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Abstract

We recover the pathwise It6 solution (the solution to a rough differential equation
driven by the It signature) by concatenating averaged Stratonovich solutions on small
intervals and by letting the mesh of the partition in the approximations tend to zero.
More specifically, on a fixed small interval, we consider two Stratonovich solutions:
one is driven by the original process and the other is driven by the original process
plus a selected independent noise. Then by taking the expectation with respect to the
selected noise, we can recover the increment of the bracket process and so recover the
leading order approximation of the It6 solution up to a small error. By concatenating
averaged increments and by letting the mesh tend to zero, the error tends to zero and
we recover the It6 solution.
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1 Introduction

Itd calculus [11, 12] can be seen as a transformation between semi-martingales (i.e.
the map which sends the driving process to the solution of a stochastic differential
equation) and is widely used in various mathematical models. It is well-known that the
classic It6 calculus is not stable under pointwise approximations. Indeed, the Wong-
Zakai theorem ([23, 22] see also [5]) shows that, when controlled ordinary differential
equations are driven by piecewise-linear approximations to Brownian motion, their
solutions converge uniformly in probability to the Stratonovich solution as the mesh
of the partition in the approximations tends to zero. In contrast to the Stratonovich
solution, the It6 solution is not stable with respect to perturbations of the driving process
even when the perturbations are very natural.

There has been a long interest trying to develop a pathwise It6 calculus [1, 13, 4, 21],
but these attempts have their limitations. For example, the null set depends on the
integrand function, or the integral is only defined for closed one-forms (but closed
one-forms are rare in high dimensional spaces), or the convergence is in probability
(so not truly pathwise). The theory of rough paths [15, 16, 18, 8, 7] is close in spirit to
Follmer’s approach [4], but it is a far more systematical methodology that can deal with
closed and non-closed one-forms, and applies but is not restricted to semi-martingales
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[19, 2, 6, 10, 20]. The methodology provides a robust pathwise solution which is
continuous with respect to the driving path. It is known that the pathwise It6 resp.
Stratonovich solution in the theory of rough paths coincides almost surely with the
classical It0 resp. Stratonovich solution [15, 18, 14, 3, 7].

Unlike the Stratonovich integral, the It6 integral can not be approximated by a
sequence of classical integrals. The pathwise It6 solution is generally defined as the
Stratonovich solution to a modified equation with an additional drift term, see e.g. Lyons
and Qian [17], Lejay and Victoir [14], Friz and Victoir [7], Hairer and Kelly [9]. Other than
defining the pathwise It6 solution as the Stratonovich solution to a modified differential
equation, we would like to demonstrate that the It0 solution is almost a Stratonovich
solution, in the sense that the It6 solution can be expressed as the limit (as the mesh
of the partition tends to zero) of concatenated averaged Stratonovich solutions. More
specifically, we would need two Stratonovich solutions on a small time interval: one is
the Stratonovich solution driven by the Stratonovich signature of the original process,
and the other is the Stratonovich solution driven by the joint Stratonovich signature of
the original process plus a selected independent noise. Then by taking the expectation
of the second Stratonovich solution with respect to the selected noise, we recover the
bracket process, and by working with a chosen functional of these two Stratonovich
solutions, we get the leading order approximation of the increment of the pathwise It6
solution with a small error. By letting the mesh of the partition tend to zero, the error
tends to zero and we recover the pathwise It6 solution. We would like to recover the It
solution from averaged Stratonovich solutions mainly because the Stratonovich solution
fits more naturally into the rough paths framework than the It6 solution. The averaging
effect is also related to the reverse situation where any player in a market interacts with
a random sub-sample from the stream and the actual effect on the market is the volume
weighted average. Based on our result the random interactions will generate an It6 type
correction to the equation for the aggregate behavior.

To convey the idea more explicitly, we illustrate it with a simple example. Suppose B
is a one-dimensional Brownian motion and f : R — R is sufficiently regular. We want to
recover the solution to the It6 stochastic differential equation

dy = f(y)dB, yo=§ € R.

Suppose W is another one-dimensional Brownian motion which is independent from B.
We define a family of Stratonovich solutions y** and y>** indexed by the time intervals
{[s,t]},., that are defined to be the Stratonovich solution on [s,] to the stochastic
differential equations (with y; denoting the value of y at time s)

dybst = f(ybo!) 0 dB,, yhtt = s, u € [s,1],

dyp>t = f (') o d(Bu+ W), y2*" = ys, u € [s,1].
We would like to identify a function F : R x R — R such that y, — y, ~ F(y} """ —
ylisit, yt2,s,t — y2%!) for every small time interval [s,t]. Then by concatenating F(ytl’s’t -
ybst g2t _ 2.5t on small intervals and by letting the mesh of the partition tend to

zero, we recover y in the limit. In the real construction, the initial values of y** and

y>**! are not y, but the value obtained from the last step of concatenation. Here we use
ys to give an intuitive explanation.

For a small time interval [s, ¢], by using Euler’s approximation, we have
1
v =y = F () Bi— B+ 1 () F(0) 5 (B = B)’ = (t=9)), (1.1

ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
Page 2/18


http://dx.doi.org/10.1214/16-ECP3795
http://www.imstat.org/ecp/

Recovering the pathwise It6 solution from averaged Stratonovich solutions

and
w =yt m f(ys) (Be— Bs) + ' (ys) f (ys) % (B: = B,)*, 1.2)
vt =yt m [ (ys) (Be— Be+ Wi — W) + ' (ys) f (ys) % (Bt = By + W, —W,)*.
Since W is independent from B, if we take the expectation of yf’s’t —y>st wrt. W, then

the expectation simulates the required continuous martingale correction ¢ — s in (1.1)
and we get

((Bt “ B+ (t— s)) . (1.3)

N[ =

EY (yft — yQt) ~ f(ys) (Be — Bo) + f (ys) f (ys)

Then combining (1.1), (1.2) and (1.3), we have
Y — Ys A2 (ytl’s’t — yi’s’t) ~EY (yf’s’t — yzt) :

Hence, we may take F (z,y) := 2z — EW (y), Vz,y € R, (since B and W are independent,
W is fixed once and for all for almost every sample path of B). Then it can be proved
that

_ . Litg,tet1 Litg,te+1 | 2,tk,tet1 2tk bkt

Yt — Ys = lim § Fly, N =y, P ), Vs <t,
|D|=0,D={tx }_oCl[s,t] kteD

B2

where D = {t,},_, is a finite partition of [s,¢] with s = ¢, < t; < --- < t, = ¢ and
|D| := maxy |[tg+1 — tx| is the mesh of D. By taking the expectation with respect to
the selected independent noise W and by working with a chosen functional of the
Stratonovich solutions on a small interval, we obtain the leading order approximation of
the increment of the It6 solution y, and recover y as the limit of discrete concatenations
when the mesh tends to zero. More generally, we can replace B with a d-dimensional
continuous martingale (or even a Gaussian process, provided the joint signature of the
Gaussian process and the selected noise is well defined), and we have to estimate [ ydy
as well because the pathwise regularity of a continuous martingale is just above the
threshold of having finite 2-variation a.s.. While the idea is similar and captured in this
example.

2 Definitions and notations

We recall some notations in the theory of rough paths. Let T(Q)(le) denote the group
1@ R @ (R%)®2 with the multiplication and the inverse defined by (r; denoting the
projection to (R)®F)

goh i =(Lm(g)+m(h),m(9) +m2(h) +m(9) ®mi(h), Vg, h € T (RY),
gt = (1, —m1(9), (m1 (9))%% = o (g)) , Vg € T® (RY).
(In the definition of the multiplication, the "®" on the 1.h.s. denotes a group multiplication
and the "®" on the r.h.s. denotes the tensor product between two R%s.) We equip
T® (R?) with!
1
lgll == Im1 (9)] + 72 (9)]*, Vg € T®) (RY) . 2.1)

1|-|l is not a subadditive homogenous norm in the sense of Definition 7.34 [7] as it is not sub-additive
with respect to the multiplication, but ||-|| is equivalent to a subadditive homogenous norm e.g. the Carnot-
Carathéodory norm (Theorem 7.32, Theorem 7.44 [7]).
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Then (T (R9), ||||) is a topological group. For p € [1,00) and a continuous path vy
defined on [0, 7] taking values in 7 (R?), the p-variation of ~ is defined by

p

p-sarsoiry = | oo 3 et @uall”)
’ tL€ED

where the supremum is taken over all finite partitions D = {¢;};_, of [0,T], 0 = o <
th<---<t,=T,n>1.

Definition 2.1 (p-Rough Path, p € [2,3)). Suppose v is a continuous path on [0,T] taking
values in T® (R?). We say v is a p-rough path for some p € [2,3) if ||| 0.1] < 00

p—ovar,
Based on Lejay and Victoir [14], any p-rough path, p € [2,3), can be interpreted
as the product of a weak geometric p-rough path and another continuous path with
finite 2~ !p-variation. We will use this equivalence and define the solution to a rough
differential equation driven by a p-rough path, p € [2,3), as the solution to a rough
differential equation driven by a (p,2~'p)-rough path as in Friz and Victoir [7].

Notation 2.2. Suppose v : [0,T] — T® (R?) is a p-rough path for some p € [2,3). Then
we denote v = v + v with continuous paths v : [0,T] — T®(R¢) and 7° : [0,T] —
(R4)®2 defined by

s = (L G Ant (2 () = 5 (m 00)%7) 5 (m () ) e .71,
7%+ =Sym (772 () — % (m1 (%))®2>, te[o,T],

where Anti (-) denotes the projection of (Rd)®2 tospan{e; ®e; —e; @e;li,j=1,...,d}
and Sym (-) denotes the projection of (Rd)®2 tospan{e; ® e; +e; ®eli,j=1,...,d}.
Then 74 is a weak geometric p-rough path? (a normal driving path in rough paths
theory) and +° is a continuous path with finite 2~ !p-variation. The cross integrals
between 7 (y) (which is equal to m; (7)) and v° are well-defined as Young integrals
[24] because p~! +2p~! = 3p~! > 1, see [14] for details.
Denote by L (R?,R°) the set of linear mappings from R¢ to R®.
Definition 2.3. f : R — L (R% R°) is said to be Lip (8) for 3 > 1, if f is |3]-times
Fréchet differentiable (where | 3] denotes the largest integer which is strictly less than
£) and

|f|Lip(B) = . max HDkaOO\/ HD[ﬁJfH

< o0
*QL“WLBJ (B_Lﬂj)_Hél

where ||-|| ,, denotes the uniform norm and ||| 5_ 4 - gz denotes the (3 — |3])-Holder
norm.

Let C'~ve ([0, 7], R?) denote the set of continuous paths of bounded variation on
[0, T taking values in R<.

Definition 2.4. For z € C*=""" ([0,7],R¢), we define S, (z) : [0,T] — T® (R¢) by

So (x), = <1,xt - xo,// dz,, ® da:w) , Vtel0,T]. (2.2)
0<ug <uz<t

The following definition is based on Definition 12.2 in [7].

2A weak geometric p-rough path is a continuous path of finite p-variation taking values in the step-[p]
nilpotent Lie group.
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Definition 2.5 (RDE Solution, p € [2,3)). Suppose v : [0,T] — T® (R?) is a p-rough
path for some p € [2,3) with the decomposition v = v4 + ~% (as in Notation 2.2), and
f:R¢— L (R Re) is Lip (B) for some 8 >p—1. ThenY : [0,T] — T®(R®) is a solution
to the rough differential equation (RDE)

dY = f(Y)dy, Yo =€ € T® (R?), (2.3)
if there exist two sequences of continuous bounded variation paths z4™ €

ct=ver ([0,7],R?) and 2™ € C*7vor ([0, 77, (R?)®?), m > 1, such that

Zlepl (HxAmal—’uar,[O,T] + ||wS’mH§—1)ar,[0,T]> < 00,

. m) 1 -1
Jim s s [ (52 (0) 05, (04),) < (02 09| =0

. 3 S,m S,m S S\ |
lim  sup ‘ (xt — 5 ) — (’yt — s )‘ =0,
m—=000<s<t<T

and the ODE solutions y*™ : [0,T] — R¢ and y>™ : [0,T] — (R¢)®*:

T = () e (DF) () () daS, g = m () € R
dmeL _ yl,m ® dyl,m + f (yl,m)®2 de,ml y(Q),m =Ty (f) c (Re)®2 ) (24)
such that

I [yt = m, (v3)| = 0.
e % B o e ()
Theorem 2.6 (Existence and Uniqueness). There exists a solution to (2.3) when f is
Lip (B) for > p — 1, and the solution is unique when g > p.

Theorem 2.6 follows from Theorem 12.6 and Theorem 12.10 in [7]. Comparing with
Definition 12.2 in [7], we add in an extra term f(y"™)®2dz>™ in (2.4) so that the second
level of the pathwise It solution coincides almost surely with the iterated It6 integral of
the stochastic It6 solution.

The modification we made in (2.4) will not affect this existence and uniqueness
result. Indeed, based on Theorem 12.6 [7], when f is Lip (3) for 3 > p — 1, {y*™"}m
are uniformly bounded in p-variation. When y»™ converge uniformly as m — oo to
71 (Y'), by interpolating between the p-variation norm and the uniform norm, we have
that y''™ converge to 7 (Y) in p/-variation for any p’ > p as m — oo. Similarly, by
interpolating between the 2~ !p-variation norm and the uniform norm, we have that
5™ converge to ¥ in 27 !p'-variation for any p’ > p as m — co. We choose p’ € (p,3)
so that (p')~! + 2(p')~! > 1. Then by using Young integral (Theorem 1.16 [16]) the
additional term [; f(y"™)®?dz5™ in (2.4) converge uniformly to [; f(m (Y))®%dy® as
m — oo. Hence, when f is Lip (8) for 8 > p — 1, if Y is a solution to (2.3) in the sense
of Definition 12.2 in [7], then Y + [, f(m1 (Y))®2dy® is a solution to (2.3) in the sense of
Definition 2.5 (i.e. with the additional term f(y"™)®2dz*™ in (2.4)). When 8 > p, based
on Theorem 12.10 in [7], the solution in the sense of Definition 12.2 in [7] is unique, so
the path [; f(m (Y))®?d~® is unique, and we have the uniqueness of the solution to (2.3)
in the sense of Definition 2.5.

3 Recovering the pathwise It6 solution

As mentioned in the introduction, we would like to recover the pathwise It6 so-
lution by taking the average of Stratonovich solutions. The idea is simple, but the
concrete formulation needs some care. Here we try to give a sensible explanation of our
formulation.
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Suppose Z is a d-dimensional continuous martingale on [0, 7]. We denote the step-2
Stratonovich signature of Z by S, (Z), := (1,Z; — Zo,fg (Zw — Zo) @ odZ,), t € [0,T),
and denote the step-2 It6 signature of Z by 7, (%), := (1, Z; — Zy, fot (Zy — Zo) ® dZy,),
t € [0,7]. The difference between them is in the definition of the iterated integral of Z,
where they are defined as Stratonovich resp. It6 integral. Both S; (Z) and 7, (Z) are
almost surely a p-rough path for any p € (2,3) (Theorem 14.9 [7]). Usually, the pathwise
Stratonovich resp. It6 solution is the solution to a rough differential equation driven by
the Stratonovich resp. It6 signature.

Definition 3.1 (Perturbed Rough Path). Suppose 7 : [0,T] — (T (R%),|||) is a fixed
p-rough path for some p € [2,3), ¢ = (¢"7); j=1,...q is a fixed path on [0, T] taking value
in d x d matrices satisfying max; ; fOT (¢L’j)2 du < oo, and B is a d-dimensional Brownian
motion. Define a continuous d-dimensional martingale M by the It integral:

t
M, = / budBy, Yt € [0,T]. (3.1)
0

We define yM:5) : [0, T] — (T™ (RY) , ||||) as a perturbed rough path, if y*-%) is almost
surely a p-rough path for some p € (2,3), and

it = (1, m1 (%) + My, 2 () + / / 0dMy, @ odM,, + Rt) Vi€ (0,1],as.,
O<uy <uz<t

for some process R : [0, T] — (R%)®? satisfying
ER, =0, Vt € [0,T]. (3.2)

Since + is fixed, the condition (3.2) is satisfied e.g. when the cross integrals be-
tween 7 () and M (i.e. the process R) are defined as the L' limit of piecewise linear
approximations.

Suppose Z is a d-dimensional square integrable martingale such that its bracket
process (Z) has the expression [ T4, du for some matrix-valued process 1, and B is a
d-dimensional Brownian motion independent from Z. We let v = S5 (Z) and define M to
be the It6 integral [ ¢,dB,. In this case, the process R could be defined by (and there
are other possible choices)

t t
R, = / (M, — My) ® odZ, + / (Zu — Z9) @ odM,. (3.3)
0 0

The Stratonovich integrals in (3.3) are well-defined because the 2d-dimensional pro-
cess (Z,M) is a continuous martingale w.r.t. the filtration generated by Z and B
(Proposition 14.9 [7]). Then condition (3.2) is satisfied for this particular choice of
R for almost every v because the Stratonovich integrals in (3.3) can be expressed
as the L! limit of piecewise linear approximations and Z and B are independent.
For this selection of R, y*-%) is almost surely a p-rough path for any p € (2,3)for
almost every v because M) = S, (Z + M) and S, (Z + M) is almost surely a p-
rough path for any p € (2,3) for almost every sample path of Z (Theorem 14.12
[7]). We did not require that v is a geometric rough path, so we also could let
~ = I, (Z). Then without changing the definitions of M and of R, the conditions
in Definition 3.1 are satisfied. Indeed, condition (3.2) is satisfied as the definition
of R stays unchanged, and (™% is almost surely a p-rough path for p € (2,3) be-
cause in this case we have Y% = 5, (Z + M) + 27! (Z) and ||y 5|

91
||52 (Z + M)prvar,[O,T] + H<Z>||17var,[O,T] <ooas.

p—var,[0,T] <
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As a specific example when ~ is not a sample path of a martingale, suppose B is
a d-dimensional Brownian motion and (X, B) is a 2d-dimensional continuous Gaussian
process with independent components. When the covariance function of (X, B) has
finite p-variation for some p € [1,32), the process (X, B) can be lifted to a p-rough
process for any p € (2p, 3), and the lifted rough process is the L!-limit of the signatures
of the piecewise linear approximations (Theorem 15.33 [7]). Then we could let v be
a sample path of the rough process above X (e.g. fractional Brownian motion with
Hurst parameter H > 37!) and let M be the Brownian motion B. Then condition (3.2)
holds because the integral between 7 (7) and M is the L' limit of the piecewise linear
approximations, and v(*-%) is almost surely a p-rough path for some p € (2,3) based on
Theorem 15.33 [7].

As mentioned before, we have two Stratonovich solutions on a small interval: one
is driven by the signature of the original process and the other is driven by the joint
signature of the original process plus a noise. Here the rough path v is (a sample path
of) the signature of the original process, and v(*:f) is the joint signature of the original
process plus a noise. Suppose f : R — L (R% R¢) is Lip (8) for 3 > p and let I, (v, M)
denote the p-rough path for some p € [2, 3):

7, (3,00), = (L () 7 () = 5 (), ) 1€ 0,71,

(I3 (v, M) is deterministic because (M) = [, ¢L ¢, du is deterministic as we assumed.)
We would like to express the increment on [s, ¢] of the solution to the RDE

dy = f (y)dZz (v, M), yo =& € TP (RY), (3.4)

in term of the increments on [s,#] of y**! and y>*¢, where y**! : [0,T] — T® (R¢),
1 = 1,2, is the solution to rough differential equations (with y; denoting the value of y in
(3.4) at time s),

dyy™t = (™) dye vt =ys u € s 1], (3.5)
dy2st = f (y2oh) dyMR), et =y u e [s 1] (3.6)

Hence, we have a global solution y on [0,7] and a family of solutions y'*! and y?*°!
indexed by the time intervals {[s,t]} We would like to identify a function F' such

s<t* . ’ :
that ys: ~ F(y;f’t,yif’t) (with ys; == y;' ® y; and y;’j’t = (yos1) ™t @ yp*") for every

small interval [s,t]. Then by concatenating F(y;:f’t,yf:f’t) on small intervals and by
letting the mesh of the partition tend to zero, we can recover y in the limit. Yet in the
real construction, the initial values in (3.5) and (3.6) are actually not y, (which is the
pathwise It6 solution we would like to recover) but the value obtained from the last
step of discrete concatenations of {F(y;’f’t, yi’f’t)}[syt]. Here we use y, for illustration
purposes, but discrete concatenations will create an error which propagates and the
analysis will need some care.

Here y**! and y?*! are what we call the Stratonovich solutions (on the small time
interval [s,t]), and y is called the It6 solution (on the large time interval [0,T]). They
are not necessarily the usual pathwise Stratonovich resp. It6 solution (e.g. 7 could
be a Gaussian rough path as in the example given above), and the convergence holds
as long as the conditions of Theorem 3.3 below are satisfied. To recover the usual
pathwise It0 solution (the RDE solution driven by the It6 signature of a continuous
martingale), suppose Z is a square integrable continuous martingale such that its
bracket process (Z) has the expression f ng%du for a matrices-valued process 1, and

B is a Brownian motion independent from Z. We let v = S5 (Z), M. = fo YsdBs, and
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define y(*-1) .= S, (Z + M). In this case, y' and 3> are pathwise Stratonovich solutions
driven by the Stratonovich signature Ss (Z) and Ss (Z + M) respectively, and Z (v, M)
coincides with 7, (Z) (the It6 signature of Z) so y is the pathwise It6 solution driven by
the It6 signature 7, (Z).

In the following we try to give a sketch of our idea which helps to motivate and clarify
our arguments and is also useful for picking apart the proof of Theorem 3.3. For a fixed
interval [s, t|, we would like to represent the increment of y on [s, ] in (3.4) in terms of
the increment of y** and y**! on [s,#] in (3.5) and (3.6). Based on Theorem 12.6 in [7],
we have (denote y' := y"** and ¢ , := (y1) "' @ y})

m ) & @) T e+ (D) () (1 (0:) 72 () 37)
£ o) m (F5 ) + (D) () () 2 (20

(The ” = ” indicates that two values are close up to a small error in pathwise sense,
and the error will be made explicit in the proof.) Based on Definition 3.1, we have

I (f: (My — M;) @ OdMu) =271 (M), (since (M), , = fst #T ¢, du is deterministic) and
E (WZ(’Y;]\?R))) = m (Ys4) + 271 <M>s’t. Hence,

Q

1 (ygr)

B (1 (520)) = f (71 () 7 (o) + (D) () (71 () (m2 (o) + 271 (M), ) - (3.8)

While for the increment on [s, ¢] of the first level of y in (3.4), we have

71 (o) & F (71 () m1 () + (D) () (m () (m2 () = 271 (M), - 3.9)
Then based on (3.7), (3.8) and (3.9), we have

71 (Ys,t) = 2m1 (y;t) —E (7r1 (yit)) . (3.10)

Since we work with p € (2,3), we have to consider the second level approximation as
well. By following similar arguments as for the first level (again based on Theorem 12.6
in [7], but here we add in an extra term as in Definition 2.5), we have

m (yhe) = F(m(ys) ® f (71 (Ys) T2 (Vs.t)
B (r2 (42,) ~ F(m ()@ (m ) (r () +27 (M),,,).
mo(ed) ~ f(m(y)) @ F (m (5) (m2 () =27 (M), ).

Then
2 (Ys,t) = 2m2 (y50) — B (2 (43,)) - (3.11)

Combining (3.10) and (3.11), we have that the linear expression holds:
Ys,t = stl,t —E (yit) . (3.12)
There are other possible expressions of y; ; in term of y;’t and yit. For example,
-1
Ysit = y;,t QL (yf,t) ® y;,t ’ (3.13)

which constitutes another approximation that is equivalent to (3.12) at leading order.
Indeed,

™ (yi,t QE(y2,)  ® yi,t) = 2m (ys0) —E (71 (42,4))
m (v @B () oul,) = 2m (sl — B (m (s2) + (m (uhe) — B (m (52.))°,
ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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and (3.13) holds because (m (y},) — E (m (;gf,i)))@2 is small (based on (3.7) and (3.8)).

Then it can be proved that, by concatenating the increments either in the form of (3.12)
or in the form of (3.13) and by letting the mesh of the partition tend to zero, one will
recover y (the solution to (3.4)) in the limit and the analysis in both cases are similar.
There is some freedom to choose the expression of y,; in term of y;j)t and y?)t, and the
convergence will hold as long as the error is small. We will work with small increments
in the form of (3.13).

Definition 3.2. Suppose v and y(* ) are defined as in Definition 3.1, f : R® —
L (R%,R?) is Lip () for 3 > p and £ € T® (R®). For a finite partition D = {t;}"_, of [0,T],
define the piecewise-constant process y” : [0, T] — T? (R®) by (with y,; ==y ' @ y)

We=& uP =l ey oB(l,) e Ltetinl  G18)
where y'J and y*7 denote the solution to the rough differential equations on [t;,t;1]:
dyy? = f () dye v’ =yl welttinl, (3.15)
dy2? = f(y2?) dyM, R =yl e [t ).

It is worth noting that, (since ~ is fixed) y” is deterministic for each D.

Theorem 3.3. Suppose v and v™-%) are defined as in Definition 3.1 and p € (2,3).
Denote p-rough path I, (v, M) : [0, T] — (T(2> (Rd) , H||) by

d

Iy (v, M), := 1»”1(%),”2(%)—52<Mi,Mj>t6i®€j ,te[0,T].

4,j=1

—_

Suppose f : R® — L (R*,R®) is Lip (8) for B > p. If we assume that,

(8

then for ¢ € T® (R¢), yP (defined in (3.14)) converge uniformly as |D| — 0 to the unique
solution to the rough differential equation

dY = f(Y)dZy (v, M), Yo =& (3.17)

2p
) < 00, (3.16)

p—wvar,[0,T]

More specifically,

i Dy _ Y| = 0. 3.18
B 5,22, 7 (07) = () o

The proof of Theorem 3.3 starts from page 13.
Remark 3.4. Based on the proof of Theorem 3.3, E(||y(*:#) ||war o
q > p is sufficient for the convergence of the first level in (3.18).

]) < oo for some

For a continuous martingale Z, let v be a sample path of the Stratonovich signature
of Z. Then by choosing a specific noise and by applying Theorem 3.3, we can recover
the pathwise It6 solution.

Definition 3.5. Suppose Z is a continuous d-dimensional martingale in L? on [0,T] and
there exists a d x d-matrices-valued adapted process 1 in L? on [0,T] such that

t
(Z), :/O Ylpeds, vt €[0,T], as..

Suppose B is a d-dimensional Brownian motion, independent from Z. Define a continuous
martingale M : [0,T] — R¢ by the It integral:

t
M, = / WedB,, t € 10,T). (3.19)
0

ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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Corollary 3.6. Suppose Z is a continuous d-dimensional martingale on [0, T| in L**¢ for
some e >0, and f : R® = L (R% R) is Lip () for 8 > 2. Denote by Y the solution to the
rough differential equation:

dY = f(Y)dT,(Z), Yo =€ e TP (R®). (3.20)

For almost every sample path of Z, if we let v := Sy (Z) and yM-®) .= S, (Z + M) (with
M defined in (3.19)), then yP (defined in (3.14)) converge to Y uniformly as |D| — 0.

Corollary 3.6 follows from Theorem 3.3 and is proved on page 17.

Remark 3.7. By using the classical relationship between the It6 solution and the
Stratonovich solution, it can be checked that Y in (3.20) satisfies ¥; = { ® I» (y),
Yt € [0,T], a.s., with y denotes the unique strong continuous solution to the stochastic
differential equation dy = f (y) dZ, yo = m (&).

4 Proofs

Our constants may implicitly depend on dimensions (d and e). We specify the depen-
dence on other constants (e.g. C,), but the exact value of constants may change from
line to line.

4.1 Results from rough paths theory
The Theorem below follows from Theorem 14.12 in [7] and Doob’s maximal inequality.

Theorem 4.1. Suppose M is a d-dimensional continuous martingale. Then for ¢ > 1 and
p>2, E(|Mp — Myl?), E <|<M>T|271‘1) and E (||52 (M)”Z—Uar,[O,T]) are equivalent up to
a constant depending on p, q, d.

Suppose v = 7% + 44 (Notation 2.2) is a p-rough path on [0, 7] for some p € [2,3).
Then, (see [14])

91
”’yHg*UO«T,[S,t] S H/VAHP ] + ’|75H2*12—var,[s,t] S Cd HFYHZ*U‘“"JSJ] ’ s S 2 (41)

p—var,[s,t

Theorem 4.2. Suppose 7 is a p-rough path on [0, T] for some p € [2,3) taking values in
T® (RY) and f: R® — L (R%,R®) is Lip (B) for B € (p—1,2]. IfY : [0,T] — T (R®) is a
solution to the rough differential equation

dY = f(Y)dy, Yo=£6eT® (R, (4.2)

then withw (s,t) := [|7[[} _,,,.;s.q forany s <t we have (Y, =Y, ' @ Yy, 750 =7, ' @ 72)

1
1Y - vargony < Coins (w (5.7 Ve (s.1)), (4.3)

B+1

1 (Yer) = f (m (Ya)) 71 (s,0) = (DF) (f) (m1 (Vo)) w2 (vs0)| < Cpppw (s,8) 7, (4.4)

2 (Ye,t) - f (7T1 (Ye))®2 2 (Vs,t) < Cp,ﬁ,fw (S,t)# Vw (Sat)Q . (45)

Theorem 4.2 follows from Theorem 12.6 in [7]. Since we added an extra term on
the second level of (4.2) as in Definition 2.5, we check that the extra term can be
estimated similarly. We only modified the second level, so we can use estimates of the
first level. Suppose v = 7%+~ as in Notation 2.2. For the extra term [ f (m; (V,,))®* dy3
and any [s,t] C [0,T], based on estimates of Young integral in Theorem 1.16 [16] and

ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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2 2 .
||75H2—1p—mr,[s,t] < Cy ||’y||p_vm,[s,t] = Cyw (s,t)? asin (4.1), we have

S f (V) o = £ (m (V)2 (o =9 |

< vaf ||7T1 (Y)prvar,[s,t] HrySH2*1pfvar,[s,t] < vaﬂaf (W (Svt)

B+1
< Cp,ﬁ,fw (s,t) » Vw (S7t>2 .

2
P

10

Vw (s, t)) w(s,t)

The Theorem below follows from Theorem 12.10 in [7].
Theorem 4.3. Suppose 7 is a p-rough path for some p € [2,3) on [0,T] taking values in
(T® (R),|]-]|), and f : R® — L (R%,R®) is Lip (8) for B > p. Suppose Y, i = 1,2, is the
solution to the rough differential equations:

AY'=f (Y dy, Yj =& € T® (Re). (4.6)

Then with w (s, ) := |7][7_,,,. .., We have (with Y, == (Vi)' @ ;)

a0 = (2)

<C N —m (& C 0,7)). (4.7
k=12 0<s<t<T w(s,t)% < g [m (€)= m (€) | exp (G0 0T 47)

Similar as for Theorem 4.2, we have to check that the extra term satisfies (4.7) as well.
Indeed, based on the estimate of |m; (V') — m (V)| in (4.7) and that w is a control, we
have, for any [s,t] C [0, 7],

I (V1) =m0 (V) s

IN

Cop.gw (5,8)7 1 (€1) = m1 (62)] exp (Cy .50 (0,7))
Cpp.p|m (§') = m1 (€2)] exp (Cp,p.w (0,7)),

IN

and for any s € 0,77,
[m (V) = m (V)]

’m (51) —m (52)‘ + Cp 3, fw (O,s)% ’71'1 (51) —m (52)‘exp (Cpp,rw (0,T))
Cps |11 (€1) =1 (€) [ exp (Cpp g0 (0,7)) -

Then since f is Lip (8) for § > p > 2 combined with Lemma 10.22 [7] and (4.3), we have

[ £ ()P = r ()

VARV

p—var,[s,{]

S Cp,f Hﬂ-l (Yl) - ™ (YZ) prva'r,[s,t]
+ prf (Zi:1,2 Hﬂ-l (Y’) Hp—var,[s,t] Supue[s:t] ‘ﬂ’l (Y’U«l) - (Y’U«z) D
< Gpps (1 +w(st)? Ve (S,t)) |71 (€1) = m1 (€%) [ exp (Cpp.pw (0,T))

< Cppglm (§') —m (€%)|exp (Cppsw (0,7)).

Hence, based on Young integral and that H’ySHQ,lp_mr oy < Caw (s,t)7 as in (4.1), we
have o

SEF (V) P g = 1 (i (v2)) g

®2 ®2
< Glrm e s @ e g
+ Cf |//Tl (Y:‘:‘l) - (Y92)| H’YSHg—vaT,[s,t]
< Cpp,fw (s,t)% |7r1 (fl) - (52) ‘ exp (Cp g, pw (0,7)) .
ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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4.2 Proofs of Theorem 3.3 and Corollary 3.6
Before proceeding to details of the proof of Theorem 3.3, we first give a sketch of
the proof which may help to make the idea clearer. When f is Lip (3) for g > p, for
n € T? (R¢), we denote by
ms (s,m)

the unique solution to the RDE:
dY = f(Y)dZy (v, M), ys = . (4.8)

For a finite partition D = {t, };7’:0 of [0, T, suppose y” is defined as in (3.14). Since y”
by definition is piecewise constant and Y is continuous, to prove the uniform convergence
of yP to Y as |D| — 0 it is sufficient to prove that y” converge to Y uniformly on {¢; }?:0.
For each finite partition D = {t; };.L:O of [0,T], we generate a sequence of RDE solutions
driven by the same rough path 7, (y, M) along the same vector field f but with different
starting time ¢; and with different initial value yt[j’ ,j=0,1,...,n. Then Y resp. y” is the
first resp. last solution in the sequence, and if we want to compare yt[; with Y; then we

rewrite
j—1

y — Y, = (m (tm,yfﬂ)t — 7 (ti,yfj)tj> : (4.9)
=0 7

Since the solution is unique, we have

Ty (ti,yf.)t]_ =Ty (ti+l777f (ti7ytDi)t1‘,+1)t_ )
- J

and the difference between two adjacent solutions can be expressed as:

mp (el = (tnms (), ) (4.10)

J tj
= ygﬂ ® <7rf (ti+17y£+1) — Ty (ti+1,7rf (ti,yff)tm)t . ) (4.11)
i+1,t5

D D D D
T Y, ® (yti7ti+1 -7 (tia Yt, )tutwl) @y (ti+17 Ty (ti’ Yt, )ti+1)

tit1,t;

tit1,t;

Based on Theorem 4.3, the difference between the two increments in the first term in
(4.11) can be relegated to the difference between their first level initial values:

D D D D
T (yt1,+1> — T (7rf (ti,yti)tHl) =T (yti,tiﬂ) — T (7Tf (tz‘,yti)thl) .

Then combined with the expression of the second term in (4.11), we would need two
elements in our proof:

WP v — 1 (t000), .| for alli,

(2) the uniform boundedness of ¥ in D so that based on (4.9) and (4.11) the difference
between Y and y” can be bounded by a term comparable to > €

The estimate of ¢; mainly follows from Theorem 4.2. The uniform boundedness of
y? in D can be proved by mathematical induction. The reason that we can employ
induction is that based on (4.11) only the first (k — 1) levels of 4 contribute to the kth
level difference in (4.10) because the Oth level of any solution is identically 1. Hence, by
using the uniform boundedness of the first (k — 1) levels of y”, we can prove the kth
level convergence of y” to Y as |D| — 0, which implies the uniform boundedness of the
kth level of y” in D.

(1) an estimate of ¢; :=

ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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Proof of Theorem 3.3. Define w; : {(5,t)[0<s<t<T} — RT, i = 1,2, by, for any
0<s<t<T,

p

P
w1 (S’ t) = ||’Y||§—var7[s7t] + ||<M>H12—Uar,[s,t] s W2 <S’t) = H’Y(M,R)

p—var,[s,{]

Then w; is deterministic and w; (0,7) < oo (since 7 is a p-rough path and (M) is of
bounded variation). Based on the assumption (3.16) (on p9), we have

E (a@ (0,T)2) < . (4.12)

For 0 < s <t <T, we denote y7; := (yf)f1 @y . Recall {y"7},_ , in (3.15):

dy' = f(y")dy. oyl =yl
dy*? = f(yP7) dy MR, g =yl
and we have .
ytla)vtﬁl - ytl;?-twl ®E (ytza’{tﬁl) ® ygj’{tﬁ—l' 320 (4.13)

Based on (4.13), we have

D 1,5 2,5
m (ytjﬂ‘/wl) =2m (yfj?tﬁl) - B (Wl (ytj?tﬁl)) :

Since f is Lip (8) for 8 > p > 2, f is Lip (2). By using the Euler estimate of solution to
RDE ((4.4) in Theorem 4.2), we have, on any [¢;,t;4+1],

D D
m (ytj,tj+1) -m <7Tf (tj7ytj>tj,tj+1>‘
1,j 2,3
2m (ytj?tj+l) - (Wl (ytj?thrl)) -m <7Tf (tj’y’g)t- t'+1>’
Jv]

3 3
Cp.f (wl (tjtj41)? + E (wz (tjvtj+1)P))

(DF)(f) (1 (V) (E (/ M- M) @ odMu> - % <M>tj7tj+1> ‘ .

tj

IN

+

Since M = [ ¢dB with ¢ a fixed path taking values in d x d matrices, we have

ti+1 1 1
" </t (M — M) ® OdM") =3P (<M>tj¢j+1) =3 M

J

Hence, for any ¢t; € D,

D D
! (ytj,tj+1 -7y (tj’ytj)t

For the second level, based on (4.13), we have

3 3
\ )‘ <Cpy (E (Wz (tjvthrl)p) +w (tjvthrl)p) . (4.14)
goti+1
- (ygw) (4.15)
-1
1,5 2.5 1,5
= T (yt]{tﬂl ® I (ytj?t,url) ®yt,~?tj+1>

1,5 2,j 1,5 2,j ©2
= om (i) B (w2 (500 ) + (m (i) —m (B (400)))

ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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Then, by using (4.15), combined with (4.3), (4.4) and (4.5) in Theorem 4.2, we get,

®2 1
P (ytl?-,tj+1> - f (71'1 (%?)) <7T2 (Veyityan) — 3 <M>tj7tj+1> ’ (4.16)
< Cpy (E (wz (t,tj41)7 V w2 (fj’fj+1)2) +wi (t,t41) Vw (tjvtj+1)2> (4.17)
1 2 3 3\2
- \2 (D A E) M)y, |+ Cop (B (w2 (b5, t501)7 ) + 1 (5, 4540)7 )

3

3
+ G,y (E (wz (tj,tj+1)p) + w1 (tj,tj+1)p)
1 1
X (E (w2 (tj,tj41)7 Vwa (tj,tj+1)> Fwi (t),tj41)7 Vwr (tj,tj+1)> ,

where (4.17) estimates the error created by replacing 27r2(ytlj’ftj+l) — ]E(wz(yf;ft7,+l)) by
the corresponding Euler approximations, and the three lines after (4.17) estimate
(wl(ytlj’ftﬂl) - wl(E(yfgftj+l)))®2 based on (4.3) and (4.4) in Theorem 4.2. On the other
hand, based on (4.5) in Theorem 4.2, we have,

®2 1
o (o), )= 1 (m0E) ™ (72 ) = 5 00, )

3
< Cppwr (tj>tj+1>p V wy (tj7tj+1)2-

Hence, combined with (4.16), we get,

) (y£7tj+l) — Mo <7Tf (tj)yt?)tj,th)‘ (4.18)
< C (p, IE (w2 (0,T)2> w1 (o,T))

3
x (E (w2 (tj tj41)? Vws (tj’tjﬂ)z) +wi (t,t4+1)

3 |w

V wq (tj, tj+1)2) .

Combining (4.14) and (4.18), if we define @y, : {(5,¢) [0 < s <t < T} — R+, k=1,2, by

3 3
_ E (s (5,8)7 ) +wi (5,17, k=1
Wi (8,t) := 3 ) 3 ) , (4.19)
E (wz (5,6)? Vwa (5,8)° ) +wi (s,8)? Vwy (s,8)°, k=2
then
Tk (yt?,tjﬂ) — Tk <7Tf (tj»yt[j)> )‘ (4.20)
Lyttt
< C(p S (w2 (0.7)7) wr (0,7)) B (1, t41), Vi 2 0,k = 1,2
Based on our assumption (4.12) and that p € [2,3), we have
li Gr (titin) =0, k=1,2. 4.21
\Dﬁ%zw’“(ﬂ’ j+1) =0 (4.21)
t;€D
Since f is Lip (f) for 8 > p, denote by Y the unique solution to the RDE
dY = f(Y)dI; (v, M), Yy =¢eT® (RY).
We want to prove
li P) —m (Y1) = 0. 4.22
BB 2%, S0, 7 () = () (422
ECP 21 (2016), paper 7. http://www.imstat.org/ecp/
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It is clear that

) (yf)) =m (V) =1,
so (4.22) holds trivially at level 0. For integer k& = 1,2, suppose (4.22) holds for level
I <k —1, we want to prove (4.22) at level k. Based on our inductive hypothesis, we have

D
sup max sup |7 (y < 0. (4.23)
Dc[O,T]OSZSk—l()§t§T| ( ¢ )|

Fort; € D, when j =0, y(’)j =Y, =& When j = 1, based on (4.20), we have

N
=

Ime (vl = Ya,)| = |7 (&) |mr—i (y(?tl —Yo.)|
]

C(p,f,E(wQ (0,T)2>,w1 (o,T))< max |m (5)|>

0<I<k—1

I
=3

IA

wy (0,t1) .

B

l

1

When j > 2, we have

m (v - 7,))| (4.24)

j_
T <7Tf (t¢+1,yt’?+1)t‘ — Ty (thyt[:)tj)‘
J

=

-5

<
I

0
2

IN

Tk <7Tf (ti+layt.i+1)t‘ — Ty (ti+1,7ff (tivytDi)tiJrl)t_)‘
i=0 7 7

Tk <y£ — Ty (tjl,y£_1>t_>'.
J

Then foreach:=0,1,...,5 — 2,

+

D
— Ty (ti+1,7ff (tiayti)ti_H)

D D D D
= Y, O (ti+1,yti+1)tv+l , T (ti’yt,i)ti+l QT (ti+1,7rf (ti,yti)tHl)

3 )
D D D
yti+1 ® <7Tf (ti+1ayt,i+1)t —Tf (ti-‘rlaﬂ-f (ti7yti)ti+1)t,+1 t'>
% )

D D D D
+ Y, @ (yti,tm — Ty (ti,yti)tiytHl) 7y (ti+177'f'f (ti’yti)ti+1>

D
T tiv1, Yy )
! ( i+l Yy t 4

tit1,t;

i+1,t;

Lit1:t;

By using (4.23), Theorem 4.3 on pl1 and (4.20) (&, defined at (4.19)), we have, for
i=0,1,...,5—2,

D D D
™ (ytiJrl ® (’”f (ti+1, yti+1)t-+1 ti -7 (ti+17ﬂ—f <ti7yti )ti+1)t'+1 t))‘
i+1,t5 i+1,l5

< sup max sup |m (yP
<DC[O,T]0Sl§k'—10§t§T’ (yt )’
k
X 7r7rt-,D> 77T<t‘7rt-[? ) )‘
(; l( I < i+1 ytl+1 tinn ot f i+1,TTf ( Z’ytt)t,i+1 e,

< C(p, B, f, 0,7 5 ’(D__ s )‘

= (p B, f wl( )) (Dil[l&?ﬂog}lga,f_loz?%]m (yt )’) T Vi by — TF ( . yn)ti’tiﬂ

= (pﬂ’f’E (w2 (O’T)z) W1 (0,T>) sup max sup ’7Tl (ZUtDM w1 (ti, tit1)

Dclo,1) 0SISk—1o<t<T
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On the other hand, by using (4.23), (4.3) in Theorem 4.2 on p10 and (4.20) (@, defined at
(4.19)), we have

Wk <y£ @ (yt["’)’t"'+1 - (ti’ytl?)ti,tHl) ©ony (ti_‘—l’ﬂ—f (ti’yg)tul)t.ﬂ t)‘
S C (pa ﬂa fa E (CUQ (OaT)2> , W1 (O?T)) < sup max sup |7Tl yt ) Zwl tla tH—l .

Dc[0,T) 0SISk—=1o<i<T

Therefore, we have, forany:=0,1,...,5 — 2,

D D
Tk <7rf (tiﬂ,yti“)t —my <t71+177rf (ti?yti)t/H,l)t‘)’
J J

k
< C(p,ﬁ,f,E(w2 (0,T)2),w1 (O,T))< sup max  sup ’71'; yt )Z (tistiv1) -

DC[0,T) O0sISk—1o<i<T

As a result,

T <7rf ( 1+1,yt7+1> - (i,yt’?)tJ_)' (4.25)
=0
C’(p,ﬁ /L E (wg(O T) ) w1 (0, T))

j—2 k
X ( sup max sup |7Tl yt ) (Z@l (tiati-‘rl)) .

Dc[0,T) 0SISk—=1o<i<T — \iI

IN

On the other hand, for the term left in (4.24),
Tk (yt[]) —my (tj_l,ygl)t)‘ (4.206)
k (ytlj)l & (yt[j)l,tj — T (tj—laytlj),l)tv . ))‘
J—1t5

C (pB S (w2(0,7)%) w1 (0,7))
><< sup max  sup |7rl yP >Zwl i—1,t

Dc[o,T] 0SISk—1o<¢<T =

IN

Therefore, combining (4.24), (4.25) and (4.26), we have

‘ﬂ-k (yg _}/tJ')‘ < C(paﬁ7f7E(w2 (07T)2) y W1 (OaT))
Jj—1 k
. <DZI[1(§)T]O<r{1<a13{ 10215 Im (v ) <Z wi (ti’ti“))

i=0 \[l=1
Then, based on (4.21) and the inductive assumption

Dil[lopT]Og&a’g( 10213 71 (u7)] < oo,

we have

lim max ’ﬂk (ytlj)) — Tk (Ytj) =0.

|D|—0t;€D

Since Y is continuous and y” is piecewise-constant, we have

\D\ﬁélglc[o ] OiltlET |7 (yi) — ™k (Y2)| = 0.
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Proof of Corollary 3.6. (Z, M) is a 2d-dimensional continuous martingale w.r.t. the fil-
tration generated by Z and B, so can be enhanced by their Stratonovich integrals to a
process whose sample paths are almost surely p-rough paths for any p € (2, 3). Suppose
Z isin L**€ for some € > 0. Based on Theorem 4.1 (on page 10), we get (let p := 2+271¢)

IA

E (112 (Z + M vuriory) < CapB((Z+M)g]") < CapB((2)1])

IN

CyplE <|ZT - Zo|2p) =CypE (\ZT - Zo|4+£) < oo0.

The second inequality holds because M is defined to be the It6 integral [ ¢)dB for the
matrices-valued process 1 satisfying [ ¢ du = (Z) and the d-dimensional Brownian
motion B is independent from Z so we have (Z, M), =0 a.s. and (M), = (Z) a.s..
As a result, we have
E (||s2 (Z+ M) oo ‘z) < 0 as..

p—wvar,

On the other hand, the Stratonovich integrals satisfy

t t
IE(/ (ZU—ZO)®OdMu+/ (M, — Mo) ® odZ,
0 0

Z) =0,vte€[0,71], as..
Based on Theorem 3.3, Corollary holds. O
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