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Abstract

We obtain complementary recurrence/transience criteria for processes X = (Xn)n>0
with values in Rfl,_ fulfilling a non-linear equation X,+1 = M X,, + ¢(Xn) + &€.+1. Here
M denotes a primitive matrix having Perron-Frobenius eigenvalue 1, and g denotes
some function. The conditional expectation and variance of the noise (£,+1)n>0 are
such that X obeys a weak form of the Markov property. The results generalize criteria
for the 1-dimensional case in [5].
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1 Introduction and main results

For Markov chains with a higher-dimensional state space it is in general difficult
to obtain criteria for recurrence or transience which cover a broader class of models.
Typically this requires some specific assumptions on the type of model. In this paper we
consider discrete time stochastic processes X = (X,,),>o taking values in the positive
orthant R‘i (consisting of column vectors) with d > 1, which obey non-linear equations
of the form

Xn+1 :MXn+g(Xn)+§n+1 s nE]NO . (11)

Here M denotes a d x d matrix with non-negative entries and g : IRi — IRi a measur-
able function. Let us successively discuss our assumptions on M, g and the random
fluctuations (&,4+1)n>0.

We require that M is a primitive matrix meaning that for a certain power of M all
entries are (strictly) positive. Then it is known from Perron-Frobenius theory that M
has left and right eigenvectors £ = ({1,...,¢;) and r = (r1,...,74)" belonging to some
positive eigenvalue and possessing only positive entries. We assume that this eigenvalue
is 1:

IM=¢, Mr=r.

Further ¢ and r are unique up to scaling factors. As is customary we choose them such
that

Ir=1. (1.2)
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Recurrence and transience

For the function g we assume that
lg(@)Il = o(ll=)) as [[z[| = oo (1.3)

with some norm || || on the Euclidian space R¢.
As to the random fluctuations we demand that X is adapted to a filtration F = (]:n,)nzo
such that

E[té,i1 | Fol =0, E[(l&1)? | Fu] = 0%(X,) as. (1.4)
for some measurable function o : ]Ri — R fulfilling
o(z) =o(||z||) for|z| — oo . (1.5)

In view of applications such as branching processes we might summerize these
requirements on the whole as the assumption of near criticality. Quite a few models
fit into this framework. Here we do not dwell on them but refer to the paper [6]
and to the literature cited therein. The assumption (1.4) establishes a weak form of
the Markov property. We do not assume that X is a Markov chain but just formulate
those assumptions which are required for the martingale considerations in our proofs.
Certainly applications of our results will typically concern Markov chains.

The aim of this paper is to establish criteria which allow to decide whether || X,,|| — oo
is an event of zero probability or not. Loosely speaking these are criteria for recurrence
or transience of our models. In the univariate case d = 1 this question has been discussed
in [5]. Ignoring some side conditions the result there was as follows: If for some ¢ > 0
and for z sufficiently large

2g(x) < 2= E02()

then we have recurrence. If on the other hand for some ¢ > 0 and for z sufficiently large

).
then there is transience. Heuristically this can be understood as follows: In the first
regime it is the noise &, +; which dominates the drift ¢(X,,), while in the second regime it
is the other way round. We like to generalize this dichotomy to the multivariate setting.

A possible way of generalization is to suitably convert each of the two conditions to
all x € R¢ with sufficiently large norm ||z||, see Klebaner [7] and Gonzalez et al [3]. A
relaxation of this approach for special choices of g and ¢? covering new examples has
been obtained by Adam [1]. Yet one can do with weaker assumptions. The intuition
behind this assertion is that our processes behave in a sense 1-dimensional. More
precisely, if the event || X,,|| — oo occurs, then in view of (1.3) and (1.5) it is the term
M X,,, which dominates on the right-hand side of (1.1). Thus one would expect that
X, will escape to co approximately along the ray 7 = {vr : v > 0} spanned by the
eigenvector » of M. This suggests that the two conditions above are required only
in certain vicinities of this ray. (The last assertion of Theorem 2 below confirms this
heuristics.)

To formalize these considerations let us introduce some notation. For any = € R? let

rg(w) >

Fi=rlx, E:=I—-rl)z, thusz=%+%,

with the identity matrix I. Note that & is the multiple (¢x)r of the vector r and thus
belongs to the ray 7. From (1.2) rfr{ = r{ respectively & = & meaning that 7/ is a
projection matrix. Moreover ¢z = ¢z and ¢& = 0. The two conditions & € 7 and ¢z = {x
determine & € R uniquely.

For convenience we require the additional moment condition (which could be relaxed)

30 >0,c<ooVn € Ny : E[||&p+1llP | Frn] < coP(X,) withp=2+9§. (A1)
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Theorem 1. Let (A1) be fulfilled and let € > 0. Assume that for every b > 0 there exists
some a > 0 such that forz € R%

1—-¢,
5 C (z) . (1.6)

lzll > a, &) < bllall - llg(@)l = fo-lg(x) <

Then
P(||X,]| = 00) =0.

In the case d = 1 we have & = 0 and ¢z - {g(x) = xg(x) such that we are back to the
result from [5]. Note that due to (1.3) the above condition ||#|* < b||z| - ||g(z)|| applies
only to vectors z € R¢ with ||| = o(||z|)) for ||z|| — cc. Since also & = 0 for = € T, the
condition defines a certain vicinity of the ray 7 (depending on g). Outside this region the
relation between g and o2 stays arbitrary.

For our second result on divergence of (X,,),>¢ we first rule out an evident case. We
assume

Ju>0: P(X, = Xo withu < || Xs| <00) =0. (A2)
Moreover we strengthen (1.5) to the assumption

Ik >1/6 : o(z) = O(||z|log™ " ||z||) for ||z| — oo, (A3)
where ¢ is as in assumption (A1l).

Theorem 2. Let (Al) to (A3) be fulfilled and let € > 0. Assume that for every b > 0 there
exists some a > 0 such that for x € R‘fr

1
1+e o

Izl 2 a, 2] < bo(z) = Llo-Ly(x) 2 —

(x) . (1.7)
Then there is a real number v > 0 such that

P( limsup || X, | <vor|X,|| — o) =1.

If also P(sup,,>¢ || Xn|| > ¢) > 0 for every ¢ > 0, then

Xn

P(|| X, = 00) >0 and P(”X ”

- ] ||Xn||%oo> —1.

17l

Again we recover for d = 1 the corresponding result from [5]. Due to (A3) it is now
the condition ||#|| < bo(z) giving the vicinity of the ray 7, where g(z) and o?(z) are
interrelated.

Remark. Let us comment on the assumptions of Theorem 2.

1. Obviously (A2) is also a necessary requirement in Theorem 2. Typically it is easily
checked in concrete examples. For Markov chains with a countable discrete state space
S C IRL}r it says that away from zero there are no absorbing states. In the general case
there is the following criterion: (A2) holds if £g(z) is uniformly bounded away from zero
on sets of the form {z € Ri su < fx <wu+ 1} with u > 0 sufficiently large. For the proof
of this claim adopt the arguments at the end of section 2 in [5] to the process ({X,,),>0.

2. Assumption (A3) cannot be weakened substantially in our general context. This
follows from example C, Section 3 in [5]. We note that (A3) is weaker than the corre-
sponding assumption in [5] for the 1-dimensional case.

3. Remarkably, condition (1.7) cannot be relaxed in our general context. It is not
enough to require (1.7) just for some b > 0 as we shall see at the end of this paper by
means of a counterexample. It is tempting to conjecture that condition (1.6) cannot be
weakened, too. O
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So far we have not specified any choice of the norm || | on R?. This was not
necessary so far, since as is well-known all norms on a finite dimensional Euclidean space
are equivalent, and one easily convinces oneself that all our conditions or statements
involving norms are preserved if one passes to an equivalent norm. Thus, in examples
one may work with the most convenient one, e.g. the /;- or [s-norm. For our proofs these
norms are not appropriate. We shall utilize a norm specificially suited for our purposes.
This norm is introduced in section 2. The proofs of the theorems are then presented in
section 3 and 4. They use ideas from [5] and [8] and are based on the construction of
Lyapunov functions of the form

1]

()7 (log tz)~P~! + a(log tz) ="

lagqy,j(x) = (1 +~xj/lx)

with = (21,...,24)T € R4, 1 < j <d, a>0,v > 0and either 3 = —1 or 8 > 0.
Section 5 contains the counterexample.

For notational convenience we use the symbol c for a positive constant which may
change its value from line to line.

2 A useful norm

Let us briefly put together the facts on matrices which we are going to use. Recall
that M is a primitive matrix with Perron-Frobenius eigenvalue 1 and corresponding left
and right eigenvectors ¢ and r. Then as is well-known from Perron-Frobenius theory (see
(9D

max{|n| : n is an eigenvalue of M —rf} < 1.

This maximum is called the spectral radius of the matrix M — r{. It follows from matrix
theory (see [4], Lemma 5.6.10) that one can construct a matrix norm || || on the space of
all d x d matrices such that

pi= IM—re] <1.

From this matrix norm we obtain (see [4], Theorem 5.7.13) a functional || || on R? via
o]l == ICall, = €R?,

where C,, denotes the d x d matrix having all columns equal to z. || || is @ norm, since the
properties of norms transfer from || || directly to || ||. This is the norm we are going to
work with in the sequel. It has the property

[ Az < JlAJl -l (2.1)

for v € R? and any d x d matrix A. Indeed Cs, = AC, and the property ||Ca.| <
IA[l - ICx|| of matrix norms gives the claim. In particular

(M —rl)z|| < pllz| . (2.2)

Thus M — r{ induces a contraction in the norm || ||.
By equivalence of norms we may change from || || to any other norm. In particular
there is a constant A < co such that

|#]| < Aéx forallz € RY . (2.3)

To see this observe that from the inequality (2.1) we have ||Z|| < 7||z| with v = || — |-
Also ||z||" := ¢1|z1| + -+ + £g|74| defines a norm on R?, since ¢; > 0 foralli = 1,...,d.
Thus by equivalence of norms we arrive at (2.3).
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In order to apply these results to our process (X,,),>o note that we have (I —r¢)M =
M —rf = M(I —r¢) and ¢X,, = 0, thus

X1 =T =rO)(MX,, + g(X,) + &nt1)
= (M —r0)X,, + (I —70)(9(Xn) + &nt1) -

From (2.2) to (2.3) it follows that
1Kt ll < pl Xl + ¢ g(Xn) + € llénsa | (2.4)

for some ¢ < co. (Here we need that g(x) has only non-negative components.) Further
observe that for any > 0 and a,b > 0 we have

(a+b)? <1 +pa®+ (1 +p 1Hp?. (2.5)
Applying this estimate twice to the right-hand side of (2.4) we obtain for any x> 0
1Xnr1l? < L+ P21 X0l + ¢ (bg(Xn))” + ¢ [|&nsa | (2.6)

with a suitable ¢ < oo.

3 Proof of Theorem 1

First observe that if we replace X,, by X,, := X,, + r for all n > 0 then equations
(1.1) and (1.4) as well as assumption (A1) still hold, if g(x) and o?(x) are replaced by
g(z) := g(x —r) and &2(x) := o?(x — r). Note that the assumptions (1.3) and (1.5) are not
affected if g and o2 are substituted by g and 52, and the same holds true for the conditions
formulated in Theorem 1 if one replaces € by /2. Thus without loss of generality we may
assume ¢X,, > 1 for all n > 0 throughout the proof. Then for any a > 0

1% I

n = ((X,)? +aloglX,, nelNg,

is a sequence of non-negative random variables. We show that for large « it possesses a
supermartingale property. The proof uses the following estimate, where I(A) denotes
the indicator variable of an event A.

Lemma 1. Forallt >0,h > —tandn >0

h 1 B2
log(t+h) <logt 4+~ — ——
og(t+h) <logt + 3 21 + 1) £2

I(h<nt).
Proof. See formula (2) in [5]. O
Lemma 2. If « is chosen large enough, then there is a number s > 0 such that
(X, >s = E[L,|F,]<L,as.
Proof. Since /M = ¢ we have the equation

Thus 4,41 > —ptX,, implies £X,,11 > (1 — p) £X,,. Together with (2.6) and (2.3) this
entails

[ X || o O+ WP Xnl? + ¢ (bg(X))? + ¢ |t |?
(U Xng1)? — (1 —p)?(£X,)?

+ N (Ui < —ptX,) (3.2)
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for some sufficiently large ¢ < co. Now p < 1, thus, if p is sufficiently close to O,
v 2 o112 2 2 2
||Xn+1|| < (1 _ U) ||X7,|| +e (fg(Xn)) + an+1” + A2 (ggn-&-l) )
(0 X41)? (£X,)? (£X,)? p2(£X5)?
In view of (A1), if we further enlarge c,

ey 1 Xall> | (£9(Xn))? 4 0(Xn)
E| ot 2l <a-
[(zxnﬂ)? EARYE X2 T XLy
Next from (3.1) and Lemma 1 (with ¢t = ¢X,, 4+ ¢g(X,,) and h = £, 1) forn > 0

log (X, 11 < log(¢X,, + £g(X,))

a.s. (3.3)

lns1 (lént1)?
- T(6nsr < n(tX, +Lg(X,))).
PRt (6(%0) BT (X + g R (S S (K 9(X))
Using the inequality log(1 + z) < x we get
Lg(X,
log ¢ X,41 <loglX,, + E(Tn)
1738 0€,41)? 0Epi1)?
n Ent1 (l&n+1) I (bén+1) [(tnsr > 10X,

(X +09(Xp) 200+ m)(0X, +Lg(Xn))2 T (€X,)?
By means of (1.3), (1.4), (Al) and the Markov inequality and choosing 7 sufficiently small
it follows for /X, sufficiently large

lg(Xn) (1—¢/3)0*(Xy) | oP(Xn)
Ellog X, Fnl <logtX, — .S.
[log X1 | Fn] < log £ + (X, 2(0X, )2 te x,r &°
with some ¢ < co. Because of (1.5) there is a number s > 0 such that for /X,, > s

lg(Xn) (1 —5/2)02(Xn)
< — .S. .
Ellog X, +1 | Fn] <logtX, + X, 2(0X,,)2 a.s (3.4)

Now combining (3.3) and (3.4) and using (1.3) we get

1 X2 lg(Xyn) _ (178/2()4—0) o*(Xy)
(£X,)? (X, 2 ((Xn)?

for £X,, > s and s sufficiently large. If we let a > 6¢/e — ¢ we arrive at

||Xn||2 lg(X,) 1 *502(Xn)
“Hx,ye et o X, 2 (gxn)Q) as
for /X,, > s. We are now ready for the conclusion:
If (a+e)lg(X,)  £X, < uHX'nHQ , then obviously E[L, 1 | F,,] < L, a.s. for £X,, > s.
If on the other hand p|/ X, |?> < (o + ¢)£g(X,,) - £X,, then by equivalence of norms
there is a b < oo such that || X, |> < b]/g(X,,)| - ||Xn||. Now the assumption of Theorem 1
comes into play, and again E[L,,4+1 | ] < L, a.s., if only £X,, is large enough. Thus the
claim of the lemma follows. O

E[L,y1 | Ful] <L,—p + (a+c)

E[Ln+1 | fn] S Ln

We complete the proof of Theorem 1 now as in [5]. Suppose that the event || X,,|| — oo
has positive probability. Then the same holds for the event L,, — oo, and there is natural
number N such that P(E) > 0 for the event

E={inf L, >s,L, — o} .
n>N

Define the stopping time

Ty :=min{n >N :L, <s}.
In view of Lemma 2 the process (L, 1, )n>nN is @ supermartingale. It is non-negative
and thus a.s. convergent. However, on the event £ we have Ty = oo and L,, — oo and
consequently L,,7, — oo. This contradicts the assumption P(E) > 0, and the proof is
finished.
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4 Proof of Theorem 2

Here we may replace X,, by X,, + 3r. Therefore without loss of generality we assume
(X, > 3forall n € No. Now we consider the processes L = L*#7J given by

(147X 3 /0X0) | X
(£X,)2(log X, )R+1
with the jth component X, ; of X,,, 1 < j < d, and with a, 8 > 0 and y > 0. In view of

the Jensen inequality we may without loss of generality restrict ourselves to the case
2 < p < 3, in which the following estimate is valid.

L, = L&A = + a(loglX,)™?, ne Ny,

Lemma 3. Let 3 > 0and2 < p < 3. Set f(t) := (logt)~?. Then there is a constant ¢ < co
such that forallt > 3 and h >3 —t

clh|P
(log t)P+1tp
Proof. See formula (6) in [5]. O

Flt+h) < F0)+ 0+ (82 + FI(h< —1/2)

Lemma 4. Let 0 < 3 < k6 — 1 and v > 0 such that (1 + v/¢;)p*> < 1. Then, if a is
sufficiently large, there is a real number s > 0 such that
o(X,)P
(£X,,)P

(X, >s = E[LY7 | Fl+ < LePI g,

Proof. We proceed similarly as in the proof of Lemma 2. Here instead of (3.2) we have
the estimate
[presy
(0X11)2 (log £X p41)P+1
(L+ @)p* [ Xall® + ¢ (bg(Xn))? + ¢ [[€ns |l
(1= p)?(€Xn)?(log €X,, + log(1 — 1))+

(I + X1,/ Xn11)

< (1+~/¢) ((1 + X,/ X5)

N (1 < —plX,))
By assumption on « and for p > 0 sufficiently small this implies
(1+ ’VXn-I-l,j/ZXn-&-l)HXn-&-lW
(X 1) (l0g (X 1) P+

(1 +7Xn7j/€Xn)”XnH2 (gg(Xn))Q +U2(Xn) oP(X,)
< 0= ) X 2 0og X, T C(1X,)2(log (X, T C(0X, )

E

| ]—"n] 4.1)

a.s.

with some ¢ < .
Next from Lemma 3 with ¢t = ¢X,, and h = ¢g(X,,) + €&, +1, from (2.5) and (3.1) and
from ¢g(X,) >0

f(anJrl) < f(EXn) + f/(an)(fg(Xn) + 1)

+ %f”(ﬁXn)((l + 1) (1) + (1 + =) (lg(Xn))?)
(£g(Xn))" + |€€ns1|”

o (X gpr )y [ S —0Xa/)
for a suitable ¢ > 0. Since f”(t) ~ B(logt)~#~1t=2 for t — oo,
E[f((Xni1) | Ful < FUX,) — B o ég(i));"fwxn + g(l - ?SQX()%)J(%%?”))Q
oA Rl ey
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for /X,, sufficiently large. Combining this estimate with (4.1) and rearranging terms we
get

1 X |2 P (Xn)
(0X,)%(log £X,,) P+ (X,)7

a? (Xn)
(£X,)P

E[L,y1 | Fnl + <L,—p + ((a+1e+1)

1 lg(Xy) (Eg(Xn))H_& lg(Xy)
- (O"B ~ (et gafo) =g +ac (£X,,)1+0 )(logEXn)BHéXn
1+2p U(Xn)6> GQ(Xn)
(

+(e+ap—; X ) Tlog £, (01X,

Now choose « so large that ¢ + af8(1 + 2u)/2 < af(1 + 3p)/2. Then, after another
rearrangement of terms, we obtain in view of (1.3) and (1.5) for /X, sufficiently large

oP(Xy) ||Xn||2 o?(X,)
BlLon | Ful+ ey < Lo ~ g pogaxyypt T (@t Vet D s,
af l9(Xn)  143p0*(Xn)

"~ (log £X,,)P+1 ((1 WX, T2 (eXn)2) a-s

From (A3) we have for 0 < f < kd — 1

o (z) _ ( 02(55) )ZO( 02(55)
@y~ @rto sy = \@rlog o

) for [|z| — oo .

Therefore for 0 < i < 1 sufficiently small

Jp(Xn) ||Xn||2
< —_
E[L,1 | Fu] + Ak L, M(éXn)Q(logﬁXn)Bﬂ
Lol (506)  1heo'n)y
(log €X, )P T\ X, 2 ((X,)2)©

if £X,, is large enough. We come to the conclusion:

If || X,,|| > bo(X,) with some sufficiently large b, then the last estimate implies the
claim E[L,, 1 | Fn] 4+ 0?(X,)/((X,,)? < L,. If on the other hand || X,,|| < bo(X,,), then the
assumption of Theorem 2 applies and again the claim follows. O

For the proof of Theorem 2 we again construct a supermartingale, this time from
L = L7, Observe that for some s > 0 and for m,m’ > 0 and ¢ > s fulfilling

a(logs)™ >m >m' > (1+~/;,)X2(logt) "' + a(logt)~?

with A > 0 from formula (2.3) we have

If we choose «, 3, v and s as demanded in Lemma 4, then (m A L,),>o becomes a
non-negative supermartingal, which thus is a.s. convergent. Then up to a null-event
there arise three possibilities. Either L,, — 0, then /X,, — oco. Or liminf,, L,, > m, then
lim sup,, £X,, <t. Or else L,, has a limit 0 < Lo, < m, then s < liminf, /X,, < co.

In order to transfer these alternatives to the process (X,),>0 we choose different
b1, B2 > 0 and a v > 0 fitting the assumptions of Lemma 4. We consider the processes

0 .= [®F1,0,1 , LY .= &Pl e L4 .= [®P1.d , [+ .— [aB2,0,1
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and for some s,t,m > 0 the events
E = {{X, — oo}, E':= {limsuplX,, <t},

d+1
E":= (\{s <liminf (X, < oo, L}, —+ Lk, with 0 < L, <m} .
n
i=0
We let «, s, ¢ large and m small enough such that the above conclusion for L = (Ly,),>0
applies simultaneously to all processes L, ..., L, Then P(EUE' U E") = 1.
Let us show that P(E"”) = 0 for s sufficiently large. We have

LY = L% (log £X,,)7> =P

Thus the sequence ¢X,, is convergent on E” with s < lim,, £X,, < co. This means that
the random variables X,, = r{X, converge on E”. Next from the definition of L° it
follows that the sequence || X,,|| converges on the event E” with some limit Z. If Z = 0
then X,, — 0, and we obtain that X,, = Xn + X, is convergent on E”. If on the other
hand Z > 0, then we see from the convergence of L!,..., L% that the components
Xni,--.,Xn,q all converge on E”. Again we conclude that X, is a convergent sequence
on the event £”. Let X, be the limit.

Now, given u > 0, if we choose s sufficiently large then from s < lim,, £X,, < co on E”
we obtain u < || X || < co by equivalence of norms. Therefore assumption (A2) may be
applied and we obtain P(E”) = 0 and consequently P(E U E’) = 1. By equivalence of
norms this translates into the first assertion of Theorem 2.

For the second assertion we switch back to the supermartingale m A L with v = 0.
Let ¢ > t be such that

a(loge) ™ + A% (loge) P71 < alogt) ™ .

From the assumption of this assertion and by equivalence of norms there is a natural
number N such that P(/Xy > ¢) > 0. It follows

EmA Ly; /Xy > ] < a(logt) PP(UXy > ¢) .
From the supermartingale property of m A L and Fatou’s Lemma
Ellimm A L,; 0 Xy > ] < a(logt) PPUXy > ¢) .
n
If now P(E’) = 1, then lim,, m A L,, > a(logt)~? a.s. which contradicts the last inequality.

Therefore it follows P(E) > 0. This gives the second assertion.
For the last assertion we first show that

l€n+1]l = o(]| X)) a.s. on the event || X,,|| — oo . (4.2)

Define

and for a natural number N
Tn :=min{n > N : (X, < s} .

If again «, 3,7 and s are chosen in accordance with Lemma 4 then (L; .7, )Jn>0 is @
non-negative supermartingal and thus a.s. convergent. It follows

— 0" (Xp)

< ooa.s.ontheevent Ty =oc0.
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Now in view of the first assertion of this theorem {7y = oo} 1 {¢X,, — oo} for N — o0, if
only s is sufficiently large. Therefore

> o"(Xk) _ . as. on the event [ Xnll = oo
o (LX)

Because of (Al) and the Markov inequality this entails for every n > 0
ZP(HS’*’“” > ntXy | Fi) < oo a.s. on the event || X, || — oo,

k=0

and the martingale version of the Borel-Cantelli Lemma (see [2], Theorem 5.3.2) implies
(1.5).
Now from (2.4), (1.3) and (4.2) we obtain that

1 Xns1ll < pl| Xnll + Y, with Y, = o([| X,]|) as. on || X,| — oo .

By induction

| X < 1ol + 3 0" e
k=0

Since p < 1 it follows
| X,|| = o(|| X,.]|) a.s. on the event || X,,|| — oo .

On the other hand X,, /|| X,,|| = r/||7||. This yields the last claim of Theorem 2.

5 A counterexample

We discuss an example in dimension d = 2, which can be easily lifted to higher
dimensions. In this section we use the /;-norm ||z| := |z1| + |#2| for z = (21, 72)7. Let

1/1 1 1 1

Let g(t), o(t), t > 0, be two functions such that 7 is differentiable and for ¢t > 0

1
lima'(t)=0 and Vt>0:0<g(t)<ao(t)<t/2,|o(t)]< 3

t—o0

(For definiteness make (0,0)” an absorbing state.) Define for z € R2

gllx)r if [|2] < o(x)

o(r) :=c(lx), g(x):= {(O,O)T else .

Let xn, (n, n > 1, be independent, R?-valued random variables with
1
P(Xn = (L 1)T) = P(Xn = _(17 1)T> = P(C’ﬂ = <1a _1)T> = P(C’ﬂ = <_1a 1)T) = 5 .

Define the Markov chain X = (X,,),,>¢ inductively by X, = r,

€nt1:= 0(Xn)Xnt1 + 0(Xn)Cn L (| Xn]| < 0(Xn))

and (1.1). Note that M is the orthogonal projection on the subspace spanned by r. This
together with the condition o(z) = 7(¢x) < ¢x/2 guarantees that the process X never
exits from the quadrant Ri. The conditions assumptions (1.3), (1.4), (1.5) and (A1)
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are fulfilled, and the same is true for (A2) and (A3) under mild conditions on g and &.
However, due to the definition of g(z), the condition (1.7) will never be satisfied for b > 1,
no matter how g and & are chosen. We shall see that indeed the conclusion of Theorem 2
fails, even though (1.7) can be achieved for b < 1 (but not all b). The reason is that the
process X again and again leaves the region defined by the inequality ||Z|| < o(x).

To prove this claim notice that from our assumptions for ¢ > 0

G(t+g(t) £5(t) <o(t)+ 1(g(t) +T(t) < 20(¢) .
If now X,, = 0 then from the definitions
(Xn1 = X0 +G(UX0) +T(EX0)xn1 and (| X p1 ] = T(0X0)|[Cura |l = 20(X) -

From the previous inequality it follows o(X,, 1) < 20(X,,). Thus o(X, 1) < || X,41]| and
consequently from our definitions XnJrg =0.

Therefore, since we started with X, = 0, we have X5, = 0 and |\X2n+1|| > o(Xont1)
for all n € INy. Then X2n, n > 0, or (what amounts to the same thing) X,, := ¢Xs,, n > 0,
is a Markov chain. Inserting our definitions we get

Xnp1=Xn+9(X0) + &, with &, = 7(Xn)x2nt1 + 7((Xan41)x2n12 -

Letting F,, := Fon
—_ P 72 P R
Elf, 11 | Ful =0, E[§, 41 | Ful = 72(X0)
with

7(t) =7 (t) + B0*({X1) | (Xo =1, Xo = 0]

—F(t+7gt) +7()) + %EQ (t+7(t) —7(t))

From our assumptions
T2(t) ~ 252(t) fort — oo .

Thus we are ready to apply our theorems (with d = 1) to the process X = (yn)nzo
and see that we have recurrence if tg(t) < (1 — ¢)7>(t) for large ¢. Note the the factor
1/2 dropped out on the right-hand side. Thus there are cases, where the statement is
false that there is transience for tg(t) > (1 + ¢)52(t)/2. This shows that the assertion of
Theorem 2 cannot be applied to the process X.
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