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Abstract. We find a lower bound for the Hausdorff dimension of times that a Liouville Brownian motion spends in thick points
of the Gaussian Free Field, as a function of the thickness parameter. This completes a conjecture in Berestycki (Ann. Inst. Henri
Poincaré Probab. Stat. 51 (2015) 947-964), where the corresponding upper bound was shown, thereby charactarising the multi-
fractal spectrum of LBM.

In the course of the proof, we obtain estimates on the (Euclidean) local diffusivity exponent, which depends strongly on the

2

thickness of the starting point. For a Liouville typical point, it is 1/(2 — VT)' In particular, for y > +/2, the path is Lebesgue —
almost everywhere differentiable, almost surely. However, depending on the thickness of the point it can be both locally sub- and
super-diffusive.

Résumé. Nous trouvons une limite inférieure pour la dimension Hausdorff de I’ensemble des temps qu’un mouvement brownien
de Liouville (LBM) passe dans les points épais du GFF, en fonction du parametre d’épaisseur. Ceci démontre une conjecture de
Berestycki (Ann. Inst. Henri Poincaré Probab. Stat. 51 (2015) 947-964), ou la limite supé-rieure correspondante était obtenue,
caractérisant le spectre multifractal du LBM.

Au cours de la preuve, nous obtenons des estimations sur 1’exposant local de diffusivité (euclidien), qui dépend fortement de

2
I’épaisseur du point de départ. Pour un point Liouville typique, nous trouvons 1/(2 — YT)’ Notamment, pour y > ~/2, la trajectoire
est Lebesgue — presque partout dérivable, presque slirement.
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1. Introduction

The goal of this paper is to study the multifractal nature of Liouville Brownian motion. This is a process which was
introduced in [6] and [10] as the canonical diffusion in planar Liouville quantum gravity, also known as Liouville
quantum field theory. (In fact, it is a diffusion in the geometry defined by the exponential of the Gaussian free field,
but locally these two geometries are absolutely continuous with respect to each other. See Remark 1.7 for more detail.)
Liouville quantum gravity and its geometry have themselves been at the centre of remarkable developments recently.
We point out, among many other works, [7,9,22].

Liouville Brownian motion (LBM for short) can be thought of as the canonical diffusion in this geometry, and is
also a useful tool for exploring it. In fact, Watabiki already considered the object (in a non rigorous way) in an attempt
to describe the metric and fractal structure of Liouville quantum gravity [27]. This led him to propose a formula for
the Hausdorff dimension of the random metric space. In the papers [6,10], the authors rigorously construct LBM. The
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Fig. 1. Simulation of LBM on the surface of a GFF.

theory is further developed in [11] where the heat kernel of LBM is constructed which allows, amongst other things,
for a calculation of the spectral dimension in [24]. In [7], the authors use the heat kernel of LBM to give a new proof
of KPZ relation, which suggests that Liouville Brownian motion can be used for exploring the multifractal nature of
Liouville quantum gravity. This is precisely the purpose of the present paper, as the main result is a calculation of the
multifractal spectrum of LBM. An example of the LBM exploring the surface of the GFF can be seen in Figure 1.

The multifractal nature of the problem presents a significant challenge compared to the monofractal situation. For
instance, in the Euclidean case the Holder exponent of Brownian motion is everywhere 1/2 (see for example [20]).
In contrast, we will see that Liouville Brownian motion has local Holder exponents (with respect to the Euclidean
metric) which depend crucially on the thickness of the point where it is started. In particular, a single LBM can be
both sub- and super-diffusive, locally.

A related problem is that of heat kernel estimates. On deterministic monofractals, heat kernel estimates can be
made very precise. See [3] for an example of Brownian motion and its heat kernel on the Sierpinski gasket. However,
getting good estimates for the heat kernel of Liouville Brownian motion appears to be much more difficult. The
spectral dimension was found in [24], and the current best bounds are obtained in [2,19].

The general structure of the paper is as follows. In the remainder of this section, we state the main results and
try to give the intuitive idea behind the proof. In Section 2 we will briefly introduce the objects and definitions we
use throughout the paper, providing references for the reader should they need more detail. In Section 3.1 we show
that the quantum clock process has finite moments around times when the Brownian motion is conditioned to be
in a thick point, and derive crude tail estimates for the quantum clock from those bounds. In Section 3.2 we use a
quantitative version of Kolmogorov’s continuity argument to obtain a concentration result for the harmonic projection
of the Gaussian Free Field onto a disc. The concentration result serves as an analogue of the scaling relation enjoyed
by exactly stochastically scale invariant fields. In Section 3.3 we combine the results from the previous sections to
show Holder like properties of the quantum clock process F, . Finally, in Sections 3.4 and 3.5, we complete the proof
of the main theorems, using the regularity results obtained in Section 3.3.

1.1. Statement of results
Let i be a zero boundary Gaussian Free Field, defined in a simply connected proper domain D C C. One of the

difficulties of working with a GFF is that it is not defined as a function, so we cannot say what value h(z) takes, for
z € D. However, it is regular enough that we can talk about its average value on a set. We will usually take that set to
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be the circle of radius ¢ > 0 centred at a point z € D, and call that average %.(z). Let {h.(z); ¢ > 0},cp be the circle
averages of h. We will define both the GFF and its averages more precisely in Section 2.1.
Recall that Hausdorff dimension of a set E is defined as

dimpy (E) =inf{s > 0: H*(E) =0},

where H®(E) is the s-Hausdorff measure of E. (We will present the definition more thoroughly in Section 2.4.) For
a > 0, the set 7, of a-thick points is given by

h
To = {Z €D :lim £(@) :oc}.
By a theorem in [15], it is known that the (Euclidean) Hausdorff dimension of 7y, is

2
dimp (T,) = max<0, 2— %)

almost surely.

Let 0 < y < 2. We will denote by Z¥ a y-Liouville Brownian motion, formally defined as follows. Let B be
a Brownian motion killed upon leaving D, started from a single, prescribed point. We define its (quantum) clock
process F, to be

t 2
E, (1) :/ VMBI EINB] g
0

and the LBM is given by Zty =B -1 " It is not trivial to make sense of this definition. This was done in [6] and [10],
Y

where further properties were also proved. We recall the construction more precisely in Section 2.3.
The main goal of this paper is to prove the following bound:

Theorem 1.1. Fix «,y €0, 2), and let ZV denote a y-Liouville Brownian motion. Then, almost surely,

. 1_a_2
dlmH({t:Z;VETx})il_ﬂiy_z’
2 2

where dimpy refers to the Hausdorff dimension.

The proof of Theorem 1.1 follows similar lines as the proof of Theorem 4.1 in [23]. (We point out, however,
that many of these techniques originate in the papers [4,5] by Barral.) Long range correlations introduced by the
Brownian motion and the lack of exact stochastic scale invariance of the field create a few more technical difficulties
to overcome. The authors of [23] proved their result for an exactly stochastically scale invariant field, and claimed
that the result generalised from that to all log-correlated Gaussian fields. However, we were also unable to follow the
generalisation of their proof, which used a non-standard application of Kahane’s convexity inequality; instead we rely
on Lemma 3.5, a quantitative version of Kolmogorov’s continuity argument, as well as the Markov property of the
GFF to replace scale invariance.

Theorem 1.1, combined with Theorem 1.4 in [6], gives us the following corollary:

Corollary 1.2. Fix a,y €[0,2), and let ZV denote a y-Liouville Brownian motion. Then, almost surely,

[N]

1— <
. 4 _ 4
dlmH({t.Zl 67;})—71_%_’_)/_.

Similar results for diffusions on deterministic fractals were given in [12].



252 H. Jackson

The key to our proof is good estimates on the regularity of the clock F, around a-thick points. For a given «, we
do not get the regularity results around all of the «-thick points, but we do get it around almost all of them, for the
correct choice of measure. If we define the measure p, by setting, for s <¢,

Ma([57t]) = Fo (1) — Fy(s),

then, by [6], iy is supported on {¢ : B; € 75} and we will show that F, behaves polynomially for 1, -almost every ¢,
in the following sense:

Theorem 1.3. Fix o,y € [0,2). Then, for py-almost every t > 0, the change of time F,, has the following growth
rate:

lim log |F)(t) — F, (t +7r)| _
r—0 log ||

2
ay |V
l— — 4+ —,
2 4
almost surely.
When we combine the regularity of the clock F, with known regularity properties of Brownian motion, we are

able to find a bound on the small time behaviour of LBM. Let us call M, the Liouville measure constructed from a
GFF with parameter «, which is defined as the weak limit (in probability)

Ma (dZ) =lim 8“2/2e0‘h£(1) dz.
el0

The measure M|, is almost surely supported on the set of «-thick points and so, if we choose a point in D according
to M,, it will almost surely be an «-thick point of the GFF.

Corollary 1.4. Fix«, y €0, 2). Suppose that the starting point of a y -Liouville Brownian motion is chosen according
10 My, i.e. Z) ~ M. Then

log |Z? 1
lim sup oglZ;| - .
o logt gy 4 ¥

almost surely.

Remark 1.5. When o = y (which, from a result in [6], is the case for Lebesgue-almost all times), the diffusivity

2
exponent is 2 — VT Also observe that a single process can be both super-diffusive (e.g. when o = 0) and sub-diffusive
(e.g. when a = y).

Finally, we will show the following result about the differentiability of a Liouville Brownian motion, for certain
values of the parameter y .

Corollary 1.6. Let y € (v/2,2). Then the y -Liouville Brownian motion ZV is Lebesgue-almost everywhere differen-
tiable with derivative zero, almost surely.

Remark 1.7. We now give more details on the between the geometry of Liouville quantum gravity and that of the
exponential of the Gaussian free field. Liouville quantum gravity geometry is rigorously constructed on the sphere
in [8] and on the unit disc in [16]. We present a brief simplified overview of the planar domain case here, ignoring
boundary effects which add a few complications. We want to construct a random metric g on a proper subdomain
D C C, which can be written as g = ¢?" g, where § is a smooth reference measure and 4 : D — R is a random field.
The field & has a law which we can understand heuristically by the equation, defined for suitable functionals F,

E[F(h)] =%/F(h)e_s(h'§) dh, (L.1)
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where the measure dh is a formal uniform measure on some set of maps 4 : D — R, and Z is a normalising constant.
The exponential weighting factor S is the Liouville action, given by

1 .
S(h, $) = E/D(|agh|2+ ORzh + 4 e’ g, (1.2)

where 85’, R; and A are the gradient, Ricci scalar curvature and volume form in the metric g, the constant Q is
givenby O =2/y 4+ y/2, and u > 0 is a parameter which plays the role of the cosmological constant. When we take
g= dz2, the Euclidean metric, then (1.2) reduces to

S(h,dzz)zﬁf (IVA* + 47 pe’™) dz.
D

Hence the exponential of the GFF, on which this paper is focussed, corresponds to the case p = 0. Indeed, in that
case (1.1) formally defines a GFF. In general, the law of 4 is weighted by e~47#My D) the exponential of (a constant
times) the total quantum mass of the domain. It is therefore locally absolutely continuous with respect to a GFF, hence
the results of this paper remain valid for “true” LBM.

1.2. Intuition behind the proof

Since we are looking at the dimension of times that a y-LBM spent in «a-thick points, it helps us to first note the
following lemma. It is not used in the proofs of the main theorems, but it provides motivation for them.

Lemma 1.8. Let « € [0, 2).The Hausdorff dimension of time that a Brownian motion B spends in the a-thick points
of a GFF is given by

almost surely.

Proof. Let [B] denote the path of the Brownian motion B. Kauffman’s dimension doubling formula for Brownian
motion (see, for example, Theorem 9.28 of [20]), tells us that

2dimy ({t : B; € To}) = dimp (7o N [B])

almost surely. But then, since B is independent of the GFF and hence 7, by a theorem due to Hawkes [13,14] (clearly
stated and proved as Corollary 5.2 in [21]), we know that

dimy (7o N[B]) = dimy (7o)

almost surely. The result in [15] gives us that

Ol2
dimg (Ty) =2 — 5
almost surely, which completes our proof. (]

Recall the result that, if a function f is B-Holder continuous, then for any suitable set E we have the bound
1
dimy (f(E)) < EdimH(E). (1.3)

Let us call the set T, = {t : B; € T,}. Then notice that F,, (Ty) is the set of time spent by y-Liouville Brownian

motion in a-thick points. We will show that the inverse of the change of time, Fy Uis ayl e -Holder continuous
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around « thick points, allowing us to see that

2 2
1— “? = dimy (T,) = dimp (F 1 (Fy (1)) < (1 - % n %) dimy (Fy (T)).

where the final inequality comes from a result very similar to that in (1.3). (We cannot use that result exactly, since the
Hoélder continuity property of F,~ !'is restricted to a subset of its domain. We will discuss this further in Section 2.4.)

Rather than showing the regularity of F~ I directly, we will find properties of F, and use them to deduce results
about the inverse. However, showing the regularity properties of F,, around a single thick point, while useful, is not
enough. We want to look at the regularity of F,, simultaneously around all -thick points that the Brownian motion
B visits. This is where we use the upper bound that was previously found in [6]. The upper bound is enough to show
that a y-LBM, Z7, spends Lebesgue-almost all of its time in y-thick points, almost surely. Our trick, therefore, is to
construct two Liouville Brownian motion processes simultaneously on the same underlying path B; one will use the
parameter y, the other will use the parameter «. Then, if we sample a time uniformly at random and look at where the
process Z% is, it will almost surely be an «-thick point. Since the process is constructed using the Brownian motion
B, we know that B must pass through that particular «-thick point at some time ¢, say. But then we know that F), (t)
corresponds to a time that ZV is in an «-thick point.

Using this procedure, we can construct a measure on the (Euclidean) set of times that Z? spends in «-thick points.
We can then sample a time at random from this measure, and look at the regularity properties of F), around that time.
This idea is more thoroughly fleshed out in Section 3.3.

2. Setup

We will now collect a few of the definitions and results that we use throughout Section 3. Throughout, we let D be
a simply connected, proper domain in C. By conformal invariance of Liouville Brownian motion (including its clock
process) we can assume without loss of generality that D is bounded. (See Theorem 1.3 in [6].)

2.1. Gaussian free field

We will briefly introduce the Gaussian Free Field here, mostly to clarify our notation. For more detail see, for example,
[26] or the introduction of [9].

Before we can define the GFF we need to define the Dirichlet inner product. For any two smooth, compactly
supported functions ¢ and ¢ defined on D, we define the Dirichlet inner product as

1
@, ¥y = 2—/ Vo) - Vi () dz.
T JD

We can now define the Gaussian Free Field.

Definition 2.1. Let HO1 (D) be the Sobolev space given by the completion under the Dirichlet inner product of smooth,
compactly supported functions defined on D. The Gaussian Free Field is a centered Gaussian process on the space
Hl (D).

0

A consequence of the Hilbert space definition given above is that for any two functions f, g € Hd (D), the random
variables (h, f)v and (h, g)v are centred Gaussian random variables with covariance

cov ((h, f)v, (h,g)v) = (f. g)v-

This means that we can define a regularisation of the GFF, and we know about its covariance properties.

Definition 2.2. The average of the GFF & on a circle of radius ¢, centred at a point z € {7 € D : dist(z’, 3D) > ¢} is
defined as as

he(2) = {h, &)y
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The function &7 is given by
51 =—log(lz =y v &) +dF (), @D
where E is harmonic in D and is equal to log(|z — y| Vv ¢) for y € 9D.

The reason that we think of the above definition as giving the circle average of the GFF is that, as a distribution,
we have that —A&Z = 2mvZ, where 17 is the uniform distribution on the circle centred at z with radius e. Therefore,
integration by parts gives us

(. 85)g = (h. vE).

where (-, -) refers to the standard L? inner product. We will use a continuous modification of the circle average process
{he(2); € > 0}, cp throughout. For more detail, see Propositions 3.1 and 3.2 in [9].

The following lemma will be useful in Section 3.2, as it allows us to use properties of the log function rather than
relying on the abstract definition of E[A (x)h,(y)].

Lemma 2.3. Let h be a zero boundary GFF defined on a simply connected domain D. For any subdomain D which
is compactly contained in D, there exists a constant C > 0 such that, for all 0 < ¢,n <dist(D, D) withn <&,

1

1
log——— — C <E[hs(x)h <log——— +C
g, Cs [he(X)hy(¥)] <log +

lx —yl+e

forallx,y e D.

Proof. First note that, by definition, E[h, (x)h, (y)] = (§7, 5,7 )v. Integration by parts lets us write that as (§7, ény v =
(£X,vy)). Since x, y € D are uniformly bounded away from 9D, D is a bounded domain, and $¥ (defined in (2.1)) is
harmonic in 75, we know that there exists a constant C such that

—C<¢f(y)=C (22)

forallx,y e Dand ¢ > 0. So, to complete the proof, it is sufficient to find bounds on (—log(|x —-| V ¢), v;;'). To that
end, we claim that, for all x, y € D and u € D such that |[u — y| < n, we have

(lx—yl+e)<|lx—ulve<|x—y|+e. (2.3)

[SSHI

The right-hand inequality follows directly from the triangle inequality. For the left-hand inequality, note that

Myt e) < b —ul+ 2
—\[X — £ — (X —U —&
3 4 =3 3

by the triangle inequality. Then, if |[x — u| < ¢, we see that

2
§|x—u|+§e§8:|x—u|\/e,

and if |x — u| > &, we see that

1

2
—x—u|l+=-¢<|x—u|l=|x—-u|Vve.
3| | 3 <| =1 |

Now, the inequalities in (2.3) imply that, for all x, y € Dandu € dB(y, n), there exists some constant C such that

—log(jx — y|+&) — C < —log(|x —u| ve) < —log(lx — y| +¢) + C.
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When we average over u € d B(y, n) therefore, we find that
—log(|x —y| +8) —C< (—log(|x — Vs), v;) < —10g(|x —y| +8) +C,
which, when we combine it with (2.2), completes the proof. O

One of the properties of the Gaussian Free Field which we will use is the domain Markov property. It roughly states
that, given a subdomain ¢/ C D, the GFF h on D can be decomposed as the sum of a zero boundary GFF / on U and
the difference, phar — p — h, which is independent of 4 and harmonic on /.

Proposition 2.4 (Markov property). LetU C D be a subdomain of the simply connected domain D. Let h be a GFF
on D. Then we can write h = ' + h, where

1. {zhar and h are independent,
2. his a zero boundary GFF on U and zero on D\ U,
3. A" is harmonic on U and agrees with h on D\ U.

Note 2.5. We will often refer to 4" in the decomposition above as “the harmonic projection of & onto /.”

We now define the set of «-thick points of the field . We can think of these as a kind of “level set” of the field. We
are interested in how much time the Liouville Brownian motion spends in these points, for « € [0, 2) in particular.

Definition 2.6. The set of a-thick points, 7y is

2.2. Scale invariant Gaussian field

To help with calculations in Section 3.1, we introduce a centred Gaussian field ¥ defined on the whole complex plane,
following the presentation of [23]. We use this particular log-correlated field because it has the exact stochastic scale
invariance property. A great deal more information about log-correlated Gaussian fields and the measures created
from them (those of Gaussian multiplicative chaos) can be found in [17,25] for example, and more about the scaling
relations which log-normal random measures satisfy can be found in [1].

Informally, we define the field Y to be a centered Gaussian field on C with covariance function

E[Y (x)Y (y)] =log, +C

Ix =yl

for positive constants 7 and C. For simplicity, we will take 7 = 1 and C = 0 throughout. Although we want to view
Y as a random field (and have called it a field so far) it is not defined pointwise, so strictly we should be calling it a
distribution rather than a field. We will always be using regularisations of Y, however, which avoids this problem. We
give the precise definition using the white noise decomposition of Y':

Definition 2.7. Let (Y;).c(0,1] be the white noise decomposition of the distribution Y, which has correlation structure

0 if |[x —y| > 1,
1 .
E[Y, (x)Y.(y)] = | P8 T o fHesh—olst,
log%—i—Z(l—%) if [x — y| <e.
&

The following lemma is useful in the study of properties Gaussian multiplicative chaos locally in Y.
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Lemma 2.8 (Exact stochastic scale invariance). For all A < 1, the field Y satisfies the following scaling relation:

(Y2 00) g = (Ye0)) 1y +

2
where ), is a centred Gaussian random variable with variance log %, independent of the field Y .

2.3. Liouville Brownian motion

The Liouville Brownian motion is defined as a time change of a Brownian motion, with the path chosen independently
from the field 4. We will start the Brownian motion at the origin (assuming 0 € D), and run it until some a.s. finite
stopping time 7'. The following definition is non-trivial: for more details about the almost sure existence of the limit
and other properties, see [6,10].

Definition 2.9. Let B be a planar Brownian motion, independent of the field /. For ¢ > 0 and y € [0, 2), define the
regularised time change F), . by

AT 2 2
Fyat) :/ oV he(BO=1Elh (B g
0

The time change F), is defined as the limit
F,(t) =1limF, .(t).
y( ) ellO y,e( )
Definition 2.10. Using the same Brownian motion B as in Definition 2.9, we define the y -Liouville Brownian motion
(y-LBM for short) ZV as

Y _
Z/ _BF,T](t)'

Note 2.11. If we call T, = {tr > 0: B; € T4} the set of times that the Brownian motion B spends in «-thick points, the
set of times that the y-LBM Z" spends in a-thick points is the image, under the map F),, of the times that B spends
in them, i.e. Fy (Ty) ={t >0:Z) € T,}.

As the Brownian path B of the Liouville Brownian motion Z" is independent of the Gaussian Free Field £, it will
be useful to decompose the probability measure P as

P=Pp @Pp.
Decomposing P in this way will let us consider expectations on events which depend only on the field & or the path B.

2.4. Hausdorff dimension

We will now recall the definition of the Hausdorff of a set, and collect some useful tools for finding upper and lower
bounds for the Hausdorff dimension. Since we will be working in either R or R?, we will not state the definitions in
their full generality. For more detail see, for example, Chapter 4 of [20].

Definition 2.12. Let £ C R”. For s > 0 and § > 0 we define

o o
Hy(E) =inf) Y |E;|": E C | JE; and | Ei| <8Vizl},

i=1 i=1
where |E;| = sup{|x — y| : x, y € E;} is the diameter of the set E;. Then the limit

H(E) = %IF&HS(E)

is the s-Hausdorff measure of E.
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Definition 2.13. The Hausdorff dimension of a set E C R” is defined as
dimgy (E) = inf{s >0:H(E)= 0}_

One tool for finding bounds on the Hausdorff dimension of a set is to use Holder continuity properties of functions.
Indeed, if f : R" — R™ is B-Holder continuous, then for any set £ C R" we have

dimy (f(E)) < %dimH(E), (2.4)

where f(E) ={f(x):x € E} is the image of E under f. The assumption of Holder continuity is too strong for our
purpose. We now define what we call a S-Holder-like function, and show that the property is strong enough that the
inequality in (2.4) still holds.

Definition 2.14. Let f : R — R be a continuous function, and let E C R. We say that f is S-Holder-like on E if
there exist constants C, R > 0 such that

|f() = fx+r)|<cCrP
forall» € [0,R) and x € E.

Proposition 2.15. Let E C R, and suppose that f : R — R is increasing and B-Holder-like on E. Then we have the
bound

dimy (f(E)) < %dimH(E).

Proof. Suppose that the radius and multiplicative constant for the Holder-like property of f are R and C respectively.
Let s > dimy (E), and let ¢ > 0. Since H*(E) = 0, we know that there exists some 8y such that H3(E) < ¢ for all
8 € (0, dp).

Fix a particular § € (0, §o A R). Then we can find a cover {E;} of E with |E;| < § for all i such that

o0
YIE <e.
i=1

Without loss of generality, we may assume that the intersection £ N E; is non-empty. Therefore, for each E; we can
define an interval I; = [a;, b;], where a; = inf{E; N E} and b; = sup{E; N E}. Then certainly |/;| < § for all i, the sets
{I;} cover E and ) _ |[;|* <.

As f is increasing, we know that

|FUD| = | f @) — fB)].

Now, g; is a limit point of E; N E, so we can find a sequence {x,} C E; N E such that x,, | a; as n — 0o. Since each
xn € E, the B-Holder-like property of f, tells us that

|FUD| < [f @) = f G|+ Cn) = F D] < | £la) = f )| + Clon = b1
So, letting n — 00, and recalling that f is continuous (by assumption), we see that
|fUD] = Clai = biIP = CI1;1P.

Therefore, we can deduce that

o B o0
Slran|F <3l < ce.
i=1 i=1
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Since { f(1;)} covers f(E), we have shown that
H(f(E)) < Ce.
We may now let § | 0 and then ¢ | O to see that H% (f(E)) =0, and hence

dimy (f(E)) < %.

Now letting s | dimg (E) gives the desired result. O

3. Proofs of the main theorems

One of the tools we use in the proof of the lower bound is the exact stochastic scale invariance of the auxiliary field Y.
In order to do that, we need to ensure that we consider times when the Brownian motion B does not stray too far from
the origin. Therefore, we define the stopping time t = inf{r > 0: B; ¢ B(0, %)}, where B(0, %) is the ball of radius %

centred at the origin. For simplicity, we will assume that our domain contains the ball of radius %, B(0, %) cD.
3.1. Moments of F,, around a thick point

WEe first need to obtain estimates on the moments of the time change F), around «-thick points of the free field. We
will use these bounds in Section 3.3 to derive Holder-like properties of F), .
Since the law of the GFF conditional on the origin being a thick point is that of an independent zero boundary

GFF plus a log singularity, A (z) 4 fz(z) — alog|z|, the effect on the measure is to divide by |z|*Y. That is why we are
thinking the results in this section as results about F), close to thick points.

Proposition 3.1 (A positive moment is bounded). Let «, y €[0,2). Andlet p € (0, 1) satisfy E(p) —ayp > 0, where

2 2
(Y \,_Y 2
S(p)—(2 2)1) > P

Then there exists a finite constant Cj, such that

v vhe(B)—YElhe (B \ P
sup E|:</ ds) :| <Cp.
£€[0,1) 0 (|Bs| + &)Y

Proof. By Kahane’s convexity inequality (Lemma 2 in [17]), taking the measure v(ds) =
prove the proposition for the scale invariant field Y.
Let o be the first time that B leaves the disc of radius 2%/5 Then, by subadditivity of x — x? for p € (0, 1), we

W . it is sufficient to

know that
T eyme)f%E[Yg(BS)z] P o emws)f%mn(&)z] P
(] o) J=={(] ) |
0 (IBs| +&)*Y 0 (I1Bs| + &)*r

v oy Ye(B)- GBIV, (B N\ P
+E / ds) |. 3.1)
o (IBs| +&)*r

and it is sufficient to find a uniform upper bound for the right-hand side.
We will first find a uniform bound for the second term on the right-hand side of (3.1). Let R < ﬁ be fixed, which

we will choose later, and define the time tg = inf{t > o : |B;| < R} that the Brownian motion returns to the ball of
radius R after it reaches the circle of radius —L

m.
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On the event {tg > T}, we know that |B;| > R for all ¢t € (o, ). Therefore we find the bound
T Ve (BO-GEIY (B \ P
E ds) 1
[(f (1B +e)e7 ) “’*”}]
T )/2 5 p
< R—aypE[(/ o7 Ye(B)- 5 EIY, (B) ]ds> ]l{rR>r}:|
o

T 2 2 p
SR—ocypE[</ o Ye(B)~ 13 BV, (B) ]ds) } (32)
g

Now, the L! norm of the regularised change of time process is uniformly bounded in & and, since p < 1, the expecta-
tion of the p'" power of it on the event must also be uniformly bounded in . We will call the uniform bound M.

On the event {tg < 7} we will split up the interval (o, ) into (o, Tg) and (TR, 7), using the sub-additivity of
x — xP as before to find that

T o Ye(Bo)- GBIV (B] N\ P
E ds) 1
[(/ (1B| + &) ) “R“}]
2
TR oV Ye(Bs)— 1 ElYe(B;)’] P
<E ds) 1
= |:</(; (|BS| + 8)0()/ ) {TR<‘L’}]

T Ve (BO— Y EIY (Bl \ P
E ds) 1 . 3.3
+ [(ﬁR (|Bs| + 8)“7 S) {TR<T}} ( )

Consider the first term on the right-hand side of (3.3). Similarly to before, we know that | B;| > R forall ¢ € (o, Tg),
and so we can bound the expectation uniformly by

Tk Gy Ye(B)— 5 EIY. (B2 \ P
E d 1
[(/ (B[ + &) S) ”’“”]
R 2 s p
< R_QVPE[<f e)/Ys(Bx)_TE[Ys(Bs) ]ds) ]]‘{TR<T}i|
(e
T )/2 5 P
< R‘YVPE[(/ eVYs(BS)*T]E[Ys(Bs) ]ds> :|
(e

<RYPM.

(3.4)

To deal with the interval (tg, 7), let W be another Brownian motion, with Wy = B, and which, for # > 0, evolves

independently of B. Let T =inf{t > 0: W; ¢ B(0, %)}. Then, by the strong Markov property of Brownian motion, we
see that

2 2
T oy Ye(By) =T E[Ye(By)*] P J T oy Ye(Wy) =5 E[Ye (Wy)?] P
</ p ds) ]1{7_—R<T} = (/ C( ds) ]]-{TR<‘L’}7
® (IBs| + &) 0 (IWs| + &)y

2
¥ Ye(Ws)— L E[Ye (Wy)2] L.
and that fOT e’ (‘YW |is)wi " dsis independent of 1, ). Therefore, we see that

v Ve (BO-GEY (B \ P
E ds) 1
[(er (|Bg| + &)@r ) {fR<t}:|

T Ve (W)L EV. (W] \ P
=K / ds Pltr < 7]. 3.5)
0 (IWs| + &)y
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Because we started W closer to the boundary of B(0, %) we know that, on average, it has a shorter lifespan than B,
and so

eVYs(Ws)_* YF(WS p eVYs(B )_* YS(B) ] P
N (e
0 (IWs| +e)*r 0 (IBs| + &)*¥
Combining (3.5) and (3.6) gives us the bound
T Ve (BO-GEV (B \ P
E ds | 1
[(/ (IBS| + )% S) ”R“}}

v eymBs)—?E[Yg(Bs)z] P
< E[(/ ds) :|IP[IR <T]. 3.7
0 (IBs| + &)

Now, consider the first term on the right-hand side of (3.1). Scaling time by a factor of % and space by a factor of
% gives

772]]3 2 7)/2]E 2

0 oV Ye(Bs)— 7 E[Ye(Bs)] | 20 oy Ye(Buy2)— 5 ElYe(Bu2)]
./ $=2 /
0 0

(IBs| +&)*r (1Buy2l + S)W
(1__) T VYs(fth) [YF(fle)]
=2 du
0 (|1Bu] + ev/2)2r
ﬂBu)f— 1Y, s5(B)?1

Lnbrgn [ .

(|1Bu| + ev/2)27

the last line coming from Lemma 2.8, where B is an independent Brownian motion, 7 is the time that B leaves the
disc of radius % and Q NG is a centred Gaussian random variable with variance log /2. Therefore, when we take the
pth moment, we find

eV Ye(B)—GEYe(B)*] P
A )]
0 (IBs] +8)ay

~ 2 ~
t vY, 5(B)—-5E[Y, 5(B.)% P
:24172 N )PE[(/% ﬁ~ T du) ] (3.8)
0 (1Bu] + v/2)2¥

Let us define a sequence of scales by setting ¢, = 277, forn € N, and call the expectation

2
T o7 Yeu (B)— 1 ElYe, (By)*] p
b= ([ x)]
0 (|Bs| + €,)*Y

Using this notation, we substitute the scaling relation in (3.8), the uniform bounds in (3.2) and (3.4), and the inequality
in (3.7) into (3.1), to see that, forn > 1,

2 w2
E, <25 -U=F+Ipp | L oR=arPy 4 E, Pty < 1T]. (3.9)

Upon re-arrangement, the inequality in (3.9) becomes

2
DG P-4 2R™YP M
El’l =< n + .
- 1 —Plzg < 1] 1—Pltr < 1]
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. . 22 ay | v? o . .
Consider the quantity 2T P (=T +)p , part of the factor multiplying E,_;. Our assumption that p satisfies
2
5(12)) —ayp >20 ensures that the exponent satisfies VT pr— (1 — % + VT) p < 0 which, in turn, means that

2 .
2F P =T+ p Therefore, by choosing R > 0 fixed and small enough, we can ensure that the factor
2R ag
27 P 2 TP

T—Pep =] , is less than 1. When we have done this, what we have shown is that, for

multiplying E,_1,
some p € (0,1) and some constant M, we have E, < pE,_1 + M, which implies that the sequence {E,},eN 1S
bounded. O

Proposition 3.2 (A negative moment is bounded). Let «, y € [0, 2). Then there exists a finite constant C_1 such

that
IAT yhe(Bo)— 5 Elhe(B)?] 1
w2 () S
£€l0,1) 0 (IBs| +&)*7

Proof. Again, using Kahane’s convexity inequality (Lemma 2 of [17]), it is sufficient to prove this result for the scale
invariant field Y. We know that |Bg| + ¢ < % for all s € (0, ) and for all € € [0, 1), almost surely, and therefore we
certainly have

| v? 2 v? 2

AT oy Ye(Bs)—F EIY (B)7] InT Ly Ye(By)— 5 E[Y(Bs)7]

/ y
0 0

(I Bs| + €)% @3/2)*r

for all € € [0, 1), Py and P almost surely. Therefore, taking negative moments of both sides gives
INT Y Ye(B)- T EIY (BT N
sup IE|:</ ds) :|
e€l0,1) 0 (IBs| + €)%

3\ Ine y2 n o\
< <§> sup E[([ e Ye(Bo)= T EIY (B) ]ds> } (3.10)
£€[0,1) 0

By Lemmas 2.13 and 2.14 of [10], the right-hand side of (3.10) is finite, and so we are done. O

The following corollaries will be useful in Section 3.3.

Corollary 3.3. For any power q, we have a polynomial bound on the probability

IAT gyhe(By)— 5 Elhe (By)]
IP’|:/ dsfrqi| <C_ir?
0 (IBs| + &)*r

foranyr > 0.

Corollary 3.4. There exists some p > 0 such that, for any q, we have a polynomial bound on the probability

2

T oVhe(Bs)— T Elhs(By)*]

IP’|:/ dsZr_qi|§Cprpq
0 (IBs| +&)*”

foranyr > 0.

The proof of both of these are simple applications of Markov’s inequality.
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3.2. Scaling of a Gaussian free field

As well as the polynomial behaviour of the tails of F), around thick points that we saw in Corollaries 3.3 and 3.4, we
also need a bound on the tail behaviour on the supremum (or infimum) of the harmonic projection of a GFF on a disc
of radius /7.

We were able to use the scale invariant field Y throughout Section 3.1 because the moments we were trying to
bound were convex (or concave) functions of a multiplicative chaos measure, and so Kahane’s convexity theorem
let us change between fields. In Section 3.3, however, we need to consider moments of certain integrals of the field,
weighted by indicator functions depending on the field itself. Kahane’s convexity theorem therefore no longer applies,
and we have to work directly with the GFF. So, we need an analogue of the scaling property that the field ¥ has.

Lemma 3.5. Let D C C be a bounded proper domain, and let DCDbea compactly contained subdomain of D. Let
h be a zero-boundary condition GFF on D. Now, using the Markov property (Proposition 2.4), let us write

h=h" +h,

where WM is the harmonic projection of h onto the disc of radius 2./r and centred at x € D, and h is an independent,
zero-boundary condition GFF on the disc of radius 2./ and centred at x € D. Let

Q’:/; = sup hhr(2)
ZEB(x,/T)
be the supremum of K" on B(x, \/7). Then there exist constants C, p > 0 such that, for all r > 0 small enough,

sup IP’[Q):/; > —logr]<CrP.
xeD

Proof. The proof is essentially the same as the proof of Kolmogorov’s continuity criterion. Instead of taking limits to
obtain almost sure results, however, we obtain quantitative estimates which hold with high probability. First, let us fix
x € D. From the proof of Proposition 3.1 in [9], we know that there exists some constant K such that, for z, w € D
and ¢ > 0,

E[|h, y5(2) = he frw)|*] < Kalz — w. (3.11)

Now, recall that 4" is harmonic on B(x, 2/r) and so, using the mean value property of harmonic functions, we see
that the circle average regularisation of 2" is equal to AP on sets inside B(x,2./r), i.e. h?f;;(z) = WM (z) for e

small enough and z € B(x, /7). Therefore, we know that
he g7 (2) = h"™ (@) + he f7 (2). (3.12)
Equation (3.12) and the independence of hhar and ﬁ, when combined with (3.11) shows us that
2 2
E[[A" (2) = B w)[] < E[|h, 5(@) = by ()] < Kalz — w (3.13)
for z, w € B(x, v/r). Because the field & does not depend on our choice of x, we can see that the middle term in (3.13)
is independent of x, and therefore so is the constant K».
Because 2" (z) — h" (w) is a Gaussian random variable, (3.13) implies that for any n > 0, there exists a constant
K, such that

EHhhar(Z) _ hhar(w)|'7] <K,lz— w|17/2 (3.14)

for z, w € B(x, /r). Again, K, is independent of x by the independence of K from x.
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Because the supremum of a harmonic function on a domain is attained at the boundary of that domain, we need
only consider z € dB(0, /7). Therefore, let us set

Xt — hhar(x + \/;6271“)’
for ¢ € [0, 1]. From the inequality in (3.14), we deduce that for s, ¢ € [0, 1]
]E[|XS _ Xt|n] < Kn|«/;(€2]”.3 _ e2nir)|'l/2
< Kyr"?|s — 1|2,

The bound on the covariance structure of X clearly does not depend on the choice of x.

Now that we have a bound on the n-moment of the increments, we can use Markov’s inequality to say things about
the probability that the process X is irregular. So, let D,, = {k27" : k=0, 1, ..., 2"} be the set of dyadic points in the
unit interval at level n. For some power p, to be chosen later, we have

P[|Xpo-n — Xpryo—n| > 27" r! /4] <21 =B [ | Xjgn — X g1y2-1"]
< Ry — (k4 127" |7
< Ign,,n/‘*z—n(%n—pn),

fork=0,1,...,2" — 1. Therefore, a simple union bound shows that

]P)I:Sll:p |Xk2—n — X(k+1)2—n| > 2—nprl/4] < I%nrﬂ/42—n(%77—l77/_1)_

If we choose 0 < p < % and n sufficiently large, we find that g := %n — pn — 1 > 0. Because we have ensured that
g > 0, we can again use the union bound to find that

]PI:Sllp sup |Xk2—n — X(k+1)2—n| > 2_"pr1/4] < IE,J”M 22_""

n>0 k >0

So, we see that the event
A= {X ¢ 1s p-Holder continuous with constant rl/ 4}

occurs with probability greater than 1 — fnrn/ 2. On that event we can see that
‘supX, —irtle,‘ < U4 (3.15)
t

Using (3.15), we can find a bound for Qi‘/; in terms of objects we have good control over. Specifically, we have

Qf/; < ‘supXt —irtle, +1X],
t

where X is the mean value of the process X;. Let us consider that second term. Since X is really just 2" on a circle,
and A" is harmonic, we can use the mean value theorem to see that X = AP (x). But again, we can apply the mean
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value theorem to see that 4" (x) is really just the average of & on dB(x,2/7), i.e. h"(x) = h, /7(x). So, we have
the inequality

P[Qﬁ > —logr] < ]P’|:

. 1 1
sttle, —1Ille, > —Elogri| +P|:h2ﬁ(x) > —Elogr].
Because 71, /:(x) ~ N(0, —log 2/r +1log C(x, D)), we know that the second term on the right-hand side decays

polynomially in » as r | 0. Furthermore, since the conformal radius, C(x, D), is~b0unded for x € f), the coefficients
we choose in the polynomial bound can be chosen to hold uniformly for all x € D.
So now let us consider the first term.

P[‘supX, —irtle,
t

1
> ——logr] =P[{‘supX, —inf X,
2 t t

1
>——1 NA
>~ togr| na

+ PH ’supX, — irtlet
t

> ! 1 N A€
——logr
=75 g
1/4 1 c

<P|r/"= —Elogr +P[A°]

<0+ f,]r"/z,
for r small enough. Since f,, does not depend on x € D, we have the desired result. ]
3.3. Hoélder-like properties of I,

We will now show the required regularity properties of the time change function F, . It will be convenient to introduce
the following measures.

Definition 3.6. Let 11, be the measure on the interval [0, 7] defined by 1, = Lo F, ~1 where £ is Lebesgue measure
on the interval [0, F), (7)]. In other words, for s, ¢ € [0, ] with s <?, we set

My([s’t]) = Fy(t) - Fy(5)~

Define the measure jy in a similar way, for « € [0, 2).

Remark 3.7. To get some intuition behind the next few results, let us think of the measures ji,, and 1, as probability
measures for a moment. Then, if we sample a time ¢ € [0, T] according to jy, it will almost surely be such that the
Brownian motion B is in an a-thick point, i.e. t € T, almost surely, because the «-LMB, Z%, spends Lebesgue-almost
all of its time in a-thick points. Similar statements hold if we sample a time from p,,.

Proposition 3.8. Forall « €[0,2),and y €[0,2),fixé >0,and let B =1 — % + VTQ. Define the set of times

LY ={rel0,7]: uy([t. ¢ +r) AT]) = PP ¥re[0,27V)].

Then for all A > 0, which may be random and may depend on ([0, T]), there exists some random but almost surely
finite N € N such that

ta(Ly) = pa(10, T1) = A.

This proposition is essentially saying that if ¢ is an a-thick point, then the 1, mass of an interval of length r, starting
at ¢, decays more slowly than A3 It is almost like saying that around a-thick points, the map function F Uis

/3—_1‘_5 -Ho6lder continuous.



266 H. Jackson

The proof will rely on the following lemma:

Lemma 3.9. As before, fix § > 0 and let B =1 — % + y—z, and let E > 0 be some positive constant. Then there exist
two constants D > 0 and q > 0 such that

E[ua({t €[0,71]: ,uy([t, t+r)A ‘L']) < Erf”‘s})] < Dr1

forallr € (0, 1).

Proof. To ease notation, we will prove the case E = 1. The reader will be able to see that the same argument works
for any positive E, with possibly different constants D and g.
Let r > 0 and fix &, &’ > 0 so that &’ < &4/r. Then by Girsanov’s change of measure theorem, we get

o2
EpEj[1 eahef(B,)—TE[hngnz]ﬂ{m}]

2
e eyhsﬁws)—%la[hgﬁws)?]dKr,m}

(t+r)AT y? 2
_E, [1 eanPs [ / o (he e (Bo) eyl Bk (BOD~Y3 Ell, (B 4 _ ,ﬁ+aﬂ
t

(t+r)At 2 5
_E, [ﬂ{mﬂE . [Ph [ / o7 (e (B+aBaTh, - (B (BOD=15 Elh, /(B ¢ _ ,,/3+8:| | ftﬂ, (3.16)
t

where F; = o (By; s <t) is the natural filtration for B. Now, using Lemma 2.3, we know that almost surely on the
event s, < t, there is a constant C such that

’

E B)hy(B)]>log———
ileyrBohe (B)] 2 log Tp—pm—

and so we can bound the integral in (3.16) from below by

(t+r)AT 2 2
/ o (e i (Bo)+aBilh, (B (BOD =1 Elh, (B
1

>

(+PIAT gVhe (B~ Blh, yo(By)?]
e / (3.17)
t

(I1Bs = By| +e/r)*Y

Now, by changing variables and using the scaling properties of Brownian motion we see that the right-hand side of
(3.17) becomes

(+PIAT pVhe i (B~ Blh, yo(By)?]
/z (IBy — Bi| +&/r)*Y

2
PAE=1) Ve 7 (Bris) = Elh, 7(Bii)’]
/0 (IBr4s — Bi| +ey/1)*Y

IAE=0)/r) g hes Brerd T Blhe yo By r)?]
"/(; (1Bigru — Bil + /1)
At/ eyhgﬁ(ﬁBquB,)—4E[h£ﬁ(ﬁgu+3t)z]
V/O (17 Byl + e/r)®r
e /l/\r’ eyhgﬁ(ﬁ§u+3,)—4E[hgﬁ(ﬁ§u+3,)2]
0 (|Bul +&)*

du

du,
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where B is an independent Brownian motion started at the origin, and
;. ~ 1
' =inf{u >0: |ﬁBu+B,|=§
is the first time /7 B, + B, exits the disc of radius 1. The equality in distribution holds P,-almost surely. In order to

use the scaling property of the GFF 4 (Lemma 3.5), we also need to make sure that B stays bounded. So, let

~ 1
f:t’/\inf{u>0:|Bu|=§}.

Then we certainly know that

~ 2 ~
INT GVhe s WTButB) =5 Elh, (V7 ButB:)’]

P=7 = du
0 (I1Bul +&)*7
Ly [IAT P BB S Bl (BB
>rlm7 / . du. (3.18)
0 (IBul +€)*7

Now let us use the fact that we are conditioning on F; and the Markov property of & to write & = hPar 4 j, where
k" is the harmonic projection of A onto the disc of radius 2./7, centred at B;, and & has the law of a zero-boundary
GFF on the disc of radius 2./7, centred at B;. If we write N inf B(Bi,JF) hhar(z), we know that 7 > Q Vs h

inside the B(B;, +/r), and so we can continue from (3.18) to see that

du

~ 2 ~
ey [N oV e FWrButB)— T Elh, (V7 ButB)]
r 77/ =
0 (IBul +&)*r

>

du

- 2
ey fm o he yr (WP But B =Y (~ log(e /1) +C)
r =
0 (IBy| + &)

IAF vh, ;(JTBy+B )-i-ﬁlog<c
17ﬂ+ﬁ 7ﬁC‘/‘ T oVheyr u+Br)+ 5 3
=r 2T de 2 = du
0 (IBul + &)Y
2 2 InT )’ﬁg ,(ﬁl§u+Bt)+410gs
_rl—%ﬂTe—VTcemﬁ/ e’ Mevr ’ "
0 (IBy| +&)*r

~ 2 ~
IAT oy (Bu)— Y Elh,(Bu)?]

(I1By| +&)®¥

1—ﬂ+ﬁ —y2C yQ
> plm Tt T v Cr s du, (3.19)
0

where h’ is a zero boundary GFF on the disc of radius % Substituting the last expression of (3.19) back into (3.16)
(and noticing that the exponent of r is in fact 8) lets us see that
7|

du < rﬁ+5‘f,:|

(t+r)At 2 2
p[/ eV(hgﬁ(B:)+aEh[hgﬁ(B:)hg’(Bt)D_T]E[hgﬁ(Bs) ]ds < B3
t

~ 2 ~
IAT oy (Bu)— 5 Elh(Bu)’]

(|1By| +&)®r

< P[e_(“”*”z)crﬁeygﬁ/
0

~ 2 ~
IAE Ly h,(By)—Y-Elh,(By)?]
e &€ 2 &
< P[e_(“yJ“VZ)CeVQﬁ <r3 |]—",] + IP|:/ _ du < r%:| (3.20)
0 (IBy| + &)
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The first term decays polynomially in r as r | O uniformly in B;, by Lemma 3.5, and the second term decays poly-
nomially in r as r | 0 by Corollary 3.3. Therefore, looking back at (3.16) again, there certainly exist some positive
constants D and g such that

2 2
- eahgf(Bt)_TE[hs’(B’) ]]1{r>t}]

{ftomm eyhsﬁws)—%mheﬁ(&)?]ds<rﬁ+,3}
< E[qu]l{t>t}]
= DriP[t > t]. (3.21)

When we integrate (3.21) over ¢ > 0, we find that

T
IE[ f 1 , oher (B~ Elhy (B)] dt}
0 qennr ey BT Bl rBO% 4 s

<E[z]Dr. (3.22)

Proposition 2.8 of [10] tells us that, almost surely in B and h, the measure defined by ug/(dt) =

2 2
eher (B =5 Elher (B1)] gy converges weakly to the measure we have called p,. Therefore, as the set in the indica-

tor function is open, we may use the portmanteau lemma and Fatou’s lemma to see that

T
E[ [ : ua(dt)}
0 (e eyhgﬁ(B,y)—VTJE[hg\/;(Bs)ﬂds<rﬁ+5}

<E [lim inf

T 2
/ 1 , o (B~ Elh, (B)?] dt}
€40 Jo e e r BT Bl r BN 4 pis

< lirp infE

T 2
[/ 1 5 eahg(&)‘”ZJE[MB,)Z]dt}_
&'}0 0 {ft(l+r)/\r evhe\/;(B:)*yTIE[hg\/;(B_c)Z]ds<r/3+5}

Since D and ¢ from (3.22) are independent of &', we can therefore see that

T
E 1 dr) | <E[r]1Dre.
[/0 (e evhgﬁ(B,n—@IE[hg\/;(Bsﬂ]dKr,M}M“( )} <kl
; :

We then use Fatou’s lemma twice to conclude
E[/’La({l el[0,7]: My([t, t+r) A ‘L']) < rﬂH})]

T
= E[/O L, .+ e <rb+oy e (df)]

T
=K / liminf 1 2 7 (dt)i|
[ o ¢l0 {ftamm eyhg\/;(Bx)—yT]Elhaﬁ(Bx)zjds<rﬂ+5} o

< liminfE

T
1 2 ua(dt)}
€0 [/(; (fHnne eyhgﬁwx)—%mhgﬁ(ss)zjdKr,M}

<E[r]Drf,

and we are done, since E[7] < oo (as it has exponentially decaying tails). O
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Proof of Proposition 3.8. Using Lemma 3.9 (taking E = 27%) and Markov’s inequality, we can bound the upper tail
of the py-measure of the set of times when u,, decays unusually fast by

Plua({r €10, 71: py ([1, (¢ + 1) A T]) < 28H0FF3)) > p4/2]
< r—q/2IE[;La({t €0, 7]:py ([;, (t+r) A r]) < 2ﬂ+6rﬂ+5})]

< Dril?,
So, taking a sequence of scales r,, = 27", we see that the events

(e ({t € 10,71y ([t 0+ 1) AT]) < 2PF0800) = 02}

occur only finitely often almost surely, by Borel-Cantelli. Therefore, for all A > 0 (which may be random and depend
on iy ([0, ])), we can find a random but almost surely finite N € N such that

(U €10y .0 ) Ae]) < 255020) ) = 3 2o <

n>N n>N
and hence
[ta ( ({t€l0. o1 py ([t ¢ +r) AT]) > 2ﬂ+3r5+5}> > wa ([0, 71) — A. (3.23)
n>N

We now need to infer the result for all r € (0,2~") from the discrete set of radii we have it for in (3.23). So, let
te ﬂnzN{t €0, t]:uy ([t, ¢ +r)AT]) = rf%}, take € (0,27N), and suppose n is such that r, 1 <r <r,. Then

Ma([f, t+r)n r]) > ,ua([t, t+rn) A r]) > 2’3+‘Srf:f = r,’l%"S > Bt

which implies that the discrete radii event is a subset of the continuous radii event:

({7 €10, 21y ([1. (¢t +ra) A T]) = 2PH0 40}

n>N
cltel0.tl:py([t.¢+r)AT]) =P vre(0,27M)} =LY,
and so we can conclude that
ta(Ly) = 1a(10, 71) = A. O

We now state and prove a result which is essentially a “converse” to Proposition 3.8.

Proposition 3.10. Fix§ > 0, and let B =1 — % + VTZ Define the set of times
UY ={tel0.t]:puy([t. ¢ +r) AT]) <rPP ¥re[0,27Y)).

Then for all A > 0, which may be random and depend on 114 ([0, T]), there exists some random but almost surely finite
N € N such that

1a(U)) = 1a (10, 71) = A.

This proposition is essentially saying that around «-thick points, the map function F), is (8 — §)-Holder continuous.
To prove it, we need a lemma that is the equivalent of Lemma 3.9.
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2
Lemma 3.11. Fix 6 >0 and let =1 — % + L and let E > 0 be some positive constant. Then there exist two
constants D > 0 and n > 0 such that

E[pa({r €10, 71 py ([t, ¢ +1) AT]) > Erﬂ_‘s})] < Dr',

forallr > 0.

The introduction of long range correlations by Brownian motion is much more apparent in this proof than the proof
of Lemma 3.9. Instead of re-scaling time by a factor of  and space by a factor of /r as we did previously, we will
need to allow a bit of extra wiggle room. This is essentially due to the modulus of continuity of Brownian motion

around time r | O being ,/2r log %; we need a slightly lower power of r to account for the log correction. We will

introduce the radius R, which we will use as our scaling radius, and calculate what it needs to be closer to the end of
the proof.

Proof of Lemma 3.11. Again, we will prove this only in the case that E = 1. Let r, R > 0, and fix ¢, &’ > 0 so that
¢’ < e+/R. Using Girsanov’s change of measure theorem and Lemma 2.3 as we did in Lemma 3.9, we see that

@2
EpEy[1 gahgf(Bt)—TE[hstnz]ﬂ{m}]

2
a—Y- )2
{ft(tJrr)Ar eyhs\/?(Bé) 7 Elh, /7(Bs) ]ds>rﬁ_‘;}

(AT g7he (B~ Elh, 5(B)?]
=Ep [1{,>t}19>[e“yc/ ds >r’3_8‘]-}:|], (3.24)
‘ (IBs — B;| + ev/R)*

where F; = o (By; s <t) is the natural filtration for B. Now, consider the integral in (3.24). We are looking for upper
bounds on it, this time, to find an upper bound on the probability in (3.24). First of all, we apply a simple change of
time, first s — s — ¢t and then s = Ru to see that

2 2
(t+rAT GV h, /7 (B =Y Elh, /7 (Bs)*] PA@=1) oVhe g (Bits) = Elh, /5 (Bres)]
/; (|BS_BI|+8\/ﬁ)ay _/0 (|Bl+s_Bt|+8\/§)ay
2
AT Y h sk (Brar) =5 Elh, /7 (Brira)’]
= Rf du
0 (IBtyru — Br| + Sﬁ)w
~ 2 ~
J wAT grh g WRBu+B) =T Elh, /5 (VRBu+Bry ra)’]
= R/ — du
0 (IWVRBy| + ev/R)
~ 2 ~
vy [ 5T oV eyRWRBuAB) =T Elh, /g (VRBu+Bri )]
=R'"7 - du,
0 (1Bul +&)*Y

where B is an independent Brownian motion started at zero, and
/ . D 1
T’ =inf u>0:|«/EBu+B,|=§ .

The equality in distribution holds Pj-almost surely.

We now want to use the scaling prop~erties of the field A, from Lemma 3.5. So, as before, we use the Markov
property of the GFF to write h = hP2 4 7 where h" is the harmonic projection of / onto the disc of radius 2+/R,
centred at B;, and & has the law of a zero-boundary GFF on the disc of radius 2+/R, centred at B;. If we write
Qﬁ =SUP_p(, VR hhaf(z), we know that h < Q\/ﬁ + h inside the disc B(B;, \/ﬁ). In order to use Lemma 3.5, we

need to make sure that the B does not move far from its starting point. So, let T be the exit time of B from the unit
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disc. Then, on the event {7 > %} we can see that

du

~ 2 ~
e [FAT oV ey R RB)— T Elh, (VR BW)]
R _
0 (1Bl + €)%

~ 2
e /;m/ " heyRWRB) =17 (= log(ev/R)=C)
-2
0

<R = du
(IBul +&)*7
. 2
ay 2 2 At yh, g(VRB)+Y log(ev/R)
e ge [17 N
0 (I1Bul +&)*7
B y 2
2 2 2AT L vh g (VRB)+ Y log(sv/R)
§R1—%+%e%cemﬁ/ze e ] du
0 (IBul + &)%Y

~ 2 ~
v v hi(B) =T Elh (B.)*]

%A
< ¢”’CRBYR f du, (3.25)
0

(I1By| +&)*¥

where /' is a zero boundary GFF on the unit disc. Therefore, we can use the right-hand side of (3.25) to bound the
probability in (3.24) by

2
c (t+r)AT eyhsﬁ(Bs)—VT]E[hsﬁ(Bxﬁ]
P[e“” /
! (| By —Bt|+8\/ﬁ)°‘)’

~ 2 ~
AT GV (B~ Elh, (Bu)?]

ds > rﬂ_a‘ft]

< P| @ +r)C RB YR /
0

= du>r‘95;f>£‘]:,]+ﬁ”|:f<ij|
- (|Byl+¢) R R

~ 2 ~
" oV Me(B) = Elh, (Bu)?]

r e o TAT s ~ r
<P| @ TrICRAY «/E/ du > rP ‘.7:, +P <y
0

i (1Bul + )
- 5
<P| @ trICr 2z o (%) rt .7:1:|
# oyhe(B~15 Elhe(B)?) N .
+]P’|:/ = du > <—> r_2:| +]P’|:'E < —]. (3.26)
0 (I1Bul +€) R R

We are now in a position to see what choice we should make for the radius R. We want % | 0 as r | O polynomially in

r, so that the third term in (3.26) decays polynomially. We also want (%)gr_% to converge to infinity, polynomially

in r, so that the other terms in (3.26) also decay polynomially: see below. The choice R = rl_% works for § small
enough, since then we certainly have 7 = ro 4 0, and also (%)gr_% = r%ﬂ—% — o0o. The exponent géz - %8 is
negative for § small enough, and so we have the desired properties. With this choice of R, the first term on the right-
hand side of (3.26) decays polynomially by Lemma 3.5, the second term decays polynomially by Corollary 3.4. We

can bound the third term above by

. F r
Plt<—=|<P|IT<—|,
R R

where T is the exit time of a one dimensional Brownian motion from the interval [—%, %]. The stopping time T

has exponentially decaying tails, and so we can see that the third term decays polynomially as well.
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Therefore, going all the way back to (3.24), there certainly exist some constants D > 0 and g > 0 such that, for
t>0,

012
El[1 e“hS’(B’)_TE[he’(B’)z]]l{pz}] < Dr'"P[t > t].

2
Y )2
{ft(rJrr)Ar ths\/?(Bé) 7 Elhg /7 (Bs) ]ds>rﬁ_5}

Integrating over ¢ > 0 gives

T o2
E / 1 2 , eohe (BN = Elh (B)*) gy | < DpIE[7). (3.27)
0 {ft(H,r)Af eyllg\ﬁ(Bs)fT]E[hgﬁ(Bs) ]ds>rﬁ_5}

Now, note that (3.27) is almost identical to (3.22). We use the same arguments to let ¢ and & converge to zero, and
conclude that

E[ua({t €lr, 11y ([(0) VO, (t +7) AT]) > ErP?})] < DrE[7],
which completes the proof, as E[t] < co. (]

Proof of Proposition 3.10. Proposition 3.10 follows from Lemma 3.11 in exactly the same way that Proposition 3.8
followed from Lemma 3.9. O

3.4. Proof of Theorems 1.1 and 1.2
We now have all of the tools ready to prove Theorem 1.1, which we re-state here in more detail.

Theorem 3.12. Fix o, y €[0,2). Let B be the Brownian motion used to construct the LBM time changes Fy and F), .
Call T, = {t > 0: B, € Ty} the set of times that the Brownian motion B is in an «-thick point. Then, almost surely,

[N}

-«
dimy (Fy (Ty)) =2 ——+—

where, by the definition of the change of time, F), (Ty) is the set of times the y-LBM is in a-thick points.

Proof. We will in fact prove the lower bound only for times less than the stopping time T when the Brownian motion
leaves the disc of radius % To that end, we will abuse notation slightly and re-define the set of times 7 as

To={t€l0,7]: B €Ta}.
Because T, N L)J)’ C Ty, where Ly is defined as in Proposition 3.8, we know that

dimp (F, (T, N LY)) < dimp (F, (T,)).

1
B+~
image F, (L)), Proposition 2.15 implies that

But, because Fy_ lisa Holder-like function, in the sense of Definition 2.14, on intervals starting at times in the

dimp (T, NLY) < (B+8)dimpy (F, (T, N LY)), (3.28)

and so to get a lower bound on dimg (7,), we want to find a lower bound for dimgy (7, N LJIY ). We now use Propo-
sitions 3.8 and 3.10 to see that we can take N large enough to ensure that 7, N L]]Y N UOJ[V has positive pq-measure
(taking ¥ = « in Proposition 3.10, and A = JT e ([0, T]) for example). Since we also know that 14 [0, T] < oo almost
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surely, the measure /1, defines a mass distribution on the set T, N L)I)’ N UYL, and by the definition of U, we know
that

2

T () I i

forallr €[0,27¥)andt € T, N Lf,v NUY . So, by the mass distribution principle (Theorem 4.19 of [20] for example),
we find that

2

mmHU;ﬁLyﬂUg)zl—%f—&

Therefore we certainly have the bound dimy (7, N L}Iy )y>1-— ”‘TZ — &, which we can substitute into (3.28) and re-

arrange to find
2
. 1—% -6
dlmH(Fy(Ta)) > %
-+ 546

Since § was arbitrary we can take the limit § | 0, and we have shown the result. (]
And now we re-state Theorem 1.2 and prove it:

Corollary 3.13. Fix o,y € [0,2). Let B be the Brownian motion used to construct the LBM time changes F, and
F,.Call Ty ={t€[0,T]: B, € T} the set of times that the Brownian motion B is in an a-thick point. Then, almost
surely,

2

1—
dimp (Fy (To)) = ————.
-5+ 5

where, by the definition of the change of time, F), (Ty) is the set of times the y -LBM is in a-thick points.

Proof. First, following from Theorem 1.4 of [6], we introduce the sets

h
E:{zeC:liminf E(Zl)Za},
el0  log

e

h
7;+={ze(C:limsup 8(Z1)§oz}.
£l0 logg

We will call T, ={r € [0, 7] : B; € 7, }, and similarly define T;‘ from ’T,j‘. We know, from [6], that for « > y we
have the upper bound

[N

1— <
dim (Fy (T, ) < ——*

and the same result holds when we have & < y and we replace 7, with 7,'.
Let us consider the case o > y. We know that 7, C T, and so we have

- ‘ , _ -«
m < dlmH(Fy(Ta)) < dlmH(Fy (Ta )) < m,

showing us the equality. We can show equality in the case « < y in the same way. O
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3.5. Proofs of regularity properties
We can now state Theorem 1.3 again, and give the proof.

Theorem 3.14. Fix o,y €0, 2). Then, for py-almost every t > 0, the change of time F, has the following growth
rate:

lim log |F),(t) — F, (t +7r)| _
r—0 log ||

2
ay vy
1— + 3.29
2 4 (3:29)
almost surely.

Before we start the proof, we would like to explain the intuition behind p,-almost every ¢ € T,. Suppose we have
our GFF £, and the Brownian motion B which is the path of our Liouville Brownian motion. We now run an «-LBM,
Z“, along the path B, using A to calculate the time change Fy. At some time t, chosen uniformly at random from the
lifetime of Z*, we inspect the point in the plane occupied by Z. Because an ¢-LBM spends Lebesgue-almost all of
its time in o-thick points, we know that the point chosen by Z¢ is an a-thick point, almost surely. We also know that
it is on the path of the Brownian motion B. If we call the time B passes through this point ¢, i.e. t = F L (t), we know
that, around this time, the y-time change, F, , has the regularity property given in (3.29).

To prove Theorem 3.14, we will first prove it while taking the limit r | 0, i.e. as r approaches 0 from above.

Lemma 3.15. Fixa,y €0, 2). Then, for py-almost every t > 0, the change of time F), has the following growth rate:

1imlog|Fy(t) — F,(t+7r)] 1 %

e
r0 logr 4°

almost surely.

Proof. Most of the work for this proof has been done in Propositions 3.8 and 3.10. Recall that for some arbitrary
& > 0 we defined

LY ={rel0,7]: py ([t. ¢ +r) AT]) =P ¥re]0,27V))
and
U ={rel0, 1y ([, ¢ 1) ax]) < rP70 vre(o,27h)}.

Now let us define

I t,t
L, :ULQ] = {t e [0, t):limsupM
N

§,3+8},
10 logr

and similarly define U, =y U;V .
We showed in Propositions 3.8 and 3.10 that for any A > 0, we could find N large enough that

pa(L)) = na(10,71) — A
and
1a(U))) = 1o (10, 71) — A.
Since A was arbitrary and LN, Uf,v are increasing sets, we find that

Mo (Ly N Uy) = Ma([o’ T])
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Because § was arbitrary, and we defined ., ([t,t +7]) := F(¢ +r) — F(t), we have shown the result. O

We now need a lemma which allows us to “reverse time” in some way, and extend the result from Lemma 3.15 to
the statement in Theorem 3.14.

Lemma 3.16. Let B be a Brownian motion started at zero, and let t > 0. Define two stochastic processes, conditional
on By, by setting

W = By
for s >0, and
Ws_ =B

for s € [0, t]. Now, let ¢ < t. Then, conditional on the event {t > t} (where t is the first exit time of B from the disc of
radius %), the laws of the restricted processes (W;r) sel0,e] and (Wi )se(0,¢] are absolutely continuous with respect to
each other.

Proof. Conditional on B; = z and the event {t > ¢}, the law of the Brownian motion B is that of a Brownian bridge
of duration ¢, joining the origin and z, conditioned to stay inside the disc of radius %, followed by an independent
Brownian motion started at z. Because the event that the maximum modulus of this Brownian bridge is less than %
has positive probability, it does not affect the absolute continuity of measures. So for the rest of the proof, we may
ignore the fact that we are conditioning on that event.

By reversibility of Brownian bridges, the process W~ has the law of a Brownian bridge of duration ¢, connecting
z and the origin. And, as stated above, W has the law of a Brownian motion started at z. So, by (6.28) of [18]
(or, slightly more explicitly, Lemma 3.1 of [7]), we see that the laws of a Brownian bridge of duration ¢ and a
Brownian motion, with a common starting point, are absolutely continuous with respect to each other on intervals
shorter than ¢. (]

Proof of Theorem 3.14. Let T be an exponential random variable with mean 1, independent of the GFF % and the
Brownian motion B. Recall that the measure i, is defined by

ta(la, b]) = Fu(b) — Fy(a),

which can also be written as puy, = Leb o F,. Now, because the law of T is absolutely continuous with respect to
Lebesgue measure and F, is a bijection, the law of F, !(T) is absolutely continuous with respect to ji,. Therefore,
by Lemma 3.15, we see that

FTy e lis0:1im &y ® = Fr 41l s
o 'ru) _ ,

logr

almost surely. It therefore follows from Lemma 3.16 that we also have

Fayelisoonim O = F =0l _,
o ) ’

logr

almost surely. Finally, by absolute continuity of the law of F, 1(T) and the measure /1, again, we deduce that for
e -almost every ¢ we have

5 log|Fy (1) — F), (t + 1)
1m =
r—0 log ||

almost surely, completing the proof. ([
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We can use the regularity property of F,, from Theorem 3.14 that we have just shown to find a bound on the growth
rate of LBM around thick points of different levels. We first prove a lemma about the growth rate of LBM given a lot
of control on how we choose the time we consider. We will then extend that to the more general statement given in
Corollary 1.4.

Lemma 3.17. Let t > 0 be such that

log |F, (t) — Fy (¢ 2
i 1081 Fy (1) = Fy ( +’”)|=1_ﬂ+)f_‘
r—0 10g|r| 2 4

Then
Y Y

. 0g1Z% iy = ZE, (1 4u] 1
lim sup = 3
u—0 log |u| 2—0[7/—}—}/7

almost surely.

Note 3.18. In Lemma 3.17, we have let r — 0 and u — 0 from above and below. In the proof of Corollary 3.19, only
the result as » | 0 and u | O are used, but the distinction is important for the proof of Corollary 3.21.

Proof. Let § > 0. Then by Lévy’s modulus of continuity of Brownian motion, we know that, almost surely, there
exists some S < oo such that

B, — Byy <5770 (3.30)
for all s € [—S, S], and for all £ > O there exists some s € [—¢, €] such that
B, — Biys| > 577, (3.31)
Now, let us write 5 =1 — % + VTZ. Then by assumption, there exists some R < oo such that
P < F,(t4+r)—F,(t) <rP™
for all » € [— R, R]. Since FV_ 1is well defined, this in turn implies that, for all # with |u| small enough,
uFs < BV (Fy (o) +u) — 1 <uis, (3.32)

and combining (3.30) and (3.32) shows us that

Recalling the definition Z) = B ol
Y

=|

12 =7 | < ()P (3.33)

Fy (1) Fy (t)+u
for all |u| small enough. Furthermore, combining (3.31) and (3.32) shows us that, for any ¢ > 0 there exists some
u € [—¢’, €] such that

1
(a7 5) 2™,

|Z%, z

Y
Fy(t) Fy(t)+u| z

Taking logs then implies that

Y Y
71 =9 <limsup o |ZFy(t) _ ZFN)JF”' < 149
264+8) 7 uso log u| T 2B—9)

almost surely. Therefore, letting § | 0 along a countable sequence shows us that the limsup equals ﬁ almost surely,
as claimed. |
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We can now use the results from Theorem 3.14 and Lemma 3.17 to prove Corollary 1.4, which we restate here.

Corollary 3.19. Fix«, y €[0,2). Suppose that the starting point of a y -Liouville Brownian motion is chosen accord-
ingto My, i.e. Zg ~ My. Then

. log|Z] | 1
lim sup = >
no - logt o gy 4 L

almost surely.

Proof. Let T be an exponential random variable with mean 1, which is independent of the GFF & and the Brownian
motion B.
By the same reasoning as that used in the proof of Theorem 3.14, we see that

Fayelrs o0 gim O - FHEr0l_,
o — .r\LO - )

logr

almost surely. (If T > sup, F, (1), we set F 1(T) = @, and claim that the equality below holds, vacuously.) Therefore
if we write T' = F},(Fojl (T)), Lemma 3.17 tells us that

log|Z¥, —2z%, | 1
lim sup o T Tl L
ul0 IOgl/t 2,3

Let H be the sigma algebra generated by the GFF £, i.e.
H=o((h, f)v: feHy(D)).
Now consider the filtration defined by
G; =O’(Z;/ 1S <t)\/’H
=o(Bs:s<F; ' () VH.
The process Z7 is certainly G,-adapted, and T is a G,-stopping time since
(1> 1) = (F (5 D) = 1} = T > (7, )

and
Flo 2
Fo(F, ' @) =lim / T e (BT Elhe (B g
el0 Jo

is G;-measurable.
We can therefore use the strong Markov property of Z¥ to deduce that

) log|z/| 1
lim sup =— (3.34)
140 logt 28

whenever Zg is chosen according to P7, the law of Z7.
From Theorem 2.5 in [11], we know that, for a fixed ¢ > 0, the law of Z¢ is absolutely continuous with respect to
the Liouville measure M“, with Radon—Nikodym derivative

o
t

amM«

(» =p 0,y =0.
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We can therefore write

dM®

(y) / ~Ipi(0, y)dr.

Theorem 2.5 of [11] also implies that, for M®-almost every y € D, the transition density p{ (0, y) is strictly positive
for all ¢ in a measurable set with positive Lebesgue measure. (This fact was noted in an earlier version of their paper.)
But that implies that

dPy
dMe

for M%-almost every y € D, i.e. the Liouville measure M* and P7 are absolutely continuous with respect to each
other. Therefore, since (3.34) holds almost surely whenever Z, ¥ was chosen according to P, we deduce that it also
holds almost surely with Z is chosen according to M“. (]

) >

Remark 3.20. The exponential time 7 in the proof above can be replace with a deterministic time ¢ provided we
know the existence of a continuous version of the transition density, for which p;(x, y) > 0 for all x, y € D and all
t > 0. This is known in the case of a torus [19], and similar arguments probably work in the planar case as well. We
have made no attempt to check this, however.

We now restate and prove Corollary 1.6:

Corollary 3.21. Let y € (v/2,2). Then the y-Liouville Brownian motion ZV is Lebesgue-almost everywhere differ-
entiable with derivative zero, almost surely.

Proof. By taking o = y in Theorem 3.14, we know that for u, -almost every ¢ > 0, the change of time F), has the
following growth rate:

log |F, (1) — F, (t 2
lim og | y() y( +r)|=1_l/_.
r—0 log|r| 4

2
for 4y -almost every t > 0 we have

1/(2 r 3
= Z | S INIVETD,

|Z Fy,(O)+rl —

Fy(n)

for all » with |r| small enough. But, by the definition of u,, the F, image of a set with full ,, measure has full
Lebesgue measure. Therefore, we can see that for Lebesgue-almost every ¢ > 0 we have

2
27~ 2, | < Ve
for all r with |r| small enough. Therefore, we have

.1zl =z, Q-1 y—s—1 _
lim 2L " Lol i /@)1

r—0 |r| r—0

where the final inequality is because we have chosen § to ensure that — 38 — 1> 0. So, we certainly have

2-1, T
differentiability for Z7, for Lebesgue-almost every ¢ > 0, and the derivative is equal to zero. ]
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