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Abstract

We develop a Fourier analytic approach to rough path integration, based on the series
decomposition of continuous functions in terms of Schauder functions. Our approach
is rather elementary, the main ingredient being a simple commutator estimate, and it
leads to recursive algorithms for the calculation of pathwise stochastic integrals, both
of It6 and of Stratonovich type. We apply it to solve stochastic differential equations
in a pathwise manner.
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1 Introduction

The theory of rough paths [35] has recently been extended to a multiparameter
setting independently by Hairer [26] and the autors [23]. While Hairer’s approach
has a wider range of applicability, both allow to study many interesting problems that
were well out of reach with previously existing methods; for example the continuous
parabolic Anderson model in dimension two [26, 23, 10], the three-dimensional stochastic
quantization equation [26, 9], the KPZ equation [25, 24], or the three-dimensional
stochastic Navier Stokes equation [55, 54]. Our methods developed in [23] are based
on harmonic analysis, Littlewood-Paley decompositions of tempered distributions, and a
simple commutator lemma. This requires a non-negligible knowledge of Littlewood-Paley
theory and Besov spaces, while at the same time the application to rough differential
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A Fourier approach to integration

equations (the classical problem that motivated Lyons’ theory of rough paths) is possible
but more technically involved than we would wish. That is why here we develop the
approach of [23] in the slightly different language of Haar / Schauder functions, which
allows us to communicate our main ideas while requiring only a very basic knowledge
in analysis. Moreover, in the Haar-Schauder formulation the application to rough
differential equations poses no additional technical challenges and we understand quite
well the link between equations of It6 and Stratonovich type.

It is a classical result of Ciesielski [11] that C® := C*([0, 1], R¢), the space of a-Hélder
continuous functions on [0, 1] with values in R?, is isomorphic to £>°(R?), the space of
bounded sequences with values in R¢. The isomorphism gives a Fourier decomposition
of a Holder-continuous function f as

f = Z<Hpmadf>Gpma

where (H,,,) are the Haar functions and (G,,,) are the Schauder functions. Ciesielski
proved that a continuous function f is in C%([0, 1], R?) if and only if the coefficients
((Hpm, df))p,m decay rapidly enough. Following Ciesielski’s work, similar isomorphisms
have been developed for many Fourier and wavelet bases, showing that the regularity
of a function is encoded in the decay of its coefficients in these bases; see for example
Triebel [50].

But until this day, the isomorphism based on Schauder functions plays a special
role in stochastic analysis, because the coefficients in the Schauder basis have the
pleasant property that they are just rescaled second order increments of f. So if f is a
stochastic process with known distribution, then also the distribution of its coefficients
in the Schauder basis is known explicitly. A simple application is the Lévy-Ciesielski
construction of Brownian motion. An incomplete list with further applications will be
given below.

Another convenient property of Schauder functions is that they are piecewise linear,
and therefore their iterated integrals [; Gy (s)dGyn(s), can be easily calculated. This
makes them an ideal tool for our purpose of studying integrals. Indeed, given two
continuous functions f and g on [0, 1] with values in £(R?, R"), the space of linear maps
from R? to R", and R respectively, we can formally define

/0 f(s)dg(s) := ZZ<Hpmadf><anadg>/O‘Gpm(s)dan(S)

p,m g,n

In this paper we study under which conditions this formal definition can be made rigorous.
We start by observing that the integral introduces a bounded operator from C* x C” to
C? if and only if o + 3 > 1. Obviously, here we simply recover Young’s integral [53]. In
our study of this integral, we identify different components:

/0 F(5)da(s) = S(f.9)(t) + 7 (f.9)(t) + L(f. 9)(8),

where S is the symmetric part, 7. the paraproduct, and L(f,g) the Lévy area. The
operators S and 7 are defined for f € C® and g € C? for arbitrary a, 3 > 0, and it is only
the Lévy area which requires o+ > 1. Considering the regularity of the three operators,
we have S(f,g) € C“P, n_(f,g) € C?, and L(f, g) € C**# whenever the latter is defined.
Therefore, in the Young regime fo f(s)dg(s) — m<(f,g) € C*TB. We will also see that for
sufficiently smooth functions F' we have F(f) € C* but F(f) — n-(DF(f), f) € C**. So
both [; f(s)dg(s) and F(f) are given by a paraproduct plus a smoother remainder. This
leads us to call a function f € C® paracontrolled by g if there exists a function f9 € O
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such that f — 7-(f9,g) € C®T#. Our aim is then to construct the Lévy area L(f,g) for
a < 1/2 and f paracontrolled by g. If 5 > 1/3, then the term L(f — 7-(f9,9),9g) is well
defined, and it suffices to make sense of the term L(w-(f9,¢),g). This is achieved with
the following commutator estimate:

<[ #1lsllgllsllglls-

HL(W<(fg,g),g) - [ Peazeoe y

Therefore, the integral [, f(s)dg(s) can be constructed for all f that are paracontrolled by
g, provided that L(g, g) can be constructed. In other words, we have found an alternative
formulation of Lyons’ [35] rough path integral, at least for Hélder continuous functions
of Holder exponent larger than 1/3.

Since we approximate f and g by functions of bounded variation, our integral is of
Stratonovich type, that is it satisfies the usual integration by parts rule. We also consider
a non-anticipating It6 type integral, that can essentially be reduced to the Stratonovich
case with the help of the quadratic variation.

The last remaining problem is then to construct the Lévy area L(g, g) for suitable
stochastic processes g. We construct it for certain hypercontractive processes. For
continuous martingales that possess sufficiently many moments we give a construction
of the Ito iterated integrals that allows us to use them as integrators for our pathwise
It0 integral.

Below we give some pointers to the literature, and we introduce some basic notations
which we will use throughout. In Section 2 we present Ciesielski’s isomorphism, and
we give a short overview on rough paths and Young integration. In Section 3 we develop
a paradifferential calculus in terms of Schauder functions, and we examine the different
components of Young’s integral. In Section 4 we construct the rough path integral
based on Schauder functions. Section 5 develops the pathwise It6 integral. In Section 6
we construct the Lévy area for suitable stochastic processes. And in Section 7 we
apply our integral to solve both It6 type and Stratonovich type SDEs in a pathwise
way.

Acknowledgements. We would like to thank the anonymous referees for their careful
reading and for their corrections and suggestions which helped us to improve the
presentation and lead us to strengthen the results of Section 6.

Relevant literature. Starting with the Lévy-Ciesielski construction of Brownian mo-
tion, Schauder functions have been a very popular tool in stochastic analysis. They can
be used to prove in a comparatively easy way that stochastic processes belong to Besov
spaces; see for example Ciesielski, Kerkyacharian, and Roynette [12], Roynette [47], and
Rosenbaum [46]. Baldi and Roynette [4] have used Schauder functions to extend the
large deviation principle for Brownian motion from the uniform to the Holder topology;
see also Ben Arous and Ledoux [7] for the extension to diffusions, Eddahbi, N’zi, and
Ouknine [14] for the large deviation principle for diffusions in Besov spaces, and An-
dresen, Imkeller, and Perkowski [1] for the large deviation principle for a Hilbert space
valued Wiener process in Holder topology. Ben Arous, Gradinaru, and Ledoux [6] use
Schauder functions to extend the Stroock-Varadhan support theorem for diffusions from
the uniform to the Holder topology. Lyons and Zeitouni [33] use Schauder functions to
prove exponential moment bounds for Stratonovich iterated integrals of a Brownian mo-
tion conditioned to stay in a small ball. Gantert [20] uses Schauder functions to associate
to every sample path of the Brownian bridge a sequence of probability measures on path
space, and continues to show that for almost all sample paths these measures converge
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to the distribution of the Brownian bridge. This shows that the law of the Brownian
bridge can be reconstructed from a single “typical sample path”.

Concerning integrals based on Schauder functions, there are three important refer-
ences: Roynette [47] constructs a version of Young’s integral on Besov spaces and shows
that in the one dimensional case the Stratonovich integral fo F(W,)dW,, where WV is a
Brownian motion and F' € C?, can be defined in a deterministic manner with the help
of Schauder functions. Roynette also constructs more general Stratonovich integrals
with the help of Schauder functions, but in that case only almost sure convergence
is established, where the null set depends on the integrand, and the integral is not a
deterministic operator. Ciesielski, Kerkyacharian, and Roynette [12] slightly extend
the Young integral of [47], and simplify the proof by developing the integrand in the
Haar basis and not in the Schauder basis. They also construct pathwise solutions to
SDEs driven by fractional Brownian motions with Hurst index H > 1/2. Kamont [29]
extends the approach of [12] to define a multiparameter Young integral for functions
in anisotropic Besov spaces. Ogawa [40, 41] investigates an integral for anticipating
integrands he calls noncausal starting from a Parseval type relation in which integrand
and Brownian motion as integrator are both developed by a given complete orthonormal
system in the space of square integrable functions on the underlying time interval. This
concept is shown to be strongly related to Stratonovich type integrals (see Ogawa [41],
Nualart, Zakai [39]), and used to develop a stochastic calculus on a Brownian basis with
noncausal SDE (Ogawa [42]).

Rough paths have been introduced by Lyons [35], see also [34, 37, 31] for previous
results. Lyons observed that solution flows to SDEs (or more generally ordinary differen-
tial equations (ODESs) driven by rough signals) can be defined in a pathwise, continuous
way if paths are equipped with sufficiently many iterated integrals. More precisely, if a
path has finite p-variation for some p > 1, then one needs to associate |p| — 1 iterated
integrals to it to obtain an object which can be taken as the driving signal in an ODE,
such that the solution to the ODE depends continuously on that signal. Gubinelli [21, 22]
simplified the theory of rough paths by introducing the concept of controlled paths, on
which we will strongly rely in what follows. Roughly speaking, a path f is controlled
by the reference path g if the small scale fluctuations of f “look like those of ¢g”. Good
monographs on rough paths are [32, 36, 18, 16].

Finally let us remark that, even if only quite implicitly, paraproducts based on the
classical Fourier transform have already been exploited in the rough path context in
the work of Unterberger on the renormalization of rough paths [51, 52], where it
is referred to as “Fourier normal-ordering”, and in the related work of Nualart and
Tindel [38].

Notation and conventions. Throughout the paper, we use the notation a < b if there
exists a constant ¢ > 0, independent of the variables under consideration, such that
a < c-b,and we write a ~ bif a < band b < a. If we want to emphasize the dependence
of ¢ on the variable z, then we write a(z) <, b(x).

For a multi-index p = (p1,...,pq) € IN¢ we write |[u| = py + ... + g and # =
ol jop ... g1 DF or F' denote the total derivative of F. For k € IN we denote by DFF
the k-th order derivative of F'. We also write 0, for the partial derivative in direction .

2 Preliminaries

2.1 Ciesielski’s isomorphism

Let us briefly recall Ciesielski’s isomorphism between C([0, 1], R?) and ¢>°(R?). The
Haar functions (Hpy,,p € IN,1 <m < 2P) are defined as
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VR, te [B5 B,
Hpm(t) = Y 2p7 te [2;}:117 2%) ’
0, otherwise.

When completed by Hyy = 1, the Haar functions are an orthonormal basis of L?([0, 1], dt).
For convencience of notation, we also define H,¢ = 0 for p > 1. The primitives of the Haar
functions are called Schauder functions and they are given by G, (t) := fot Hpp(s)ds for
t€10,1], pe N, 0 <m < 2P. More explicitly, Goo(t) =t and forpe N, 1 < m < 2?

202 (1= 5h) e [ B,
Gon(t) =327 (= 8). 1< (3. 8).
0, otherwise.

Since every G,,, satisfies G,,,(0) = 0, we are only able to expand functions f with
f(0) = 0 in terms of this family (G,,,). Therefore, we complete (G,,,) once more, by
defining G_10(¢) := 1 for all ¢ € [0,1]. To abbreviate notation, we define the times t;m,
1=20,1,2, as

/0 _m—1

A 2m —1 9 m
pm T % pm T op+1 pm T 27’

forp € N and 1 < m < 2P. Further, we set t*,, :=0, t},,:=0, t2,,:= 1, and t3, := 0,
too =1, 15y := 1, as well as t/; := 0 for p > 1 and i = 0,1,2. The definition of ¢' ;, and
tyo for i # 1 is rather arbitrary, but the definition for ¢ = 1 simplifies for example the
statement of Lemma 2.1 below.

For f: [0,1] = R%, p € IN, and 1 < m < 2P, we write

z [(f (tll)m) —f (tgm)) — (f (t;m) - f (tllﬂm))]
E2 (tp) = T (1) = (3]

and (Hoo,df) := f(1) — f(0) as well as (H_1o,df) := f(0). Note that we only defined
G—lO and not H_l().

Lemma 2.1. For f: [0,1] — RY, the function

k2P k 2P
fk = <H_10,df>G—10+ <H00,df>GOO+Z Z<Hpmadf>Gpm = Z Z<Hpm7df>Gpm
p=0m=1 p=—1m=0

is the linear interpolation of f between the points t' |, tjg,t,,,, 0 <p <k, 1 <m < 2P, If
f is continuous, then (fi;) converges uniformly to f as k — oo.
Ciesielski [11] observed that if f is Holder-continuous, then the series (fi) converges

absolutely and the speed of convergence can be estimated in terms of the Holder norm
of f. The norm ||-||c- is defined as

fs,
£l = fll +_sup ot

<s<t< |t — s
where we introduced the notation
for = f(t) — f(s).
Lemma 2.2 ([11]). Let a € (0,1). A continuous function f : [0,1] — R¢ is in C* if and

only if sup,, ,,, 2°“~ /2 |(Hpyy,, df)| < cc. In this case
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sup 2PV |(H,,. df)| ~ || fllc- and (2.1)

p.m

17~ el = | 5 3 )| 5 2.

p=N m=0

Before we continue, let us slightly change notation. We want to get rid of the factor
2-P/2 ip (2.1), and therefore we define for p € IN and 0 < m < 2P the rescaled functions

Xpm ‘= Q%Hpm and Ppm = 2%Gpm,

aswell as ¢_19:=G_19 = 1. Then we have forp € Nand 1 <m < 2P

tl
p [P p 2m -1 2m—2 1
1 2 P
[opm (D)lloc = Ppm (tym) = 22 /t 2hds =20 ( ol opil ) — 2

so that ||¢pm| < 1 for all p,m. The expansion of f in terms of (y,,) is given by

fo= 3 2 fom@pm, where f_1o:= f(1), and foo := f(1) — f(0) and for p € N and
m>1

fpm = 27P<Xpm7 df> = 2f (tzl)m) - f (tgm) - f (t?ﬂn) = fto L ftém,t?,m'

pm>Ypm

We write (Xpm,df) := 27 f,,, for all values of (p, m), despite not having defined x_1o.
Definition 2.3. Fora > 0 and f: [0,1] — R? the norm ||-||,, is defined as

[ fllo := sup 2pa|fp7n‘v
pm

and we write
C*(RY) == {f € C([0,1,RY) : || f[la < 00} -

In case there is no ambiguity about the target set, we also write C* instead of C*(R%).

The space C*(R?) is isomorphic to ¢*°(R%), in particular it is a Banach space. For
a € (0,1), Ciesielski’s isomorphism (Lemma 2.2) states that C*(R%) = C([0,1], R).
Moreover, it can be shown that C! is the Zygmund space of continuous functions f
satisfying |2f(z) — f(x + h) — f(z — h)| S h. But for a > 1, there is no reasonable
identification of C* with a classical function space. For example if a € (1,2), the
space C%([0,1],R%) consists of all continuously differentiable functions f with (o —
1)-Holder continuous derivative Df. Since the tent shaped functions ¢,,, are not
continuously differentiable, even an f with a finite Schauder expansion is generally not
in C*([0, 1], R9).

The a priori requirement of f being continuous can be relaxed, but not much. Since
the coefficients ( f,,,) evaluate the function f only in countably many points, a general
f will not be uniquely determined by its expansion. But for example it would suffice to
assume that f is cadlag.

Remark 2.4. Another way of writing the || - ||, norm is

[flla = 12N (Fpm)mlles Dol e -

One could of course imagine taking other norms on the sequence spaces than the /.,
norm, and one useful definition is

= (S22 (S i) )

p
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This leads to Besov spaces with general integrability indices r and s, and in fact Ciesiel-
ski’s isomorphism extends to this setting, see [12]. One can therefore develop the
theory we present here also for general Besov spaces, and for the approach of [23] this
was worked out in [45]. But in order to keep the presentation lighter we refrain from
considering general Besov spaces here. The only exception is Theorem 6.5, where we
use them in the proof.

Littlewood-Paley notation. We will employ notation inspired from Littlewood-Paley
theory. For p > —1 and f: [0,1] — R? we define

217
Apf =" fomppm and  Spfi=> A,f.

m=0 q<p
We will occasionally refer to (A, f) as the Schauder blocks of f. Note that

CHRY) = {f € C10, 1], R) « (2P| Apflloc)plle < o0}

2.2 Young integration and rough paths

Here we present the main concepts of Young integration and of rough path theory.
The results presented in this section will not be applied in the remainder of the paper,
but we feel that it could be useful for the reader to be familiar with the basic concepts of
rough paths, since it is the main inspiration for the constructions developed below.

Young’s integral [53] allows to define [ fdg for f € C*, g € CP,and a + 3 > 1. More
precisely, let f € C* and g € CP be given, let t € [0,1], and let 7 = {to,...,tx} be a
partition of [0,¢], i.e. 0 =ty < t; < --- <ty =t. Then it can be shown that the Riemann
sums

N-—-1
D P (gltera) = g(tk)) == > FE)(9(tkr1) — g(tr))
tpe™T k=0

converge as the mesh size maxy—o,.. n_1 |tk+1 — x| tends to zero, and that the limit
does not depend on the approximating sequence of partitions. We denote the limit

by [5 f(s)dg(s), and we define [* f(r)dg(r) := [, f(r)dg(r) — [ f(r)dg(r). The function
t— f(f f(s)dg(s) is uniquely characterized by the fact that

/ F(r)dg(r) = f(s)(g(t) = g(s)| S [t = sI*PlIflallglls

for all s,t € [0,1]. The condition o + 8 > 1 is sharp, in the sense that there exist
f,g € C'/2, and a sequence of partitions (7, ),cn With mesh size going to zero for which
the Riemann sums », . f(tx)(g(tk+1) — g(tx)) do not converge as n tends to oo.

The condition a + 8 > 1 excludes one of the most important examples: we would like
to take ¢g as a sample path of Brownian motion, and f = F(g). Lyons’ theory of rough
paths [35] overcomes this restriction by stipulating the “existence” of basic integrals
and by defining a large class of related integrals as their functionals. Here we present
the approach of Gubinelli [21].

Let a € (1/3,1) and assume that we are given two functions v,w € C*([0,1],R), as
well as an associated “Riemann integral” 1. = [ : v(r)dw(r) that satisfies the estimate

D0 S [t — s (2.2)
for @7 := I — v(s)ws,. The remainder ®*-* is often (incorrectly) called the area of v

and w. This name has its origin in the fact that its antisymmetric part (®;," — ®;;")/2

EJP 21 (2016), paper 2. http://www.imstat.org/ejp/
Page 7/37


http://dx.doi.org/10.1214/16-EJP3868
http://www.imstat.org/ejp/

A Fourier approach to integration

corresponds to the algebraic area spanned by the curve ((v(r),w(r)) : v € [s,t]) in the
plane R2.

If « < 1/2, then the integral I"" cannot be constructed using Young’s theory of
integration, and also " is not uniquely characterized by (2.2). But let us assume
nonetheless that we are given such an integral /" satisfying (2.2). A function f € C“ is
controlled by v € C* if there exists f¥ € C*, such that for all s,t € [0, 1]

|fst — FP(8)vse] S|t — s> (2.3)

Proposition 2.5 ([21], Theorem 1). Let « > 1/3, let v,w € C%, and let """ satisfy (2.2).
Let f and g be controlled by v and w respectively, with derivatives f* and ¢g*. Then there
exists a unique function I(f, g) that satisfies for all s, t € [0, 1]

1(f9)s.e = F(5)gs.e = £7()g" ()22 S [t = s

If (m,) is a sequence of partitions of [0, t], with mesh size going to zero, then

1(£,9)(®) = Tim 3" (ft)ga + 1 t)g" )L, ) -

tLETy

Of course, all of this extends to a multidimensional setting where v, w, f, g take
values in R%,R%,R% R%, respectively (in which case we have to replace for example
ff v(r)dw(r) by f: v(r) ® dw(r)).

The integral I(f, g) coincides with the Riemann-Stieltjes integral and with the Young
integral, whenever these are defined. Moreover, the integral map is self-consistent, in
the sense that if we consider v and w as paracontrolled by themselves, with derivatives
oY = w™ =1, then I(v,w) = IV".

The only remaining problem is the construction of the integral /¥"*. This is usually
achieved with probabilistic arguments. If v and w are Brownian motions, then we can
for example use It6 or Stratonovich integration to define /. Already in this simple
example we see that the integral /”*" is not unique if v and w are outside of the Young
regime.

It is possible to go beyond a > 1/3 by stipulating the existence of higher order iterated
integrals. For details see [22] or any book on rough paths, such as [32, 36, 18, 16].

3 Paradifferential calculus and Young integration

In this section we develop the basic tools that will be required for our rough path
integral in terms of Schauder functions, and we study Young’s integral and its different
components.

3.1 Paradifferential calculus with Schauder functions

Here we introduce a “paradifferential calculus” in terms of Schauder functions.
Paradifferential calculus is usually formulated in terms of Littlewood-Paley blocks and
was initiated by Bony [8]. For a gentle introduction see [3].

We will need to study the regularity of }_ . tpmpm, Where uy,, are functions and
not constant coefficients. For this purpose we define the following space of sequences of
functions.

Definition 3.1. If (u,, : p > —1,0 < m < 2?) is a family of affine functions of the form
Upm, : [t9,,12,,] = RY, we set for a > 0

[[(tpm ) || ae = sup 2P [[upm | oo,
pym
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where it is understood that ||uym ||oc := maxepo 12 | |upm(t)]. The space A*(R?) is then

pm? prn]
defined as

A (RY) = {(tpm)p>—1.02me2s  pm € C((13,,12,], R) is affine and | (up)|

Ao <OO}

In Appendix A we prove the following regularity estimate:
Lemma 3.2. Let a € (0,2) and let (uy,) € A*(RY). Then " upmppm € C*(R?), and

|37 womeom| S I etpm)llae
p,m *

Let us introduce a paraproduct in terms of Schauder functions.
Lemma 3.3. Let 3 € (0,2), let v € C([0,1], L(R¢,R")), and w € C*(R?). Then

< (v,w) = ZSp_lvpr cCPR™) and |rn<(v,w)|p < [Jv]loollwl|s- (3.1)

p=0

Proof. We have mc(v,w) = 3 UpmPpm With upm = (Sp—10)]j0

0.2, ]Wpm. For every
(p,m), the function (Sp—1v)[jo 2 1 is the linear interpolation of v between t9,, and £2 .

m>

As [|(Sp-10)les,, 12, 1Wpm llso < 2777 0]l o []

pmlpm —

g, the statement follows from Lemma 3.2. O

Remark 3.4.If v € C*(R) and w € C?(R), we can decompose the product vw into
three components, vw = 7« (v, w) + 7~ (v, w) + 7o (v, w), where 7~ (v, w) := 7« (w,v) and
To(v,w) := >, ApvA,w, and we have the estimates

7> (0, w)lla S [vllalwlle,  and  [lmo (v, w)llats S vllalwls

whenever a + 3 € (0,2). However, we will not use this.

The paraproduct allows us to “paralinearize” nonlinear functions. We allow for a
smoother perturbation, which will come in handy when constructing global in time
solutions to SDEs.

Proposition 3.5. Let a € (0,1/2), 8 € (0,q], let v € C*(R?), w € C**P(R?), and F €
CHP/*(R R). Then

IF(+w) =7 (DF (v +w), v)llats < [ Fllgrnrm (14 [0]a) (1 + [w]lats).  (3:2)
IfF € C?”ﬂ/a, then F'(v) — m<(DF(v),v) depends on v in a locally Lipschitz continuous
way:

[1F(v) = m<(DF(v),v) = (F(u) = m<(DF(u), v)) [l ats
S Fllgzrara L+ olla + lulla) 7% o — ulla. (3.3)

Proof. First note that ||[F(v + w)||cs < ||F||co, which implies the required estimate for
(p,m) = (—1,0) and (p,m) = (0,0). For all other values of (p,m) we apply a Taylor
expansion:

(F'(v+ w))pm = DF(”(t;m) + w(t;m))vpm + Rpm,
where |Rpn| < 2_1’(‘”5)||F||C;+g/a(||v\|(1y+5/°‘ + ||w||a+)- Subtracting 7. (DF(v),v) gives
Flv+w)—7n<(DF(v+ w),v)
=D [DF(0(tyn) + wty)) = (Sp-1DF(v +w))y

pm

JVpm@pm + R.

0 42
pmotpm]
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Now (S,_1DF(v+ w))|[t
2

pm’
2 ] pmHoo

IDF(v(tym) + w(tym)) = (Sp—1DF (v +w))lug, 42, )
S 2PPIDF (v +w)llca2 " [olla S 277D | Fl| grvssa (14 [[vlla + wlla) ™ [[0]lo-

¢ 1 is the linear interpolation of DF (v + w) between tgm and

pm>? pm,

so according to Lemma 3.2 it suffices to note that

The local Lipschitz continuity is shown in the same way. O

Remark 3.6. Since v has compact support, it actually suffices to have F e C1+#/«
without assuming boundedness. Of course, then the estimates in Proposition 3.5 have to
be adapted. Similarly we can treat F' € C; +8/ “(R¢,R™) by considering all m components
of F' separately.

Remark 3.7. The same proof shows that if f is controlled by v in the sense of Section 2.1,
ie. for = f'(8)vss + Rog with f7 € CO(C(R%R™)) and [Ryy| < |[Rllzalt — s/, then
f—7m<(f',v) € C*(R").

3.2 Young’s integral and its various components

In this section we construct Young’s integral using the Schauder expansion. If
v e C*(L(RY,R™)) and w € C#(RY), then we formally define

/O‘”(s)dw(s) =D Upmgn /O'sopm )dpgn (s Z/ A,o(s)dA,w(s).

p,m qg,n

We show that this definition makes sense provided that o + 8 > 1, and we identify three
components of the integral that behave quite differently. This will be our starting point
towards an extension of the integral beyond the Young regime.

In a first step, let us calculate the iterated integrals of Schauder functions.

Lemma 3.8. Letp > g > 0. Then
1
/ Ppm(8)dpgn(s) = 2_p_2an(tgm) (3.4)
0

for all m,n. If p = q, then fol ©pm(8)depn(s) = 0, except if p = ¢ = 0, in which case the
integral is bounded by 1. If 0 < p < ¢, then for all (m,n) we have

1
/0 o (8)dpan () = —27T 2 (10,) (3.5)

If p = —1, then the integral is bounded by 1.

Proof. The cases p = g and p = —1 are easy, so let p > ¢ > 0. Since x,, = an(tgm) on
the support of ¢,,,, we have

1 1
/0 Opm(8)dpgn(s) = an(tgm)/o pm(s)ds = an(tgm)z_p_2'
If 0 < p < ¢, then integration by parts and (3.4) imply (3.5). O

Next we estimate the coefficients of iterated integrals in the Schauder basis.
Lemma 3.9. Leti,p>—1,¢>0,0<;j<2,0<m<2P,0<n<24 Then

- <Xij»d</ wpqunds)ﬂ < 27 20VPVa)+pta, (3.6)
0

except if p < ¢ = i. In this case we only have the worse estimate
‘ <Xij7d(/ (Pmeqnds)>‘ < 1. (37)
0
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Proof. We have (x_10,d(; ¥pmXqnds)) = 0 for all (p,m) and (¢,n). Soleti > 0. If
i < pV g, then x;; is constant on the support of ¢,,, x4, and therefore Lemma 3.8
gives

27 |<Xij790meqn>| < |<‘Ppm7an>| < gpra=2(pva) = 9=2(VPVa)trta,

Now let 7 > q. Then x4, is constant on the support of x;;, and therefore another
application of Lemma 3.8 implies that

27 [(Xij» PpmXgn)| < 2772020 TIT20V) — 9=2(VPVO)Frta

The only remaining case is ¢ = ¢ > p, in which
2.
. . ]
27" [(Xij» PpmXaqn)| < 2° /0 pm(8)ds < |lopmllec < 1. O

tij

Corollary 3.10. Leti,p > —1 andq > 0. Letv € C([0,1], L(R?,R")) and w € C([0, 1], R%).
Then

HAi(/o. Au()dBgu(s))| S 2 PO Ao Al (3.8)
except if 1 = ¢ > p. In this case we only have the worse estimate
|2 0' A,0()A8q0(s)) | S 1850l 8 g0l (3.9)
Proof. The case 1 = —1 is easy, so let ¢ > 0. We have

A /O Ap(s)dB0(5)) = 3 Uyt (2 X5 Py Xm0

J.m,n

For fixed j, there are at most 2(?V?V9)~% non-vanishing terms in the double sum. Hence,
we obtain from Lemma 3.9 that

H Z Upqun@_iXij, PpmXqn) Pij
m,n

oo

S 20V Apul|oo | Agulloo (2 2VPVOTIH 4 1, )

= (27 OVPVOTHPH 4 15 ) [Apulso | Agwl . D

Corollary 3.11. Leti,p,q > —1. Let v € C([0,1], £L(R¢, R")) and w € C([0, 1], R%). Then
for pV q < i we have

14: (ApvAgw) |, S 27 OVPYDTHPFYA | || Aguw]|oo, (3.10)
except ifi = q > p ori = p > q, in which case we only have the worse estimate
1Ai(AprAgw)|l o S [[Apvllsc ]| Aqwllso- (3.11)
Ifp > i orq>i, then A;(ApvAqw) = 0.
Proof. The case p = —1 or ¢ = —1 is easy. Otherwise we apply integration by parts and

note that the estimates (3.8) and (3.9) are symmetric in p and ¢. If for example p > 1,
then A, (v)(t5;) = 0 for all k, j, which implies that A;(A,vA,w) = 0. O
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The estimates (3.8) and (3.9) allow us to identify different components of the integral
Jov(s)dw(s). More precisely, (3.9) indicates that the series > __ [j A,v(s)dA w(s) is
rougher than the remainder Epz ‘ fo A,pv(s)dAjw(s). Integration by parts gives

Z/ Apv(s)dAgw(s) = < (v, w) szi’qu”/ ©gn(8)dppm(s).
pr<q p<gm,n 0
This motivates us to decompose the integral into three components, namely
Z/ Apv(s)dAgw(s) = L(v,w) + S(v, w) + 1< (v, w).
b,q

Here L is defined as the antisymmetric Lévy area (we will justify the name below by
showing that L is closely related to the Lévy area of certain dyadic martingales):

= Z Z(Upqun — VgnWpm) / PpmdPgn
0

p>qm,n
= Z </ ApvdSy_1w —/ d(Splv)pr> .
P 0 0

The symmetric part S is defined as

S(an) = Z 'UOm'LUOn/ Yomdwon +szpmwpm / Sppmd(Ppm

m,n<l p>1 m
= § VomWon / <P0md900n + 3 E Avapw
m,n<l p>1

and 7. is the paraproduct defined in (3.1). As we observed in Lemma 3.3, 7« (v, w) is
always well defined, and it inherits the regularity of w. Let us study S and L.

Lemma 3.12. Let o, 5 € (0,1) be such that « + 8 > 1. Then L is a bounded bilinear
operator from C*(L(R%,R™)) x C#(R?) to C*+8(R™).

Proof. We only argue for Jo ApvdS,_1w, the term — [, d(S,_1v)A,w can be treated
with the same arguments. Corollary 3.10 (more precisely (3.8)) implies that

[ 35w
<SS svasa)] ¢ ST ] sis)]

p<i q<p

< (DX el s+ X 5 2 o2l

p<i q<p p>i q<p
Sat8 271D 0] al|w]l g,

o0

where we used 1 — a < 0 and 1 — 3 < 0 and for the second series we also used that
a+ 5> 1. O

Unlike the Lévy area L, the symmetric part S is always well defined. It is also more
regular than 7.
Lemma 3.13. Leta, 3 € (0,1). Then S is a bounded bilinear operator from C*(L(R%, R")) x
CA(R?) to COFTA(R™).

EJP 21 (2016), paper 2. http://www.imstat.org/ejp/
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Proof. This is shown using the same arguments as in the proof of Lemma 3.12. O

In conclusion, the integral consists of three components. The Lévy area L(v,w) is
only defined if o + 8 > 1, but then it is quite regular. The symmetric part S(v, w) is
always defined and regular. And the paraproduct 7. (v, w) is always defined, but it is
rougher than the other components. To summarize:

Theorem 3.14 (Young's integral). Let «,8 € (0,1) be such that o« + 8 > 1, and let
v € CYL(RY,R")) and w € C°(R™). Then the integral

I(v,dw) := Z/o AyudAyw = L(v,w) + S(v, w) + 7 (v,w) € CP(R™)

satisfies || I(v, dw)]||g < [|v|allw]s and

1 (v, dw) = w< (v, w)[lats S vllalwls- (3.12)

Lévy area and dyadic martingales

Here we show that the Lévy area L(v,w)(1) can be expressed in terms of the Lévy area
of suitable dyadic martingales. To simplify notation, we assume that v(0) = w(0) = 0, so
that we do not have to bother with the components v_15 and w_1¢.

We define a filtration (F,,),>0 on [0, 1] by setting

fn:O—(Xpm:ngSn;OSmgzp)7

we set F =/, F,, and we consider the Lebesgue measure on ([0, 1], 7). On this space,
the process M,, = Z;L:O Zi::o Xpm. * € IN, is a martingale. For any continuous function

v :[0,1] = R with v(0) = 0, the process

n 2P n 2P
M;L) = Z Z <2_pom7dv>Xpm = Z Z Upm Xpm = 0 Snv,
p=0m=0 p=0m=0

n € IN, is a martingale transform of M, and therefore a martingale as well. Since it will
be convenient later, we also define F_; = {0, [0,1]} and M", = 0 for every v.

Assume now that v and w are continuous real-valued functions with v(0) = w(0) =0,
and that the Lévy area L(v,w)(1) exists. Then it is given by

oo p—1 1
L(v,w)(1) = Z Z Z(Upqun — UgnWpm,) / ©pm(8)Xqn(s)ds
p=0 g=0m,n 0
oo p—1 1
= Z Z Z(vpqun - vqnwpm)Qp/ an(s)l[tgm,tgm)(5)d5<80pm7 1)
p=0 g=0m,n 0
oo p—1

1
- Z Z Z(Upqun - anwpm)2_p/0 an(S)XIQ,m(s)dsQ‘p_2

p=0 g=0m,n

oo p—1 1
= Z Z 272 / Z Z(Upqun = VgnWpm ) Xqn () Xpm (8)Xpm’ (5)ds,
p=0 g=0 0 m,n m/’

where in the last step we used that x,,,, and X, have disjoint support for m # m'. The
p-th Rademacher function (or square wave) is defined for p > 1 as

rp(t) =D 27Xy (1)

m’/=1
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The martingale associated to the Rademacher functions is given by Ry := 0 and R, :=
> h_yr for p > 1. Let us write AM; = My — M7 _, and similarly for M* and R and
all other discrete time processes that arise. This notation somewhat clashes with the
expression A,v for the dyadic blocks of v, but we will only use it in the following
lines, where we do not directly work with dyadic blocks. The quadratic covariation
of two dyadic martingales is defined as [M, N],, := > ;_, AM;AN,, and the discrete
time stochastic integral is defined as (M - N),, := >/ _; M_1AN},. Writing E(-) for the
integral fol -ds, we obtain

oo p—1

L(v,w)(1) =Y > 27" °E (AMJAMP AR, — AM/AM}"AR,)
p=0 ¢g=0

=Y 2P E (MY ,AM — MY | AM}) AR,)
p=0

=Y 2 (A (MY MY — M" - M, R]p) .
p=0
Hence, L(v,w)(1) is closely related to the Lévy area (M™ - M? — M- M™)/2 of the dyadic
martingale (MY, M").

4 Paracontrolled paths and pathwise integration beyond Young

In this section we construct a rough path integral in terms of Schauder functions.

4.1 Paracontrolled paths

We observed in Section 3 that for w € C* and F € CbH'B/O‘ we have F(w) —
7 (DF(w),w) € C**A. In Section 3.2 we observed that if v € C%, w € C? and a + 8 > 1,
then the Young integral I(v,dw) satisfies I(v,dw) — 7~ (v,w) € C**#. Hence, in both
cases the function under consideration can be written as 7. (f",w) for a suitable f*,
plus a smoother remainder. We make this our definition of paracontrolled paths:

Definition 4.1. Let o > 0 and v € C*(R?). For 3 € (0, a] we define
DI(R") = {(f.f") € C*(R") x C*(LR",R")) : f* = f —m(f",0) € C*FF(RM)}.

When there is no ambiguity about the target set, we also write DY instead of D?(R"). If
(f, f?) € DB, then f is called paracontrolled by v. The function f* is called the derivative
of f with respect to v. Abusing notation, we write f € D? when it is clear from the
context what the derivative f* is supposed to be. We equip D with the norm

£l = 1778 + ¥ llats-
Ifo € C* and (f, f7) € DY, then we also write

dps (£, ) = 1" = FPllis + 1* = Follats.

Example 4.2. Let a € (0,1), 8 € (0,a], and v € C®. Then Proposition 3.5 shows that
F(v) € DS for every F € C;J”ﬁ/a, with derivative DF'(v).
Example 4.3.Let a + 3 > 1 and v € C%, w € C?. Then by (3.12), the Young integral
I(v,dw) is in DE, with derivative v.
Example 4.4. If o + 8 < 1 and v € C%, then (f, f*) € DS if and only if |f; — fU(s)vss| S
|t — s|°T# and in that case

|f&

I
Yl oo + su + su
£l oo up [ s

|fo,t — fvs 4]
i S s ola).
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Indeed we have |f¥(s)vs — < (f¥,v)s4] S |t =5[] £°||]|v]|la, which can be shown using
similar arguments as for Lemma B.2 in [23]. In other words, for a € (0,1/2) the space
D¢ coincides with the space of controlled paths defined in Section 2.2.

The following associativity result, the analog of Theorem 2.3 of [8] in our setting, will
be useful for establishing some stability properties of D.

Lemma 4.5. Let o, 3 € (0,1), and let u € C([0,1], L(R™;R™)), v € C*(L(R% R")), and
w € CP(RY). Then

< (u, 7< (v, w)) = w< (uv, w)[latp S [[ulloc|vllalwls-

Proof. We have

T (u, T< (va)) - 7r<(uv, w) = Z(Spflu(ﬁ< (vvw))pm - Spfl(uv)wpm)sppm

p,m
and [Sp—1u(m< (v, w))pm — Sp—1(uv)Wpm]|o, 42,1 is affine. By Lemma 3.2 it suffices to
control ||[Sy—1u(m< (v, w))pm — Sp— 1(uv)wpm]|[to 22 1lloo-

pm>“pm

The cases (p,m) = (—1,0) and (p,m) = (0,0) are easy, so let p > 0 and m > 1. For
r < g < p we denote by m, and m, the unique index in generation ¢ and r respectively
for which x,mpem, # 0 and similarly for r. We apply Lemma 3.9 to obtain for ¢ < p

|(Sq—10Aqw)pm| = ‘ Zvrmrwqmq27p<Xpma d(rm, Squq»‘

r<q

= ‘ Z UrmrwqmqZ_pO(pmv Xrm, Pgmq + SDTmTquq>

r<q
< Jollallwlly 32 277 22 ry Tt < g2 tae R o] 5.
r<q
Hence
[ (o o Survtgmdom )|, L S Il 27702
q<p P P

If p < ¢ then Ajw(ty thk ) = 0 for all k and m, and therefore (S,_1vA,w)pm = 0, so
that it only remains to bound I[Sp—1u(Sp—10Apw) pm — Sp— 1(uv)wpm]|tpm, 2. 1]loo- We have
Apw(t,) = Apw(t2,,) = 0 and Apw(t),,) = wpm/2. On [t9,,.t2 1, the function S,_;v is

pm> “pmls
given by the linear interpolation of v(tJ,,) and v(t2,,), and therefore (S,_10A,w)pm =
$((89,,) + v(t2,,))wpm, leading to

pm

I[Sp—1(Sp—1vApw)pm — Sp—1(uv)wpm]|jsg

]”oo

pnw p7n

-9 v(t2,,) +v(t2,,)
< wpm| X H [(u(tgm) + ﬁutotz)H

pm ~ Ypm

B
_ 0 ___pm
S lullsollvllallwlg277C+2),
where the last step follows by rebracketing. O

As a consequence, we can show that paracontrolled paths are stable under the
application of sufficiently smooth functions.

Corollary 4.6. Let a € (0,1), 8 € (0,a], v € C*(R?), and f € D?(R") with derivative f*.
Let F € C,™/*(R", R™). Then F(f) € D?(R™) with derivative DF(f)f*, and

IE()llos < Il gaemra (L4 Tolla) 4@+ [ llog) (1 + (1 llo0) /.
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Moreover, there exists a polynomial P which satisfies for all F € C§+ﬂ/a(]R",Rm),
o € C*(RY), f € DY(R™), and

M = max{[[v]|a, |8]la || fllo.8 I Fll5.5}
the bound . .
dps (F(f) F(f)) < P(M)|[F| g2+ (dps (f, f) + [v = 0]a)-

Proof. The estimate for |DF(f)f"| s is straightforward. For the remainder we apply
Proposition 3.5 and Lemma 4.5 to obtain

V() lars < IF(F) = < (DF(F), Pllass + 1< (DF(F), ) ass
+ < (DF(f), me(£7,0)) = 7 DF(F)F,0) as
S NPl garara (14 e (£, 0)lla) 2/ (1+ [l s)
+ 1l 1l + 1E oy 1 sl
S NPl gavarm (U 172 o) 2 o) 2/ (041 £ )

The difference F(f) — F(f) is treated in the same way. O

When solving differential equations it will be crucial to have a bound which is
linear in || f||,,5. The superlinear dependence on || f*||~ will not pose any problem as
we will always have f¥ = F( f) for some suitable f, so that for bounded F we get

IEPllo.p Srw L+ 1 los-

4.2 A basic commutator estimate

Here we prove the commutator estimate which will be the main ingredient in the con-
struction of the integral I(f,dg), where f is paracontrolled by v and ¢ is paracontrolled
by w, and where we assume that the integral I (v, dw) exists.

Proposition 4.7. Let a, 3,y € (0,1), and assume thata+ 3+~ >1and 8+~ < 1. Let
feCY LR ;R™)), v e CPLMRYRM)), and w € C7(R?). Then the “commutator”

C(f,v,w) := L(r<(f,v),w) = I(f,dL(v,w)) (4.1)
i= lim [L(Sn(m<(f;0)), Snw) = I(f; dL(Snv, Syw))]

- T

p<N q<p

/Amﬁ wmm>/dAwm»w%w>

- ([ r@apeanu - [ e )w@ﬂ

converges in C*+t#+7=¢(R™) for all ¢ > 0. Moreover,

1C(f, v, w)lla+p+y S [ fllallvlisllwlly-
Proof. We only argue for the first difference in (4.1), i.e. for
Xy = Z Z [/ Ap(r<(f,v))(s)dAjw(s) —/ f(8)Apv(s)dAgw(s)| . (4.2)
p<N g<p 0

The second difference can be handled using the same arguments. First we prove that
(Xn) converges uniformly, then we show that || X n||o+3+~ Stays uniformly bounded. This
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will imply the desired result, since bounded sets in C**#*7 are relatively compact in
coatBty—¢,

To prove uniform convergence, note that

Xy—Xy_1= Z[

q<N 0

-y [Z Z/O An(DifA0)(s)dA w(s)

q<N Lj<N i<j

A (r(f,0))(5)dAu(s) - f(s)ANv<s>quw<s>]

_ Z Z/ Aj(AifANv)(s)quw(s)], (4.3)
j>N i< 70

where for the second term it is possible to take the infinite sum over j outside of the
integral because Zj A;(A; fAnv) converges uniformly to A; fAyv and because Aw is a
finite variation path. We also used that Ay (A;fA,;v) = 0 whenever i > N or j > N. Only
very few terms in (4.3) cancel. Nonetheless these cancellations are crucial, since they

eliminate most terms for which we only have the worse estimate (3.11) in Corollary 3.11.
We obtain

Xy —Xna=>% Z/O AN (A fAv)(s)dAguw(s)

gq<N j<N i<j

= /O A (A fAND)(5)dAu(s)

q<N

- Z Z Z/o Aj(A; fANv)(s)dAgw(s)

q<N j>N i<j
-3 / A(A; FANY)(s)dA w(s). (4.4)
q<N j>N 70
Note that ||0;Aqw]le0 S 27

S 27|Aqw|lo. Hence, an application of Corollary 3.11, where we
use (3.10) for the first three terms and (3.11) for the fourth term, yields

Xx — Xl < I el ol [z 3" g2 itig-iag-ityii-a)

q<N j<N 1<j

+ Z 9—N(a+p)ga(l—) | Z Z Z 9—2j+it+No—iag—NBoq(1—7)

q<N q<N j>N i<j
+ Z Z 2—ja2—N52q(1—7)‘|
q<N j>N
S A fllallollgllw]l,27 N EFFF=D, (4.5)

where in the last step we used «, 5,7 < 1. Since o + 8 + «v > 1, this gives us the uniform
convergence of (Xy).

Next let us show that | Xy |la+s+y S | fllallvllgllw]ly for all N. Similarly to (4.4) we
obtain forn € IN

Ay =3 T4, [Z S [ Aaraeanws) — [ A8, 1808 u()

p<N q<p J<p i<j

>3 0' A (A prv)(s)quw(s)] ,

J>p i<y

EJP 21 (2016), paper 2. http://www.imstat.org/ejp/
Page 17/37


http://dx.doi.org/10.1214/16-EJP3868
http://www.imstat.org/ejp/

A Fourier approach to integration

and therefore by Corollary 3.10

1A Xnlloe S YD 1D D2 VDT AL (A Aj0) oo Agwlloo
p

q<p Lj<p i<y

+ 27 (VITIEE AL (A Ao | Agll o
> 27T AGAfAR) oo [ Agu ]l |
J>pisy

Now we apply Corollary 3.11, where for the last term we distinguish the cases ¢ < j and
t = j. Using that 1 — v > 0, we get

1ARXNloo S I Fllallvllgliwlly Y 270770 " am (vl mntpy=2pgili=a)giti=F)
P J<p i<j
+ 9—(nVp)—n+pg—pag—pp

+ Z Z 9= (nVj)—n+jg—2j+i(l—a)+p(1-8)

J>p i<j
+ 22_(an)_n+j2—ja—p,8
Jj>p
S ”JC”aHvHﬁ||w|‘,y2*n(oz+5+'y)7
where we used both that o + 8+ v > 1 and that 8+ < 1. O

Remark 4.8.If 5 + v = 1, we can apply Proposition 4.7 with § — ¢ to obtain that
C(f,v,w) € C**tB+7=¢ for every sufficiently small € > 0. If 3+~ > 1, then we are in the
Young setting and there is no need to introduce the commutator.

For later reference, we collect the following result from the proof of Proposition 4.7:

Lemma 4.9. Let «, 8,7, f,v, w be as in Proposition 4.7. Then
IC(f,0,w)=L(Sn (m<(f,v)), Syw)=I(f,dL(Sxv, Syw))lloe S 27V =D 1]l 0]l 5wl

Proof. Simply sum up (4.5) over N. O

4.3 Pathwise integration for paracontrolled paths

In this section we apply the commutator estimate to construct the rough path integral
under the assumption that the Lévy area exists for a given reference path.

Theorem 4.10. Let o € (1/3,1), 5 € (0,«] and assume that 2a + 8 > 1 as well as
a+pB#1. Letv = (v',...,v?) € C*(R?) and assume that the Lévy area

Lo, v) = &PM(L(SNU]C’ SNU)) 1 eheancesa

converges uniformly and that sup y || L(Snv, Sxv)|[2a < 0o. Let f € DY(L(RY, R™)). Then
I(Sn f,dSnv) converges in C*~¢(R™) for all e > 0. Denoting the limit by I(f, dv), we have

1(f,dv)lla < I

Moreover, I(f,dv) € DS(R™) with derivative f and

lo.8 ([Vlla + 1013 + 1L (v, v)ll2q)-

11(f, dv)

lo.a S IIf

vg (1 + I + [|L(v,0)]20)-
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Proof. If a« + 8 > 1, everything follows from the Young case, Theorem 3.14, so let
a+ 8 < 1. We decompose

I(Sn f,dSnv) = S(Sn f, Snv) + m< (Sn f, Snv) + L(Sn f#, Sy v)
+ [L(Snm<(f",v), Snv) — I(f*, dL(Snv, Snv))] + I(f, dL(Snv, Snv)).

The convergence then follows from Proposition 4.7 and Theorem 3.14. The limit is given
by
I(f,dv) = S(f,0) +m<(f,0) + L(f1,0) + C(f* 0,0) + I(f*,dL(v,v),  (4.6)

from where we easily deduce the claimed bounds. O

Remark 4.11. Since I(f,dv) = limy_, o fo Sy fdSnw, the integral is a local operator in
the sense that I( f, dv) is constant on every interval [s, ¢] for which f|j, 4 = 0. In particular
we can estimate /(f, dv)|j04 using only f|j 4 and f[( 4.

Remark 4.12. Let us advertise two nice properties of our approach. First, note that
using similar arguments as in the proof of Lemma B.2 in [23] it is possible to derive the
bound

[T (v,0) 5,0 = 0(8) @ vs ] S [t = s[**[|v][2 (4.7)

forall 0 < s <t < 1 and whenever a < 1/2. This means that for any ¢ € C2%([0, 1], R%®9)
the pair (v, V) with

Vet = (p+1<(0,0) +S(0,0))st —v(8) @ Vs 4 (4.8)

is an a-rough path, which is weakly geometric if and only if ¢ is antisymmetric (we refer
to [16] for the definition of (weakly geometric) a-rough paths). Setting ¢ = 0 gives a
construction which is quite similar in spirit to the ones of Unterberger [51, 52] - of
course only for o > 1/3. Note that by varying ¢ we have a simple construction of all
rough paths above v.

Next, note that the paracontrolled approach equips us with a natural approximation
theory for (para)controlled paths. Indeed, if v € C® and f = 7 (f*,v) + f* € DY, and if
(vn) is a sequence converging to v in C%, then we have

fnv o =mo(f0on) + fH € DY (4.9)

and dpo(f, fv) = 0 for all N. Now (4.7) and Remark 3.7 show that the paracontrolled
paths are exactly the controlled paths, so we obtain an approximation of an arbitrary
controlled path. In the classical approach it is not obvious how to construct a sequence
of smooth functions fy that are controlled by vy and that approximate f in controlled
path distance (see e.g. Remark 4.9 of [16]).

Let us now combine these two insights to prove that every rough path integral can
be obtained as limit of Young integrals. Define for ¢ € C2%(]0, 1], R?*¢) the bounded
operator I¥: DY — DS by

I2(f,dv) := S(f,0) + 7<(f,0) + L(f*,0) + O(fY, 0,0) + I(f*, dg),

in other words we replace L(v,v) by ¢ in (4.6). Not surprisingly, what we obtain is
nothing else than the rough path integral of f € DY with respect to (v, V), where V
was defined in (4.8). If ¢ is antisymmetric, this is easy to see: Let (vy) be a sequence
of smooth paths such that (vy,Vy) converges to (v, V) in rough path topology (for
o' € (1/3,a)). Since S and n. are bounded operators, this is equivalent to L(vy,vn)
converging to ¢ in C2* topology. Define for f € D the sequence (fy) as in (4.9). Then
the Young integrals fo fn(s)dun(s) converge to the controlled path integral of f with
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respect to (v, V), but also to I¥(f,dv), which proves our claim in the weakly geometric
case. Otherwise, decompose ¢ = =™ 4 4 into symmetric and antisymmetric part

and observe that [¢(f,dv) = 1" (f,dv) + I(f*,dg™™™), and the same relation holds

for the classical rough path integral. Of course, we should point out that for general ¢
which are not obtained as limit of the piecewise linear dyadic approximations (Syv) we
do not have the nice interpretation I°(f,dv) = limy I(Sy f,dSyv).

For fixed v and L(v,v), the map f + I(f,dv) is linear and bounded from D? to DY,
and this is what we will need to solve differential equations driven by v. But we can
also estimate the speed of convergence of I(Sy f,dSyv) to I(f,dv), measured in uniform
distance:

Corollary 4.13. Let « € (1/3,1/2] and let 5, v, f be as in Theorem 4.10. Then we have
foralle € (0,2a+ 5 —1)

H(Sn f,dSnv) = I(f,d0)]loe Se 27N C P fll, s ([[0la + [[0]12)
+ I BIIL(Sn v, Snv) = L(v, w) |20

Proof. We decompose I(Sy f,dSnv) as described in the proof of Theorem 4.10. This
gives us for example the term

[m<(Snf = [, Snv) + 7<(f, Snv = V)[loo Se 1SN S = flloollvlla + [ fllooll fllallSnv — vl

for all € > 0. From here it is easy to see that

lr< (Sn f=f, Sng)+m<(f, Sng=9)lloe S 27V flallvlla S 27V fllo,s(lollat[0]2)-

But now 5 < a < 1/2 and therefore a > 2o+ 5 — 1.
Let us treat one of the critical terms, say L(Sy ¥, Syv) — L(f¥,v). Since 2a+8—¢ > 1,
we can apply Lemma 3.12 to obtain

IL(Sw /%, Snv) = L(f5,0)lloo S NL(SNf* = 5, Snv)|l1se + IL(fF, Snvv —0) 14

Se ”SNfﬁ - fﬁ”lJrsfa”U”a + ||fﬁ||a+ﬁ||SNU —Vl14e—a-p
S 2 Nletf=lrea)| f2 4 gllvla
+ Q_N(a_(1+s_a_ﬁ))||fﬁHa+ﬁH'U”a
<27 NCAET=D) 1| 0]
Lemma 4.9 gives
IL(SnT<(f*,0), Snv) = L(m<(£7,0),0) oo S 27 NI 21 5]10] 12
+ 1L(f*,dL(Snv, Snv)) = I(f*,dL(v,v))]|s0-

The second term on the right hand side can be estimated using the continuity of the
Young integral, and the proof is complete. O

Remark 4.14. In Lemma 4.9 we saw that the rate of convergence of
L(Sym<(f",v),Snv) — I(f?,dL(Snv, Snv)) — (L(m< (f?,v),v) — I(f,dL(v,v)))

is in fact 2~V (22+5-1) when measured in uniform distance, and not just 2~V (2at8-1-¢)
It is possible to show that this optimal rate is attained by the other terms as well, so that

I1(Sn f,dSnv) — I(f,dv)]|oe S 27NV £l 5 ([v]la + VII2)
+ £ I L(Snv, Snw) — L(v,w)||2a—--

But this requires a rather lengthy calculation, so we decided not to include the arguments
here.
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Since we approximate f and g by the piecewise smooth functions Sy f and Sy g when
defining the integral I(f,dg), it is not surprising that we obtain a Stratonovich type
integral:

Proposition 4.15. Let a € (1/3,1) and v € C%(R?). Let e > 0 be such that (2 + &)a > 1
and let F € C**¢(R%,R™). Then

F(v(t)) — F(v(0)) = I(DF(v),dv)(t) := lim I(SyDF(v),dSyv)(t)

N—oc0

for allt € [0, 1].

Proof. The function Sywv is Lipschitz continuous, so that integration by parts gives
F(Syv(t)) — F(Syv(0)) = I(DF(Snv), dSyv)(t).

The left hand side converges to F'(v(t))—F(v(0)). It thus suffices to show that I(SyDF(v)—
DF(Syv),dSyv) converges to zero. By the continuity of the Young integral, Theo-
rem 3.14, it suffices to show that limy o |[SNDF(v) = DF(Snv)|[a(14e) = 0 forall e’ <e.
Recall that Sywv is the linear interpolation of v between the points (tzl,m) forp < N and
0 < m < 27, and therefore A,DF(Syv) = A,DF(v) = A,SyDF(v) for all p < N. For
p> N and 1 < m < 2P we apply a first order Taylor expansion to both terms and use the
e-Hélder continuity of D?F to obtain

[SNDF(v) — DF(Sn0)|pm| < Cp27 2049 ||Syo]|o
for a constant Cr > 0. Therefore, we get forall e’ <«
ISNDF(v) = DF(Sxo)llas) S 27 ¥ ],
which completes the proof. O

Remark 4.16. Note that here we did not need any assumption on the area L(v,v). The
reason are cancellations that arise due to the symmetric structure of the derivative of
DF, the Hessian of F'.
Proposition 4.15 was previously obtained by Roynette [47], except that there v is
. . . 1/2
assumed to be one dimensional and in the Besov space B;' .

5 Pathwise It0 integration

In the previous section we saw that our pathwise integral I(f,dv) is of Stratonovich
type, i.e. it satisfies the usual integration by parts rule. But in applications it may be
interesting to have an It6 integral. Here we show that a slight modification of I(f, dv)
allows us to treat non-anticipating Ito-type integrals.

A natural approximation of a non-anticipating integral is given for k£ € IN by

LE(f,do)(t) i= Y (1) W(th A ) = 0(t A1)

m=1

2k
= Z Z Z fp'qun¢pm(t(l:-m)(<ﬁqn (tim At) = Qqn (tgm At)).

m=1 p,qg m,n
Let us assume for the moment that ¢ = m2~" for some 0 < m < 2F. In that case we

obtain for p > k or ¢ > k that ¢, (t2,,) (9gn (t2,, At) — ©qn(t2,, At)) = 0. For p,q < k, both
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¢pm and ¢, are affine functions on [t), At,t7  At], and for affine u and w and s < t we
have

u(s)(w(t) = ws) = [ ulridwr) = 3u(t) = () (w(O) — w(s)).
Hence, we conclude that for t = m2~F

LY(f, dv)(t) = I(Sk_1f,dSk_10)(t) — %[Sk_lf, Sp_10]x(t) (5.1)
= (S, dSi10)(1) — 27, uls(0).

Here we write [f, v];, for the k-th dyadic approximation of the quadratic covariation [f, v],
ie.

2k

ool (®) = D1 (A8 = F (o AO[0(ER A ) = 0( A D))

m=1

and similarly for [S;_1f, Sk—1v]k, and [f, v] is the uniform limit of the ([f, v];) whenever it
exists. From now on we study the right hand side of (5.1) rather than / It0( f,dv), which
is justified by the following remark.

Remark 5.1. Let o € (0,1). If f € C([0,1], L(R%; R")) and v € C*(R?), then

[0, 0) = (Se17,0810) = 1801, Seovle)|| S 27 el

This holds because both functions agree in all dyadic points of the form m2~*, and
because between those points the integrals can pick up mass of at most || f||oo2 7% ||v]|«.

We write [v,v] := ([v*,v7])1<; j<a @and L(v,v) := (L(v*,v7))1<; j<a, and similarly for all
expressions of the same type.

Theorem 5.2. Let o € (0,1/2) and let 3 < « be such that 2o+ 3 > 1. Let v € C*(R?)
and f € DP(L(R?; R™)). Assume that (L(Skv, Sxv)) converges uniformly, with uniformly
bounded C** norm. Also assume that ([v,v];) converges uniformly. Then (I*°(f,dv))
converges uniformly to a limit I"*°(f,dv) = I(f,dv) — [f, v]/2 which satisfies

1 (f,dv)llso < 1. (l0lla + [[0]12 + 120, v) 20 + [, v]ls0),

and where the quadrativ variation [f,v] is given by

/ el vi( ( Z / f” Ue U] v[](S)) 1<i<n, ©2)

J,=1

where (f)" is the /-th component of the v—derivative of f*/. Fore € (0,2a + 3 — 1) the
speed of convergence can be estimated by

11 (f,dv) = L (f, dv) || o Se 27* 019 fll s ([[olla + 10l12)
+ 12N L(Sk-1v, Sk—10) = L(v, V)20
+ 1 oo [0, v]k = [0, 0] oo
Proof. By Remark 5.1, it suffices to show our claims for I(Si_1 f,dSk—1v) — (1/2)[f, v]%-

The statements for the integral I(Si_1f,dSk—19) follow from Theorem 4.10 and Corol-
lary 4.13. So let us us concentrate on the quadratic variation [f,v];. Recall from
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Example 4.4 that f € D} if and only if R], = f,, — f*(s)w,, satisfies |R | < |t — s|*T7.
Hence

[f,0]i(t) = Z (ftgmAt,timAtUtO Att2 /\t)Z

km km

m
_ d
‘ g ij\v,€ (10 £ J
= R V40 2 + K R €A AT 2 U .
E ( 9 At At tkm/\t’tkm/\t) E E (f ) (tem A ) 10 A2 AtV Ari2 At
m j =1 m

It is easy to see that the first term on the right hand side is bounded by

f i
‘ > (Rl A2, AV A, at)
m

km

S 27U f s (o)l + 19l12)-

For the second term, let us fix £ and j. Then the sum over m is just the integral of (fiayvt

with respect to the signed measure pf =5 5t53mUtgmAt,timAtthmAt,timAt' Decomposing
Mff into a positive and negative part as
1 , .
k __ J ¥4 2 J V4 2
K = 1{ E 0 [(v +v )0 araz, ael” — E 0 [(v) = v )0 arez, adl }
m m

and similarly for dyu; = d[v7, v%]; we can estimate

[t - [ () as)|
Sl (I + 070k = o )|+ 1 o)~ B = o] )
17 o Nl el = [0l

where we write [u] := [u,u] and similarly for [u];. By assumption the right hand side
converges to zero, from where we get the uniform convergence of [f, ¢]x to [f, g]. O

Remark 5.3. We calculate the pathwise Itd integral /'*°(f, dv) as limit of nonanticipating
Riemann sums involving only f and v. The classical rough path integral, see Proposi-
tion 2.5, is obtained via “compensated Riemann sums” that explicitly depend on f¥ and
I'*°(v, dv). For applications in mathematical finance, it is more convenient to have an
integral that is the limit of nonanticipating Riemann sums like }_, f (tge)”tf,;z ti2,nt fOT
k — oo, because this can be interpreted as the capital process obtained by investing
with the strategy f into v.

Note that [v,v] is always a continuous function of bounded variation, but a priori it is
not clear whether it is in C?®. Under this additional assumption we have the following
stronger result.

Corollary 5.4. In addition to the conditions of Theorem 5.2, assume that also [v,v] €
C2*(R4®4), Then I"*°(f,dv) € DY(R") with derivative f, and

17 (f, dv)lo.a S N fllo,s (1 + 10112 + IL(v, v)ll20 + [0, v]l|2a)-

Proof. This is a combination of Theorem 4.10 and the explicit representation (5.2)
together with the continuity of the Young integral, Theorem 3.14. O

The term I(Sk_1f,dSk_1v) has the pleasant property that if we want to refine our
calculation by passing from k to k£ + 1, then we only have to add the additional term
I(Sk_1f,dAgv) + I(Agf,dSkv). For the quadratic variation [f, v]; this is not exactly true.
But [f, v]x(m27F) = [Sk_1 f, Sk—19]x(m27%) form = 0,...,2F, and there is a recursive way
of calculating [Sk_1f, Sk—19]k:
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Lemma 5.5. Let f,v € C([0,1],R). Then

[Skf, Skv]ryr(t) = %[Skflfa Sk—10]k(t) + [Sk—1.f, Apv]pt1(t) + [Arf, Skv]rga (t) + Ri(t)
(5.3)

forallk > 1 and all t € [0,1], where

1
Ry (t) := *isk—lf._m,tsk—l%th,t + Sk—1 Stk k1AL Sk—1V gk Fkt1AL

+ Sk*lfrtk‘Flet,tSk*lvrt’“+17At,t

and _tF := |t2¥ |27 and "t*7 := t* 1 4 2= (*+1) In particular, we obtain fort = 1 that

Pl () = LUl + 3 3 Frontion = oy 30 30 P ot (5.4)

p<k m

If moreovera € (0,1) and f,v € C*(R), then ||[Sk—1f, Sk—19le—[f, glkllo <27 [fllallglla-

Proof. Equation (5.3) follows from a direct calculation using the fact that Sy_;f and
Sk_1v are affine on every interval [t{,,t},] respectively [t},,t?,] for 1 < ¢ < 2*. The
formula for [f, v]x+1(1) follows from the that [A, f, Ayv]k+1(1) = 0 unless p = ¢, and that
[Arf, Agv]iyr = (1/2) Y7, frmVUkm. The estimate for ||[Si_1f, Sk—19]k — [f, 9]k||c holds
because the two functions agree in all dyadic points m2~*. O

Remark 5.6. With the Cesaro mean formula (5.4) it becomes possible to study the
existence of the quadratic variation using ergodic theory. This was previously observed
by Gantert [20]. See also Gantert’s thesis [19], Beispiel 3.29, where it is shown that
ergodicity alone (of the distribution of v with respect to suitable transformations on path
space) is not sufficient to obtain the convergence of ([v,v]x(1)) as k tends to cc.

It would be more natural to assume that for the controlling path v the non-anticipating
Riemann sums converge, rather than assuming that (L(Sxv, Sxv))r and ([v, v];) converge.
This is indeed sufficient, as long as a uniform Holder estimate is satisfied by the Riemann
sums. We start by showing that the existence of the It0 iterated integrals implies the
existence of the quadratic variation.

Lemma 5.7. Let a € (0,1/2) and let v € C*(R?). Assume that the non-anticipating Rie-
mann sums (I{**(v,dv));, converge uniformly to I"°(v, dv). Then also ([v,v]y)) converges
uniformly to a limit [v, v]. If moreover

\Iité(v, dv)(m'27%) — I,IC“’(U, dv)(m27F) — v(m27F) (v(m'27F) — v(m27F))|

sup  sup —
k 0<m<m/<2* |(m! —m)2=F |2
=C < oo, (5.5)

then [v,v] € C?*(R®%) and ||[v,v]||2a < C + ||[v]2.
Proof. Lett e [0,1] and 1 <4,j < d. Then
21@

' (00 (1) = 0" (0007 (0) = D [0'(tR A YV (E A ) = 0 (8 A0V (8 AE)]

m=1

km

2k
_ i(40 J J (40 i i J
= E VU (Lo, )V + v (Epm ) Vg0 2 + V0 2 AU
1{ (km) 0 ALEZ AL (km) 19, ALEE AL R AL ALY A2 AL
m=

= [0, dv?) () + L' (o7, do') (1) + [, 071 (8),
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which implies the convergence of ([v,v]i); as k tends to oco. For 0 < s < ¢t < 1 this gives
([vi,vj]k)s,t = (vivj)&t — ,Icté(vi,dvj)s,t — I,Icté(vj,dvi)s’t
= [Ui(s)vg,t - llgté(vivdvj)s,t} + [Uj(s)v;t - Illgté(vjvdvi)&t} + U;tvz,ta
At this point it is easy to estimate ||[v, v]||2o, Where we work with the classical Hoélder
norm and not the C2* norm. Indeed let 0 < s < t < 1. Using the continuity of [v, v], we

can find k and s < s, = m27% < m,27% =t <t with [[v,v]]5.5, + [V, V]|t < [|V)2]E— ]2
Moreover,

v,V - ro—2
H'I),U]'sk’tk S (sup sup |([ ]Z)mQ £m/'2 il

>k 0<memr<2¢e | (M —m)27¢ 2 )'t’“_s’“‘%§(20+HU”?)‘)“_S‘2Q' -
2k 0<m<m’<

Remark 5.8. The “coarse-grained Holder condition” (5.5) is from [44] and has recently
been discovered independently by [30].

Similarly, the convergence of (I;*°(v, dv)) implies the convergence of (L(S,v, Skv))x:

Lemma 5.9. In the setting of Lemma 5.7, assume that (5.5) holds. Then L(Syv, Siv)
converges uniformly as k tends to oo, and

Sl;pHL(SkUaSkU”ba S C i3

Proof. Letk € N and 0 < m < 2%, and write t = m2~%. Then we obtain from (5.1) that
L(Sk_ll}, Sk_lv)(t) (56)
5 1
= ,Igto(v, do)(t) + 5[1}, V]e(t) — m< (Sk—1v, Sk—10)(t) — S(Sk—1v, Sp—1v)(¢).

Let now s,t € [0,1]. We first assume that there exists m such that t), < s <t <12 .
Then we use ||0;Ayv]|o0 < 2907 |0]|, to obtain

~

t t
|L(Sk—1v, Sk—10)s,¢| < ZZ / Apv(r)dAgu(r) —/ dAv(r)Apu(r) (5.7)
p<kq<p'’® s
SO It sl27Pe 200 o3 S e — s|27F ol < Jt - sl

p<kq<p

Combining (5.6) and (5.7), we obtain the uniform convergence of (L(S;_1v, Sk—1v))
from Lemma 5.7 and from the continuity of 7. and S.

For s and ¢ that do not lie in the same dyadic interval of generation k, let "s*7 = m27F
and Lt = m;27% be such that "s* 7 — 2% <« s < TskTand Lth, <t < thu+27% In
particular, "s*7 < L t*_. Moreover

|L(Sk,11), Sk,ﬂ))s’t‘ < |L(Sk,1’U, Sk‘flv)svrskﬂ + ‘L(Sk,ﬂ), Skfl’l})rsk—u)l_tkﬂ
+ |L(Sk—1v, Sk—10) ¢k, ¢|-
Using (5.7), the first and third term on the right hand side can be estimated by (|'—s’C -
8|22 4 |t — ct* L2 |lv]|2 < |t — s/>*|jv]|%. For the middle term we apply (5.6) to obtain
|L(Sk-1v, Sp—10)rgrn 4| < {I]I;é(’l],d’l))rsk77\_tk_, —o(TsF ) (v(th ) — v(rsk—‘))|

+ ’’U(rsk—')1}rsk—|7Lt1@J — 7T<(Sk71'U,Sk;f]_v)rsk‘\’Lth‘
1

+ 5 |([U,U}]€)rsk1”_tk_l‘ + ’S(Skflv,Skfl’l})rsk‘l’l_tk_"

S leth s =TSFP(C + oll2) < Nt = s (C+ oll2)

where Example 4.4, Lemma 5.7, and Lemma 3.13 have been used. O
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It follows from the work of Follmer that our pathwise It0 integral satisfies Itd’s
formula:

Corollary 5.10. Let o« € (1/3,1/2) and v € C*(R%). Assume that the non-anticipating
Riemann sums (I}**(v,dv)); converge uniformly to I"*°(v,dv) and let F € C?(R%,R).
Then (I1*°(DF(v),dv)), converges to a limit I'**(DF (v), dv) that satisfies for all t € [0,1]

t d
F(v(t)) = F(v(0)) = I'*(DF (v), dv)(¢) +/ Y 90,0, F(v(s))d[0", 0] (s).

0 k=1

Proof. This is Remarque 1 of Follmer [15] in combination with Lemma 5.7. O

6 Construction of the Lévy area

To apply our theory, it remains to construct the Lévy area respectively the pathwise
It6 integrals for suitable stochastic processes. In Section 6.1 we construct the Lévy area
for hypercontractive stochastic processes whose covariance function satisfies a certain
“finite variation” property. In Section 6.2 we construct the pathwise It6 iterated integrals
for some continuous martingales.

6.1 Hypercontractive processes

Let X: [0,1] — R? be a centered continuous stochastic process, such that X' is
independent of X7 for i # j. We write R for its covariance function, R: [0,1]? — R*4
and R(s,t) := (E(X!X7))i<i j<a. The increment of R over a rectangle [s, ] x [u, v] C [0, 1]?
is defined as

R[sﬂﬁ]x[u,v] = R(t? U) + R(Sv u) - R(Sa U) - R(ta u) = (E(X;,tXZ,v))lﬁiJSd'
For a given p € [1,00) we will work under the following two assumptions:

(p—var) There exists C > 0 such that for all 0 < s < ¢t < 1 and for every partition s =ty <
t1 <---<t,=tof [s,t] we have

Z |R[tz‘—1,ti]><[tj,17tj]|p < C|t — S‘.

i.j=1

(HC) Second order polynomials of the process X satisfy a hypercontractivity condition,
i.e. for every r > 1 there exists C}. > 0 such that for every n and every polynomial
P :R"™ = R of degree 2, for all iy,...,i, € {1,...,d}, and for all py,...,p, > —1

and 0 <m; <271, ...,0< m, <2P
E(|P(Xp s Xt )7 < Co(BIP(XGL . X))/,

These conditions are taken from [17], where under even more general assumptions it
is shown that it is possible to construct the iterated integrals I(X,dX), and that I(X,dX)
is the limit of (I(X™,dX")),cn under a wide range of smooth approximations (X™),, that
converge to X.

Example 6.1. Condition (HC) is satisfied by all Gaussian processes. More generally, it
is satisfied by every process “living in a fixed Gaussian chaos”; see [28], Theorem 3.50.
Slightly oversimplifying things, this is the case if X is given by polynomials of fixed
degree and iterated integrals of fixed order with respect to a Gaussian reference process.
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Prototypical examples of processes living in a fixed chaos are Hermite processes.
They are defined for H € (1/2,1) and k € IN, k > 1 as

1—H

t k 1
Ztk’H:C(H,k)/Rk (/0 1_[(8—%‘)4:(?r ' )d5> dBy, ...dBy,,

i=1

where (B,),cr is a standard Brownian motion, and C(H, k) is a normalization constant.
In particular, Z*¥ lives in the Wiener chaos of order k. The covariance of Z* is

A A % (" + 2H 4|t — s*H)
Since ZM¥ is Gaussian, it is just the fractional Brownian motion with Hurst parameter H.
For k = 2 we obtain the Rosenblatt process. For further details about Hermite processes
see [43]. However, we should point out that it follows from Kolmogorov’s continuity
criterion that Z*# is a-Hélder continuous for every a < H. Since H € (1/2,1), Hermite
processes are amenable to Young integration, and it is trivial to construct L(Z%H Z* ),

Example 6.2. Condition (p-var) is satisfied by the Brownian motion with p = 1. More
generally it is satisfied by the fractional Brownian motion with Hurst index H, for which
p=1/(2H). It is also satisfied by the fractional Brownian bridge with Hurst index H.
A general criterion that implies condition (p—var) is the one of Coutin and Qian [13]: If
E(IXI?) S|t —s* and |E(X] X/, )| S |t —s[?72h? fori=1,...,d, then (p-var)
is satisfied for p = 1/(2H). For details and further examples see [18], Section 15.2.
Lemma 6.3. Assume that the stochastic process X : [0,1] — R satisfies (p-var). Then
we have for all p > —1 and for all M, N € N with M < N < 2P that

N
> EXpm, Xpmo)I? S (N = M +1)277. (6.1)

mi1,ms2 =M

Proof. The case p < 0 is easy so let p > 1. It suffices to note that

E(Xpm, Xpm,) =E ((thml v —Xp 4 )(thw,t;mz - Xtémz,tf,mz))

pmy pm1 2 pmq

_ Z (—1)“+12R[ti1 ti1+1]><[t;27n2’t'i2+1],

.4 pm7ystpmy pmo
11,12=0,1

and that {t,,, : i =0,1,2,;m = M, ..., N} partitions the interval [(M —1)277,N277]. O

Lemma 6.4. Let X,Y : [0,1] — R be independent, centered, continuous processes, both
satisfying (p-var) for some p € [1,2]. Then for alli,p > —1,q¢<p, and 0 < j < 2¢

) 2 . ) ) .
EH 3 S X Yan 27 X PpmXan) } < 9V (1/p=4)9(avi) 1=1/p)g—igp(4=3/p)ga/p,

m<2P n<24

Proof. Since p > g, for every m there exists exactly one n(m), such that ¢, Xgn(m) is not
identically zero. Hence, we can apply the independence of X and Y to obtain
m<2P n<29

]
2P

< D 1By Xpma ) EYgn(m) Yan(ma)) (2™ Xigs @pma Xantma)) (2™ Xigs Ppma Xan(ma))| -

my,mo=0

EH Z Z XPqun<2_iXij7<Pmeqn>
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Let us write Mj; := {m : 0 < m < 2P, (X4j, PpmXqn(m)) 7 0}. We also write p’ for the
conjugate exponent of p, i.e. 1/p+ 1/p’ = 1. Holder’s inequality and Lemma 3.9 imply

Z |E(Xpm1 Xpmg )E(an(ml)}/qn(mg)) <27iXij y Ppmy an(m1)> <27iXija Ppma an(m2)> |

mi1,m2EM,;

1/p 1/p
S( Z ]E(Xpleme)V’) ( Z |E(an(m1)an(m2))|”> (27 2pVi)tptay2,

ml,mzeM]- ml,mzeMJ‘

Now write N; for the set of n for which x;;x¢n is not identically zero. For every n € N;
there are 2P~ ¢ numbers m € M; with n(m) = . Hence

N1/
Z |E(an(7”1)Y:1n(m2))|p )

m1,mz2€M;

. 1/p

— / o

@0 (B0 Y)l) X B0 Y)l)
1,m j ni,n2€N;

where we used that p € [1, 2] and therefore p’ — p > 0 (for p’ = co we interpret the right
hand side as max,, n,en; |E(Ygn, Yqn,)|). Lemma 6.3 implies that (| E(Ygn, Yyn,)|” ") e <

~

2-a(1/p=1/7") Similarly we apply Lemma 6.3 to the sum over n,n., and we obtain

, N1/ p'=p p L
(2 (P—(I) P (( max ’E(quyqnz)‘) Z |E(Y:1qunz)‘ )

nl,TlQGNj
) nl,TLQGN]‘
< (22(10*‘1))1/Pl2*Q(1/P*1/P')(|Nj‘Q*Q)l/ﬂl — olavi)/p'9—i/p'92p/p' 9a(—2/p"~1/p)

= 2(av)(1=1/p)9i(t/p=1)92p(1=1/p) 9a(1/p=2)

where we used that |N;| = 2(@V)=*  Since |M;| = 2(PV)~7, another application of
Lemma 6.3 yields

1/p 4 ,
> ]E(Xplepm2)|p) < 9WVillpg=ilpgn/p,

mi1,ma€M;

The result now follows by combining these estimates:

. 2
EH Z Z Xmeqn<27ZX’ija<Pmeqn> ]

m<2P n<24

< E(X. X P\ E(Y. Y AR 9—2(pVi)+p+q)2

~ Z ’ ( pmi pmz)‘ Z | ( qn(mi) qn(mQ))’ ( )
m1,ma€M; m1,maEM;

< (z(pVi)/pQ*i/pgfp/p) (Q(qVi)(lfl/p)Qi(l/pfl)2210(1*1//))211(1/9*2)) (2*4(pVi)+2p+2q)
— 9Vi)(1/p—4)9(avi)(1-1/p)9—iop(4=3/p)9a/p O

Theorem 6.5. Let X: [0,1] — R? be a continuous, centered stochastic process with
independent components, and assume that X satisfies (HC) and (p-var) for some p € [1,2).
Then we have for all o € (0,1/(2p)), allo/ < a and allr > 1

E[ISnX = X[[p]"/7 S 27 Veme)

as well as

ST E(IL(SnX, SxX) — L(Sy-1X, Sy-1X)5)"" < o0,

N>0
and therefore L(X, X) = limy_,oc L(Sy X, SnX) is almost surely 2a-Hoélder continuous,
where the convergence takes place both in L"(2) and almost surely.
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Proof. The statement about the Holder norm of X follows from Kolmogorov’s continuity
criterion because ||Sy X — X |7, < 27 Nle—e)r| x|

For the Lévy area note that L is antisymmetric, and in particular the diagonal of
the matrix L(Sy X, SyX) is constantly zero. To treat the off-diagonal terms it will be
convenient to introduce general Besov spaces: let 5 € R, r,s > 1, and define for

fe (0,1, RY) s/ry 1/s
£, = (o250 (S 1sl) ™)
J

i
Depending on 7, s, 5, the norm might be finite also for non-continuous functions, but we
do not need this. All we need is that || f|[ ;s = ||f||s and the trivial observation that

||f||B§2—§;/r1—1/rz> <[ fllge (6.2)

71,81

whenever r; < ry and s; < ss.
Letnow k,£ € {1,...,d} with k # ¢ and let 5 € R and r» > 1. Then

E[|L(Sny X", SnX") = L(Sn—1 X", Sn—1X) |75 ] (6.3)

= E{H 3N (X XL, - X,anﬁm)/ enm(8)dogn(s) ;ﬁ }

qg<N m,n 0 mr

_ Z 21’7’(571/?”) Z EH ( Z Z(Xllimegn _ X(?nX]{/m) /0 (me(S)dQan(S))ij
i J

q<N m,n

and Minkowski’s inequality yields

B[|( 3 E kX - X0k [ enn(ddons)

T}
J
qg<N m,n

< (3 B[ (kX ~ X5 Xh) [ (5o (5))
q<N

m,n

7“:| 1/r) r
Observe that the term inside the expectation is a second order polynomial of the hyper-

contractive process X, and therefore we can estimate its L” norm by its L2 norm raised
to the r/2-th power. In combination with Lemma 6.4, this gives

Bl|( X S0k X~ X X) [ orn5)den(s)),

]
q<N m,n 0 J

< (X Bl Tk, - x5x5) [ o) [T7)

g<N m,n
< (Z (2<Nvi><1/p—4>Q(qvw(l—l/p)2—i2N<4—3/p>2q/p)1/2)5
g<N

Plugging this back into (6.3), we get
E[||L(Sn X", SnX*) = L(Sn-1X", Sn-1X)|s ]

< Z Qirw—l/r)y( Z (2<sz‘)<1/pf4>Q(qvn(k1/p>27i2N<473/p>2q/p)1/2)"

q<N
=32 ( S 9 Neg-i/Ciga/e) ¢ $7 27N/p27i/22q/2)"
i<N q<i i<q<N
+3 Qma( 3 2N(273/<2p>>272i2q/<2p>)T'
i>N q<N
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S Z 22’1‘[3 (27N7’p + 2N7‘(1/27p)277,'7‘/2) + Z 2ir(B72)2Nr(271/p).
i<N >N

If B € (1/2,2), then the right hand side is ~ 2V"(=1/¢) and if 8 < 1/p (which requires

p < 2), then
Z(QNr(ﬁ—l/p))l/r < 0.
N

In conclusion,

]1/7“

ST E[IL(SNX*, Sy X*) - L(Sy-1XF, Sy X9, < o0

BE,

whenever § € (1/2,1/p) and r > 1, and it only remains to apply the Besov embedding
result (6.2) to conclude. O

6.2 Continuous martingales

Here we assume that (X;);¢c[0,1) is a d-dimensional continuous martingale. Of course
in that case it is no problem to construct the Itd integral I'*°(X,dX). But to apply the
results of Section 5, we still need the pathwise convergence of I} (X, dX) to I"(X,dX)
and the uniform Hélder continuity of 1 ,Icté(X ,dX) along the dyadics.

Recall that for a d-dimensional semimartingale X = (X!,..., X%), the quadratic
variation is defined as [X] = ([X?, X7])1<; j<q. We also write X, X := (XX )1<i j<d
for s,t € [0, 1].

Theorem 6.6. Let X = (X',..., X%) be a d-dimensional continuous martingale. Assume
that there exist p > 1, 8 > 0, such that 2pg > 1, and C > 0 with

E(|[X]oal") < C%PJt — 5|7 (6.4)
for all s,t € [0,1]. Then I}*°(X,dX) converges to I“é(X dX) in C*(R9®?), both almost
surely and in LP(Q?). Furthermore, for all « € (0,8 — 1/(2p)) we have

E(|X[3) + E(ME) + E(DE) 5 C*, (6.5)
where

M, = sup  sup | 0(X, dX) ok o — Xpo—k Xgp—r pro—s
“ k 0<t<@/<2k (¢ — £)27F|2
and
D, = = sup ok || (X, dX) — I'*(X,dX)||q.

Proof. The Holder continuity of X follows from Kolmogorov’s continuity criterion. Indeed,
applying the Burkholder-Davis-Gundy inequality and (6.4) we have

d d
B(X,a™) £ 30 BOXEPP) £ 3 BUX1al?) S B([X]aal?) < Ot — o2,
i=1 i=1

so that E(||X]|?P) < C? for all « € (0,8 — 1/(2p)). Since we will need it below, let us
also study the regularity of the Ito 1ntegra1 I'**(X,dX): A similar application of the
Burkholder-Davis-Gundy inequality gives

E(I"(X,dX )5, — X Xs4[P) E

SE(sup X, = X, < |[X]1)
rE(s,t]
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rE(s,t]

< \/E( sup [X, — X2 /B X

S E(I[X]s,eP) < C?P[t — 5|27
The Kolmogorov criterion for rough paths, Theorem 3.1 of [16], now implies that for all
a e (0,8-1/(2p))

1to6 - X.X
E(M{PP) <C?,  where MY = sup X, dX)S’tQ s Xstl (6.6)
0<s<t<1 |t — 5|

Moreover, M, < D, + Mél), so it only remains to prove the bound for the p—th moment
of D,,. First assume that s = 2% and ¢t = £2%. As before, we have

E(|I"(X,dX )gp-r pra-r — Izlfté(X dX)ea-r gra-r|") (6.7)
)

< \/E( max sup | X — Xm2—k|2p) \/E(l[XH?ka E’2*’°)
m={,....0’ re[m2—*,(m+1)2—%] ’

< C2p\/(€’ _ 2p5\/| 0)2-F|208 = ((¢ — 0)27F)/24PBg—k(PA=1/2)
From here we use a chaining argument to conclude. Define
M;Ei)n :EH<1§$§ IItO(X dX)p-m ,(64+1)2— ItO(X dX)p-m ,(e+1)2— ml,

and observe that (6.7) yields
E(\M,§27)n|p) < C2pomo—m(1/2+pB)9—k(pB—1/2) _ (2pg—m(pB—1/2)9—k(pB—1/2)
whenever m < k. We now write [s, ] as a finite union of intervals of the form [m2~¢, (m +

1)27Y for i < k and i > ip where 270~! < |t — 5| < 27%, with at most two intervals in
every dyadic generation. Thus, we get

~ A k k
‘IIIctO(X’ dX)s,t — ]ItO(X, dX)s,t| E:m =i km ma (2)
e s s 3wl < ST,

(6.8)

m=ig m=0

and therefore we have for

TY( X, dX ) g pro—t — TO(X,dX)ggn pron
M(f) — sup2*®  sup 11.°( )e2 k,zz/ k 71@(04 Je2—k pra—k|
k 0< o<t <a¥ (¢ — £)27F]

the estimate

M ey < ZQIM Z HQmaM/E 7)n||LP(Q)

m<k
5 02 sza Z 2'ma2—m(,8—1/(2p))2—k(,8—1/(2p)).
k m<k

The sum on the right hand side is finite as long as & < §—1/(2p). For general 0 < s <¢ <1
define 74 (r) € 27*INy for r € [0,1] such that 74,(r) < r < 73(r) + 27%. If 7,(s) = 73(t), then

10X, dX)sp — IO(X,dX)s o] < [ Xy (s),6 Xst| + [ X Xse — T0(X,dX), 4]
< 27R X121t — 5™ + 2R M (D]t — |
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If 7,(s) < 7% (¢), then
‘IItO(X dX)s t IItO(X dX)@ f| < |IItO(X dX)s,Tk(s)—f—Q_k - IIté(Xa dX)s,Tk(s)-‘rQ_k‘
+ ‘IItO(Xﬂ dX)Tk(s)JrZ*k;rk(t) - Ilté(X7 dX)T;C(s)+2*’“,'rk(t)|
+ ‘IItO(Xa dX)Tk(t),t - IItO(Xa dX)Tk(t),tl
S 27— s (X112 + M + MP),

which shows that D, < ||X2 + MY + M ? and thus the proof is complete. O

Remark 6.7. We actually showed that

I9(X,dX),; — X, X,

\
( O<s<t<1 ’ [t — 5|2
[t—s|>27F

f|p
L) s o,

which is obviously stronger than E(M?) < C?P,
Example 6.8. The conditions of Theorem 6.6 are satisfied by all It6 martingales of the
form X; = Xo + fot osdWj, as long as o satisfies E(sup,¢g 1 los|?P) < o0

for some p > 1. Then we can take 8 = 1/2 so that for p > 3 we have 8 — 1/(2p) > 1/3
and X and I™°(X,dX) are sufficiently regular to apply the results of Section 5.

7 Pathwise stochastic differential equations

We are now ready to solve SDEs of the form

dy(t) = b(y(t))dt + o (y(t))dv(t),  y(0) = wo, (7.1)

pathwise, where the “stochastic” integral dv will be interpreted as I (o (y),dv) or I'*®(o(y),
dv).

Assume for example that (v, L(v,v)) € C%(R?) x C?**(R¥®4) for some o € (1/3,1/2) are
given, and that b: R® — R" is Lipschitz continuous whereas ¢ € C}™¢(R", L(R%; R")) for
some ¢ with a(2+¢) > 1. Then Corollary 4.6 implies that o( ) € D:Y(L(R4;R™)) for every
y € DY(R™), and Theorem 4.10 then shows that yo + [, b(y(t))dt + I(o(y),dv) € Dg(R™)
with derivative o(y). Moreover, if we restrict ourselves to the set

Mo ={y € DF(R") : [[4*]lcc < lofloo}

then the map M, > (y,4") = ['(y) = (yo + [, b(y())dt + I(c(y),dv),0(y)) € M, satisfies
the bound
ITW)lv,0 < lyol + [6O)] + 1bllLip¥lloc + l[o(W)lv,calllv]la + HU”i + 1L(v,v)ll20) + lo(¥)]la
S [ol + [6O)] + (1 + [8lluap) (1 + oI 4 + 013 + L0, v)l20) (1 + [llo,ea);
where we wrote ||b||1i, for the Lipschitz norm of b.
To pick up a small factor A that turns I' into a contraction, we apply a scaling

argument. For ) € (0,1] we introduce the map Ay : C® — C? defined by Ay f(t) = f(\t).
Then for A = 27% and on the interval [0, \] equation (7.1) is equivalent to

dy?(t) = Mo(yA(1)dt + Ao (y* (1))do  (t),  y*(0) = wo, (7.2)

where y* = Ay, v* = A"*A,v. To see this, note that

A .
ANI(f.dv) = Jim_ /O SnF(O)PSnv(t)dt = lim | (AxSw F)(#)0 (ArSnv)(t)dt.

N—oo Jg
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But now Ay xSyg = Sy_rA,g for all sufficiently large N, and therefore
ANI(f,dv) = A T(Ayf, dov?).
For the quadratic covariation we have
AL 0] = [Anf, o] = A [Anf, 07,

from where we get (7.2) also in the It6 case. In other words we can replace b by A\b, o by
A%, and v by v,

It now suffices to show that v*, L(v*,v*), and [v*,v*] are uniformly bounded in .
Since only increments of v appear in (7.1) we may suppose v(0) = 0, in which case it is
easy to see that ||[A vl < A%|v||le and ||[v*, 0] ]2a < ||[v,v]||2a. As for the Lévy area, we
have

L, 0M) = I(v?, dv?) — 7o (v}, o) = S(*, 0?) = A729A\ I (v, dv) — mo (v*,0?) — S(v*, 07)

= AfQQ{AAL(U,v) + [Am<(v,0) — T (Ayv, Ayv)] + [ArS(v,v) — S(Ayv, A)\v)}},
and therefore
1L, vY)ll2a S 1L, 0)[l2a + 1S (v, 0)ll2a + [[0l2 + X7 [[Axm< (v, 0) = 7 (0, 07) |20
But now

|AxT<(v,0)st — 7T<(vk,vk)s,t\ < < (v, ) as. 0 — V(AS)Vrs 2t
+ [Aav(8)(Aav)s,e — T< (Arv, Axv)s i
SR IAE = 9)2* + [[Anv]lalt — s[>
S Aol = s) >

From here we obtain the uniform boundedness of ||v*|,» , for small ), depending
only on b, 0,v, L(v,v) and possibly [v,v], but not on yy. If o € Cg“, similar arguments
give us a contraction for small A, and therefore we obtain the existence and uniqueness
of solutions to (7.2). Since all operations involved depend on (v, L(v,v), y9) and possibly
[v,v] in a locally Lipschitz continuous way, also y* depends locally Lipschitz continuously
on this extended data.

Then y = A1 solves (7.1) on [0, \], and since A can be chosen independently of

10, we obtain the global in time existence and uniqueness of a solution which depends
locally Lipschitz continuously on (v, L(v,v), 39) and possibly [v, v].
Theorem 7.1. Let o € (1/3,1) and let (v, L(v,v)) satisfy the assumptions of Theo-
rem 4.10. Lety, € R™ and ¢ > 0 be such that a(2+¢) > 1 and leto € C7T¢(R™, L(R%; R™))
and b: R™ — R™ be Lipschitz continuous. Then there exists a unique y € DS (R") such
that

y =70+ / by(t)dt + I(o(y), dv).

The solution y depends locally Lipschitz continuously on (v, L(v,v),yo). If furthermore
[v,v] satisfies the assumptions of Corollary 5.4, then there also exists a unique solution
x € DY(R™) to

r =y + /0. b(z(t))dt + I'"(o(z), dv)
- /0 b@(t))dt + I(o(z), dv) — %/ Do (2(8))o (2(8))d[v, vl

0

and z depends locally Lipschitz continuously on (v, L(v,v), [v,v],yo)-
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Remark 7.2. Since our integral is pathwise continuous, we can easily consider antici-
pating initial conditions and coefficients. Such problems arise naturally in the study of
random dynamical systems; see for example [27, 2]. There are various approaches, for
example filtration enlargements, Skorokhod integrals, or the noncausal Ogawa integral.
While filtration enlargements are technically difficult, Skorokhod integrals have the
disadvantage that in the anticipating case the integral is not always easy to interpret
and can behave pathologically; see [5]. With classical rough path theory these technical
problems disappear. But then the integral is given as the limit of compensated Riemann
sums (see Proposition 2.5). With our formulation of the integral it is clear that we
can indeed consider usual Riemann sums. An approach to pathwise integration which
allows to define anticipating integrals without many technical difficulties while retaining
a natural interpretation of the integral is the stochastic calculus via regularization of
Russo and Vallois [48, 49]. The integral notion studied by Ogawa [40, 41] for anticipating
stochastic integrals with respect to Brownian motion is based on Fourier expansions of
integrand and integrator, and therefore related to our and the Stratonovich integral (see
Nualart, Zakai [39]). Similarly as the classical It6 integral, it is interpreted in an L? limit
sense, not a pathwise one.

A Regularity for Schauder expansions with affine coefficients
Here we study the regularity of series of Schauder functions that have affine functions
as coefficients. First let us establish an auxiliary result.

Lemma A.1. Lets < tandlet f : [s,t] — L(R? R") and g : [s,t] — RY be affine functions.
Then for all v € (s,t) and for all h > 0 withr — h € [s,t] and r + h € [s, t] we have

|(f9)r—nr = (F@rrsnl < Alt = | 7212]| fllsollglloc- (A1)
Proof. For f(r) =ay + (r — s)b; and g(r) = a2 + (r — s)bz we have
(f@)r—nr = (F@rrsnl = 12 (r)g(r) = f(r = h)g(r — h) = f(r + h)g(r + h)| = | = h*b1ba].
Now fs+ = b1(t — s) so that |b1] < 2|t — s|7!| f||c, and similarly for bs. 0

Now we are ready to prove the regularity estimate.
Lemma A.2. Let « € (0,2) and let (up,) € A*(RY). Then Y upmppm € C*(R?) and

|3 wmeom| S I tpm)llae
p,m *

Proof. We need to examine the coefficients 279 (x¢n, d(3_,,, Upm$pm)). The cases ( n)
(=1,0) and (¢,n) = (0,0) are easy, so let ¢ > 0 and 1 <n < 279. If p > g, then @y (t,,) =
for+=0,1,2 and for all m, and therefore

2_q<anv d( Z upm@pM) > =271 Z Z<X‘I"’ d(UpmPpm.))-

p<g m

0

If p < ¢, there is at most one mgy with (x4n, d(Upm@pm)) 7 0. The support of x,, is then
contained in [t),, ¢}, ] orin [t], 2 |and u,, and @, are affine on these intervals,

so (A.1) yields

Z 127X gn, A(UpmPpm))| = Zl Upm Ppm )10 £, 5tk — (UpmPpm )11 qn,t2n|

m

S 22272 [t |oo [ ppm o S 2737 72| (upmm)|

A(l .

EJP 21 (2016), paper 2. http://www.imstat.org/ejp/
Page 34/37


http://dx.doi.org/10.1214/16-EJP3868
http://www.imstat.org/ejp/

A Fourier approach to integration

For p = q we have ¢, (t),) = gpqn(t?m) = 0 and pg,(t;,) = 1/2, and thus

Z 127X gn, A(UgmPgm))| = ‘(uqn@qn)tgn,tén - (uqn@qn)t}m,tgn = \u(ténﬂ S 2_aq||(upm)HA""

m

Combining these estimate and using that a < 2, we obtain

21| (s (D tpmerm ) Y| S 30 27721 ()t = 277 ) 4
pm

p<q

which completes the proof. O
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