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1 Introduction

Let (Q, F,F,P,, X;) be the rotationally invariant a-stable process on R? with gen-
erator H = (—A)*/2, (0 < a < 2). Denote by (£, F) the corresponding Dirichlet form
on L2(R¢,m), where m stands for the Lebesgue measure. We assume the transience of
{X}:}. Let u be a positive Radon measure with Green-tightness (see Definition 2.1). Then
we define the Schrodinger form by

EM(u,u) = E(u,u) — /ﬂ;d u?(z)p(dz) = (H u,u)pm, u € F,

where H* is the corresponding Schrédinger generator and (-, -),, stands for the inner
product of L2(R%). We describe the smallness of the measure  using the bottom of the
spectrum of the time-changed process by u as follows:

A(p) := inf {S(u,u) ‘ u e F, u?(z)pu(dr) = 1} .

Ra

(resp. critical, supercritical) if A(;1) > 1 (resp. A(p) = 1, A() < 1). Since the measure
v is smooth, there exists a unique positive continuous additive functional (PCAF in
abbreviation) {A}'};>¢ in the Revuz correspondence. Moreover, the Green-tightness of
implies the finiteness of the expectation IE,[exp(A{)] by [1, Theorem 6.1 (i)]. We here
define a new family of probability measures as follows:

Note that if y1 < po, then A(u1) > A(u2). The measure p is said to be subcritical

" 1

“(B) = B [ elar@)pa(a).  BeF.
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Feynman-Kac penalization problem

We are interested in the limit measure of {Qg,t}tZO as t — oo, so called the Feynman-Kac
penalization problem. The studies of penalization problem have been developed for this
decade. In [4, 5] Roynette, Vallois and Yor considered penalization by various stochastic
processes derived from Brownian motions. In [11] K. Yano, Y. Yano and Yor treated the
penalization by negative Feynman-Kac functional for one-dimensional Lévy processes. In
this paper we consider the penalization by positive Feynman-Kac functional for multi-
dimensional a-stable processes similarly to Takeda [7], where the limit measure has
already been determined under the condition that p is subcritical or supercritical. We
briefly review this preceding result below.

If p is subcritical, A} is gaugeable and h(z) = E,[exp(4~.)] is a harmonic function
with respect to £#. Moreover we can define the probability measure P" of Doob’s
h-transformed Markov process as follows:

h(X
P(B) = E,[15L"], Lh = hEX;; exp(AL), BeF,. (1.1)

Then, for any bounded random variable Z € F; and s > 0, it follows that
E.[Z exp(AY)] A d
— ' =7 RY).
t—oo By [exp(Al)] =12, (z € RY)

In the sequel, we simply write the statement above by Q‘;’t — IP’; ast — oo.
If 11 is supercritical, then

C(p) = —inf {&*(u,u) | u € F, (u,u)y, = 1} > 0.

and there exists a continuous function h € F such that ||h||; = 1 and E#(h, h) = —C(u).
Define the probability measure P" by

h
PY(B) = B[], L} = "X oot at),  BeF.

Then we have Q) , — P! as t — oc.

The purpose of this paper is to consider the same problem under the condition that
w is critical. Takeda [7] also treated the case where p is critical, however, there was a
restriction on pu called special property, i.e.

d
sup (|x|d_o‘/ M(yd)_a> < 00. (1.2)
z€RL Re |Z — Y|

This condition played a crucial role since the method of the proof is mainly based on the
Chacon-Ornsterin type ergodic theorem. Under this restriction, [7] showed Q% , — P"
as t — oo, where h(z) is a continuous function satisfying £*(h, k) = 0 and the probability
measure IPZ is defined as (1.1). Moreover, as an application of this result, he showed that
the Feynman-Kac functional E, [exp(A}')] grows proportionally to ¢ as ¢t — oo if d/a > 2.
In this paper, however, we first consider the large time asymptotics of the Feynman-Kac
functional without the restriction d/a > 2. In [9] the growth order of E,[exp(A})] is
given provided that ;1 has compact support. Since the measure with compact support
satisfies the special property (1.2), we must extend this result for the measure p whose
support is not compact. This extension is valid so long as u is of finite 0-order energy
integral, i.e. p satisfies

//]Rdxw G(z, y)u(dz)pu(dy) < oo.

Moreover, we also establish the large time asymptotics of I, [exp(A}')] for a finite Green-
tight measure v. These exact calculations enable us to extend the penalization problem
for critical measure and our main result is as follows:
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Theorem 1.1. Suppose the Green-tight measure . is critical and of finite 0-order energy
integral. Then, for any bounded Z <€ F, it follows that

L Ea(Zesp(A)] L,

x4 CEP\VA )] r d ‘
BB fep(ap), A R, .3

where ho(x) is the ground state of £#, a positive continuous function determined uniquely
up to multiple constant and satisfying E* (hg, hg) = 0.

This paper is organized as follows: In Section 2, we introduce basic materials such as
Dirichlet form, Green-tight measures, time-changed processes and so on. In Section 3, we
give the estimate of the principal eigenvalue for the Green operator of the time-changed
processes. In Section 4, we obtain the large time asymptotics of the Feynman-Kac
functionals. In Section 5, we prove Theorem 1.1 and mention an example of the measure
1 which does not satisfy the special property but is of finite 0-order energy integral. We
use ¢;’s for unimportant positive constants which may vary from line to line.

2 Time changed processes and Green operators

Let M = (2, F, F;,P,, X;) be the rotationally invariant a-stable process (0 < a < 2)
on R%, i.e. the Hunt process with generator (—A)a/ 2. Then, the corresponding Dirichlet
form (€, F) on L%(R?) is given by

) =5 [[[ () = ule)(0(0) = vle) e dady, F = HE (RO,

where H 2 (R?) is the Sobolev space of order o/2 and

- Qafl]j‘(d-ﬁ—oc) o)
A o= 2 T — s—1 —md .
d, 7.‘.11/2]_"(1 _ %) ) (s) /O e z

Let p(t,z,y) be the transition density function of IM and denote by {p;}:>o the corre-
sponding semigroup, i.e. for any bounded Borel function f,

ni@)= [ ot iy

In the sequel, we assume the transience of {X;};>0, equivalently d/a > 1. For 8§ > 0, we
define the S-order resolvent kernel G(z,y) by

Gﬁ(wyy)=/ e Plp(t, z, y)dt.
0

In particular, we call Go(z,y) Green kernel and write simply G(z,y). Define the 3-killed
process of M by M? = (Q, F,F;,P? X;), where P?(A) = e #'P,(A) for A € F;. Note
that Gg(z,y) equals the Green kernel of IM# and the corresponding Dirichlet form is
given by

Es(u,u) = E(u,u) + B [ wP(x)dw, ueF.
Rd

For an open set O, we define the (1-)capacity Cap(O) by
Cap(0) = inf{&; (u,u) | v € F,u > 1 m-a.e. on O}.
For general set A, we define the capacity by

Cap(A) = inf{Cap(0) | A C 0,0 : open}.
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A set N is called exceptional if Cap(N) = 0. A statement depending on 2 € R is said to
hold g.e. on R if there exists an exceptional set N such that the statement is valid for
T € IRd\N . Here ‘q.e.” is an abbreviation of ‘quasi everywhere’. Next we introduce some
classes of measures.

Definition 2.1. Suppose p is a positive Radon measure.

(1) The measure u is said to be in the Kato class (u € K in abbreviation) if

lim sup / G(z,y)p(dy) = 0.
lz—y|<a

a—0 r€R4

(2) The measure u € K is said to be Green-tight (u € K, in abbreviation) if for any
€ > 0 there exists a positive constant R, such that

sup / Gz, y)uldy) <e
z€R? J|y|>R.

(3) The measure p is said to be of finite 0-order energy integral if
J[ e putimutin) < .
R4 xR

In the sequel, we assume that p € K, is of finite 0-order energy integral. Since IM
admits the absolute continuous transition density function with respect to the Lebesgue
measure m on RY, ;1 is smooth in the strict sense by [1, Proposition 3.8, Theorem 3.9].
Moreover, there exists a unique positive continuous additive functional (PCAF in the
abbreviation) in the strict sense A} which is in the Revuz correspondence with u by
[2, Theorem 5.1.7]: for any bounded Borel function f and v-excessive function 4 (i.e.
e Vpih(z) < h(z) for some v > 0), it follows

i e [ [ t sxoaas] = [ paneutas.

Let Y be the quasi support of u, equivalently the support of A, i.e.
Y ={zcRY|P(T=0)=1}, T=inf{t>0]A >0}
Then we can construct IM?, the time-changed process of IM? by Al as follows:
{X:, >0, m =inf{s>0] AL > t}.
Moreover IM? generates a Dirichlet form (£7, F7) on L?(Y, 1) given by
FP = {4 € L*(Y, ) |¢b = u p-a.e. for some u € FP },
E9(v,9) = E5(Hyu, Hyu), Hyu(z) = Ef[u(Xoy)] = Exle™ 77" u(Xoy ).

Here oy is the first hitting time of Y and F? is the extended Dirichlet space of (€3, F).
More precisely, F? = F for 8 > 0 and F? is the family of the function u such that there
exists an £-Cauchy sequence {u,},>1 C F satisfying lim,, o u, = u m-a.e.. We write
simply F, for F0. In order to give a relation between F? and FB, we define a restriction
map r and an extension map e by

rFP— FP r(u) = uly, e:FP — FP e(y)) = Hyu.

Here v and u are chosen according to the definition of (€%, 7%). Note that £° (¢, v) =
Es(e(¥), e(y)) and Ez(u,u) > EP(r(u),r(u)). By [8, Theorem 3.4], F? is compactly embed-
ded into L%(R%, 11). As an analogy of this theorem, we have the following lemma: for a
precise proof, see [9, Lemma 3.1].
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Lemma 2.2. (F#, £P) is a Hilbert space and compactly embedded into L*(Y, 11).

In the sequel, we write (-, -), for the inner product of L*(Y, u). Let Hz and Gs be
the generator and Green operator of M” respectively, i.e. (Hgt, ), = E5(¢,$) and
Gs = Hﬁ_l. Gp is an operator defined on L*(Y, 1) by

Gap(x / Gz, v)Y(y)pu(dy), zeY. (2.1)

Since Ggy € FB for e € L3(Y, ), Lemma 2.2 implies that G is compact. For detail, see
[9, Lemma 3.2]. The next lemma shows that e(Gs1)), the extension of Gz¢ to RY, is also
given by the integral using Gg(z, y).

Lemma 2.3. For ¢ € L?(Y, i), Gao satisfies
e(Gpy)(x / Gs(z,y)(y)u(dy), =R (2.2)

Proof. Let f be any function on R satisfying f(z) = ¢(z) on = € Y. Then, the right hand
side of (2.2) is equal to

/ Gg(z,y) f(y)u(dy)
and we have
£ (Colln).Collm) = | Gollm @ @ntds) = | Gooto) viwpulae) < o

Hence, Gs(fu) € F? and we have e(Gsy)) = Hy (Gg(fu)) from the definition of the
extension map e. Using the strong Markov property, we have

Hy (Gs(fm)(x) = Ezle™ 77" Go(f11) (Xoy )]

S e | R [/(,Y”tﬂxt)dAﬁ
=E, |E, T st X;)dAY
. { . [ | e

]

FWH = Ga(fu)(z). (2.3)

Since the quasi support of i is Y, we obtain the desired result. O

Let v be the principal eigenvalue of Gz and denote by kg the corresponding eigen-
function satisfying ||hs|,, = 1. Here | - ||, stands for the norm of L*(Y, ;). Then (2.2)
implies

e(hg)(@) = 75" /Y G () hs (W) uldy).

In the sequel, we write simply kg for e(hg). Since Ez(u,u) > EA(r(u),r(u)) for u € F?
and Gg = 7—[[;1, we have

inf {Eﬁ(u,u) ‘ u € feﬁ,/ w?(z)pu(dr) = 1} = 7{;1 (2.4)
]Rd
and hg attains the infimum of (2.4).
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3 Estimate of the principal eigenvalue

In the sequel, we assume that the measure u is critical, i.e.

inf {5(u, u | ue f/]R W2 () u(dz) = 1} _1

The function h( attaining the infimum of the above formula is called the ground state of
the Schrodinger form £#. By Takeda and Tsuchida [8], we have

cr(1A 227 < ho(a) < ea(1 A J2[*%).

In particular, we see that hy € L2(R¢,m) if and only if d/a > 2.
In this section, we give the asymptotic behavior of 3 and hg as 5 | 0. We begin with
the following lemma taken from [9, Lemma 3.5].

Lemma 3.1. As 3 — 0, v3 converges to vy = 1 and hg converges to hy L*(u)-strongly
and £-weakly.

For more precise behavior of v3, we mainly use the asymptotic expansion of the
[B-order resolvent kernel given in [10, Theorem 2.4].

Lemma 3.2. (1) Forl <d/a <2,

Gla,y) = G(a,y) — mBE 1 + Ey(x,y),

d
21_d7T1_ 5

- ., 0< Eg(x,y) < _ y2e—d
" al($)sin((4 - 1)7) < Eg(z,y) < aflr -yl
(2) Ford/a=2,
Gp(z,y) = G(z,y) — v2Blog B~ + Eg(x,y),
217”{71'*%
- E <181+ |log |z — e,
T Tl ta) |Eg(z,y)| < e18(1+ |log|z —y|| + Blz —y|¥)

(3) Ford/a > 2,

G/j(.’)?7y) = G(l’,y) - Bé(m‘,y) + Eﬁ(ﬂ?,y), é(xay) = /000 tp(t,x,y)dt,

aBsi! (2<d/a<3)
0 < Eg(w,y) <4 af?log 7+ caf*(1 + |logla — yl| + Blo — y|?) (d/a=3)
cafPle —yPPod (d/a > 3).

If 1 has compact support, Gs admits the same asymptotic expansion as Gg(z,y) and
then we obtain the asymptotic expansion of v4 by the first-order perturbation theory
of compact operator in Kato [3]. For detail, see [9, Lemma 3.4]. Since the asymptotic
expansion of Gg(z,y) is not necessarily uniform with respect to |z — y|, we cannot apply
the same method for a general u. To overcome this problem, we consider another
operator

G/g(l‘,y) (x,y € Ke)

G51() = [ Gyle.nfwnldn), Gila.y) = {G@ e

where K. = {z : |z|] < R.} and R, is a positive constant in Definition 2.1. Since
Gg(z,y) < Gg(x,y) < G(x,y), G5 is also a compact operator on L*(Y, 1) and denote by
7 its principal eigenvalue. Moreover, G%(:p, y) admits the same asymptotic expansion as
Gga(z,y) on the compact set K. x K.. Thus we can obtain the asymptotic expansion or
upper bound of 75 by the same argument as [9, Lemma 3.4]:

ECP 21 (2016), paper 79. http://www.imstat.org/ecp/
Page 6/14


http://dx.doi.org/10.1214/16-ECP30
http://www.imstat.org/ecp/

Feynman-Kac penalization problem

Lemma 3.3. (1) For 1l < d/a < 2, the principal eigenvalue 75 admits the following
asymptotic expansion:

vs=1— ki, h§)285 1 +o(Ba1) (1< d/a<2), (3.1)
75 =1 — ka{p, h§)?Blog 571+ o(Blog 1) (dfa = 2), (3.2)

where h{(x) = ho - 1k, () and (i, h{) = / hi(x)p(dx).
R4
(2) Ford/a > 2, the principal eigenvalue 75 admits the following upper bound:
75 <1—((ho — &), (ho — €)")mB + 0o(B), (3.3)
where (hg — €)™ (z) = (ho(z) —€) V0.

Proof. (1) For1l < d/a < 2, we define

ey / F@uldy), Dsf(x) = 1x.(z) / Ey(z,y)f ()uldy).

€

Then g,g =Gy — /ﬁﬂ%—lDi + Ds5. Since Df is a bounded operator and the operator
norm of D§ is dominated by ¢ 3, 'yg satisfies (3.1) from the first-order perturbation
theory of the compact operators.

For d/a = 2, we have G§ = Gy — k23 log B71D + D5 for the same DS and DS as those
for 1 < d/a < 2. Since the operator norm of D5 is dominated by c/3, 7§ satisfies
(3.2).

(2) For d/a > 2, we have G = Gy — BDf + D5, where Dj satisfies

DS f(x) = 1. () / G, y) F(w)uldy)

K.

and D5 is the same as that for d/a < 2. Since Dj is a bounded operator and the
operator norm of D5 is dominated by CQB%A%*U, we have

75 =1 = (Diho, ho)uB + o(B).

Let G be an operator with the integral kernel G(z,y), i.e. for a function f and a
measure i,

G = [ Gty GUna = [ 6w rw).

R4

Then G? admits the integral kernel G(z, 7). Indeed, we have

@ f(2) = G(Gf)(z) = / " () ()t = / h / " e (@)dsdt

= /000 /Ot pef (z)dsdt = /000 tp: f (z)dt = /]Rd f(y) /OOO tp(t, . y)didy.

Thus we have

(DSho, ho), //K G )ho(y)n(dy)hofa)p(a)

— //}Rd y G(z,9)ho(y)pr, (dy)ho(x)pr, (dx) = (G(hopr,), G(hottr.))m;
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where 1, is the restriction of y on K. Since G(hou)(x) = ho(z), ho(z) < 1 A |x|*~4
and sup G(u — pugr.)(x) <€, we see that G(hour,) > (ho —€)* and
z€R4
(Diho, ho)u = ((ho = €)*, (ho = €) ).
Hence we obtain (3.3). O

Since we see 75 > 3 from G§(z,y) > Gs(z,y), we can obtain the upper estimate of
vs. In order to obtain the lower estimate of g, we first consider the lower estimate of
Ggs(x,y). This is easy for d/a # 2 because Eg(z,y) is positive. For d/a = 2, we have the
following lemma:

Lemma 3.4. For d/a = 2, the resolvent kernel Gg(z,y) satisfies

G(z,y) 2 (1 - c1B)G(x,y) — koflog 87" — caf3. (3.4)

[z —yl
tl/«a

positive function satisfying ¢(0) = 1, g(w) < 1 A |w|~%~® and ¢(0) — g(w) < ¢;w?. Then
we have

Proof. As we saw in [9] and [10], we have p(t,z,y) = Kot 2g < ) where g is a

Gp(w,y) = G(x,y) - mg/ 21— e Phyg ('il—/aw) dt
0

|z—y|* _
> G(z,y) - fez/ t2(1—e g ('x y') dt
0

tl/«a

—Iig/ t72(1 — e PYdt =: G(z,y) — I — L.
|

T—yl*

Since 1 — e #* < Bt and g(w) < c;w™3® for w > 1, we have

‘w_yla t2
I < C2ﬁ/ ﬁdt < c3f. (3.5)
0 |z -yl
If Blz — y|* < 1, we have
i 1
Iy = kof —(1—e"")ds

Blz—yl> S
1 Pl = (=Blz — gl
= -z ) — ~ — ASad G N

where v is Euler’s gamma. Note that for z <0

> n z O n—1 0 _w
z w e’ —1
—g :—/ E dw:/ dw < —z.
n - nl 0 n! . W
n=1 n=1
Then we obtain

Ir < kaf(er —log(Blz — y|*)) = kaflog B + kaf(cr +log(lz —y|~*))
< kaflog B+ Blea + |z —y|*) = kaflog 71 + Blea + csG(x,y)). (3.6)
If Blz — y|* > 1, we see that

> 1 >*1
IQ S 626/ *th S Cgﬂ/ *th = Cgﬂ. (37)
Blo—ylo t 1t
Hence (3.6) and (3.7) imply
I < kaBlog B~ + Bles + coG(z,y)) (3.8)
and we conclude (3.4) from (3.5) and (3.8). O
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For the lower estimate of 3, we have a lemma as follows:

Lemma 3.5. The principal eigenvalue 3 admits the lower estimate as follows:

Yo > 1= ki (u ho)?B5~1 (1< d/a<?2)
V8 =1 —ka(p, ho)?’Blog B~ — e (d/a=2)
Y5 = 1= (ho,ho)mB  (d/a>2).

Proof. Note that the principal eigenvalue 3 is characterized by

5= sup / G (. y)h(y)u(dy) () u(dr).
(17l ,=1/JY xY

If 1 <d/a <2, Lemma 3.2 and the positivity of Eg(z,y) imply

s> sup / /Y (Gla) = a8t bl () da)

lRll=1
2 // (G(x,y) — "@15%_1)h0(y)u(dy)ho(x)u(dx) =1—r1(u, h0>25§—1.
Y XY

If d/o = 2, Lemma 3.4 implies

s> sup //Y (1= aB)G(a.y) ~ raBlog B! — caf h(w)uldy)h(a)(d)

Al =1
> // (1= e1B)G(z,y) — raflog 57" — caf)ho(y) u(dy)ho(x)p(dx)
Y XY
> 1 — ko, ho)*Blog 87 — c3f.
If d/a > 2, Lemma 3.2 and the positivity of Eg(z,y) imply

g > / /Y (G(.y) ~ Glay)8)ho )y ho (o))

—1-5 [ Glemho@nldhoa)n(de) = 1~ (b ho)np.
Y XY
Hence we obtain the desired result. O

Combining Lemmas 3.3 and 3.5, we have the following theorem.

1—
Theorem 3.6. The principal eigenvalue -y satisfies éir% Z(B;B = kq,o, where [($3) and
—

kq. are given by

a1 (1<d/a<?2) ki, ho)? (1 <d/a<2)
1(B) = { Blog B~" (d/a=2) kao = k2, ho)? (d/a=2)
6 (d/Oé > 2)7 (hOa hO)m (d/CM > 2)
Proof. Since (u, h§) 1 (u, ho) and ((ho — €)*, (ho — €)™ )m T (ho, ho)m as € | 0, we have the
desired result. O

4 Growth order of Feynman-Kac functionals

In [9], we gave the large time asymptotics for Feynman-Kac functional for p with
compact support. Since we have obtained the behavior of the principal eigenvalue in
Theorem 3.6, this result is easily extended to a general 1 € K, which is of 0-order finite
energy integral.

In the sequel, let v be a measure in K, satisfying v(R%) < co.
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Theorem 4.1. It follows

B, [e*] =1/(1Rd)+/0 (v,phpyds, plpx) Z/de“(&%y)u(dy)-

Proof. By [9, Lemma 4.1], we have

t
Eofe) =1+ [ putods.
0

Integration with respect to v implies the desired result. O

Define the resolvent by

Ghla) = [ e Ppuo)i.
0

We have the following lemma by the resolvent equation.
Lemma 4.2. For § > 0, it follows that (G u) = (1 — Gg)~'r(Gpp).

Proof. Obeying the argument of [9, Lemma 4.2], we have Gj;u(z) — Ggu(r) = G(Glhu -
w)(z) for z € R?. If we restrict this formula on x € Y, we have r(Ghp) — r(Gpp) =
Gp(r(Gfp)). Since Gs is a compact operator with principal eigenvalue 75 < 1, we have
the desired formula. O

Letting P be the operator on L?(Y, 1) given by Psf = (f,hs),hs, we have

F(Gh) = (1 —78) " Pa(r(Gap)) + (1 - Ga) (1 — Pa) (r(Gap). @1

Lemma 4.3. Set Rg = (1 — Gg) (1 — P3)(r(Gsp)). Then the formula (4.1) on'Y is
extended to R? as follows:

Gl = (1—p) " (Gpp, hp)uhs + e(Rp). (4.2)

Moreover e(Rg) € F. and sup E(e(Rg), e(Rg)) < o0.
820

Proof. Since p is of finite 0-order energy integral, Ggu € F? and r(Ggu) € L3(Y, ).
Lemma 4.2 implies that r(G%u) € L*(Y,u) and thus Ghu € L*(R% p). Noting that
Gl = Gpp + Gp(Ghu)p and Gp(fu) € FP for f € L?(RY, u), we have G € F. Hence
r(Gu) € FP and we have Hy (Gliu)(z) = Glpu() similarly to (2.3). Thus we obtain (4.2)
from e(r(Gu)) = Glsp and e(hg) = hg. Let v be the second largest eigenvalue for Gg
and put gg = (1 — P3)(r(Gsp)). By the spectral representation of 7z, we have

o A

EP(Rg, Rg) = (MsRa, Ra),u =/ md(Exg@,gﬁM
Y

7—1
B

2 roo
<<1f%>/;AM&U@WMMQMh<qWW@wMﬂ%M)

Noting that £ (Rg, Rg) = Es(e(Rp), e(Rg)) and e(r(Gpu)) = Gsu, we have
Es(e(Rp), e(Rp)) < c1&p(Gpp, Gpp) < e /]Rd Gu(z)p(dz).

Since p is of 0-order finite energy integral, the last integral is finite and we have the
desired assertion. O
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Note that ||hg—hol|, — 0 and |Ggu—Gpl|, — 0as 8 — 0. Moreover, G(hop)(x) = ho(x)
implies

(Ganahs)u= (Gioto)= [ Gu@ha(@iuan) = [ | Glagutdnho(@n(a)

:/ cmmmmmmmmww=/’mwmww<ﬁﬁm. 4.3)
Rd Rd Rd

Hence we have the following lemma from Lemmas 3.1, 4.3 and formula (4.3).

Lemma 4.4. [(3)G);u converges E-weakly to k;i(u, hoYho, where [(3) and kg, are as in
Theorem 3.6.

Since v € Ko, F. is compactly embedded into L?(v). Thus £-weak convergence
implies the L?(v)-strong one, in particular L?(v)-weak one. Noting that v(R%) < oo
implies 1 € L?(v), we obtain the convergence as follows:

Lemma 4.5. It follows that

Y, 1(8) (v, Gp) = 1 o) (v, o).

The following lemma is called the Tauberian theorem. For a precise proof, see [6,
Theorem 10.3] or [9, Theorem 4.8]

o0
Lemma 4.6. Let ) be a positive Borel measure on [0, 0). If/ e Ply(dt) < oo for all
0

B> 0 and lim 1(5)/ e Pty(dt) = D > 0, then
B8—0 0

D
lim [(t~Hn[0,t) = —————.
A 00 = Sz a)
We now extend the large time asymptotics of Feynman-Kac functionals in [9, Theorem
1.1] as follows:

Theorem 4.7. Let i and v be Green tight measures on RY. Assume that y is of finite
0-order energy integral and v is finite. Ast — oo, it follows that

N R
£1'(5) (1, ho) £1L(5) (1, ho)

Ab N <I/, h0>t eA’tL -~ ho (1’)t o=
Eye™] Ko, ho) logt’ Eale™] Ka(f, ho) logt (dfe=2)

Ay {1 ho) (v, ho) AL 8 ho)ho(2) N
E,le”] (o o) t, E,[e”t] (o o) t (d/a > 2).

Here A ~ B stands for B/A — 1 ast — oo.

Proof. For E,[e#"], we can easily obtain the desired result combining Theorem 4.1 with
Lemmas 4.5 and 4.6. For E,[e“7], note that for e > 0 and = € R?, 1(-) = p*(e, z, - )m(-) is
a finite measure on R4 and belongs to K, from [9, Lemma 4.6]. Thus, it follows that

E,[e?] = /Rd E, [ ]p" (e, z, y)m(dy) = p(E[e**])(x)
t t+e
zﬂQ+AwWQ@>pﬂm+/ Pl u(a)ds

t+e t+e
=, [eAg] +/ php(x)ds =1 -I-/O pru(x)ds = ]Ew[eAile]

and we have the desired result. O
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5 The proof of the penalization problem
Let M = (Q, P, X;) be the transformed process of M by hq(z), i.e.

ho = ho(X+) exp(A") (w w
Pi(B) = [ JUES o)W, VB EF,

We now prove Theorem 1.1 via Theorem 4.7.

(Proof of Theorem 1.1)
For any bounded random variable Z € F,, we have

B, [Z exp(A7)] = Eo[E.[Z exp(A})|Fs]] = Eo[Z exp(AL) Ex, [exp(A_)]].
Let v be a measure on R? defined by
v(B) = E,[Zexp(A*) : X, € B], B e B(RY).

Since Z is a bounded random variable, v(dy) is absolutely continuous with respect to
p“(S,mvy)m(dy) S ]Coo and

E,[Z exp(AL)Ex, [exp(Ai_,)]] = Ey [exp(Aj_,)].
Since v is a finite measure on R%, Theorem 4.7 implies

lim BelZexp(AN] B2 exp(Ai )]
t—oo B, [exp(AL)] t—oo [ [exp(A})]
_ <;;(; (’;0; _ @Ew[zﬁpmzwxsn ~EM[z]. O

If i satisfies the special property (1.2), we have

Vs G mttomtan = [ =zt
< /R — 2 pldr) = e /R L G(0,2)u(dr) < ey

4 |.13‘d_0‘

and p is of finite 0-order energy integral. The next example shows that the converse is
not valid in general.

Example 5.1. Define p,(dy) = m(dy)/(1 + |y|?) for p > 0. For (d + «)/2 < p < d, the
measure ., does not satisfy the special property but is of finite 0-order energy integral.

Proof. Since

sup / Gz, y)up(dy) < a1 / |z —y|*dy < c3a® | 0
lz—y|<a

z€R lz—y|<a

asal0, pp € K. We see that p, € Ko for p > . Indeed, for |z| < 2R,

/ Gz, v (dy) < 1 / & — g y|Pdy
ly|>R

ly|>R

<e / & — 4R Pdy + cs / Iyl — )]yl ~Pdy
|le—y|<5R ly|>3R

< cyRY7P 4 05/ |y\‘l_d_pdy < cgR7P. (5.1)
ly|>3R
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For |z| > 2R, we have

/ Gz, y)pp(dy) < / |z —y|* "y Pdy
ly|>R ly|>R

d d
< cl/ . A— cl/ — Y __ (52
le—y|<|al/2 [T = Y[* [y le—y[>[a]/2, |y|>R 1T — Y|P ylP
Since |z — y| < |x|/2 implies |y| > |z|/2, the first term of (5.2) is dominated by
d
c2|z|*p/ Y yfa]* P < RO (5.3)
lo—y|<lzl/2 [T = Yl

Moreover, |z — y| > |z|/2 implies |z — y| > |y|/3 and thus the second term of (5.2) is
dominated by

05/ |y|°‘*d*pdy < cgR7P. (5.4)
ly|>R

Thus (5.1), (5.3) and (5.4) imply u, € K forp > a.
We next show that p,, does not satisfy the special property (1.2) for p < d. Indeed,

d d jal/2 a1
|x‘dia/ d— . 2 Cl/ Y 02/ d dr.
re [T =yl (1 + y/P) i<lzl/2 1+ 1ylP 0 1+rp

Since the last integral diverges as |z| 1 oo, i, does not satisfy (1.2). Finally we show
that p, is of finite 0-order energy integral for p > (d + «)/2. Since p, € K, we have

sup / G(z,y)up(dy) < cs for some positive constant cs. Fix Ry > 0 and let |z| > 2R,.
zeR® JR
Then we have

e = [ cwpmn+ [ oy

ly|>Ro

c1 / dy / c1dy
< — 4+ 0 =1 + .
(|z] = Ro)4= Jiyj<ro L+ WP Jiyimro |2 —yle=]y|P

We can easily show that I; < cy|z|*~¢. For I,

d d
I < Cl/ % + Cl/ %
o—yl<lzl/2 [T = Y17 y] lo—yl>[zl/2, ly|>Ro 1T = Y4yl

< cala| " / @ =y dy + csla] °* / 1y 7 P dy
|le—y|<|z|/2 |y|>Ro

a—d
< eqlz) 7.

Hence we conclude that

// G, )i (A () < / es (LA J2]“F) (1 A 2] P)dz < oo
R4 xR4

Ra

forp > (d+ «)/2. O
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