The Annals of Probability

2017, Vol. 45, No. 6A, 3886-3928

DOI: 10.1214/16-AOP1152

© Institute of Mathematical Statistics, 2017

CONVERGENCE OF THE CENTERED MAXIMUM
OF LOG-CORRELATED GAUSSIAN FIELDS

BY JIAN DING*! RiSHIDEEP ROY™! AND OFER ZEITOUNI*$:2

University of Chicago*, Indian Institute of Manangement Bangalore',
Weizmann Institute* and New York University®

We show that the centered maximum of a sequence of logarithmically
correlated Gaussian fields in any dimension converges in distribution, under
the assumption that the covariances of the fields converge in a suitable sense.
We identify the limit as a randomly shifted Gumbel distribution, and charac-
terize the random shift as the limit in distribution of a sequence of random
variables, reminiscent of the derivative martingale in the theory of branching
random walk and Gaussian chaos. We also discuss applications of the main
convergence theorem and discuss examples that show that for logarithmically
correlated fields; some additional structural assumptions of the type we make
are needed for convergence of the centered maximum.

1. Introduction. The convergence in law for the centered maximum of vari-
ous log-correlated Gaussian fields, including branching Brownian motion (BBM),
branching random walk (BRW), two-dimensional discrete Gaussian free field
(DGFF), etc., has recently been the focus of intensive study. Of greatest relevance
to the current paper are [3, 10, 11, 23, 25]. Historically, the first result showing the
correct centering and the tightness of the centered maximum for BBM appears in
the pioneering work [9], followed by the proof of convergence of the law of the
centered maximum [10]; the latter proof relied heavily on the F-KPP equation [19,
22] describing the evolution of the distribution of the maximum. A probabilistic
description of the limit was obtained in [23], using the notion of derivative mar-
tingale that they introduce. Convergence for the centered maximum of BRW with
Gaussian increments was obtained in [5], while the analogous result for general
BRWs under mild assumptions was only obtained quite recently in the important
work [3], using the notion of derivative martingale to describe the limit; see also
[12].

When no explicit tree structure is present, exact results concerning the conver-
gence in distribution of the maximum of logarithmically correlated Gaussian fields

Received April 2015; revised July 2016.
1Supported in part by NSF Grant DMS-13-13596.
2Supported in part by a grant from the Israel Science Foundation and by the Herman P. Taubman
chair of Mathematics at the Weizmann Institute.
MSC2010 subject classifications. 60G15, 60G60, 60G70.
Key words and phrases. Gaussian processes, extremes values, log-correlated fields.

3886


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/16-AOP1152
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

LOG-CORRELATED GAUSSIAN FIELDS 3887

are harder to establish. It was suggested in the physics literature, using a combina-
tion of recursions, moment computations and nonrigorous replica method, that a
certain universality property should hold for a large class of log-correlated fields,
Gaussian or not, in particular concerning the form of the centering constant (in-
cluding the so-called Bramson correction) as well as the tail of the putative lim-
iting distribution; see [14, 20, 21]. Recently, much progress has been achieved
in the mathematical study of extremes of log-correlated Gaussian fields: first, the
two-dimensional DGFF was treated in [11], where convergence in distribution of
the centered maximum to a randomly shifted Gumbel random variable is estab-
lished. The same result was obtained independently in [25] for a general class of
log-correlated fields, the so-called *-scale invariant models, where the covariances
of the fields admit a certain kernel representation which automatically yields a de-
composition into independent components according to scale. (We note in passing
that such a decomposition allows for an application of the modified second mo-
ment method in the form introduced by Aidékon [3] to treat non-Gaussian branch-
ing random walks.) In the current paper, we extend in a systematic way the class
of logarithmically correlated Gaussian fields for which the same results hold. Our
methods are inspired by [11], which in turn relies heavily on the modified sec-
ond moment method, the modified BRW introduced in [13], tail estimates proved
for the DGFF in [16] and Gaussian comparisons, which allow one to forgo the
assumption of the existence of an explicit hierarchical decomposition of the field.

We now introduce the class of fields considered in the paper. Fix d € N and let
VN = Zjlv be the d-dimensional box of side length N with the left bottom corner
located at the origin. For convenience, we consider a suitably normalized version
of Gaussian fields {¢y , : v € Vy} satisfying the following.

(A.0) (Logarithmically bounded fields) There exists a constant oo > O such that,
for all u, v e Vy,

Varoy , <log N + «g
and
E(pn,y — ¢on.u)? < 2log, |u—v| — | Vargy , — Vargy,u| + 4ao,

where | - | denotes the Euclidean norm and log, x =logx Vv 0. Note that Assump-
tion (A.0) is rather mild and in particular is satisfied by the two-dimensional DGFF
and *-scale invariant models. It is, however, strong enough to provide an a priori
tight estimate on the right tail of the distribution of the maximum.

Set My = max,cvy ¢n,» and

(1) my =+2dlogN — loglog N.

3
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PROPOSITION 1.1. Under Assumption (A.0), there exists a constant C =
C(ag) > 0 such that, for all N e N and z > 1,

2) P(My > my + z) < Cze~V22e=C7'2%/n,

Furthermore, forall z> 1,y >0 and A C Vy we have

Mlyﬂ Ay
3 P > —y)<C =y)
3) (Iglealiw/v,v_m;v +z y)_ (|VN| ze

Here, |A| denotes the cardinality of the set A.

The proof of Proposition 1.1 is provided in Section 2.

By Proposition 1.1, if one has a complementary lower bound showing that for
a large enough constant C, max,cv, ¢n,» > my — C with high probability, it fol-
lows that the maximizer of the Gaussian field is away from the boundary with
high probability. Therefore, in the study of convergence of the centered maxi-
mum, it suffices to consider the Gaussian field away from the boundary (more
precisely, with distance at least N away from the boundary where § — 0 after
N — 00). In light of this, introduce the sets Ve = {zeVn:d(z,0VN) > 6N}
and V® =[5, 1 — 8]%, where d(z, dVy) = min{||z — y|loo : y ¢ Vi) at least. Then
introduce the following assumption.

(A.1) (Logarithmically correlated fields) For any § > 0 there exists a con-
stant «® > 0 such that, for all u,v € VI‘\S,, | Cov(eon v, 9N ) — (logN —
log, |u—v])| <a®.

We do not assume Assumption (A.1) for § = 0 since we wish to incorporate Gaus-
sian fields with Dirichlet boundary conditions, such as the two- dimensional DGFF.

Assumptions (A.0) and (A.1) are enough to ensure the tightness of the sequence
{My —mpy}n.

THEOREM 1.2. Under Assumptions (A.0) and (A.1), we have EMy =mpy +
O (1) where the O(1) term depends on oo and a1 addition, the sequence
My —EMy is tight.

(The constant 1/10 in Theorem 1.2 could be replaced by any positive number
that is less than 1/3.) The proof of Theorem 1.2 is provided in Section 2. A similar
result (in the slightly different setup of fields indexed by a continuous parameter)
appears in [1].

As we will explain later, Assumptions (A.0) and (A.1) on their own cannot
ensure convergence in law for the centered maximum. To ensure the latter, we
introduce the following additional assumptions. First, we assume convergence of
the covariance in finite scale around the diagonal.
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(A.2) (Near diagonal behavior) There exist a continuous function f : (0, D4 >
R and a function g : Z¢ x Z% + R such that the following holds. For all
L,¢e,§ > 0, there exists No = Ny(¢, §, L) such that, for all x € Vi uve
[0, L] and N > No we have

|CoV(@ON, xN+vs @N xN+u) —10g N — f(x) — g(u, v)| <.

Next, we introduce an assumption on convergence of the covariance off-
diagonal (in a macroscopic scale). Let D= {(x,y):x,y €0, D4, x #* v}

(A.3) (Off diagonal behavior) There exists a continuous function 4 : DY s
R such that the following holds. For all L,¢&,é > 0, there exists N; =
Ni(e, 8, L) > 0 such that, for all x, y € V® with [x — y| > 7 and N > N
we have

|Cov(pn xns N, yN) — h(x, y)| <e.

Assumptions (A.2) and (A.3) control the convergence of the covariance on both
the microscopic and macroscopic scale, but allows for fluctuations of order 1 in
the mesoscopic scale. It is not hard to check that both the DGFF and the *-scale
fields satisfy Assumptions (A.0)—-(A.3). A further example will be discussed in
Section 5.

We remark that Assumptions (A.2) and (A.3) are not necessary for the conver-
gence of the centered maximum. Indeed, one can violate Assumptions (A.2) and
(A.3) by perturbing the field at a single vertex, but this would not affect the con-
vergence in law of the centered maximum, since with overwhelming probability,
the maximizer is not at the perturbed vertex. However, if Assumptions (A.2) and
(A.3) are violated “systematically,” one should not expect a convergence in law for
the centered maximum. We will give two examples at the end of the Introduction
as a demonstration on how violating (A.2) or (A.3) could destroy convergence in
law for the centered maximum.

Our main result is the following theorem.

THEOREM 1.3. Under Assumptions (A.0), (A.1), (A.2) and (A.3), the se-
quence {My — EMy}n converges in distribution.

As a byproduct of our proof, we also characterize the limiting law of
(Mpy — mpy) as a Gumbel distribution with random shift, given by a positive ran-
dom variable Z which is the weak limit of a sequence of a sequence Zy, defined
as

“) Zy = Z (V2dlogN — (pr)e“/ﬁ(mlOgN—wN,v).
veVy

In the case of BBM, the corresponding sequence Zy is precisely the derivative
martingale, introduced in [23]. It also occurs in the case of BRW (see [3]), and
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plays a similar role in the study of critical Gaussian multiplicative chaos [17]. Even
though in our case the sequence Zy is not necessarily a martingale, in analogy with
these previous situations we keep referring to it as the derivative martingale. The
definition naturally extends to a derivative martingale measure on Vy by setting,
for A C Vy,

ZNAa= Z(\/ 2dlog N — gon)e_m(mlOg N—=¢n.)

vEA

THEOREM 1.4. Suppose that Assumptions (A.0), (A.1), (A.2) and (A.3) hold.
Then the derivative martingale Zy converges in law to a positive random vari-
able Z. In addition, the limiting law Lo of My — my can be expressed by

oo ((—00, x]) = Ee‘ﬂ*ze_mx forall x € R,

where 8% is a positive constant.

Theorems 1.3 and 1.4 are generalizations of [11], Theorems 1.1 and 2.5, and
[25], Theorem 1.1 (see Remark 1.5 below). See also the thesis [2] for an extension
to the continuous setup. Theorems 1.3 and 1.4 also overlap with [6], that stud-
ied the conformal symmetry (in the language of [6]) of the law of the maximum
of GFF in general domains—the main results in [6] were presented in terms of
the intensity measure for the extremal process, but the spatial integral of the latter
yields also a representation for the law of the maximum. We emphasize, however,
that in terms of proof strategies, the works of [6, 11] relied heavily on the Markov
field property of the DGFF, while [25] relied crucially on the integral representa-
tion for the covariances of *-scale invariant fields. Comparing to [6, 11, 25], our
current work studies the maximum of log-correlated Gaussian fields under min-
imal assumptions, and describes a universal structure of the law of the centered
maximum as a randomly shifted Gumbel variable. In particular, our results shows
that the Markov property of the field is not relevant to the convergence of the law
of the centered maximum.

REMARK 1.5. Despite the fact that the results in this paper are stated for dis-
crete parameters log-correlated fields, it is worthwhile to note that they can be
adapted to imply, for example, [25], Theorem 1.1, which deals with the conver-
gence of the law of the centered supremum of x-scale invariant log-correlated
fields (with continuous parameter). This can be done by applying our results to
the x-scale invariant field over a discretized index set, and then use the smoothness
in short scales of the *-scale invariant field in order to pass from the discrete index
set to the continuous one.

REMARK 1.6. Our proof shows in particular that the random variable Z ap-
pearing in Theorem 1.4 depends only on the functions f(x), h(x, y) appearing in
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Assumptions (A.2) and (A.3), while the constant 8* depends on other parameters
as well. In particular, two sequences of fields that differ only at the microscopic
level will have the same limit law for their centered maxima, up to a (deterministic)
shift. We provide more details at the end of Section 4.

REMARK 1.7. In the same spirit as the preceding remark, if the field
{on v}vevy 1s stationary, then Assumption (A.2) can be removed, at the cost
of replacing in Theorems 1.3 and 1.4 my by an appropriate sequence my with
|my —mpy| = O(1). This is proved by a diagonalization procedure similar to that
used for Remark 1.6. We omit further details.

REMARK 1.8. In [6-8], the authors used the convergence of the centered
maximum, a priori information on the geometric properties of the clusters of near-
maxima of the DGFF and a beautiful invariance argument to derive the conver-
gence in law of the process of extrema of the two-dimensional DGFF and its prop-
erties. A natural extension of our work would be to study the extremal process in
the class of processes studied here, and tie it to properties of the derivative martin-
gale measure.

A word on proof strategy. The convergence proof in this paper is closely re-
lated to the one [11], that dealt with 2D GFF. Related ideas appear also in [25],
and both use arguments inspired by [3]. The proof in [11] consists of three main
steps:

(a) Decompose the DGFF to a sum of a coarse field and a fine field (which it-
self is a DGFF), and further approximate the fine field as a sum of modified
branching random walk (see Section 2.1 for definition) and a local DGFF. It
is crucial for the proof that the different components are independent of each
other, and that the approximation error is small enough so that the value of the
maximum is not altered significantly. These approximations were constructed
using heavily the Markov field property of DGFF, and detailed estimates for
the Green function of random walk.

(b) Use a modified second moment method in order to compute the asymptotics
of the right tail for the distribution of the maximum of the fine field, as well as
derive a limiting distribution for the location of the maximizer in the fine field.

(c¢) Combine the limiting right tail estimates for the maximum of the fine field and
the behavior of the coarse field to deduce the convergence in law.

(We note that the continuous parameter analogue of the MBRW, introduced in [1]
under the name MBBM, is x-scale invariant in the language of [25]; The MBRW
in the sketch above could be replaced by the MBBM or by other *-scale invariant
processes.)

In the general setup of logarithmically correlated fields, it is not a priori clear
how can one decompose the field as an (independent) sum of a coarse field, an
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MBRW and a local field, as the Markov field property (or, as in [25], the decom-
position into independent scales) is no longer available. A natural approach under
our assumptions is to employ the self-similarity of the fields, and to approximate
the coarse and local fields by an instance of {¢g , : v € Vk} for some K < N.
One difficulty in this attempt is to control the error of the approximation and its
influence on the law of the maximum. In order to address this issue, we partition
the box Vy to sub-boxes congruent to V., and borrow a key idea from [7] to show
that the law of the maximum of a log-correlated fields has the following invariance
property: if one adds i.i.d. Gaussian variables with variance O (1) to each sub-box
of the field (here the same variable will be added to each vertex in the same sub-
box), where the size L of the sub-box is either K or N/K (assuming K grows to
infinity arbitrarily slow in N), then the law of the maximum for the perturbed field
is simply a shift of the original law where the shift can be explicitly determined
(see Lemma 3.1). In light of this, in Section 4.1 we approximate the field {¢y .}
by the sum of coarse field (which is given by {¢xr.» : v € Vkr}), an MBRW and
a local field (which is given by independent copies of {¢k'1/, 1 v € Vkr1/}) (here
the parameters satisfy N > K’ > L’ > K > L). In this construction, we make
sure that the error in the covariance between two vertices is o(1) if their distance
is not in between L and N/L’, and the error is O (1) otherwise. Then we apply
Lemma 3.1 (and Lemma 3.2) to argue that our approximation indeed recovers the
law of the maximum for the original field. In Section 4.2, we present the proof for
the convergence in law for the centered maximum of the approximated field we
constructed and, as in [11], it readily also yields the convergence in distribution
for the derivative martingale constructed from the original field.

As in the case of the DGFF in two dimensions, a number of properties for the
log-correlated fields are needed, and are proved by adapting or modifying the ar-
guments used in that case. Those properties are:

(a) The tightness of My — my, and the bounds on the right and left tails of
My —my as well as certain geometric properties of maxima for the log-
correlated fields under consideration, follow from modifying arguments in [13,
15, 16]. This is explained in Section 2.

(b) Precise asymptotics for the right tail of the distribution of the maximum of the
fine field follow from arguments similar to [11] with a number of simplifica-
tions, as our fine field has a nicer structure than its analogue in [11], whereas
the coarse field employed in this paper is constant over each box; in particular,
there is no need to consider the distribution for the location of the maximizer
in the fine field as done in [11]. The adaption is explained in Section 6.

The role of Assumptions (A.2) and (A.3). We next construct two examples
that demonstrate that one cannot totally dispense of Assumptions (A.2) and (A.3).
Since the examples are only ancillary to our main result, we will give only give a
brief sketch for the verification of the claims made concerning these examples.
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EXAMPLE 1.9. Fix d =2 and let {pn, : v € Vy} be the DGFF on Vy
[normalized so that it satisfies Assumptions (A.0), (A.1), (A.2) and (A.3)], with
Zy =maXyeyy @N,v- Let Viy1 and Vi > be the left and right halves of the box
Vy. Let {en,, : v € Vy} and X be i.i.d. standard Gaussian variables. Let o, > 0
be a constant, to be chosen below. Define

. _{@N,u +oX +en, veVni,
v ON v, ve Vyo,
(Z)N _ @N,U+UX7 UEVN,lv
v ON.v+ ONEN,vs veVno.

Set A7IN = maxyeyy ¢N,v and MN = maxXyevy @N,y- We first claim that there exist
oy depending on (N, o) but bounded from above by an absolute constant such

that EM N = EM ~- In order to see that, note that, by Theorem 1.2,

EMy <E max ¢y, +oEmax(0, X) + O(1),

veVn,
where O(1) is an error term independent of all parameters, while

EMy > E max N v +oEmax(0, X).

veVnN,2

In addition, by considering a N /2-box in the left-hand side and dividing the right
half box into two copies of N /2-boxes, one gets that

EMy > Emax(Zy + o X, Znptone', Zypn+oye’)
1 / / 1
>EZnp+ EGNEmax(e &)+ oEX1x>o,

where Zy 2, Zjy /20 zy Jp are three independent copies with law maxyeyy , oo
and &’ = ey yr, " = sx,’v* (here v} and v} are the maximizers of the DGFF in
the two N /2-boxes on the right half of Vi, respectively). The claim follows from
combining the last two displays.

Now, choose o to be a large fixed constant so that for 0 < A < loglog N,

P(My > EZy +2) = P( max {pn, +0 X +en,0} = EZy + 1)

veEVN |

) zIP’((] +1/4log N) max {gy.,+0X}>EZy +/\)
veVy i

Z}P’( max gy, +0X>EZy+A— 1/10).

veVy 1

[Here, the second inequality is due to Slepian’s lemma (Lemma 2.4) and the fact
that o is large, while the last inequality uses that m <2—(logN)/10
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for N large.] Further,
P(My >EZy + 1) <P( max <pNU+aX>IEZN+x)

vev, N,1

(6) +]P’<max ¢NU+8NU>EZN+)\')

vEVN 2

< IP’( max ¢y, +o0X>EZy+ A) + 0(1))»6_2)‘,
veVn 1
where the last inequality follows from Proposition 1.1. Combining (5) and (6) and
using the form of the limiting right tail of the two-dimensional DGFF as in [11],
Proposition 4.1, one obtains that for A, o sufficiently large but independent of N,
limsupP(My >EZy + 1) > (1 + o) limsupP(My > EZy + 1) > c(o)he 2,
N—o0 N—o00
where ¢ > 0 is an absolute constant and c(o) satlsﬁes c(0) =500 00. This im-
plies that the laws of M N — EMpy and M N—E M ~ do not coincide in the limit
N — oo.
Finally, set ¢y, = @n . for all v € Vy and odd N, and ¢y, = @n,, for all
v e Vy and even N. One then sees that the sequence of Gaussian fields {¢y  :
v € Vy} satisfies Assumptions (A.0), (A.1) and (A.3) [while not satisfying (A.2)],
but the law of the centered maximum does not converge.

EXAMPLE 1.10. Let {¢pn., : v € Vy} be a sequence of Gaussian fields satisfy-
ing (A.0), (A.1) and (A.2), such that the law of the centered maximum converges.
Consider the fields {¢y , : v € Vn} where @n v = ¢@n v + LN is even) X v With Xy
a sequence of i.i.d. standard Gaussian variables. Then the field {¢n , : v € Vn}
satisfies (A.0), (A.1) and (A.2) (possibly increasing the values of a® by 1 for all
0 <4 <1). However, the centered law of the maximum of {¢x , : v € Vy} cannot
converge.

2. Expectation and tightness for the maximum. This section is devoted to
the proofs of Proposition 1.1 and Theorem 1.2, and to an auxiliary lower bound
on the right tail of the distribution of the maximum; see Lemma 2.2. We note
that Proposition 1.1 gives the correct right tail behavior of the distribution of the
maximum. In contrast, given the proposition, in order to prove Theorem 1.2, one
needs an upper bound on the /eft tail of that distribution. In the generality of this
work, one cannot hope for a universal sharp estimate on the left tail, as witnessed
by the drastically different left tails exhibited in the cases of the modified branching
random walk and the two-dimensional DGFF; see [15]. We will, however, provide
the following universal upper bound for the decay of the left tail.

LEMMA 2.1. Under Assumption (A.l), there exist constants C,c > 0 (de-
pending only on ay10, d) so that for alln e Nand 0 < A < (10gn)2/3,

P(max YNy <my — )L) <Ce ¢

veVy
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Theorem 1.2 follows at once from Proposition 1.1 and Lemma 2.1.
Later, we will need the following complimentary lower bound on the right tail.

LEMMA 2.2. Under Assumption (A.1), there exists a constant C > 0 depend-
ing only on (o, a1 4y such that, for all ) € [1, /log N],

P(My > my 4+ 1) > C~ e V24,

We emphasize that all arguments in this section are very similar to arguments
used in the case of the DGFF in dimension two, and employ comparison with ei-
ther BRW or MBRW. These ideas can be traced back to [13] and [16]. Versions
of the same argument also appear in [1, 25]. For this reason, some of the proofs
are only sketched, with references provided to corresponding proofs in the litera-
ture.

2.1. Branching random walk and modified branching random walk. The study
of extrema for log-correlated Gaussian fields is possible because they exhibit an
approximate tree structure and can be efficiently compared with branching ran-
dom walk and the modified branching random walk introduced in [13]. In this
subsection, we briefly review the definitions of BRW and MBRW in Z¢. We re-
mark that the MBRW can be seen as a discrete analogue of the x-scale invariant
log-correlated fields studied in [25]; we further remark that the natural continuous
parameter extension of the MBRW is not exactly a x-scale invariant field since the
corresponding kernel function (in the language of [25]) is not continuous.

Suppose N = 2" for some n € N. For j =0, 1,...,n, define 3; to be the set of
d-dimensional cubes of side length 2/ with corners in Z¢. Define BD; to be those
elements of B; which are of the form ([0,2/ — 11N Z)4 + (1127, 227, ...,i427),
where i1, >, ..., i4 are integers. For x € Vy, define B;(x) to be those elements of
B; which contains x. Define BD; (x) similarly.

Let {Clij}jZO’BEB’Dj be a family of i.i.d. Gaussian variables of variance log?2.
Define the branching random walk (BRW) {Ry ;};cvy by

n
RN,Z=Z Z aj B, z€ Vy.

Jj=0BeBD;(z2)

Let Bj-v be the subset of B; consisting of elements of the latter with lower left
corner in Vy. Let {b; p:j>0,B € Bj.v } be a family of independent Gaussian
variables such that Varb; p =1log2 - 2= for all B € B;V. Write B ~y B’ if B =
B+ (i1N, ...,igN) for some integers iy, ..., iq € Z. Let

bj,B, BEB;-V,

-
B bjﬁB/, B~y B/EB;V.
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Define the modified branching random walk (MBRW) {Sy ;}.cvy by
n
(7) Sve=)_. > b zewy.
Jj=0BeB;(z)

The proof of the following lemma is a straightforward adaption of [13],
Lemma 2.2, for dimension d, which we omit.

LEMMA 2.3. There exists a constant C depending only on d such that, for
N=2"andx,y € Vy,

|Cov(Sn.x, Sn.,y) — (log N —log(lx — yIy V 1))| = C,

where |x — y|y =miny, [x —y'|.

In the rest of the paper, we assume that the constants o, «®) in Assumptions

(A.0) and (A.1) are taken large enough so that the MBRW satisfies the assump-
tions.

2.2. Comparison of right tails. The following Slepian’s comparison lemma
for Gaussian processes [28] will be useful.

LEMMA 2.4. Let A be an arbitrary finite index set and let {X, : a € A}
and {Y, : a € A} be two centered Gaussian processes such that. E(X, — Xp)? >
E(Y, — Y3)?, for all a,b € A and Var(X,) = Var(Y,) for all a € A. Then
P(maxgseq Xg > A) > P(maxgeq Y, > A) forall A € R.

The next lemma compares the right tail for the maximum of {¢y , : v € Vy} to
that of a BRW.

LEMMA 2.5. Under Assumption (A.Q), there exists a positive integer Kk =
Kk (ctg) such that, for all N and ) € R and any subset A C Vi :

) P(max py.o 2 ) < 2P( max Racw.o = 1).

PROOF. For « € N, consider the map:
©) YN = Wj(\',() Ve 2KV such that ¢y (v) = 2%v.

By Assumption (A.0), we can choose a sufficiently large ¥ depending on g such
that Var(¢n ) < Var(Rocn yy () for all v € Viy. So, we can choose a collection
of positive numbers:

ay = VarRocn .y (v) — Vargn o,
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such that Var(gy , + ayX) = Var(Ro< N yy ) for all v € Vi, where X is a stan-
dard Gaussian random variable, independent of everything else. Since the BRW
has constant variance over all vertices, we get that

E(@nu+auX — oy — ayX)?
<E(@nu =N + (@ —a)’
<E(pnu —¢n.0)* + | Vargy , — Var gy .
Combined with Assumption (A.0), it yields that
E(on,u+auX — oy o —ayX)* < 2log, [u — v| + 4ao.

Since E(Rae N yy ) — RN,y (v)* — 2log,, [u — v] > log 2k — Co (where Co is
an absolute constant), we can choose sufficiently large x depending only on «yg
such that

E((PN,M +a,X — ONv — avX)z
< E(RZKN,IPN(M) — RZKN,WN(U))Z for all u,veVy.

Combined with Lemma 2.4, it follows that for all A e R and A C Vy:
P(rglea} oNv+anX > ,\) < P(Tga} R Ny (v) > ,\).
In addition, by independence and symmetry of X we have
]P’(maX(pN,v +ayX > A) > P(max ONy = A, X > O) = lIP’(maxgoN,U > A).
veA veA 2 \veA
This completes the proof of the desired bound. [

PROOF OF PROPOSITION 1.1. An analogous statement was proved in [11],
Lemma 3.8, for the case of 2D DGFF. In the proof of [11], Lemma 3.8, the desired
inequality was first proved for BRW on the 2D lattice and then deduced for 2D
DGEFF applying [16], Lemma 2.6, which is the analogue of Lemma 2.5 above. The
argument for BRW in [11], Lemma 3.8, carries out (essentially with no change)
from dimension two to dimension d. Given that, an application of Lemma 2.5
completes the proof of the proposition. [J

A complementary lower bound on the right tail is also available.

LEMMA 2.6. Under Assumption (A.1), there exists a positive integer Kk =
k(@110 such that, for all N and A € R :

(10) ]P’(max <pf)v > k) > %]P’( max Sy—«p > A).

veVy veVy—«y
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PROOF. It suffices to consider M](\,l/lo) = Max, _,1/10 N . By Assump-
N

tion (A.1) and an argument analogous to that used in the proof of Lemma 2.5
(which can be traced back to the proof of [16], Lemma 2.6), one deduces that for
k= Kk (1100

1
]P)(MI(Vl/IO) > )\‘) > §P< max 827’(1\/,1} > )\.) for all > e R.

ve V2—KN

This completes the proof of the lemma. [

We also need the following estimate on the right tail for MBRW in d-dimension.
The proof is a routine adaption of the proof of [16], Lemma 3.7, to arbitrary di-
mension, and is omitted.

LEMMA 2.7. There exists an absolute constant C > 0 such that, for all A €

[1, 1ogn], we have
C_l)ne_m}‘ < ]P’(max SNy >my+ )») < C)Le_mk.

veVy

PROOF OF LEMMA 2.2. Combine Lemma 2.6 and Lemma 2.7. [

2.3. An upper bound on the left tail. This subsection is devoted to the proof
of Lemma 2.1. The proof consists of two steps: (1) a derivation of an exponential
upper bound on the left tail for the MBRW; (2) a comparison of the left tail for
general log-correlated Gaussian field to that of the MBRW.

LEMMA 2.8. There exist constants C, ¢ > 0 so that foralln e Nand 0 < A <
(log n)?/3:

]P(max Sny<my — A) <Ce .
UGVN

PROOF. A trivial extension of the arguments in [13] (for the MBRW in di-
mension two) yields the tightness for the maximum of the MBRW in dimension d
around its expectation, with the latter given by (1). Therefore, there exist constants
i, B > 0 such that, for all N >4,

(11) ]P’(max Syo=my — ﬁ) > 1/2.

veVy

In addition, a simple calculation gives that for all N > N’ > 4 (adjusting the value
of k if necessary),

3
V2dlog(N/N') — Hlog(logN/logN’) — Kk <my—mpy
(12)

<+/2d1og(N/N') + k.
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Let ' =1/2 and N' = Nexp(—ﬁ(k/ — B —k —4)). By (12), one has my —
my < A" — B. Divide Vy into disjoint boxes of side length N’, and consider a
maximal collection B of N’-boxes such that all the pairwise distances are at least
2N’, implying that |B| > exp(‘/TZ()J — B — k — 8 — 4/d)). Now consider the
modified MBRW:

SN,Ung/,v—|—¢ Yv e B e B,

where ¢ is a zero mean Gaussian variable with variance log(N/N’) and {gn' , :
v € B}p are the MBRWs defined on the boxes B, independently of each other and
of ¢. It is straightforward to check that

VarSy , = VarSN,v and ESy Sy < ESN,USN,M forallu,v e U B.
BeB
Combined with Lemma 2.4, it follows that

]P’(max Snoy < t) < P( max Sy < t)

veVy velUpen B

EJP’( max SN,U St) forall r € R.
veUpen B

By (11), one has that for each B € B,

(13)

P<Sup EN'v ZMN — K') = ]P’(Sup EN'w ZMN +My — My — K’)

vEB vEB

> P(supgzvf,v >my — ﬁ) > %

veEB

and, therefore,

IP’( sup  gn'p <My —)J) < <l)|B|.

veUpep B 2
Thus,
IP’(veglax BSNN,U <mpy — A) < IP( SUp  gN'y <My — )J) +P(p < -2
Beb veUpen B
<Ce ¥

for some constants C, ¢ > 0. Combined with (13), this completes the proof of the
lemma. O

PROOF OF LEMMA 2.1. In order to prove Lemma 2.1, we will compare the
maximum of a sparsified version of the log-correlated field to that of a mod-
ified version of MBRW. By Assumption (A.1) and Lemma 2.3, there exists a
Ko = ko(@1/19)Y such that, for all ¥ > ko,

Var((psz72KU) < Var(Szsz?v) forallv e VIE/IO.



3900 J. DING, R. ROY AND O. ZEITOUNI

. . 1/10
Therefore, one can choose a collection of positive numbers {a, : v € VN/ } such

that
Var(gox N2y + ayX) = Var(Syy ),

where X is a standard Gaussian variable. Since the MBRW has constant vari-
ance, we have that |a, — a,| < C; for some constant C| = Cl(a(l/m)) > (. By
Lemma 2.3 again, one has

E(Syy .y — Spen ) <2log, Ju — v+ O(1),

where the O (1) term is bounded by a absolute constant. On the other hand, for all

1/10
u,veVy -,

E(@ae 200 + ayX — @oen 200 — ayX)* = log2 - & + 2log [u — v| — Oy (1),

where O, /10 (1) is a term that is bounded by a constant depending only on a(1/10),

Therefore, there exists a k = k («!/19)) such that, for all u, v € V;z/lo,

E((pZKNyzkv —|— aUX — (pZKN’QKu — auX)Z Z ]E(822KN,U — 822KN,M)2‘

Combined with Lemma 2.4, this implies that for a suitable C,, depending on «,

P(max Q2k N 2Ky <mpy — )\.)
veVy

<P( max (v +a0X) Smy —1/2) + P(X < =2/C)

veVy

(14)

<P( max Syey, <my —1/2) +P(X < =1/Cy).
vev /10

There are number of ways to bound ]P)(maXUEVI/IO Sy, <my —A/2), and we
N .

choose not to optimize the bound, but instead simply apply the FKG inequality
[27]. More precisely, we note that there exists a collection of boxes V with |V| <
24k where each box is a translated copy of Vli,/ ' such that Vorey € Uyey V.
Since {maxyev,,,  Syxy .y <My —A/2}=yep{maxvey Sy , <my —1/2},
the FKG inequality gives that

4dk

]P’( max Syuy , <my — A/Z) > (P( ma&)/(loSzsz,v <mp — k/2))2

veVidey veVy

Combined with (14) and Lemma 2.8, this completes the proof of the lemma. [J

3. Robustness of the maximum under perturbations. The main goal of this
section is to establish that the law of the maximum for a log-correlated Gaussian
field is robust under certain perturbations. These invariance properties will be cru-
cial in Section 4.1 when constructing a new field that approximates our target field.
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For a positive integer r, let B, be a collection of sub-boxes of side length r
which forms a partition of V| y/, . Write B = J,¢y;Br- Let {gp : B € B} be a
collection of i.i.d. standard Gaussian variables. For v € Vy, denote by B, , € B,
the box that contains v (see Figure 1). For o = (o1, 02) with ||o II% = 012 + 022 and

ri, ra, define

15)

wNJ’l,VZ,O'aU = (pNaU + Ulng,rl + O_Zng¢N/r2’

and set MN,rl,rz,o = maXyeVy (Z)N,rl,rz,a,v-
For probability measures vy, v» on R, let d(vq, v2) denote the Lévy distance
between vy, vy, that is,

d(vi,vp) =inf{§ > 0: v (B) < v2(B?) + § for all open sets B},
where B% = {y : |x — y| < 8 for some x € B}. In addition, define

d(vi, v2) =inf{8 > 0: vy ((x, 00)) < va((x — 8, 00)) 4 & for all x € R}.
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If d (v1, v2) =0, then v is stochastically dominated by v,. Thus, d (v1, v2) mea-
sures the approximate stochastic domination of vy by v,; in particular, unlike
d(-, -), the function d (-, -) 1s not symmetric.

With a slight abuse of notation, if X, Y are random variables with laws ux, uy
respectively, we also write d(X, Y) for d(ux, py) and &(X, Y) for d~(ux, ny).

A notation convention: By Proposition 1.1, one has that

lim sup lim supa’(max ©ON vs max N, U) =0.
§—0 N veV

Therefore, in order to prove Theorem 1.3, it suffices to show that for each fixed
§ > 0, the law of max, vy $N.v — My converges. To this end, one only needs to

consider the Gaussian field restricted to V,f,. For convenience of notation, we will
treat VI‘\S, as the whole box that is under consideration. Equivalently, throughout
the rest of the paper when assuming (A.1), (A.2) or (A.3) holds, we assume these
assumptions hold with § = 0, and we set o := max (o, a@).

The following lemma, which is one of the main results of this section, relates
the laws of M and I\;IN,rl,rz’g.

LEMMA 3.1. The following holds uniformly for all Gaussian fields {¢n o :
v € Vn} satisfying Assumption (A.1):

(16) limsup limsupd(My — my, My r, ry.c0 — My — ||G||2\/d/

ry,r—>00 N—oo

The next lemma states that under Assumption (A.1), the law of the maximum
is robust under small perturbations (in the sense of ¢, norm) of the covariance
matrix.

LEMMA 3.2. Let {¢pn.y: v € Vn} be a sequence of Gaussian fields satisfying
Assumption (A.1), and let o be fixed. Let {¢n , : v € Vn} be Gaussian fields such
that, for all u,v € Vy

| Vargy y — Varoy y| <e and Eon onu <Eon vonu + €.

Then there exists 1 = 1(&) with t —.—.¢ 0 such that

hmsupd(MN mN,mawaU mN)§L
N—o0

A key step in the proof of Lemma 3.1 is the following characterization of the
geometry of vertices achieving large values in the fields, an extension of [16],
Theorem 1.1; it states that near maxima are either at microscopic or macroscopic
distance from each other. This may be of independent interest.
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LEMMA 3.3. There exists a constant ¢ > 0 such that, uniformly for all Gaus-
sian fields satisfying Assumption (A.1), we have

N
lim lim }P’(Elu, v:ijlu—vle <r, —>, ON,vs PNju = MN — cloglogr) =0.
r

r—o0 N—oo

3.1. Maximal sum over restricted pairs. As in the case of 2D DGFF discussed
in [16], in order to prove Lemma 3.3, we will study the maximum of the sum over

restricted pairs. For any Gaussian field {ny , : v € Vy} and r > 1, define
Ny, =max{ny.u + Ny u,v€Vy,r <|u—v|<N/r}

LEMMA 3.4. There exist constants c1, cy depending only on d and C > 0
depending only on (o, d) such that, for all r,n with N = 2" and all Gaussian
fields satisfying Assumption (A.1), we have

17 2mN—czloglogr—C§E<pX,,,§2mN—c1loglogr—|—C.

PROOF. In order to prove Lemma 3.4, we will show that
(18) ESS-cy., <Eoy, <ESiy,-

To this end, we recall the following Sudakov—Fernique inequality [18] which com-
pares the first moments for maxima of two Gaussian processes.

LEMMA 3.5. Let A be an arbitrary finite index set and let {X, : a € A} and
{Y, : a € A} be two centered Gaussian processes such that

E(X, — Xp)?> >E(Y, —Yp)>  foralla,be A.

Then E(max e 4 Xg) <E(maxgeq Yq).

We will give a proof for the upper bound in (17). The proof of the lower bound
follows using similar arguments. For « € N, recall the definition of the restriction
map Yy as in (9). By Lemma 2.3, there exists a « > 0 [depending only on (¢, d)]
such that, for all u, v, u’, v’ € Vy,

K K K K 2
E(on.u+@Ny —ONnw — §0N,v’)2 = E(szﬁNA(’u) + SlzﬁNA(’v) o S!%fNA(’M/) B SlzﬁNA([v’))

(To see this, note that the variance of 512;}\,]\(/14) increases with k but the covariance

between S%VA(/M) and S%VA(/U) does not.) In addition, note that forr < |u —v| < N/r
one has r < [Yy(u) — ¥y (v)| <2“N/r. Combined with Lemma 3.5, this yields
Egy ., < ES5y.,» completing the proof of the upper bound in (18).

To complete the proof of Lemma 3.5, note that [16], Lemma 3.1, readily extends
to MBRW in d-dimension, and thus

2mpy — cploglogr — C EIESX,J <2my — cyloglogr + C,
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where c1, c> are constants depending only on d and C is a constant depending on
(e, d). Combined with (18), this completes the proof of the lemma. [J

We will also need the following tightness result.

< —]E <
LEMMA 3.6. Under Assumption (A.1), the sequence {% :N e N,

r > 100} is tight. Further, there exists a constant C > 0 depending only on d such
that, for all r > 100 and N € N,

|(€0X/,r - E(pﬁ,’,)| < Cloglogr.

PROOF. Take N’ = 2N and partition Vy into 2¢ copies of Vy, denoted by
d . .

VIS,I), ey V}g/z ) Foreach i € [27], let {gol(\’,?v Ve VIS )} be an independent copy of
{on.v 1 v € V,} where we identify V and V,g,’ ) by the suitable translation such that
the two boxes coincide. Denote by
(19) PN/ = goj(\’}?v forve VP andi € [29].
Clearly, {¢n’,} is a Gaussian field that satisfies Assumption (A.1) (with o in-
creased by an absolute constant). Therefore, by Lemma 3.4, we have
(20) 2mN—czloglogr—C§E(Z)X,’r§2mN—clloglogr+C,
where ¢, c2, C > 0 are constants depending only on (d, ). In addition, we have

E(¢5,) > Emax{py® o).

Combined with Lemma 3.4 and (20), and the simple algebraic fact that |a — b| =
2(a v b) —a — b, it yields that

Elp\:® — o5s°| <2(E¢5, , —Epy,) < C'loglogr  forall 7 > 100,

where C’ > 0 is a constant depending only on d. This completes the proof of the
lemma. O

3.2. Proof of Lemma 3.3. In this subsection, we will prove Lemma 3.3, by
contradiction. Suppose otherwise that Lemma 3.3 does not hold. Then for any
constant ¢ > 0, there exists ¢ > 0 and a subsequence {ry} such that, for all k € N:

N
(21) lim ]P’(Elu, v:lu—v|e <rk, —), ON.vs Ny = My — cloglogrk> > &.
N—oo 4%

Now fix § > 0 and consider N =2 N where « is an integer to be selected. Parti-
xd
tion Vy into 2¢? disjoint boxes of side length N, denoted by Vli,l), e Vji,z ),
Define {¢n’, : v € Vpr} in the same manner as in (19) except that now we
take 2 copies of {on.v : v € Vy} (one for each Vlf,l) with i € [2¢?]). Clearly,
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{@n7.v 1 v € Vi) is a Gaussian field satisfies Assumption (A.1) with « replaced by
a constant &’ depending only on («, d, ). Therefore, by Lemma 3.4,

(22) 2mpy — cploglogr — C < Eg?)jf,/’, <2my — cyloglogr + C,

where c1, ¢ > 0 are two constants depending only on d and C > 0 is a constant
depending only on («, d, «).
Next, we derive a contradiction to (22). Set zy , =2my — cloglogr, Zy , =

(@3, —2na)—and Yy = (g — zn.»)—. Then (21) implies that

(23) lim P(Y\) >0)<1—¢ forallkeN.

N—oo Tk
In addition, by Lemmas 3.4 and 3.6, there exists a constant C’ > 0 depending only
on d such that, for all » > 100 and N € N, we have

(24 EYjs,l)r < C'loglogr.

Clearly, Zy , < miniemd] Y 1$)r Combined with the fact that Y’ 1$)r are 1.i.d. random
variables, one obtains

o rxd kd _ 00
BZwn = [ LD, =) ay = - [T, > )y

<(1-e®"'EYy),.

where (23) was used in the second inequality. Combined with (24), one concludes
that for all » > 100 and N

EZyN, <(1— s)zkd_lc/ loglogry.

Now set ¢ = ¢1/4 and choose k depending on (g,d,C’,c;) such that
(1 —&)2~1C’ < ¢{ /4. Then

EQy ,, = 2my — cyloglogry/2
for all k € N and sufficiently large N > N where Ny is a number depending only

on k. Sending N — oo first and then kK — oo contradicts (22), thereby completing
the proof of the lemma. [

3.3. Proof of Lemmas 3.1 and 3.2. The next lemma, which extends [11],
Lemma 3.9, to the current setup, will be useful for the proof of Lemma 3.1 and
later in the paper.

LEMMA 3.7. Let Assumptions (A.0) and (A.1) hold. Let {¢ftv cueVy}bea
collection of random variables independent of {¢y , : u € Vy} such that

(25) PN >1+y) < e’ forallu e Vy.
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Then there exists C = C(a,d) > 0 such that, for any ¢ > O,N € N and
)
X = —¢& S

]P’(max (oNu+ 8¢114V) >my + x)
MEVN

(26)

< P(max ONu=my+x — \/E)(l + C(e_cileil)).

ueVy

PROOF. We first give the proof for ¢ < 1. Define I'y = {u € Vy : y/2 <
e < y}. Then

P(max (onu +edN) = mpy + x)
ueVy

<P(My =my +x —/¢)

+ EE(P(MGH%;; N zmy +x = 2Ve [0y ).

By Proposition 1.1, one can bound the second term on the right-hand side above
by

gE(P(Sg’; o 2y 6 =2V )
x Vvl

<
~ e\/ﬂx

o0 .
Y E(ITy jal/NY) 2o 22E,
i=0

By (25), one has E(|F2i\/§|/Nd)l/2 < 4 (Co™, Altogether, one gets

ad . xvl1 _ —1
D E(B(mpx oz my 4 =2 VEIC 5) ) £ e

completing the proof of the lemma when & < 1. The case ¢ > 1 is simpler and
follows by repeating the same argument with I'y:, replacing I'yi /. We omit further
details. [J

We next consider a combination of two independent copies of {¢y ,}. Foro > 0,
define

2
loll3

£ /
PN.ow =¢Nuv T+ PNy forve Vy, and

(27) log N
M;\} o = max 907\] a,v’
’ veVy T

where {(p;\,’v :v € Vy} is an independent copy of {¢x , : v € Vy}. Note that the

field {(p}i,’g’v} is distributed like the field {ay ¢y} where ay = \/1 + ||lo ||%/ log N.
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REMARK 3.8. The idea of writing a Gaussian field as a sum of two inde-
pendent Gaussian fields has been extensively employed in the study of Gaussian
processes. In the context of the study of extrema of the 2D DGFEF, this idea was
first used in [7], where (combined with an invariance result from [24] as well as
the geometry of the maxima of DGFF [16], see Lemma 3.4) it led to a complete
description of the extremal process of 2D DGFF. The definition (27) is inspired
by [7].

The following is the key to the proof of Lemma 3.1.

PROPOSITION 3.9. Let Assumption (A.1) hold. Let {¢N ro Vv € VN} and
{‘PX/, o -V € Vn} be defined as in (15) and (27), respectively. Then for any fixed o,

(28) lim limsupd(My ;. ry.0 — my, My o —my)=0.

r1,rp—> 00 N—00

PROOF. Partition Vy into boxes of side length N/r, and denote by B the
collection of boxes. Fix an arbitrary small § > 0, and let Bs denote the box in the
center of B with side length (1 — )N /r; for each B € B. Write Vy s = Ugcp Bs.
Set MN,rl,rz,U,(S = MaXyeVy s (Z)N,rl,rz,a,v and M;7U,5 = MaXyeVy s (p;);”o"v‘ By (3)’
one has

lim lim P(My.;,.rr.05 % MN.y.r0.0) = lim lim P(My ;.5 # My.,)=0.

§—~>0N—>o0 §—0N—o00
Therefore, it suffices to prove (28) with M N.ri.m,0,8 and My o replacing
MNJMZ,G and My, . To this end, let z be such that

rréa}gwa v =®N,zp for every B € B.
v

We will show below that

lim limsu P(‘M — max ¢
S oo N»oop N.riry,08 = WAXON.ri.r2.0,28

> l/loglogN)

(29)
_hmsup]P’QMNm; max<pN0Z‘>1/loglogN) 0.

N—o0

Note that the fields {¢y,, : v € Vy} and { ||o*||%/log Ngoﬁv,v :v € Vy} are inde-
pendent of each other. Thus, conditioning on the field {¢y , : v € Vy}, the field

{ ||a||%/log N‘”fv,zg : B € B} is a centered Gaussian field with pairwise corre-
lation bounded by O(1/log N). Therefore, the conditional covariance matrix of

{ 1”02“1%/ ¢n .z, - B € B} and that of {0} 8B.p.r T O28B., v, - B € B} are within ad-
ditive O(1/1log N) of each other entrywise. In addition, |B| < (2r2)?. Therefore, it
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is clear that there exists a coupling between the two fields such that

. 2 /7
Jim P(max|\/llo13/log Ngly -, — (188, ,, +0285., x,,)]

> 1/loglog N|{gnv:ve Vzv}) =0

[here the term 1/loglog N is somewhat arbitrary, any negative power larger than
1/2 of (log N) would work]. Note that the preceding equality holds for almost all
realizations of {¢x , : v € Vx}. Combined with (29), it then yields the proposition.

It remains to prove (29). Write r = r; A ro and let C be a constant which we
will send to infinity after sending first N — oo and then » — oo, and let ¢ be the
constant from Lemma 3.3. Suppose that either of the events that are considered in
(29) occurs. In this case, one of the following events has to occur:

e The event E1 = {Mn /. ry.0,6 ¢ (mn — C,my + C)} U {M,”\‘,’(,’(S ¢ (my — C,
my + C)}.

e The event E; that there exists u, v € (r, N/r) such that oy 4, A oy > my —
cloglogr.

e The event E3 = E3 U E3 where Es (E%) is the event that MNJ’IJZK’ (My ;.5)1s
achieved at a vertex v such that g , <my — cloglogr.

e The event E4 that there exists v € B € B with ¢y, > my — cloglogr and

loll3 loll3 !
PNy~ PNz = :
log N log N loglog N

By Theorem 1.2, limc—, oo limsupy_, o P(E1) =0.
By Lemma 3.3, lim,_, o limsupy_, .o P(E2) = 0. In addition, writing I'y =
{(ve VN ON.r.rr.00 — ¢Nw € (x,x + 1)}, one has

P(E{N E3) < IP’( max Max @y r(.ry.o0 = MN — C)

x>cloglogr—C vel'y

= Z IP)<Inax(;Z)N,rl,rz,a,v Zmy — C)

x>cloglogr—C Vel

= Z E<P($%§¢N,v Zmy _X_C|Fx>>
x>cloglogr—C
S Y E(Tl/NY)Pxeyx
x>cloglogr—C
where the last inequality follows from (3). From simple estimates using the Gaus-
sian distribution, one has E(|[",|/N9)!/2 < e /¢ where ¢’ = /(o) > 0. There-
fore, one concludes that

lim sup lim sup lim sup P(E$ N E3) = 0.

C—oo TI'>® N—->oo
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A similar argument leads to the same estimate with E3 replacing E3. Thus,

limsuplimsuplimsup P(E{ N E3) =0.

C—>o0o > N-—>o0

Finally, let I, = {v : ¢y > my — cloglogr}. On the event ES, one has
IT”| < r*. Further, for each v € BN T/, on E5 one has |v — zp| <r, and thus
(by the independence between {¢y .} and {(pjv oDs

o113 ||cr||
IP( 2 Onw— |T—= NZB_I/loglogN>—0N(1)

Therefore, a union bound gives that

limsup lim sup P(E4 N ES) < limsup limsup r*on (1) =0

r—0o0 N—00 r—-o00 N—->o0o

Altogether, this completes the proof of (29), and hence of the proposition. [J

PROOF OF LEMMA 3.1. Define

_ o113 ) _ _
=11 forveVy, and My, = ma .
©ON,o,v ( + 210gN ®N,v v N N,o veV)A(/ @N,v

— 2
Clearly, we have My , = (1 + ZHIZg”i,)M ~. Combined with (1), it follows that
EMy o = EMy +02/d]2+ o(1) and that d(My —EMy, My, —EMy ») — 0
as N — oo. Further, define {(p}t,’mv :v € Vy} as in (27). By the fact that the field
{¢N.0.v} can be seen as a sum of {go,"{,ya’ .} and an independent field whose variances

are O((1/log N)3) across the field, we see that EMN,U = IEM;‘\‘,J7 + o(1) and that

(30) d(My.e —EMy, M}, , —EM}) — 0.

Combined with Proposition 3.9, this completes the proof of the lemma. [

PROOF OF LEMMA 3.2. Let ¢ and ¢y, be i.i.d. standard Gaussian variables,
and for ¢* > 0 let
Plw,N,e*,v = (1 - 8*/10g N)(pN,v + 8}v,v¢ and
@up,N,e*,v = (1 - 8*/10g N)@N,v + 5;</,U¢N,v,

where s;\, - 8;(, , are chosen so that Var @iy, n ex,v = Var @up v e* v = Vargy , + €.
We can choose &¢* = ¢*(¢) with ¢* —,,0 0 so that E@iy N+ v@lw. N.e*u >
E@up, N e* v Pup,N,e*,u Tor all u, v € Vy. By Lemma 2.4, one has

d(maX Dlw,N,e*,v — My, MaAX (.bup,N,s*,v - mN) =0.
veVy veVy

Combined with Lemma 3.7, this completes the proof of the lemma. [J



3910 J. DING, R. ROY AND O. ZEITOUNI

4. Proofs of Theorems 1.3 and 1.4. In this section, we assume (A.0)—(A.3)
and prove Theorem 1.3. Toward this end, in Section 4.1 we will approximate the
field {¢n , : v € Vi } by a simpler to analyze field, in such a way that the results
of Section 3 apply and yield the asymptotic equivalence of their respective laws
of the centered maximum. In Section 4.2, we prove the convergence in law for the
centered maximum of the new field. Our method of proof yields Theorem 1.4 as a
byproduct.

4.1. Anapproximation of the log-correlated Gaussian field. 1In this subsection,
we approximate the log-correlated Gaussian field. Let Ry (4, v) = E(on 49N .v)-
We consider three scales for the approximation of the field {¢y ,}:

(a) The top (macroscopic) scale, dealing with Ry (u, v) for |u — v| < N.
(b) The bottom (microscopic) scale, dealing with Ry (u, v) for |u — v| < 1.
(c) The middle (mesoscopic) scale, dealing with Ry (u, v) for 1 <« |u —v| < N.

By Assumptions (A.2) and (A.3), Ry (u, v), properly centered, converges in the
top and bottom scale. So in those scales, we approximate {¢y ,} by the corre-
sponding “limiting” fields. In the middle scale, we simply approximate {¢y ,} by
the MBRW. One then expects that this approximation gives an additive o(1) error
for Ry (u, v) in the top and bottom scale, and an additive O (1) error in the middle
scale. It turns out that this guarantees that the limiting laws of the centered maxima
coincide.

In what follows, for any integer ¢ we refer to a box of side length ¢ as an 7-box.
Take two large integers L = 2t and K = 2F. Consider first {okrLu:iueVgrtina
K L-box whose left-bottom corner is identified as the origin, and let ¥ denote its
covariance matrix.

Recall that by Proposition 1.1, with probability tending to 1 as N — oo,
the maximum of ¢y, over Vy occurs in a sub-box of Vy with side length
IN/KL] - KL. Therefore, one may neglect the maximization over the indices
in Vy \ V|n/kL)-kL- For notational convenience, we will assume throughout that
K L divides N in what follows.

We use X to approximate the macroscopic scale of Ry (u, v), as follows. Parti-
tion Vy into a disjoint union of boxes of side length N/K L, denoted By, x; =
{Bn/kL,i i =1, ...,(KL)d}. Let vy k1, be the left bottom corner of box

Bn/kL,i and write w; = U&V;II{{LL’ Let E€ be a matrix of dimension N9 x N¥ such

that &}, , = Ewi,wj foru € By/kr,; and v € By/k L, ;. Note that E€ is a positive
definite matrix with diagonal terms log(K L) + Ok (1).

Next, take two other integers K’ = 2 and L' =2Y. As above, we assume
that K'L’ divides N. Consider {¢k'1/, : u € Vg/r/} in a K'L’-box whose left-
bottom corner is identified as the origin, and denote by X’ the covariance matrix
for {¢g1/ 1 u € Vgrp/}. As above, assume for notational convenience that K'L’
divides N. Partition Vy into a disjoint union of boxes of side length K’'L’, denoted
Bk ={Bxpiti=1,..., (N/K'L")?}. Let vk ; be the left bottom corner of
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Bgrp ;. Let 2% be a matrix of dimension N x N4 so that

/
ZM_UK’L’,IVU_”K’L’J’ u,v € BK/L/,iv
0, MEBK’L/J,UEBK/L/’j’i;ﬁj,

v

(1]

b
u,

Note that E” is a positive definite matrix with diagonal terms log(K’L’) +
Okrp(1).

Let {gf\,’v : v € Vy} be a Gaussian field with covariance matrix E¢, which we
occasionally refer to as the coarse field, and let {EK,’U :v € Vy} be a Gaussian field
with covariance matrix E”, which we occasionally refer to as the bottom field.
Note that the coarse field is constant in each box By, ki, and the bottom fields in
different boxes Bg/;/; are independent of each other.

We will consider the limits when L, K, L', K’ are sent to infinity in that order.
In what follows, we denote by (L, K, L', K') = oo sending these parameters to
infinity in the order of K/, L', K, L (so K’ > L' > K > L).

Finally, we give the MBRW approximation for the mesoscopic scales. Re-
call the definitions of B;V and B;(v) in Section 2.1, and recall that {b;y p :
k>0,1<i<(KL)¥, Be B,j(v } is a family of independent Gaussian variables
such that Varb; ; p =log2 - 274J for all B € Bj-v and 1 <i < (KL)d. For v €
By/kL.iN Bk [wherei=1,...,(KL) andi' =1,..., (N/K'L")?], define

n—k—¢
(31) EN.uMBRW = Y _ > b,%yg-

J=U+k BeBj(vgrpr i)
Note that by our construction {§y , MBRW : V € By/kL,i} are independent of each
other fori =1,..., (KL)“, and in addition £y . \Brw is constant over each K'L’-
box. Further, let {Ef\',’v v e Vyl, {é,l\’,’v :v e Vy} and {&y .y MBRW : U € V] be
independent of each other, see Figure 2 for an illustration. One has by Assumption
(A.1) that

|Var(&g , +&p , +En.v.MBRW) — Vargy | < 4a.
Let ay,, be a sequence of numbers such that, for all v € By gr; andall 1 <i <
Ly,
85) Var(g , + &n , + En,v.MBRW) +ay , = Varen,, + 4da.
[Here, the sequence ay, implicitly depends on (K L).] It is clear that

(33) max ay , < v 8a.

UGVN

Forv € By/kr,iandv=19 mod K'L’, one has

N
alz\,,v = VaI'(PN,v +40l - Var(PKL,w,- — Var(pK/L/’f) — 10g<m>

N
=logN —log(KL '+ de = Varggrp s —log 7
og 0g(KL) +en ki, k' + 40 — Varggrp 5 Og(KLK/L/>
20,
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K'L'

N/(KL)

b
En,.

independent between K’'L’ boxes

N,
correlated
constynt inside N/(K

) boxes &

~—

EN,. ., MBRW

independent between N/(K L) boxes

N

FI1G. 2. Hierarchy of construction of the approximating Gaussian field.

where, by Assumptions (A.2),

(34) lim sup lim SUPEN KL, K'L = 0.
(L,K,L’,K")=>00 N—>00

Therefore, one can write
35 2 2
(35) Ay =0k 15 T ENKLK'L s

where ag;/ ; depends on (K'L’, v). By Assumption (A.2) and the continuity of
f, one has

lim sup sup limsup|Varg% | — Vargy | =0.
(L.K,L" K")=00u,villu—vfeo<L’ N—00

Therefore, we can further require that

(36) lak'r'5 —ak'1 il <ENKL.K'L forall |0 —itflo < L.
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Let ¢; bei.i.d. standard Gaussian variables. Forv € Bg/;/ j and v=19 mod K'L’,
define

(37) ENw =EN o +EN , +EN 0 MBRW + ak'1 56
It follows from (32) and (35) that

(38) limsup limsup|Varéy , — Vargy , — 4a| =0.
(L,K,L',K")=00 N—00

Finally, we partition Vj into a disjoint union of boxes of side length N/L which
we denote by By ={Bn/,i:1<i < Ld}, as well as a disjoint union of boxes
of side length L which we denote by By, ={Br;:1 <i < (N/L)d}. Again, we
denote by vy, ; and vy ; the left bottom corner of the boxes By,r,; and By ;,
respectively.

For § > 0 and any box B, denote by B® C B the collection of all vertices in B
that are §¢ p away from its boundary d B (here £ is the side length of B). Let

Vys= <U B?V/L,i) n (U B?V/KL,[) n (U Bg,i) n (U BKL,i)-
i i i i

One has |Vy 5| > (1 —100d8)| V.
The following lemma suggests that {§x , : v € Vi } is a good approximation of
{pnw v e VN)

LEMMA 4.1. Let Assumptions (A.1), (A.2) and (A.3) hold. Then there exist

f o . /
enk.L.k.p > 0 with imsup g 1/ xn—oo IMSUPN_, o €y k1 gr 1o = 0, such
that the following hold for all u,v € Vg 4:

(@) If u,v € By, for some 1 <i < (N/L), then |E¢En, — Eno)? —
E(QDN,M - ¢N,v)2| < 8;\/,K,L,K’,L" ' .
(b) If u € BnyL,i» v € ByyL,j with i # j, then |Eén uén v — Eon vonul <

83\1,K,L,K/,L/~
(c) Otherwise, |E&n yén,v — Eon von ul < 4log(1/8) + 40a.

PROOF. (a) Let i’ be such that B/ ; € Bgry/ ;». By (36) and (37), one has

2 2
EGENu — &N~ E@KLu—vg, = PKLv—v, ) | S4ENKLKL

where ey k1 k1’ satisfies (34) (and was defined therein). By Assumption (A.2),
one has

limsup  imsup|E(@k Lu—vy, » — PKL.v—vg, »)° — E(@n.u — on.0)*| = 0.
(L.K.L',K')=00 N—00 ’ ’

Altogether, this completes the proof for (a).
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(b) Let i’, j" be such that u € By k- and v € By i, j» and assume w.l.o.g.
that K’ > L' > K > L > 1/§. The definition of {£y ,} gives

E&N vEN.u = EQKL w) 9K L w,

UN/KL,i’ UN/KL,j'

where w; = NJKL and w;r = N/KL - In this case, we have |w;s — wj/| > §K.
Writing x, =u/N, xy =v/N and y, =w; /KL, y, =w; /KL, one obtains

|yu — yul = 8/L, |xy — xy| >8/L,

Xy — yul < 1/K, lxy — yol < 1/K.

Therefore, Assumption (A.3) yields lim g 1/ k)= ooliMy— ool EEN uEN v —
Eown.von.ul =0, completing the proof of (b).
(c) In this case, one has

Eéy vEnu = BEY Eh , + BER (ER , +EEn u MBRWEN, v MBRW + €IT|

lu — ]
lu — v

—— —log, —— | t+err
(KLK'L) &+ K/L/) 2

+ 1uv|5N/KL<10g

= log N —log, |u — v| + erry,

where |err;| < 8« and |erry| < 2log 1/ 4 20c. Combined with Assumption (A.1),
this completes the proof of (c), and hence of the lemma. [

LEMMA 4.2. Let Assumptions (A.0), (A.1), (A.2) and (A.3) hold. Then

lim sup limsupd(MN—mN,maxéN,v—mN—2av2d)=0,
(L,K,L',K"y=00 N—00 veVy

PROOF. By Proposition 1.1, it suffices to show that for all § > 0:

lim sup limsuplimsupd( max ¢y, —my, max €y, —mpy — 2av2d>
(L.K,L',K')=00 N—>oo N—soo ‘WEVY s veVys

=0.
Consider a fixed § > 0. Let 03 =41log(1/8) + 60c. Let a1y, = (0, /o2 + 4a) and
oup = (0%,0). Define {@n, 1/ 1.0p,,0 1 V € VN} asin (15) with ry = L', r, = L and

0 = oOlw. Analogously, define {SN,L’,L,aup,v :v € Vy}. By (37) and Lemma 4.1, one
has forall u, v € V]T,’S,

| Varoy 1. Loy .0 — Varén 1/ Loy SENK.LKL'

EEN . L.ouwp.vN. Loowpu < EON L0\ vPN.L.oy.u T ENK,LK',L'»
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where lim sup(L’K’L/’K,):molim SUPN o0 EN.K.L. k.1’ = 0. Since {¢n 1/, L0100 :
ve V;\k,, s} satisfies Assumption (A.1) with o being replaced by 10« + 0*2, one may
apply Lemma 3.2 and obtain that

limsup “msupd< MaX N, L1, Lop,0 —MN>» MAX EN 1/ L 0y —mN) =0.
(L,K,L' ,K"Y=00 N—>00 veVy s veVy s

By Lemma 3.1 (it is clear that the same statement holds for maximum over V ),
one gets

lim sup limsupd( max @n.1/.L.oy.v — MN — (0*2 +4a)m,
(L,K,L',K')=00 N—o00 veVy s

max ONv — mN)
UEVN,B*

=0,

lim sup limsupd( max §N’L1’L,aup’v —my — (02)\/d/2,

(L,K,L',K")=00 N—00 veEVy 5

max &y, — mN)
UEVN,S*

=0.
Altogether, this gives that

lim sup limsupc7< max ¢y, —my, max &y, —mpy — 2a«/2d> =0.
(L,K,L',K')=00 N—oo W€V veVy s
The other direction of stochastic domination follows in the same manner. Alto-
gether, this completes the proof of the lemma. [J

4.2. Convergence in law for the centered maximum. In light of Lemma 4.2,
in order to prove Theorem 1.3 it remains to show the convergence in law for the
centered maximum of {§x , : v € Vy}. To this end, we will follow the proof of the
convergence in law in the case of the 2D DGFF given in [11]. Let the fine field
be defined as & Ié’v = &N — &y ,,» and note that it implicitly depends on K'L’. As
in [11], a key step in the proof of convergence of the centered maximum is the
following sharp tail estimate on the right tail of the distribution of max,cp & 1\); , for
B € By k- The proof of this estimate is postponed to Section 6. ’

PROPOSITION 4.3. Let Assumptions (A.1), (A.2) and (A.3) hold. Then there
exist constants Cy, ¢y > 0 depending only on o and constants cy < By, ;, < Cq
such that as 7 — 0o we have

e\/Zdz

Z

(39) limsup lim sup lim sup — 0.

L'—-00 K'—-00 N—o0

IP)( max SIC v ZMN/KL +Z> —,3;;/ L
veEBN/kL,i ’
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REMARK 4.4. Proposition 4.3 is analogous to [11], Proposition 4.1, but there
are two important differences:

(a)

(b)

In Proposition 4.3, the convergence is to a constant ﬂ}“{/’ - Which depends on
K’, L', while in [11], Proposition 4.1, the convergence is to an absolute con-
stant o*. This is because the fine field &y , here implicitly depends on K', L',
and thus a priori one is not able to eliminate the dependence on (K’, L’) from
the limit. However, in the same spirit as in [11], the dependence on (K, L') is
not an issue for deducing a convergence in law—the crucial requirement is the
independence of N. Eventually, we will deduce the convergence of /3]*“ L as
K’, L' — o0 in that order from the convergence in law of the centered maxi-
mum.

In [11], Proposition 4.1, one also controls the limiting distribution of the loca-
tion of the maximizer while in Proposition 4.3 this is not mentioned. This is
because in the current situation and unlike the construction in [11], the coarse
field {E,f,’v} is constant over each box By/ky i, and thus the location of the
maximizer of the fine field in each of the boxes By/k,; 18 irrelevant to the
value of the maximum for {&y ,}.

Next, we construct the limiting law of the centered maximum of {§x , : v € Vi }.
We partition [0, 114 into R = (K L)d disjoint boxes of equal sizes. Let ,3}“{,’ . be
as defined in the statement of Proposition 4.3. By that proposition, there exists a
function y : R — R that grows to infinity arbitrarily slowly [in particular, we may
assume that y (x) <logloglogx] such that

fle«/Zdz

lim lim sup lim sup lim sup sup
=00 [/ 500 K'—>00 N—oo 7/<z<y(K'L")

Z

=0.

X P( max %'16 v ZMN/KL +Z) —,31*(/ L
veEBN/kL,i ’

Let {or.; }lel be independent Bernoulli random variables with

Plor,i=1) = ﬁl";/’L,y(KL)e—x/ﬁy(KL)‘

In addition, consider independent random variables {Yz ;} iR:I such that

(40)

Let
trix

y(KL) +xe_mx

P(Yri>x)= J(KL)

x> 0.

{Zr,; : 1 <i < R} be an independent Gaussian field with covariance ma-
¥ (recall that X is of dimension R x R). We then define G”[‘(’ LKL =

maxj<j<R,op;=1 GRr.i»Wwhere Gg ;i =0Rr,i(Yr,i+y(KL))+Zg,;—~2dlog(KL)
(here we use the convention that max & = 0). Let 1k 1 k.1’ be the distribution of

*
K,

. k.- Wenote that g ;g ;1 does not depend on N.
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THEOREM 4.5. Let Assumptions (A.0), (A.1), (A.2) and (A.3) hold. Then

41) limsup  limsupd(un, ik, k.1/) =0
(L,K,L',K")=>00 N—00

where Wy is the law of maxyevy En,v —Mp.
(Note that uy does dependon KL, K'L’.)

PROOF OF THEOREM 1.3. Theorem 1.3 follows from Lemma 4.2 and Theo-
rem4.5. O

Next, we give the proof of Theorem 4.5. Our proof is conceptually simpler than
that of its analogue [11], Theorem 2.4, since our coarse field is constant over a box
of size N/K L (and thus no consideration of the location for the maximizer in the
fine field is needed).

PROOF OF THEOREM 4.5. Denote by t = argmax,cvy §n,v. Applying The-
orem 1.2 to the Gaussian fields {§y , : v € Vy} and {51‘\},1} :v € Vy} (where the
maximum of {§§ , : v € Vy} is equivalent to the maximum of a log-correlated
Gaussian field in a K L-box), we deduce that

(42) lim sup llmsup]P’(E,\,t >my/kL+y(KL)+1)=1.
(L,K,L',K')=00 N—o0

Therefore, in what follows, we assume w.1.0.g. the occurrence of the event

&> ~/_10g—— i+;/(1<L)+1}.

3
———loglo
2v2d B KL

Let & = U <j<p{maxveny ¢ ; élj\;’v >mpy kL + KL+ 1}. A simple union bound
over i gives that

(43) limsup  limsupP(€) =
(L,K,L',K")=00 N—00

Thus, in what follows we assume without loss that £ does not occur. Analogously,
welet &' =U<j<g{Yri > KL +1—y(KL)}. We see from the union bound that

(44) limsup  limsupP(£') = 0.
(L,K,L',K")=>00 N—00

In what follows, we assume without loss that £ does not occur.
For convenience of notation, we denote by

My, = max & —(mykL+y(KL)).

VEBN/KL.i
By Proposition 4.3, there exists ¢* = ¢*(N, K, L, K', L") with

limsup  limsupe*(N,K,L,K', L") =0,
(L,K,L',K")=00 N—00
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such that, for some [£°| < &*/4

P(e® < M;(;,i <KL-—y(KL)+1)=P(ogi=1,Yg;i <KL—y(KL)+1),
and that forall -1 <t <KL —y(KL)+1

Plori=t. Yri <1 —&"/2) P(e* < MJ; <1) <Por.i=1, Yri <1 +6%/2).

Therefore, there exists a coupling between {MI{,J- :1 <i <R} and {0/, YR, :
1 <i < R} such that on the event (£ U £')¢,
or,i =1, |YR,i—M1{/i|§8* ifMI(,izs*, and
(45) ’ ’
|YR,,'—M1{,’Z-|§8* ifQR,l'=1.
In addition, it is trivial to couple such that §f\,’v = Zg,; for all ve By/xr,; and
1 <i < R. Also, notice the following simple fact:

limsup lim sup limsup(my — my,kxr — v/2d1log(K L)) =0.
L—-oo K—o0o N—o

Altogether, we conclude that there exists a coupling such that outside an event of
probability tending to 0 as N — oo and then (L, K, L', K') = oo [cf. (42), (43),
(44)] we have

maX(SN,v - mN) - Gﬂ]} L.K'.L < 28*.

veVy R
Now, let 7/ = argmaxj<;<g Gg.;. Applying Theorem 1.2 to the Gaussian field
{ZR,i} and using the preceding inequality, we see that

(46) limsup limsupP(og . =1)=1.
(L,K,L',K")=>00 N—00

Combined with (45), this yields that there exists a coupling such that except with
probability tending to 0 as N — oo and then (L, K, L', K’) = 0o we have

maX(SN,v - mN) - G}k( L.K'.L < 28*,
veVy sL, K7,
thereby completing the proof of Theorem 4.5. [

PROOF OF THEOREM 1.4. Recall that G”I‘( LKL is a random variable with

law fix 1 k', 17- We will construct random variables Z ;, measurable with respect
to F¢:=0({Zg.i}), so that for all x

K, Lk, (=00, x])

lim sup =

(L,K,L",K")=00 E(e_ﬁ]*(/‘L/ZK,Le_

47) _
. wK. Lk, ((—00,x])
= liminf =

(LK.L'K)=00 g e—ﬂ,’;,,L/zK,Le*mX)
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To demonstrate (47), due to (46), we may and will assume without loss that
ORr. = 1. Define Sg; :=+/2d1og(K L) — Zg ;. Then, for any real x,

R
48) P(Gk . xp <) =E<l_[(1 —P(or,iYri > Sri+x — V(KL)U:C)))-
i=1

In addition, the union bound gives that
limsupP(D) =1,  where D = { min Sg; > 2)/(KL)}.
KL—oo 1<i<R

So in the sequel we assume that D occurs. By the definition of oz ; and Yr ;, we
get that

P(or.iYri > Sr.i+x —y(KL)|F) =By 1/(Sr.i +x)e V2SRi+D),

which converges to 0 as K L — o0. Therefore,
exp(—(l + SK,L),B;((/,L/SR,ieimg+SR’i))
(49) <P(or,iYri < Sr,i+x —y(KL)|F°)

<exp(—(1 - 81<,L)/‘31*(/?L,SR,,-e_m(HSR,i))

for ex 1 > 0 with

limsupeg p =0.
KL—o0o

Define Zg 1 = ZiRzl S R,ie*mSR 4 [this is the analogue of a derivative martingale,
see (4)]. Substituting (49) into (48) completes the proof of (47). Now, combining
(47) and Theorem 4.5, we see that we necessarily have

limsuplimsup|Bk ;, — B*[ =0

K'—o00 L'—o0 ’
for a number B8* that does not depend on (K’, L”). Plugging the preceding inequal-
ity into (47), we deduce that

k. L kL (=00, x])

lim sup ez
")

(LK,L',K)=o0o [E(e P"Zk.Le”

(50) )
o mk,L kL ((—00, x])
= lim inf =1.
(L,K,L',K")=00 E(e—ﬁ*ZK‘Le_Vzdx)

Combining (50) with Theorem 4.5 again, we see that Zg j converges weakly to
a random variable Z as K — oo and then L — oo. Also note that Zk ; depends
only on the product K L. Therefore, this implies that Zy converges weakly to
a random variable Z. From the tightness of the laws g 1 g 1/, it follows that
Z > 0 a.s. This completes the proof of Theorem 1.4. [
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PROOF OF REMARK 1.6. Consider two sequences {¢y ,} and {¢y ,} that sat-
isfy assumptions (A.0)—(A.3) with the same functions /4(x, y) and f(x) but pos-
sibly different functions g(u, v), g(u, v) and different constants a® @ and
o, . Define the corresponding (see Section 4.1) fields:

f
EvkLkr =EN kpxr YN kLKL
~ ~ ~f
EvkLk'L =8N kL k' TEN kLKL

Set also

2 Pt f
En kLKL =Nk xn TEN kL kL

Let vy,vy denote the laws of the centered maxima maxyeyy N — My,
maxyecvy $n,v» — My, and let iy, fiy, iy denote the laws of the centered maxima
of the &y, £y, En fields. (Recall that the latter depend also on K L, K'L’ but we
drop that fact from the notation.) By Lemma 4.2, we have

(51) limsup  limsup(d(un, vn) +d(fin, Vy)) =0.
(L.K,L',K")=00 N—00
For s € R, let 65 denote the shift of a probability measure © on R, that
is, Osu(A) = w(A + s) for any measurable set A. Recall the construction of
ik.L k.1 (see Theorem 4.5), and construct similarly fix 1 k.1’ and fix 1 k' 1'-
Note that, by construction, there exists s = s(K L), bounded uniformly in K L, so
that Otk 1 k.1’ = Lk . k.- In particular, from Theorem 4.5 we get that

(52) limsup  limsup(d(un, itx,z,x,/) +d(iin, Osfik 1 k',1)) =0.
(L,K,L',K")=>00 N—00

From (51) and (52), one can find a sequence L(N), K(N), K'(N), L'(N) along
which the convergence still holds (as N — 00). Let {n, y} and {#, y} denote the
fields {&, v} and {év, N} with this choice of parameters, and let iy and iy de-
note the corresponding laws of the maximum. Let itco, floo denote the limits of
wn and fty, which exist by Theorem 1.3. From the above considerations, we have
that iy — oo and Og(v)[AN — floo. On the other hand, the fields ny . and Ay .
both satisfy assumptions (A.0)—(A.3) with the same functions f, g, h, and thus,
interleaving between then one deduces that the laws of their centered maxima con-
verge to the same limit, denoted ® .. It follows that necessarily, s(/N) converges
and (oo = O fleo = Oco. Using the characterization in Theorem 1.4, this yields the
claim in the remark. [

5. An example: The circular logarithmic REM. In the important paper
[20], the authors introduce a one dimensional log-correlated Gaussian field, which
they call the circular logarithmic REM (CLREM). Fyodorov and Bouchaud
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consider the CLREM as a prototype for Gaussian fields exhibiting Carpentier—
LeDoussal freezing. (We do not discuss in this paper the notion of freezing, re-
ferring instead to [20] and to [4, 26, 29] and [8].) Explicitly, fix an integer N, set
6 =2mk/N, and introduce the matrix:

1 O, — 6
Ry = —3 10g<4 Sinz(%))lk# + (log N + W)1j—,

where W is a constant independent on N. It is not hard to verify (and this is done
explicitly in [20]) that one can choose W so that the matrix R is positive definite for
all N; the resulting Gaussian field ¢y, with correlation matrix R is the CLERM.
One may think of the CLREM as indexed by Vy in dimension d = 1, or (as the
name indicates) by an equally spaced collection of N points on the unit circle in
the complex plane.

Let My = maxyevy ¢n,v. The following is a corollary of Theorems 1.2 and 1.4.

COROLLARY 5.1. EMy =+/2log N — (3/2+/2)loglog N + O(1) and there
exist a constant B* and a random variable Z so that

(53) Jim P(My —EMy <x) = E(e—ﬁ*zé”m).
— 00

PROOF. Assumptions (A.0) and (A.1) are immediate to check. An explicit
computation reveals that Assumption (A.2) holds with f(x) =0 and

—-W, u="v,

g, v) = {10g(4n) +lu—vl, u#v.

Finally, note that Assumption (A.3) holds with A(x, y) = log(4 sin2(27r|x —y)).
Thus, Theorems 1.3 and 1.4 apply and yields (53). [

REMARK 5.2. Remarkably, in [20] the authors compute explicitly, albeit non-
rigorously, the law of the maximum of the CLREM, up to a deterministic shift that
they do not compute. It was observed in [29] that the law computed in [20] is in
fact the law of a convolutions of two Gumbel random variables. In the notation
of Corollary 5.1, this means that one expects that 2-1/2 log(8*Z) is Gumbel dis-
tributed. We do not have a rigorous proof for this claim.

6. Proof of Proposition 4.3. Our proof of Proposition 4.3 is highly similar
to the proof in [11], Proposition 4.1, but simpler in a number of places. We will
sketch the outline of the arguments, and refer to [11] extensively (it is helpful to
recall Remark 4.4). To start, we note that by Lemmas 2.2 and 2.4, there exists
cq > 0 depending only on « such that

(54) P( max %‘16,1, >my/KL + z) > cqze V23

VEBN/KL,i
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foralll <z<./logN/KL,1<i< (KL)d. In addition, adapting the proof of (2),
we deduce that there exists Cy > 0 depending only on « such that

(55) IP’( max SszmN/KL +z)<Co,ze V2dz
VEBN/KL,i
forallz >1,1<i <(KL).
Recall the definition of {&y ,} as in (37). In what follows, we consider a fixed
i and a box By/kr,i. We note that the law of the fine field {51‘6 , SV EByn/kL i}
does not depend on K, L, i, and hence ,31*{/ 1 does not depend on K, L,i. Write

N=N/KL=2"and L=K'L' = 2¢. For convenience of notation, we will refer

to the box By,/kr,i as Vj and let E j; be the collection of all left bottom corners of
Var Xv,N
log2

L-boxes of form Bj j in By/k1,;. In addition, write n* = =i — £, where

we denote Xy N = éN,v,MBRW-

For convenience, we now view each X, y as the value at time n* of a Brownian
motion with variance rate log 2. More precisely, we assign to each Gaussian vari-
able bN 'p in (31) an independent Brownian motion, with variance rate log2, that
runs for 272/ time units and ends at the value bN We now define a Brownian
motion {X, y(¢) :0<¢ < n*} by concatenating each of the previous Brownian
motions associated with v € 85, with earlier times corresponding to larger boxes.
From our construction, we see that X, y(n*) = X, y. We partition Vy into dis-
joint L-boxes, for which we denote B i - Further, denote by B, the L-box in B i
that contains v. Define

my
Ev,N(Z) = Xv,N(t) <z-+ 72‘

fOfaHOStSn*,andmaIlgxéfN Zm]\-,—i—z},
UE Dby ’

e
Fyn() = {XU,N(z) <2+ 214 10(log(i A (n* = 1))+
(56) f
forall0 <t <n*, andm%xé,‘l NZ=my+ Z}’
ueB,

o= U U {xnw>z+ "%

veE  0<r<n*
+10(log(t A (n* — 1)), + ZI/ZO}.
Also define

Ag.= Y g ye and Ty.= Y 1f -

VEE S VEE R
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In words, the random variable Ay ; counts the number of boxes in B; whose
“backbone” path X, y(-) stays below a linear path connecting z to roughly m 5 +z,
so that one of its “neighbors” achieves a terminal value that is at least m 5 + z; the
random variable Iy , similarly counts boxes in B; whose backbone is constrained
to stay below a slightly “upward bent” curve. Clearly, E, x(z) € F, y(z) always
holds, as does AN,z < Fl\?,z'

By (37), for each v € E; we can write that

(57) max &) =X, N+ Yon,

ueB, ’
where {Y, n} are i.i.d. random variables with the same law as max,ev; ¢f , +
akg.p.k'.L'.u¢ where ¢ is a standard Gaussian variable. Crucially, the law of ¥, x
does not depend on N. In addition, by Proposition 1.1 and Lemma 2.2, there exist
Cy depending only on « such that

(58)  P(Yyn=mp+A)<Core Ve CW/ forall A > 1.

_ PEYN()
— P(Fy,n(2)
v € Ej, where the latter concerns only the a55001ated Brownian motion to X, y

and the random variable Y,, ». As such, the arguments in [11], Lemma 4.10, carry
out with merely notation change and give that

Ay
When estimating the ratio T , it is clear that

for any fixed

o . Aw..
(59) zl_1>m lim sup limsup —= = 1.

*® s Nooo Ly

Analogous to the proof of [11], Equation (100), we can compare the field {X, v}
to a BRW and apply [11], Lemma 3.7, to obtain that

(60) P(Gy(2)) < Coe V2.

Note that the dimension does not play a significant role in these estimates, as [11],
Lemma 3.7, follows from a union bound calculation. The dimension changes the
volume of the box, but the probability

P<XU,N(I) >z+ ?t + 10(log(r A (n* —1))), + 11/20)

scales in the dimension (recall that my depends on d) which exactly cancels the
growth of the volume in d.

The next desired ingredient is the second moment computation for A .. Note
that (i) our field {X, y : v € E} is simply an MBRW (so {X, y} is nicer than its
analog in [11], which is a sum of an MBRW and a field with uniformly bounded
variance); (ii) our {Y,, y} are i.i.d. random variable with desired tail bounds as in
(87) (so also nicer than its analog in [11], which has weak correlation for two
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neighboring local boxes). Therefore, the second moment computation in [11],
Lemma 4.11, carries out with minimal notation change and gives
E(Ag )?
(61) hm lim sup lim sup M =
A L—soo N—o0 A/\_/ ,Z
Note that in [11], Equation (90), there is no analog of limsup;_, . as in the pre-

ceding inequality. That is because we have assumed in [11] that L > 22Z4 . Our
statement as in (61) is weaker as it does not give a quantitative dependance on how
L should grow in z. But this detailed quantitative dependence is not needed for the
proof of convergence in law.

Combining (54), (59), (60) and (61), we deduce that

P(maxycy- s >myg+2z
(62) hrn lim sup lim sup (Maxvevy En.y vt —1{=0.
L—oo N—o0 IEAI\_/,Z

Therefore, it remains to estimate EA Nz To this end, we will follow [11], Sec-
tion 4.3. We first note that by (54) and (62), we have

EAy. _

(63) lim limsup lim sup
=00 L_)OO N—o00 Ze_rz

where ¢, > 0 is a constant depending on «.

The main goal is to derive the asymptotics for EA 5 . For v e E, let v, ()
be the density function (of a subprobability measure on R) such that, for all / C R,
the integral [; v, 5 (y)dy is equal to

IP’( o) <z = - "N forall 0 <t <n*; Xy n(n )—(ﬁ—f)mﬁ/ﬁel).
Clearly, by (57),
PELNG) = [ v, g 0B = Iny fi+2 = 1)dy.
For a given interval J, define
(64) bt = [ v g OB o = T /42 = y) dy.
Set J; = [—¢, —¢2/3]. For convenience of notation, we denote by A < B that

there exists a constant C,, > 0 that depends only on « such that A < Cy B for two

functions/sequences A and B. As in [11], Lemma 4.13, we claim that for any any

sequences X, y such that |x, y| < s,

Y e N )

€Ey Mu,N,z,xy N+,

(65) lim liminfliminf =2S=X R
TP f 00 N—ooo EAN,Z

=1.
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Note that, by containment, the above ratio is always at most 1. We prove (65) for
the case when x, y = 0; the general case follows in the same manner. Applica-
tion of the reflection principle (cf. [11], Equation (28)) to the Brownian motion
with drift, XU,N(') = Xy n(-) —myt/n, together with the change of measure that
removes the drift m g7 /n, implies that

—«/2a’y2—dn*

v, y() Se zlyl

for y < —2, over the given range z € (0, £) (which implies z — y < |y|). Together
with (58) and independence among Y, y for v € E g, this implies the crude bound:

—/ _ ) N
/ v, §WPYy Ny > Ltmyg/n+z—y)dy < —dn* ,~Cy 1T
—0o0

for a constant C, > 0 depending on «. Similarly, for y < z (and, therefore, for
z —y > 0), application of the reflection principle and (58) again implies that

z _ B
/gz/s v, VOWPYy N = Llmg /i +2z—y)dy < n—dn £—3/1oze_mz‘

Together with (63), this completes the verification of (65).
Next, we claim that there exists A”I‘(, > 0 that does not depend on N such
that

AN,Z

=1.

(66) lim limsup limsup — = lim liminfliminf
70 [ N—oo Dgrpr,  F7% Looo N=oo Ay,

By the reflection principle and change of measure, we get that for all y € [—£, 7]
(see the derivation of [11], Equation (107))

(67) v, g () = 2‘d”*e‘my%(l +0(8/n)).
Therefore,
= v (0 sl o( )
vedy L) Ji ™ Vi

x P(Yyy.n > V2dllog2 + 7 — y)dy
= = z(z—y)
—(1+0(B/V7 / B -
( ( ) J; /27 Tog 2ev2dy
X P(Yyy.n = (log2)v2dE + 7z — y)dy,

where vy is any fixed vertex in Ey and in the last step we have used the fact that
n* =n — {. Recall that the law of Yy, v is the same as maxyev; ¢j , + ak’ ./ u®s
which does not depend on N. Combined with (65), this completes the proof of (66).
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Finally, we analyze how [EA v ; scales with z. To this end, consider z; < z2. For
ve By and j =1, 2, recall that

Moy Nz by = fj vy g OVP(Yy > bmg /i + 2 — y)dy.

itz
By (67), for any y € J; and z1, 22 < log#,

v, v+ 20PN = Emy /it —y) v v+
Vo O+ 2)PYy N =mg/ai—y) v, gy +22)

— (1 + 0<§>>Z1(Z1 — y)e—«/ﬁ(m—zz)
n

22(z2 —y)
I _
(1) 20,
2

This implies that
A . -
v,N.z,214 g — (1 + 0(63/ﬁ))z_1€—«/ﬁ(z1—z2)(1 +Z2_3/5)-
)Lv,N,zz,zz—I—Jz 22

Together with (65), the above display implies that

. : : ze VHREAy
lim limsuplimsup —
AT N—oo Z1e” 2leIEAN,ZZ

_mzzEAN Z1

— lim liminfliminf 25 —1.

U200 [ oo N0o ze~V2AUEAY
Along with (66), this completes the proof of (39) for some 51*(' ;- From (54) and

(55), we see that ¢, < /31*«, 1 < Cq for all K’, L’. This completes the proof of the
proposition. [J
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