Electron. Commun. Probab. 21 (2016), no. 53, 1-12. ELECTRONIC

DOI: 10.1214/16-ECP4547 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Self attracting diffusions on a sphere and application to a
periodic case*
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Abstract

This paper proves almost-sure convergence for the self attracting diffusion on the unit
sphere

t
dX; = vodWi(X,) — a/ Ven Vx, (X )dsdt, Xo=z € 9",
0

where v > 0, a < 0, V,(z) = (z,%) is the usual scalar product on R™"*, o stands for
the Stratonovich differential and (W:(.)):>o is a Brownian vector field on $". From
this we deduce the almost-sure convergence of the real-valued self attracting diffusion

t
ddy = vdWy + a/ sin(c(9: — ¥s))dsdt,
0

where (W})¢>0 is a real Brownian motion and ¢ > 0.
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1 Introduction

In this paper, we are interested in the asymptotic behaviour of the solution of the
stochastic differential equation (SDE)

t
dX; =vo th(Xt> — a/ VS”VXS (Xt)dsdt, Xo=x € Sn, (1.1)
0

where v > 0, a € R, o stands for the Stratonovich differential, (W;(.));>¢ is a Brownian
vector field on $7, Vg- is the gradient on $” and V,(z) = (z, y) where (., .) is the canonical
scalar product on R™t1,

Let us start with a short heuristic description of the process. First of all, observe that
for x,y € 5", we have

|z —y|* =2 —2(z,y) = 2 — 2cos(D(z,y)), (1.2)
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where D(.,.) is the geodesic distance on $™ and ||.|| is the standard Euclidean norm on
R"**!. If ¢ > 0, the drift term points in a direction that tends to increase the distance
between X; and its past positions. In other words X; is repelled by its past. It follows
from a more general result proved in [2] dealing with self repelling diffusions on a
compact manifold that

Theorem 1.1 (Theorem 5, [2], Benaim, Gauthier). If a > 0, the law of X, converges to
the uniform law on $".

If a <0, X, is attracted by its past and one may expect localization.The goal of this
paper is to prove such a result.

Theorem 1.2. Ifa < 0, there exists a random variable X, € $" such that

O(t='/2\/In(t)) ifn=1

X _Xoo - n
H t H {O((lgt))_l/‘L) otherwise

We point out that the self interacting diffusion (1.1) has already received some
attention in 2002 by M.Benaim, M.Ledoux and O.Raimond ([4]), but in the normalized
case; that is, when fot Vx,(X;)ds is replaced by 1 fot Vx.(X;)ds. The interpretation is
therefore different. While the drift term of (1.5) can be “seen” as a summation over [0, ¢]
of the interaction between the current position X; and its position at time s and thus an
accumulation of the interacting force, their drift is then an average of the interacting
force. The asymptotic behaviour is then given by the following Theorem.

Theorem 1.3 (Theorem 4.5, [4], Benaim, Ledoux, Raimond). For a # 0, let (X;):>0 be
the solution of the SDE

t
dX; = odWy(X,) — %/ Ven V. (Xp)dsdt,  Xo=uaz € 8" (1.3)
0

Set ju; = %fg Sx.ds.

1. Ifa > —(n + 1)/2, then u; converges almost surely (for the topology of weak*
convergence) toward the Riemannian probability measure on S".
2. Ifa < —(n+1)/2, then there exists a random variable ¢ € $" such that u; converges
almost surely toward the measure
exp(B(a)(z,<))
ey (do) = TREZIDEL,
where Z, is the normalization constant, 3(a) is the unique positive solution to the
implicit equation
2aA7,(B) + B =0,

where A, (83) = log( [, exp(—f cos(x))An(dz)) and A, (dz) = m%dx

An intermediate framework between those considered in Theorem 1.2 and Theorem
1.3 is to add a time-dependent weight ¢(¢) to the normalized case that increases to
infinity, but “not too fast”, when time increases. In that case, O.Raimond proved the
following Theorem.

Theorem 1.4 (Theorem 3.1, [12], Raimond). Let (X,);>0 be the solution of the SDE

t

dX; = odWy(Xy) — # Vx. (Xy)dsdt, Xo=2z€8", (1.4)
Sn

where g is an increasing function such that lim;_, ., g(t) = co. Assume that there exists

positive constants c,ty such that fort > ty, g(t) < clog(t) and |¢'(t)] = O(t™"), with

v €]0,1].
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Then, there exists a random variable X, in $" such that almost surely, y; = % fot 0x.ds
converges weakly towards dx__ .

As an easy application of Theorem 1.2, we obtain the almost-sure convergence with a
rate of convergence of the solution of the real-valued SDE

t
d¥y = vdW; + a/ sin(c(¥; — Vs))dsdt, 99 =0, (1.5)
0

where (W), is a real Brownian motion, ¢ < 0 and v,¢ > 0.

In 1995, M.Cranston and Y. Le Jan proved an almost-sure convergence result in [5]
in the cases where asin(cx) is replaced by f(z) = ax (linear case) or f(x) = a x sgn(z)
(constant case) with a < 0. This last case was extended in all dimension by O.Raimond in
[11]in 1997. A few years later, S.Herrmann and B.Roynette weakened the condition of
the profile function f around 0 and were still able to get almost-sure convergence (see
[6]) for the solution of the stochastic differential equation

t
0

Rate of convergence were given in [7] by S.Herrmann and M.Scheutzow. For the linear
case, they proved that the optimal rate of convergence is O(til/ 2 log(t)) (Proposition 4
in[7]).

However, a common fundamental property of these three papers lies in the fact that
the associated profile function f is monotone.

1.1 Reformulation of the problem

From now on, we assume that a < 0 and that n is fixed. Since the values of v and
a do not play any particular role, we assume without loss of generality that » = 1 and
a = —1. Thus (1.1) becomes

t
dX; = odWy(X,) +/ Vs Vx. (Xp)dsdt, Xo=z¢€8" (1.7)
0

with Vj(z) = (z,y) =: V(z,y). Because the law of the process (X;);>¢ is the same for any
Brownian vector field on $”, we assume from now on and without loss of generality that
W(z) = B, — (z, B;)x, where (B;);>0 is a standard Brownian motion on R"*!.

Since V satisfies Hypothesis 1.3 and 1.4 in [4], then (1.7) admits a unique strong
solution by Proposition 2.5 in [4]. We recall that for a function F : R**! — R, we have

Vsn (Fig ) () = Vet F(2) — (@, Vet F(2))2; 2 € $". (1.8)
For z € $", we let u — P(z,u) be the orthogonal projection on 7,5" given by
P(z,u) = u — (z,u)x.

Following the same idea as in [2], we set U; := fot X.ds € R™*! in order to get the SDE
on $" x R™*1:

dXt = P(Xt, OdBt + Utdt)
(1.9)

dUt = Xtdt
with initial condition (Xy, Up) = (z,0).
Remark 1.5. We have P(Xt, OdBt + Utdt) = P(Xt,dBt + Utdt) — %Xtdt,

The paper is organised as follows. In Section 2, we present the detailed strategy used
for proving Theorem 1.2 and prove the application to a periodic case whereas the more
technical proofs are presented in Section 3.
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2 Guideline of the proof of Theorem 1.2
Set R, = ||U;|| and define V; € $” and C, € [—1, 1] as follows:

Ut/Rt if Ry >0
= (2.1)
X; otherwise
and
Ct = <‘/75,Xt> (22)
With these notations, we have
RtOt = <Ut,Xt>. (23)

Since the coordinates functions
ej :S"CR"™ S Riaxway, forj=1,-- ,n+1,

are eigenfunctions for the Laplacian operator on $” associated to the eigenvalue —n
(see Chapter 3, Section C in [1]), then by Lemma 3 and Lemma 5 in section 4 of [2], the
system (1.9) satisfies the Hormander condition (also called condition (E) in [2] and [8]).
Thus, for all ¢ > 0, the law of (X, U;) has a smooth density with respect to the
Lebesgue measure on $" x R"*! (see Theorem 3.(7) in [8]). Hence for all ¢ > 0,

P(Cf —1orR, = o) - ]P(Ut is parallel to Xt) —0. (2.4)

Since fg(P(Xs, dBy), V) is a martingale whose quadratic variation is fot(l — C?)ds, then
the process (W,);>o defined by W, = 0 and, for t > 0, by

t
B (P(Xs,dBs), Vs)
Wt - /0 1{C§<1 and RS>0} \/@ ) (25)

is a standard Brownian motion on R.

Lemma 2.1. ((Cy, Rt))+>0 is solution to
dCtZ\/1_Ct2th+[(Rt+R%)(1_Ct2)_%Ct]dt 2.6)
dR, = Cydt '

whenever R; > 0.

Proof. Since dR? = 2(Uy,dU;) = 2R,C,dt, then, as long as R; > 0, we have

dR; = Cdt. (2.7)

Hence, )

dVy = —(X; — C{Vp)dt. (2.8)
R,
Therefore, by It6’s formula
n
dC, = (X3,dVy) + (Vi, P(Xy,dBy + Ugdt)) — §<Vt,Xt>dt
1
= 1 GRW, + (R + 1)1 = Gyt gCtdt. (2.9)
t
O
A first important result, whose proof is postponed to Section 3, is
Lemma 2.2. One has liminf;_, % > % almost surely.
From this lemma, we prove in Section 3
ECP 21 (2016), paper 53. http://www.imstat.org/ecp/
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Lemma 2.3. The processes (C}):>o and (%)DO converge almost surely to 1. Further-

more )
Olnt ifn — 1
|Ct_1:{ (t) ian
O(

@) otherwise

Thanks to this lemma, we obtain

Lemma 2.4. V; converges almost surely.

Proof. Since

it follows from Lemma 2.3
1
= I1Xe =GVl =O0(t™5/*m* (1)), (2.11)
t
which is an integrable quantity. Hence the result follows from (2.8) and (2.11). O

We can now prove the main result.

Proof of Theorem 1.2

By Lemmas 2.3 and 2.4, there exists a random variable X, € $" such that lim; .., C;V; =
Xeo-

The rate of convergence follows from the triangle inequality, (2.8), (2.10), (2.11) and
Lemma 2.3.

As an application of Theorem 1.2, we have the following result.

Theorem 2.5. Let (Y;):>0 be the solution of the SDE
t
d¥y = vdW; + a/ sin(c(¥y — 9s))dsdt, %9 = 0, (2.12)
0

where (W,), is a real Brownian motion, a < 0 and v,c > 0. Then there exists a random
variable ¥, such that |¥; — V| = O( M)

t

Proof. First of all (2.12) admits a unique strong solution because the function sin(.) is
Lipschitz continuous (see for example Proposition 1 in [6]).
Set 9\ = ;. Hence (9!%)),5¢ solves the SDE

t
d9\? = cvdW, + ac / sin(9( — 9 dsat, 9 =o0. (2.13)
0

Letting X; = (cos(ﬁgc)), sin(ﬁgc))), it follows that (X;);>¢ is a solution of (1.1) when n = 1.
Because ac < 0, there exists, by Theorem 1.2, X, € $! such that

1X: — Xool| = O(t71/2/10g(t)).

The result follows from the continuity of ¢ — 9\, O

3 Proofs of Lemma 2.2 and Lemma 2.3

3.1 Proof of Lemma 2.2
Set M; = —2 fg Rs+/1 — C2dWs, where W, is defined by (2.5), and let
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1
Enm(t) = exp (Mtf§<M>t). (3.1)
Because
t t t 4t3
(M), =4 | R}1-C2%ds< 4/ R%ds < 4/ s%ds = = (3.2)
0 0 0

M, satisfies the Novikov Condition (see [10], Chapter V, section D, page 198). Therefore
En(t) is a positive martingale having 1 as expectation. Thus, it converges almost surely
to a nonnegative integrable random variable £y;(c0).

Hence, there exists a random variable K < oo, such that almost surely, for all ¢ > 0,

In(Ey (1)) < 2K.

By It0’s formula and Lemma 2.1, we have

d(R,C,) = C2dt+ Ry/1— CrdWy + (R2+1)(1 — C)dt — gRtOtdt
1 1
= —5dM;+ 7d(M); — %thtdt +dt. (3.3)

Since dR? = 2R,Cdt, we obtain

1
tht+%R$ = S (En(®) +1
> t—K. (3.4)

Because C; < 1, we have fort > K

gRt > —1+/n(t— K). (3.5)

This completes the proof.

3.2 Proof of Lemma 2.3

Before starting the proof of Lemma 2.3, let us recall the Definition of an asymptotic
pseudotrajectory introduced by Benaim and Hirsch in [3].

Definition 3.1. Let (M, d) be a metric space and ® a semiflow; that is
SRy xM— M:(t,x) = O(t,x) = Py(x)
is a continuous map such that
®y = Id and Py s = Py 0 D,

forall s,t € Ry.
A continuous function X : Ry — M is an asymptotic pseudotrajectory for ® if

lim sup d(Xiqn, Pr(X:)) =0 (3.6)
=00 0T
for any T > 0. In other words, it means that for each fixed T > 0, the curve X : [0,T] —
M : h— Xy, shadows the ®-trajectory over the interval [0, T] with arbitrary accuracy
for sufficiently large t.
If X is a continuous random process, then X is an almost sure asymptotic pseudotra-
Jjectory for ® if (3.6) holds almost surely.

Theorem 3.2 (Theorem 1.2 in [3]). Suppose that X (]0,o0)) has compact closure in M

and set L(X) = [,5, X ([t,0)). Let A be an attractor for & with basin W. If X;, € W
for some sequence t;, — oo, then L(X) C A.
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Let (z}):>0 be the solution of the SDE
dxi = h(t,z7)dB + g(xf)dt, 2§ =z € R (3.7)

where (B;):>¢ is a Brownian motion, g : R — R is a Lipschitz functionand 2 : Ry xR — R
a continuous function.

The next Theorem gives a sufficient condition on h to ensure that (z});>0 is an almost
sure asymptotic pseudotrajectory for the flow induced by the ODE

v =g(y). (3.8)

Theorem 3.3 (Proposition 4.1 in [3]). Assume there exists a non-increasing function
e : Ry — R, such that h?(t,x) < e(t) for all (t, z) and such that

Yk > 0, / exp(—k/e(t))dt < ool. (3.9
0

Then, for all z € R, (z})i>0 is an almost sure asymptotic pseudotrajectory for the flow
induced by (3.8).

Remark 3.4. The same result holds if (x;);>0 solves the SDE
dzy = h(t, x)dBy + 0(t)ha(z)dt + g(z¢)dt,

where hs is a bounded function and § is a random adapted function with lim; ., §(¢) = 0
almost surely.

Proof of Lemma 2.3

The proof is divided into two parts.

Proof of the convergence First we prove that C; converges almost surely to 1. Recall
that

dC; = ,/1—CEth+[(Rt+E)(1—02) - —Ct]d (3.10)

Define a(t) = (%t)% so that &(t) = a~2(t). Set Z, = Cat) and My = Wy . Thus
(My)¢>0 is a martingale with respect to the filtration G, = o{W; | 0 < s < «a(t)}, whose
quadratic variation at time ¢ is a(t) = fg(\ /é(s))?ds

Define B ft dM , so that (Bt(o‘))@o is a Brownian motion. Then

t Ros) + n [
a(a) (1 o ZZ)d 7/ d(s)stS. (3.11)

t
Va(s)y/1 = Z2dBL®) +
0 a(s) e 0 Vo 2 Jy

Fory € [-1,1] and o > 0, let (Y;”"Y);>, be the solution to the SDE on [—1, 1]

dY,Y = \Ja(t)/T— (Y77)2dB\™ +

Y7V =y

L (1 —(Y7%2) — 24 Y,7Y]de
- @) - gay e

We divide the proof of the convergence in two steps. In the first one, we prove that for all
y € [-1,1] and o > 0, ¥;”"Y converges almost surely to 1; and then prove the convergence
of Z; to 1 in the second one.

Step I: Let y € [—1, 1] and assume without loss of generality o = 0. In order to lighten
the notation, we omit the superscripts y and ¢ in Y,”¥ during this step. We start by

1For example £(t) = O(1/(log(t))*) with o > 1.
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proving that Y; is an almost sure asymptotic pseudotrajectory for the flow induced by

the ODE .
b= —(1-2?%). 3.13
\/ﬁ( ) ( )
In order to achieve it, we use Theorem 3.3. Since z + (1 — 22) is Lipschitz continuous on
[-1,1] and that Y; € [—1,1] for all ¢ > 0, it remains to verify the hypothesis concerning
the noise term.

Set
3

=() = alt) = G075,

It is then obvious that £(¢) satisfies (3.9). Because Y; € [—1,1] for all ¢ > 0, it is clear that
the conditions in Remark 3.4 are satisfied. Consequently, by Theorem 3.3, (};); is an
almost sure asymptotic pseudotrajectory for the flow induced by (3.13).

Because {1} is an attractor for the flow induced by (3.13) with basin | — 1, 1] and that
almost surely Y; €] — 1, 1] infinitely often, then

Wl

(3.14)

lim Y; =1a.s (3.15)
t—o0
by Theorem 3.2.
Step II: Our goal is to prove
P(lim Z; =1) = 1. (3.16)
t—o00
Define the stopping times oy = 0,
Rt 1 .
7; =inf (t > 0;_ =—), >1 (3.17)
J ( j—1 ‘ a(t) \/ﬁ) J
and .
. a(t) 3 )
o; =inf (¢t > 7; = —), >1 (3.18)
J ( J | a(h) 2\/ﬁ) J
with the convention inf ) = +oo.
By Lemma 2.2, we have
P( | J{r; = oc}) =landforallj > 1, P(o; <oo|7; <o0) =1 (3.19)

j=z1

Let us start by estimating P(lim; o Z; = 1, 7j41 = 00 | 0; < 00). For s € [0}, Tj11], we
have

a(s) o

So, by Ikeda-Watanabe’s comparison result (see Theorem 1.1, Chapter VI in [9]),

1
Rags) + mo; _ 1

0520,

P(Z(tropnrsin 2 Yo ne e 702 0] 0j <o00) = 1. (3.20)
As a consequence, we have
05,2,
P(lim Z, =1, 71 =000 <o) > P(lim ;7" =1, 7541 = 00| 0; < 0)
= P(rj41=00]0; < ). (3.21)

where the last equality follows from Step I.
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Since ({7; = oo});>1 is an increasing family of events such that

Jj—1
{rj =00} = N; U | J{7k41 = 00, 0} < o0},
k=0

where ./\/] is an event of probability 0, we obtain from (3.19) and (3.21)

P(lim Z, =1) = » P(lim Z =1, 741 = o0 and 0; < o)
§=0
> ZIP(Tj+1:ooandaj<oo)
Jj=20
- 1 (3.22)

Consequently, C; converges almost surely to 1. Therefore, so does

1 t
B _1 / Cuds. (3.23)
t t)

Proof of the rate of convergence Set oy = 0 and define the stopping times

R, 1
Tj:inf(t>o—j,1|Ct=00r7t:§)7 j>1 (3.24)

and ) R 5
aj:inf(t>7j|0t>§and7t>z), j=1 (3.25)

with the convention inf ) = +00. So, by the previous part,

P(| J{m =o0}) =landforallj>1, P(o; < oo |7 <o0) =L (3.26)
i1

Case n > 2: Set Z; = 1—-C} and define the process (¥;);>0 by Vo = 2, ¥y = Z;—Z,, +9,
for t € [rj,0;] and

t 1 7t
V¢ = Vg, — / V1-=C2dW, — 5/ s9sds + %(t —0j) (3.27)

fort € [0, 7j41]. Thanks to (3.10), one can also write Z;, for o; <t < 7j41,

t t
Zt:Z,,].f/ \/1fC§dWSf/ ((R3+Ri)(l+05)+g)sterg(thj). (3.28)

J

Moreover, for such times ¢, we have

(Rt+%)(1+ct) >

t
t 2
Hence, from Ikeda-Watanabe comparison’s result
P(Z; < ¢, ¥Vt 20) = 1. (3.29)
Since 1 — C? € [0, 1], we have by Proposition A.1
]P(ﬂt = O(t71/2 In(t)), 741 =0 |0; < oo) = ]P(Tj_H =000 < oo). (3.30)

By the same argumentation as in Step II of the proof of the convergence, one obtains

1—Cy=0(t7*\/In(t)) a.s. (3.31)
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Case n = 1: Set 0, = arccos(Cy) € [0, 7). Then, as long as R; > 0, 6, solves

0, = —dW, — (R + Ri) sin(6,)dt + AL (0) — dLy (), (3.32)

t

where (L;(0)):>0 (resp. (L¢(m));>0) is a process of finite variation that increases when
0, = 0 (resp. 0; = 7).

Because C; converges almost surely to 1, then, from the second order Taylor expan-
sion of cos(.) about 0, an estimate of its rate of convergence is given by the one of 6 to
0.

Set ©; = 02. Then, as long as R; > 0, it solves

d@t = —2\/ @tth - 2(Rt + %)\/ ®t Sin(\/ @t)dt + dt — 2\/ @tst(’iT). (333)
t

Note that L;(r) increases only when ©; = 72.

Following the same methodology as for the case n > 2, define a process (¥;):>o as
follows: ¥y = 71'2, U, =0, — @Tj + \I/Tj ift e [Tj,O’j] and fort € [O’j,Tj_;,_l],

t
U, =0, 72/ \/\deWsﬂ/ S W.ds + (t — o). (3.34)
. 5 -

t
9
Because for t € [0}, 7;41], we have

2
and ®t sin(\/ @f) = 7®t7
™
it follows from Ikeda-Watanabe’s comparison result
PO, <V, VE20) =1. (3.35)

Since (¥iar,,, )i>0, has the same law as (Z7

tATj+1)t>gj, where (Z;)i>o, is the solution of
the SDE

dZy = dWy — %tht, Zo; =05, (3.36)
it follows from Proposition A.1
IP(\I/t =0(t ' In(t)), 741 =00 | 0; < oo) = ]P(Tj+1 =000 < oo).
Arguing like in Step II of the proof of the convergence, one obtains
O, =O0(t "'In(t)) a.s.

Thus
1-Cy=0(t""In(t)) as.

Remark 3.5. Following the proof of the rate of convergence from the case n = 1, one
proves that the rate of convergence to 1 of the solution of the SDE

e = Jay/1 — (CI™)2aW; + (R + ) (1 — (C)?) — 2CM]dt

(3.37)
Cén) =y
is O(t_1 ln(t)). Therefore, we conjecture that so does C} for any n > 2.
ECP 21 (2016), paper 53. http://www.imstat.org/ecp/
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4 Conclusion

The motivating model of this work was the real-valued self attracting diffusion
t
dX; = vdW; + a/ sin( Xy — X )dsdt, Xo=0
0

with v > 0 and a < 0. Identifying it with (cos(X;),sin(X;)), we had that the almost sure
convergence of X; was an immediate consequence of the more general diffusion on the
n—dimensional unit sphere $"

t
dX; =vo th(Xt) —a VS"VXS (Xt)dsdt, Xog=x € s
0
with V, (z) = (z,y).
It would now be interesting to study the self interacting diffusion

n t
dX; = vdW; + Z kay, / sin(k(X: — X))dsdt,
k=1 0

where the coefficient ay, # 0 are such that >, _, k%aj, < 0.

Because > ,_, k%a,, = (>_j_, kag sin(k.))’(0) and that it has to play a more and more
important role if (X;); localizes, it sounds reasonable to formulate the following conjec-
ture:

Conjecture 4.1. Let (X;):>( be the solution of the self interacting diffusion

n t
dX; = vdWy + Z kak/ sin(k(X; — Xy))dsdt, Xy = .
k=1 0

If Y20 k*ar < 0 (resp. Y.;_,k?ax > 0), then X; converges almost-surely (resp.
lim sup, X; > liminf, X).
A Almost sure convergence for a time-inhomogeneous linear SDE

In this paper, we needed to use the rate of convergence to 0 for the solution of the
SDE
dXt = gtth + /J,tdt — (]. + Ck))\taXtdt7 (Al)

when t — p; is a deterministic constant, « = 1 and (g;)¢>0 is an adapted process bounded
by 1. Here, (W;):>0 stands for a real Brownian motion and A > 0.

Proposition A.1. Let X; be the solution of (A.1) with initial condition Xy, = x. Assume
that (g¢)+>0 and (u¢):>0 are adapted processes bounded by some deterministic constant

K and let o« > 0. Then
X = O(t_o‘/Q\/log(t)) a.s.

Proof. The solution of Equation (A.1) with initial condition Xy = «x is

t t
X, = e AT <x+/ e)‘51+agdeS+/ 6A51+ausds)
0 0
t
= M (x + M, +/ 6)\Sl+aﬂsd8). (A.2)
0
Since . :
e_)\t1+a / e)\sl+aﬂsd8‘ < Ke—ktbru/ eXc;IJrudS _ O(t_a); (A3)
0 0
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then, on the event {(M) := [~ €22 0245 < 50}, the result is immediate because in
that case, M; converges almost surely. In the sequel, we assume that we are on the
event {{M), = oc}.

By the Dubins-Schwarz Theorem (see Theorem 4.6 in [10], Chapter 3) with the law of
Iterated Logarithm for Brownian motion (see Theorem 9.23 in [10], Chapter 2), we have

M, = O(\/<M>t log log((M}t)). (A4)

By the hypothesis on g;, we have

¢ ¢
(M), :/ 62)\81+0g3d5<K2/ e s,

0 0
Therefore,

(M), = o(ew”“t*a). (A.5)
The desired result follows from (A.2)-(A.5). O
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