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STOCHASTIC INTEGRATION WITH RESPECT TO CYLINDRICAL
LEVY PROCESSES

BY ADAM JAKUBOWSKI! AND MARKUS RIEDLE?
Nicolaus Copernicus University and King’s College London

A cylindrical Lévy process does not enjoy a cylindrical version of the
semimartingale decomposition which results in the need to develop a com-
pletely novel approach to stochastic integration. In this work, we introduce
a stochastic integral for random integrands with respect to cylindrical Lévy
processes in Hilbert spaces. The space of admissible integrands consists of
caglad, adapted stochastic processes with values in the space of Hilbert—
Schmidt operators. Neither the integrands nor the integrator is required to
satisfy any moment or boundedness condition. The integral process is char-
acterised as an adapted, Hilbert space valued semimartingale with cadlag tra-
jectories.

1. Introduction. Cylindrical Brownian motion is the most prominent model
of the driving noise for stochastic partial differential equations. The attribute cylin-
drical refers here to the fact that cylindrical Brownian motions are not classical
stochastic processes attaining values in the underlying space but are generalised
objects whose probabilistic distributions are described by a cylindrical, that is,
a finitely additive, measure. The reasons for the choice of cylindrical but not clas-
sical Brownian motion can be found in the facts that there does not exist a classical
Brownian motion with independent components, that is, a standard Brownian mo-
tion, in an infinite dimensional Hilbert space, and that cylindrical processes enable
a very flexible modelling of random noise in time and space.

The concept of cylindrical Browian motion is naturally extended to cylindrical
Lévy processes in one of the authors’ work [1] with Applebaum. Some specific ex-
amples and their constructions of cylindrical Lévy processes are presented in the
work [26] by Riedle. Linear and semi-linear stochastic partial differential equa-
tions perturbed by an additive noise which is modelled by various but specific
examples of cylindrical Lévy processes can be found, for example, in the works
BrzezZniak and Zabczyk [3], Peszat and Zabczyk [21], and Priola and Zabczyk [22].
However, modelling an arbitrary perturbation of a general stochastic partial differ-
ential equations beyond the purely additive case requires a theory of stochastic
integration of random integrands with respect to cylindrical Lévy processes.
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Stochastic integration with respect to cylindrical Brownian processes is devel-
oped, for example, in Daletskij [4], followed by the articles Gaveau [6], Lepingle
and Ouvrard [15] and many others. Surprisingly, stochastic integration with respect
to other cylindrical processes than cylindrical Brownian motion is much less con-
sidered. In fact, only with respect to cylindrical martingales a stochastic integration
theory is developed which originates either from an approach by Métivier and Pel-
laumail in [16] and [17] or from Mikulevic¢ius and Rozovskii in [18] and [19]. The
construction by Métivier and Pellaumail is based on Doléans measures whereas the
construction by Mikulevic¢ius and Rozovskii uses a family of reproducing kernel
Hilbert spaces. Thus, both constructions heavily rely on the assumed existence of
finite weak second moments. In Métivier and Pellaumail [16], the construction is
extended to cylindrical local martingales. For the special case of a cylindrical Lévy
process with finite weak second moments, one can follow a classical Itd approach
to define the stochastic integral for random integrands; see Riedle [25]. Another ap-
proach to stochastic integration in infinite dimensional spaces is introduced in [13]
by Kurtz and Protter for a large class of integrators, so-called #-semimartingales,
under the additional assumption that they are “good integrators”. Although cylin-
drical Lévy processes belong to the class of #-semimartingales, it is not clear if
they are good integrators in the sense of [13].

The classical approach to stochastic integration with respect to genuine Lévy
processes or semimartingales exploits their decomposition into a (local) martin-
gale and a process with trajectories of bounded variation. Alternatively, one can
develop an integration theory by starting with “good integrators”. In this case,
one concludes from the Bichteler—Dellacherie theorem that good integrators are
semimartingales. Vice versa, semimartingales are verified as good integrators by
exploiting their decomposition; see, for example, the monograph [23] by Protter.
However, any approach based on a semimartingale decomposition fails for cylin-
drical Lévy processes although they are in the class of cylindrical semimartingales.
This is due to the conceptual mismatch that a cylindrical semimartingale cannot be
decomposed into the sum of a cylindrical local martingale and another cylindri-
cal process; see Remark 2.2. Consequently, our work requires a novel approach to
stochastic integration without decomposing the integrator.

To explain our approach in more detail, let (Y (¢) : t € [0, T]) be a classical
Lévy process in a Hilbert space U with inner product (-, -). A simple integrand
(W():tel0,T])isof theform ¥ =1, ) ® ® where 0 <a <b <T and P isa
random variable with values in the space of Hilbert—Schmidt operators from U to
another Hilbert space V. Each sensible definition of stochastic integration leads to

T
€] <./0 W(s)dY (s), v> = (D(Y (b) — Y(a)), v) = (Y (b) — Y (a), D*v)

for every v € V, where ®* denotes the adjoint operator. A cylindrical process, like
the cylindrical Lévy process, is a family (L(z): ¢t € [0, T']) of linear and bounded
operators L(¢) from U to the space of equivalence classes of real valued random
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variables. If we substitute Y by the cylindrical Lévy process L in (1), then the
inner product on the right-hand side in (1) corresponds to the application of the
linear operator L(b) — L(a) to the other argument of the inner product such that
we arrive at

T
2) </0 W(s)dL(s), v> = (L(b) — L(a))(®*v).

However, a technical and a conceptual problem arise in (2):

(1) the linear operator L(b) — L(a), mapping to the space of equivalence classes
of random variables, is applied to a random argument which results in an ambigu-
ity;

(2) in order to obtain a V-valued stochastic integral such as ® (Y (b) — Y (a))
in (1), there must exist a V-valued random variable J satisfying

(L(b) — L(a))(®*v) = (J,v) forallve V.

We call the approach for solving the Problems (1) and (2) the radonification of the
increments and present it in Section 4.

However, a much more complicated problem is to extend the class of admis-
sible integrands to a larger space rather than only simple integrands. Denote by
Ho(U, V) the space of linear combinations of simple integrands of the form as W
above. Then, by means of the radonification of the increments one can define an
integral operator

3) I: Ho(U, V) — LY (2 V),

where L%(Q; V) denotes the space of equivalence classes of V-valued random
variables. In the classical setting, the integrator Y is decomposed into a martingale
M and a bounded variation process A, resulting in integral operators I4 and Iy
with I = I4 + Iy. It is straightforward to extend the domain of the integral oper-
ator /4. The integral operator I, turns out to map to the Hilbert space L%,(Q; V)
of equivalence classes of V-valued random variables with finite second moments.
Martingale properties and the nice Hilbert space topology of L%,(Q; V) allow to
conclude the continuity of /s, and thus to extend its domain. However, as men-
tioned above, the cylindrical Lévy process L does not enjoy an analogues decom-
position, and thus we must work with the integrator operator (3) in a single entity
to solve:

(3) if a sequence (V,),en of simple processes in Ho(U, V) converges to a
stochastic process W in a larger space in some sense then / (\W,) converges to a
random variable in L(},(Q; V).

Dealing with problem (3) means in particular that, instead of exploiting the It6
isomorphism to the Hilbert space L%(Q; V), one must establish convergence in
the much less amenable topology in L?D (£2; V), that is, convergence in probability.
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We solve Problem (3) in Section 5. Here, the main step is establishing tightness of
the set {/ (V) : n € N} of Hilbert space valued random variables. We prove tight-
ness of this set by exploiting the result that tightness of the sum of the decoupled
tangent sequence implies tightness of the original sum. This result originates from
one of the authors’ work [8], and we will introduce and prove a modified version
of this result in Section 3. Although this result was originally introduced with a
completely different aim, it seems to be tailor-made for the considerations of our
current work.

Concerning the class of admissible integrands, in this work we restrict ourselves
to the space of caglad, adapted stochastic processes with values in the space of
Hilbert—Schmidt operators. In finite dimensions, introducing stochastic integra-
tion for the larger class of predictable integrands can be achieved in two steps: in
the first step, the stochastic integral is introduced for integrands with caglad paths,
and in the second step, the definition is extended to predictable integrands; see, for
example, the monograph [23] by Protter. In this sense, our work can be seen as
completing the first step for stochastic integrals with respect to cylindrical Lévy
processes. In finite dimensions, the second step is typically achieved by arguments
based on the semimartingale decomposition of the integrator. However, as cylin-
drical Lévy processes do not enjoy a corresponding decomposition, enlarging the
space of admissible integrands to predictable processes will require other novel
tools different from those in this work.

2. Preliminaries. Let U and V be separable Hilbert spaces with inner prod-
ucts (-, -) and corresponding norms ||-||. The dual spaces are identified by the orig-
inal Hilbert spaces. The unit ball is denoted by By := {v € V : ||v|| < 1}. Through-
out the paper, {ex}ren and { fi}xen denote some orthonormal basis of U and V,
respectively.

The space of linear and bounded operators is denoted by L(U, V) and it is
equipped with the operator norm ||-||y— v. The subspace of Hilbert—Schmidt op-
erators is denoted by £, (U, V) and is equipped with the norm

o
2 . 2
lllz, ==Y llpecll”.
k=1

A simple argument using the standard characterisation of compact sets in Hilbert
spaces show thataset K C L,(U, V) is compact if and only if it is bounded, closed
and obeys

o0
4) lim sup > lpexl* =0.
NQOO@GKI{:N-H

The space of L, (U, V)-valued caglad (continue a gauche, limite a droite) functions
is denoted by

D_([0,TT; L2(U, V))
:={y: [0, T]— L2(U, V) : left-continuous with right-limits}.
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This space can be metrizable via the Skorokhod metric

).

where the infimum is over the set A of all all strictly increasing, continuous bijec-
tions j: [0, T] — [0, T].

The Borel o-algebra in U is denoted by B(U) and the space of Borel measures
on B(U) is denoted by M (U). The space of Borel probability measures is denoted
by M (U) and it is equipped with the Prokhorov metric

) dj(e,¥) = _inf( sup |lg(t) =y o j(®)] s, v sup [t —j)
JEA Ne[0,T] 1€[0,7]

dp(u,v):= inf{e > 0: u(B) <v(Be) + ¢ and v(B) < u(B;) +¢
for closed B € B(U)},

where B; :={u € U : inf{||lu — b| : b € B} < ¢}. Convergence in the Prokhorov
metric is equivalent to weak convergence of probability measures.

Let (€2, A, P) be a probability space. The space of equivalence classes of mea-
surable functions X : € — U is denoted by L(]),(Q; U).If G is a sub-o-algebra of
A, we write L?D(SZ, G; U) for the space of equivalence classes of G-measurable
functions. By defining the function

(6) p: LB U)— (0.1,  p(X)=E[1A[X]|?].
the space L(;,(Q; U) becomes an F'-space under the metric d(X,Y) := p(X —Y).
Let S be a subset of U. For every elements uy, ..., u, € S,n € Nand B € B(R")
define
Clui,...,un; By:={ueU:((u,ur),...,(u,u,)) € B}.

These sets are called cylindrical sets with respect to S and they form an alge-
bra Z(U, S). The generated o -algebra is denoted by Z (U, S) and it is called the
cylindrical o -algebra with respect to S.1f § = U, we write Z(U) := Z(U, S) and
ZU):=Z(,\S).

A function n: Z(U) — [0, oo] is called a cylindrical measure on Z(U) if for
each finite subset S C U the restriction of 7 to the o -algebra Z (U, S) is a measure.
A cylindrical measure 7 is called finite if n(U) < oo and a cylindrical probability
measure if n(U) = 1. The characteristic function of a finite cylindrical measure 7
is defined by

xn:U—C, X () =/ e M (dh).
U

Note that this integral is well defined as the integrand is measurable with respect

to 2 (U, {u}) for each u € U. The cylindrical measure 7 is called continuous if yx;
is continuous.
A cylindrical random variable in U is a linear and continuous mapping

Z:U— LY R).
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If C=C(uy,...,uy; B)isacylindrical set for uy,...,u, € U and B € B(R"), we
obtain a cylindrical probability measure 1 by the definition

n(C):= P((Zuy, ..., Zuy) € B).

The mapping 7 is called the cylindrical distribution of Z. The characteristic func-
tion of a cylindrical random variable Z is defined by

pz: U — C, ¢z(u) = E[exp(iZu)],

and the characteristic function of Z and its cylindrical distribution 1 coincide. For
a function ¢ € L(U, V), one can define a cylindrical random variable in V by

Zy: V=LY R),  Z,v=Z(p"v).

In general, Z,, is only a cylindrical random variable but if ¢ is a Hilbert—Schmidt
operator then there exists a V-valued random variable ¢(Z): Q — V satisfying

7 Z(¢*v) =(p(2),v) forallv e V;

see [27], Theorem VI1.5.2.

A family (Z(¢) : t > 0) of cylindrical random variables Z(¢) in U is called a
cylindrical process in U. In our work [1], we extended the concept of cylindrical
Brownian motion to cylindrical Lévy processes.

DEFINITION 2.1. A cylindrical process (L(¢) : t > 0) in U is called a cylin-
drical Lévy process if for each n € N and any uy, ..., u, € U we have that
(L@uy, ..., L{)uy): 1t >0)
is a Lévy process in R".

The characteristic function of L(#) is studied in detail in our work [24]. It turns
out that the characteristic function of L(¢) for each ¢t > 0 is of the form

oL@ U—C, oL (W) =exp(tS(u)),
where S: U — C is called the cylindrical symbol of L and is of the form

1 .
(8) S(u):ia(u)—E(Qu,u)—i-/U(e’(“’h)—1—i(u,h)]lBR((u,h)))v(dh).

Here, a: U — R is a continuous mapping with a(0) =0, Q: U — R is a positive
and symmetric operator and v is a cylindrical measure on Z(U) satisfying

/ ((u, > A)v(dh) <oo  forallu e U.
U

Since L(t): U — L(I)J(Q; R) is continuous, it follows that the characteristic func-
tion ¢7(1y: U — C is continuous, and thus the symbol S: U — C is continuous.
According to Lemma 3.2 in [26], the cylindrical symbol S maps bounded sets to
bounded sets.
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REMARK 2.2. It follows from the Lévy—It6 decomposition in R that for each
u € U and r > 0 a cylindrical Lévy process L with Lévy symbol (8) can be de-
composed into

L(z)u:a(u)t+W(z)zurqu;91\7,,(r,dﬁ)+/|ﬂ| l,BNu(t,d,B),

where W is a cylindrical Wiener process in U with covariance operator Q and

Nu(t,B):= 3 1p((L(s)u—L(s—)u)  forallz €[0,T], B € B(R\{0}),

0<s<t

and Nu is the compensated Poisson random measure defined by I\NJM (t,B) :=
N,(t,B) —t(vo {-,u)~")(B); see [1], Th. 3.9. If L does not have finite weak
second moments, that is, E[|L(1)u|*] = oo, then the (local) martingale part in
the semimartingale decomposition of (L(t)u : ¢t € [0, T]) is given by the sum
W (t)u + R(t)(u) where

R()(w) = f|ﬂ|<1 BN (1.dp).

As the truncation function 8 +— 1p(f) is not linear, the mapping u +— R(¢)(u) is
not linear neither. Thus, (L(¢)u : t € [0, T]) enjoys a semimartingale decomposi-
tion for fixed u € U, but the martingale and bounded variation parts are not linear
in u in general.

We equip the probability space (€2, A, P) with the filtration generated by L and
defined by

Fir=0({L(s)u:ueU,se[0,11}) forall r > 0.
For a filtration G := {G;};c; where I C [0, 00) is an arbitrary index set, we define

Y(G) :={tr: Q— I :is stopping time for G}.

3. Tightness by decoupling. In the later part of this work, the main argument
on extending the definition of the stochastic integral from simple integrands to
a much larger class of integrands is based on establishing tightness of the set of
stochastic integrals for a sequence of simple integrands. This will be established
by the following result which provides a handy criterion for the tightness of a set
of sums of random variables in a Hilbert space. The theorem is a modification of a
result by Jakubowski in [8], and which is also published in a more general setting
in[11].

THEOREM 3.1. Foreachn e N, let {X, i : k € N} be a sequence of V -valued
random variables adapted to a filtration F,, := {F, x : k € No}. Define for each k,
n € N a version of the regular conditional distribution

Pog: B(V) x 2 —[0,1], Puk(B,w) = P(Xpk € Bl Fpi-1)(®).
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If there exists a sequence {0, : n € N} of finite stopping times o, € Y (F,) such
that {Py1 %% Py 1€ Y(Fy),1 <t <o0,,n €N} istight, then

9) (Xp14 -+ Xnr:T€X(F), 1 <7 <0,,neN}

is tight.

Theorem 3.1 provides a method for establishing tightness of the random
field (9). We call this method tightness by decoupling for the following reason:
for the given sequences {X;, x : k € N} there exist sequences {X ;l" « - k € N} of ran-
dom variables X, on a larger probability space (2%, A*, P*) satisfying:

(i) for every n € N the sequence {X ;‘ « - k € N} is conditionally independent
over a o-algebra F* C A*;
(i) P*(X;; € B|F*) = P(Xyk € B| Fn—1) forall Be B(V)and k, n € N.

The sequence {X jl‘ « - k € N} is called the decoupled tangent sequence; see Chap-
ter 6 in [5] or [14]. By defining

0 if o, =0, 0 if o, =0,
e On * e On
Snlon) = Z Xk else, Sn(0n) = Z X else,
k=1 k=1

one can conclude from Theorem 3.1 that if {S(0,) : n € N} is tight then {S,(0y,) :
n € N} is also tight.

Applying Theorem 3.1 in the one-dimensional case yields another result, the
principle of conditioning, which we also use in this work. The original proof can
be found in [2] and [7], and further extensions to Hilbert spaces in [10].

THEOREM 3.2. Foreachn e N, let {X, x : k € N} be a sequence of real val-
ued random variables adapted to a filtration Fy, :={F, 1k € No} and 0,1 Q —
N be a stopping time for {F, i : k € N}. Define for each k,n e N

Ank: RxQ—C,  Api(B,w) = E[ePXnk| Fpy i 1](w).

If for each B € R, there exists a deterministic constant c(B) # 0 such that
On
nlggoﬂ Ani(B,-)=c(B)  inprobability,

then it follows that
lim E[efXnit+Xna)] = ¢(B).

n—o0
For the proof of Theorem 3.2, we refer to the literature. For the following proof
of Theorem 3.1, we introduce a few notation and objects. A random measure is
a measurable mapping M : Q — M(V), where measurability is with respect to
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the Borel o-algebra corresponding to the weak topology on M (V). The map-
ping M is called a random probability measure, if it maps to the space M (V) of
Borel probability measures on B(V). A random measure M is called integrable, if
E[M (V)] < o0. In this case, E[M](B) := E[M(B)] for all B € B(V) defines an
element in M (V). By starting with simple functions and passing to the limit, one
shows for bounded, measurable functions ¢ : V — R that

(10) | [ veoman)] = [ ow e,
The characteristic function of a random probability measure M is defined by
xm:V xQ—C, xm (V) :/ ¢ M M (dh).
1%

For an integrable random measure M, it follows from (10) that

(11) E[xm©@)] = xem(v) forallve V.
A set {M; :i € I} of random measures is called tight, if for each &1 > 0 we have:

12 there exist for all i € I aset A; € A with P(A;) > 1 — ] obeying:
{M;(-,w) :w € A;,i €1} is relatively compact in M (V).

It follows from Prokhorov’s theorem that the last line is equivalent to

(13) sup sup M;(V,w) < oo;
iel weA;
for each &> > 0 there exists a compact set K € V such that
(14) sup sup M; (K¢, w) <es.
iel weA;
If {M; :i € I} is a family of random probability measures, then it is tight if and
only if {E[M;]:i € I} is tight in M(V).
A nonnegative, symmetric operator ¢: V — V is called an S-operator if
o0
trfo] ==Y (@fi. fi) < 0.
k=1
The space of all S-operators is denoted by Ls(V). The space Ls(V) is a subspace
of the Banach space of trace class operators, and it is equipped with the Borel o -
algebra of the latter. A set {¢; :i € I} C Lg(V) is relatively compact if and only
if
(15) suptr[g;] < oo;

iel

sup Y (@i fi. fi) =0.

iel k=N

(16)

lim
N—o0
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A set {T; : i € I} of random variables T;: Q2 — Lg(V) is tight if and only if for
each ¢ > O there exist forall i € I aset A; € A with P(A;) > 1 — ¢ such that

(17) {Ti(w):we A, iel} is relatively compact in Lg(V).

PROOF OF THEOREM 3.1. For each t € T(F,) with T > 1 and n € N, define
the random probability measure

P,(t): B(V) x Q—[0,1], Py(t):=Py1%---% Py o,
and, by denoting S, () := X,,,1 + - - - + X,,¢, the random probability measure
On(t): B(V) x Q— [0, 1], On (1) = Pu(7) *6—5,(0)>

where 8y denotes the random Dirac measure in ¥ € L%(Q; V). In a first and main
step, we show that for each ¢ > 0 there exists a compact set {¢, r : 7 € Y (Fy),1 <
T < 0y, n € N} of deterministic S-operators ¢, ; € Ls(V), such that for every n €
N and each T € T(F,) with 1 <t <0, we have

(18) 1 —=ReE[x0,x) (V)] < (¢ncv,v) +4e forallve V.

For this purpose, fix ¢ > 0 and define the symmetrisation ﬁn,k = Puk % Py
where P (B, ®) := P, k(—B, ) for all B € B(V) and w € Q. Define for each
T € Y (Fy,) with T > 1 and n € N the random measure

Pu(0): BV)x Q—=>Ry,  Pu(@) =P+ + Puy,

and the random S-operator

T,(t): VxQ—=V, (T (), v)=_/B (v, h)*P,(t)(dh).

\%4
As {P,(oy) : n € N} is tight, it follows that the set {[5,,,1 Kook ﬁn,an :n € N}is also
tight. Part (a) of Lemma 3.4 implies that {7,,(t) : 7 € Y(Fy),1 <t <0y,n € N}
is a tight set of random S-operators and that {(P,(D)(- N By):teY(F), 1=
T < o,,n € N} is a tight set of random measures. It follows from (13) and from
(15), respectively, that there are constants c1, ¢ > 0 such that for each n € N we
have P(Fn(t)(B‘C,) >c1) <eand P(tr[T,(t)] > ¢2) < ¢ for all T € T(F,) with
1 <t < 0y. Define for each n € N the stopping times

oy =inf{k e N: P, (k)(B) > c1}, oy = inflk € N: tr[T, (k)] > c2}.

The stopping time p, := p;, A p,, satisfies for each n € N that P(p, < t) < 2¢ for
all T € T(F,) with 1 <t < 0,. Lemma 3.3 implies for each v € V that

1 —ReE[xg,x) W] < E[(1 =Re x0,x) (V) Lir<p,}] + P(on < T)
S 1 - Re E[Xle(Pn/\f)<v)] + 28

Pn AT
< E[ > (- xﬁn,k(v))] + 2e.

k=1



CYLINDRICAL LEVY PROCESSES 4283

Thegssumed tig~htness of {P,(t):1 € Y(Fy),1 <1t <0y, n €N} yields tightness
of {Py1 %% Py p,no, : 1 € N}. Moreover, since

Pu(pon A0n)(BY) < Pulpn — 1)(BS) + Pup,(BS) <c1+1  forallneN,

part (c) of Lemma 3.4 guarantees tightness of {E[P,(p, A T)](- N By):t e
Y (F,),1 <t <o0,,n € N}. Thus, there exists a constant d > 1 such that

(19) E[Py(pn AT)({v eV vl >d})] <e.
Define for each t € Y (F},) and n € N the random operator
Ry(T): VXxQ—V, (Ru(0)v, v):/ (v, h)> P, (7)(dh).
I<|lhll=d

Since 1 — cos 8 <22 for all B € R, we obtain by (19) for all v € V that

E [pnf(l = Xﬁ,,,k<v))}

k=1

= E|:/V(1 —cos((v, h))) Pu(pn A r)(dh):|

2D 5) .
< ZE[/”h”Sd(v, 1)2P, (pn A t)(dh)} +2E[Pu(pn AT ({h eV 1 1] > d)})]

<2E[(T(pn A7), 0)] + 2E[(Rn(pn A T)V, V)] + 26
=2(E[T(pn AT)]v, v) + 2{E[Ry(pn A T)]v, V) + 2.

In the last line, we applied part (b) of Lemma 3.4, which can be done as the defi-
nition of the stopping times p,, and p, guarantees for all n € N that

«[R, (o) Ao </ RI2P, (o) — 1)(dh) + hI2B, . (dh
[Ru(p, Aon)] < 1<||h\|§d” 1“Pn(p;, — 1)(dh) 1<||h||§d” 1 Pn,p; (dh)

<d*(c1 + 1),

and analogously

[T (o) Aow)] <t[Tu(p, —1)] + " 1||h||213,,,,0;{(dh) <c+1.
<
Moreover, Lemma 3.4 implies that the sets {E[T,(op AT)]:T € Y (Fy),1 <t <
on,n € N}and {E[R,(pp AT)]: T € T(Fy), 1 <t <oy, n € N} are relatively com-
pact in Lg(V), which completes the proof of (18).

It follows from (18) by Theorem VI1.2.3 in [20] that the set {E[Q,(t)]: T €
YT(F,),1 <t <o0,,n €N}, and thus also the set {Q,(t) : 7t € Y(Fy),1 <1 <
on,n € N} are tight. Since each random probability measure Q,(t) is the con-
volution of P,(r) and the random Dirac measure §_g, (), and since the set
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{P,(7):T €Y (F,),1 <t <o0y,n €N} is assumed to be tight, it follows that the
set {6_s,(r) : T € Y(Fy), 1 <71 <0,,n €N} is tight, which completes the proof.
O

The following two results are used in the proof of Theorem 3.1.
LEMMA 3.3. In the setting of Theorem 3.1, define for some n € N and for a
stopping time t € Y (F,,) the random probability measure
On(7): B(V) x @ —[0,1], On(t) =Ppi%- % Py %8_5,1),
where S, (t) := X1+ -+ -+ X,.¢. Then it follows that

T

1 —ReE[xg,x(v)] < E|:Z(1 — XB,. (v))] foreveryveV.
k=1

PROOF. Fix v € V, n € N, and define for each j € N the F, j-measurable
random variable

Xn(j):=1=xp, () =Rexg,j-1(v) +Rexg,() V),

where we set Q,,(0) = 8g. We claim that Y, (k) := X,,(1) + - - - + X,,(k) defines a
submartingale (Y, (k) : k € N) with respect to F;,. For each k € N, we obtain

E[X, (k)| Fpi-1]
=1-xp,, () =Re xg,xk-1)(v) +Re E[x0,x) )| Fp k1]

Since the random measure Q,(j) is defined as a convolution its characteristic
function obeys

X0.,(H (W) = Xs_g,;, W XP,(j) (V) = e S WDy p () forall j €N,

where Py, (k) := Py 1 % --- % Py . Consequently, we arrive at
E[x0,00 W Fri—1]= xp, ) w)e S0 plomiwXaid| 7 ]
= X0 k=) W)X P, (WX pr (V)
= X0, (k-1 (W) x5, (V).
Applying this equality to (20), we obtain
E[Xu ()| Fni-1]= (1 =Re xg,-1y()(1 = x5, , ().

Since the last line is nonnegative, it follows that (Y, (k) : k € N) is a submartingale.
We conclude from (11) that

E[x0,0y)] = E[xp, W]E[e”" X1 = xx, (W) x-x, ,(®) = E[x5,, )],
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which yields E[Y,(1)] = 0. Doob’s optional stopping theorem shows for 7 €
Y (Fy) that E[Y,(t A N)] > E[Y,(1)] =0 for all N € N, which, by the very defi-
nition of Y}, (k), results in

TAN TAN
E[Z (1- Xﬁn,k(v))} > E[— Y (Rexg,(j(v) —Re XQn(j—l)(v))]

k=1 k=1
= E[l — Re XQn(T/\N)(v)].

Applying the result on monotone convergence to the left-hand side and Lebesgue’s
theorem of dominated convergence to the right-hand side completes the proof. []

For the following lemma, note that if k: V x V — R is a bilinear form then
a linear operator K : V — V can be defined by (Kwvy, v2) = k(vy, vp) for all vy,
U € V.

LEMMA 3.4. Foreachn €N, let {M, i : k € N} be a sequence of symmetric
random probability measures adapted to a filtration F, := {F,  : k € No}. For
T € Y(F,) with t > 1, denote M,(t) := My 1+ -4+ M, ; and define for some
¢ > 0 the random operators

Li(0): VxQ—=>V, (Tu(D)v1, v2) = /”h“< (v1, h) (v, h) My () (dh),

and the random measures
Na(@): BOV)x Q= Ry, Nu(@)(B)=Ma(@)(BN{|lv] > c}).

If there exists a sequence {0, : n € N} of finite stopping times o, € Y (Fy) with
on > 1 such that {M, 1 % --- % M, o, : n € N} is tight, then we have:

(a) the set {T,,(t):t € Y(Fy),1 <1 <0y,,n €N} of random S-operators and
the set {N,(t) : 1 € Y(Fy), 1 <1 <0,,n € N} of random measures are tight.
(b) uniform integrability of {tr[T,(0y,)] : n € N} implies that, for T € Y (Fy),

E[T,(t)]: V>V, (E[T,(0)]v, v) = E[{T)(zx)v, v)]

defines a relatively compact set {E[T,(t)]:t € Y(F,),1 <t <o0p,,n €N} of S-
operators.

(¢) uniform integrability of {N,(0,)(V) : n € N} implies that {E[N,(t)]: 1 €
Y (F,),1 <1 <o0y,,n €N} is relatively compact.

PROOF. (a) Let R, denote the infinitely divisible random measure with char-
acteristic function

XR,: V xQ—C, xR, (V) = exp(‘/v(e”h’”) — I)Mn(on)(dh))
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The inequality

1— exp(Z(,Bk — 1)) <1—J]B  forall Br€[0,1],n €N,
k=1 k=1

yields for every v € V and n € N the estimate

(o On
1—E[xg,(v)] = E[l — exp(Z(XMnyk(v) — 1))] <1-— E[]_[ XM,L,((U)]
k=1 k=1
Tightness of {M,, 1 * --- * M, 5, : n € N} implies by Theorem VI.2.3 in [20] to-
gether with (11) that the set {E[R,] : n € N} is tight. It follows that for each ¢ > 0
there exists for every n € N aset A, € A with P(A,) > 1 — ¢ such that the set

{14, (@R, (-, ) + Tac(@)dp(-) weR,ne N}

of infinitely divisible probability measures is relatively compact. Theorem VI.5.1
in [20] implies that the set {7, (0,)(w) : w € A,,n € N} is compact and the
set {Np(on)(-,w) : ® € Ay,n € N} is relatively compact. The monotonicity
(T, (T) fr, fr) < (Ty(on) fx, fx) forall k e Nand N, (t) < N, (0,) foreach T <,
completes the proof by (13), (14) and (15), (16).

(b) By applying Tonelli’s theorem, we obtain

suptr[ E[T,,(0,)]] = sup E [Z(Tn (o) fics fk>:|
neN neN k=1

21

= sup E[tr[T,(0p)]] < o0
neN

Let € > 0 be given and choose § > 0 such that P(A) < § for any A € A implies
E[tr[T,(0,)]14] < ¢ for all n € N. From part (a), it follows by (16) that there are
A, e A, neN,with P(A,) > 1— 3§ and Ny € N such that

o0
sup sup Y (T(0n)(@) fi, fi) <€
neNweA, k=Np
It follows that

sup Z [T ()] fx» fi)

nENk NO

< supE|:]lAn > (T (ow) fi fk>i| + E[u[T, (0n)] 15, ]

neN k=Ny

<2e,



CYLINDRICAL LEVY PROCESSES 4287

which shows that

(22) Jim sup Z [T (o)) ficr fi) =

_)ooneNk —N

Both properties (21) and (22) establish that {E[T},,(0,,)] : n € N} is relatively com-
pact, which completes the proof by monotonicity (E[T,(t)]fk, fr) <
(E1T,(0u)] fx, fx) forall k € N for t < o, by (15) and (16).

(c) Can be proved as (b). 0

4. Radonification of the increments. In this section, we solve problems (1)
and (2) mentioned in the Introduction. Recall the definition p(X) = E[1 A || X||*]
for any V-valued random variable X in (6). The following inequality originates
from the work [12], but since we only need a special case we give a short proof
here.

LEMMA 4.1. There exists a universal constant ¢ > 0 such that for any ¢ €
Lo(U, V) and any cylindrical random variable Z . U — L(},(Q; R) we have

p(<p2>5c/ p(Zu) (v o (9*) ") (dw),

where y denotes the canonical Gaussian cylindrical measure on 'V .

PROOF. Let (', A, P’) be another probability space and let I': V —
L(},, ('; R) be a cylindrical random variable distributed according to the canonical
cylindrical Gaussian distribution y on V. From the inequality,

(IAja)(IAIB]) <1Alaf|  foralla, B eR,
it follows for a real-valued, standard normally distributed random variable £ that
(LA TIDETIAIEP] < E[LA 0IPIEP]=E[IAITV?]  forallve V.
Consequently, by defining ¢ := (E'[1 A |€]*])~! we obtain
(LA v]I?) <cE[IAITv?]  forallve V.
It follows that
p(9Z) = E[1 A ll9Z|*] < cE[E'[1 AT (92)|*]]

= E[/ (1A (v, 9Z)? )/(dv)]
_ /El/\|Z(,0 v)|*]y (dv)

/ [1A1Zul?](y o (¢*) ") (duw),
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which completes the proof. [J

Let (L(¢) : t = 0) be a cylindrical Lévy process in U. We equip the probability
space with the filtration generated by L and defined by

Fr=oc({L(s)u:uelU,sel0,t]}) for all t > 0.

Fix the times 0 < s <t. An £5(U, V)-valued, F -measurable random variable ®
is called simple if it is of the form

m
D) =) 1a (@) for all w € 2,
i=1
for disjoint sets Aq,..., A, € Fy and ¢1,...,¢, € L2(U, V). The space of
all £o(U, V)-valued, Fg-measurable, simple random variables is denoted by
S(R2, Fy; L7). It follows from (7) that for each i =1, ..., m there exists an V-
valued random variable ¢; (L(¢#) — L(s)) satisfying

(@i (L(r) — L(s)),v)=(L(t) — L(s))(pfv)  forallveV.

Define an F-measurable, V-valued random variable by

J(®):=) 14, ¢i(L(t) — L(s)).

i=1
In this situation, we define
(L(1) = L(5))(®*v) := (J (D), v) forallve V.

The following result enables us to extend this definition of radonified increments
from simple to arbitrary random variables &.

THEOREM 4.2. Let 0 <s <t be fixed. For each Fg-measurable, Lr(U, V)-
valued random variable ®, there exist an V -valued random variable Y and a se-
quence { D, }, N of simple random variables in S(2, Fs; L2) with ©,, — & P-a.s.
such that

Y = nli)rgo J(D,) in probability.

Moreover, the limit Y does not depend on the sequence {®p},cN.

PROOF. Since ®: Q — L,(U, V) is strongly F -measurable, there exists a
sequence {®,},cy of simple random variables in S(2, Fs; £2) with &, — ©
P-a.s. It remains to show that (J(®,)),en is a Cauchy sequence in L(;,(Q; V).
By linearity, it is sufficient to show that ®,, — 0 P-a.s. for n — oo implies that
J(®,) — 0 in probability for n — oo. For this purpose, assume that

mp
(@) = 14, (@)pn,i for all w € ,
i=1
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for disjoint sets A, 1,..., Aym, € Fs and @, 1,...,@pm, € L2(U, V), my € N
and &, — 0 P-a.s. for n — o00. Define the cylindrical random variable Z :=
L(t) — L(s). Independence of Z and F implies that ¢, ;Z is also independent
of F§. Using this independence, Lemma 4.1 and (11), we obtain for each n € N

that
2:|

mp
E [Z 1a,, (LA ||(Pn,iZ||2)j|

i=1

mpy
Z 14, niZ

p(J (@) = E|:1 A
i=1

= /Q > 14, (@) p(¢niZ)P(dw)
i=1
¥ x \—1
= C/gZi:ZIILA,,,i(a)) (/(; p(Zu)(y o ((pn’l.) )(du))P(da))

:c/g(/Up(Zu)Mn(du,a)))P(d(u)
=c [ pzoEM, 1w,

where ¢ denotes the constant derived in Lemma 4.1 and M,, is the random proba-
bility measure defined by

My: BU)x Q—[0,1],  My(B,w)=Y 1a,,@)(yo(¢,)" " )B).

i=l

Recall the definition E[{M,](B) := E[M,,(B)] for all B € B(U). For each n ¢ N
and w € 2, the measure M, (-, w) is Gaussian with expectation 0 and covariance
operator

my
On@):U—>U,  Qn@ =) 14, ()¢} ni.
i=1
Consequently, we have for all u € U that
(23) Elom,(w)] = E[ei<Q””’“)] = E[eill(p””ll%/] -1 asn — 0o.

Egorov’s theorem implies that for each ¢ > 0 there exists a set A € A with P(A) >
1 — & such that

sup sup tr[ O (w)] < oo.
neNweA
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As QO (w) is the covariance operator of the Gaussian measure M, (-, w), it follows
that the set {M, (-, w) : w € A, n € N} is tight. Thus, the set {M,, : n € N} of ran-
dom measures is tight, which implies together with (23) that E[M,] converges
weakly to the Dirac measure in 0. Since the function u — p(Zu) is bounded and
continuous, we obtain

f p(ZWEIM](du) =0 asn — oo,
H

Linearity of J guarantees the claimed uniqueness, which completes the proof. [J

Theorem 4.2 enables us to define for each 0 < s <t and F-measurable random
variable ®: Q — L£,(U, V) the V-valued random variable

O(L(t) — L(s)) := Jim J(®y),

where (®;),en C S(2, Fy; L2) converges to & P-a.s. We define then the incre-
ments of the cylindrical Lévy process L under the random mapping & by

(L(t) = L(5))(®*v) := (®(L(t) — L(s)), ) forallveV.

We finish this section with calculating the conditional characteristic function of
the radonified increments.

LEMMA 4.3. IfO0<s<tand ®: Q— LU, V) is an F¢-measurable ran-
dom variable, then it follows for each v € V that

(24) E[exp(i(®(L(t) — L(s)), v))| Fs] =exp((t — 5)S(P*v)), P-a.s.,

where S: U — C denotes the cylindrical Lévy symbol of L defined in (8).
PROOF. If @ is simple, then it is easy to establish the equality claimed in (24).
For an arbitrary Fs-measurable random variable ®: Q2 — £,(U, V), Theorem 4.2

guarantees that there exists a sequence (®,),cn of simple random variables in
S(2, Fy; L) satisfying @, - ® P-a.s.asn — oo and forallve V

(25) nli)rréo(L(t) — L(5))(P)v) = (L(t) — L(5))(P*v) in probability.

On the other hand, as ®,, — @ P-a.s. the continuity of the cylindrical Lévy symbol
S:U — Cyields forallve V

(26) lim exp((1 — 5)S(®,v)) = exp((r — 5)S(P™v)) P-as.

Equations (25) and (26) show that the relation (24) can be generalised to arbitrary
delhQ, Fy L. O
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5. The stochastic integral. We begin the definition of the classical stochastic
integral with simple integrands. An £,(U, V)-valued, stochastic process (\W(¢) :
t €0, T)) is called simple if it is of the form

N
(27) () =PoLioy(1) + Y Ly, () forallze[0,T],

j=1
where 0 =1 < --- < ty4+1 = T is a finite sequence of deterministic times and
each ®;: Q — Lo(U,V) is an F Iz -measurable random variable for each j =
0,..., N. The set of all simple £>(U, V)-valued stochastic processes is denoted
by Ho(U, V).

Let (W (¢) : ¢t €[0,T]) be a simple process in Ho(U, V) of the form (27) and
(L(¢) : t = 0) be a cylindrical Lévy process in U. Theorem 4.2 guarantees that for
each j=1,..., N and ¢ € [0, T], there exists the random variable

J(@)@):=Dj (Lt Atjr1) — Lt ALj)): Q—>V,
satisfying
(Lt Atj1) — Lt At))) (D) = (J(D))(1), v) forallve V.
Thus, we can define a random variable in L(I)J(SZ; V) foreach t € [0, T] by
I(W)(@): -V, I(V)(@) :=J(@)@E)+---+ J(DPnN)(1).

Obviously, the random variable I (¥)(¢) obeys
N N

(1(¥)(1),v)= Z(J(tbj)(t), v) = Z(L(t Atjp1) — LA tj))(q)jv)
j=1 j=1
forallve Vandr e [0, T].
In the following, we extend the domain of / to the linear space:

HWU,V):={W:[0,T] x 2— Lo(U, V) : adapted and with caglad paths}.

The paths of an element ¥ in H(U, V) are in the space D_([0, T]; Lo(U, V))
of L,(U, V)-valued functions which are continuous from the left and have limits
from the right (caglad). Recall from Section 2 that this space is equipped with the
Skorokhod metric d; defined in (5). As Lo (U, V) is separable every ¥ € H(U, V)
can also be considered as a random variable ¥: Q — D_([0, T]; Lo(U, V)).

The definition of the stochastic integral for arbitrary integrands in the space
H(U, V) is given by the following result. The assumed approximation by simple
processes is presented in the subsequent Lemma 5.2.

THEOREM 5.1.  For every sequence (Wy,),eN € Ho(U, V) which converges to
some VW € H(U, V) in probability in the Skorokhod metric, that is,

nli)ITOIOP(dJ(\IJn,‘-I’)ZE):O forall e >0,
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there exists a V -valued, adapted semimartingale (I (W) (t) : t € [0, T']) with cadlag
trajectories obeying for each t € [0, T] and ¢ > 0

Jim P([1(¥n) (1) — 1(¥)(0)] = &) =0.

The limit I (W) does not depend on the sequence (V,,),eN, that is, it is unique up
to evanescence.

In this work, we define simple integrands as stochastic processes which equal
a random variable ®; on deterministic but not random intervals (z;,#;]. This
guarantees that the radonification of the increments J(®;)(z) is well defined by
the approach in Section 4. If the interval (z;, ;1] were random the integrand ®;
would not be independent of L(#;41) — L(¢;) and this method could not be applied
any more.

Simple integrands defined on random intervals are dense in H (U, V) with re-
spect to the uniform convergence on [0, T'] in probability, that is, the so-called
ucp convergence. In our case of deterministic partitions, we have to weaken the
topology to the Skorokhod topology.

LEMMA 5.2. Forevery W € H(U, V), there exists a sequence (V,,),eN of sim-
ple stochastic processes W, € Ho(U, V'), each defined on a partition (t, k)k=1....n
of the interval [0, T] with maxj—i . nl|tn,j+1 — tn,j| = O for n — o0 and with
(W, (t) : t €0, T} in the closure of {V(¢) : t € [0, T} in V such that

nli)ngodj(\lln(a)),ll-’(w))zo forall w € Q.

PROOF. This follows from the construction of the approximating sequence as
the discretisation in the analogue result for deterministic, cadlag functions; see, for
example, [20], Lemma VIL.6.5. [

PROPOSITION 5.3. Let i be a continuous cylindrical probability measure on
ZU) and K be a compact set in Lo(U, V). Then the set {j1 o (p’1 @ eK}is
relatively compact in the space M (V) of probability measures on B(V).

PROOF. According to [27], Proposition 1V.4.2, page 236, there exist a proba-
bility space (€2, A, P) and a cylindrical random variable Z: U — L(I)J(Q; R) such
that u is the cylindrical distribution of Z. Then the random variable ¢(Z) is dis-
tributed according to the probability measure o ¢! for each ¢ € K. By [27],
Corollary 1 in 1.3.9, p. 52, the set {0 ¢~ : @ € K} is relatively compact if and

only if
(28) lim sup P(|¢(2)] =r) =0,
r—>oo¢eK
0
(29) lim sup P< S @, fif = r) =0  foreachr > 0.
T¢eK \k=N+1
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Recall that ( fx)xen denotes the orthonormal basis in V. For fixed m and N in N
with N <m and for ¢ € K, define the m — N-dimensional random vector Y :=
{p(Z), fN+1)s -5 (@(Z), fn)). The characteristic function xy : R™"N 5 C of
Y is given for B = (BN+1,- .., Bm) € R"™N by

XY(ﬂ)=E[eXp<l’ > lgk((ﬂ(z),fk))j|=)(z( > (P*(,kak))-

k=N+1 k=N+1

Let ¢ > 0 be given. The continuity of the characteristic function xz: U — C im-
plies that there exists a § > 0 such that

2
(30) |1 —xzu)| <elp,(u)+21pe(u) <e —I—ZHZ—E forallu e U,

where Bs :={u € U : ||u|| < é}. By applying [27], Proposition 1V.5.2, p. 205, we
obtain for every r > 0 the inequality

P( > (fp(Z),fk)zzrz)=Py(ﬂ€Rm_N:|ﬁlzr)

k=N+1
B
<3 (1 - xY(—)) dYm-n(B).

where y,,_n denotes the standard normal distribution on B(Rm_N ). Inequality
(30) implies

Lo (=0 (5)) an-ves)

1 m
= RM_N<1—XZ<— Z ‘p*(ﬂkfk)))d)/mN(/gNJrl,---»,Bm)

k=N+1
- 2
= fRN )

2
et D D (w*(fk),so*(fm/RMﬁkﬁedym_N(ﬂNH,...,,3,,,)

k=N+1{=N+1

(€29)

> 0 Befi)

k=N+1

2
)dJ/mN(ﬂNH,---,ﬂm)

2 " .o 12
=&+ 52,2 Z ”(,0 fk” .
k=N+1

By applying the last estimate to inequality (31), we obtain for every r > 0

sup P( > (e(2), P = r) = sup mli_)mooP( 3 {e(2), P = r)
32) K \k=N+1 pek k=N+1

6 00 )
<3g+ —— sup lo* il
8%r% pek k:%:—i-l
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Since the mapping ¢ — ¢* is continuous on L(U, V), the set {¢* : ¢ € K} is
compact in £,(V, U). Thus, Condition (29) follows from (32) by the characterisa-
tion (4) of the compact set K. Similarly, we conclude for every r > 0 that

m

. 6
P(le2)] = 1) =m1;mooP<kZI<so<Z>, fif = r2) <3e+ g suplelz,

Thus, Condition (28) follows from boundedness of K, which completes the proof.
O

LEMMA 5.4. Ifthe set {y : o € J} of infinitely divisible probability measures
e on B(V) for an arbitrary index set J is relatively compact in M1(V), then

{ugh s sxugma;eJ, ;20,614 +1, <T fori=1,...,n,n e N}

is also relatively compact in M (V).

PROOF. According to [20], Theorem VI.5.3, p. 187, the set {uy : @ € J} of
infinitely divisible probability measures p, with characteristics (ay, Qqu, Vy) 1S
relatively compact if and only if the following three conditions are satisfied:

(1) the set {ay : ¢ € J} C V is relatively compact;

(2) the set {vy : @ € J} restricted to the complement of any neighborhood of
the origin is relatively compact;

(3) the operators T, : V — V defined by

(Tav,v) i= (Qav.v) + | (v, h)*ve (dh)
lr]<1

satisfy the conditions

(i) sup ) (Tofi, fi) < oo,

aelJ k=1

(i) lim sup 3 (T fi. fi) =0.

N—>ooaejk:N

Foroa; € J,t; > 0and t; 4 - - - +1¢, < T, the infinitely divisible probability measure
*In has the characteristics

Pt oo * g,
n n n
(2@-%,.,2@@“,.,2@-%,.).
i=1 i=1 i=1

It remains to show that these characteristics satisfy the corresponding Conditions
(1)—(3) above.
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(1) Define the set

n
D:=1> tiay :o; €J,11, ..., 1, >0, 11+ +1, <T,neN¢.
i=1
Since the set A := {aq : o € J} is relatively compact, it follows by a theorem of
S. Mazur that the convex hull co(A) of A is relatively compact. Since the mapping

m:[0,T] x co(A) =V, m(t,v) =tv,

is continuous and D € m ([0, T'] x co(A)), we can conclude that the set D is rela-
tively compact.

(2) Prokhorov’s theorem guarantees that the set {v, : « € J} restricted to the
complement of any neighborhood of the origin is tight and uniformly bounded in
total variation norm. Clearly, the same applies to

n
D tive rai €J,11, . 1y = 0,01+ + 1, <T,n €N,
i=1
and another application of Prokhorov’s theorem shows that this set restricted to the
complement of any neighborhood of the origin is relatively compact.
(3) Forevery n, N € N, one obtains

o n
sup sup > > (4T, fir fi)
t1++t,<T ay,..., an€J p=Ni=1
ooy t,>0

n e.¢]
< sup Y tisup Y (Tofi, fi)
e+ <T;—1 a€lj_p
tyestn>0

o0
§TsupZ(Tafk,fk)—>O as N — oo.
a€J N

Analogously, we conclude

o0 n o
sup sup Z Z(tiTaifk’ fx) < T sup Z(Tafk, fr) < o0.
14+, <T oy,..., aneJ k=1i=1 ael k=1
ety =0

The proof is complete. [

For the proof of Theorem 5.1, we now introduce an alternative definition of a
stochastic integral I (W) (r) for simple integrands W. Its definition guarantees that
the integral processes (I(W,)(t) : 1 €[0, T)) for an approximating sequence (\W,)
of simple integrands converge uniformly in probability (Proposition 5.6), which
guarantees that its limit has cadlag trajectories. The original stochastic integral
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1 (\W,)(t) converges only as a V -valued random variable, that is, at each fixed time
t €0, T]; see Theorem 5.1.
For the definition, assume that ¥ € Ho(U, V) is of the form

N
W) = Po Loy (1) + Y P Lj.1,01(0) forallr € [0, T,
j=1

where 0 =1 < --- <ty41 =T is afinite sequence of deterministic times and each
®;: Q— L5(U, V) is an F;;-measurable random variable for each j =0, ..., N.

Then we define a V -valued stochastic process (f (W)(@):te[0,T]) by
0 if t € [0, 1),

k
D (L(t; — L(¢t; ift €tyer,t Jke{l,...,N—1},
Fw)() = JX; j(L(tj41) (t))) if £ € [trg1, i), k € { )

(I)j(L(tj+1)—L(tj)) ift="T.

M=

1

~.
Il

Obviously, [(¥) is an adapted stochastic process in V with cadlag trajectories.

PROPOSITION 5.5. For every n € N, let V,, be a simple stochastic process
in Ho(U, V) defined on a partition {t, j}r=1,...N,+1 and define G, :={F;, , - k =
L...,N,+ 1} If (&, : n € N} is tight in M(D—([0, T]; L2(U, V))) then

[T(¥,)(r):T €Y (Gy),neN]}

istightin V., where Y(G,) ={t: Q — {ty,1, ..., ta N,+1}: is Stopping time for G, }.

PROOF. Each V¥, is of the form

Ny

W, (1) = @0 Loy (1) + D P j Lty 1110,
j=1

for 0=1t,1 <--<tyn,+1 =T and &, ; € L(I)J(Q,]-',n’j;llz) for each j =
0,...,N, and n € N. Define for each j =2,...,N, + 1 and n € N the ]-',n,j—
measurable random variable

Xn,ji=Pn j—1(L(tn,j) — L(ty,j-1)): Q= V,
and choose a regular conditional distribution
Py j: B(V) xQ2—[0,1], Py j(B,w)=P(Xy,j € Bl Fy, ;) (®).
Lemma 4.3 guarantees for every v € V that

Elexp(i(Xy,j, v))l Ftn,j—l] =exp((tn,j — tn,j_l)S(CDZ’j_lv)) P-as.,
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where S: U — C denotes the cylindrical Lévy symbol of L. It follows for P-a.a.
w € 2 that

(33) Poj(o @) = (ko (@ jo1 (@) ) im0,

where A is the cylindrical distribution of L(1). For t € Y(G,) introduce the nota-
tion

[tl(w) :=inflk € {1,..., N, + 1} : T(®) =ty 1 }.

Define for every stopping time 7 € Y(G,) with 2 < [r] < N, + 1 the random
probability measure

P,(t): B(V) x Q—[0,1], Py(t) = Pyp* - % Py e

Let ¢ > 0 be given. Since {V, : n € N} is tight, there exists a compact set C C
D_([0,T]; Lo(U, V)) such that P(¥,, € C) > 1 — ¢ for all n € N. Proposition 1.6
in [9] guarantees that there exists a compact set K C £L,(U, V) such that {V, €
C}C{W,(t) e K forall t € [0, T]} for all n € N. Consequently, the set

Ay ={¥,(t)eK forallt € [0,T]} ={P,,; € K forall j =0, ..., Ny},

satisfies P(A,) > 1 — ¢ for all n € N. Denoting A, := X o @~ ! for every ¢ € K,
Proposition 5.3 guarantees that the set {A, : ¢ € K} of infinitely divisible prob-
ability measures A, is relatively compact in M;(V). Lemma 5.4 yields that the
set

X = {A;‘,‘Il *---*)L(’;fl” SteesSp =051+ 45, <T,¢; € K,neN}
is relatively compact in M (V). Since (33) implies
[Pi(t(@)(,0):T€Y(Gn),2<[t]<N,+1,we A,,neN}
C{P(k)(,w):kef2,...,Ny+ 1}, we Ay, n €N}
CX,
it follows that the set
{Pu(x):T1€Y(Gn),2<[t]<N,+1,neN]}
of random probability measures is tight. Theorem 3.1 implies that
{(Xno4+  + X1 T€Y(Gr),2<[t] <N, +1,neN}
is tight which completes the proof. [J
PROPOSITION 5.6. For every sequence (Wy)neN C Ho(U, V) which con-
verges to some W € H(U, V) in probability in the Skorokhod metric, that is,

nli)ITOIOP(dJ(\IJn,‘-D)ZE):O forall e >0,
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there exists a V-valued, adapted stochastic process (1(W)(t) : t € [0, T]) with
cadlag trajectories obeying for each ¢ > 0

lim P( sup |T(W,)(@) — I(W)(1)| = s) —0.
t€l0,T]

The limit I (V) does not depend on the sequence (V,,),¢eN, that is, it is unique up
to evanescence.

PROOF. It is sufficient to show for an arbitrary ¢ > 0 that

(34) lim P( sup |7 (¥,)(1) — T(W,)(0)] > g) —0.
]

m,n— 00 1€[0.T

Recall that the V-valued stochastic process (f (W) (@) : t €10, T]) has cadlag
paths due to its definition. Define for each m, n € N the stopping time

T i=inf{t > 02 |[T(W,) (1) — (W) (1)|| > e} AT,

where inf{&} = co. By the very definition of 7, , it follows that (34) is satisfied if
and only if

(35) olim P ([ (W) (Tn) = 1 (80) ()| > £) = 0.

In order to establish (35), it is according to Lemma 2.4 in [11] sufficient to show
that

(36) T(W) (Tmn) — T(¥0) (Tmn) :m,n €N} s tight in V;
and that for every v € V we have

(37) my%igoo(i(\lfm)(l'm,n) — I(¥,)(T.n), v)=0  in probability.

By merging the partitions where V,, and W, are defined on, we obtain for every
m,n € Nand ¢ € [0, T] the representation

Nm,n

Wy (1) — Wy (1) = Py 0 Loy (2) + Z DPon,n,j Lty jotmon, 1110,
j=1

where 0 =ty 0,1 <+ < tmu,N,,+1 = T is a finite sequence of deterministic
times and ®,, , j: & — Lo(U, V) is an F, ton.j -measurable random variable for
each j =0,..., Ny p.

In order to establish (36), note that for each m, n € N the stochastic process
(i(\llm —W,)(t): t €[0, T]) varies only at points of the partition 7, ,, := {t.n.k :
k=2,..., Ny n, + 1}. Consequently, the stopping time t,, , only attains values in
Tm.n> and thus it follows Ty n € Y (Gy,n) for Gy :={F4, ., k=1,..., Nun +
1}. Consequently, one can apply Proposition 5.5 to conclude (36).
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For establishing (37), define forevery j =2, ..., Ny ,+1 the V-valued random
variable

Xmon,j =P, j—1 (Ltmn,j) — Ltmp,j—1)): — V.

Obviously, we have
(38) TV @) = 1 (V0) (Tn) = X2 + -+ X [1,01
where we use the notation

[T nl(@) :=inflk € {2, ..., Ny + 1} : Ty n (@) =t n i}
Lemma 4.3 implies forall f e Randv e V

Funj(B):= E[eiﬁ<xm,n,j(t)’v>|‘th.n.j—l]
= exp((tm,n,j — tmn, j—1)S(BPpy . j—1V)), P-as.

Consequently, we obtain P-a.s. that

[Tm.nl [Tm.nl
Fun(B):= 1_[ an}(ﬁ)—exp<2(tmn]_tmnj l)S(IB m,n, j— lv)>

Jj=2 Jj=2

=exp( [ S(B(Y ) — i) ds ).

In order to show F, ,(8) — 1 in probability for m,n — oo we have to show that
each subsequence (F,, n, (B))kenN has a further subsequence converging to 1 P-
a.s. Asdj (W, , V) and d; (¥, , ¥) converge to 0 in probability for k — oo there
exists subsequences (dy (\Ilmk , ¥))ren and (dJ(lIJnk , ¥))¢en converging to 0 P-
a.s. for £ — oo. It follows that there exists a set Q¢ € A with P () = 1 such that
for each w € 29 we have that

(39) sup sup | Wy, (1) (@) — Wy, ()(@) | £, < 00,
(eN1€[0.7]

and that there exists a Lebesgue null set N, C [0, 7] depending on w such that

(40)  lim [ Wy, (5)(@) = W, ()@) ], =0 foralls &[0, 7]\ No.

Lemma 3.2 in [26] guarantees that the cylindrical Lévy symbol S maps bounded
sets to bounded sets. Consequently, we can conclude from Lebesgue’s theorem of
dominated convergence by applying (39) and (40), that

Ty, .n ()
Jim ‘ [ e ($)(@) = W, (5)(@))v) ds

< lim / \S(ﬁ(\ll:,lkl ) (w) — \Il:ke (s)(w))v)|ds =0.

—00J0
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Since we considered an arbitrary subsequence, we can conclude that F,, ,(8) —
1 in probability for m,n — oo for every B € R. The principle of conditioning,
Theorem 3.2, yields

[Tm,n]

m}ﬂig(}@E[exp(z’ﬁ Zz (Xmn,j v))} =1 for every B e R.
J:

Because of the representation (38), this establishes (37).

Let (W,)nen and (W)),en be two sequences converging to W in probability in
the Sk~0r0khod metric d; and denote by 7 (W) and I’ (V) the limits of (1 (¥,))nen
and (I (¥;)),en. As in the proof of (37), we can conclude that

lim (7 (W, —W/)(t),v)=0  in probability forall v e V and ¢ € [0, T,

n—o0

which shows I (W) (t) = I'(¥)(t) P-a.s. for each ¢ € [0, T']. Since the stochastic
processes I (W) and I’ (W) have cadlag paths, it follows that they are indistinguish-
able. [

Combining Lemma 5.2 and Proposition 5.6 enables us to define for every W €
HWU,V)

(W) := lim (),

where (W, ),eN 1S an approximating sequence of simple processes in Ho(U, V)
and the limit is in probability in the uniform norm as stated in Proposition 5.6.

PROPOSITION 5.7. If W isin H(U, V), then the stochastic process (I (\W)(t) :
t €10, T)) is a semimartingale.

PROOF. Denote by £(V, V) the space of all adapted, caglad, simple processes
with values in £(V, V) which are bounded by 1, thatis each ® € £(V, V) is of the
form

N
(41) O) =ToLoy(t) + Y T, ()  forallre[0,T],
k=1

where 0 = s < --- < sy41 = T is afinite sequence of deterministic times and each
[x: Q— L(V,V)is an Fg -measurable random variable with ||[I'y(w)|ly v <1
for all w € € and for each k =0, ..., N. The elementary integral is then defined
by

T N
[ 0@ 1)@ = Y- i) s — 1))

k=1
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Theorem 2.1 in [12] shows that [ (V) is a semimartingale if and only

T
42) {H /O O ()1 (¥)(ds)

@ e&(V, V)} is stochastically bounded.

Lemma 5.2 guarantees that there exists a sequence (V,),eN of simple processes
in Ho(U, V) converging to W in probability in the Skorokhod metric. As Propo-
sition 5.6 implies that I (W,,)(s) converges to I (W)(s) in probability for all s €
[0, T], it follows that (42) is established by showing

T -
(43) {H/ OW)I (W) (ds)| :©e&(V, V),neN}
0
is stochastically bounded. Each W, is of the form
N
44) Y, (1) =D, 01i0(1) + Z Do Lty gty pi11(0) forall r € [0, T],
=1

for O=t,1 < <tyn4+1 =T and P, € L?D(Q,]:,n’é;ﬁz) for each ¢ =

.,N, and n € N. For given ® € £(V,V) of the form (41) and ¥, €
Ho(U, V) of the form (44), we can assume, by possibly enlarging the partition
(tn.0)e=1,...N,+1. thatforevery k € {1, ..., N 41} there exists £, € {1, ..., N, +1}
such that sy =1, ¢, . It follows that

/ ) (W, )(dS)—ZFk T(W,) (sk41) — T (W) (1))
k=1

N Crp1—1
:Z < Z D, L(tn Z-H)_L(tn U))

k=1 =L

=

:Z Lo @) (Ltne1) = L{tn.0),

where we use the definition
fg =TI forevery £ € {€y, ..., L1 — 1}.

Note, that F( is F, . ,-measurable for all ¢ =1, ..., N,. Define for each n € N and
¢=12,..., Ny + 1 the F;, ,-measurable random variable

XP = Com1 0@y o) (Ltne) = Ltne-1)): @ — V.

Obviously, we have

T -
f0®<s)1<wn)<ds)= O+ X0
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Choose a regular conditional distribution

P2 B(V)xQ—[0,11,  P2(B,w)=P(X7,€B|F,, ).
Lemma 4.3 guarantees for every v € V that P-a.s.

E[exp(i(X,) . v)| Fryooy] = exp((tn.e — tne—1)S((To—1 0 @ e—1)*v)),

where S: U — C denotes the cylindrical Lévy symbol of L. It follows for P-a.a.
weQ

(45) PO, )= (Ao (Tom1(@) 0 @y ()~ )Fmeinen),

where A is the cylindrical distribution of L(1). Define for every k € {2, ..., N, + 1}
the random probability measure

PO(K): BV)x Q- [0,1],  PO(k) =P %+ PS,.

Let ¢ > 0 be given. Since {¥, : n € N} is tight, we can conclude as in the proof
of Proposition 5.5 by using Proposition 1.6 in [9] that there exists a compact set
K C L,(U, V) such that the sets

An;:{cbnjerorallZ:l,...,Nn},

satisfy P(A,) > 1 — ¢ for all n € N. The ideal property of £,(U, V) guarantees
that the set

Ke:={doy:¢y €K, 0el(V,V)with |?|lv_y <1}

is a subset of Lo(U, V). Moreover, as K is compact it follows that K¢ is bounded
and satisfies (4), and thus the closure K¢ is a compact set in £o(U, V). De-
noting A, := A o o~ ! for every o € K¢, Proposition 5.3 guarantees that the set
{Ao : 0 € K¢} of infinitely divisible probability measures A, is relatively compact.
Lemma 5.4 yields that the set

Xi={a w kA5, > 0,81+ +5, < T,
ojeKe,j=1,....,n,neN}
is relatively compact. Since (45) implies
[Pk w)ikel2,....Ny+1},we Ay, ®€E(V,V),ne N} CX,

it follows that the set

[PO(k):ke{2,....N, +1},0 €E(V,V),neN}
of random probability measures is tight. Theorem 3.1 implies that

(XD, 4+ X kel2, ... ,N,+1},,0 €&V, V), neN}

is tight which establishes that the set (43) is stochastically bounded. [
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PROOF OF THEOREM 5.1. Let (¥,),en be the sequence of simple processes
in Ho(U, V) converging to W in probability in the Skorokhod metric, which exists
due to Lemma 5.2. In particular, {W,(¢) : ¢t € [0, T]} is in the closure of {W(¢) : t €
[0, T']} and the partition (¢, ;) j=1,... N,+1 Obeys
(46) nggkj:SUPN,ij+1"‘bti|::0'

Propositions 5.6 and 5.7 guarantee the existence of the adapted semimartingale
(I(¥)():te[0,T]) in V obeying

sup |[T(W,) () — I1(¥)(®)| — 0 in probability.
1€[0,7]

It remains to show that for each ¢ € [0, T'] the V -valued random variable
An(0) = T(W) (1) = T(W)(1): Q> V,

converges to 0 in probability for n — oo. In order to show this, fix some ¢ € (0, T)
and denote by k, the element in {1,..., N,} such that ¢ € (¢, t,, tn k,+1] and by
®,, «, the Lo(U, V)-valued random variable satisfying W, (t) = &, x, foralln € N.
Thus, we obtain A, () = &, «, (L(t) — L(t,x,)) forall n € N.

Choose a regular conditional distribution

P,: B(V)x Q—[0,1], Py(B,w) = P(Ay € B| Fy, ) ().

As in the proof of Proposition 5.5, it follows that { P, : n € N} is tight. By taking
expectation, we obtain that {A,(¢) : n € N} is tight.
Furthermore, Lemma 4.3 implies for every 8 € R and v € V that P-a.s.

(47) E[exp(iB{An (@), V)| Fuk,] = exp((t — tnk,)S(BDL; 1, V),

where S: U — C denotes the cylindrical Lévy symbol of L; see (8). The set
{CIDZ’,(" (w)v : n € N} is uniformly bounded as ®,x, (w) is in the closure of
{W(t)(w) :t €10, T]} for every w € Q and the closure of the latter is compact
by Proposition 1.1 in [9]. As S maps bounded sets to bounded sets by Lemma 3.2
in [26], we conclude from (46) and (47) that

(48) nll)ngo E[exp(iB{An (@), v))| Fuk, ] =1 P-a.s. for every B € R.
Taking expectation yields (A, (¢), v) — 0 in probability for n — oo forallv e V.

Together with tightness of {A,,(¢) : n € N} it follows from Lemma 2.4 in [11] that
A, (t) — 0 for n — oo in probability, which yields

(49) lim P(|1(¥,) (1) —I(¥)(@)|>¢)=0 for every € > 0.
n—oo
It remains to show that (49) holds true for each sequence (V),),en in Ho(U, V)

converging to W in probability in the Skorokhod metric dy; that is, we have to
establish for every ¢ € [0, T] that

(50) lim P([1(%,)(®) — 1) (@) =€) =0  forevery e > 0.
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For this purpose, define for each ¢ € [0, T] and n € N the V-valued random vari-
able

A1) =TV — 1(V)(1): Q—>V,

where (V,,),en denotes the sequence from above. Because of (49), we can estab-
lish (50) by showing

(51) Jlim P([A, ()] =¢e)=0  foralle >0.

In order to establish (51), it is according to Lemma 2.4 in [11] sufficient to show
that

(52) {I(W,) (1) — I(¥,)(t):n €N} is tight in V;
and that for every v € V we have

(53) nli)rgo(l(\lln)(t) —1(¥,)(1),v)=0 in probability.

By merging the partitions where W,, and W, are defined, we obtain for every n € N
the representation

Ny

W, (1) — W) (1) = @0 Lio) (1) + Y P L 01 (1) forallz € [0, T,
j=1

where 0 =1, <--- <t N,+1 = T is a finite sequence of deterministic times
and @, j: Q@ — Lo(U,V) is an F, ,n.].—measurable random variable for each j =
0,...,N,. For afixed r € (0, T'], we can assume that for every n € N there exists
kn €1{2,..., N, + 1} such that t = ¢, ;,. Now we can prove (52) and (53) as (36)
and (37) in the proof of Proposition 5.6. [
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