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Abstract. This note is a discussion of the article “Bayesian Solution Uncertainty
Quantiﬁcation for Diﬀerential Equations” by Chkrebtii, Campbell, Calderhead,
and Girolami. The authors propose stochastic models for diﬀerential equation
discretizations. While appreciating the main concepts, we point out some possible
extensions and modiﬁcations.
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variational formulation.

1

Introduction

In modeling a physical system governed by diﬀerential equation, quantifying uncertainty
of the solution is an important issue and Bayesian methodology provides a natural framework in such problems Chakraborty et al. (2016); Stuart (2014); Konomi et al. (2014);
Hoang et al. (2013); Holmes et al. (2012); Guha et al. (2015); Mondal et al. (2014);
Efendiev et al. (2008b,a). This is a very nice contribution to develop structured models
for uncertainty discretization within the forward problem and construction of eﬃcient
sequential algorithms. The authors used Gaussian process models for the unknown function as well as for the corresponding derivatives. The key component of modeling with
Gaussian process is the speciﬁcation of the covariance kernel. This speciﬁcation could
be very complex in higher dimensions and for complex multiscale problems. In the
latter case, the stochastic modeling of discretization errors can be important as one
can not represent all degrees of freedom. Typical subgrid basis functions representing
the solutions over computational grids can not include all ﬁne-grid information of the
solution space. Some important subgrid information can be taken into account, while
un-resolved scales and information can be modeled in a probabilistic fashion. The proposed framework can take this into account in a more systematic way if appropriate
scales are resolved and un-resolved ones are modeled using appropriate probabilistic
models. Though the applications presented in the paper are somewhat simplistic, the
proposed concepts can be applied to more complex problems. In particular, with the
help of appropriate subgrid models, one can obtain accurate representation of uncer∗ Main
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tainties and the applications to partial diﬀerential equations (PDEs) can beneﬁt from
variational formulations.

2

Variational Approaches with Multiscale Basis
Functions

An alternative way is to approximate the function u using basis functions and use a
variational formulation of PDEs. As we mentioned, the basis functions can represent
some subgrid eﬀects or can be taken as splines or wavelets. As an illustrative example,
we can consider
∂u
= L(κ(x), u, ∇u),
∂t
where, for example, L(κ(x), u, ∇u) = div(κ(x)∇u) with κ(x) having a multiscale nature,
or L is a nonlinear diﬀerential equation, which can generate subgrid eﬀects (e.g., viscous
ﬁngering,. . . ). In these applications, we can express the unknown solution function as
u(x, t) =



βi (t∗ ) φi (x, t),

i

where βi ’s are the unknown regression coeﬃcients deﬁned in each computational time
interval and φi are basis functions. We consider a simpler case, where φi is the spatial
functions and βi (t) are time-varying functions. We note that it can be important to
separate variables to avoid higher derivatives and introduce auxiliary variables. In the
diﬀusion example, we can,
for example, introduce v = ∇u and use additional subgrid
basis functions for v, v = i γi (t)ψi (x). Using an appropriate variational approach, one
obtains
∂[β; γ]
= A[β; γ],
∂t
where A can be a nonlinear operator, in general. An appropriate variational principle
allows avoiding instability in spatial discretization, which could be a source of the error.
Modeling subgrid errors in each computational domain can be a challenging task.
Multiscale techniques Efendiev and Hou (2009); Chung et al. (2016a,b); Calo et al.
(2016) are designed to extract important features (typically non-local) in each computational grid and couple them via a global formulation. For example, if in each computational grid K (in 2D or 3D), we use basis functions φK
i , where i = 1, . . . , NK is the
number of basis functions. The “computable” part of the solution can be sought as

βiK (t) φK
uc (x, t) =
i (x),
i,K

where βiK can be found from the variational formulation. To model un-resolved scales,
one can consider several approaches. One of them includes writing the solution as
u = uc + ur ,
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where ur is the un-resolved part. The equation for ur can be formulated and solved.
This approach is similar of modeling the error Kennedy and O’Hagan (2001). Another
approach (which is closer to the proposed method) is to model subgrid errors for each
basis functions. These new subgrid basis functions can be adaptively deﬁned in space
and time. In this case, the solution is sought as

K
βiK (t) (φK
u(x, t) =
i (x) + ri (x, t)),
i,K

where riK (x, t) account for un-resolved scales. In this case, one can seek the solution as

βiK (t) φK
u(x, t) =
i (x),
i,K

with βiK (t) contain uncertainties due to un-resolved scales. This can be considered as
one of the applications of the proposed method, which provides a framework.
In addition to subgrid errors, the proposed method designs eﬃcient sequential algorithm. The solution representation can be used within a natural variational formulation
for underlying PDEs, which results a model equation for β. In the iterative framework,
let the discretized solution of a PDE at time t + 1 be ut+1 , which is a vectorized value at
grid points on the spatial domain. If we can write the solution as the following linearized
form,
ut+1 = Aut ,
with the given initial condition u0 . Then, we can quantify the uncertainty of the solution,
through specifying Gaussian distribution structure, or specifying the covariance function
and utj , where j in the subscript denote the value at the j th grid point. The
ut+1
i
algorithm will be very fast due to inherent Markov structure. Furthermore, we can add
the approximation error as ut = Rβ t +  with a Gaussian distribution for . When we
put a Gaussian prior on βi , we also make u become a Gaussian distribution which could
be used to quantify the uncertainty.
Next, we would like to comment on using multiscale approaches, which incorporate
subgrid information into basis functions. We consider the example in Section 5.4. In
this case, multiscale basis functions for 1D case can be constructed by solving local
problems with boundary conditions φi (xj ) = δij (see Efendiev and Hou (2009)). One
can regard these approaches as seeking solutions’ values at the coarse-grid computational
nodes. The information on the ﬁne grid in this case is approximated via basis functions
containing subgrid information. In a multiscale approach, we can use the Gaussian
updates on coarse nodes and write the solution at {x, tj } (for a generalized equation for
(5.6)) as
N1

αi (t)φi (x),
u(x, tj ) =
i=1

where φi (x) is the multiscale basis at coarse grid points. Therefore, by updating on α
by the Gaussian kernel as given in Algorithm 8, we would be able to capture the local
structure while attaining computational eﬃciency.
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For high dimensional multiscale PDEs, a separability assumption can be used in
solving the diﬀerential equation over the whole parameter domain (Yang et al. (2016)).
We write the solution as
u(x) =

N 
M


φi,j (xj ),

i=1 j=1

where x = (x1 , x2 , · · · , xM ), which can include the parameters and spatial/temporal
variables. This can be used to estimate the mean function and uncertainty quantiﬁcation, by assuming Gaussian processes on the separated functions φi,j . We can also
get probabilistic solutions for high-dimensional PDE by this separable scheme. Similar
separability assumptions can be made on the Gaussian Process covariance kernel but it
is diﬃcult to evaluate its eﬀect due to misspeciﬁcation.

3

Consistency Result

The Gaussian process is characterized by the covariance kernel, which is parametrized by
prior precision α−1 and correlation length λ. Here, α controls the variability of solution
path at some grid points and λ controls the eﬀect of other grid points through the
covariance kernel. From the consistency theorem (Theorem 3.1 in Chakraborty et al.
(2016)), with α−1 and λ going to zero, the consistency actually comes to the accuracy
of the numerical solver, which is a function of grid size when we deal with smooth
solutions. Otherwise, they can be related to local approximation with multiscale basis
functions. Hence, as prior variance, correlation length, and grid size converge to zero,
the solution converges to the unique solution of the diﬀerential equation. It can also be
helpful to look into posterior consistency and convergence rate (Vollmer (2013), Barron
et al. (1999)) of θ, the unknown initial condition. The posterior consistency would imply
that with more observed data and dense grids the posterior distribution of θ would be
concentrated in a small ball around unknown true θ∗ , where the radius of the ball goes
to zero at some appropriate rate given by the rate of convergence.

4

Concluding Remarks

The proposed method characterizes the uncertainty in the discretization of the solutions
of diﬀerential equations. Using space–time basis functions and variational formulations,
we can use the proposed concepts and construct the mean function by appropriately
incorporating the subgrid eﬀects. Furthermore, using Gaussian process structure, we can
describe the uncertainty around the mean function and this allows characterizing the
uncertainty of the solution. Comparing methods based on basis functions with subgrid
models for un-resolved scales in the case of multiscale problems with the sequential
interrogation can be an interesting exercise.
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