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Abstract. Suppose that d > 1 and 0 < 8 < o < 2. We establish the existence and uniqueness of the fundamental solution
qb (t,x, y) to aclass of (typically non-symmetric) non-local operators £h = AY2 4 8P where

b(x,2)

S f(x) = Ad. —ﬂ)/Rd (fx+2—fx) —Vf(x)'zjlnz\sl})lZld—JrﬂdZ

and b(x, z) is a bounded measurable function on RY x RY with b(x,z) =b(x,—z)forx,z € RY. Here A(d, —p) is a normalizing

b_ ApJ2 _ . _Ad,—a)
constant so that S” = A when b(x, z) = 1. We show that if b(x, z) > Ad=p)

continuous function and it uniquely determines a conservative Feller process X°_ which has strong Feller property. The Feller
process X b is the unique solution to the martingale problem of (Lh, S(RY)), where S(R?) denotes the space of tempered functions
on R?. Furthermore, sharp two-sided estimates on qb (t, x, y) are derived. In stark contrast with the gradient perturbations, these
estimates exhibit different behaviors for different types of b(x, z). The model considered in this paper contains the following as a
special case. Let Y and Z be (rotationally) symmetric a-stable process and symmetric S-stable processes on RY, respectively, that
are independent to each other. Solution to stochastic differential equations d X; = dY; + c¢(X;—) dZ; has infinitesimal generator
L8 with b(x, 2) = |e(x)|P.

|z, then qb(t, x,y) is a strictly positive

Résumé. Supposons qued > 1et0 < B <« < 2. Nous établissons 1’existence et 1’unicité de la solution fondamentale qb(t, X, y)
pour une classe d’opérateurs non locaux (typiquement non symétriques) £h=AY2 £ 8P on

b(x,z)
S 1@ = Al =) [ (0 +9 = 100 = V1) -2hpzn) g d

et b(x, z) est une fonction mesurable bornée sur RY x RY telle que b(x, z) =b(x,—z) pourx,z € RY . Ici A(d, —B) estla constante

de normalisation telle que S? = AP/2 quand b(x, z) = 1. Nous montrons que si b(x, z) > —%Izlﬁ_a, alors ¢”(z,x, y)

est une fonction continue strictement positive qui détermine uniquement un processus de Feller conservatif X b satisfaisant la
propriété forte de Feller. Le processus de Feller X b est I’unique solution du probleme martingale (Eb ,S (Rd)), ou S (Rd) est
I’espace des fonctions tempérées sur RY. De plus, des estimées précises supérieures et inférieures sur qb (t, x,y) sont obtenues.
En opposition radicale avec le cas des perturbations gradients, ces estimées montrent des comportements différents pour différents
types de b(x, z). Le modele considéré dans I’article contient le modele suivant comme cas particulier. Soient Y et Z des processus
indépendants a-stable, resp. B-stable, sur RY, symétriques par rotation. La solution de 1’équation différentielle stochastique d X; =
dYs +c(Xi—)dZ; a £b pour générateur infinitésimal avec b(x, z) = |c(x)|ﬁ.
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1. Introduction

Let d > 1 be an integer and 0 < 8 < o < 2. For integer k > 1, denote by C’;(Rd) (resp. Cf (R?)) the space of con-
tinuous functions on R¥ that have bounded continuous partial derivatives up to order k (resp. the space of continuous
functions on R? with compact support that have continuous partial derivatives up to order k). Recall that a stochastic
process ¥ = (Y;,P,, x € RY) on R is called a (rotationally) symmetric a-stable process on R if it is a Lévy process
having

E, [eié'(Y’_Y")] =e " forevery x, £ e R%.

Let f(&):= Jga €°* f(x)dx denote the Fourier transform of a function f on RY. The fractional Laplacian A%/? on
R is defined as
Ald, —a)
82w = [ (P2 = £ = V£ L) S G b (1.1

for f € Cz(Rd) Here A(d, —a) = T'((d + «)/2)/ 2" *7?/2|T"(—a/2)|), which is the normalizing constant so that

A“/ 2f(&) =—|&|¢ f (£). Hence A%/? is the infinitesimal generator for the symmetric «-stable process on RY.
Throughout this paper, b(x, z) is a real-valued bounded function on R? x R? satisfying

b(x,z) =b(x,—z) forevery x,z e RY. (1.2)

This paper is concerned with the existence, uniqueness and sharp two-sided estimates on the “fundamental solution”
of the following non-local operator on R?,

LOf) =M +S"f(x),  feCh(RY),

where

b(x,
Sbf(x) =AW, —B) /Rd (f(x +z2)— fx) =V fx) ~zl{\z|51})%dz. (1.3)

We point out that since b(x, z) satisfies condition (1.2), the truncation |z| < I in (1.3) can be replaced by |z| < A for
any A > 0; that is, for every A > 0,

S 10 =AU =) [ (£ 2) = F0) = (V100 2Won) Lo = (14)
In fact, under condition (1.2),
S f(x) = AW, —p)p.v. /R (Fx+D = f) (ffifﬂ)
— b(x, z)
=A@ J g T O g ¢ (4

Condition (1.2) allows us to reduce general bounded measurable function b on R? x R to the situation where
[Ib]leo is sufficiently small through a scaling argument (see (3.15) and Lemma 3.5). The operator £P is in general
non-symmetric. Clearly, £? = A%/?> when b =0 and £? = A%? + AP/> when b= 1.
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We are led to the study of this non-local operator £” by the consideration of the following stochastic differential
equation (SDE) on RY:

dX[ZdYt+C(Xt_)dZt, (16)

where Y is a symmetric a-stable process on R? and Z is an independent symmetric S-stable process with 0 < 8 < «.
Such SDE arises naturally in applications when there are more than one sources of random noises. When ¢ is a
bounded Lipschitz function on R¢, it is easy to show using Picard’s iteration method that for every x € R¢, SDE (1.6)
has a unique strong solution with X¢ = x. We denote the law of such a solution by P,.. The collection of the solutions
(X;, Py, x € RY) forms a strong Markov process X on RY. Using Ito’s formula, one concludes that the infinitesimal
generator of X is £ with b(x, z) = |c(x)|? and so in this case X solves the martingale problem for (£”, le (RY)).
The following questions arise naturally: does the Markov process X have a transition density function? If so, what
is its sharp two-sided estimates? Is there a solution to the martingale problem for A%? 4 |e(x)|P AP/2 when c is not
Lipschitz continuous? We will address these questions for the more general operator £ in this paper.

Heat kernel analysis is an important subject in analysis and in probability theory, as heat kernel encodes all the
information about the corresponding infinitesimal generator and the corresponding Markov processes. Since explicit
formula can only be derived in some very special and limited cases, the main focus of the heat kernel analysis is on
its sharp estimates. While it is relatively easy to get some crude bounds, obtaining sharp two-sided bounds on the
heat kernel is typically quite challenging. It requires deep understanding of the corresponding generator. Heat kernel
estimates for discontinuous Markov processes have been under intense study recently. Most results obtained so far are
mainly for symmetric Markov processes. See [7] for a recent survey. It is well known that the study of non-symmetric
operators requires different approaches and techniques than that for symmetric operators. Results of this paper can also
be viewed as an attempt in establishing heat kernel estimates for non-symmetric discontinuous Markov processes. For
example, Corollary 1.4 and Theorem 1.5 can be viewed as the non-symmetric analogy, though in a restricted setting,
of the two-sided heat kernel estimates for symmetric stable-like processes and mixed stable-like processes established
in [11] and [12], respectively. See Remark 1.7 below for more information on heat kernel analysis.

For a > 0, denote by p,(z, x, y) the fundamental function of A%/ + a AP/? (or equivalently, the transition density
function of the Lévy process Y/ :=Y; + al/P Z;). Clearly, p,(t, x, y) is a function of 7 and x — y, so sometimes we

also write it as p, (¢, x — y). Note that for every A > 0, {A‘l Yfat, t > 0} has the same distribution as {Y,“’\(afﬁ) ,1>0}.
Consequently, for any A > 0, we have

Paria—p (t,x,y) =29 p, (At,Ax,Ay) fort>O0andx,ye€ RY. (1.7)

It is recently proven in [12] that on (0, 00) x R? x R¢,

— /o !
po(ts-x’y)’\t /\|x—y|d+°" (1.8)

o (/e ~d/p ! at
pa(t,x,y) =< (1 A (at) )A(|x—y|d+a+|x—y|d+ﬂ>' (1.9)

Here for two non-negative functions f and g, the notation f < g means that there is a constant ¢ > 1 so that ¢! f <
g < cf on their common domain of definitions. For real numbers a, c € R, we use a V ¢ and a A ¢ to denote max{a, c}
and min{a, c}, respectively. We point out that the comparison constants in (1.9) is independent of a > 0 by the scaling
property (1.7). Note that (at)_d/ﬂ > t~4/% whenever 0 < t <a~%/ @A) Thus for every k > 0,

t n at
|x — yld+e © |x — y|d+B

palt, x,y) <1~ A < ) on (0, ka=*/@P] x R x R?, (1.10)

with the comparison constants depending only on d, «, 8 and k.
Since £? = A%/? + S” is a lower order perturbation of A%/? by S”, heuristically the fundamental solution (or
kernel) ¢®(z, x, y) of £? should satisfy the following Duhamel’s formula:

t
qb(t,x,y)=po(t,x,y)+/o /qub(t—s,x,z)Sfpo(s,z,y)dzds (1.11)
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fort >0andx, y € R4, Here the notation Sf po(s, z, y) means the non-local operator Shis applied to the function z
po(s, z, ¥). Similar notation will also be used for other operators, for example, A?/ 2, Applying (1.11) recursively, it is
reasonable to conjecture that Z;O:o qfl’ (t, x,y), if convergent, is a solution to (1.11), where qg (t,x,y) := po(t,x,y)
and

1
q,’f(t,x, y) :=/ /dq,};_l(t — s,x,z)Sfpo(s,z,y)dzds forn > 1. (1.12)
0 JR

For each bounded function b(x, z) on RY x R? and A > 0, define

mp = essinf b(x,z) and Mp, = esssup |b(x,z)|. (1.13)

x,zeR4 |z|>A x,z€R4 |z|>

The followings are the main results of this paper.

Theorem 1.1. For every bounded function b on R? x R? satisfying condition (1.2), there is a unique continuous
function qb(t, x,y) on (0,00) x R x R? that satisfies (1.11) on (0, ] x R? x R¥ with |qb(t, x, V)| <cpi(t,x,y) on
0, ] x RY x R4 for some ¢, c > 0, and that

/d qb(t,x, y)qb(s, y,2)dy = qb(t +s,x,2) foreveryt,s >0andx,ze RY, (1.14)
R

Moreover, the following holds.

(i) There is a constant Ag = Ag(d, a, B) > 0 so that gb(t,x,y) = 322 1 qb(t, x,y) on (0, (Ag/||blloc)® @ P] x
R? x RY, where q,ll’(t, X, V) is defined by (1.12).

(i) ¢°(t,x,y) satisfies the Duhamel’s formula (1.11) for all t > 0 and x,y € R?. Moreover, qub(t, X,y) exists
pointwise in the sense of (1.5) and

t
qb(t,x,y)=po(t,x,y)+/0 /Rd pot —5,x,2)82¢" (s, z, y) dzds (1.15)

fort>0andx,yeR?.
(iii) Foreacht >0 and x € R, f]Rd "t x, y)dy =1.
(iv) Forevery f € Cg(Rd),

t
TV () — fx) = / TP LY f(x) ds,
0

where T f (x) = [ga 4" (1, %, ) f () dy.
(v) Let A > 0and A > 0. There is a positive constant C = C(d, «, 8, A, A) > 1 so that for any b satisfying (1.2) with
blloc < A,

lg®(t, x,y)| < Ce“ pu,, (t,x,y) on (0,00) x RY x R?. (1.16)

We remark that estimate (1.16) allows one to get sharper bound on |¢®(z, x, )| by selecting optimal A > 0. When
Z; is the deterministic process 7 and ¢ is an R?-valued bounded Lipschitz function on R?, the solution of (1.6) is
a symmetric a-stable process with drift. Its infinitesimal generator is A%/? + ¢(x)V. Existence of integral kernel to
A%? 4 ¢(x)V and its estimates have been studied recently in [6] (in fact, ¢ there can be an R4-valued function in
certain Kato class).

Unlike the gradient perturbation for A%/?, in general the kernel ¢”(z, x, y) in Theorem 1.1 can take negative values.
For example, this is the case when b = —1, that is, when L0 = A2 _ AB/2 according to the next theorem. Observe
that

£rf) = fR (Fa 2= f0) =V, 22/ (x, 2) dz,



610 Z.-Q. Chen and J.-M. Wang

where

b _ Ad, —Ol)< Ald,—B) a_,s)
JTx,2) = 2 1+A(d’_a)b(x,z)|z| . (1.17)

The next result gives a necessary and sufficient condition for the kernel ¢” (¢, x, y) in Theorem 1.1 to be non-negative
when b(x, z) is continuous in x for a.e. z.

Theorem 1.2. Let b be a bounded function on R¢ x RY that satisfies (1.2) and that
x > b(x, z) is continuous for a.e. 7 € R4, (1.18)

Then q"(t, x,y) = 0 on (0, 00) x R x RY if and only if for each x € R?, jb(x,z) > 0 for a.e. 7 € R?; that is, if and
only if

Ald, —a)

—mldﬁ_“ fora.e.z€RY. (1.19)

b(x,z) >

In particular, if b(x, z) = b(x) is a function of x only, then g®(t, x, y) > 0 on (0, 00) x R? x R? ifand only if b(x) > 0
on R4,

Next theorem drops the assumption (1.18), gives lower bound estimates and refines upper bound estimates on
qb (¢, x, y) for b(x, z) satisfying condition (1.19) and makes connections to the martingale problem for £ To state it,
we need first to recall some definitions.

Let D([0, o0), R?) be the space of right continuous R?-valued functions having left limits on [0, o), equipped
with Skorokhod topology. Denote by X, the projection coordinate map on ([0, c0), R?). Let C be a subspace of
C,% (RY). A probability measure Q on the Skorokhod space ID([0, 00), R?) is said to to be a solution to the martingale
problem for (£P, C) with initial value x € R? if Q(Xo = x) = I and for every f €C,

t
M = F(X) — f(Xo)— /0 £ F(X,)ds

is a Q-martingale. The martingale problem (£”, C) with initial value x € R? is said to be well-posed if it has a unique
solution.
Let Coo (R?) be the space of continuous functions on R¥ that vanish at infinity, equipped with supremum norm. Set

Cgo (Rd) = { feCx (Rd) : the first and second derivatives of f are all in Co (Rd) }

A Markov process on R is called a Feller process if its transition semigroup is a strongly continuous semigroup in
Coo (R?). Feller processes is a class of nice strong Markov processes, called Hunt processes (see [16]). Let py(z, x, y)
be the fundamental solution of the truncated operator

» Ad, -
TP fw = [ (Fa+D = 0= V) hzn) S e d

lzI=1

or, equivalently, py(z, x, y) is the transition density function for the finite range «-stable (Lévy) process with Lévy
measure A(d, —oz)lzlf(d“‘)ﬂ“dfl}. It is established in [8] that py(z, x, y) is jointly continuous and enjoys the fol-
lowing two sided estimates:

— _ —d/a !
t,x,y) =<t N———— 1.20
Po(t, x,y) =y (1.20)

for ¢t € (0, 1] and |x — y| < 1, and there are constants ¢y = cx(d, @) > 0,k =1,2, 3, 4 so that
N | N |
61< ) <DPot,x,y) SC3< > (1.21)
lx — yl lx — yl
fort € (0,1] and |x — y| > 1.
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Define bt (x, z) = max{b(x, z), 0}.

Theorem 1.3. For every A > 0 and A > 0, there are positive constants Cy = Cr(d, o, B, A), k =1,2, and C3 =
C3(d, a, B, A, A) such that for any bounded b satisfying (1.2) and (1.19) with ||b]lcc < A,

CiPo(t, Cax, C2y) <q"(t.x,y) < C3pu,. (t.x,y) fort e (0,1]and x,y € R?. (1.22)

Moreover, for every ¢ > 0, there is a positive constant C4 = C4(d, o, B, A, A, &) such that for any b on RY x RY
satisfying (1.2) with ||b|lco < A so that

P, 2) = elz 7Y forae. x,z e RY (1.23)
we have
Capmys , (1,%,9) <q"(t, x,y) < Cpum,, (. x,y) fort € (0, 1]and x,y e R (1.24)

The kernel qb(t, X, y) uniquely determines a Feller process Xt = (Xf’, t>0,P,x e Rd) on the canonical Skorokhod
space D([0, 00), RY)Y such that

Ex[f(Xf)]=/qub(t,x,y)f(y)dy
for every bounded continuous function f on R%. The Feller process X? is conservative and has a Lévy system

(Jh(x, y)dy,t), where Jh(x, y) = jb(x, y—Xx),

Ald, —a)  Ald,—p)b(x,y — x)
Jb X, = ib X,y —X)= —+

() =j"(x,y—x) v — ydia X — [P
Moreover, for each x € R4, (Xb,P,) is the unique solution to the martingale problem (Lb, S(RY)Y) with initial value x.
Here S(R?) denotes the space of tempered functions on RY.

(1.25)

Here we say (J?(x, y)dy, t) is a Lévy system for X? if for any non-negative measurable function f on R, x R? x
R¢ with f (s, y,y) =0 for all y € R?, any stopping time T (with respect to the filtration of X?) and any x € R¢,

[Zfs el Xb] Ex[/j(/wf(&Xf,y)fb(xf,y)dy>ds} (1.26)

s<T

A Lévy system for X? describes the jumps of the process X?. A Markov process on R is said to have strong Feller
property if its transition semigroup maps bounded measurable functions on R? into bounded continuous functions
on R?. Since ¢”(t, x, y) is a continuous function, one has by Theorem 1.1 and the dominated convergence theorem
that the Feller process X? of Theorem 1.3 has strong Feller property.

Condition (1.23) is always satisfied if b(x, z) is non-negative. We emphasize the m,+ ; and M+ , terms appeared
in the estimates in Theorem 1.3. Under condition (1. 23) and the assumption that ||b||cc < A, the value of b(x,z) on

d {z e R4 . |z] < A} is irrelevant in the estimates ofq (t, x, y) in (1.24). By selecting suitable A > 0 in (1.24), one
can get optimal two-sided estimates on ¢” (¢, x, y). The following follows immediately from Theorem 1.3 by taking a
suitable A > 0.

Corollary 1.4. Let A >0 and ¢ > 0. There is a positive constant C = C(d, «, B, A, €) > 1 so that for any bounded b
satisfying (1.2) with ||b|lco < A and

. 1 1
]b(x,z) > 8<W + W) forae.x,z € Rd,

we have

Cilpl(t,x, y) < qb(t,x, y) <Cpi(t,x,y) forte(0,1]andx,y € RY.
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Theorem 1.3 in particular implies that if b(x, -) is a bounded function satisfying (1.2) and (1.19) so that b(x,z) =0
for every x € R? and |z| > R for some R > 0; or, equivalently if £/ = A%/? + S” is a lower order perturbation of
A%/ by finite range non-local operator S”, then the upper bound of the kernel ¢®(, x, v) is dominated by po(z, x, y)
for each (¢, x, y) € (0, 1] x RY x R¥. In fact, we have the following more general result.

Theorem 1.5. For every A > 0 and M > 1, there is a constant Cs = Cs(d, o, B, A, M) > 1 such that for any bounded
b satisfying (1.2) with ||bllco < A and

M7z 7@ < P (x ) < Mz 7YY forae. x,z € R, (1.27)

or equivalently,

Ald, —a)
A, —B)

Ad, —a)

mkvgia fora.e.x,z ERd, (1.28)

—(1-M) 2P~ <b(x, ) < (M - 1)

we have
C5'pot,x,y) <q°(t,x,y) < Cspo(t,x,y) forte(0,11andx,y e R, (1.29)
We can restate some of results from Theorems 1.1, 1.2, 1.3 and 1.5 as follows.

Theorem 1.6. Let b(x,z) be a bounded function on R? x RY satisfying (1.2) and (1.19). For each x € R%, the
martingale problem for (L, S(R?)) with initial value x is well-posed. These martingale problem solutions {Py, x €
R4} form a strong Markov process X, which has infinite lifetime and possesses a jointly continuous transition density
function q”(t, x, y) with respect to the Lebesgue measure on R?. Moreover, the transition density function q"(t, x, y)

is the same as the fundamental solution given in Theorem 1.1 and so all the conclusions there as well as that of
Theorems 1.3 and 1.5 hold for ¢®(t, x, y).

Remark 1.7.

(i) In general, we can not expect ¢” to have comparable lower and upper bound estimates. The estimates in (1.22)

and (1.24) are sharp in the sense that qb(t, x,y) = po(t,x,y) when b =0, qb(t, x,y)=pi(t,x,y) when b =1,

and ¢%(z, x, y) =TDo(t, x,y) when b(x,z) =0 for |z] <1 and b(x, z) = —ﬁg’:g; 1z|#~% for |z| > 1. Clearly, by

(1.8)—(1.9), po(t, x, y) and p; (¢, x, y) are not comparalg}e 0n~(0, 1] x RY x RY. We point out that it follows from
(1.9) and (1.24) that every A > 1, there is a constant C = C(d, o, 8, A) > 1 so that for any non-negative b on
RY x R4 satisfying (1.2) with 1/A <b(x,z) < A ae.

(1/C)pi(t, x,y) <q"(t,x,y) < Cpi(t,x,y) forte(0,1]andx,y € R?, (1.30)

(ii) Heat kernel estimates for fractional Laplacian A%/? under gradient perturbation and (possibly non-local)
Feynman—Kac perturbation have recently been studied in [6,9,10,32]. In both of these cases, under a Kato class
condition on the coefficients, the fundamental solution of the perturbed operator is always strictly positive and is
comparable to the fundamental solution po(z, x, y) of the fractional Laplacian A%/? on (0, 1] x R¢ x R<.

The novelty of this paper is on non-local perturbations. The analysis of non-local perturbations with infinite
jumping intensity measure is much harder and is in fact very challenging. While the idea of using Duhamel’s
method (1.11) in the study of operator perturbation is not new, the key is how to rigorously establish it and im-
plement it to obtain two-sided sharp heat kernel estimates where the lower bound is comparable to the upper
bound, and to establish the uniqueness of the fundamental solution. It requires precise estimates on the non-local
derivatives of the heat kernel for fractional Laplacian, which turns out to be quite delicate and challenging. To
the best of authors’ knowledge, this is the first paper on the study of heat kernels under non-local perturbation
with infinite jump intensity measure in a systematic way. We emphasize that the function b(x, z) in 1.3 is only
measurable. Our Theorems 1.2 and 1.3 reveal some new phenomenon that heat kernels under non-local pertur-
bation S are typically unstable. This is is in stark contrast with A%/% under either gradient (local) perturbations
or (possibly non-local) Feynman—Kac perturbations. However, Theorem 1.5 of this paper in particular indicates
that the heat kernel estimate for A%/? is stable under finite range lower order perturbation.
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(iii) Kolokoltsov [21] studied heat kernel estimates for symmetric pseudo-differential operators (or stable-like jump
diffusions) with smooth symbols. However neither the results nor the approach in [21] applies to our case even
when b(x, z) is assumed to be smooth. In addition to the smooth symbol requirement, the operators (1.8)—(1.9)
considered in [21] would require « = B, excluding the case where there are two different stable scales as are
considered in this paper. In particular, it does not apply to SDE (1.6). For information on the connection between
pseudo-differential operators and discontinuous Markov processes, we refer the reader to [18-20,27] and the
references therein.

(iv) Martingale problem for non-local operators (with or without elliptic differential operator component) has been
studied by many authors. See, e.g., [3-5,22,23,25,26,29-31] and the references therein. In particular, Komatsu
[23] and Mikulevicius—Pragarauskas [25] considered martingale problem for a class of non-local operators that
is directly related to £. In fact, the uniqueness of the martingale problem for (£?, S(R?)) stated in Theorem 1.3
above is a direct consequence of [23, Theorem 3], while it follows from [25, Theorem 5] that for any bounded
b satisfying (1.2) and (1.19), there is a unique solution to the martingale problem (cl, cx (R%)). The main
contribution of Theorem 1.3 is on the two-sided transition density function estimates for the martingale problem
solution X f’ We also mention that the well-posedness of martingale problem for (A%/? + b(x) - V, cx (R%))
with b(x) an R?-valued Kato class function has recently been established in [14].

(v) There are several directions to extend our results. For example, one can replace “ﬁ%:j‘) in (1.1) and 1/|z|%*# in
(1.3) by the Lévy kernels of pure jump subordinate Brownian motions. This should be doable by following the
ideas and approach of this paper. Another direction is to consider Laplacian under non-local perturbation; that is,
to replace A%/? in £? by Laplacian operator A. This has recently been carried out in Wang [33].

. . . . . —B/2
The rest of the paper is organized as follows. In Section 2, we derive some estimates on Af/ po(t,x,y) and

A,’f/ 2 po(t, x,y) that will be used in later. The existence and uniqueness of the fundamental solution qP(t,x,y) of
Ll are given in Section 3. This is done through a series of lemmas and theorems, which provide more detailed
information on ¢” (¢, x, y) and q,’j (t,x,y). Theorem 1.1 then follows from these results. We show in Section 4 that
the semigroup {Ttb :t > 0} associated with ¢?(t, x, y) is a strongly continuous semigroup in Co, (R?). We then apply
Hille—Yosida—Ray theorem and Courrége’s first theorem to establish Theorem 1.2. When b satisfies (1.2), (1.18)
and (1.19), qb (t,x,y) determines a conservative Feller process X°. We first derive a Lévy system of X b and also
prove (X b P,) is the unique solution to the martingale problem for (L%, S(R)) in Section 5. We next establish, for
any given A > 0, the equi-continuity of ¢®(¢, x, y) on each [1/M, M] x R? x R? for any b that satisfies (1.2) with
Ibllcc < A. Using this, we can drop the condition (1.18) and establish the Feller process X b with transition density
qP(t,x, y) for general bounded b that satisfies (1.2) and (1.19) by approximating it with a sequence of {k, (x, z),n > 1}
that satisfy (1‘2)’ (1.18) and (1.19). The upper bound estimate fgr qh(t, x,y) in (1.22) and (1.24) can be obtained
from that of qbA (t,x,y) due to the Meyer’s construction of XP* from X%, where Z)}(x, 2) = b(x, ) 1yz1<x (@) +
bt(x, 2)1{jz1>1)(z). The lower bound estimates in (1.22) and (1.24) are established by the Lévy system of X’ and
some probability estimates. Finally, we use the estimates in (1.24) for b with support in {(x, z) € R? x RY :|z] < 1}
and the non-local Feynman—Kac perturbation results from [10] to obtain Theorem 1.5.

Throughout this paper, we use the capital letters Cq, Co, ... to denote constants in the statement of the results,
and their labeling will be fixed. The lowercase constants cy, ¢z, ... will denote generic constants used in the proofs,
whose exact values are not important and can change from one appearance to another. We will use “:=" to denote a
definition. For a differentiable function f on R?, we use 9; f and Bl.zj f to denote % and 3 )?, 2él;,~‘

In this paper, details of some proofs are omitted after giving sufficient information on how to carry them out. We
believe the reader should have no problem in filling in these details. Nevertheless, a longer version [13] of this paper
is available on arXiv where the reader can find these details.

2. Preliminaries

Recall that po(z, x, y) = po(t, x — y) is the transition density function of the symmetric a-stable process Y°.
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Lemma 2.1. There exists a constant Cq = Ce(d, ) > 0 such that for every t >0, x € RY and i, j=1,...,d,

tl/ot )d+l+a

d
‘—Po(t,x) < Cér—“‘“)/“(l A
ax,-

x|

2

1/0{ d+2+a
po(t,x)| < >

0x; 0x; [x|

Proof. By [6, Lemma 5], there is a positive constant ¢j so that forall7 > 0and x, y € R4

t t
—(d+2)/a —(d+1)/a
|pro(t,x)!5c1|x|(t A—|x|d+2+a)sm<t /\—|x|d+1+a>'

That is, the first inequality holds. Let n;(r) be the density function of the «/2-stable subordinator at time ¢ and
g(t,x) = (4nt)_d/2e_|x‘2/4’ be the Gaussian kernel on R?. There is a constant ¢ so that n;(r) < ctr~'=%/2 for all
r,t >0, see [6, Lemma 5]. Note that

2

~8(s,x)

| |2
< g(s x) = (4)2|x2g 4 (5, x1) + 8w g T (s, x2),
0x; 0x;

where x; € R4t and x, € R?*2 with |x] = |x2] = |x|, 89T (s, x2) and g @4 (s, x;) are the Gaussian kernels on
R4+2 and RYH4, respectively. Since po(z, x) = fooo g(s, x)n;(s) ds, we have by the dominated convergence theorem
that there is a positive constant ¢; so that for all 7 > 0 and x € R¢

o
S'/
0

< @m)21x P iV, x1) + 81piTP (2, x2)

t
—(d+2)/a
< J—
—C2<t A |x|d+2+a)’

where p(d+2) (t, xp) and p(d+4) (z, x1) are the transition density functions of the symmetric «-stable processes in RA+2
and Rd+4, respectively. This establishes the second inequality in Lemma 2.1. (]

2

0x; 0x;

2

0x; 0x;

po(th) T'][(S)ds

~8(s,x)

Define forz > 0and x, y € R4, the function

Ad, =B) (<1 [P0, X + 2, ) = po(t, x, y) = 55 po(t, X, y) -le%ﬂ dz
+ Jizjopise [PO(t, X +2,¥) = po(t, x, y)l‘zlw) for [x — y|* <1,

A, =B)(fjz < yi2 [P X +2,9) = po(t, x, y)—%po(t,x,y)'zlm%ﬁdz
e emyiy2 PO X+ 209) = po(t. X, W i) for lx — y|* > 1.

|A22 | pote, x, y) =

Let

1/a d+p
d+ t
folt, x,y) = (Vv x — y) TP =4 <d+ﬁ>/“<1A|x_y|) . @2.1)

Lemma 2.2. There exists a constant C7 = C7(d, «, B) > 0 such that

| AP pott, x, y) < C1fot, x,y)  on (0,00) x RY x RY. 2.2)

Proof. We only need to prove |Aff/2|po(t, x) < C7fo(t,x,0) forallt >0and x € R4,
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(i) We first consider the case |x|* < t. In this case,

| A2 pot, x) = Ad, —B) -

a dz
po(t,x +2) — po(t,x) — —po(t,x) -z [Z[FP

|z|<t1/e

+ AW, —p) |po(t. x +2) — po(t, X)|| a+P

|Z\>Il o

=1+

Note that by Lemma 2.1, sup,,cge |ﬁ po(t,u)| < C6t_(d+2)/ % and so by Taylor’s formula,

I < A(d, —B) sup

ueRd

2

4

ot L gy < g DB < @B
2l <it/e |2|9TP

On the other hand, by (1.8)

1
1< Ad, — t,x+2)+ polt, x <ot ‘1/"‘/ dz < eyt~ @R/
d,—-pB) (po( ) + po( ))| |d+ﬂ &) et P 3

lz|ze/
(ii) Next, we consider the case |x|* > ¢. In this case,

dz

d
po(t,x +2) — po(t, x) — po(t X)-z T2[dP

|A22 | pott, x) = A, —B)
|z]<|x]/2

dz
+ A, -B) po(t,x +2) — po(t, x) | —%
\zlz\xl/2‘ | |z|4+F

=141l

Note that |x + z| > |x|/2 for |z] < |x|/2. So by Lemma 2.1,

2

S C6 Sup t|x + Z|7(d+2+()t) S 2(d+2+0()c6l|x|7(d+2+0().
lzl=Ix|/2

po(t,x +2)

p
lz1<lx|/2] 8%i 0X

Hence, by Taylor’s formula

2 2
|z|
I < A(d,—B) sup po(t,x +2) / dz
lzl<lxl/2] 9xi O lzl<lxl/2 1219HP
< cat|x| 72O |28 = oy |x| @B (2.3)

Noting that |x|* >, thus [ < C4|X|_(d+ﬂ). On the other hand, note that symmetric «a-stable process is a subordinate
Brownian motion, so po(t, x + z) < po(t, x) if |x + z| > |x| and po(z, x) < po(t, x + z) if |x + z| < |x|. Hence, by
(1.8) and the condition that |x|* > ¢, we obtain

dz
1 < Ad, —p) 2p0(t, 0) g + A =) 2p0(tx +2) gz

a'
l2|=Jxl/2, [x 2] x| l2l=[x1/2. v +2|<|x] |z | i

< 2A(d, —B)po(t, x) + 2418 A(d, —B)|x|¢TP) f polt, x +2)dz

|d+ﬁ z€Rd

21z lxl/2 12

< st 9O x| 7B 4 2B A(d, —B) x| TP < glx|TE@HP), (2.4)

This establishes the lemma. |
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In order to get the upper bound estimates in (1.16) in terms of weight M}, ; rather than ||b] s, we define, for ¢ > 0,
A>0andx,ye R4, the function

A, =B) [, <pnpise 1P X +2, ) = po(t, 2, 9) = 55 po(t, X, ) - 2l ey d2
+ fm e uartiey PO X 2, 3) = po(t, x, y) i) for [x — yI* <1,

A, =By <anpeyiya [P0 X +2.3) = polt.x, y) = F polt. %, ¥) - 2l g d
L= Ayl PO X+ 209) = po(t, X, M i) for lx — y|* > 1.

AP po(t, x, y) =

Observe that
2 2
A2 pott, %, v) < | A2 pott, x, ).
Set

@+ when |x — y| <¢!/%,

Jorlt,x,y)= _ _
= Y7Ly + e — | T@TOLyssy when [x — y| > 11/

Observe that when A = 00, fj o is just the function fj defined in (2.1).
Lemma 2.3. For each A > 0 and T > 0, there exists a constant Cg = Cs(d, «, B, A, T) > 0 such that
2
| AL po(t,x, ) < Cs fou(t.x,y) on (0, T]x RY x RY. (2.5)

Proof. (i) We first consider the case |x — y|* < t. Note that |Af{f|po(t, x,y) < |Af/2|p0(t, x,y). Hence, by the first

part (i) in the proof of Lemma 2.2, there exists a positive constant ¢; so that
2 —
|Af,/x|p0(th,y)§clt (d+ﬁ)/ﬂf'

(ii) Next, we consider the case |x — y|* > ¢. In this case

B/2 d dz
A tv 5 =< A d’ - t? 5 - t’ ) S tv 5 N T IR
| A,x|p0( x,y) < Ad,-B) il po(t,x +z,y) — po(t, x,y) 8xpo( xX,¥)-z2 IZ]9+P

dz
+ A(d, —B) |PO(Z‘,X+Z,)’)—P0(I,X,}’)‘W
2zl (Alx—y1/2) 2|

=:1+I1l
By (2.3), there is a positive constant c¢; so that
I <cotlx —y|~@Heth) < e3(lx — VTP <oy + I — yr(dﬂ)]l{u—ybzx}).

Here the last inequality holds since f|x — y|~@+*+A < 7(21)~P|x — y|~@+® when |x — y| > 2A and t|x —
TP < |x — y| 7P due to |x — y| = 1.

It is clear that IT = 0 if |x — y| > 2A. On the other hand, if |x — y| < 2, then there exists a positive constant c4
so that IT < c4|x — y|~“@*P) by (2.4). Finally, we note that |x — y|~@*#) < |x — y|7@+®) for A < |x — y| < 2. This
establishes the lemma. O

For each A > 0 and a > 0, we extend the definition of fp (¢, x, y) to define
Ja(t,x,y)

_fi@thie when |x —y| <t!/®, 2.6)
T e = T ey <ay + (= 1T ale — y T 1 yngy when |x —y > Ve T

Note that f; oo (t, x, ¥) = fo(t, x, y).
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Lemma 2.4. For each A > 0, there is a constant Co = Cy(d, o, B, 1) > 0 such that for every a € [0, 1],
t
/ f fas(s.2,y)dzds < Co(t'F/* +1), te(0,00),y R’ 2.7)
0 ]Rd

Proof. By the definition of f, ;,

t
/ / fa,)»(sazvy)dzds
0 JR4

t t 1
5/ / s—(d+ﬂ)/adzds+f / = dzds
0 Jly—z|zsl/e 0 Dizly—glssia |y —z|9HF

t
+// (Iy — 2179 4|y — 2|79 azds
0 Jly—z|=A
t
5‘”/0 (s 4 1) ds < ea (1P 4 1), .

For every a > 0, define

( ) /e when |x—y|§t1/°‘, 28)
8all,x,y) = .
a \x—;'l‘”“ + Ix—l;tl‘”ﬁ when |x — y| > r1/*.
Observe that
/ ga(t,x,y)dy < 1+at'™P/* on (0, 00) x RY. (2.9)
R4

Recall that p,(t, x, y) is the heat kernel of the operator A2 4 aAP/2 Moreover, in view of (1.10),

ga(t,x,y) = pa(t,x,y) on(0,1] x R? x RY. (2.10)

Lemma 2.5. For each A > 0 and T > 0, there exists C19 = C1o(d, «, B, 1, T) > 0 such that for every a € [0, 1] and
allte (0, T], x,y € RY,

t
/ /Rd 8a(t —5,%x,2) far(s,z,y)dzds < Cioga(t, x, y).
0

Proof. Denote by I = fot Jra 8a(t —$,%,2) fa.(s, 2, y)dzds.
(i) Suppose that |x — y| < ¢/, Then

t
1 =/ / 8at —5,x,2) fur(s,z,y)dzds
0 Jx—z|<2t1/e

t
+f / ga(t = 5.%.2) far(s. 2, ) dzds
0 J|x—z|>2t1/

=1+ D,

We write I as

1/2
= / / 8a(t —8,%x,2) fu(s,2,y)dzds
0 |x—z|<2tl/e

t
+/ / 8a(t —5,x,2) fur(s,z,y)dzds
t)2 J|x—z|<2tl/

=11+ L.
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If s € (0,1/2), then t — s € (t/2,1). In this case, g,(t — 5, x,z) < ¢t~/ when |x — z| < 2t'/% by (2.8). Hence,
by Lemma 2.4,

t
Iy Sqf"/“/ /dfa,x(s,z,y)dzds <e(T'"Pe )l
0 JR

When s € [t/2,1], since |x — y| < t1/* and |x — z| <261/%, |y — 2| < 3tY/% <3(25)!/%. Thus fo(s.2.y) <
cys— @B/ < pd+B)/a (i =(d+B)/o Hence,

t
In< 2<d+ﬁ>/%3r—<d+ﬁ>/a[ f gt —s,x,2)dzds < caT'~P/*(1 4 TP/ )=dle,
0 JRd

Next we consider I». Noting that |x — z| > 2¢1/«

I < /"/ ( t—s 4 t—s )f ( Vdzd
2=Cs A8, 2, y)azas
0 Jlx—z|>2¢1/ |x _Z|d+a |x _Z|d+/3 ¢

t
Sc6t7d/(¥(1+t1*ﬂ/a)/ /dfa,)n(s’z’y)dzds
0 JR

< oy (1 + TI=Ple) (7Bl 4 ) d/e

, so we have by (2.8) and Lemma 2.4,

We thus conclude from the above that there is a cg = cg(d, «, 8, A, T) > 0 such that I < Cgt_d/"‘ for every t € (0, T']
whenever |x — y| <1/,
(i) Next assume that |x — y| > ¢'/%. Then

t
1 =// 8a(t —8,x,2) fu(s,2,y)dzds
0 Jix—zl<lx—yl/2

t
+/ / 8a(t —$,%,2) fa(s,z, y)dzds
0 Jx—z|>|x—y|/2
=1L+
If |x —z| < |x — y|/2, then |y — z| > |x — y|/2 > /% /2. Hence, there is a constant cg so that
Jap(s,2, ) < eo(lx — yI79* 4 alx — y|*P)

for s € (0, t). Therefore,

t
I < co(jx — y| 7t +alx — y|7@HP) / /dga(t —s5,x,2)dzds
0 JR

t at
<cio(1 4T :
=ao(l+ )(Ix i —yld“‘)

If |x — z| > |x — y|/2, then |x — z| > £1/*/2. Hence g,(t —s,x,2) < c“(lx_yf‘m + —9 ) by (2.8). Thus by

[x—y[d+P

Lemma 2.4, we obtain

t at !
125611( + )/ / far(s,z,y)dzds
lx — yldte " x —yldth ) Jo Jpa "

t at
<cp(T'P 4T :
=T D\ Ty T s

This completes the proof of the lemma. |
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3. Fundamental solution

Throughout the rest of this paper, b(x, z) is a bounded function on RY x R? satisfying condition (1.2). Recall the
definition of the non-local operator S’ from (1.3). Let |qb lo(t,x,y) = po(t, x,y), and define for each n > 1,

t
|qb|n(t’x’y) :[) /Rd|qb|n—l(t_S’x’z)|8?p0(s’z’ y)|dZdS

For each A > 0, define b;, (x, z) = b(x, 2) 1{jz>1 (2).
In view of (1.8), there exists a constant C1; = C11(d, «, 8) > 0 such that po(t, x,y) < C1184(t, x,y) forall t > 0,
acl0,1]and x,y € R4, where gq 1s the function defined by (2.8). On the other hand, note that

b(x,z)
|87 f ()] = ‘A(d, ~B) /R (fa+ = F0) = (VF), z)ﬂuasx})mTfﬂ dz
b
S| AP | (Pt f@0 V@, z))|(|f,fﬁ) dz
zZ|I=<

by(x,z)

‘A(d ﬂ)/ fx+2— f(x))||d+ﬁ dz

< bllos - [ A2 £ + b2l - |AF2] £ (0,

where |Af’/xz|f(x) is defined in the similar way as |Af{f|po(t, x,¥y). Then by Lemma 2.2 and Lemma 2.3, for every
A>0,A2>0and T > 0 and every bounded function b with ||b] . < A,

|82 pot, 2. )| < 1Bl - | A2 [ po(t, 2, v) + 1ballos - | AL pott, 2. )
< CgAfor(t,z,y) + CiMyp s fot, 2z, y)
< (C1+4C9)Afuy, a2t 2,y), 1€(0,TI. 3.1)

Here recall that M), 5 = esssup, .crd ;=1 [b(x, 2)], fa, is the function defined in (2.6). The above estimate is a
refinement of Lemma 2.2. The latter corresponds to the case where A = oco.

Lemma 3.1. For each > >0, A > 0 and T > 0 and every bounded function b on R? x R? satisfying condition (1.2)
with ||bllec < A,

"], (t.x,¥) < C11(A(C7 + C8)C10)" guty /4t x,y) <00, te€(0,T],x,yeR 3.2)
Proof. We prove this lemma by induction. Since po(f,x,y) < C11gMby.A/A(t,x,y) and Mp /A <1, in view of
Lemma 2.5 and (3.1), (3.2) clearly holds for n = 1. Suppose that (3.2) holds for n = j > 1. Then by Lemma 2.5
and (3.1),

|qb|j+1(t,x,y)

ot
< C11(A(C7 + C8)Cro)’ / /d My A — s, X, 2|8 po(s, z, y)| dzds
0 Jr

. t
< C11(A(C7 + C3)Cr0)’ (C7 + Cs)Af /Rd &My At —5,X,2) fuy;/A,0.(5, 2, y)dzds
0

< C(ACT + Co)Cr0)  guy , ya(t, %, y)

forte (0, T]and x,y € R4, This proves that (3.2) holds for n = j 4 1 and thus for every n > 1. U
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Now we define q,f 1 (0, 00) x RY x RY — R as follows. For ¢ > 0 and x, yE RY, let qg(t,x, y) = po(t, x, y), and
for each n > 1, define

t
4 (.. ) =f0 /R Gy (1 = 5.3, 28! pos. 2. y) dzds. (33)

Clearly by Lemma 3.1, each q,lj (t,x,y) is well defined.
Lemma 3.2. Foreveryn >0, q,? (t, x, y) is jointly continuous on (0, 00) x RY x R4,

Proof. We prove it by induction. Clearly qg (t,x,y) is continuous on (0, 00) x R? x R¥. Suppose that q,’l’ (t,x,y)
is continuous on (0, c0) X RY x RY. For every M > 2, it follows from (3.1), Lemma 3.1 and the dominated conver-
gence theorem that for ¢ < 1/(2M), (¢t,x,y) — f;_a fRd q,’j(t — 85, X, z)Sfpo(s, z,y)dzds is jointly continuous on
[1/M, M] x R¢ x RY.

On the other hand, it follows from (3.1) and (2.9) that

t
sup sup/ fgMb’A(t—s,x,z)|8§’po(s,z,y)|dzds
re[l/M,M] x.y Ji—¢ JRY

t
< C1A( sup [(t _ 8)—(d+;3)/a (- 8)—(d+a)/a]) sup  sup / / gm,, (t —s,x,2)dzds
re[l/M,M] xeRd re[l/M,M]Jt—e JRA

&
S C2A(2M)(d+a)/(1/ (1 + rl_ﬁ/a)d}, S C3A(2M)(d+a)/a8,
0
which goes to zero as & — 0; while by (3.1) and (2.7), there exist ¢4 and c5 such that

&
sup sup//gM,,,,\(l—s,x,z)|Sfpo(s,z,y)|dzds
te[l/M,M] x,y JO JRd

&€
§C4< sup (t—g)—d/oz) sup/ / |Sfp0(s,z,y)|dzds
te[1/M,M] yeRd JO JRA

< cs2M)Y||b)|oe TP — 0 (3.4)

as ¢ - 0. We conclude from Lemma 3.1, (3.3) and the above argument that q’l; 417, x,y) is jointly continuous in
(t,x,y) e [1/M, M] x R x R¢ and so in (¢, x, y) € (0, 00) x R? x R¥. This completes the proof of the lemma. [

Recall fo(t, x, y) is the function defined in (2.1) and | A2 po(t, x, y) < C7 fo(t, x, ¥) on (0, 00) x RY x R,

Lemma 3.3. There is a constant C12 = C12(d, o, B) > 0 so that for every A > 0 and every bounded function b on
R? x R? with ||b|leo < A and for every integer n >0 and & > 0,

(@25 +2,y) = gt x, 1) AL PP D) Ay forx, ) (3.5)
(zeR4:|z|>¢) |z|9+h

for (t,x,2) € (0,1] x R? x R?, and Sﬁq,l;(t, X, y) exists pointwise for (t, x, z) € (0, 1] x R? x R? in the sense of (1.5)
with

t
Shab (. x,y) = /0 fR [ St — 5.2, )8! po(s. 2. y) dzds (3.6)

and

182q5(t,x,y)| < (CLoA)" fot,x,y) on (0,1] x R x RY, (3.7)
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Moreover,
t
gl (t,x,y) =f fdpo(t —5,%,2)8q5 (s, 2z, y)dzds  for (t,x,y) € (0,1] x R? x RY. (3.8)
0 JR

Proof. Let ¢ (¢, x, y) denote the transition density function of the symmetric S-stable process on R?. Then by (1.8)

but with 8 in place of «, we have g(z, x, y) < =B A %)‘Hﬁ for (¢, x,y) € (0,00) x R? x R?. Observe that

(2.1) yields fo(t,x,y) <t P/%q@P/% x, y) for (t, x, y) € (0, 00) x R? x R?. Hence on (0, 00) x R? x R?,
t
/ / Jo(t —s,x,2) fo(s, z, y)dsdz
0 JRd
t
= f (t — )" Ples =Pl ( f q((t =P, x,2)q(sP* z, y)dz) ds
0 R4
t
=q(t?* x, y)/ (t —s)Ples=Ple g
0

1
— g (1P, x. y)1 =GB / (1 — uy~Play—Bla gy,
0

=t'7P% fot, x, y).

In the second =< above, we used the fact that (1/2)8/* < (r — 5)P/* 4 sP/® < 2tP/* for every s € (0, t), while in the
last equality, we used a change of variable s = fu. So there is a constant ¢; = c¢1(d, &, 8) > 0 so that

t
/ / Jot —s,x,2) fo(s,z,y)dsdz <cy fo(t,x,y) foreveryte (0,1]andx,y e RY, 3.9)
0 JRrd

By increasing the value of ¢ if necessary, we may and do assume that ¢y is larger than 1.
We now proceed by induction. Let C1; := ¢ C7. Note that

|88 po(t, x, )| < A| AL | pott, x,y) < CrAfo(t, x, y). (3.10)

When n = 0, (3.8) holds by definition. By Lemma 2.2, (3.5) and (3.7) hold for n = 0. Suppose that (3.5) and (3.7)
hold for n = j. Then for every ¢ > 0, by the definition of qj? +1» Lemma 3.1, (3.9) and Fubini’s theorem,

Ald, —B)b(x, w)
b _ b RS, TRV )
/{weRd:|w>£}(qj+l(t’ ) qj—H(t’ X, y)) lw|d+F dw

' A(d, —B)b(x, w)
Z/O /Rd (AU)ERd:|w|>€}(Q?(t_S,X+U),Z)—qu~(t—s,x,z)) |w]d+h dw)

x 82 po(s. z, y) dzds

t
5/ /d(Cle)”lfo(t—s,x,z)|Sfpo(s,z,y)|dZdS
0 JR

t
< / / CM T folt —s.x, DCrAfo(s, 2, dzds < (€AY folt,x, ).
0 JR
‘We conclude that

$29%, (1. x, y)

Ald, —B)b(x, w)

P dw

:= lim (q?+l(t,x+w,y)—qﬁ.’_H(t,x,y))

=0 J{weRd:|w|>¢}
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Cr A, —B)b(x. w)
= hm/ b(t—s,x—l—w,z)— b(t—s,x,z) —dw)
/O [l‘@d (8*0 {weRd:\w\>s}(q] i ) |w|d+ﬁ

x 8Ppo(s.z, y)dzds
t
= / / 3561?0 —5,%,2)8 po(s, 2, y) dzds
0 JRd
exists and (3.6) as well as (3.7) holds for n = j 4 1. (The same proof verifies (3.6) when n = 0.) On the other hand,
using (3.3) for n = j + 1 and (3.6)—(3.8) for n = j, we have by Fubini’s theorem that (3.8) also holds forn = j + 1.
(See arXiv version [13] of this paper for details.) The lemma is now established by induction. O

Recall that M, = esssup, ,cpd |- [P(x, 2)| = |b3.(x, 2) [l o

Lemma 3.4. For each A > 0, there are positive constants Ao = Ao(d, o, B, A) and C13 = C13(d, o, B, 1) so that if
[1bllce < Ao, then for every integer n > 0,

gl (. x, y)| < C1327" pu,, (t,x,y) fort €(0,1]and x,y € R?, (3.11)

(3.5) holds and so qullj (t, x, y) exists pointwise in the sense of (1.5) with

Shab(t,x, | <27 fo(t,x,y) forte ©,11andx,y e R?, (3.12)
xX1n
and
> 1
Zq,}l’(t,x,y)zgpo(t,x,y) fort € (0,11 and |x — y| <3t/ (3.13)
n=0

Proof. We take a positive constant Ag so that Ag < 1 A [2(C7 + C3)Co + 2C12]~L. We have by Lemma 3.1 and
Lemma 3.3 that for every b with ||b||c0 < Ao,

gl 1t x, )| < Cli2™gmy a0t %, ) < CriAy 27" gu,, (6, x,y)  and  |SPql(t,x, y)| <27 fo(t, x, )

foreveryr € (0,1]and x,y € R4, This together with (2.10) establishes (3.11) and (3.12).

On the other hand, by (2.8), there exists ¢ = c(d, «, ) > 1 so that g,(¢,x,y) < cpo(t,x,y) for a € [0, 1] and
|x —y| <3t"/* and t € (0, 1]. Take A small enough so that Ag < 1 A[2(C7 4 Cs)C1o+2C12]7" and 302 (Ao(C7 +
Cg)Cio)" < 2clc” . Then for every b with ||blso < Ao, we have by Lemma 3.1 for |x — y| < 3¢/% and € (0, 1] that

o0 o
1
> g}, . x.3) <€ Yy (Ao(Cr+ Co)Cro)" polt.x. y) < 5 polt. x. ),

n=1 n=1

Consequently, for |x — y| < 3t1/* and r € (0, 11,

o0 o

1
> gl x.y) = polt.x.y) =D gl x. y)| = S P02, ). .
n=0 n=1

We now extend the results in Lemma 3.4 to any bounded b that satisfies condition (1.2). For A > 0, define
bM (x,z) = APl p(h 7oy pmVeg), (3.14)
For a function f on RY, set ™ (x) := f(A~1/%x). By a change of variable, one has from (1.1) and (1.3) that

A2 fP ) =271 (A2 ) (A Vox) and P FP o) =171 (8P ) (). (3.15)
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We remark here that condition (1.2) used in establishing (3.15). Note that the transition density function pg (¢, x, y) of
the symmetric «-stable process has the following scaling property:

pott, x, ) =2~ po (a1t a7 ex, a7 ey, (3.16)

Recall qfl’ (t, x, y) is the function defined inductively by (3.3) with qg (t,x,y) = po(t, x,y).

Lemma 3.5. Suppose that b is a bounded function on R? x R? satisfying (1.2). For every A > 0 and for every integer
n>0andt >0,

gt x, y) =27 g 0 e T ey) xy e RY (3.17)

or, equivalently,
bt x, ) = 2gh" (e, M9k, A%y, x,y e RY (3.18)

Proof. We prove it by induction. Clearly in view of (3.16), (3.17) holds when n = 0. Suppose that (3.17) holds for
n = j > 0. Then by the definition (3.3), (3.15) and (3.16),

bp*) ! 3] )
QJ+](tax’y)= qj (t_s7x5Z)Sz pO(S,Zay)dZdS
0 JRd

t
:/0 /Rd )Fd/“qj-’()rl(t —S),)\*l/ax’)Lfl/az))\fd/afl(Sfpo(kfls’ _’A'fl/ay))()\fl/az) dzds

Al
=4/ / / q?(k‘lt — A Vey w)(Sg)po(r, . A_l/“y))(w) dwdr
0 R
= A*d/“qﬁ’H ()flt, Aoy, )fl/”‘y).
This proves that (3.17) holds for n = j 4 1 and so, by induction, it holds for every n > 0. O
Recall that Ay is the positive constant in Lemma 3.4.

Theorem 3.6. For every A > 0 and A > 0, there is a positive constant C14 = C14(d, a, B, A, 1) > 0 so that for every
bounded function b with ||b||oc < A, that satisfies condition (1.2) and n > 0,

b _ _ar/ t Mb,)\t
|9, (2.2, y)| < C142 n(t @A <|x—y|d+°‘ pT—r (3.19)

forevery0 <t <1A (Ag/|Iblloc)®’ @) and x, y € R, and
> 1
doantx )z spoltix.y) for0 <t < 1A (Ao/Iblloc)" ™ and |x — y| <31/, (3.20)
n=0
Moreover, for every n > 0, (3.5) holds and so qus (t, x, y) exists pointwise in the sense of (1.5) with
|8%ay (1, x, )| < 27" (Iblloo/ Ao) folt, x, y) (3.21)
forevery0 <t <1A (Ag/lIblloc)®’ @) and x, y € RY. Moreover, (3.6) and (3.8) hold.

Proof. In view of Lemma 3.4, it suffices to prove the theorem for Ay < [|b]loo < A. Set r = (||b]|oo/A0)*/@P).

The function 5" defined by (3.14) has the property [|b"”| s = Ag. Thus by Lemma 3.4, there is a constant C14 =
Cuuld,a,B,A, ) :=C13d,a,pB, rl/“A) > ( so that for every integer n > 0,

a2 (¢, %, )| < C1a2 ™" py (t,x,y) forte(0,1]andx,y R, (3.22)

b(r) pl/ey
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Noting r'=2/% My ,1/a;, = My, ., we have by (3.18), (3.22) and (1.10) that for every 0 < t < 1/r = (Ao/||blloc)*/ @)
and x, y € RY,

|q,ll’(t,x, | = rd/a|61,l17(r) (rt,r'/%x, r]/"‘y)|

—n d ! I
< Cia2™"r /apro-),rl/aA(”’r fx,rt/y)

l—ﬂ/on

_ _ t r b(r) l/a)ht
<20C1 27" (17 A + T
- ( |x — y|dte |x — y|dth

_ _ t My st
<2CC1 27t~ A : ,
=0t ( e = ydtP

which establishes (3.19). Similarly, (3.20) follows from (3.16) and(3.13) with b replaced by b, while the conclusion
of (3.21) is a direct consequence of (3.15), (3.18) and (3.12) with b replaced by b™ . That (3.6) and (3.8) hold follows
directly from Lemma 3.3 and Lemma 3.5. ]

Recall that g% (¢, x, y) :== > qf (t,x,y), whenever it is convergent. The following theorem follows immediately
from Lemmas 3.2, 3.4 and Theorem 3.6.

Theorem 3.7. Forevery . > 0and A > 0, let C14 = C14(d, o, B, A, X) be the constant in Theorem 3.6. Then for every
bounded function b with ||b||so < A that satisfies condition (1.2), q"(t, x, y) is well defined and is jointly continuous
in (0,1 A (Ag/|1blloc)®@P] x RY x RY. Moreover,

‘ Myt
Iq”(t,x,y)lszcm(t‘d/“A( y ot )) (3.23)

|x — yldte © |x — y|dt+P

and Sf’qb(t, X, y) exists pointwise in the sense of (1.5) with

|S26%(t, x, )| < 2(lIblloo/ Ao) folt, x, ¥)

forevery0 <t <1A (Ao/|Iblloc)®’ @) and x, y € R, and
g0 ) 2 3P0t ) for0 <=1 A (Ao/Ibloe) P and | — y1 <34 (3.24)
Moreover, for every 0 <t <1 A (Ao/|1blloo)®’ @) and x, y e R4,
q"(t.x,y) = po(t.x.y) + /(:/qu”a —5.%,2)8! po(s. z.y) dzds (3.25)
:po(t,x,y)—i-/ot/Rd po(t — 5, x,2)82¢% (s, z, y) dz ds. (3.26)

Theorem 3.8. Suppose that b is a bounded function on R? x R? satisfying (1.2). Let Aq be the constant in Lemma 3.4.
Then for every t,s > 0 witht +s <1 A (Ao/|1blloc)®/ @~ and x,y e R4,

/qub(t,x,z)qb(s,z, Y dz=q"(t +s,x,y). (3.27)

Proof. In view of Theorem 3.6, we have

o J
Adqb(t,x,z)qh(s,z,y)dz=ZZ/W a4y (%, 2)q5_, (5,2, y) dz.

j=0n=0
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So it suffices to show that for every j >0,

J
Z/Rd b (t.x,2)q"_,(s.2.y)dz =" (t + 5, %, ). (3.28)
n=0

Clearly, (3.28) holds for j = 0. Suppose that (3.28) holds for j = > 1. Then by (3.3) and Fubini’s theorem and using
the estimates in (3.1) and Theorem 3.6, one can prove that (3.28) holds for j =1 + 1; see arXiv version [13] of this
paper for details. By induction, (3.28) holds for every j > 0. (I

For notational simplicity, denote 1 A (Ag/||bls0)®/@~# by 8o. In view of Theorem 3.8, we can uniquely extend
the definition of ¢”(z, x, y) to ¢ > 8q by using the Chapman—Kolmogorov equation recursively as follows.

Suppose that ¢g”(z, x, y) has been defined and satisfies the Chapman—Kolmogorov equation (3.27) on (0, k8g] x
R? x R?. Then for ¢ € (k8, (k + 1)80], define

g’ x,y) =/dqb(s,x,z)qb(r,z,y)dz, x,yeR4 (3.29)
R

for any s, r € (0, kdg] so that s +r =t. Such qb(t,x, y) is well defined on (0, co0) x RY x RY and satisfies (3.27)
for every s,¢ > 0. Moreover, since Chapman—Kolmogorov equation holds for ¢®(z, x, y) for all £, s > 0, we have by
Theorem 3.7 and (1.10) that for every A > Ay, there are constants ¢; = ¢;(d, «, 8, A, 1), i = 1,2, so that for every
b(x, z) satisfying (1.2) with ||b]lec < A,

‘qb(t, X, y)| < cleCZ’pMM(t, x,y) foreveryt>O0andx,ye R, (3.30)
Theorem 3.9. ¢°(z, x, y) satisfies (3.25) and (3.26) for everyt > 0 and x,y € R?.

Proof. Let 8o := 1 A (Ao/||blloo)®/@~P). 1t suffices to prove that for every n > 1, (3.25) and (3.26) hold for all
t€(0,nép] and x, y € R4, Clearly, (3.25) holds for ¢ € (0, ndp] with n = 1. Suppose that (3.25) holds for ¢ € (0, ndp]
with n = k. For t € (k8g, (k+ 1)d0], take I, s € (0, k§p] so that / + s = ¢. Then we can verify by Chapman—Kolmogrov
equation of ¢, Fubini’s theorem, Lemma 2.5, (3.1) and (3.30) that ¢® (I + s) satisfies (3.25) and (3.26). See the arXiv
version [13] of this paper for details. By induction, (3.25) and (3.26) hold for every r > O and x, y € R4, O

Theorem 3.10. Suppose that b is a bounded function on R? x R? satisfying (1.2). Then q°(t,x, y) is the unique
continuous kernel that satisfies the Chapman—Kolmogorov equation (3.27) on (0, 00) x R? x R? and that for some
>0,

lg"(t.x. y)| < epit, x,y) (3.31)
and (3.25) hold for (t,x, y) € (0, €] x R? x R, Moreover, (3.30) holds for ¢®(t, x, y).
Proof. Suppose that g is any continuous kernel that satisfies, for some ¢ > 0, (3.25) and (3.31) hold for (¢, x, y) €

(0, e] x R? x R?. Without loss of generality, we may and do assume that ¢ < 1 A (Ao/||b]loc)/ @B, Using (3.25)
recursively, one gets

n t

q(tvx’y): E q?(tsx’ y)+/ /dq(f—S,X,Z)(pro):'nJrl(S,Z, y)deZ (332)
; 0 JR
j=0

Here (S? P0)>" (s, z,y) denotes the nth convolution operation of the function Sé’ po(s, z, y); that is, (S? po)z"1 (s,
z,5) =82 po(s, z, y) and

N
(S”po)" (5.2, y) =f0 /Rd S?po(r, 2, w)(S7po) " (s —rw, y)dwdr forn = 2. (3.33)
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It follows from (3.6) that qu,’f(s, Z,y) = (pro)j’"H(s, z,y). Thus, by (3.32) we have
n t
qt.x.y)=> qft.x.y)+ fo fRd q(t —s5,x,28°q} (s, z, y) ds dz. (3.34)
j=0

By the condition (3.31) and (3.21), there is a constant ¢; > 0 so that for every n > 1,

t
//?(t—s,x,z)(S”po)j’"(s,z,y)dsdz
0 JRd '

t
5612_"// pi(t—s,x,2) fo(s,z, y)dsdz.
0 JRI

Noting that pi (¢, x, y) < g1(¢, x, y) on (0, 1] x RY x RY and

t t
/ / fo(s,z,y)dzds 5/ / sT@B/ g7 g
0 JRrd 0 Jjy—zj<sl/e

t
1
e
0 Jy—z|>sl/e Iy—ZId”’

= ot 7P, (3.35)

Then by the similar proof in Lemma 2.5, we can get

t
/ /d Pl (t -5, X, Z)fO(S, 2, )’)dS dz < C3P](t7 X, }’)
0 JR

It follows that g (¢, x, y) = 2310 q,’{(t,x, y) = qP(t, x, y) for every t € (0,¢] and x, y € R?. Since both g and ¢
satisfy the Chapman—Kolmogorov equation (3.27), 7 = ¢” on (0, 00) x R? x R4, ]

In view of Lemma 3.5 and Chapman—Kolmogorov equation, we have the following.

Theorem 3.11. Suppose that b is a bounded function on R? x R? satisfying (1.2). ¢°(t, x,y) = kd/"‘qu (At AV,
A%y) on (0, 00) x RY x RY, where b™ (x, z) 1= AP/e1p(a—Vex a=1ey).

For a bounded function f on RY t>0andx e Rd, we define
T f(x) = /Rd "t x, ) f)dy and P f(x)= fRd po(t,x, y) f(y)dy.
The following lemma follows immediately from (3.27) and (3.29).

Lemma 3.12. Suppose that b is a bounded function on R? x R? satisfying (1.2). For all s,t > 0, we have Ttlﬂrs =
YTy,

Theorem 3.13. Let b be a bounded function on R? x R? satisfying (1.2). Then for every f € C,%(Rd),
1
T,bf(x) —fx) = / stﬁbf(x) ds foreveryt>0,x eR.
0
Proof. Note that by Theorem 3.9, for each bounded Borel function f in R4 ,

t t
T,bf(x)zP,f(x)—i—/ Tt’issbPSf(x)dszptf(x)Jr/ TPSP P, f(x)ds. (3.36)
0 0
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Hence, for f € Cg(Rd),
TP f(x) = f(x)
t t
= P~ () + / TPS? f(x)ds + / PSP (P, f — f)(x)ds
0 0
t t t
:/ PSA“/zf(x)ds—i—/ stShf(x)ds+f TPSP(Pr_s f — f)(x)ds
0 0 0
t t s
=/ TSbA“/zf(x)ds—f </ TrbSst_r(A“/zf)(x)dr> ds
0 0 0

t 1
+/ TSbSbf(x)ds—i—/ TPSP(Pi_sf — f)(x)ds
0 0

=ft TP (A% 4+ 8P) f(x)ds — ft(/t T,bSbPS_,(A“/Zf)(x)ds> dr
0 0

r

t
b [ 1S Pt = Pords
0
1t t t
:/ TP L f(x)ds —f TSP (P, f — f)(x)dr—i—/ TPSP(P_sf — f)(x)ds
0 0 0

t
:f TP LP f(x)ds.
0

Here in the third inequality, we used (3.36); while in the fifth inequality we used Lemma 2.2 and (3.30), which allow
the interchange of the integral sign | r[ with T,b S?, and the fact that

t t
/r Por (A% f) () ds = [ (%Ps_rf(x)) ds =Py f(X) = [ (). 0

Theorem 3.14. Let b be a bounded function on R? x RY satisfying (1.2). Then q®(t, x, y) is jointly continuous in
(0, 00) x R? x R4 and fRd qb(t,x,y)dy =1 for every x e R and t > 0.

Proof. By Lemma 3.12, we have

qb(t+s,x,y)=/ qb(t,x,z)qb(s,z,y)dz, x,yeRd,s,t>0. (3.37)
R4

Continuity of qb(t, x,y)in (¢, x,y) € (0,00) x R4 x R? follows from Theorem 3.7, (3.37) and the dominated con-
vergence theorem. For n > 1 and 7 € (0, T'], it follows from (3.1), Lemma 2.5, Theorem 3.6 and Fubini’s theorem that
for every t € (0, 1 A (Ag/||b]loo)® @A),

t
/qfi(t,x,y)dyzf / /q,?_l(t—s,x,z)Sfpo(s,z,y)dsdzdy
R4 R4 JRE JO

t
=f fq,}f_l(t—s,x,z)Sf(/ po(s,z,y)dy)dsdzzo.
R4 JO R4

Hence we have by Lemma 3.4,

fqu”(r,x,y>dy=fRd pot,x,y)dy =1

forre (0,1 A (A0/||b||oo)“/(“‘_ﬁ)]. This conservativeness property extends to all ¢ > 0 by (3.37). U
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Theorem 1.1 now follows from (1.10), Theorems 3.7, 3.9, 3.10, 3.13 and 3.14.

4. Coo-Semigroups and positivity
Recall that Ay is the positive constant in Lemma 3.4.

Lemma 4.1. Suppose that b is a bounded function on R¢ x R? satisfying condition (1.2). Then {Ttb ,t>0}isa
strongly continuous semigroup in Coo(R).

Proof. Note that ¢°(t, x, y) is jointly continuous on (0, co) x R? x R? and there are constants ¢; and c; so that
|qb(t,x, y)| <ciepi(t,x,y) foreveryt>O0andx,ye RY. 4.1)

Then by a similar argument of [9, Proposition 2.3], we can complete the proof. See arXiv version [13] of this paper
for details. ]

Lemma 4.2. Let b be a bounded function on R? x R? satisfying (1.18). For each f € Cgo(Rd), Ll f(x) exists
pointwise and is in Coo (RY).

Proof. Suppose that y € (0,2) and f € Cgo(Rd). Denote Z -1 |8 f(x)| by |ID?f(x)|. Let R > 1 to be chosen
later. Then for each x € R?, we have by Taylor expansion,

1
P y(x) = /Rd|f(x +2) = f) =V fx)- Z1{|Z‘5”|Wdz

IA

1
/Z|§l|f(x +Z) - f(-x) - Vf(x) . Z1{|Z|51}|Wdz

+/1<|Z|SR|f(x+z) (x)|| I‘”V dz+/|1|>R‘f(x+z) (x)|| |d+y

I /\

1
csup DG+ [ [feon) = fO0| g i R
lyl<1 1<[zI<R |z|4TY

For any given ¢ > 0, we can take R large so that cR77 || f || < &/2 to conclude that

Jim / [Fx+ 2= 0 = V@) - 2enl |d+y =0. 42)
By the same reason, applying the above argument to function x — f(x +y) — f(x) in place of f yields that for every

&> 0 and xg € R?, there is § > 0 so that D f(4y)—r(x0) < ¢ for every |y| < §. It follows from the last two displays,
the definition of £? and (1.4) that £? f (x) exists for every x € R? and L f € Coo (RY). O

Proof of Theorem 1.2. Since b satisfies condition (1.18), then £? f € Coo (R¥) for every fe C2 (R?) by Lemma 4.2.
Let £ denote the infinitesimal generator of the strongly continuous semigroup { ;1 >0} in Coo(R?), which is a
closed linear operator. It follows from Theorem 3.13, Lemmas 4.1 and 4.2 that for every f € C 2 (Rd) (Tb fx)—
f(x))/t converges uniformly to £? f(x) as t — 0. So C2 (R ¢ D(Ab) and LP f=1Lbffor feC? (Rd) In view
of Theorem 3.7, there are constants cq, ¢y > 0 so that (4. 1) holds. This implies that

sup fooe—”lz}”ﬂ(x)dr < call flloos f € Coo(RY)

xeRd JO

for every A > ¢. Observe that e~ T, b is a strongly continuous semigroup in Coo(Rd ) whose mﬁmtes1ma1 generator
is b — c2. The above display implies that (0, 00) is contained in the residual set ,o(L —¢p) of b — c3. Therefore by
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Theorem 3.14 and the Hllle—Y051da—Ray theorem [17, p. 165], {e~ ! Tb t > 0} is a positive preserving semigroup on
Coo(R?) if and only if L — cz satisfies the positive maximum pr1n01ple On the other hand, Courrége’s first theorem
(see [1, p. 158]) tells us that LP — ¢, satisfies the positive maximum principle if and only if for each x € RY,

A, —a) A(d,—B)b(x,z2)

d
>0 forae.zeR".
|Z|d+a |Z|d+/3 - <

Since e’CZ’Ttb has a continuous integral kernel e’CZ’qb(t, X, y), it follows that qb(t, x,y)>0on (0,00) x RY x R4
if and only if for each x € R?, (1.19) holds. If b(x, z) = b(x) is a function of x only, then by taking |z| — oo, one
concludes that (1.19) holds if and only if b(x) > 0 on R, U

5. Feller process and heat kernel estimates

Throughout this section, b is a bounded function satisfying condition (1.2) and (1.19). We will show that qb(t, X,y) >
0 and so it generates a Feller process X” that has strong Feller property. We further derive the upper and lower bound
estimates on ¢” (¢, x, y). We will first establish the Feller process X” and its connection to the martingale problem
for (£P,S (Rd)) under an additional assumption (1.18). We will then remove this additional assumption using an
approximation method and the uniqueness result on ¢?(z, x, y) from Theorem 3.10.

Suppose that b is a bounded function satisfying conditions (1.2), (1.18) and (1.19). Then it follows from Theo-
rem 1.2, Theorem 3.14, Lemma 4.1 and Theorem 3.8, T’ is a Feller semigroup. So it uniquely determines a con-
servative Feller process X b — {X f’, t>0,P,,x e Rd} having qb(t, X, y) as its transition density function. Since, by
Theorem 3.10, qb(t, X, y) is continuous and qb(t, x,y) < cle"ztpjwA (t, x, y) for some positive constants ¢1 and ¢y,
X" enjoys the strong Feller property.

Proposition 5.1. Suppose that b is a bounded function satisfying conditions (1.2), (1.18) and (1.19). For each x € R4
and f € C,f(Rd),

uf = £(xt) = 7x8) = [ 25 ()

is a martingale under Py. So in particular, the Feller process (X?,P,, x € R?) solves the martingale problem for

(LP, C3RY).
Proof. This follows immediately from Theorem 3.13 and the Markov property of X?. ([

We next determine the Lévy system of X?. Recall that

.A(d,—Ol) A(d’ _ﬁ)b(-x’y_x)
|x — y|d+e |x — y|d+h

JP(x,y) =

By Proposition 5.1 and a similar argument of [9, Theorem 2.6], we have the following proposition. (See arXiv
version [13] of this paper for a proof.)

Proposition 5.2. Suppose that b is a bounded function satisfying conditions (1.2), (1.18) and (1.19). Let f be a non-
negative function on Ry x R? x R? vanishing on the diagonal. Then for stopping time T with respect to the minimal
admissible filtration generated by X",

EXL;f(s,Xb Xb] U /Rd f(s, X2 u) g (x2, )duds].

To remove the assumption (1.18) on b, we approximate a general measurable function b(x, z) by continuous
k,(x, z). To show that qk" (t, x,y) converges to qb(t, X, y), we establish equi-continuity of qb (t,x,y) and apply the
uniqueness result, Theorem 3.10.
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Proposition 5.3. For each 0 <ty < T < 00 and A > 0, the function q°(t, x, y) is uniformly continuous in (t,x) €
(10, T) x R? for every b with ||b||s < A that satisfies (1.2) and for all y € R?.

Proof. In view of Theorem 3.11, it suffices to prove the theorem for A = Ao, where Ay is the constant in Lemma 3.4
(or in Theorem 1.1). Using the Chapman—Kolmogorov equation for qb (t, x,y) (see Lemma 3.12) and (3.30), it suffices

to prove the proposition for 7 = 1.
Noting that by (3.8)

t
q,’i(t,x,y)=/ /Rd polt —r.x,2)80q}_ (r. 2. y)dzdr.
0
Hence, for T >t > s > 19, x1, X3 € R4 and y € Rd, we have
g5 (s, x1.9) — qP(t. x2. )|
N
< / /d\po(s —rx1,2) = polt —r.x2,2)||SPql_ (r, 2, y)| dzdr
0o JR
! b b
+f /dpo(t —r,x2,2)|80q,_(r.z, )| dzdr
s JR
=:1+1I.
It is known (see [11]) that there are positive constants ¢; and 6 so that for any ¢, s € [fg, T] and x; € RY withi =1, 2,

—(d+0 0
|poCs, x1, ¥) = po(t,x2, )| < crty P (1t — 51 + 1xy — x2l)”, y € RY,

we have by (2.1), (3.12) and (3.35), for p € (0, 5/2),
e b b
1= /0 /Rd}po(s —r,x1,2) — pot —r,x2,2)||S2q,_ (r,z, y)| dzdr
N
+/ /Rd|po(s —rx1,2) — polt —r,x2,2)|[SPql_ (r. 2, y)| dzdr
s—p
o [*F
< 27D pm @O (1 — gV 4 |x) — xa) / /Rd fo(r.z, y)dzdr
0

s
+ 2D / /d(po(s —r,x1,2) + po(t —r,x2,2)) fo(r, 2, y)dzdr
s—p JR
e (T B ) N R =P R Rl (5.1)
Moreover, by (2.1) and (3.12),
t
1< 2—("—”/ /d pot —r,x2,2) fo(r,z, y)dzdr <2~ Dg=@+B/ep _ g (5.2)
s JR

Therefore, noting that

o0
4" (s, x1,3) = " (¢, x2, )| < | po(s, x1, ) = polt, x2, )| + D a7 (s, x1,3) — g5 (¢, x2, )],

n=1

then first taking |t — s| and |x; — x2| small, and then making o small in (5.1) and (5.2) yields the conclusion of this
proposition. O
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Proposition 5.4. Foreach 0 <tq < T < oo and A > 0, the function g°(t, x, y) is uniformly continuous in y for every
b with ||b||co < A that satisfies (1.2) and for all (¢, x) € (tp, T) x R4,

Proof. In view of Theorem 3.11, it suffices to prove the theorem for A = Ao, where Ay is the constant in Lemma 3.4
(orin Theorem 1.1). Using the Chapman—Kolmogorov equation for qh (¢, x,y) (see Lemma 3.12) and (3.30), it suffices
to prove the proposition for 7 = 1.

Define P (s, x, y) = po(s, x) — po(s, ¥). For s > 0, we have

8% po(s, y1) — 8% pos, y2)|
dh
<ci | |P(s,y1+h,y2+h) = P(s,y1,52) — (Viyym P (s, y1, y2), bl )| —
RY |h|d+P

2 2

< / A2 sup |2 pols. y1 4 61) — —— po +9h)‘ ah
=q —5 DPo(s, — —=po(s, » —_—
<1 6e0.1)] 3y? ay3 |h|d+h

dh
+c1 /h |poCs, y1 4+ ) — pols, y2 4+ h) — po(s, y1) + po(s, yz)\W
|>1

3

9 , dh dh
—PO(S,}’)‘D’I - Y2|/ |h|®—=——~=% + c2sup
dy3 lhi<1 |h|d+5 y

0
—po(s, Y)’m — | —
dy jhj=1 |h|4FP

< cpsup
y

<cslyp — yol[s @I/ 4 g (@H D/ (5.3)

where in the fourth inequality, |% Po(s, ¥)| < c3s~ @3/ can be proved similarly by the argument in Lemma 2.1.

Take p € (0, t9/2). Then for each n > 1, we have by (1.9), (3.35), Lemma 2.4, Lemma 3.4 and (5.3), that for (¢, x, y) €
(fo, 1) x RY x R4,

lab (e, x, y1) — g2t x, yo)|

S/Op /qu,'f,l(t—s,x,z)|Sfpo(s,z,y1)—Sfpo(s,z,y2)|dzds
+/pt /qu,’,’_l(t—s,x,z)ISfpo(s,z,yl)—Sfpo(s,z,yz)ldzds
<c2707D /Op /Rd pit —5.x,2)|SEpols. 2. y1) — S po(s. 2. y2)| dzds
+C42‘("_”/I/de1(t—s,X»Z)|SfPo(s,z—y1)—Sfpo(s,z—yz)|dzd5
o
< c52m =Dyl /Op A{d(lsfpo(s,z,yl)lJrISfpo(s,z,yz)!)dzds

t
+ 527D pm @Dy, —y2|/ /dpl(t —s,x,2)dzds
p JR

< c62_(n_1)t(;d/a,01_ﬁ/a +C62—(n—l)p—(d+3)/0l|yl — .
Therefore we have

lg" (. x. y1) — q° (2, x, )|

o o
—(n—1).—d — —(n— —
< |pott.x, y1) = polt.x, y)| + Y ee2 @ Ve pl=Ble 13" cga == p= I /ay g,

n=1 n=1

By first taking |y; — y»| small and then making p small yields the desired uniform continuity of ¢®(z, x, y). ([
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Theorem 5.5. Suppose b is a bounded function on R? x RY satisfying (1.2) and (1.19). The kernel g°(t, x, y) uniquely
determines a Feller process Xt = (Xf’,t >0,P,,x € Rd) on the canonical Skorokhod space D([0, 00), Rd) such
that IEx[f(Xf’)] = fRd g% (t,x,y) f(y)dy for every bounded continuous function f on R?. The Feller process X" is
conservative and has a Lévy system (JP(x, y)dy,t), where Jbis given by (1.25). Moreover, for each x € R4, (Xb,P,)
is the unique solution to the martingale problem (LP, S(R%)) with initial value x. Here S(RY) denotes the space of
tempered functions on R¥.

Proof. When b is a bounded function satisfying (1.2), (1.18) and (1.19), the theorem has already been established
via Propositions 5.1-5.2. We now remove the continuity assumption (1.18). Suppose that b(x, z) is a bounded func-
tion that satisfies (1.2) and (1.19). Let ¢ be a non-negative smooth function with compact support in R? so that
fRd @(x)dx = 1. For each n > 1, define ¢, (x) = np(nx) and k,(x, z) := fRd ©n(x — y)b(y,z)dy. Then k, is a
function that satisfies (1.2), (1.18) and (1.19) with ||k, [lco < 18]l c0-

By Theorem 1.1, Proposition 5.3 and Proposition 5.4, g¥ (¢, x, y) is uniformly bounded and equi-continuous on

[1/M, M]xR¢ x R? for each M > 1, then there is a subsequence {n ;) of {n} so that qk"j (¢, x, y) converges boundedly
and uniformly on compacts of (0, 0o0) x R4 x R4, to some continuous function q(t, x,y), which again satisfies (1.16).
Obviously, g (, x, y) also satisfies the Chapman—Kolmogorov equation and fRd q(t,x,y)dy = 1. By Theorem 3.7,

qk”/ (t, x, y) satisfies (3.23) and (3.25). By (3.1), Lemma 2.5 and the dominated convergence theorem, we have that

t
ﬁ(t,x,y)=po(t,x,y)+/0 /H;{d q(t —s.x,2)8 po(s, z, y)dyds

andq(t,x,y) <cpm,,(t,x,y) forevery0 <t < 1A (Ao/1b]loo)®/@=P) and x, y € R?. Hence we conclude from The-

orem 3.10 that g (¢, x, y) = qb(t, x, y). This in particular implies that qb(t, x,y) > 0. So there is a Feller process X4
having ¢®(t, x, y) as its transition density function. The proof of Propositions 5.1-5.2 only uses the condition (1.18)
through its implication that qb (t,x,y) > 0. So in view of what we just established, Propositions 5.1-5.2 continue to
hold for X? under the current setting without the additional assumption (1.18). The non-local operator £? satisfies the
assumptions [A] and [A>] of [23]. So by [23, Theorem 3], solution to the martingale problem ([,b ,S (Rd)) is unique.
Since S(RY) ¢ C go (R?), the proof of the theorem is now complete. O

For each A > 0, define
bi.(x,2) = b(x, D) {71 (2) + 5T (x, 2) 11212 (2). (5.4)

In the following, we use a method of Meyer [24] to construct from X b by adding suitable jumps, a strong Markov
process Y corresponding to the jumping kernel J b1 defined by (1.25) but with b;, in place of b.
Define J (x) = fRd (JAb* (x,y)— Jb(x, v)) dy. Then there exists a positive constant ¢ so that 0 < 7 (x) < ¢ for all

xeRY Letg(x,y) = W Let S; be an exponential random variable of parameter 1 independent of X,
Set
t
C, = / J(Xx?)ds, Ui =inf{t > 0:C, > S} (5.5)
0

Welet Y, = th for 0 <t < Uj and define Yy, withlaw g(Yy, ,-) = CI(X?hJ -), and then repeat using an independent
exponential random variable S> to define Us, etc. So the construction proceeds now in the same way from the new
starting point (U, Yy, ). Since J (x) is bounded, only finitely many new jumps are introduced in any bounded time
interval. In [24], it is proved that the resulting process Y is a strong Markov process. By slightly abusing the notation,
we still use P, and E, to denote the above constructed probability law and expectation induced on such enlarged
probability space under which Yy = x.

Lemma 5.6. For each x € R? and fe Cg(Rd ),

t
Ex[f(yt);t < Ul] = f(x) +Ex |:/0 (»Cb - j(YS))f(Ys)]]-{s<U1}dS:|-
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Proof. By the definition of U; and Ito’s formula, for each function f € C,f(]Rd ),
B[ (V)1 < U] = B[ f (XD)Lwy20] = B[ £ (X])e ]
t
= f(x) +E, U (£P — 7 (Xx2)) £ (xD)eC ds]
0

t
= f(x)+E, [ /0 (L2 = T(¥0) f (YD) s<vy) ds] O

Proposition 5.7. For each x € R? and f € CZ(RY),

. o
M = V) — F(¥) - /0 P F (v, ds

is a martingale under Py. So in particular, the strongly Markov process (Y, Py, x € RY) solves the martingale problem
for (L%, CZ(RY)).

Proof. Note that M,f is an additive function of Y. So by the Markov property of Y, it suffices to show that
]EX[M,f] = 0 for every x € R? and 7 > 0. Recall that U; is defined in (5.5), and denote by {U,,n > 2} the sub-
sequent jump adding times inductively defined according to the construction of Meyer [24]. For every « > 0, set
ug(x) =E, [fOU1 e~ f(Y;)dt]. We have by Lemma 5.6 and Fubini theorem that

U
Ug (x )-%+ —E, [/ 1e“’”(ﬁ”—ﬂn))f(n)ds].
0

Observe that in view of [28, p. 286] (see, for example, the proof of [15, Proposition 2.2]), for any non-negative function
@ on R and x € RY,

Uy
Ex[e *Vo(Yy,0)] = Ex[/o e‘“j(Ys)w(Ys)dS}

Set Up = 0 and let 6; to denote the time shift operator for the Markov process Y. Then we have from above and the
strong Markov property of Y that

00 e Uj+i &
EU e-“”f<Yt>dr]=ZExU | e_o”f(Yz)dl]=2Ex[e_aU-/ua(YUj)]
0 j=0 Uj j=0

ACY

1 o0
= D B f ()]

j=1

1 S Ujti
. Z [ f (L) — T () f(¥y) ds]
Ol =0 U;

J

O{

f(x) I [ et
g [ -Adf<y>q(YUj,y>dy}

+1g, [ / (L — J(Ys))f(Ys)dS}
0

o
_ f(x) Z |: —OZUJ ]/ f(y) aU]q(YUl ,y))OQUj ldyi|

1
o a
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1 [} U
IO e [ o[ e aonaas) oo, a]
o o i R4 0

+ lEx [ / e s (Lh - J(m)f(YS)ds}
o 0

_f(x) 1 o —as
_f® g / £ / e T (Y)q(Ys, ) ds ) dy
o o R4 0

+ é}Ex [ / (L — J(Ys))f(Ys)dS}
0

+ / e s (Lh - j(Ys))f(Ys)dS:|
0

IS

AR TS [ / ew(gb F)+ / J(Ys)q(Ys,y)(f(y)—f(Ys))dy) ds}
o ot 0 R4

_ fx) " lEx |:'/°°e_as£3;\f(ys)dsi|'
o o 0

By the uniqueness of the Laplace transform, we conclude from above that E, [M ,f ]=0forallz>0and x e RY. [

Note that bk defined by (5.4) is a bounded function on R4 x R4 satisfying (1.2) and (1.19). By Theorem 5.5, the
kernel qbA (t, x, y) uniquely determines a Feller process X by — = (X; 2 ,t>0,P, x € RY) on the canonical Skorokhod
space D([0, c0), R%), and (X b , Px) is the unique solution to the martingale problem for (LbA S(R?)) with initial
value x. This, together with Proposition 5.7 implies that the process Y coincides with X b in the sense of distribution.

Theorem 5.8. For every A > 0 and A > 0, there is a positive constant C15 = C15(d, «, B, A, L) such that for any
bounded b satisfying (1.2) and (1.19) with ||bllcc < A,

g’ x,y) < Cispmy, , (t.x,y) fort€(0,1]andx,y€ RY.

Proof. Noting that 791 is a bounded function on R¢ x R? with ||i)\x||<>Q < |1b|lso satisfying (1.2) and (1.19), then by
Theorem 1.1, there is a positive constant C = C(d, , B, A, A) so that

qa(t,x, y) < Cpr#A(t,x, y) forte(0,1]and x,y € RY. (5.6)

Let {M,},>0 be the filtration generated by X?. Note that XP* has the same distribution as Y. Then by Lemma 3.6 in
[2], for any A € M,

P (X € A) =P*(Y; € A) = P*({Vs = XL forall 0 <5 <1} N A) > eI Iep¥ (X € A).
Hence by (5.6), g% (1, x, y) < e”j”mqa\(t,x, y) < Ce”J”mpr+ (t,x,y) fort € (0,1]and x, y € R, ([l
For a Borel set B C R, we define rg =inf{t > 0: Xg’ ¢ B} and og :=inf{t > 0: th € B}.

Proposition 5.9. For each A > 0 and Ry > 0, there is a positive constant k =k (d, o, 8, A, Rg) <2%(1 — (1/3)%) so
that for every b satisfying (1.2) and (1.19) with ||b|lss < A, r € (0, Ro] and x € R¢,

| =

P (T ) < K7%) <
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Proof. Let f be a C? function taking values in [0, 1] such that £(0) =0 and f(u) = 1 if |u| > 1. Set fr,(y) =
f(y ). Note that fx T is a C? function taking values in [0, 1] such that f; ,(x) =0 and f; ,(y) =1if y ¢ B(x,r).

{’*a'y(y)| <r- sup} eRd Igyf(V)| Denote Z |82 f(x)| by |D?f(x)|. By Taylor’s formula, it

Moreover, supcpd |
follows that

i,j=1

1
|£”er<u)|<c1/|fxr(u+h) Fer@) = (V fer (), h>1{|h.<r}|(|h|d+a W)dh

1 1
< || D? 72/ h* —— + —— )dh
_62” f”OOr |h‘§r| | |h|d+0‘ + |h|d+ﬁ

1 1
+elfl / (—+ )dh
% Juppsry \JR|d+e T |p|d+p
<o3(r+rP) <es(1+ RS,

where ¢; =c¢;(d, o, B, A), i = 1,2, 3 are positive constants. Therefore, for each ¢ > 0,

BN wps 1
Pa(Theer <1) < Bl for (X! M)]—fx,r<x>=Ex[fo " £bfx,r(X§?)ds}scs(1+Ro ")a

TB( o)
Setk = (2%(1 — (1/3)¥)) A (2c3(1 + Rg*ﬁ))—l, then Px(rg(x,,) <kr%) <1/2. O
Recall that mp 5 = essinf, ;cpa ;)= D(X, 2).

Proposition 5.10. For every A >0, A > 0,0 <¢& < 1 and Ry > 0, there exists a constant C1¢ = C16(d, o, B, A, X,
&, Ro) > 0 so that for every b satisfying (1.2) and (1.23) with ||b|lcc < A,r € (0, Rgl and x, y € R? with |x —y|>3r,

1 mp+
b o d+a bt
PX(GB(y,r)<Kr )ZC16I’ <|x_y|d+a + |x_y|d+/3>'

Proof. By Proposition 5.9,

1
2

o

Ex[Kr"‘ A tg(x’r)] > kr®P, (rg(x ) =K ) kr®.

Note that J?(x, y) > mp+ 3 Ad, —B)|x — y|_d_ﬂ1{|x_),|>k}. Thus by (1.23) and Proposition 5.2, there are positive
constants c; =cy(d,a, B) and c; = c2(d, o, B, A, A, &, Rp) so that

Pa(0) <#r*) 2 Pe(X( g € BOP))

o
Kr /\‘[B(

Kr“ArB(X’r) b b
=E, J (Xs,u)duds
0 B(y.r)

o b € Mp+ .5
> c1E[kr /\rB(x’r)] /B(y r)<|x — e + X — ydiP Tjjx— y>A}>d

1 mpy+

d+a bt L

> CrEKT < + )
|x — yldte " |x — y|d+h

Here in the last inequality, we used the fact that |x — y| =@+ > (1 £ 2P A) 71 (|x — y|7@HD) oy, 5 - |x — y|~@HP)
for |[x — y| < A. O
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Proposition 5.11. For every A > 0, there exists a constant C17 = C17(d, «, B, A) > 0 so that for every bounded b
that satisfies (1.2) and (1.19) with ||b|les < A, and 3r < |x — y| < Ry := %(ZA%)I/U’_‘”,

rd+a

b
PX(UB(er) < Kra) Z C177|x — y|d+01 .

Proof. Note that for w € B(x,r) and u € B(y, r), we have |w — u| < 3R, thus

CLAG—p 1 Ad -

|lw — u|d+e |w — u|d+p T |lw — u|dte lw — uldtF = 2 |w — uldte’

Jb(u), uw) = .A(d, —o) + .A(d, —ﬁ)b(x, U—x) - Ald, —a)

By a similar argument as that for Proposition 5.10, one can obtain the desired conclusion. See the arXiv version [13]
of this paper for details. |

Theorem 5.12. For every A > 0, ¢ € (0, 1) and A > 0, there are positive constants C1g = C13(d, o, 8, A, X, &) and
Ci9=Cr9(d, a, B, A, A) such that for any b with ||b|lcc < A that satisfies (1.2) and (1.23),

Ci8Pmys , (1,5, ) <q"(t,x,y) < Cropu,. , (1,x,y), 1€(0,1],x,y e R (5.7)

Proof. Noting that the condition (1.23) in particular implies (1.19), so the upper bound estimate follows immediately
from Theorem 5.8. We only need to prove the lower bound. Let §p :=1 A (Ag/ A/ @=P) (3.24) together with (1.8)
also yields that for any ||b||c0 < A4,

g’ x, ) = cot™% fort e (0,80] and |x — y| < 3¢/, (5.8)

Here cp = co(d, «, B) is a positive constant. For every ¢ € (0, §9], by Proposition 5.9 and Proposition 5.10 with Ry =1,
r =t/ /2 and the strong Markov property of the process X?, we get for [x — y| > 3¢/,

Py (X5, € B(y.1'%))
> P, (Xb hits B(y, tl/“/2) before 27 %kt and stays there for at least 2~ %« units of time)

> Px( < 2—01/<t) inf P, (Tll;(z,tl/a/2) > 2—05;(2‘)

z€B(y,11/%/2)

1 mp+
(d+a)/a bt,A
>yt (|x—y|d+“+|x—y|d+ﬂ>' 5.9

b
OB(y,1/e)2)

Here c; =c1(d, a, B, A, X, ¢) is a positive constant. Hence, by (5.8) and (5.9), for |x — y| > 3t1/¢ and 1 € (0, 8],
qb(t, x,y) > / qb(Zfo‘Kt, X, z)qb((l — 27“/c)t, z, y) dz
B(y,t1/#)

> inf ¢"((1-27%)t, 2, y)P: (X5, € B(y.1'7%))
z€B(y,tl/®)

1 mp+
—d/a (d+a)/a bt
=t (Ix—yld+“+|x—y|d+ﬂ>

t t
zc2(| 4 e ) (5.10)

x =yl x — y|dth

where ¢2 = c2(d, o, B, A, A, €) > 0, the third inequality holds due to |z — y| < 71/* < 3((1 — 27%)7)!/* when «k <
2%(1 —37%) and (5.8)—(5.9). Finally, (5.8), (5.10) together with (1.10) and the Chapman—Kolmogorov equation yields
the desired lower bound estimate. O
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Theorem 5.13. For every A > 0 and A > 0, there are positive constants Cy = Cy(d, o, B, A), k = 20,21 and Cy =
Cxn(d,a, B, A, A) such that for any bounded b satisfying (1.2) and (1.19) with |b|lc < A,

Co0Po(t, Co1x, Co1y) < ¢"(t, x,y) < Coapm,, (1, x, ) fort€ (0, 11and x,y € R?, (5.11)

Proof. By Theorem 5.8, it suffices to prove the lower bound of ¢?. Let 8y := 1 A (A9/A)*/©@~#) By Chapman—
Kolmogorov equation, we only need to consider (5.11) for ¢ € (0, §p]. By (1.20), (1.21) and (3.24), it suffices to prove
(5.11) when |x — y| > 3t1/% and ¢ € (0, 8o]. Let R, be the constant defined in Proposition 5.11.
First, by a similar argument as in the proof of Theorem 5.12, there exists ¢» = c2(d, @, B, A) > 0 such that for
R, > |x —y| > 3¢l/e,
b
gt x,y)= Sy F— g (5.12)
Next we consider the case |x — y| > R, > 3¢t1/® Take C, = R*_l. Then |x —y| > R, = C*_l >1t/C, fort € (0, do].
Set R:=|x —y| anchrzR*_l Vv 1.Let!>2beanintegersothatc+R </ <ctR+1,and x = xp, x1,...,x; =y be
such that [x; —x;_1| < R/l =< 1/cy for1 <i <1l —1.Since t/l < CyR/I <Cy/cy+ <l and R/l <1/cy < Ry, we
have by (5.8) and (5.12),

t/l

q"(t/1,xi, xig1) > C2<(t/l)d/a " ®RiDT

>zcz((t/l)d/”‘ A (/D) = estl. (5.13)

Then by (5.13) and a similar chain argument as in [8, Theorem 3.6], we have

t c4lx—y|
b _ 1/a
q (t,x,y)EC3<| |> y =yl > Re>3r7%. (5.14)
X—y
By (5.12), (5.14) and together with the estimates of p; in (1.20)—(1.21), we get the desired conclusion. O
Proof of Theorem 1.3. Theorem 1.3 now follows from Theorems 5.5, 5.12 and 5.13. U

To prove Theorem 1.5, we use the main result in [10] of the heat kernel estimates for non-local operators under the
non-local Feynman—Kac perturbation. For each Borel function ¢(x) on R? and Borel function F(x, y) on R¢ x R4
that vanishes along the diagonal, we define a non-local Feynman—Kac transform for the process X as follows:

TF f(x) = E, |:exp</t q(X2)ds+Y F(x!_. Xf))f(xf’)]. (5.15)
0 s<t

By Ito’s formula, Proposition 5.1, the Stieljes exponential expression for the Feynman—Kac transform, and the Lévy
system formula in Proposition 5.2, we have the following proposition. See the arXiv version [13] of this paper for the
details of its proof.

Proposition 5.14. Suppose b is a bounded function on R? x R satisfying (1.2) and (1.19), q is a bounded function
onR¢ and |[F(x,y)| <c(x— y|2 A 1) for some constant c. Then for each f in CZ(]Rd),

t
le,Ff(x) — f(x) +/ st,Fﬁb,Ff(x) ds.
0

where L2F f(x) = L0 £ (x) + [a(eF Y — 1) fF( TP (x, y) dy + g (x) f (x).

Proof of Theorem 1.5. Let by(x, z) = b(x, 2)1|;<1(z), which is a bounded function on R4 x R4 satisfying (1.2) and
(1.19). By Theorem 1.3, qb" (t, x, y) is continuous on (0, 00) x R? x R and

Capolt,x,y) <q™(t,x,y) < C3po(t, x, ) (5.16)
forall (r, x,y) € (0, 1] x R? x R4,
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Set F(x,y) =log % and g(x) = fRd(JbO (x,y) — Jb(x, ¥))dy. It is easy to see that g is a bounded function
on R4 band Jb x,y)=1J bo (x,y) for |[x — y| < 1. Moreover, there exist two positive constants c¢3 and c4 so that
J7(x,y)
T0(ry) =
IF(x,y)] < cs(jx — ] A1). Let T? be the semigroup T,”*¥ defined by (5.15) but with by in place of b. By (5.16)
and [10, Theorem 1.3], the non-local Feynman—Kac semigroup (Tth"’F, t > 0) has a continuous density gz, x, y) and

there is a positive constant cg so that for all (¢, x, y) € (0, 1] x R? x RY,

3 < ¢4 for all |x — y| > 1 and any bounded b with ||b||o < A. Hence, there is a positive constant cs so that

cglpo(t,x,y) <q(t,x,y) <cepolt,x,y). (5.17)

On the other hand, by the definition of F(x, y) and ¢g(x), for each f in Ci(Rd), ,CbO’Ff(x) = L? f(x). By taking

Ttbo,F

f =1 in Proposition 5.14, we get 1 = 1. Hence g(¢, x, y) uniquely determines a conservative Feller process Y

with {Ttbo’F; t > 0} as its transition semigroup. Proposition 5.14 implies that the distribution of Y on the canonical
Skorokhod space D([0, 00), R?) is a solution to the martingale problem (L, Cg (R%)) and in particular to the martin-
gale problem (£b, S(RY)). However by Theorem 1.3, martingale solution to the operator (,Cb ,S(RYY) is unique. This
yields that 7 = ¢” and so we get the desired conclusion from (5.17). ]
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