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1. Introduction

In this paper we consider the problem of estimating a concave function in a
standard additive noise regression model. We observe y = (y1,...,¥yn) which
are noisy evaluations of an underlying concave function defined on the unit
interval [0, 1] on sorted design points = (21 < -+ < ) € [0,1]™ as follows;

yi = fzi) + 2 (1.1)
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with z = (z1, ..., z,) being independent N (0, 02) error for some unknown o. The
task of estimating the regression function f when knowing that the underlying
f is concave is known as the concave regression problem. This problem has a
relatively long history.

Interestingly, the problem of concave regression was discussed in the liter-
ature by Hildreth [10] even before the problem of monotone regression (see
Robertson et al. [14], Ayer et al. [1]), which is perhaps the most well studied
problem in shape constrained estimation. [10] discusses some applications in
economics where concavity arises naturally, such as in production functions and
utility functions. A very natural estimator of a concave regression function is
the constrained least squares estimator (LSE) which is defined as follows:

n

f: arg min Z(yl — f(gcl))2 (1.2)

f:[0,1] =R, fconcave ;

As is clear, the LSE J?is not unique but is uniquely defined at the design points.
This estimator was proposed in [10] along with quadratic programming meth-
ods for solving (1.2). The first statistical analysis for the LSE was carried out
by Hanson and Pledger [9] where the consistency of the LSE was established
under the supremum loss over a compact interval. The problem of estimation of
the concave function under a local loss function, that is the problem of estimat-
ing the regression function f at a given point xg, has also received attention in
the literature. Notable papers are Mammen [13], Groeneboom et al. [7] where
the asymptotic distribution of the LSE at the point xy was studied. The first
work which studied rates of convergence of the LSE under a global loss ap-
peared in [6]. The authors there showed that under the supremum loss over a
compact interval containing the design points, the rates of convergence varies
from (°87)1/3 to (1°67)2/5 depending on the smoothness of the underlying con-
cave function. For instance, if the regression function is also twice differentiable
the rate of convergence under the supremum loss is (10%)2/ 5,

In the most recent work on concave regression under a global loss func-
tion, Guntuboyina and Sen [8] considered the following sequence formulation
of the concave regression problem. Assuming that the design points are equally
spaced, note that the mean regression vector (f(z1),..., f(zy)) lies in a poly-
hedral cone (defined by the concavity constraint on f) K, C R™, n > 3 defined
as follows:

K,={0eR":0;, —0,_1 > 0;11 — 0; whenever 2 < i <n — 1}.

Then it is clear that if 1 < x5 --- < x,, are equispaced design points in R then
one can also write

K,={0€R":0=(f(x1),...,f(x,)) for some concave function f:R — R}.

The problem of estimating the entire concave function in the sequence model
then becomes the problem of estimating 6* € K,, from observations

yi =07 +2z V1i<i<n (1.3)

where z; are i.i.d N(0,0?) random variables.
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In this paper, we study this sequence formulation of the concave regression
problem, assuming equally spaced design points. Specifically, we study the risk
properties of the Least Squares Estimator 6 defined as

0 = argmin |y — 0|, (1.4)
9EKn
where || - || refers to the usual Euclidean norm on R™. We are interested in

studying the risk behaviour of f under the natural mean squared error loss
function defined as

~ 1 ~
R(0,07) :Eﬁllt‘)*@*llz, (1.5)

where the expectation is taken under the distribution of y as given in (1.3).

To describe the results of [8] under the risk function R(é\, 0*), we first have
to set up some notation. Let L be the subspace of R™ spanned by the constant
vector (1,...,1) and the vector (1,2,...,n). In words, L is the subspace of n
dimensional affine sequences. Let Py denote the orthogonal projection matrix
to the subspace L. Define Gp« = max{o?, 1| (I — P1)6*||*}. Then Theorem 2.2

in [8] shows that for any 0* € K, there exists a universal constant C' such that
2

whenever the sample size n > C (G‘Z—*)Q(log en

2

o~ 2 *
R(@.0%) < Cllog Ty (TYC0)

)5/4, we have

(1.6)

To interpret the theorem, it is instructive to think of a regime where G(6*)
stays bounded as n grows. For example, this would be the case if 8* are eval-
uations on a grid of a concave function f : R — R with fooo f?(x)dr < cc. In
this case, the bound in 1.6 yields R(6,6%) < (log ) ~4/5 upto a multiplicative
constant factor. [8] conjectured that there should be no logarithmic term in the
upper bound and perhaps the logarithmic term is an artifact of their proof. The
goal of this paper is to show that one can derive a risk bound in the same setting
as in (1.6), but without the logarithmic factor.

The paper is organized as follows. In Section 2 we present our main result
on the global risk bound, comment on its interpretations, and sketch the proof
ideas. In Section 3, we present the proof of our main result. In Section 4, we
state and prove an extension of our main result in the case of model misspeci-
fication.

2. Main result

We now describe the main result of this paper and discuss its consequences. For
any vector § € R™ let us define V(6) = maxj<ij<p 6; — minj<ij<y, 6;.

Theorem 2.1. Fiz any positive integer n. Fiz any 0* € K,,. Fiz any x > 0.
The following upper bound on the risk holds for a universal constant C with
probability greater than 1 — 2exp(—x):
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1~ * (|2 2 2
=10 =0 < —0*(1 +V2z +x)
n n
I
+ max{Co®/® (V((I—Pp)o*) + 0)2/5n_4/5, 002&} (2.1)
n

Moreover, we also have a risk bound in expectation for a universal constant C
as follows:
~ i 2/5 _ logn 202
R(0,0") < max{Co®/® (V(I = PL)o*) +0)""n 4/5,0027} + gt (2.2)

Theorem 2.1 proves a high probability bound for %Hé\— 6*||> which then
immediately leads to a bound in expectation. We show in Section 4 that we
can also extend our risk bound to the case of model misspecification. By model
misspecification, we mean the case when the true underlying sequence 6* is not
concave. In this case, we prove that the risk of the LSE R(0, 6*) is at most the
squared Euclidean distance of 8* to K, divided by n, plus a term which goes
down to zero at the rate n=%/°.

Comparing the bound in [8] with our risk bound, we have no logarithmic
terms in our risk bound. However, we pay the price of a larger constant in order
to remove the logarithmic term. The term G(6*) is now replaced by V((I —
PL)H*) which is generally larger. In the situation where #* are evaluations of
a fixed concave function f : [0,1] — R on the grid {1/n,...,(n —1)/n,1} the
term V(6*) does stay bounded by a number which is a property of f and does
not change with n. In this situation, our risk bound gives the optimal rate
n~4/% upto constant factors. In general though, the risk bound proposed in this
manuscript is not a uniform improvement over the bound (1.6) because G(6*)
and V(0*) may have different rates of growth with n depending on the chosen
sequence of concave sequences 6* € K,,. A more detailed comparison between
the risk bound (2.2) and the bound (1.6) is deferred after the completion of
proof of our main Theorem 2.1 and is done in subsection 3.3.

Our analysis actually carries through for slightly more general design points
than just equally spaced ones; see Remark 3.2 for more explanation. Coming to
the issue of optimality of the LSE, the rate n~%/5 is known to be minimax rate
optimal even if one considers the parameter space to be an appropriate local
ball around a convex function with positive curvature everywhere; see Theorem
5.1 in [8] for the precise result. Apart from minimax rate optimality, a further
motivation to study the LSE in concave regression is that it was shown to have
automatic adaptation properties first in [8] and subsequently in [3] and [2].
Specifically, it was shown that the risk R(é\, 0*) scaled like % log n for piecewise
linear concave sequences 0* with k pieces. In this paper though, our focus is
not on the automatic adaptive properties of the LSE, but rather in proving an
improved worst case performance.

It is worthwhile to point out that we do not assume any smoothness assump-
tions on the underlying concave function. Considering the result of Diimbgen
et al. [6], their loss function is the supremum loss function over an appropriate
compact interval. Notwithstanding some details, the mean squared error loss
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function we consider is naturally bounded by the square of the supremum loss
function that is considered in Diimbgen et al. [6]. Hence their risk bound directly
applied to the mean squared error loss scales like (10%)4/ 5 only when the un-
derlying concave function is twice differentiable. Our analysis shows that when
the design points are equally spaced, we do not need any smoothness assump-
tions on the underlying concave function to obtain the n~%/% rate in addition
to showing that the logarithmic factor is unnecessary.

2.1. Proof sketch for Theorem 2.1

The goal of this subsection is to provide a high level overview of the method of
proof of Theorem 2.1. We take the standard empirical process based approach in
proving our risk bound. Specifically we take the recipe proposed by Chatterjee [4]
which says that a key ingredient in proving risk bounds for the LSE is to control
an expected Gaussian suprema term described as follows. Let (a,b) denote the
usual inner product between any two vectors a,b. For any 6* € R™ define the
function fyg« : Ry — R as follows:

fo<(t) =E sup (2,0 —07) (2.3)
0K, :]|0—0% || <t

where z is a random Gaussian vector with each entry being independent, has
mean zero and variance o2. [4] also shows that if one obtains s > 0 such that
for(s) < % then essentially one gets the risk bound R(6,6%) < s2/n up to
constant factors. Precise statements are given in later sections. Therefore, it
suffices to tightly upper bound the function fs- and this paper basically gives
a new way of upper bounding the function fg«(¢) for all ¢ > 0.

Since fg«(t) is an expected Gaussian maxima, a standard tool in empirical
process theory to upper bound fy«(¢) is to use the Dudley’s entropy integral
bound which requires good estimates of the covering number of the set K, N
B(0*,t) where B(0*,t) refers to the Euclidean ball of radius ¢ centred at 6*. Tight
estimates (without logarithmic factors) of the covering numbers for the space
of bounded convex sequences are available in the literature, see Dryanov [5].
Specifically the result of [5] gives us tight upper bounds of the covering number
for the space {0 € K,, : maxi<;<y |0;] < B} for any constant B. But we require
covering numbers for K, intersected with a Euclidean ball of radius ¢. This was
done in [8] by applying the basic result of [5] in appropriate subintervals. This
approach gives rise to logarithmic factors in the risk bound as had appeared
in [8].

Our approach is to do one more step of refining the function fy-. Essentially
for any 6 € K, N B(0*,t) we define its truncated version 0 € K;L where the set
K;L C R” is not a much larger set than K, and hence has comparable metric
entropy. Note that one can write

E sup (z,0 — 0*) <E sup (2,0 —0') + Esup(z,0 — 6%). (2.4)
0K, 0K, o
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We control the two terms on the right side of the above inequality separately.
We show it is possible to define the truncation 6" of 6 such that it satisfies two
critical properties. The first property is that the first term on the right side
of (2.4) is upper bounded by %. Since we finally have to compare fy-(t) with %

an extra factor of % can only affect the risk bound upto constants. Now we are
left with the task of upper bounding the second term in the right side of (2.4).
The second critical property that 6" satisfies is that 6 is bounded entrywise by
C(V(0*)+0) where C is a universal constant. This means that 0’ is bounded by
a constant factor. Hence the second term in the right side of (2.4) can now be
controlled by a direct application of Dudley’s entropy integral bound. This only
requires getting tight estimates of the covering number of bounded sequences in
K;l. We show that this covering number is very similar to the one given in [5]
(and hence has no logarithmic factors) as K,/L is not much bigger than K, . In
this way our extra refinement step enables us to save a logarithmic factor of n.

The main crux of this paper lies in defining 0" as described in the previous
paragraph. This is done in Lemma 3.5 which is perhaps the most important
step in our entire argument. In Lemma 3.5 we actually assume our underlying
concave sequence 6* is also monotonic. Since a concave sequence always first
increases and then decreases, it actually suffices to analyze the case when 6* is
monotonic concave. We use the monotonicity of 8* crucially in coming up with a
definition of the truncation 6" of 6, satisfying the critical properties as explained
in the previous paragraph.

3. Proof of main result
3.1. Proof of Theorem 2.1

The goal of this section is to state and prove Theorem 2.1. Before starting to
prove the above theorem, we first go through some background results. By now
it is known that a key ingredient in proving risk bounds for the LSE is to control
the expected Gaussian suprema function fy- as defined in (2.3). For any 6* € K,
it was actually shown in Theorem 1.1 in Chatterjee [4] that the loss term 16—~
concentrates around a deterministic value tg» = argmax,~ fp- (t) — % Another

result providing upper bounds on the loss term ||§ —6*|| in terms of the function
fo+ has been given in Theorem 12 in Bellec [2] which we use as our starting
point. Before describing this result, we claim that since the projection onto the
cone K, is a sum of projection onto the subspace L and the projection onto the
cone K,, N L+ it almost suffices to study the risk of the least squares estimator
constrained to the cone K,, N L+ denoted by 6 K, nLL- Specifically we mean

Ok, . = argmin |y *9“2.
feK,NL+

Here L+ is the subspace of R™ orthogonal to L. We make this claim clearer
when we prove Theorem 2.1. With this viewpoint, we now state the following
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lemma which is a direct consequence of Theorem 12 in [2], applied to the cone
K, NL*.

Lemma 3.1 ([2]). Let 6* € K,, N L. Let s > 0 be such that

s2

E sup (2,0 —0") < —.
9 KonLL:||0—0%|<s 2

Then for any x > 0 the following inequality holds with probability greater than
1 —exp(—x),
10,z — 6% < 2max{s* 80z}

Here Ok ~p+ is the least squares estimator constrained to the cone K, N Lt
Also z is an dimensional gaussian random vector with mean zero and covariance
matriz o21.

Remark 3.1. Actually Theorem 12 in Bellec [2] implies a slightly stronger
bound and is useful in the case of model misspecification. This issue is discussed
in Section 4.

Recall the definition of the function fg- in (2.3). Also recall that for any
vector § € R™ the range of 6 is denoted by V(). The key step in proving
Theorem 2.1 is to obtain the following key upper bound on fy« which we state
as a proposition:

Proposition 3.1. There exists a universal C > 0 such that for allm > 1, all
0* € K,, and all t > 0, we have the following inequality:

2
fo-(t) < Ca{(V(0%) + 0)1/4711/8753/4 + /lognt} + tZ

We prove the above proposition in the next subsection. We first prove The-
orem 2.1 assuming the above proposition is true.

Proof of Theorem 2.1. Let K = K, for simplicity. Fix 8* € K. Recall that
the subspace spanned by the n dimensional vectors (1,...,1) and (1,...,n) is
denoted as L. It is clear that L is the smallest subspace contained in K. Also
recall that Py, is the orthogonal projection matrix to the subspace L. Let the
projection of any 6 € R™ onto any closed convex cone C' C R™ be denoted by
I1(0). The projection exists and is unique because C' is a closed convex set.
Now by definition of the LSE and by orthogonal decomposition of projections
we have

0 =gy =g (0" +2) = gnpe (0° + 2) + PL(6 + 2).
Let Pr. =1 — Pp and p* = Pr10*. Now we can write

16— 0% = Tk (0 + 2) = PLaf®|* + [ PL(6" + 2) — PLo”||?

. ' (3.1)
= M (" + 2) = || + (| P2



An improved global Tisk bound in concave regression 1615

The first equality is a sum of squares decomposition using orthogonality. The
second equality is because Iy qr1 (0* +2) = M gqpe (" + 2) by definition of pu*.
This can be checked by the usual KKT conditions for the projection of a point
onto a closed convex cone. Now since L is a subspace with dimension 2 the term
1P 2" Z“ is distributed as a x2 random varlable with 2 degrees of freedom. Hence
by a standard tail inequality of a x2? random variable we have the following

inequality which holds for any x > 0 with probability greater than 1 — exp(—x),
| Prz|? < 202(1 + V2z + z). (3.2)

The proof of this inequality can be found in [11]. Now since p* € K N L+ and
Mg (u* + 2) — p*||? is exactly the squared error loss term for the least
squares estimator constrained to the cone K N L+ we can use Lemma 3.1 to
upper bound || gz (u* + 2) — p*||?. First we use Proposition 3.1 to get the
following inequality for all ¢ > 0,
E sup (zv = p") < fue(t) <
veEK,NLL:||lv—p*||<t
12

CU{( +c7)1/4 1/83/4 4 \/lognt}-i-—

where C' is a universal constant. Now it is not too hard to check that by setting

s = max{(Co (V (1) + 0)1/4711/8)4/5, Co+/logn} (3.3)

for a large enough universal constant C' we have f,-(s) < % Setting this value
of s in Lemma 3.1 alongwith the last display then gives us the following bound
which holds for any # > 0 with probability greater than 1 — exp(—zx),

Mg (0 + 2) — p*||? < 2max{Cc®/® (V") + 0)2/5711/5, Co?logn,8a%x}.

(3.4)
Using the upperbounds (3.2) and (3.4) and combining them in (3.1) by a sim-
ple union bound argument finishes the proof for the high probability bound
statement in (2.1). To prove the risk bound in expectation, let us denote W =
I gnpe (' + 2) — p*||>. Then we have the following inequality for any v > 0

due to (3.4):
1 if s% > 1602
P(W > 160%0) = e > o
<exp(—v) if s2 < 16020

where s is as defined in (3.3).
Since EW = fo (W > v)dv, simple integral calculus now gives us

EW < Cs?
where C' is a universal constant. Also we have
E|Ppz||* < 202
1Pz

because 27— is a x? random variable with degrees of freedom 2. The last two
displays alongw1th (3.1) finish the proof of the risk bound (4.1). O
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Remark 3.2. We remark that we have defined K to be the space of concave
sequences obtained by evaluations of a concave function f : [0,1] — R on
equally spaced design points (z1,...,2,) € R™. Our risk bound calculations
carry through if (z1,...,2,) are not equally spaced, the only difference being
that the universal constant C' would now be replaced by a constant which would
only depend on the ratio max;(z;+1 —x;)/ min;(x;+1 — x;). This means that our
risk bounds would continue to hold in the slightly more general situation where
the gaps between consecutive design points lie between <& and <2 for some
constants ¢y, co. This is in the same spirit as in the risk analysis given in [8].

3.2. Proof of Proposition 3.1

In order to prove Proposition 3.1, we will prove several lemmas along the way.
We first set up some notations. For a metric space F with metric D and € > 0,
let N(e,F, D) denote the e-covering number of F under the metric D. That is,
N(e,F, D) is the minimum number of balls of radius € required to cover F. If
F C R™ and D is the usual Euclidean metric we simply denote the covering
number by N (e, F).

We are required to upper bound the expected Gaussian maxima function fg-.
To do this, we use a standard chaining bound (see [15]) as follows:

Theorem 3.1 (Chaining). LetF C R" and fiz any 6" € F. Let d = supy o ||0—
0'|| be the diameter of F. Then we have

d
E [sup (2,60 — 9*)] < 120/ V1og N(e,TF) de
0

0cF

where z is again a n dimensional Gaussian random vector with mean zero and
covariance matriz o>1.

We also use a standard Gaussian Concentration Inequality. The proof can be
found in the argument after equation(2.35) in Ledoux [12]:

Theorem 3.2 (Gaussian Concentration Inequality). Let z be an n dimensional
Gaussian random vector with covariance matriz c®Z. Let f : R® — R be a
function that is L lipschtitz, that is it satisfies | f(x) — f(y)| < L||lx —y|| for all x
and y, where L is a positive constant. Then the following is true for any t > 0,

t2

P(f(2) 2 Ef(2) +0t) < exp(—5 ).

We also need to use a log covering number bound for the space of bounded
convex functions defined on the unit interval, as proved in Dryanov [5].

Lemma 3.2 (Dryanov). Let C[0,1, B] be the space of real valued concave func-
tions defined on the unit interval [0, 1] with absolute value bounded by B for some

B > 0. Also let Ly(f,9) = (fol(f(x) — g(x))%dx)Y? for any f,g € C[0,1, B].
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Then the following is true for a universal constant C,

B
log N(e,C[0,1,B], Ls) < Cy/— Ve >0.

€

Modifying the above result we can now prove a log covering number bound
for the set of concave sequences bounded by a number B.

Lemma 3.3. Fizx B > 0. Let Kn,B = {9 e K, : maxi<i;<n |(91| < B} The
following is true for any n > 3 and a universal constant C,

B
log N(e, K, 5) < Cn1/4\/ — Ve>0.
€

Proof. Let 7 = (/2. Let F be a finite subset of C[0,1, B] such that for any

f € C[0,1, B] there exists g € F such that La(f,g9) < 7. By Lemma 3.2 F
can be chosen to have log |F| < C'/B/7 where C is a universal constant. Now
take any 6 € K, . Define a convex function fy € C[0,1, B] as follows: Set
f@(ff_ll) =0; V1<1i<n and extend fy to all other points in the unit interval
by linear interpolation. Clearly fy € C]0,1, B]. For each g € F check whether
there exists v € K, p such that La(g, f,) < 7. If there is, choose such a v
arbitratrily and name it v,. Let F’ be the set of such vy obtained as we vary

g € F. Clearly we then have for a universal constant C,

IF'| < |F| < exp(C/B/7). (3.5)

Now we claim that a 27 covering set for K, p has cardinality at most |IF/| which
will suffice to prove the lemma.

Take any 0 € K,, . By definition of IF there exists g € F such that La(fo, g) <
7. Therefore for this g, there exists v, € F’ such that Lo (9, fv,) < 7. Hence by
the triangle inequality, we have La(fp, f,,) < 27. Now a direct consequence of
Lemma(A.4) in Guntuboyina and Sen [8] shows the following for a universal
constant C:

1
EHH —yl> < C(La(fo, fu,))? < 4CT>.

Now set € = \/%T to conclude that F is a e cover for K, p. Setting the value
of € in (3.5) now finishes the proof of the lemma. O

The space of n dimensional vectors with at most three concave blocks plays an
important role in our analysis. We now define the space of sequences with at most
three concave blocks as follows. For any vector 6 € R™ let 0j4.0) = (0, ... ,0)
for any integers 1 < a < b < n. Define

K3 :{9 eR™: 9[1:m1] € Kmlue[ml-&-l:mg—l] € KWLQ7M1717
Opmyin] € Kn—myt1 for some integers 0 < my < mp <n +1}.
The interpretation is that if m; = 0 then the first block is empty. Likewise
if mo = n 4 1 then the third block is empty. It is not too difficult to extend

Lemma 3.3 to give a bound on the log covering number of all bounded sequences
in K3 as shown in our next lemma.
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Lemma 3.4. For every € > 0 we have the following:

log N(e,{# € K3 CR": max. |6;] < B}) < C’nl/‘l(g)l/2 + 2log(n + 2).
Proof. Fix integers 0 < my < mg < n+ 1. Define By = {1 <i < my},By =
{m14+1<1i<mg—1}, B3 = {my < i < n}. There are three concave pieces and
it suffices to cover each of them separately at radius €/ V3 to get an e cover for
sequences which are concave on By, By and Bj separately. Using Lemma 3.3 on
each of these pieces one obtains a log covering number bound which is at most
3Cn/4(2)Y/2. Now there are exactly ("7?) ways of choosing m; and ms. We
could cover each of the spaces defined by a fixed my, my at radius e separately
and take the union of the covers. That would be a cover for K3 at radius €. The
log cardinality of this cover is clearly upper bounded by Cn1/4(§)1/2—|—10g (”;2)
This finishes the proof of the lemma. U

We now embark on proving a key result which gives an upper bound on the
function fg« in case #* is a concave monotonic sequence. As mentioned before,
since any concave function first increases and then decreases, a critical step is
to understand the behaviour of fy- when 6* is monotonic, in addition to being
concave. Recalling the definition of fp+ in (2.3), it is a expected supremum of
Gaussian random variables where the supremum is over all § € K,, which also
lie within a Euclidean ball around 6*. As a first step we are only going to take
the supremum over all § € K, lying within a Euclidean ball around 6* and
having a maxima at a fixed index k. To explain further, let us define the set C},
of concave sequences with maxima at k as follows:

Cr={0 € K: max 60; <0}.
1<i<n

As defined C}, is a closed convex cone in R". Also it is clear that K,, = U}_,C}.
Our next result is a key lemma controlling the expected Gaussian maxima term
E( SUPgec,:|o—o+||<t (2,0 — 6*)) where the supremum is taken over the restricted
set C, intersected with a Euclidean ball. Our bound would hold uniformly over
k, as a function of ¢ whenever the underlying 6* is concave and monotonic(non
decreasing or non increasing).

Lemma 3.5. Fix a positive integer n and fix any 1 < k < n. Also fir a non
decreasing concave sequence 0* € K,,. For allt > 0 the following inequality is
true for a universal constant C.:

t2
E( sup (z,0—6%)) < CU(V(Q*)—I—U)1/4n1/8t3/4+20\/210g(n + 2)t+—.
0€Cy:||0—0%||<t 8

Remark 3.3. The conclusion for Lemma 3.5 works even when 6* is concave
and non increasing by reasons of symmetry.

Proof. Let A= {0 € Cy : |0 — 6*|| < t}. Let us define A" as follows:
A ={0 e K3CR": max 0; <05+ L, min 0; >0} — L, |0 — 6*|| < t}
1<i<n 1<i<n

<i<

where L is a fixed positive number to be chosen later.
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SE: : Ss : ‘SR

Ficg 1. The proof of Lemma 8.5 is based on a truncation 0’ (in red) of an arbitrary concave
sequence 0 € Cy (in black) with respect to a fized monotone increasing and concave sequence
0* (in blue). The tails of 0 are raised to 0% — L over SFUSE =81 ={i: 60, <0 —L}. In
the interval So = {i : 0; > 0% + L} around the mode k, the sequence is lowered to the level
0y + L.

For any 6 € A we will define a truncated version of # belonging in A" which
will be denoted by 6 (). Then we will have the inequality

Esup(z,0 — 6*) < Esup(z,0 — 0 (6)) + Esup(z,6 (8) — 6%) <

gcA pcA geA (3.6)
Esup(z,0 — 6 (0)) + E sup (2,0 — 6*). .
gcA geA’

To reduce notational clutter, we will now write 6’ (0) simply as 0" while keeping
in mind that 6 is a function of 6.
Fix an arbitrary 6 € A. Let us denote S; = {i : §; < 67 — L} and Sy = {i :
We now define 6" as follows for each 1 <i<n:

0, =0; T{i ¢ Sy U Sy} + (0f — L) I{i € S1} + (0% + L) T{i € S5}

where Z is the usual indicator function.
From the above definition, it is clear that min; <<, 6; > 0 —L, max;<;<,, 0; <
0 + L. Also by construction of 9, we have the following contractive property
forany 1 <i < n: )
|0 — 0;] < 16; — 7.

Now by concavity of 6, the set S is necessarily a union of at most two intervals
of the form {1 < i < my }U{mg < i < n} for some integers 0 < m; < mgy < n+1.
If my = 0 then the set {1 < i < my} is empty and similarly if my =n + 1 then
the set {mg < i < n} is empty. As defined, 0’ is a constant vector on the two
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intervals in S; and remains a concave vector on the complement of S; which
is an interval. Hence, 9 € K3. Combining these properties of 6 imply that
0 cA.

We now proceed to control the first term on the right side of the inequality
n (3.6). We have the following inequality by definition of 8 :

n

Dozl —0) =Y 20— 0) + D w0 - 0)

i=1 1€S1 i€So
<> a0 = 0:) + |zl (6: — 60))
€S i€S>
=YD Jal(6; — 6:) T{2L < 67 — 0, < 2L}
i€Sy j=0

- (3.7)
)0 a0 — 0)) T{2L < 0, — 0, <27t L}

€S2 j=0

<Y VLY |z T{YL < 07 — 6; <20 L}
j=0

1€S1
+ Y VLY x| T{2L < 0; — 05, < 27T L}
7=0 1€Ss

where Z denotes the indicator function and the last inequality follows from the
inequalities

9; —-0; < 91( —0; forie S (38)

0; — 9; <6; — 9:; for i € Ss. (39)

Fix a non negative integer j. We now note that for any 6 € A since ||§ — 0*|| <t
we have

. t2

We now make some further observations. Since 6 is concave, any set of the

form {i : 6; < a} for some number a is necessarily at most a union of two

intervals. One interval, if non empty, has to contain the index 1 and the other

interval, if non empty has to contain the index n. Hence there exists integers
0 <wi < ws <n+ 1 such that the following holds:

T{i €S 2L <0; —0; <2}y <T{ie S :0;, <0 —2L} <
T{1 <i<wi}+T{ws <i < n}.

Also we have

S T{i€ S : YL <0; -0, <PTL} <Y T{i€ S : 2L <0 — 0;} <,

i=1 i=1
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0

0 +27L

05+ L

< 2v;

Fic 2. The set {’L €852:21L < 0; — 9;‘;} if it is nonempty, is an interval of length no greater
than 2v;j. The figure above indicates this set. Similarly, the set {Z €51 :2L < 07 — Gi} 18
the union of at most two intervals. Each has size no larger than v;.

where the first inequality is because 6* is non decreasing and the second in-
equality is due to (3.10). The last two displays imply the following inequality:

T{i€eS 2L <0;—0, <ML} <T{1 <i<wvj}+Z{n—v; <i<n}. (3.11)

Similarly, by concavity of 6 and since 6 € C}, any set of the form {i : 6; > a}
for some number a is necessarily an interval containing £ if it is non empty.
Hence there exists integers 1 < ws < k < wy < n such that the following holds:

T{i €8y : 2L <0; — 0 <ML} <T{i€Sy:0;, >0, +2L} <
I{w3 S 7 S U)4}.

Also we have
S T{ieS: YL <0 -0, <YLY <Y T{i€ Sy : VL <0; -0} <,
1=1 1=1

where the first inequality is because 6* is non decreasing and the second in-
equality is due to (3.10). The last two displays imply the following inequality:

T{i €8y : XL <0;— 05 <V} <T{k —v; <i<k+uv;}. (3.12)

Now using the inequalities (3.11) and (3.12) and applying them in (3.7) we
obtain

n v k4v;—1 n

Y00z <> LD fal+ Y fml+ Y

i=1 j=0 i=1 i=k—v;+1 i=n—v;+1

Note that in our argument 6 is an arbitrary element in A and the upper bound
in the previous inequality does not depend on the choice of 8. Therefore, using
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the fact E|z;| = 04/2/7 < o alongwith (3.10), the last display gives us

4¢2 . 16t
+1 j+1—2
ESEEE (6; 9 zl<;02j Lo(4v;) < —EZO 27 I =

We now set L = 1280 to finally get

Esup(z,0 —6) <

t2
— 3.13
geA 8 (8.13)

Now we come to controlling the second term in the right side of (3.6). Setting
F = A in the chaining result in Theorem 3.1 we get the upper bound

_ 2t
E sup {z,0 — 0*) < 120/ log N (e, A") de. 3.14
sup ( ) oV (e, A7) (3.14)

ocA’

The upper limit of the integral is the diameter of A" which is at most 2t. By
definition of A" we can now apply Lemma 3.4 with B = V(e YO 4 L to obtain

’ B
log N(e, A') < Cn/*(=)12 4 2log(n + 2).
€
Using (3.14) and integrating the above expression gives us

/ V(6*
E sup (z,0 —0*) < C’U(L + L)1/4n1/8t3/4 + 20+/2log(n + 2)t
0'eA’ 2
where we have also used the elementary inequality va + b < \/E—i—\/I; for any two
positive numbers a, b. Combining the last display with (3.13) and (3.6) finishes
the proof of the lemma. O

Our next step is to extend Lemma 3.5 to the case when the supremum of the
Gaussian inner products are taken over all of K, (not just Cy) intersected with
a Euclidean ball. This result is presented in our next lemma.

Lemma 3.6. Fix a positive integer n. Also fix a concave sequence 0* which is
non decreasing sequence or non increasing. For all t > 0 the following inequality
is true for a universal constant C.,:

E( sup (2,0 —0%)) < Ca{(V(6) —1—0)1/4 1/843/4 + o/lognt} + —
0K ,:||0—0%||<t

Proof. We prove the lemma when 6* is a concave non decreasing sequence. The
proof when 6* is concave non increasing is analogous. For each 1 < k < n and
t > 0 define the random variables

Xi(t) = sup (2,0 — 6%).
0eC:[|0—0%||<t
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We first note that

sup (2,0 — 0"y = max Xi(t).
0K ,:||0—0+| <t 1<k<n
Applying Lemma A.3 (see appendix) we see that the random variables Xy (t)
are lipschitz functions of z with lipschitz constant ¢. Hence using the Gaussian

Concentration Theorem 3.2 for lipschitz functions we get for all > 0 and all

1<k <n,
2

P(Xy(t) < EXy(t) + tox) < exp(—%).

A standard argument involving maxima of random variables with Gaussian like
tails is given in Lemma A.2 for the sake of completeness. Using this lemma and
the last display we finally get for a universal constant C,

< .
E max Xi(t) < max EX(t) + Cotr/logn

Now Lemma 3.5 gives us an upper bound on the term max; <<, EX}(t) because
the upper bound in Lemma 3.5 does not depend on k. Using this upper bound
alongwith the last display finishes the proof of the lemma. O

We are now finally ready to prove Proposition 3.1. The main idea is to use
the fact that any concave sequence first increases and then decreases and use
Lemma 3.6.

Proof of Proposition 3.1. Let 1 <i* < n be such that 0* € C;«. Let 0* = (07,03)
where 07 is an ¢* dimensional vector and 65 is an n — ¢* dimensional vector.
Similarly, let z = (21, 22). We can write
E( sup (2,0 —6")) <E( sup (21,0 — 07))
0K ,:|0—0~| <t OEK,=:[|0—07[|<t
+E( sup (20,0 — 63)).
0K _ix:|0—03 <t

There are two terms on the right side of the above inequality. Let us first

bound the first term on the right side. The second term can be bounded exactly

in the same way. Since 67 is non decreasing, we can use Lemma 3.6 to obtain
forallt > 0:

2
E( sup (21,0 — 07)) < CU{(V(@*)+0)1/4n1/8t3/4+\/lognt}—|—t—.
0EK«:||0—07 || <t 8

where we also use the fact that (i*)'/® < n'/®. We upper bound the second
term by using Lemma 3.6 exactly similarly. We then obtain for an appropriate
universal constant C,

Jo (1) :E( sup (z,970*>)
9E K n:]|0—6%||<t

2
< Co{(V(0%) + J)l/4n1/8t3/4 +v/lognt} + tZ

This finishes the proof. O
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3.3. Comparison with [8]

Let us now compare Theorem 2.1 with the risk bound obtained in [8] as stated
in (1.6). The first issue is the absence of the log(en) term in (2.2). We now
outline the differences in both the techniques which lead to a removal of the
log factor. It will be simpler to discuss the differences if we consider the case
when 0* = (I — P,)0*. The main ingredient to prove a risk bound at a concave
sequence 6* is to obtain a good upper bound to the function fy«(t) as defined
in (2.3). The authors in [8] directly use Dudley’s chaining inequality which
requires upper bounding log N (e, B(6*,t) N K,,) where B(6*,t) is the Euclidean
ball in R™ around 6* of radius ¢ > 0. The key step in their proof is to obtain an
upper bound to the log covering number when 6* is essentially the zero vector.
For a general 8* they then use the triangle inequality to say that any vector in
a t ball around 6* is within a ¢ + ||#*|| ball around the origin and then they use
their covering number bound for this larger ball which is now centred at the
origin. The result we are referring to is Theorem 3.1 in [8]. Their log covering
number upper bound is as follows:

(t2 + ”0*”2)1/4
/2

The use of the chaining inequality to the above leads to the worst case risk bound
obtained in [8] of the form given in equation 1.6 in the current manuscript. This
argument of bounding the covering numbers will not be able to remove the log
covering number due to the presence of the logarithmic term on the right side
of the last display. Note again that the authors in [8] were directly bounding
the covering number of the Fuclidean ball around 6* intersected with the set
of concave sequences. To get around this hurdle, the current manuscript does
an extra peeling step to upper bound the function fp«(¢) and hence avoids
computing the log covering number of the Fuclidean ball around 6*. Instead,
after the peeling step, we essentially show that we only need to compute a log
covering number for a [, ball in K,, around 6* of constant radius. Covering
numbers for a [, ball in K,, around 6* are available and does not suffer from
logarithmic factors.

The second issue is that we no longer get the factor G(6*) in our risk
bound and instead we get the factor V(0*). Again assume 6* = (I — Pr,)0*.
For example, any 6* which is mean zero and is symmetric in the sense §; =
0y _; satisfies 6 = (I — Pr)0*. As a simple illustration, let us take 6* =
(=(n—2),2,...,2,(n —2)). The previous bound available in [8] is of the form
Co®/5G(6*)Y/5(log(n)/n)~*/5 for an absolute constant C' > 0 whereas our bound
is of the form Co®/° max{c, V(6*)}?/°n=%/°. In general, for any #* satisfying
0* = (I — Pr)0* we have the relation

G(6*) < max{o, V(0*)}2.

In our chosen example, G(6*) = O(1) and V(8*) = O(n) and hence the bound
given in Theorem 2.1 scales like n~2/% which is worse than the rate (log(n)/n)~*/°
given by the risk bound of [8].

log N(e, B(6*,t) N K,,) < C'log(en)>/* (3.15)
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However, since there are only two ”big” terms in 6%, it is possible to prove
a risk bound scaling like n~%/% without log factors by using the techniques de-
veloped in this manuscript. To illistrate this fact, again we control the expected
supremum term fo-(t) = Esuppeg., oo+ <t 2oi—1(Z,0—0%). The inner product
can be broken up as

(2,0 —0")=Z100+(Z]2:(n—=1),(0 —0")[2: (n—=1)]) + Z,.0n
and now taking supremum over 0 € K,, gives us

Jo-() SE - sup  Zi(0y —0)
01:101—07|<t
n—1
+E  sup Zi(0: = 07)
eeKVz:H@*UHSt; 1

+E  sup Z,(6,—0)) (3.16)
0210, — 07 | <t

where v denotes 6*[2 : (n — 1)]. The first and the third term on the right
side of the above inequality can now be bounded by Cto for some constant C.
Proposition 3.1 applies to the middle term where the same proof as given in
this manuscript goes through. The rest of the proof can now be carried through
just as in the proof of Theorem 2.1 in the manuscript to obtain a very similar
risk bound which we do not carry out in full detail here. The only important
change would be that the V' (6*) term in the risk bound would be replaced by
V(6*[2 : (n—1)]) which is actually 0 for this particular example. This simple way
of controlling the expected Gaussian suprema can actually be carried through
for the first and last stretch of m entries where m = O(n'/®) in order to get
a risk bound scaling like O(n~%/%). Again if we break the expected Gaussian
suprema into three terms, the first and the last term can be bounded by Cn'/0¢
by an application of the Cauchy Schwarz inequality. The middle term can be
handled in exactly the same way as in proof of Theorem 2.1. Again the only
important change would be that the V(8*) term in the risk bound would now
be replaced by V(6*[m+1 : (n—m)]). This is one easy way to prove risk bounds
for 6* where the V(6*) is of a higher order than G(6*) but only so because of
some large values in the last stretch of entries where this last stretch can be
tolerated to have length of the order O(n'/®) and the V and G function are
both O(1) for the middle stretch of 6*.

A natural question which now arises is whether one can prove a risk bound
without the log factor and with the better constant G(6*) for all 8* € K, ?
It seems hard to answer this question in general using the techniques of this
manuscript. Infact this question can also be asked for the LSE 6 in Isotonic
regression where a bound for R(f,6*) of the form V(6*)/n?/3 upto a universal
constant constant is available when V(6*) > 0; see [16]. As far as I am aware, it
is not known whether one can prove the risk bound G(6*)/n?/3 upto a universal
constant in Isotonic regression too without suffering log factors.
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4. Model misspecification

Our risk analysis actually extends to the case of model misspecification, where
0" is now not necessarily in K,,. A natural quantity in the misspecified case for
measuring the performance of an estimator 6 is to control what is called the re-
gret, defined as ||0 —0*||> —minge g, ||0—0*||?. The goal of this section is to prove
the next theorem upper bounding the regret of the LSE. This theorem gives an
oracle risk bound generalizing Theorem 2.1 to the case when the true underlying
sequence 6* is not necessarily concave. Recall that IIo denotes the projection
operator to any closed convex cone C and for any vector § € R™ the range of
the vector is denoted by V(0) = maxi<;<, #; — mini<;<, 6;. For simplicity of
exposition, we state the theorem below for 6* satisfying (I — Pr)0* = 6*. The
general case can be dealt with easily.

Theorem 4.1. Fiz any positive integer n. Fiz any 0* € R"NL*. Let K = K,
for simplicity. Let H(0*) = V(I (0%)). Fiz any x > 0. The following upper
bound on the risk holds for a universal constant C' with probability greater than
1 —exp(—x):

- 677 < ie(e7) — 67

n n

8oz

1
+ max{Co®/° (H(6*)+0) 2/571_4/5, 002%,

}

Moreover, the above high probability risk bound also immediately implies a risk
bound in expectation for an appropriate universal constant C':

n

R(,6%) < %HHK(Q*) 0|2 4 Co P (HO) + o) Y5 4 00?8

Remark 4.1. The above theorem implies that in case the true underlying se-
quence 6* is non concave then the regret of the LSE converges at the rate n=%/5
upto constant factors. Infact by the usual Pythoagorus inequality for projection
onto convex sets, we have the inequality

16— T (6717 < 116 — 07 1* = |[TLxc (6) — 07|

The above equation states that ||§ — g (6*)|? is upper bounded by the regret.
Therefore, Theorem 4.1 implies a risk bound for [|§ — I (6%)]|? as well.

The main tool in proving Theorem 4.1 is actually a slightly stronger version
of Lemma 3.1 and is a direct consequence of Theorem 12 in Bellec [2] when
applied to the cone K,,.

Lemma 4.1 (Bellec). Let 0* € R™ and let K = K,. Let s > 0 be such that
Jrig(o+)(8) < % Then for any x > 0 the following inequality holds with proba-
bility greater than 1 — exp(—x),

16— 6|2 < 0" — Tk (6%)||? + 2 max{s?, 8o2z}.

Here z is an dimensional gaussian random vector with mean zero and covariance
matriz o21.
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Using the above Lemma, the proof of Theorem 4.1 goes through verbatim as
in the proof of Theorem 2.1.

Appendix

Lemma A.2. Let X1,X5...,X,, be random variables such that the following
holds for every 1 <i<mn and a > 0,

2
P(X; > EX, +az) < exp(—%) vz > 0. (A1)

Then the following is true:

E max X; < max EX; +a (\/210gn + \/27r) .
1<i<n 1<i<n

Proof. Let m = maxj<ij<n, EX;. Define ¥; = X; —m. Then by (A.1) we have

sub gaussian tail behaviour for every 1 <1i < n,

22

Now by defining Z; = max{Y;,0} we certainly have EmaxY; < Emax Z;. Also

for any > 0 we have P(max Z; > ) = P(maxY; > z). Combining these two

and using the tail integral formula for the expectation of a non negative random

variable we obtain

P(Y; > x) < exp(—

EmaxY; < / P(maxY; > z)dz.
0

Therefore, now we can write

oS} o0 2
EmaxY; < / P(maxY; > z)dx < / min{n exp(—-—),1}dxr =
0 0

x

2a2

av/2Togn oo 22

/ ldx—i—/ n exp(—5—)dr
0 avZlogn 2a

where the inequalities follow from the previous display alongwith (A.2). The
rest follows from simple integral calculus. Now a standard fact about Gaussian
tails give us the following inequality

* z? a
exp(—5—) < V2r—.
av/2logn 2a n
The last two displays finish the proof of the lemma. O

Lemma A.3. Let A C R" be a closed set. Fixz any 0* € R™ and t > 0. Define
the function f:R™ — R as follows:

flz)= sup (2,0 — 6™).
9eA:)|0—0 || <t

Then f is a Lipschitz function of z with Lipschitz constant t.
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Proof. Since the function (z,0 — 6*) is a continuous function of z and the set
{0 € A:||6—06%|| <t} isacompact set, its supremum is attained at 6 say. Then
we have

’

f(2) = f(z) = (2,0 —0") — f(z) < (2,60 — ") — (=, 0 — 0%)
=(z—2,0-0") <[z =210 - 07| < tl|lz— 2.

The first inequality is because we set § = g instead of taking supremum over
0, the second inequality is just the Cauchy Schwarz inequality and the last
inequality follows from the fact that [|§ — 6*|| < ¢ by the choice of 6. This
finishes the proof of the lemma. O
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