in the perpetual setting.
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