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We consider one-dimensional, boundary driven, weakly asymmetric ex-
clusion processes in contact with reservoirs at fixed density. For a general set
of initial measures and by using a microscopic Cole—Hopf transformation,
we derive the nonequilibrium fluctuations which are given by a generalized
Ornstein—Uhlenbeck process.

1. Introduction. Nonequilibrium fluctuations of interacting particle systems
around the hydrodynamic limit is one of the main open problems in the field of
scaling limits of interacting particle systems. It has only been derived for few one-
dimensional dynamics and no progress has been made in the last 20 years in Gaus-
sian nonequilibrium fluctuations. We refer to the last section of [13], Chapter 11,
for references and an historical account.

We examine in this article the dynamical nonequilibrium fluctuations of one-
dimensional weakly asymmetric exclusion processes in contact with reservoirs. In
a future work, following the strategy presented in [16] for the symmetric simple
exclusion process, we use the results presented here to prove the stationary fluctu-
ations of the density field.

The motivations are twofold. On the one hand, the investigation of the steady
states of boundary driven interacting particle systems has attracted a lot of attention
in these last fifteen years, mainly after [1, 6]. The density fluctuations at the steady
state are an important part of the theory and they can only be seized through the
dynamical nonequilibrium fluctuations [16]. On the other hand, several published
results [5] still wait for rigorous proofs.

The proof of the nonequilibrium density fluctuations we present here relies on a
microscopic Cole-Hopf transformation introduced by Girtner [11] to investigate
the hydrodynamic behavior of weakly asymmetric exclusion processes on Z, and
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used by Dittrich and Gértner [9] to prove the nonequilibrium fluctuations of the
same models.

As in PDE, the microscopic Cole—Hopf transformation turns a nonlinear prob-
lem involving local functions into a linear one. For this reason, it permits to avoid
proving a nonequilibrium Boltzmann—Gibbs principle [13], Section 11.1, intro-
duced by Rost [3], which is the main technical difficulty in the proof of density
fluctuations.

The proof of the nonequilibrium fluctuations relies on sharp estimates of the
moments of the microscopic Cole—Hopf variables, and on sharp estimates of the
fundamental solution of initial-boundary value semi-discrete linear partial differ-
ential equations. These results are presented in the last two sections of this article.
The bounds on the fundamental solutions are derived in a similar way as hyper-
contractivity is proven for ergodic Markov chains.

2. Notation and results.

2.1. The model. Fix E >0, o, f in (0, 1) and N > 1. Denote by {nfv >
0}, the speeded-up, one-dimensional, boundary driven, weakly asymmetric simple
exclusion process with state space Xy = {0, 1}{1+N=1}_The configurations of the
state space are denoted by the symbol #, so that n(j) = 1 if site j is occupied for
the configuration n and n(j) = 0 if site j is empty. The infinitesimal generator of
the Markov process is denoted by £y and acts on functions f: ¥y — R as

N—-1
Ly =N ¢ {f (e y) — Fa),
j=0

where, for 1 < j <N —2,

E
¢ et () = (1 4 N)n(j)[l — 0G4+ D]+ G+ D[1—n(D].

E
co1 () = (1 4 N)n(O)[l — W]+ 1D = O],

E
ew-twn) = (14 )1V = D[ =0 @]+ 7)1 = 0¥ = 1]
with the convention, adopted throughout the article, that

(2.1) n0) =«a, n(N)=B.
In these formulas, o/+/ Hn, 1 < j <N — 2, is the configuration obtained from 7
by exchanging the occupation variables n(j), n(j + 1),
- NG+, k=
(o) (k) = yn (), k=j+1,
n(k), k#j,j+1,
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while %1y = o1y, 6NN yy = 6V =1 are the configurations obtained by flipping
the occupation variables n(1), n(N — 1), respectively,

1 —nk), k=j.

2.2. Hydrodynamic limit. Let D(R,, X ) be the space of X y-valued func-
tions which are right continuous with left limits, endowed with the Skorohod
topology. For a probability measure uy on Xy, denote by PP, the measure on
DR, Xy) induced by the Markov process ¥ with initial distribution 1. We
represent by I, the expectation with respect to P, and by E,,,, the expectation
with respect to uy.

Let J'rtN (du), t > 0, be the positive random measure on [0, 1] obtained by rescal-
ing space by N ! and by assigning mass N~! to each particle:

1 V-l
N (dx) = 5 > 0 ()8 n(dx),

j=1
where §;,y is the Dirac mass at j/N.

Fix a measurable density profile pg : [0, 1] — [0, 1] and let {uy : N > 1} be
a sequence of probability measures on Xy associated to pg in the sense that for

every continuous function G : [0, 1] — R and every § > 0,
> 8) =0.

Then, for each ¢ > 0, rr,N converges in P, -probability to a measure which is
absolutely continuous with respect to the Lebesgue measure and whose density
p(t, x) is the unique weak solution of the viscous Burgers equation with Dirichlet’s
boundary conditions:

lim
N—400 KN (

— N Gk/Nntk) — | G(x)po(x)dx
3 J

dip=0;p— Edya(p),
p(0,x) = po(x), 0<x<l,

where o (p) represents the mobility and is given by o (p) = p(1 — p). We refer to
[2,7, 10, 11, 13] and references therein.

2.3. Nonequilibrium fluctuations. To define the space in which the fluctua-
tions take place, denote by C&([O, 1]) the space of twice continuously differen-
tiable functions on (0, 1) which are continuous on [0, 1] and which vanish at the
boundary. Let —A be the positive operator, essentially self-adjoint on L2[0, 1],
defined by

d2

—A=———,
dx?

D(—A) = ([0, 1).
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Its eigenvalues and corresponding (normalized) eigenfunctions have the form
dn = (n7)? and e, (x) = /2 sin(nwx), respectively, for any n > 1. By the Sturm-—
Liouville theory, {e,, n > 1} forms an orthonormal basis of L2[0,1].

We denote with the same symbol the closure of —A in L2[0, 1]. For any nonneg-
ative integer k, we define the Hilbert spaces Hy = D({—A}*/?), with inner product
(f, ©)x = (=A¥2 £, {—=AY/2g), where (-, ) is the inner product in L>[0, 1]. By
the spectral theorem for self-adjoint operators,

+o00
Hi = {f e L*[0,11: Y n*(f.en)? < oo},

n=1

—+00
(f. 9k =Y () (f. en)(g. en).

n=1

Moreover, if H_j denotes the topological dual space of Hy,

Hk—ifeD(Ol) Zn (f,en)? < }

n=1

+o00
(. &)—k =Y (m) *(f,en)(g. en),

n=1

where D’(0, 1) represents the space of distributions on (0, 1) and (f, -) the action
of the distribution f on test functions.

Fix a continuous density profile pg : [0, 1] — [0, 1], and denote by p(z, x) the
unique weak solution of the viscous Burgers equation (2.2). Let YtN represent the
density fluctuation field which acts on functions H in C ([0, 1) as

N-1

(2.3) YN(H) = J_ Z H(k/N){n:(k) — p(t,k/N)}.

Fix t > 0 and a function G in CO([O, 1]). Recall that we denote by po(s, x) =
ps (x) the solution of the viscous Burgers equation (2.2). Let (T; ;G)(x) = G(s, x),
0 <s <t, be the solution of the backward linear equation with final condition

—3,G =02G + E(1 —2py) 8,G
(2.4) G(t,x) = G(x),
G(s,0)=G(s, 1) =0,

0 1,
0

X =
s=t

I/\ I/\

Denote by D([0, T'], H_i) the set of trajectories Y : [0, T] — H_j which are
right continuous and have left limits, endowed with the Skorohod topology.

THEOREM 2.1. Fix T > 0, a positive integer k > 7/2, and a density profile
po:10,11 = [0,1] in C4([0, 11) such that po(0) = a, po(1) = B. Let {uy : N >
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1} be a sequence of probability measures on Xy for which there exists a finite
constant A, such that

N>1 1<k<N-1

& +
(25 sup  max EMN[(WZ{no<j)—po(j/N)}>}sAz.
=1

Let Q N be the probability measure on D([0, T'], H_y) induced by the density fluc-
tuation field YV and the probability measure juy. Then the sequence Qy is tight
and all its limit points Q* are concentrated on paths Y such that for all t > 0 and
G in C3([0, 11),

W(t, G) :=Y:(G) — Yo(T1,06)
are mean-zero Gaussian random variables with covariances given by

Eo<[W(1, G)W(s, H)]
(2.6)

NS 1
=2/0 /0 J(p(”',X))(ale‘,rG)()C)(axTS’rH)(_x)dxdr’

forall0 <s,t <T.Moreover, for all G and H in Cg([O, 1), andt > 0,
Eo«[W(t, G)Yo(H)|=0.
REMARK 2.2. Note that in the definition (2.3) of the density fluctuation field

p(t,k/N) is used instead of I, [1; (k)]. Part of the proof of Theorem 2.1 consists
in justifying this replacement.

COROLLARY 2.3. In addition to the hypotheses of Theorem 2.1, assume that
Y({V converges to a zero-mean Gaussian field Y with covariance denoted by (-, -)),

so that for all G, H in C*([0, 1]),
Jim B [YY (H)YY(G)] = (H, GY).

Then the sequence QV converges to a mean-zero Gaussian measure Q whose
covariances are given by

Eo[Y(G)Y (H)] = (T, 0G, Ty,0H)
tns pl
#2 [ [ oo 0) T O ) 0u T @) di
forall0<s,t<T, H,G in C3([0, 1]).
This result is an immediate consequence of Theorem 2.1. Under any limit point

Q* of the sequence oV, for any function G in CS ([0, 11), Y;(G) can be written as
the sum of two uncorrelated mean-zero Gaussian variables W(z, G) and Yo (77,0G).
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Since under the measure Q, W(¢, G) is a Brownian motion changed in time,
the process Y; may be understood as a generalized Ornstein—Uhlenbeck process
described by the formal stochastic partial differential equation

dY[ = LzYt dt + 20’(,0[)Vth,

where L, is the linear differential operator 8)% — E0,[(1 — 2p;)-]. The article is
organized as follows. In Section 3, we introduce the microscopic Cole—Hopf trans-
formation and we write the density fluctuation field as the sum of a current field and
a remainder. In Section 4, we prove Theorem 2.1 and Corollary 2.3, assuming that
the density field YtN is tight and that three estimates are in force. In Sections 5-7,
we prove these three estimates, and in Section 8 we prove tightness of YV. All
proofs rely on estimates on the moments of the microscopic Cole—Hopf variables,
presented in Section 9, and on estimates of the solutions of certain semi-discrete
equations, presented in Section 10.

3. A microscopic Cole-Hopf transformation. To keep notation simple,
from now on we drop the superscript N on the process 17,N . Following [9, 11],
we define in this section a microscopic Cole—Hopf transformation of the process
n; and an approximate inverse transformation. For N > 1, let

Ay=1{l,....N—=1}, Ay={0,....N—1}, A} ={0,...,N}.
For 0 < j, kK < N with |j — k| =1, denote by th’k,the total number of jumps from

J to k in the time interval [0, ¢], and let W,j /71 be the total current over the bond
{j, j+ 1}, that is,

il it me
Wl‘]j+ :Jljj+ _th+ ].

In this formula, Jto’1 (resp., J,I’O) stands for the total number of particles created
(resp., removed) at the left boundary, with a similar convention at the right bound-
ary.

For j € Ay, let &(j) be the Cole-Hopf transformation of 1,(j), which is de-
fined as

. J
(31) ét(j)=CXp{(y/N)|:Wt]’]+l _ ZT]O(k):H
k=1
Since
8G)— o) = [ & D™ a6 (e 1]day
! 0 S= s 0 s— K ,

taking y = yny < 0 such that e7"/N =1 4+ E/N we see that &(j) can be written
as

t
(3.2) & () =E0(j) + /O &(1)aj.i+1(ns) ds + MY (),
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where Mﬁv (j) is a martingale with quadratic variation given by

t
(3.3) (MY (), MN (), =8, 4 E? /0 &) (ny) ds.
Above §; i is the delta of Kroenecker, and recalling the convention (2.1),
gj.j+1(m) = EN[n(j +1) —n(j)],

b (n) = e’V ()1 —n( + D]+ nG + D1 —n()].
By the continuity equation, for 1 < j <N — 1,

34

(35) W/ = W = () = o)

As aconsequence, for0< j <N -2, 1 <k <N —1,
G +D &) =& + Dlexp{-y/N} — 1],
&k — 1) — & (k) = & (K)n: (k) [exp{y /N} — 1].

These equations explain the choice of the term } ;< ; 70(k) in the definition of
&:(j). In view of the previous identities, by definition of g; j 11, and by the choice
of y,

(3.6)

t
(3.7) 60)=800)+ [ (@60 ds + M (.
where = Q¥ is the linear operator defined on functions f : Ay — R by

(2f)(0) = —aENf(0) + N (V¥ f)(0),
3.8)  1@NU =AxNHG) = E(Vy )0, El <j<N-2,
()N —-1)=BENf(N —1) — N(l + N)(v,;f)(zv - 1.
In this formula,
(VEAG) =N[FG+D = F)],
(VN ) ==N[fG =D = f()],
and
(ANHG =N [fG+D+FG =D =27()].

The advantage of the process & compared to the original process 7; is that it
evolves according to the linear equation (3.7). Of course, the original process 7,
can be recovered from &, since from (3.1) and by the continuity equation appearing
in(3.5),forl<j<N-—-1,

. |- .
n(j) = —;[VN In(N ().
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Now, let A; = )»gv be the solution of the linear equation

@A) ()= (),  0=j=N-1,

J
ro(j) =expi —(y/N) D _ po(k/N) ¢,
k=1

where pg : [0, 1] — [0, 1] is a density profile satisfying the assumptions of Theo-
rem 2.1. For j € A}, let

3.9

1
(3.10) ri(j) = —;[Vﬁ In()]().

Denote by , t > 0, the modified density fluctuation field defined on functions
G in C'([0, 1]) by

N—-1

YN(G) = ﬁ 3" GG/N () — (D).
j=1

Next, result asserts that the original density fluctuation field YtN is close to the
modified density field Y}V .

PROPOSITION 3.1. Foreach T > 0,
sup sup  max N|r,(])—,0(t J/N)| < 0.
N>10<t<T 1=j=N—
Denote by J,N , t > 0, the current fluctuation field defined on functions G €
C'([0,1]) by

1 (VG G/N
Z M)((j)/ L6 = ().

ING) =

By the formula for 7;(j) in terms of &(j), and by (3.10), a summation by parts
yields that for functions G € Cé([(), 1]

(3.11) YN(G)=JN(G) + RN (G),
where the remainder R (G) is given by
/NG ~ Livto) N[ (&(j)) 1_&(1)}
o= 2 MG ) T )

Notice that both the current field J and the remainder R depend only on the
process &;. Sometimes, by abuse of notation, we consider that RlN acts on discrete
functions g : {0, ..., N} — R instead of continuous functions G : [0, 1] — R. This
is the case in the next proposition.

The second result of this section asserts that the modified density fluctuation
field Y} is close to the current fluctuation field JN.
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PROPOSITION 3.2. Fix T > 0 and a function ¢ : [0, T] x A; — R such that
sup max | (Vi) (j)| < oo.
0<t<T JEAN
Then, for any é > 0,

lim ]P’MN[ sup |RY (¢,)|>8] 0.

N—+o00 0<I<

4. Proof of Theorem 2.1. Fix a density profile pg satisfying the assumptions
of the theorem and denote by p (¢, x) the solution of the viscous Burgers equation
(2.2) with initial condition pg. Let {uy : N > 1} be a sequence of probability
measures on Xy for which (2.5) holds.

Let ¢ : Ay — R be a strictly positive function. Denote by Ay = Ag the differ-

ence operator which acts on functions g : A; — R by
(Ap8)(0) = (Agg)(N) =0,
(Apg)(j) = (ANg)(J) + E

(1=0s(D] o\ o
1+(E/N)9¢(j)(ng)(J) Ef(/)(Vy8) ()

for1 <j <N —1, where

~_ (Vy®&)())
05 (j) = AT
E¢(j—1)
Denote by A, the solution of (3.9). For s > 0, let A; = A,_, and let
- (Va9 () .
4.1 =0 =" I1<j<N-1
4.1) rs(j) = 6,(j) ErG —1) <j=

By Lemma 5.2 below, |7 (j) — p(t, j/N)| < Co/N uniformly in 0 <z < T and
1 < j <N — 1. Moreover, as (A;2)(0) = (A;g)(N) = 0, the solution g5 of the
semi-discrete equation

{—(asgxs, J)=(A8) (s, j),  0<j<N,

4.2) . ) .
g, j))=G(j/N), 0<j=N,

for some ¢t > 0 and some G in COZ([O, 1]), is such that g;(0) = g;(N) = 0 for
all 0 < s <t. Hence, the semi-discrete equation (4.2) has to be understood as a
discrete approximation of the differential equation (2.4).

Fix a function G in Cg([O, 1) and ¢t > 0. Let g5(j) = gév”(j) be the solution of
(4.2). A long computation yields that for 0 <s <t¢,

@3 M6 =1~ A= 3 T ONEID) v,

VN e Jo v ()

where /\/liv (j) is the martingale introduced in (3.2). We present some details of
this computation below equation (7.2).
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PROPOSITION 4.1. Fix a density profile pg : [0, 1] — [0, 1] and a sequence
{un : N = 1} of probability measures on Xy satisfying the assumptions of The-
orem 2.1. Then, for each function G in Cg([O, 1)) and t > 0, there exists a finite
constant Co, depending only on G and t, such that for all N > 1,

Euy| sup MY (1, G| <Co,  Euy[(MN @, 6] < Co.
0<s<t
If G belongs to Cg([O, 1]), then the sequence of martingales Mf,v(t, G),0<s<
t, converges in D(|0,t],R) to a mean-zero, continuous martingale, denoted by
Ws(t, G). For G, Gy in Cg([O, 1), t1,2 > 0,and 0 < s; <t;, the covariances of
Wy, (t1, G1) and Wy, (t2, G2) are given by

E[W_Sl (tlv Gl)Wéz(t27 GZ)]
—2/SIASZ/1 ( 0Ty, +G 0Ty, G dxd
= 0 0 O’(,O r,x))( xdt,r 1)(x)(0x t,r 2)(x)dxdr.

REMARK 4.2. We note that since W, (¢, G) is a continuous martingale whose
quadratic variation is deterministic, Wy (¢, G) is a Brownian motion changed in
time. In particular, W; (¢, G) is a mean-zero Gaussian random variable.

PROOF OF THEOREM 2.1. Let Q* be a limit point of the sequence Q y, whose
existence follows from the estimates of Section 8. Fix a function G € C(S)([O, 1])
and r > 0. Let g5(j) = gﬁv’f(j) be the solution of (4.2) with final condition equal
to G. By (3.11), Proposition 3.1 and (4.3),

C
YN (G) =¥ (g0) = MN (1, G) + RY (G) — Ry (g0) + \/—%
where Cy is a sequence of numbers uniformly bounded. By Proposition 4.1
and in view of Remark 4.2, MSN (t,G), 0 <s <t, converges in distribution to a
Brownian motion changed in time, denoted by W, (¢, G). In particular, the vari-
ance of W, (¢, G) is given by the right-hand side of (2.6), with H = G, s =1t,
W(r, J)=W,.(r, J).

Let (s, j) = (Vygi—s)())/A—s(j), j € AN, 0 <s < 1. By Remark 7.2
and by Proposition 3.2, RtN (G) and R{)v (go) converges to 0 in probability. Re-
call that we denote by 7; ;G the solution of equation (2.4). By Lemma 7.4,
|Y(§V(g0) - YéV(Tt,oG)I < Co/+/N. In conclusion, Y,N(G) - YON(T,,OG) converges
in distribution to W; (¢, G).

The covariance between Yo(H) and W, (¢, G) vanishes because W;(z, G), 0 <
s <t is a martingale which vanishes at s = 0.

To complete the proof, it remains to compute the covariance between W, (t, G)
and W (s, H). Assume that s <. Since W, (¢, G), 0 <r <t, is a martingale,

Eg<[Wi(t, G)Ws(s, H)] = Eg«[Ws(t, G)W,(s, H)].

By the polarization identity, we may express the covariance of a pair of random
variables (X, Y) in terms of the variances of the variables X +Y and X — Y. [
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5. Proof of Proposition 3.1. The main result of this section asserts that the
solution A; of the linear equation (3.9) (satisfied by the expectation of the Cole—
Hopf variables &;), is close to the Cole—Hopf transformation of the solution of the
viscous Burgers equation (2.2).

Fix a profile pg : [0, 1] — [0, 1] in C*([0, 1]), and denote by p(¢, x) the solution
of the hydrodynamic equation (2.2). Let K (¢, x) be the Cole—Hopf transformation
of p(t, x):

t X
K(t,x):exp{E[/o {8x,o(s,x)—Ea(,o(s,x))}ds—i—/o ,oo(y)dy“.

Since ;K = KE[0yp—Eo(p)] and 0, K = EKp, K satisfies the linear parabolic
equation with boundary conditions

&K =0’K — E0,K,
5.1) {@OxK)(,0) = EaK(z,0), 0xK)(1, 1) =EBK (1, 1), 0<t

K(O,X)=6XP{E/ po(y)dy}, 0<x<1.
0
As po belongs to C4([0, 1]), Ko belongs to CS([O, 1]), and, by Lemma 10.1, K

belongs to CZ*‘L(IERJr x [0, 1]).
Denote by || f||a the sup norm of a function f : Ay, Aﬁ — R:

where the maximum is carried over the domain of definition of f. By abuse of
notation, if G belongs to C ([0, 1]), [|G ||y represents maxo<j<n |G(j/N)|.

LEMMA 5.1. Let A; and K, be the solutions of (3.9) and (5.1), respectively.
Then, for every T > 0,

sup sup - max N|At(])—Kt(]/N)|<+oo
N>10<i<T 0=j=N

sup sup  max N|(V M) () — 0: K1) (j/N)| < Fo0.
N>10<t<T I=j<N

PROOF. Fix T > 0. In this proof, Cy represents a finite constant which may
depend on the parameters E, 8, «, on the initial condition pg, and on 7. Let
w(j) := A (j) — K¢ (j/N). A simple computation shows that

(5.2) Brwe)(j) = Q) (j) + (2, j),
where 2 has been introduced in (3.8) and where ¢(¢, j) is given by
N{(VNK:)(j/N) —aEK,(j/N)} — (3 K)(j/N), Jj=0,

[(Ay — 32K/ ](j/N) — E[(Vy — 8:)K/](j/N), 1<j<N-2
EBNK,(j/N)— (N + E)(VyK:)(j/N) — (3 K)(j/N), j=N-—1.
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In view of the boundary conditions satisfied by K;, we may replace in the previous
equation o E K, (0) by (9xK;)(0) and EBK;([N —1]/N) by EB{K;([N —1]/N) —
K:(1)} + (0xK;)(1). After these replacements, recalling that K; and pp belong
to C*([0, 1]), we obtain that o(t, j) is absolutely bounded by CoN —1 for j in
{1,...,N —2}and by Co for j =0 and for j =N — 1.

Let G:(j) =@ (HUL = j =N =2}, Ui (j) = ¢:(j) — G:(j) so that |G, (j)| <
CoN~!. We may represent the solution w; of (5.2) as

t
w, = ey —i—/ U (G + Uy) ds.
0

By Lemma 104, [|e®wq|y is bounded by CoeCo|lwollyy < CoN~' and
e Gy|lps is absolutely bounded by Coe€V—)N~—! < CoN~!. Further-
more, since U vanishes everywhere except at two points, by Corollary 10.7,
[e220=9 U]y < Co(t — s)~ /2N~ for all N large enough. Putting together all
the previous estimates, we conclude that [w, || is bounded by CoN~!, proving
the first assertion of the lemma.

We turn to the second assertion. Let

[N/(N + E)]eEA0),  j=0,
Yi() =1 (VA (), I<j<N-1,
BEA(N — 1), j=N.

It is not difficult to show that for 1 < j < N — 1, y; solves the equation

v (j) = (Any) () — E(Vyri) ().

Clearly, (0 K) satisfies a similar equation where the discrete differential operators
are replaced by continuous ones. Therefore, in view of (5.1), w(j) = {4 (j) —
(0:K)(t, j/N)}, 0 < j < N, satisfies

wy(0) = E{[N/(N + E)]7(0) — K (t,0)},
(5.3) {dw ()= (Anw)() = E(Vyw)()) + e, j), 1=<j<N-1,
wi(N) =BE{M(N —1) = K(t, D},

where ¢(t, j) accounts for the difference between the discrete and continuous
derivatives, namely

o(t, ) = (Anv)(j/N) — (3v)(t, j/N) — E{(Vyv:)(j/N) — (3x0)(t, j/N)},

where v(t, j) = (0, K)(¢, j/N).

Since K; belongs to c4([0, 1)), @ is absolutely bounded by CoN -1 uniformly
in ¢ and j. By the first part of the proof and by Lemma 10.4, w;(0) and w;(N) are
also absolutely bounded by CoN .

Let w/(j) be the solution of (5.3) with the same initial condition satisfied by
w;(j), but with boundary conditions w;(0) = C/N, w;(N) = C/N, where C is a
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finite constant such that w; (0) vV w;(N) < C/N forall 0 <t < T. By the maximum
principle, see (10.3), w;(j) < wy(j) for 0 <t <T, 0 < j < N. Denote by Q+
the generator of a weakly asymmetric random walk on {0, ..., N} absorbed at 0
and N. We may represent w;" as

t
w) = e w +/O Sy ds,

where above we extend the function ¢ to the boundaries by setting ¢ (0) = ¢(N) =
0 and we repeat the arguments presented in the first part of the proof to conclude
that ||w; || s < Co/N. This provides an upper bound for w;. A lower bound can be
derived along the same lines. [J

Recall the definition of 7, given in (4.1).

LEMMA 5.2. Forevery T > 0,

sup sup max N7 (j) —p(t, j/N)| < oo.
N>10<t<T 1=j=N-1

PROOF. By definition of 7, and by the uniform lower bound for A;, proved in
Lemma 10.5,

71 (j) = p(t, j/N)| < Co|(Vyre)(J) — Er(j — Dp(t, j/N)|

for some finite constant Cy, whose value may change from line to line. Since
(0xK:)(j/N) = Ep(t, j/N)K;(j/N) and since p is bounded, the right-hand side
of the previous expression is less than or equal to

Co{|(Vyr) () — 0xK)G/N)| + |Ki(j/N) — 2 (j — D}

The result follows from Lemma 5.1 and the smoothness of K. [

LEMMA 5.3. Forevery T >0,

sup sup  max |Vy#(j)| < oo.
N>10<t<T 1=j=N-2

PROOF. Write
ViR ()| < N7+ 1) — p(t, [j + 11/N)|
+N|p(t,[j + 11/N) — p(t, j/N)|
+N|p(, j/N) = ().

The first and third terms on the right-hand side of the last expression are bounded
by the previous lemma. To complete the proof, it remains to recall that p is of
class 2. O
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PROOF OF PROPOSITION 3.1. By Lemma 5.2, it is enough to show that

(5.4) sup  max N|rt(]) — 7 (j)] < Co.
0<t<T 1=Jj=N

By definition of r; and 7, for 1 < j <N — 1

log(1+[E/N1ri(j))

"D = eI+ (E/ND)

Since, by Lemma 10.3,
forl<j<N-1,0<t<T,(54)holds, which completes the proof of the propo-

sition. [

6. Proof of Proposition 3.2. Fix T > 0 and a sequence of probability mea-
sures {uy : N > 1} fulfilling (2.5).

LEMMA 6.1. Forevery T > 0andé > 0,

lim Py, | sup

— ) 0.
Jim. [OSKT = L) -] > }

JEAN

PROOF. Fix T > 0. It is enough to show that there exists a sequence {ty : N >
1} such that for each § > 0

. 1 12 :|
6.1 1 -P, s Ay 6|=0.
60 Jimswp B[ s o 3 [6G) - mG)P >

N—>OO0§t§T jeAy

A long and simple computation shows that for ¢ <,

T Z &) — ()T Z &) =MD

/ Z & — A D[QE — 2] dr
=0

(6.2) v
/ T; (2:87)()) = 26 ()H(QEN ()} dr

1

N—
/TZ 2(7yne Gome (G + V) dr + (M, — M),

where ay = N2{e?/N — e V/N 4 ¢=2¥/N _ 1} is a positive constant, M; is a mar-
tingale and the operator €2 is defined in (9.4).
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Consider a sequence T = ty such that N 1 « v < N=%/3. We show below

that with this choice (6.1) holds for each term of the previous decomposition. For
instance, by Lemma 9.2 and Chebyshev’s inequality,

1 1 N—-1
lim sup — MN[fZ (&) — ()] >3} 0.

N—000<;<T T

Hence, (6.1) holds for the second term on the left-hand side of (6.2) provided
N7« ty.

Repeating the arguments presented in the proof of Lemma 10.2, we can show
that the expression inside the first integral on the right-hand side of (6.2) is bounded
by

o Nf[s () = ()]
\/ﬁ = r r

for some finite constant Cy. To show that (6.1) holds for this term, it is therefore
enough to apply Markov inequality and to recall the statement of Lemma 9.2. No
condition on ty is needed in this argument due to the time integral.

The expression inside the integral in the second term on the right-hand side of
(6.2) is bounded by

C() {N_l 2 . 2 2 2}
—= N7EG+ D — & (D] + N&EO)"+ NE(N — 1)

for some finite constant Cy. By (9.1), g,(0)2 and & (N — 1)2 are bounded
above by CON_IZJ-EAN £.(j)%, and |£(j + 1) — &-(j)| is less than or equal

to (e /N — 1)&.(j). The previous expression is thus less than or equal to
CoN~1/2 Y jeny&r (j)?. By the Chebyshev and Holder inequalities,

3 t+7 1 V=1 .
P, [sup /strm dr>8] 5 EMN[/Z ﬁga(/)gdr}.

t<s<t+t

By Lemma 9.1, this expression is bounded above by CoN27*8~. The contribution
of the second term on the right-hand side of (6.2) to (6.1) is thus bounded by
C0N2t36*4, which vanishes, as N — oo, provided Ty < N~2/3,

Since the third term in (6.2) is negative, it remains to consider the martin-
gale M;. Its quadratic variation (M), is such that

s Co N4 1
), — oy, < [ 203 sr(j)z{msru)z 6 () — Ar(j)]z} dr
=0
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for some finite constant Cg and all # < s. Therefore, by Doob’s inequality,

IP’MN[ sup |MS—M,|>6]

1<s<t+t

C SaA I . .
fa_gE“NU, Ngosrwz{msrmu[am—Ar(n]z}dr}.

J

By Lemmas 9.1 and 9.2, this expectation is bounded above by Cor N~!. Hence,
(6.1) holds for the martingale part in (6.2), which proves the lemma. [

COROLLARY 6.2. ForeveryT >0,6>0anda <1,

lim P,y [ sup [&(0) = 2,0)] > 8] =0,
N—o00 0<t<T

0
lim ]P’MN[ inf 1) <a:|=0.
N—oo 0<r<T 1;(0)

PROOF. By the triangular inequality, by Lemma 10.3 and by (9.1), [&(0) —
1:(0)1? is bounded by

cf (%)zstm)z HED - M + (%)2&(0)2},

for some finite constant C; and all j € Ay. In view of Lemma 9.1 and Lemma
10.4, averaging over 0 < j < ¢N, the first assertion of the corollary follows from
Lemma 6.1.

By Lemma 10.5, there exists a positive constant cg, depending only on pg, E, «,
Band T,suchthat A;(j) > coforall0 <t <T,0<j<N-—1.Let§ =co(l —a) >
0 so that

.. &0
Fiun [oé?sz )\t, 0 = “] =Py [oigr|€’ 0) — 1:(0)] > 5].

Hence, the second assertion of the corollary follows from the first one. [
PROOF OF PROPOSITION 3.2. By Lemma 10.3 and by (9.1), & (j)/A:(j) >

eV &(0)/1:(0) for all j € Ay. Therefore, by the second assertion of Corollary 6.2,
for every a < v,

lim ]P’,LN|: inf min SI(J.) < a} =0.
N—o00 0<t<T0<j<N—1X;(j)

Fix a < ¢’ and denote by A{ the previous set of trajectories.
For each 0 < § < 1, there exists a finite constant C'(§) such that

llog(z) +1—z|<C@E1—z*, z>86.
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Therefore, on the set A,, by Lemma 10.5 applied to the function A;, for every
function ¢ : [0, T'] x AJr — R satisfying the assumptions of the proposition,

N — (7 2 C/ N—1
(& (j) — A ())) Z £(j) —

RN (¢)] < (Vie) ()| 20)

)Vt(])

ATl

for some finite constant Ci. Hence, the assertion of the proposition follows from
Lemma 6.1. O

7. Proof of Proposition 4.1. Fix a density profile pg satisfying the assump-
tions of Theorem 2.1 and denote by p(z, x) the solution of the viscous Burgers
equation (2.2) with initial condition pg. Let {ity : N > 1} be a sequence of proba-
bility measures on Xy for which (2.5) holds.

Denote by Q* the adjoint operator of €2 with respect to the counting measure.
An elementary computation gives that

(Q*£)(0) = (1 =) ENS(0) + (E + N)(V§ f)(0),
Q%)) = (AN HG) + E(VY ), I<j<N-2,
(Q*f)(N = 1) =—(1— BYENF(N — 1) — N(Vy f)(N — 1).

Note that Q* has exactly the same structure as Q2. Fix a function ¢ : Ay — R, and
denote by ¥ (s, j), j € An, s > 0 the solution of

Yvo(j) =¥ ().

LEMMA 7.1. Assume that F belongs to C*([0, 11) and let F(t, x) be the so-
lution of the linear equation

{mF=£F+EmR

F0,x)=F(x) ,x €[0, 1],

with boundary conditions
(0xF)(5,0) =—(1 =) EF(s,0),
(0xF)(s,1)=—(1 —B)EF(s, 1), s> 0.

Suppose that there exists a finite constant Cq such that

max [ (j) = F(j/N)| < Co/N-

Then, for every T > 0, there exists a finite constant Cqo such that

sup max |y (¢, j) — F(t, j/N)| < Co/N.

0<t<T JEAN
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PROOF. By the note following Lemma 10.1, F belongs to C'3(R4 x [0, 1]).
As in the proof of Lemma 5.1, let w,(j) :=¥ (¢, j) — F(t, j/N). As F belongs to
C3 (R4 x [0, 1]), equation (5.2) holds with € replaced by £* for some function
@(t, j) which is absolutely bounded by CoN~! for j in {I,..., N — 2} and by
Cy for j =0 and for j = N — 1. Since, by assumption, the initial condition wy is
also uniformly bounded by Cy/ N, the arguments presented in the proof of the first
assertion of Lemma 5.1 yield that let w;(j) := ¥ (¢, j) — F (¢, j/N) is uniformly
bounded by Co/N. O

Recall the definition of the operator Ay introduced at the beginning of Section 4.
The proof of Proposition 4.1 relies on the following remarkable identity, derived
from a long, but elementary, computation. For every pair of functions g : A; — R,
d) A N — R,

Qo)) _ [VF (A1)
$(j)? ¢(j) ’
Identity (7.2) explains the second identity in (4.3). Indeed, for a time-

independent function g : A; — R, since E)SAS_I = —AS_ZQAS, due to (3.9), (3.7)
and an integration by parts,

TN - i@

JjEeAN.

V-i-
(72) Q*(Tg)m — (Vo))

1 S (VTe)()) N,
/Y ,-EZAN 0 a0
L ’ \AEAYF (21000 Ppe
QF —(v* 7} (j)dr.
+V«/NjeZAN/o{ ( A >(J) (V7)) G2 e

By (7.2), the expression inside braces in the previous equation is equal to
[VT(A;2)1()/As(j), where Ay = A, . Hence, if we consider a time-dependent
function g; which solves (4.2), the additive part in the previous decomposition of
JSN (gs) — J({V(go) vanishes, yielding (4.3).

REMARK 7.2. Fix a function G in C3([0, 1]) and ¢ > 0. Let g, be the solu-
tion of (4.2) with final condition equal to G, g(¢, j) = G(j/N), and let ¥ (s, j) =
(Vx,'gt_s)(j)/)u,_s(j), je€AN,0<s <t.By(4.2) and (7.2), in the time interval
[0, ¢], ¥ (s, j) solves the equation (7.1) with initial condition

¥ (0, ) = (VEG)G/N) /2 ().

In particular, by Lemmas 10.5 and 10.4, there exists a finite constant C such that
forall N > 1,

(7.4) sup [¥slln < Co.

0<s<t
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REMARK 7.3. Similarly, let G (s, x) be the solution of (2.4) with final con-
dition G (¢, x) = G(x). A computation, based on a continuous version of equa-
tion (7.2), shows that in the time interval [0, ¢], the function Fy = 0, G;—s/ K
solves the equation appearing in the statement of Lemma 7.1 with initial condition
F@O,x)=(0,G)(x)/K(t, x).

Therefore, if G belongs to CS([O, 1]), since K belongs to C2’4(R+ x [0, 1]),
F(0,x)=(0,G)(x)/K (¢, x) belongs to C*([0, 11). Moreover, for Y given in Re-
mark 7.2, we conclude by Lemmas 10.5 and 5.1 that ¥ (0, j) — F (0, j/N) is uni-
formly bounded by Co/N. Therefore, by Lemma 7.1, there exists a finite constant
Co for which forall N > 1,

(7.5) sup max |y (s, j) — F(s, j/N)| < Co/N.

O<s<t JEAN

LEMMA 7.4. FixGin CS([O, 1]) and t > 0. Denote by G (s, x) the solution of
(2.4) with final condition equal to G, and by g the solution of (4.2) with the same
final condition. Then there exists a finite constant Cq such that for all N > 1,

PROOF. Since G(s,0) = g;(0) =0 for 0 <s <1, for every j € Ay, by Re-
marks 7.2 and 7.3,

|G(0, j/N) — go(j)|
j—1

1
=y > (VGO k/N) — (Vi g0) (k/N)|
k=0
1 4] (k+1)/N
L f F(t.y)K (O, y)dy — ¥ (t. k/N)ao(K)|.
k=0 k/N

We have seen just before the statement of the lemma, that under the assumptions
that G belongs to Cg([O, 1], F (O, -) belongs to C*([0, 1]). Therefore, by the proof
of Lemma 7.1, F belongs to C13([0,¢] x [0, 1]). The assertion of the lemma fol-

lows from this remark, from the fact that py belongs to C (10, 1)) and from (7.5).
O

LEMMA 7.5. For each function G in Cg([O, 1]) and t > 0, the quadratic vari-
ation (MN (t, G)) of the martingale Mf,v (t, G) converges in LI(IP’MN) to

K 1
2 [ [ (e 0)[@. T O] dxar

where T; G is the solution of (2.4).
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PROOF. With the notation introduced in (3.4) and (3.7), the quadratic variation
of the martingale MY (¢, G) can be written as

s E? . .
(7.6) (MY (1, G)), = /O o L & ()

JEAN

By (7.4), ¥ is uniformly bounded in the time interval [0, #]. Since the cylinder
functions b ; are also bounded, by Lemma 9.2, we may replace &, (j )2 by A,(j)? in
the previous formula paying the price of an error which converges to 0 in L' Py

For two functions f, g : Ay — R, and 1 < ¢ < N/2, since b? —a? = b —
a)(b+a),

1 N—-1-¢ 1 12

— —— N [fG+R* = F()*]e()
N ; 2£+1k:_€

4¢ N=2
< W SIFG+D = fG)]

Jj=0

Applying this identity to £ = &N, f = A, v¥;—, and g(j) =b;, by Lemma 10.2, we
may replace in the quadratic variation of va (t, G) the term A, (j)2y(t —r, j)?
by an average of these quantities over a macroscopic interval of length e N, pay-
ing the price of an error which vanishes in L!(P,,), as N 1 0o and then ¢ | 0.
A summation by parts yields that

2 (I-¢)N

(MY (1, G)), = = A (DYt =1, )*Vjen () dr + O(e),
/0 y*N j:XS:N !

where V; .ny(7) = (2eN + H-! Z|k|5sN bj+k(n). By Lemma 7.8 below, we may
replace V; oy (1) by 20,(j/N)[1 = pr(j/N)]I =20 (pr(j/N)) with an error of the
same type.

Up to this point, we proved that

(MN(I’ G))v
s 2 (I—e)N
:2/0 V2N EN e (DYt =1, 2o (pr(j/N))dr + O(e) + Ry

where Ry . is an error which vanishes in L! (Pyy),as N 1 oo and then ¢ | 0. Note
that the first term on the right-hand side is deterministic.

By Lemma 5.1, Ay converges to Kj, and, by (7.5), ¥ converges to F; =
0xG¢_s/K;_s uniformly in time and space. Since Krthz_r = (E)xGr)2 and since
y converges to E, the lemma is proved. []
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LEMMA 7.6. For each function G in C%([O, 1]) and t > 0, there exists a finite
constant Cg, depending only on G and t, such that for all N > 1,

EuMY @GP Co. B[ sup MY (.6 < Co.

0<s<t

PROOF. We first estimate the quadratic variation (M N, G))s, given by (7.6).
By (7.4), the solution 1 of equation (7.1) is uniformly bounded. As the cylinder
function b ; is also bounded, (M N(t, G)); is less than or equal to

N
[ 5 X s(ar
o N JEAN
The first assertion of the lemma follows therefore from Lemma 9.1 with n = 2.
We turn to the second assertion of the lemma. By the Burkholder—Davis—Gundy
inequality and by [9], Lemma 3, the second expectation appearing in the statement
of the lemma is bounded above by

CofBun[(MY 1, )]+ By | sup (MY, G) = M2, 6]

0<s<t
for some finite constant Cy. In view of the first part of the proof, it remains to
estimate the fourth moment of the jumps. Clearly, |MSN (t,G) — MSN_ (t,G)| =
17N (g5) — I (g5)|. By the definition of J¥ and of s, since |&—(j)/& ()| <
e~ V/N and since v is uniformly bounded, this latter quantity is less than or equal
to
| Nl co N7l

—= D W= Dl& () =& (D] = 7375 D &UD.

A W
The second assertion of the lemma follows from Schwarz inequality and from
Lemma9.1. O

LEMMA 7.7. Fix G in Cg([O, 1]) and t > 0. The sequence of martingales

M SN (t, G) introduced in (4.3) converges in D([0, t], R) to a mean-zero, continuous
martingale, denoted by W(t, G). For G1, G3 in Cg([O, 1, t1,tp > 0, and 0 <
sj < tj, the covariations of Wy, (t1, G1) and Wy, (t2, G3) are given by

E[W;, (11, G1) Wy, (2, G2)]

S1AS2 1
:2/0 /0 o (0(r, x))(0x Tt r G1)(x)(3x Tr,.r G2) (x) dx dr.

PROOF. The proof of the convergence in D([0,¢],R) of the martingales
M SN (t, G) to a mean-zero, continuous martingale, whose quadratic variation is
given by the right-hand side of the displayed equation appearing in the statement
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of the lemma with G; = G and t; =1, relies on [12], Theorem VIIL.3.12. We claim
that conditions (3.14) and b-(iv) are fulfilled. Condition [y5-D] (defined in 3.3,
page 470 of [12]) follows from Lemma 7.5. By Assertion VIIL.3.5 in [12], condi-
tion [S5-D] and condition (3.14) are a consequence of

lim By, [sup|M)" (¢, G) — M., G)|| =0,
N—o0 s<t

an assertion which has been proved in the previous lemma.

It remains to prove the formula for the covariances. Fix G1, G in CS([O, 1],
ti,tp>0,0<s; <tj, and let s = 51 A 2. Since MN(t;,G;), 0 <s <1;, are
martingales in L2(Py,), E, [MN (1, GDOMY (12, G2)] = B [MN (11, G1) x
MSN (t2, G2)]. By the polarization identity, the computation of the covariance is
reduced to the computation of the variance of the martingales MSN (t1,Gy) £
MN(t, G2). In view of (4.3), the martingale M (t;, G1) = MN(t, G») can be
represented as a martingale MSN (t1, 2, G1, G7). The proof of Lemma 7.5 shows
that the quadratic variation of this martingale converges in L' (Py) to

s prl
(7.7) 2/(; /0 o(p(r,x))[(0: Tt G £ th’er)(x)]zdx dr.

By the first part of the proof, the martingale MY (¢;, G1) £ MY (12, G,) converges
in distribution to the martingale W (¢, G1) £ W;(#2, G2). As the limit is continu-
ous, the convergence in the Skorohod topology entails convergence in distribution
at4ﬁxed times. Since, by Lemma 7.6, MsN(tl, C = MsN(tg, G») is bounded in
LA Py,

E[{ W11, G1) £ We(2, G))’] = fim By [{M{ (11, G1) = MY (2. Go))]

which completes the proof of the lemma since the right-hand side converges
to (7.7). O

We conclude this section stating a result which permits to replace cylinder func-
tions by functions of the empirical measure. Denote by v,, 0 < p < 1, the Bernoulli
product measure on {0, 1}Z with density p. For a function § : {0, 1}Z — R which
depends only on a finite number of sites, let E(,o) =FE, p[b(n)]. Denote by 7,7,
j €Z,n € {0, 1}7Z, the configuration 1 translated by j: (Tjm k) =n(j+k), k € Z.
For a cylinder function h, whose support is represented by A C Z, and for a con-
figuration n € X the meaning of h(z;n) is clear provided j + A C{1,..., N}.

LEMMA 7.8. Let {un : N > 1} be a sequence of probability measures in Xy .
For every continuous function G : R4 x [0, 1] = R and every cylinder function b,

t
limsupE,, [/
N—+o00 0

1 , ! ~
N;G(SsJ/N)h(Tjﬁs)—/o G (s, )B(p(s. x)) dx

ds} =0,
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where p (s, x) is the solution of the hydrodynamic equation (2.2) and where the sum
over j is carried over all j’s for which the support of §) is contained in Ty — j.

The proof of this result is similar to the one presented in [13], given the estimate
presented in [2], Lemma 3.1.

8. Tightness of the density field. We prove in this section that the sequence
{Y,N : N > 1} is tight in D(Ry, H_j) for k > 7/2. Recall from Section 2.3 the
definition of the eigenfunctions {e, : n > 1} and of the eigenvalues {A, : n > 1}
of the operator —A defined on Cg([O, 1]). Denote by || - |—x the norm of H_g,
defined as

IF 12 =D 22 en)?

n>1

By Propositions 3.1, 3.2 and by (3.11), to prove that the sequence {YtN :N > 1}
is tight it is enough to show that the sequence {J¥ : N > 1} is tight: We claim that
forevery k >7/2, T >0, ¢ > 0,

lim hmsupIP’uN[ sup 17N k>A] 0,

A—>00 N oo 0<t<
lim limsup P, [a)g(JN) >¢] =0,
=0 Noo
where, for § > 0,
wB(JtN) = sup ”JtN - JsN“—k
[s—t|<é8

0<s,t<T

The first condition in the penultimate displayed equation is a consequence of part
(a) of Corollary 8.2. The second condition follows from part (b) of that corollary
and from Lemma 8.3.

LEMMA 8.1. There exists a finite constant Cog, such that for every n > 1,

B[ 500 U et < .

0<t<T
PROOF. By (7.2) and (7.3),
t
8.1) TN (en) = I (en) + [ IV Asen)ds + MY (),
0

where M (e,,) is the martingale appearing on the right-hand side of (7.3) with
g = e,. We estimate separately each term of the previous expression. By Schwarz’s
inequality,

1 N (Ve (j/N)?

N, \2 , 12
Euy[Jy (en)”] < 2 ; e uy {80 () = 2o()N}7]-
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By assumption (2.5), the expectation is bounded by Co/N. Hence, since g is
bounded below by a strictly positive constant, the previous sum is less than or
equal to Con?.

We turn to the time integral term in the decomposition of J,N (en). By Schwarz’s
inequality, and by the definition of JV,

1 2
EMN[ sup (/ JSN(Aﬁve,,)ds> }
0<t<T \JO

o [T LY VeI eI

@s(j, k) ds,

where ¢ (7, k) =, [{5(7) — As(jIHEs (k) — Ag(k)}]. Recall from Lemma 10.5
that A;(j) is bounded below by a strictly positive constant. By Lemma 9.2,
SUpg<y<7 Max; i [s(j, k)| < Co/N. On the other hand, in view of Lemma 5.3,
by a Taylor expansion and since (Ase,)(0) = (Aze,)(N) =0,

sup - max_[[V}{(Asen)]()] = Con’,

0<s<T 1Sj=N-2

sup  max |[Vy(Asen)]k)| < Con’N.
0<s<T k=0,N—1
It follows from these bounds that the penultimate displayed equation is bounded
by Con®.
It remains to examine the martingale term in the decomposition of JtN (en). By
definition (7.3) of the martingale M;V (en), by Doob’s inequality and by (3.3),

N 2 N—n N
EILN [O;?ET Mz (en) ] SE/J.N |:/(; )/2N jg) )Ls(j)z &s(J) h](ns)d5:|.

Since the cylinder functions b; are bounded and since, by Lemma 10.5, Ay is uni-
formly bounded from below, by Lemma 9.1 this expression is less than or equal to
Con?. This completes the proof of the lemma. [

COROLLARY 8.2. Foreachk >7/2,

(@ limsupE,,[ sup |JV]?,] < oo,
N— 400 0<t<T

(b) lim lim supEMN[ sup Z(JIN, en>2)\;2k} =0.

Mm=>+00 N 100 0<t=<T n=m

PROOF. This result is a consequence of the previous lemma and of the obser-
vation that

sup N2, < 300 sup [N (e
0<t<T T

n=1 <<
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LEMMA 8.3. Foreveryn > 1 and every ¢ > 0,

lim lim supIP’MN[ sup [JN (en) — JSN(e,,)]2 > 8] =0.
=0 N 400 |s—t] <8
0<s,t<T

PROOF. Recall the decomposition of JN (e,) presented at the beginning of the
proof of Lemma 8.1. We first claim that for every ¢ > 0,

(8.2) limlimsup]P’MN[ sup |M{V(e,,)—M§V(e,,)y>e]=0.
=0 N +o0 ls—t]| <8
0<s,t<T

Denote by a):S (x) the modified modulus of continuity of a path x in D([0, T'], R)
defined by
ws(X) =inf max  sup  |X; — X,
{ti} O<i<rf;<s<t<t; 4,
where the infimum is taken over all partitions of [0, T] such that 0 <i <r, 0=
to <ty <---<t,=T with t;41 — t; > 8. Since ws(x) < 2w5(x) + sup, .7 X, —
X;_|, to prove (8.2) it is enough to show that for every ¢ > 0
lim limsup P, , [ws (MDY (e,)) > €] =0,

=0 N 400

limsupP,,, [sup|/\/l£v(en) — MV (e)| > 8] =0.
N—+00 t<T

(8.3)

Clearly, |IMY (e,) — MY (en)| = |IN (en) — JN (ey)]. By definition of J and
since |&_(j)/&(j)| < e~ ?/N this latter quantity is less than or equal to

1 = (Ve ()l
WL )

The second condition of (8.3) follows from the previous estimate, from Markov
inequality and from the fact that the expectation of & (j) [which is equal to A;(j)]
is uniformly bounded.
We turn to the first condition of (8.3). By Aldous’s criterium, it is enough to
show that for every ¢ > 0
lim limsup sup Py, [[MY, 4(en) — MY (en)| > €] =0,

=0 N 400 €%,
0<6<6

C N—-1
6() — 6 ()] = 155 2 D).
=0

where T, represents the set of stopping times bounded by 7. By Chebyshev in-
equality and by the explicit expression for the quadratic variation of /\/lfv (en)
given in (7.6), the previous probability is bounded by

T+6 E2 N—1 - (V;\i/_en)(.]/N)Z
EMN|:/; )/28—2Nj§)$5(]) hj(ns)TJ)zds]
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By Lemma 9.1 and Lemma 10.5, the previous expectation is bounded above by
C0n28/82, proving the first assertion of (8.3). This proves (8.2).
We claim that for every ¢ > 0

t
(8.4) limlimsup]P’MN[ sup / IN(Avey)dr >g}=o.
8—>0N 400 |s—t|<8 /s
0<s,t<T

By Chebyshev’s inequality, the previous probability is bounded by

5 T 1 NI VEAe)G/IN) L -\
?E“N[/o (VW. () [Sr(J)—)»r(J)]) dr]

Jj=0

The computations performed in the proof of Lemma 8.1 yield that the previous
expression is bounded by Con®8/e2. This proves (8.4).
The assertion of the lemma is a consequence of (8.2), (8.4). [

9. Exponential estimates. We present in this section some bounds on the pro-
cess & . By (3.6) and by the definition of the variables & (j), for0 < j < N — 2,

O.1) EN<&G+D <e Vg ().

LEMMA 9.1. Fixn>1,T > 0 and a sequence of probability measures {1y :
N > 1} on X . There exists a finite constant Cy and No > 1, depending only on n,
B, E and T, such that for all 0 < j < N — 1 and all N > Ny,

B[ sup &()"] < C.

0<t<T

PROOF. Fix n>1 and T > 0. In the proof C; represents a finite constant
which depends only on n, 8, T and E and which may change from line to line. We
first claim that

-\
(9.2) OzlzlgT Ogljngals/(—lEMN [& ()" = Ch.

A similar computation to the one performed just after (3.1) shows that for each
0<j<N-1
t
93 &(D"=&)" +/0 {[2:E71G) + An(s, D} ds + M@, ).

In this formula, M,]f (-, j) is a zero-mean martingale; €2, is the linear operator
equal to €2 in the interior of Ay and given at the boundary by

(2, )(0) = —aNR, £(0) + N(Vy £)(0),

9.4) E _
(&JXN—DZﬂN&ﬂN—D—N<Lkﬁyww%N—D,
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where
R, = N(l + %)(1 —NY, S, =N /N 1)
and
antte ) = =N (14 2 )@ = 1)+ e = e GGG+ .

Notice that A1 (¢, j) =0 and that R; = S| = E so that Q2] = Q.
It follows from the previous computations that f,,(z, j) =, [§/(j)"] satisfies
the differential inequality

O f@, j) =), J).

Let F,(¢, ) be the solution of equation (3.9), with €2, instead of 2 and initial
condition F,(0, j) = f,(0, j). By the maximum principle, see (10.3), f,(t,-) <
F,(,-) for all + > 0. Claim (9.2) follows from Lemma 10.4 and the bound
Fu(0, j) < exp{—yn}.

It remains to bring the supremum inside the expectation. Since, by (9.1), & (j)
is increasing in j, it is enough to prove the lemma for j = N — 1. However, by
(9.1), & (N — 1) <e7V&(j) so that

1 N—-1
Ey| sup &N —1)"]|<e™" EMN[ sep Yo EU) }

0<t<T 0=t=T IV 5

By (9.3),

t
()" <E()" + /0 [2,6"]() ds + MY (2, j).

We need therefore to estimate three terms. The first one is given by

N-1

1
— Z Eo(j) <e 7.

j =0
The second one is also simple to handle. Since

1 N-1
5 2 [E"10) < EEO)" + BN (7N = 1)g(N = 1",
j=0

we have that

r1 N= T
EMN[ sup f Z (])ds} <C|E,, UO [£,(0)" + & (N — 1)”}ds].

0<t<T
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By (9.2), this expression is bounded by a constant independent of N. To estimate
the martingale term, apply Doob’s inequality and use the fact that the martingales
MDN(t, ) are orthogonal to get that

N T Cl 2n
EMN|:( sup N Z M, (t, j)) :|<E,LN|:/ Z &(J) dt]

0<t<T

By (9.2), this expression is bounded by C{N~!, which completes the proof of the
lemma. [

LEMMA 9.2. Let {un : N > 1} be a sequence of measures on Xy satisfy-
ing (2.5). Then, for each fixed T > 0, there exist finite constants C1 and Ng > 1,
depending only on E, B, T and A, such that

Ci
OiltlET jnel?-\):, E/LN [(gl‘ (.]) — A (.])) ] N2

PROOF. ForO0 <k <N —1andt >0, let g;(k, -) be the solution of equation
(3.9) with initial condition g (k, j) = 8, ;. By (3.7),

N—-1

£(j) = Z £0(k)q: (k, j) + Z/ qi—s(k, j)dMY k),

so that
N-1 N—1 .

95 &) =2 ()= (Eok) — ro(k))gs (k, j) + Z/; Gi—s (k, j)dMY (k).
k=0 k=0

To prove the lemma, we need to estimate the fourth moments of the terms on the
right-hand side of (9.5).
By Holder’s inequality,

N—1 4
Euy {( D (Bok) — ro(k))qi (k, j)) }

k=0
N-1

SEMN[Z(SO(/C) ro()) g (k, J):|(Z g (k, J))

k=0
Notice that

(]i,l Z{’?o(j) - ﬂo(%)}

k .
|Eo(k) — 2o (k)| < — ‘
j=1

for some finite constant C; which depends only on E, 8, T, Ay, and whose value
may change from line to line. Therefore, by assumption (2.5) and since, by (10.11),
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Z,ivz_ol qs(k, j) is uniformly bounded in j and 0 < s < T, the fourth moment of the
first term on the right-hand side of (9.5) is bounded by C1/N?2.

We turn to the martingale term in (9.5). For 0 <r <1, let Mﬁv . (r) be the mar-
tingale defined by

N-1 .,
M) = Z/ Gi—s(k, j)d MDY (k).
k=070

By the Burkholder—Davis—Gundy inequality and [9], Lemma 3, there exists a finite
constant Cy such that

4
Epu [MY, (0*] < Co[Biup MY, ]+ By [Osup MY ) = MY, )]
<s<t

where (./\/l?{ ;)r stands for the quadratic variation of the martingale MIIV P

We first estimate the jump term. By (9.5) and by definition of &;, IM?T () —
M%(s—)| =& () —&—_(j)] < (Co/N)&s(j). Hence, by Lemma 9.1, the second
expectation on the right-hand side of the previous formula is bounded above by
Co/N*.

It remains to examine the quadratic variation. By (3.3), the quadratic variation
of the martingale Mﬁv ,(r) is bounded above by

F N—1
Cr [ 3 armsth, P00 ds
0 >0

. N-1
=c [ max gk, D L ar-sth e .

By remark (10.11), Z,JCV:_OI gs(k, j) is uniformly bounded in j and 0 <s < T, and
by Corollary 10.7, maxo<k<n—1¢:—s(k, j) is bounded above by C; {N2(t —s)}_l/2
for all N large enough and all j. Since, by (9.1), &;(k) <& (N —-1),0<k <N —1,
the previous expression is less than or equal to

r 1
C f ————& (N — 1) ds.
Hence, by the Cauchy—Schwarz inequality,
N
M = B | [ Z=aw = ntas]

which completes the proof of the lemma in view of Lemma 9.1. [J



NONEQUILIBRIUM FLUCTUATIONS OF WEAKLY ASYMMETRIC EXCLUSION 169

10. The operators 2,,. We prove in this section some properties of the so-
lutions of the differential equation 0; f; = 2, f;, where €2,, is the linear operator
defined by (3.8) and (9.4). We start with a result on classical solutions of the vis-
cous Burgers equation (2.2).

LEMMA 10.1. Let pg be a density profile in C*([0,11). Then the solution
of the viscous Burgers equation (2.2) belongs to C23([0, 00) x [0, 1]) and the
solution of the linear equation (5.1) belongs to C>*([0, 00) x [0, 1]).

PROOF. Since pp belongs to C*([0,1]), Ko defined by (5.1) belongs to
CZ+1(10, 1]) with m = 2. Therefore, the (generalized) Fourier series expansion
of the solution K of (5.1) with initial condition Ky, provided by the method of sep-
aration of variables, yields that K € C m.2m 10, 00) x [0, 1]). Moreover, since the
semigroup corresponding to (5.1) is positivity improving and since Ky is bounded
below by a positive constant, so is K;. Thus, p(t, x) = d,K/EK, which solves
the viscous Burgers equation, is well defined and belongs to C*3([0, o) x [0, 1]).
Uniqueness of classical solutions of (2.2) completes the proof. [

Note: With the same notation as in the previous lemma, assume that Kq be-
longs to C¥"*2([0, 1]), m > 0, so that 8, Ko € C?"*+1([0, 1]). Since 9, K satis-
fies the same equation as K, one obtains by the previous argument that 9, K €
C™2m([0, 00) x [0, 1]), so that K € C™2"+1([0, 00) x [0, 1]).

We turn to the operator €2,,, which should be understood as a small perturbation
of Qp, obtained from €2, by setting « = 8 = 0, and which represents the generator
of a weakly asymmetric random walk on A y with reflection at the boundary.

Let my be the measure given by

E —k
mN(k)z(l—l-N) , 0<k<N-1.

Denote by (-, -)u, the scalar product in L2(my). A calculation shows that for each
n >0, Q, is self-adjoint in L?(my), that is,

(& R fhmy = (& Py, fg€L*(my).
For p > 0, denote by || - || ,, the L? norm with respect to my and by Dy the
Dirichlet form associated to £2¢ and m py:
N-2

2
DN(f)=(f.=Q0f)my =N> D [fk+1) = f)] my (k).
k=0
The logarithmic Sobolev inequality for the weakly asymmetric random walk on
A with reflection at the boundary [8], Example 3.6, states that there exists a
finite constant Ag, depending only on E, such that

N—-1

(10.1) Y fk)*log f(k)*my (k) < AgDy(f)

k=0
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for all functions f such that || f]lo =1and all N > 2.
Fix n > 1, an initial condition f : Ay — R and denote by £ the solution of
the linear differential equation

(10.2) W " =, £, =

It is not difficult to prove a maximum principle for the solution of this linear equa-
tion,

(10.3) f™'>0  forallt>0if £ >0,

and to deduce the existence of a unique solution.

LEMMA 10.2. Fixn >1 and let f; = f(") be the solution of (10.2). There
exists a finite constant Cg, depending only on E, B and n, such that for any t > 0

t
IA13 + /0 Dy (fo)ds < )| folI2.

PrROOF. Fix n > 1. Differentiating || f; ||% yields

1d

3 s — 1113 = —aN Ry £5(0)*my (0)

(10.4)
+BNS,fs(N — D*my(N — 1) — Dy (f).

Forevery 1 <m < N and every s > 0,

(10.5) fs(N - 1)2 Sze_y(N DN(f$)+ fs» fs mN)

Indeed, fix 1 <m < N. By Young’s inequality,

N-1 2
fs(N—1)2§2(fs(N—1)—% > fs<k)) + ( Z fs(k)>

k=N—m k=N-—m

By Schwarz’s inequality and since m y (k) > e for 0 < k < N — 1, the second term
on the right-hand side is less than or equal to

2N1 v N-1

Yo fik)? < Z fs(k)2my (k) =

kNm

-V
<fS’ fs)mN

The first term on the right-hand side can be rewritten as

| N-1I N2 2 N—1 N-2
( > f;(ﬁl)—f«p) <2 Y Y [AG+D- D]

k=N-m j=k k=N—m j=k
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Since my (k) > eV, this sum is bounded above by

N-2

— . . . —_ m
2me™” J LS+ D) = (D my () =2¢77 <5 D ().

j=0

which proves (10.5).
Set m = [NeY /48S,] A N, where [a] represents the integer part of a. Putting

together (10.4) and (10.5) yields

d
%(fs» fs)mN = _DN(fS) +C0<f5’ fs)mN-

To conclude the proof it remains to apply Gronwall’s inequality. [
Next result shows that the solutions of (10.2) are monotone.

LEMMA 10.3. Fix n > 1 and a nonnegative initial condition fo: Ay — R

such that fo(j) < fo(j +1),0 < j < N — 1. Then the solution f, = f™ of (10.2)
conserves the monotonicity:

(D =fiG+D

forallt >0and 0 < j < N — 1. Conversely, if the nonnegative initial condition
is such that fo(j +1) <e 7N f3(j),0 < j < N — 1, the same property holds at
later times:

fG+D =N ()
forallt >0and0<j <N —1.

PROOF. Fort>0,je{l,...,N—1},letg;,(j)= fi(j)— fr(j —1).Itis easy
to show that g; satisfies an equation of the form

d ~
106 - - Qn 9
( ) ar & &+

where all the entries in 1, are null except for the first and the last which are equal
to N R, f1(0) and BN S, fi (N — 1), respectively.

Moreover, €2, is a tridiagonal matrix whose diagonal elements are equal to
—N2?(2+ E/N), upper off-diagonal elements equal N2 and lower off-diagonal
elements are equal to N2(1 + E/N).

We may now apply the maximum principle, see (10.3), to conclude the proof
of the first assertion of the lemma because, as already seen, the solution f; is
nonnegative. Alternatively, we can recall the observation (see [17], Exercise 97,
page 375) that for any 7 > 0 the exponential ¢4’ of a matrix A has all its entries
positive if and only if all the off-diagonal elements of A are nonnegative. Since
that holds for 2,, and €2,,, then g;, which can be written as

~ 1 ~
grzeQ”’go+/0 ey ds,

is nonnegative.
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The same argument applies to the second assertion. Fort > 0, j € {1,..., N —
1}, let g;(j) = e_V"/th(j — 1) — fi(j). Then, g; satisfies the equation (10.6)
where all the entries in v/; are null except for the first and the last which are equal
to N(N + E)(1 —a)(e™ "N — 1) £,(0) and N*>(1 — B)(e V"N — 1) f,(N — 1),
respectively. [

LEMMA 10.4. Fixn > 1 and let f; = f,(") be the solution of (10.2). There
exists a finite constant Cg, depending only on E, B and n, such that for any t > 0

Cot
I fellm < Coe™* ll follm,

forallt > 0.

PROOF. Let gg be the function which is constant and equal to || foll»s and
denote by g; the solution of (10.2) with initial condition gg. By the maximum
principle, see (10.3) f;(j)?> < g;(j)* forall1<j <N,t>0.

By Lemma 10.3, "V g;(k) < g:(j) < e ™ gi(k) for all 0 < j,k <N — 1,
t > 0, which together with my(j) > ¢e?, 0 < j < N — 1, gives that ||g,||]2w <
e~ @ntDy y—1 ||gt||%. By Lemma 10.2, ||g,||% < eC0’||g0||%. In conclusion,

£()? < Coe" N7 1goll3 < Coe ¥ llgoll2; = Coe" |l foll s

which proves the lemma. [J

Fix n > 1 and denote by ¢;(j, ) = q,(")( Jj»-) the solution of the linear equa-
tion (10.2) with initial condition go(j,k) = ;. Fix a function f : Ay — R.
We may represent the solution f; of (10.2) with initial condition f as f;(k) =
> jeay S (g (j, k). In the particular case where f(k) =1 for all k € Ay, by
Lemma 10.4,

ma i, k) = ma k) < Coe©0’,
keAfvjeZAth(J )= max fi(k) < Coe

LEMMA 10.5. Fixn > 1, a strictly positive initial condition fy: Ay — R and
let f; be the solution of (10.2). For every T > 0, there exists a positive constant
co, depending only on fo, E, o, B and T, such that

co < fr(J)
forall0<t<T,jeApn.

PROOF. By the maximum principle [see (10.3)], it is enough to prove the
lemma for a constant initial profile. Assume, therefore, that fy(j) = a for all
Jj € Ay and for some a > 0. A simple computation shows that

d 1 N—-1 N—-1

1
TN Z fimn () =+ Y (Quf)(ImN(j) = —aRy f;(0)my (0).

j=0 j=0
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By Lemma 10.3, f;(0) < N1 ZOSJ-S,\,_I f:(j). On the other hand, my(0) =1 <
my(j)e~? forall j € Ay. Hence,

d 1N 1
N - Z fi(GHmy(j) > —aRue " — Z L (GHmy ().

_/ =0

Therefore, by Gronwall’s inequality and since R, is bounded above by a finite
constant independent of N,

N—1
_th(])mN(])>€ Al Zfo(])mzv(])>aey —Ar
Jj=0 j =0

A constant profile satisfies both conditions of Lemma 10.3. We may therefore ap-
ply this lemma to bound above N~!Y" jeay Jt(J) by Comingep, fi(k), which
completes the proof since my(j) <1. U

The next result provides a bound for the fundamental solution of (10.2). The
proof is based on the classical arguments of hypercontractivity [4, 8]. We need,
however, to estimate additional terms which appear because €2, is not a generator.

Fore > 0,let§ =¢/(1 4+ ¢), and let ¢, : [0, 1] — [§, 1 — 2¢] be given by

© V82 +1, for0<tr<1/8,
Pe =
1 —+/4e2+1—1t, for7/8 <t <1.

We complete the definition of ¢, in the interval [1/8,7/8] in a way to obtain
an increasing C! function whose derivative in the interval [1/8,7/8] is bounded
by 2. Note that this bound is compatible with ¢/ (1/8) and ¢/ (7/8), which are both
bounded by +/2.

Actually, the exact form of ¢, is irrelevant for the proof of Lemma 10.6. The
only important properties needed are that

@e (1)

1 1 L
/O—dt<oo and /O‘Pe(t)logm

P (D[ — e (1)]

where ¢, () represents the derivative of ¢,.

dt < o0,

LEMMA 10.6. Fix n > 1 and recall that we denote by q;(j,-) the solution
of the linear equation (10.2) with initial condition qo(j, k) = ;. Assume that
N >n+1andlet Ay = —ynf. There exists a finite constants Cq, depending only
on E, B and n, such that

CoeCOT
max qr(j,k) <

0<j,k<N—1 VN
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forall T such that

TN?
log(TNz) > 16, log(TNz) <=
8Ao

log(TN?) < N(l A L)
- 8€EA1 ’

(10.7)

where Ag is given in (10.1).

PROOF. Here, we follow [14, 15]. In this proof, Cy represents a finite constant
depending only on 8, E and n, which may change from line to line.

Fix0 <k <N —1and T in the range (10.7). Lete ! = log(TNz), p:10,T] >
[1+e, 26"  be given by p(r) = [1 —.(t/ T)I™". Set f;() =g, (x, ), u? = £,
v,2 = utz /lluy ||%. An elementary computation, identical to the one presented at the

beginning of the proof of Theorem 2.1 in [14], gives that

d (1)
Elog”ft”p(t) < %/v?logvtzdmlv
(108 2[p(t) — 1]
— WDN(U[) +A1NU[(N — 1)2
Set
_ 2 _
0(r)> :Nz{P(l). 1 A 1} _ TN {%(l/T).[l @e(t/T)] A ﬂ}
4A0p(1) Ap 4pe(t/T) T

By the second condition in (10.7), £(¢) > 1. Divide the interval A y in subintervals
of length £(¢). The last interval has length between £(¢) and 2¢(¢) — 1. By the
logarithmic Sobolev inequality (10.1) and by the proof of Lemma 4.3 of [14],
since my (k) > e?, the first term on the right-hand side of (10.8) is less than or
equal to

. 2
P {AOM(” Dy () _1og[ew(,>]}-

p(1)? N2
By definition of £(7), the right-hand side of (10.8) is bounded by
(10.9) —21;82 log[e?” £(1)?] — %DN(W) + A Nv (N — 1)2
Let
p) —1 1 1
m(t) =N ()2 {ZeEAl A 4} =Ng:(t/T)[1 — (,og(t/T)]{chA1 /\4}.

Notice that m(t) < N, because 0 < p(t)_1 < 1. On the other hand, as p(t)_1 [1-—
p()~1 = {41og(TN?)}~! and N > log(TN?){8¢FA; v 1}, we have that
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m(t) > 1. Adding and subtracting the average of v;(j) over the interval {N —
m(t), ..., N —1}, and repeating the same argument as in the proof of Lemma 10.2,
since —y < E, we obtain that

N=-2 N-1

2
wN—D2<2m@® > {uG+D—-v()} T o® Yo w()?
j=N—m(t) j=N—m(t)
2e m(t)D " 2eE
7N N (v ( )

because ||v(t)||2 = 1. By the definition of m(¢), the first term of this expression
multiplied by A1 N may be absorbed by the Dirichlet form in (10.9). Hence, (10.9)
is less than or equal to

PO o PO
—3 )2 log[e”” £(1) ] SO 1
Up to this point, we proved that
||fT”p(T)) 0] 2y T p@)?
10.10) log{ ————— — 1 ve dt + C
( ) 0g< 1 olloo < b 2902 ogle”” £(t)"] dt 0/0 o) —1

Since p(t)/p(t)2 T- (pg (t/T),in view of (10.7), the first term on the right-hand
side is less than or equal to

pe (1 T
@e (1) v }dt
e (O[1 — e ()] 4Ao

Since log(a Vv b) <log, a+log, b, where log, a =loga V0, the previous integral

can be estimated by the sum of two terms. The first one is log, (T /4A¢) < CoT,
while the second one is

L 6e (1)
3/, %(’)k’g+{ e Ol — g ()] } a

On the interval [1/8,7/8], ¢¢(¢) is bounded by 2 and ¢, (¢)[1 — ¢.(¢)] is bounded
below by a positive constant independent of the parameters. On the other hand, on
the interval [0, 1/8], in view of (10.7), @- (1) /{w: ()[1 — @ (¢)]} > (824171 > 1.
Hence, in this interval, the previous integral is bounded by

b (TN?*) +C +1f1 e (1)1 {
—=lo = 0
5 g 0 20‘Pe g

1 /8 1 I 1 J C
- 0 t < Co.
4o J/$2+1 s =0

A similar analysis can be carried out in the interval [7/8, 1].
The second term on the right-hand side of (10.10) is equal to

1
CoT - d C/T.
0 ./0 o — o] =50
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Therefore,
og( I f7ll pery
Il foll pco)y

To complete the proof of the lemma, it remains to observe that || fr|ly < e
I fTllpcrys I follpoy < 1. O

> < —(1/2)1og{N?T} 4 Co + CoT.

EJ2

COROLLARY 10.7. Fixn > 1, Ty > 0, and denote by q;(j, -) the solution of
the linear equation (10.2) with initial condition qo(j, k) = & k. There exist a finite
constant Coy and Ngo > 1, depending only on E, B and n, such that

Coec‘)t

~/ N2t

forall0<t<Ty, N>NoandO0< j, k<N —1.

q:(j, k) <

PROOF. Fixn>1,Ty>0,and 0 < j < N — 1. There exists Ny > n + 1 for
which the last condition in (10.7) is satisfied for all 0 <t < Ty, N > Nj.
There exists a > 0 such that sup,.,logx/\/x < (8409)~ /2. Let b =

max{a, e'®}. Fix 0 <t < Tp. If tN? < b, by Lemma 10.4,

bC Cot
max g, (j, k) < Coe™' < VbCoe™

0<k<N—1 N2t
On the other hand, if N2 > b, ¢ fulfills all the assumptions of the previous lemma.
This completes the proof. [

We conclude this section with a remark used several times in the previous sec-
tions. Let f;(k) = > jeAy 4t (j, k). Thus, f is the solution of (10.2) with initial
condition f(k) =1 for all k € Ay. By Lemma 10.4, for all T > 0, there exists a
finite constant Cyp, depending only on E, 8 and T such that

(10.11) sup mix Z q:(j, k)= sup kmax fi (k) < Co.

0<t<T ke N ichy 0<t<T keAn
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