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We discuss the possibilities and limitations of estimating the mean of
a real-valued random variable from independent and identically distributed
observations from a nonasymptotic point of view. In particular, we define
estimators with a sub-Gaussian behavior even for certain heavy-tailed distri-
butions. We also prove various impossibility results for mean estimators.

1. Introduction. Estimating the mean of a probability distribution P on the
real line based on a sample X = (X1, ..., X;;) of n independent and identically
distributed random variables is arguably the most basic problem of statistics. While
the standard empirical mean

_ 1 &
emp, (X7) = - in
i=1

is the most natural choice, its finite-sample performance is far from optimal when
the distribution has a heavy tail.

The central limit theorem guarantees that if the X; have a finite second moment,
this estimator has Gaussian tails, asymptotically, when n — oo. Indeed,

opd~ (1 — 5/2)) s
NG ,

where pp and ag > 0 are the mean and variance of P (resp.) and ® is the cumula-
tive distribution function of the standard normal distribution. This result is essen-
tially optimal: no estimator can have better-than-Gaussian tails for all distributions
in any “reasonable class” (cf. Remark 1 below).

m P |6fpn (X7) - ap| >
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This paper is concerned with a nonasymptotic version of the mean estimation
problem. We are interested in large, nonparametric classes of distributions, such as

) P, := {all distributions over R with finite second moment},
3) Py g {all distributions P € P, with variance a}% = 0’2} (02 > 0),

4)  Pit<« := {all P € P, with kurtosis < «} (k > 1),

as well as some other classes introduced in Section 3. Given such a class P, we
would like to construct sub-Gaussian estimators. These should take an i.i.d. sample
X' from some unknown P € P and produce an estimate £, (X') of up that satisfies

(5) P<|E,,(X'f) — up| > LGP‘/(IH;ﬂ> <68  forall § € [Smin, 1)

for some constant L > 0 that depends only on P. One would like to keep dmin as
small as possible (say exponentially small in 7).

Of course, when n — oo with § fixed, (5) is a weaker form of (1) since
&~ 1(1 - 8/2) < /2In(2/5). The point is that (5) should hold nonasymptotically,
for extremely small &, and uniformly over P € P, even for classes P containing
distributions with heavy tails. The empirical mean cannot satisfy this property un-
less either P contains only sub-Gaussian distributions or §,,;, is quite large (cf.
Section 2.3.1), so designing sub-Gaussian estimators with the kind of guarantee
we look for is a nontrivial task.

In this paper, we prove that, for most (but not all) classes P C P, we consider,
there do exist estimators that achieve (5) for all large n, with Sy & ¢ “P" and a
value of L that does not depend on ¢ or n. In each case, cp > 0 is a constant that
depends on the class P under consideration, and we also obtain nearly tight bounds
on how cp must depend on P. (In particular, dpyi, cannot be super-exponentially
small in n.) In the specific case of bounded-kurtosis distributions [cf. (4) above],
we achieve L < /2 + ¢ for min ~ e 2"/ *) This value of L is nearly optimal
by Remark 1 below.

Before this paper, it was known that (5) could be achieved for the whole class
P> of distributions with finite second moments, with a weaker notion of estimator
that we call §-dependent estimator, that is, an estimator En = Envg that may also
depend on the confidence parameter §. By contrast, the estimators that we intro-
duce here are called multiple-§ estimators: a single estimator works for the whole
range of § € [6min, 1). This distinction is made formal in Definition 1 below. By
way of comparison, we also prove some results on §-dependent estimators in the
paper. In particular, we show that the distinction is substantial. For instance, there
are no multiple-6 sub-Gaussian estimators for the full class P, for any nontriv-
ial range of Spiy. Interestingly, multiple-6 estimators do exist (with Spin & e~ ")
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for the class P3 ’ (corresponding to fixed variance). In fact, this is true when the
variance is “known up to constants”, but not otherwise.

Why finite variance? In all examples mentioned above, we assume that all dis-
tributions P € P have a finite variance af,. In fact, our definition (5) implicitly re-
quires that the variance exists for all P € P. A natural question is if this condition
can be weakened. For example, for any o € (0, 1] and M > 0, one may consider
the class Pf‘ia of all distributions whose (1 + «)th central moment equals M (i.e.,
E[|X —EX|'t®] = M if X is distributed according to any P € Pﬁa). It is natural
to ask whether there exist estimators of the mean satisfying (5) with op replaced
by some constant depending on P. In Theorem 3.1, we prove that for every sample
size n, § < 1/2, « € (0, 1], and for any mean estimator En,g, there exists a dis-
tribution P € Pﬁ . Such that with probability at least J, the estimator is at least
Ml/(”")(w)“/(l“‘) away from the target up.

This result not only shows that one cannot expect sub-Gaussian confidence in-
tervals for classes that contain distributions of infinite variance but also that in such
cases it is impossible to have confidence intervals whose length scales as n~!/2.

Weakly sub-Gaussian estimators. Consider the class P2’ of all Bernoulli dis-
tributions, that is, the class that contains all distributions P of the form

P({1}) =1—-P({0}) = p, pe[0,1].

Perhaps surprisingly, no multiple-§ estimator exists for this class of distributions,
even when dpiy 1s a constant. (We do not explicitly prove this here but it is easy
to deduce it using the techniques of Sections 4.3 and 4.5.) On the other hand, by
standard tail bounds for the binomial distribution (e.g., by Hoeffding’s inequality),
the standard empirical mean satisfies, for all § > 0 and P € PBer,

ln(2/5)) <5
2n -

(|6, (X) — ue| >

Of course, this bound has a sub-Gaussian flavor as it resembles (5) except that the
confidence bounds do not scale by op(log(1/5)/ n)'/2 but rather by a distribution-
free constant times (log(1/8)/n) 172,

In general, we may call an estimate weakly sub-Gaussian with respect to the
class P if there exists a constant ap such that for all P € P,

IP’(}E,, (X]) — up| > Lop,| w) <8 for all 8 € [Smin, 1)
n

for some constant L > 0. §-dependent and multiple-é versions of this definition
may be given in analogy to those of sub-Gaussian estimators.

Note that if a class P is such that supp.p op < 00, then any sub-Gaussian esti-
mator is weakly sub-Gaussian. However, for classes of distributions without uni-
formly bounded variance, this is not necessarily the case and the two notions are
incomparable.
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In this paper, we focus on the notion of sub-Gaussian estimators and we do
not pursue further the characterization of the existence of weakly sub-Gaussian
estimators.

1.1. Related work. To our knowledge, the explicit distinction between §-
dependent and multiple-§ estimators, and our construction of multiple-§ sub-
Gaussian estimators for exponentially small §, are all new. On the other hand,
constructions of §-dependent estimators are implicit in older work on stochastic
optimization of Nemirovsky and Yudin [17] (see also Levin [15] and Hsu [7]),
sampling from large discrete structures by Jerrum, Valiant and Vazirani [10], and
for sketching algorithms, see Alon, Matias and Szegedy [1]. Recently, there has
been a surge of interest in sub-Gaussian estimators, their generalizations to multi-
variate settings, and their applications in a variety of statistical learning problems
where heavy-tailed distributions may be present; see, for example, Catoni [5],
Hsu and Sabato [9], Brownlees, Joly and Lugosi [3], Lerasle and Oliveira [14],
Minsker [16], Audibert and Catoni [2], Bubeck, Cesa-Bianchi and Lugosi [4].
Most of these papers use §-dependent sub-Gaussian estimators. Catoni’s paper
[5] is close in spirit to ours, as it focuses on sub-Gaussian mean estimation as
a fundamental problem. That paper presents §-dependent sub-Gaussian estimators

with nearly optimal L = +/2 + o(1) for a wide range of § and the classes P3 ?
and Piri<, defined in (3). The §-dependent sub-Gaussian estimator introduced by
[5] may be converted into a multiple-§ estimators with sub-exponential (instead of

sub-Gaussian) tails for PJ ? by choosing the single parameter of the estimator ap-
propriately. Loosely speaking, this corresponds to squaring the term In(1/6) in (5).
Catoni also obtains multiple-§ estimators for P, with sub-exponential tails. These
ideas are strongly related to Audibert and Catoni’s paper on robust least-squares
linear regression [2].

1.2. Main proof ideas. The negative results we prove in this paper are min-
imax lower bounds for simple families of distributions such as scaled Bernoulli
distributions (Theorem 3.1), Laplace distributions with fixed scale parameter for
8-dependent (Theorem 4.3), and the Poisson family for multiple-é estimators (The-
orem 4.4). The main point about the latter choices is that it is easy to compare the
probabilities of events when one changes the values of the parameter. Interestingly,
Catoni’s lower bounds in [5] also follow from a one- dimensional family (in that
case, Gaussians with fixed variance o2 > 0).

Our constructions of estimators use two main ideas. The first one is that, while
one cannot turn §-dependent into multiple-6 estimators, one can build multiple-§
estimators from the slightly stronger concept of sub-Gaussian confidence inter-
vals. That is, if for each § > 0 one can find an empirical confidence interval for up
with “sub-Gaussian length,” one may combine these intervals to produce a single
multiple-§ estimator. This general construction is presented in Section 4.2 and is
related at a high level to Lepskii’s adaptation method [12, 13].
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Although general, this method of confidence intervals loses constant factors.
Our second idea for building estimators, which is specific to the bounded kurto-
sis case (see Theorem 3.6 below), is to use a data-driven truncation mechanism
to make the empirical mean better behaved. By using preliminary estimators of
the mean and variance, we truncate the random variables in the sample and ob-
tain a Bennett-type concentration inequality with sharp constant L = /2 + o(1).
A crucial point in this analysis is to show that our truncation mechanism is fairly
insensitive to the preliminary estimators being used.

1.3. Organization. The remainder of the paper is organized as follows. Sec-
tion 2 fixes notation, formally defines our problem and discusses previous work in
light of our definition. Section 3 states our main results. Several general methods
that we use throughout the paper are collected in Section 4. Proofs of the main
results are given in Sections 5 to 7. Section 8 discusses several open problems.

2. Preliminaries.

2.1. Notation. We write N = {0, 1,2, ...}. For a positive integer n, denote
[n]={1,...,n}. |A| or #A denote the cardinality of the finite set A.

We treat R and R” as measurable spaces with the respective Borel o -fields kept
implicit. Elements of R" are denoted by x} = (x1, ..., x,) withxy, ..., x, € R.

Probability distributions over R are denoted P. Given a (suitably measurable)
function f = f(X, 6) of a real-valued random variable X distributed according to
P and some other parameter 6, we let

Pf=Pf(X.0)= /R £x, 0)P(dx)

denote the integral of f with respect to X. Assuming PX? < oo, we use the sym-
bols up = PX and a[% =PXx?— ,ulz, for the mean and variance of P.

Z =4 P means that Z is a random object (taking values in some measurable
space) and P is the distribution of this object. X| =4 P®" means that X} =
(X1, ..., Xp) is arandom vector in R” with the product distribution corresponding
to P. Moreover, given such a random vector X7 and a nonempty set B C [n], Ps
is the empirical measure of X;, i € B:

S 1
szﬁz%.

ieB
We write P,, instead of P, for simplicity.
2.2. The sub-Gaussian mean estimation problem. In this section, we begin

a more formal discussion of the main problem in this paper. We start with the
definition of a sub-Gaussian estimator of the mean.
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DEFINITION 1. Let n be a positive integer, L > 0, dpmin € (0,1). Let P be a
family of probability distributions over R with finite second moments.

1. 8-dependent sub-Gaussian estimation: A §-dependent L-sub-Gaussian esti-
mator for (P, n, Smin) iS @ measurable mapping En :R™ X [6min, 1) — R such that
if Pe P, € [dmin, 1), and X| = (X1, ..., X,,) is a sample of i.i.d. random vari-
ables distributed as P, then

(6) P(\En(x'f,a)—m >Lap‘/w> <$

We also write En’g(-) for En(-, ).

2. Multiple-6 sub-Gaussian estimation: A multiple-§ L-sub-Gaussian estimator
for (P, n, émin) 1S @ measurable mapping En :R"™ — R such that, for each § €
[8min, 1), P € P and i.i.d. sample X{ = (X1, ..., X,) distributed as P,

. 1+ 1n(1/5
7) P<|En(x7) — up| > LGP‘/(—H;M> <s.

It transpires from these definitions that multiple-6 estimators are preferable
whenever they are available, because they combine good typical behavior with
nearly optimal bounds under extremely rare events. By contrast, the need to com-
mit to a § in advance means that §-dependent estimators may be too pessimistic
when a small § is desired. The main problem addressed in this paper is the follow-
ing:

Given a family P (or more generally a sequence of families P;), find the smallest
possible sequence Syin = Smin,, such that multiple-§ L-sub-Gaussian estimators for

(P, n, 8min,n) [resp., (Pn,n, 8min,n)] exist for all large n, and with a constant L that
does not depend on n.

REMARK 1 (Optimality of sub-Gaussian estimators). Call a class P “reason-
able” when it contains all Gaussian distributions with a given variance o> > 0.
Catoni [5], Proposition 6.1, shows that, if § € (0, 1), P is reasonable and some
estimator E\n,a achieves

]P’(En,(g(X?) — up > %) <8 whenever P € P,
then r > ®~1(1 — §). The same result holds for the lower tail. Since ®~1(1 —§) ~
+/21In(1/8) for small 8, this means that, for any reasonable class P, no constant
L < +/2 is achievable for small dmin» and no better dependence on n or § is pos-
sible. In particular, sub-Gaussian estimators are optimal up to constants, and esti-
mators with L < +/2 4 o(1) are “nearly optimal.”
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2.3. Known examples from previous work. In what follows, we present some
known estimators of the mean and discuss their sub-Gaussian properties (or lack
thereof).

2.3.1. Empirical mean as a sub-Gaussian estimator. For large n, o> > 0 fixed
and dpin — 0, the empirical mean

g 1<
P, () = = >
i=1

is not a L-sub-Gaussian estimator for the class Py ? of all distributions with vari-
ance o 2. This is a consequence of [5], Proposition 6.2, which shows that the devi-
ation bound obtained from Chebyshev’s inequality is essentially sharp.

Things change under slightly stronger assumptions. For example, a nonuni-
form version of the Berry—Esséen theorem ([18], Theorem 14, page 125) im-
plies that, for large n, emp,, is a multiple-& (v/2 + &)-sub-Gaussian estimator for
(P35> 1, Smin,n), Where

Py, ={PePs:PIX — upl < (0)°)

for some n > 1 and Sminn > n~V 2(1og n)_3/ 2. Similar results (with worse con-

stants) hold for the class Pii<, [cf. (4)] when épin > 1/n and « is bounded [5],
Proposition 5.1. Catoni ([5], Proposition 6.3) shows that the sub-Gaussian property
breaks down when dmin = 0(1/n). Exponentially small §,;, can be achieved under
much stronger assumptions. For example, Bennett’s inequality implies that emp,,

is («/E + &)-sub-Gaussian for the triple (Poo,y, 71, Smin), With min = e=en/m* and

Poon :={P€P2:|X — up| < nop as.}.

2.3.2. Median of means. Quite remarkably, as it has been known for some
time, one can do much better than the empirical mean in the §-dependent setting.
The so-called median of means construction gives L-sub-Gaussian estimators En’(g
(with L some constant) for any triple (P, n, e!="/2) where n > 6. The basic idea is
to partition the data into disjoint blocks, calculate the empirical mean within each
block, and finally take the median of them. This construction with a basic perfor-
mance bound is reviewed in Section 4.1, as it provides a building block and an
inspiration for the new constructions in this paper. We emphasize that, as pointed
out in the Introduction, variants of this result have been known for a long time;
see Nemirovsky and Yudin [17], Levin [15], Jerrum, Valiant and Vazirani [10],
and Alon, Matias and Szegedy [1]. Note that this estimator has good performance
even for distributions with infinite variance (see the remark following Theorem 3.1
below).
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2.3.3. Catoni’s estimators. The constant L obtained by the median-of-means
estimator is larger than the optimal value +/2 (see Remark 1). Catoni [5] designs
8-dependent sub-Gaussian estimators with nearly optimal L = +/2 4 o(1) for the
classes Py 2 (known variance) and Piri<, (bounded kurtosis). A variant of Catoni’s
estimator is a multiple-§ estimator, however, with sub-exponential instead of sub-
Gaussian tails [i.e., the 4/In(1/5) term in (7) appears squared]. Both estimators
work for exponentially small 8, although the constant in the exponent for Piri<,
depends on «.

3. Main results. Here, we present the main results of the paper. Proofs are
deferred to Sections 4—7.

3.1. On the nonexistence of sub-Gaussian mean estimators. Recall that for
any o, M > 0, P{‘ia denotes the class of all distributions on R whose (1 + «)th
central moment equals M (i.e., E[|X — EX |Ite] = M). We start by pointing out
that when o < 1, no sub-Gaussian estimators exist (even if one allows §-dependent
estimators).

THEOREM 3.1. Letn > 5 be a positive’\integer, M >0,aec(0,1], and § €
(2¢™"/*,1/2). Then for any mean estimator E,,

1/a o/(14+a)
M 1n(2/8)> ) S5,

sup ]PD(|E,,(X{’,8) — pp| > < "

pep,

The proof is given in Section 4.3. The bound of the theorem is essentially tight.
It is shown in Bubeck, Cesa-Bianchi End Lugosi [4] that for each M > 0, o €
(0, 1], and §é, there exists an estimator E,, (X7, §) such that

1o a/(1+a)
o (12M) 1n(1/8)> ) -5

sup 2|, (X7.8) — ue| = ( -

pep,

The estimator E,, (X7, 8) satisfying this bound is the median-of-means estimator
with appropriately chosen parameters.

It is an interesting question whether multiple-§ estimators exist with similar
performance. Since our primary goal in this paper is the study of sub-Gaussian
estimators, we do not pursue the case of infinite variance further.

3.2. The value of knowing the variance. Given 0 < 01 < 0p < 00, define the
class of distributions with variance between 012 and 022:
2 2
7750"62] =[PePy:0f <op <a}).
This class interpolates between the classes of distributions with fixed variance P35

and with completely unknown variance P,. The next theorem is proved in Sec-
tion 5.
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THEOREM 3.2. Let 0 < o] < 0p < o0 and define R = 03 /0.

1. Letting L'V = (4e+/2+41n2)R and s — 4e'7"/2 for every n > 6 there

min
2 2
exists a multiple-8 LV -sub-Gaussian estimator for (73;71 ’02], n, (Sr(r}i)n).

2. Forany L > \/5 there exist ¢(2) > 0and$ 2 o 0 such that, when R > (/’)(2),

min
2 2
there is no multiple-5 L-sub-Gaussian estimator for (732[0] ’02], n, SIgfi)n) for any n.
3. For any value of R > 1 and L > V2, if we let 81(31)11 = el_gLZ”, there is no
2 2
8-dependent L-sub-Gaussian estimator for (772[01 ’02], n, Sr(lfi)n) for any n.

It is instructive to consider this result when n grows and R = R, may change
with n. The theorem says that, when sup, R, < oo, there are multiple-6 L-sub-
Gaussian estimators for all large n, with exponentially small §,i, and a constant L.
On the other hand, if R, — oo, for any constant L and all large n, no multiple-§ L-
sub-Gaussian estimators exist for any sequence § = §pin,, — 0. Finally, the third
item says that even when R, = 1, §-dependent estimators are limited to Spin =
e~ 9™ 5o the median-of-means estimator is optimal in this sense.

3.3. Regularity, symmetry and higher moments. The following shows that
what we call regularity conditions can substitute for knowledge of the variance.

DEFINITION 2. For P € P, and j € N\ {0}, let X,..., X; be 1.i.d. random
variables with distribution P. Define

J J
p-(P. j) =P(Z X; < m) and (P, ) = P(Z X; = juP)-

i=1 i=1

Given k € N, we define the k-regular class as follows:

P2 k-reg = (P € P2:Vj >k, min(p4 (P, j), p—(P, j)) = 1/3}.

Note that this family of distributions is increasing in k. Also note that
Uken P2,k-reg = P2, because the central limit theorem implies py (P, j) — 1/2
and p_(P, j) — 1/2. Here are two important examples of large families of distri-
butions in this class.

EXAMPLE 3.1. We say that a distribution P € P, is symmetric around the
mean if, given X =4 P, 2up — X =4 P as well. Clearly, if P has this prop-
erty, p+(P, j) = p_(P, j) = 1/2 for all j and thus P € P} j-reg. In other words,
P2 sym C P2,1-reg Where Py sym is the class of all P € P, that are symmetric around
the mean.
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EXAMPLE 3.2. Givenn >1and a € (2, 3], set
3) Pan={P€P2:P|X — up|* < (nop)*}.

We show in Lemma 6.2 that, for P in this family, min(p+ (P, j), p—(P, j)) > 1/3
once j > (Cyn)?*/@=2) for a constant Cy, depending only on o. We deduce

7)0‘»'7 C 7DZ,k—reg ifk > (Can)za/(“_z).

Our main result about k-regular classes states that sub-Gaussian multiple-§ es-
timators exist for P x-reg in the sense of the following theorem, proven in Sec-
tion 6.1.

THEOREM 3.3. Let n,k be positive integers with n > (3 + In4)124k. Set
Sminnk = 4372 gnd L, = 4/2(T + 2In2)(1 + 62In(3))e/?. Then there
exists a Ly-sub-Gaussian multiple-§ estimator for (P2 k-reg, 1, Smin,n k)-

We also show that the range of Spin = e~ O/ in this result is optimal. This
follows directly from stronger results that we prove for Examples 3.1 and 3.2.
In other words, the general family of estimators designed for k-regular classes
has nearly optimal range of § for these two smaller classes. The next result, for
symmetric distributions, is proven in Section 6.2.

THEOREM 3.4.  Consider the class P> sym defined in Example 3.1. Then:

1. the estimator obtained in Theorem 3.3 for k = 1 is a L.-sub-Gaussian
multiple-§ estimator for (P2 sym, 1, dmin,n,1) when n > (3 +1n2)124;

2. on the other hand, for any L > /2, no 8-dependent L-sub-Gaussian estima-
tor can exist for (P2 sym, 1, 61_9L2").

We also have an analogous result for the class Py ;. The proof may be found in
Section 6.3.

THEOREM 3.5. Fix a € (2, 3] and assume n > 31/321/6 Consider the class
Pu,y defined in Example 3.2. Then there exists some Cy > 0 depending only on o
such that if kg = [Con@®/(@=2)7:

1. the estimator obtained in Theorem 3.3 for k = ky is a Ly-sub-Gaussian
multiple-§ estimator for (Py,y, 1, Smin,n k,) When n > (3 +1n4)124k,;

2. on the other hand, for any L > V2, there exist no.o.r € Nand cy1 > 0 such
that no multiple-8 L-sub-Gaussian estimator can exist for (P, 1, el —Ca.Ln/ka)
when n > ng .1 is large enough

3. finally, for L > /2 there is no 8-dependent L sub-Gaussian estimator for

1-9L%n
(Pa,r]» n,e )
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3.4. Bounded kurtosis and nearly optimal constants. This section shows that
multiple-6 sub-Gaussian estimation with nearly optimal constants can be proved
when the kurtosis

P(X — pp)*
Kp = 74
Op

is uniformly bounded in the class. (We set xp = 1 when o*l% = 0.) More specifically,
we consider the class Py i<, of all distributions P € P with kp <«.
To state the result, let by,x be a positive integer to be specified below. Also

define
3/2
kb b
£= 2\/‘ max_{_?’6 K max+1120ﬁ max
n n

Note that when bpyax = o((n /K)Z/ H, & = 0(1). The main result for classes of dis-
tributions with bounded kurtosis is the following. For the proof, see Section 7.

THEOREM 3.6. Letn >4, L = /2(1 + &), ST(T?H = %e‘bma". There exists
an absolute constant C such that, if kbmax/n < C, then there exists a multiple-§
L-sub-Gaussian estimator for (Pj , n, SI(:I)H)

This result is most interesting in the regime where n — 00, Kk = k,, possibly
depends on n and n/x,, — o0. In this case, we may take bpax = 0((n//< )2/3)

and obtain multiple-§ (\/E + o(1))-sub-Gaussian estimators (P, 1, mm) for
8@~ e~bmax _Catoni [5] obtained §-dependent V2+ o(1)-estimators for a smaller

min
value 6$i)n ~ ¢~"/¥ In Remark 2, we show how one can obtain a similar range of
& with a multiple-6 estimator, albeit with worse constant L.

4. General methods. We collect here some ideas that recur in the remainder
of the paper. Section 4.1 presents an analysis of median-of-means, as described
in Section 2.3.2 above. Section 4.2 presents a “black-box method” of deriving
multiple-é estimators from confidence intervals; the latter being §-dependent ob-
jects that are easier to construct.

We then present several lower bounds. In Section 4.3, we use scaled Bernoulli
distributions to prove the impossibility of designing (weakly) sub-Gaussian esti-
mators for families of distributions with unbounded variance. Section 4.4 uses the
family of Laplace distributions to lower bound i, for §-dependent estimators.
Finally, Section 4.5 uses the Poisson family to derive lower bounds on 8, for
multiple-§ estimators. A combination of the methods in this section will allow us
to derive the sharp range for In(1/8min) for almost all families of distributions we
consider.
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4.1. Median of means. Given a positive integer b and a vector x}f e RP, we let
q1,2 denote the median of the numbers xy, x2, ..., xp, that is,

NS

b
ql/z(xf) =X; where #{k € [b] : xx < x;} > 3 and #lk € [b] : xx > x;} >

(If several i fit the above description, we take the smallest one.)
To build our estimator for a given § € [e1 —n/2 1), we first choose

b=TlIn(1/s)]

and note that b <n/2.
Now divide [n] into b blocks (i.e., disjoint subsets) B;, 1 <i < b, each of size
|Bi| >k =|n/b] > 2. Given x{ € R", we define

1
yus(x]) = (y,,,(g,i(x’f))f?:1 € R’ with coordinates Vs, (x]) = B Z X;
1

and define the median-of-means estimator by E\ma (xf) =q1/2(Yn,s(x7)).
The next result is a well-known performance bound for the median-of-means
estimator; see, for example, Hsu [7].

THEOREM 4.1. Foranyn >4 and L = 24/2e the median-of-means estima-
tor by E, 5(x]) = q1/2(yn,5(x])) is a 8-dependent L-sub-Gaussian estimator for
(Py,n,e' =12,

4.2. The method of confidence intervals for multiple-§ estimators. In this sec-
tion, we detail how sub-Gaussian confidence intervals may be combined to pro-
duce multiple-§ estimators. This will be our main tool in defining all multiple-§
estimators whose existence is claimed in Theorems 3.2 and 3.3. First, we need a
definition.

DEFINITION 3. Let n be a positive integer, § € (0,1) and let P be a
class of probability distributions over R. A measurable closed interval 7:1,5(-) =
[an.s(), l;n’g(-)] consists of a pair of measurable functions a, s, 1;,1,5 R" - R
with a, 5 < l;,,,g. We let fn,g = l;,,,,; — ay_s denote the length of the interval. We say
{ j;l’(s}ge[gmm’ 1) is a collection L-sub-Gaussian confidence intervals for (1, P, dmin)
if forany P e P, if X| =4 P®" then for all § € [Smin, 1),

~ N 1+1In(1/6
]P’(Mp € Ty 5(X7) and & 5 (X7) < LMM) > 15,
n

The next theorem shows how one can combine sub-Gaussian confidence inter-
vals to obtain a multiple-§ sub-Gaussian mean estimator.
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THEOREM 4.2. Let n be a positive integer and let P be a class of probabil-
ity distributions over R. Assume that there exists a collection of L-sub-Gaussian
confidence intervals for (n,P,8min). Then there exists a multiple-§ estimator
En :R" — R that is L'-sub-Gaussian for (n, P,2~™), where L' = L/1 +21In2
and m = |10g,(1/8min)] — 1 > 10g5(1/8min) — 2 (in particular, 27" < 48min).

PROOF. Our choice of m implies that, for each k =1,2,3,...,m + 1 there
exists a measurable closed interval I (-) = [ax(-), bi(-)] with length £ (-), with the
property that, if P € P and X =; P®", the event

14+kIn2
) gk_{,upelk( )andﬁk( )<LO'P\/?}

has probability P(Gy) > 1 — 27X, To define our estimator, define, for x| eRY,

m+1
Je (X1 :min{k elm+11: [ L;(x}) # @}.

j=k
One can easily check that
m—+1 .
ﬂ I;(x]) is always a nonempty closed interval,
j:]gn (Xlll
so it makes sense to define the estimator E (x7) as its midpoint.
We claim that E, is the sub-Gaussian estimator we are looking for. To prove

this, we let 27" < § < 1 and choose the smallest k € {1,2, ..., m + 1} with 21—k <
8. Assume X =4 P®" with P € P. Then:

L PO Gy =1—27F =27k > .. > 1 — 217K > 1 — § by (9) and the
choice of k.

2. When m’}’j,j G; holds, up € I;(X") for all k < j <m + 1, so up €
m;}zrkl 1;(X}). In piarticular, ﬂ;'?:kl 1;(X)) # @ and k, (X) < k.

3. Now when k,(X7) <k, E,(X}) € ﬂ;f’ikl 1;(X7) as well, so both E,(X7})
and up belong to I (X7). It follows that | E,, (X)) — up| < €x(X]).

4. Finally, our choice of k implies 21k < § <227k g0, under ﬂm+l G; we
have

N 1+ In(2* 1+2In2+1In(1/6 1+1In(1/6
bu(x%) < Low /+_n<>5LGPJ +2In2+1n(1/8) _,, [1+1n1/8)
n n n

with L' = L4/1 + 21n?2 as in the statement of the theorem.
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Putting it all together, we conclude
- [1+1n(1/6 il
IP’<|En(X?) —pp|<L'op M) > P( N gj) >1-34,
n =k
and since this holds for all P € P and all 27 < § < 1/2, the proof is complete.
O

4.3. Scaled Bernoulli distributions and single-6 estimators. In this subsection,
we prove Theorem 3.1. In order to do so, we derive a simple minimax lower bound
for single-§ estimators for the class P, , = { P,, P_} of distributions that contains
two discrete distributions defined by

Pi{o)y=P_({0)=1—p,  Pi({c})=P-({—c})=p,

where p € [0, 1] and ¢ > 0. Note that up, = pc, up_ = —pc and that for any
o > 0, the (1 + a)th central moment of both distributions equals

(10) M=c"p1 - p)(p* + (1 — p)*).

Fori =1,...,n,let (X;, Y;) be independent pairs of real-valued random vari-
ables such that

P{X;=Y,=0}=1—p and P{X;=c,Yi=—c}=p.
Note that X; © P, and ¥; © P_. Let § € (0,1/2). If § > 2¢™"/* and p =
(2/n)log(2/$), then [using 1 — p = exp(—p/(1 — p))],
P{X|=Y]}=(1-p)" >25.
Let E, n,s be any mean estimator, possibly depending on 8. Then
max(P{|Ens (X1) = up,| > cp} P{Ens(V]) = pp_| > cp})

> 3P{| Ens(X]) = ppy| > cp or [Ens(Y]) = p_| > cp)

> 3P{Ens(X}) = Ens(¥7))

= 3P{X] =17} = 6.

From (10), we have that cp > M /04 (p/2)2/(1+¢) and, therefore,

max(IP’{\En,g(X’f)—,upJ > ( logg

_ Mle  ona/(+a)
P{|En,3(Yf)—up_|> < - log3> })ZS.

M1/ 2)a/(1+ot)}

Theorem 3.1 simply follows by noting that P, , C P{‘ia.
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4.4. Laplace distributions and single-§ estimators. This section focuses on
the class of all Laplace distributions with scale parameter equal to 1. To define
such a distribution, let A € R and let La, be the probability measure on R with
density

dLla, e Ix—Al
(x) =
dx 2
Denote by P, = {La, : A € R} the class of all such distributions.

A simple calculation reveals that for all A € R, the mean, variance and central
third moment are (114, = A, 0 =2 and La; |X — A]* =6 < (3oLs,)* with n =
31/31/6

The next result proves that §-dependent L-sub-Gaussian estimators are limited
to exponentially small § even over the one-dimensional family P,.

THEOREM 4.3. If n > 3 then, for any constant L > V2, there are no §-

. . _972
dependent L-sub-Gaussian estimators for (Pa, n, e! =L,

PROOF. We proceed by contradiction, assuming that there exist L-sub-

1-9L%n

Gaussian §-dependent estimators E, n.s for (PLa, n, ) where § = e and arbi-

trarily large n. We set

A =2L\/2(1 +1In(1/8))/n

and consider X{ =4 La(?” and Y|' =4 Lai@". The triangle inequality applied to the
exponents of d La, /dx and d Lag /dx shows that the densities of the two product
measures satisfy, for all x’f e R",

dLag _dlLay
G ) 2GR )
1
and, therefore,
(11) P( E, (X”)>& > e MP(E (Y”)>5
n,s 1_2_ n,51_2-

Using the definition of A and the fact that p 5, = A and al_zaA =2, we see that the
right-hand side above is simply

~ 1+1In(1/6
e—A”P(En,s(Yl") > fiLa, — Lova;y #) > e (1= 5).

On the other hand, the left-hand side in (11) is

_ 1+ In(1/8)
P(En,a(X’f) > fttay + LoLagy| f) <8.
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We deduce
e M < S < 26.
1-46
If we use again the definition of A, we see that

¢~ 2LV2HIN(/D) < 95

or

¢~2V18L%n < 2e! 9L =n< &
L2(9 — 2/18)

For L > +/2, some simple estimates show that this leads to a contradiction when
n>3. U

4.5. Poisson distributions and multiple-§ estimators. We use the family of
Poisson distributions for bounding the range of confidence values of multiple-§
estimators. Denote by Po; the Poisson distribution with parameter A > 0. Given
0 < A1 <Ay <00, define

Pp[%l’m — {Pok TA €A1, )»2]}'

THEOREM 4.4. There exist positive constants co,So and a function ¢ :

R, — Ry such that the following holds. Assume L > /2 and n > 0 are given.

Then there exists no multiple-5 L-sub-Gaussian estimator for (Péf)/ n¢ L)/ "], n

el—so(LIn L)%).

’

PROOF. We prove the following stronger result: there exist constants cq, s > 0
such that, when ¢ > ¢qg, L > V2and C = [s (L2 In L)1, there is no multiple-§ sub-
Gaussian estimator for

(%) = (P,Li,/n’((HZC)C)/n], n, elfczc/L2)'

The theorem then follows by taking 2C = ¢ (L) — 1 =sL?In L and 5o = s°.
We proceed by contradiction. Assume

— ® _ ®.
X? =d POC/;, Yln =4 Po(lr—li-ZC)c/n

and that there exists an L-sub-Gaussian estimator En :R" — R for (x) above. We
use the following well-known facts about Poisson distributions:

. 2 2
FO: Po.sy = 0Py, = c¢/n and IPo(120)c/n = OPo(tacre/m = (142C)c/n.
Fl: Sx =X+ X +---+ X, =¢gPo. and Sy =Y+ Yo+ ---+ 7Y, =4
Po(1+2¢)c-
F2: Given any k € N, the distribution of X} conditioned on Sx =k is the same
as the distribution of Y{' conditioned on Sy =k.
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F3: P(Sy = (1 +2C)c) > 1/4/(14+2C)c if C > 0 and ¢ > ¢q for some cg.
[This follows from the fact that Po,, ({m}) = e™"m™ /m! is asymptotic to 1/+/27m
when m — oo, by Stirling’s formula.]

F4: There exists a function 4 with 0 < h(C) =~ (1 4+ C) In(1 + C) such that, for
all ¢ > co, P(Sx = (1 4+ 2C)c) > e ") This follows from another asymptotic
estimate proven by Stirling’s formula: as ¢ — oo

~(14+20)c o—1(1420) In(14+2€)—2Cle

[(1+20)]  Jam(df20)c

We apply the sub-Gaussian property for the triple (x) to 6§ = 1/4+4/(1 +2C)c.
This is possible because, for C = [s (L*InL)] with a large enough s, this value

is & 1/L+/sIn Lc, which is much larger than the minimum confidence parameter
1-C2¢/L?
e

Po.({(1+2C)c}) =e"

allowed by (x) (at least if ¢ > c¢ with a large enough cq). Recalling FO,
we obtain

P(E, (Y1) < (14 2C)c — L/(1 +2C)e(1 + In(8y/(1 + 2C)c)))
1
= a/ar0c

Therefore, by F3,

P(E, (Y1) < (1 +2C)c — L(1 +2C)e(1 + In(8y/(1 + 20)c))ISy = (1 + C)c)
<1/2.

Now F1 implies that the left-hand side is the same if we switch from Y to X. In
particular, by looking at the complementary event we obtain

P(nEy(X?) > (142C)c — Ly/ (1 + 2C)c(1 + In(8y/(1 + 2C)c))|
12)  Sy=(1+20)c)
> 1/2.

Since we are taking ¢ > cg and C > sL?In L, a calculation reveals

C2c¢(InC +1nc)

L1 +2C)e(1 +In(8y/(1 +2C)c)) = 0<\/ —

Therefore, by taking a large enough cop we can ensure that

> = 0(C+vclnc).

L\/(l +2C)¢(1 4+ In(8/(1 +2C)c)) < Ce.
So (12) gives
P(nE,(X7) = (14 C)elSx = (1 +2C)c) = 1/2.
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We may combine this with F4 to deduce

R —h(C)c
(13) P(nE,(X]) =1+ C)c) = 5
We now use FO to rewrite the previous probability as
—~ - J1+In(1/8
P(E,(X}) > (1 + C)c) = IP’(En (X7) — pp = Lop%/o)),
n

where

8o = elfc%/Ll'

Since we assumed En is L-sub-Gaussian for the triple (x), we obtain
e—h(©)e
2

Comparing the left- and right-hand sides, and recalling ¢ > ¢, we obtain 2(C) >
C2/4L2 —1—(n2/cp). This is a contradiction if C > L?1n L because h(C) grows
like CInC (cf. F4). This contradiction shows that there does not exist a L-sub-
Gaussian estimator for (x), as desired. [

<P(RE(X}) > (1+C)c) <! =Ce/6L),

5. Degrees of knowledge about the variance. In this section, we present the
proof of Theorem 3.2. This is mostly a matter of combining the main results in the
previous section. Recall that we consider the class

[o2,02] 2 2 2
le 2 :{PEPZ:GI SUP 50'2}

and that R = 0> /0. The three parts of the theorem are proven separately.

Part 1. (Existence of a multiple-§ estimator with constant depending on R.)
Theorem 4.1 ensures that, irrespective of o1 or o3, for all § € (el_"/ 2 1) there
exists a 8-dependent estimator E, s : R” — R with

(14) IP’(|E,,3(X’f) — pp| > 2\/560'131/ w> <$

whenever X = P®" for some P € P,. We define a confidence interval for each §
via

7"75()5?) = [Enk (x) — 23/2e0,

E\n,k(x?) + 2\/560'2” W}

1 +1n(1/8)
n 9
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2 2 =N
Clearly, (14) and the fact that oo < Rop for all 73571 2] imply that {7, s}sce1-n/2 1)

2 2
is a 4+/2¢ R-sub-Gaussian confidence interval for (732[01 2]

Theorem 4.2 gives the desired result.
Part 2. [Nonexistence of multiple-§ estimators when R > ¢(2)(L).] We use
Theorem 4.4. By rescaling, we may assume 012 = co/n, where cq is the constant
appearing in Theorem 4.4. We also set ¢(2) (L) := /¢ (L) for ¢ (L) as in Theo-
2 2

rem 4.4. The assumption on R ensures that Pro/" o/l - 73501 711

. . . 2.
cannot be a L-sub-Gaussian estimator when SI(I%i)n(L) = el—s(LInL)co

,n,e!="/2). Applying

, so there

. . 2
Part 3. (Nonexistence of §-dependent estimators when épmin = el L ") By
rescaling, we may assume 012 = 2. Then the class P\, in Theorem 4.3 is contained

in 732[0

2 .2
! ’02], and the theorem implies the desired result directly.

6. The regularity condition, symmetry and higher moments. In this sec-
tion, we prove the results described in Section 3.3.

6.1. An estimator under k-regularity. We start with Theorem 3.3, the general
positive result on k-regular classes.

PROOF OF THEOREM 3.3. By Theorem 4.2, it suffices to build

a 42(1 + 62In(3))e>/?-sub-Gaussian confidence interval for (P2 k-reg, 11,
31/ (124)ky.

To build these intervals, we use an idea related to the proof of Theorem 4.1. Just
like in the case of the median-of-means estimator, we divide the data into blocks,
but instead of taking the median of the means, we look at the 1/4 and 3 /4-quantiles
to build an interval.

To make this precise, given o € (0, 1), we define the w-quantile g (yf ) of a
vector y{’ € R? as the smallest index i € [b] with

#{jelbl:y;<yi}>ab and #{e[b]l:ye>y}>1—a)b.
The next result is proven subsequently.

LEMMA 6.1. Let Ylb = (Y1,...,Yp) € R be a vector of independent random

variables with the same mean p and variances bounded by o*. Assume further
that P(Y; <) >1/3 and P(Y; > ) > 1/3 for each i € |[b]. Then

P(r € [q1/a(Y1), 43/4(Y7)] and q3/4(Y7) = q1/a(YT) <2Loo) = 1 =3,
where d is the numerical constant
d=1In(2)+3In(3) ~0.0164 > &

and Lo = 2¢?@+1/2 <2¢5/2,
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Now fix § € [¢37/(124%) 1) We define a confidence interval IA,,,(;(-) as follows.
First, set b = [621In(3/§)] and note that

(15) b < 621n(3/3/1240) 4 1 < 2”—k <n)2.
Partition
[n]=B1UByU---UBy

into disjoint blocks of sizes |B;| > |n/b]. For each i € [b] and x| € R", we define
W) = 1), () where yi() = o 3

and set, for x} e R",

Lis(x7) = [qa (37 (x7)). q3a (0] (x))]-

CLAIM 1. {Tn,s(-)}56[63_n/<124k),1) is a 4/2(1 + 62In(3))e>/?-sub-Gaussian
collection of confidence intervals for (P k-reg. 11, @3~/ (124k)y

To see this, we take a distribution P in this family and assume X} =4 P®". Set
s = |n/b]. Because the blocks B; are disjoint and have at least s elements each,
the random variables

Y = yi(X}) =Pg,X,
all have mean pp and variance < 013 /s. Moreover, using (15),
n

s:{—JzE—lzzk—lzk,
b= b

so the k-regularity property implies that for all i € [b],
P(Yi<w) =3, PY=p=>1

Lemma 6.1 implies
(16) P(up € I,.5(X") and length of T, 5(X") < 2Lo%> >1 -3¢ >1_5
s

by the choice of b and the fact that d > 1/62. To finish, we use (15) and the
definition of b to obtain
1 1 1 - 2b - 2([62In(3) + 621n(1/8)1)

s bl by —1-n " n
1 4+1n(1/8)
—

<2(1 4 62In3)

5/2

Plugging this into (16) and recalling Ly < 2e°/“ implies the desired result. [J

PROOF OF LEMMA 6.1. Define J = [ — Lo, it + Loo]. Assume the follow-
ing three properties hold:
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1. qa(Yh) < p.
2. q3a(YD) > 1.
3. The number of indices i € [b] with Y; € J is at least 3b/4.

Then clearly u € [gq1 /4(Y1b ), q3/4(Y lb )]. Moreover, item 3 implies that gy/4(Y lb ),
C]3/4(Y1b) € J, so that
q3/4(Y7) = qua(Y}) < (length of J) =2Lgo.

It follows that
P(u ¢ [q1/a(Y?). q3/4(Y7)] or g3a(Y]) — q17a(Y]) > 2Loo)
<P(q1/a(Y}) > u) + P(q3/4(Yf’) <) +P#ielb]:Yi ¢ J} > b/4).

We bound the three terms by e ¢ separately. By assumption, P(Y; < ;L) > 1/3 for
each i € [b]. Since there events are also independent, we have that Z Y <)
stochastically dominates a binomial random variable Bin(b, 1/3). Thus,

P(q1/4(Y1) > 1) <ZJI{Y <u}< b/4) <P(Bin(b,1/3) <b/4) <e™ db
i=1

by the relative entropy version of the Chernoff bound and the fact that d is the
relative entropy between two Bernoulli distributions with parameters 1/4 and 1/3.
A similar reasoning shows that P(g3/4(Y lb )> ) < e~ a5 well.

It remains to bound P(#{i € [b] : Y; ¢ J} > b/4). To this end note that for all
i €[b],

1
(18) P(Yi¢J):P(|Yi—M|ZLOU)§L—%,

and these events are independent. It follows that

P(#{ie[b]:Yi¢J}>b/4)§IP’< U ﬂ{Yi¢J}),

AC[b],|A|=[b/4]icA

) b
(union bound) < < b/4] ) acis! |A| b4 (m{Y ¢ J})

i€A
_ b 1\~ 1B/
independ fY; + (18 §< )(—) ,
[independence of ¥; + (18)] b/4] L%

b [b/4]
L3[b/4] )

(b <4[b/4] and L2 = 4etdt1) < ¢~4ID/41 < p=bd, -

((0) < (eb/ o)k forall 1 <k <b) < (
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6.2. Symmetric distributions. To prove Theorem 3.4, notice that the existence
of the multiple-§ sub-Gaussian estimator follows from Theorem 3.3. The second
part is a simple consequence of Theorem 4.3 and the fact that Laplace distributions
are symmetric around their means.

6.3. Higher moments. In this section, we first prove that Py, C P2 k-reg
for large enough k, and then prove Theorem 3.5. We recall the definition of
min(p4 (P, j)) and p_ (P, j) from Definition 2.

LEMMA 6.2. For all a € (2,3], there exists C = Cy such that, if j >
(Cam)**/ @2, then min(p. (P, j), p—(P, j)) = 1/3.

PROOF.  We only consider p (P, j), as p— is similar. Let N be standard nor-
mal and X { =, P®J for some P € Pa,n with positive variance. Define

= X — .

M= f Z( — itp)
Let 4 : R — R be Lipschitz function with 0 < h(x) < 1j9 400) and E[A(N)] >
5/12 > 1/3. We have p (P, j) =P(M; > 0) > E[h(M;)] = 5/12 — |[E[h(N)] —

E[h(M})]|. Theorem 3.2 in [6] shows that there exists a universal ¢ > 0 (depending
on h) with

T0Xi N /X N\ ENX ] 0
Elhon)-Elhonyl <ei®l (27 ) v (5 77) | <= <ejatam

Therefore, E[A(M )] > 1/3 forall j > (Cogn)X/(@=2 O

PROOF OF THEOREM 3.5. The positive result follows directly from Theo-
rem 3.3 plus Lemma 6.2, which guarantees p+ (P, j) > 1/3 for j > ky. For the
second part, we first assume 1 > ng for a sufficiently large constant no. We use the
Poisson family of distributions from Section 4.5. For A = o(1) and « € (2, 3], we
have that

Po; |X — A% = (1 4+o(1)A = (14 o0(1))opy, A~ (@=2)/2

If we compare this to Example 3.2, we see that Poy € Py, if A > h/ n?/@=2) for
some constant &7 = h, > 0 (recall we are assuming that n > 5 is at least a large
constant). Now take ¢ > 0 such that ¢/n = h/n**/@=2) If ¢ > ¢ for the constant
co in the statement of Theorem 4.4, we can apply the theorem to deduce that there
is no multiple-§ estimator for (PF[,Z/ m ¢ L/ n], n, e~ ). Noting that c is of the order
n/k, completes the proof in this case.
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Now assume 71 < no. In this case, we use the Laplace distributions in Sec-
tion 4.4. Since 2 < o < 3, we may apply the fact that the central third moment
of a Laplace distribution satisfies La, | X — A|3 =6< (31/321/6cr|_ak)3 to obtain

Lay |X — A% < (Lay [X — A[})* < (31/32/%6,, )*.

Our assumption on n implies that P, C Py,. Thus, Theorem 4.3 implies
that there is no é-dependent or multiple-§ sub-Gaussian estimator for (Py,,, 1,

el_gLZ”). This is the desired result since k,, is bounded when n < 5.
Finally, the third part of the theorem follows from the same reasoning as in the
previous paragraph. [J

7. Bounded kurtosis and nearly optimal constants. In this section, we
prove Theorem 3.6. Throughout the proof, we assume X =; P and X =4 pe”
for some P € Pyri<,, and let byax, C, § be as in Section 3.4. Our proof is divided
into four steps:

1. Preliminary estimates for mean and variance. Median-of-means gives pre-
liminary estimates for yup and a}%. With high probability, they are not too far off.

2. Truncation at the ideal point. We introduce a two-parameter family of
truncation-based estimators for wp, and analyze their behavior under knowledge
of up and op.

3. Truncated estimators are insensitive. We use a chaining argument to show
that this two-parameter family is insensitive to the choice of parameters.

4. Wrap up. The insensitivity property means that the preliminary estimates
from step 1 are good enough to “make everything work”.

Remark 2 at the end of the section shows how one could obtain a broader range of
Smin With a worse constant L.

Step 1. (Preliminary estimates via median of means.) First, we need the follow-
ing elementary fact, also used in the proof of Theorem 4.1. The proof is omitted.

LEMMA 7.1. Let Ylb =Y1,...,Yp) € R? pe independent random variables

with the same mean w and variances bounded by o*. Assume Lq > 1 is given and
Mp = q1/2(Y?). Then P(IM, — 1| > 2Loo’) < L ”.

Denote by [ip,.. = by (X]) the estimator given by Theorem 4.1 with § =
e~Pmax | which is possible if C > 6/(1 — log2). The next lemma provides an esti-
mator of the variance.

LEMMA 7.2. Let By, ..., By, denote a partition of [n] into blocks of size
|Bi| > k = |n/bmax] > 2. For each block B; with i € [bmax], define

s 1

o= ——— (X; — Xk)2 and V¢ = q1/2(C1, ..., 0py,)-
l |l;l|(|Bl|_1)jZ J bmax /

#keB;



2718 DEVROYE, LERASLE, LUGOSI AND OLIVEIRA

Then

]P><|vbmdx — O'P| <2e/6(k + 3)O.P max) >1— o~ bmax

In particular, if

96¢(k + 3)bmax
n

|b 3
P(l/’ibmax — pp| <2V 2ewp,, | —2 and’vfm < EG§> > 1 — 2¢ bmax,
n X

PrROOF. Compute

=1

then

_ 1
B6]= g o EI —X0']
(',k)eBi(z)
6
" |Bi2(|Bi| — 1)? Y E[X;— X0 (X, — X))
l l (j,k,l)eBiG)
1
m Z E[(X; — X (X1 — X))

)63(4)

Expanding all the squares, using independence and noticing that E[X ; — up] =0,

we get
E[(X; — X0)*] = 2(kp + 3)o3p,
E[(Xj — X)*(X; — X)*] = (kp + 3)03p,
E[(X; — Xi)*(X; — X1n)*] = 4op.
Therefore,

3 3 Drmax
E[6{] < (% + l)olé‘ <E[67]* + 6(k + 3)op X,
i n

Lemma 7.1 with Lo = e gives then

bmax
P({ﬁ,%m — 0| > 2e\/6(k + 3)op, | —= ) < ¢~ bmax,
n

In particular, we get
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The theorem follows by the definition of fi;,, and an application of Theorem 4.1.
O

Step 2. (Two-parameter family of estimators at the ideal point.) Given u and R
define, for all x € R,

R
A 1)(x — ).
lx —

LEMMA 7.3. Assume bmax > t, R = opa/n/bmax and (i = up. Then, with
probability at least 1 — 2e™",

D bmax 3/2 2t ( 1 Kpt 5 KPZ‘)
PV, r — <242 1+ — | = .
|PnWy R — pp| < \/_KPUP( . ) +,/ “op +3f +48 -

PROOF. The proof is a consequence of Bennett’s inequality. It suffices to esti-
mate the moments of W, g(X) — wp. For the first moment,

[E[9,.200 - ue] = [E[ (14 ﬁ el

[

<E[|X — up|L{|X — up| > R}]

lIJ;L,R(X) =pu+ (

4
3/4 o KpOp
R3’

1/4
<E[X — ppl*]*P(1X = el > R)
where we used Holder’s inequality. On the other hand,

E[(Yu.r(X) — up)’] < of.

By the Cauchy—Schwarz inequality, and using the bounded kurtosis assumption,

3
X = el < BLIX = ] < Vo,
|X — ppl

Finally, for any p > 4, since |W, g(X) — up| < R,

E[|W,.r(X) — ppl’] = EHI A

E[|W,..r(X) — pp|"] < RPTE[|W,, g (X) — pp[*] = RP*kporf.
For s = «/2nt /op, we have |sR|/n < 1 and, therefore,
E[e(s/n)(‘“pu,R(X)—l/«P)]

4 2
n R3 +§ 3V 6P+24 4KP°P<1+Z )

p=5 p!

fs bimax 32 2 5 3 3 554 4
< exp 2 2;KPO'P< " ) +2—nzO'P+6?4/KPO'P+WKPO'P .
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By Chernoff’s bound,

~ b 32
P(P, W, g — pp > 2V2 ( ma") > 4/_ 4)
( nWu, R — 1P Kpop s + ndp + on2 Gp + 96 3KPGP
< ¢~ 6PoR)/Cm
or, equivalently,

. bmax \/* 2t L Jipt |5 kpt
P(Pn\pM,R—MP>2\/§KpO’p( n:) + —o’P( f _,_&7))

—t

<e

Repeat the same computations with s = —+/2nt/op to prove the lower bound. [J

Step 3. (Insensitivity of the estimators.) Given €, eg € (0, 1/2), define

R — OP+/ n/(zbmax)| =< 8RGP}7

AM,R = Pn(LPM,R - \IJ/LP,UP«/H/(meaX))'

={(u, R) : | — up| < g,0p,

LEMMA 7.4.  Assume \/n/(2bmax) > 2(¢,, +€R) then for any t > 0, with prob-
ability at least 1 —e™", for all (u, R) € R,

( 56bmax 4 vV maxt )
n 3n

n

A, Rl < (e +€R)oOP

PROOF. Start with the trivial bound
Wy R(X) = Wy g ()] < [ — 1| +|R— R|
that holds for all (i, R), (u’, R’) € R and x € R. Moreover, assume that |x — up| <

op/1/(8bmax). Then
|x —ul < |x — ppl+e,0p <0p(2/n/(8bmax) — €r) < R.
Hence, for any x € R such that |x — pup| < opa/n/(8bmax) and for all (i, R) € R,
W, r(x)=x.
Therefore, for any (i, R) and (u’, R") in R and for any x € R,

Wy r(x) =Wy g ()] < (Ju— /| +|R — R'|)L{lx — pp| > opy/n/(8bmax)}.

By Chebyshev’s inequality, this implies that, for any positive integer p,

8bm:
Pk = Wy l” < (i — /| + R — R)P =,
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By Bennett’s inequality,

IP’( |A,LL,R - Au/,R’| - 8bmax 4meax > <2€
lw— |+ |R—R| n n 3n

To apply a chaining argument, consider the sequence (D) j>( of subsets of R ob-
tained by the followmg construction. Do = {(up, opa/n/(2bmax))}. For any j > 1,
divide R into 4/ pieces by dividing each axis into 2/ pieces of equal sizes. Define
then D; as the set of lower left corners of the 47 rectangles. Then |IDj| = 47 and,
for any (i, R) € R, there exists a point 77 (i, R) € D; such that the £;-distance
between (i, R) and 7 (u, R) is upper-bounded by 2_j(sﬂ + eg)op. Therefore,

sup  [Aq,p)l < Z sup A, R) — Ax; (Rl
(1, R)ER j=1W.R)ED;

A union bound in Bennett’s inequality gives that, with probability at least 1 —
21=Je= for any (u, R) € Dj,

|Ap R — Ar; (R

16bmax 4 8/ bmax(t + jlog8) 2t +2j 10g8>
2/n 2/n 3n2/

Summing up these inequalities gives the desired bound. [

<(ep+ SR)UP<

COROLLARY 7.1.  Assumet > 1, \/n/(2bmax) > 2(¢,, + €Rr). Then, with prob-
ability at least 1 — 2e™" — 2e~bmax_forall (u, R) € R,

Py, g — pp| < f(f(1+sl)+§z)
where
1 5 2bmax
& = 3\/_ Pt Kpt+2(eu+8R) ‘/ f

b3/2
2f;cp max +56(8M+8R) bmax

Step 4. (Wrap-up.) Define now

~ n
On, R = tip.., D) [—— ).
(n, Ry) <Mbmax bmax Dby )

From Lemma 7.2, with probability at least 1 — 2 bmax

b b
70 — n| < 2+/2e0p, | max, D5 —op| <2eV/6(k +3)op max.
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The second inequality gives

b v, b
J 1= 2e/6(cp + 3),| % < Pomax J 1+ 2ey/6(kp +3), | 2.
n op n

Since we can assume that

b
2ev/6(kp + 3), | —= <1,

n

we deduce that

2bmax

n

Vb — Pl < e/ 12(kp + 3)op

This means that, with probability at least 1 — 2 bmax (T, ﬁn) belongs to R if we
define

b
ey =2V2e |2 < Jkp,  er=2ey/3(kp +3) < 19/kp.

n -

By an appropriate choice of the constant C, we can always assume that
A/n/(2bmax)kp is at least some large constant, to ensure that 2(g;, + eg) <
1/ (2bmax). So Corollary 7.1 applies and gives

P op - —bmax
]P)<|Pnlpi2n,§n_MP|§W(@(1+‘§1)+&))21_2€ I _ 4e ,

xpb b2 b
£ =36 max £ = 24/ 26p—2 4 1120 /kp—22
n n

n

where

In particular, if § > fTeze_me, we get

PP, 7, — el < 20+ ma )+ ) +6))

>1 2 4 §=1-6
>1- (St emp)im1-s

REMARK 2. Let us quickly sketch how one may get a smaller value of épin
at the expense of a larger constant L. The idea is to redo the proof of part 1 of
Theorem 3.2 (cf. Section 5). We build §-dependent estimators for pp via median-
of-means, as in (14), but then use the value 263 (X{) from Lemma 7.2 instead of
the value 022 when building the confidence interval, with a choice of b ~ In(1/§).
Then one obtains an empirical confidence interval that contains up and has the
appropriate length with probability > 1 — 2§ whenever In(1/58) < cn/x for some
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constant ¢ > 0. Using Theorem 4.2 as in Section 5 then gives a multiple-§ L-sub-
Gaussian estimator for (Pyr<, 1, el=cn/xy for large enough values of n/k, where
L does not depend on n or «. It is an open question whether one can obtain a
similar value of 8min With L = /2 4 o(1).

8. Open problems. We conclude with some especially interesting open prob-
lems.

Sharper estimators. For what families P and what values of dni, can one find
multiple-é estimators with sharp constant L = V2 + 0(1)? What about estimators
that satisfy the stronger property

o 1(1-5/2)
Jn

Sub-Gaussian confidence intervals. The notion of sub-Gaussian confidence in-
terval introduced in Section 4.2 seems interesting on its own right. For which
classes of distributions P can one find sub-Gaussian confidence intervals? Can
one reverse the implication in Theorem 4.2, and build sub-Gaussian confidence
intervals from multiple-§ estimators?

Multivariate settings. There has been some work on sub-Gaussian §-dependent
estimates for vectors; see [9, 11, 16]. A natural question is whether one can obtain
similar multiple-§ estimators. By way of comparison, let X1, ..., X, € R” bei.i.d.
random Gaussian (column) vectors with law P, mean up and covariance matrix
Yp:=P(X — up)(X — MP)T- Then Gaussian concentration implies

P<H &0 DX, > \/Tr(nzp) N \/2||zp||2921n(1/6>) 5

n

P(|E,(X1) = e > o )= 1+ o)

where || - ||2 is the Euclidean norm, Tr is the trace and || - |27 is the corresponding
operator norm. Slightly stronger bounds are also available for certain sub-Gaussian
ensembles [8]. Can some multiple-§ estimator En (X1,...,X,) achieve similar
properties under much heavier tails? One natural path toward these results would
be to work with higher dimensional analogues of quantiles, kurtosis and k-regular
classes P2 —reg. (We thank an anonymous referee for suggesting this problem.)

Empirical risk minimization. Suppose now that the X; are i.i.d. random vari-
ables that live in an arbitrary measurable space and have common law P. In a
prototypical risk minimization problem, one wishes to find an approximate min-
imum GAn(X’f) over choices of 6 € ® of a loss functional £(0) :=Pf (X, 0). The
usual way to do this is via empirical risk minimization, which consists of minimiz-
ing the empirical risk 5,1 ) := ﬁ,, f(X,0) instead. Under strong assumptions on
the family F := {f (-, 0)}pee (such as uniform boundedness), the fluctuations of
the empirical process {(ﬁn —P) f(X, 0)}gco can be bounded in terms of geometric
or combinatorial properties of F.

One may try to extend these results to heavier-tailed functions by replacing
P, f(X,6) by one of our multiple-§ sub-Gaussian estimates. However, this is not
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straightforward: our estimators are nonlinear in the sample, and usual chaining
breaks down. There are (artificial) ways around this, we do not know of any natural
method for doing empirical risk minimization with our estimators. These difficul-
ties were overcome by Brownlees et al. [3] via Catoni’s multiple-§ sub-exponential
estimator, at the cost of obtaining weaker concentration. Can one do something
similar and achieve truly sub-Gaussian results, preferably at low computational
cost?
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