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ASYMPTOTIC BEHAVIOR OF A CRITICAL FLUID
MODEL FOR A PROCESSOR SHARING QUEUE VIA
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In this paper, we develop a new approach to studying the asymp-
totic behavior of fluid model solutions for critically loaded processor
sharing queues. For this, we introduce a notion of relative entropy
associated with measure-valued fluid model solutions. In contrast to
the approach used in [12], which does not readily generalize to net-
works of processor sharing queues, we expect the approach developed
in this paper to be more robust. Indeed, we anticipate that similar no-
tions involving relative entropy may be helpful for understanding the
asymptotic behavior of critical fluid model solutions for stochastic
networks operating under various resource sharing protocols natu-
rally described by measure-valued processes.

1. Introduction. In the context of multiclass queueing networks op-
erating under head-of-the-line (HL) service disciplines, Bramson [1] and
Williams [15] have developed a modular approach for establishing heavy
traffic diffusion approximations to such networks. In particular, they have
given sufficient conditions under which asymptotic behavior of critical fluid
model solutions can be used to prove state space collapse and thereby a
heavy traffic limit theorem justifying a diffusion approximation. Although
the HL assumption covers a wide variety of service disciplines, including first-
in-first-out (FIFO) and static priorities, it requires that service for a given
job class is concentrated on the job at the head-of-the-line. Consequently,
it does not cover some disciplines that arise naturally in applications, such
as the processor sharing discipline. While it is desirable to have a modular
approach to proving diffusion approximations for stochastic networks with

Received July 2015.

fResearch supported in part by IPAM UCLA, an ROA supplement to NSF Grant
DMS-1206772, and NSF Grant DMS-1510198.

$Research supported in part by NSF grant DMS-1206772.

MSC 2010 subject classifications: Primary 60K25, 60F17; secondary 60G57, 68M20,
90B22.

Keywords and phrases: Queueing, processor sharing, critical fluid model, fluid model
asymptotics, relative entropy.

251


http://www.i-journals.org/ssy/
http://dx.doi.org/10.1214/15-SSY198

252 A. L. PUHA AND R. J. WILLIAMS

non-HL disciplines, the development of such an approach is only in its early
stages. Following the general idea of such an approach, Gromoll et al. [5, 6]
established a diffusion approximation for a measure-valued descriptor of a
single server processor sharing queue. A key ingredient in that work was
an analysis of the long time behavior of the measure-valued solutions of
a critical fluid model. This analysis was performed in Puha and Williams
[12] using coupling and renewal theory, which also provided a rate of con-
vergence under suitable moment conditions. The results of [12] were then
used by Gromoll [5] to prove state space collapse and the desired diffusion
approximation for the single server processor sharing queue.

We are interested in developing the modular approach further, for pro-
cessor sharing networks and for other stochastic networks having measure-
valued state descriptors. While some aspects of the approach generalize
readily, interactions between nodes may manifest complex behaviors not
analyzable via the coupling and renewal methodology used in [12]. In this
paper, we develop an alternative approach to that in [12] which employs a
notion of relative entropy. We use this to derive the asymptotic behavior
of the measure-valued solutions of a critical fluid model for a single server
processor sharing queue. While we limit our analysis to this case for the
moment, we believe that our notion of relative entropy is a natural one for
studying the dynamic behavior of critical fluid models with measure-valued
solutions. We expect it will be helpful for proving diffusion approximations
for networks of processor sharing queues and some other stochastic networks
having measure-valued state descriptors.

We now elaborate on the contents of this paper. We consider a critical
fluid model for a single server processor sharing queue. This model was first
introduced in [6] where it was shown that critical fluid model solutions arise
as functional law of large numbers limits of measure-valued processes used
to track the residual service times of jobs in heavily loaded processor shar-
ing queues. The critical fluid model has one parameter, a Borel probability
measure v on Ry = [0,00) that does not charge the origin and that has
a finite positive mean 1/a, where a € (0,00). The measure v corresponds
to the weak limit of the service time distributions for a sequence of heavily
loaded processor sharing queues. The reciprocal a of its mean corresponds
to the limiting average rate at which jobs arrive to the queue.

Let M denote the set of finite, nonnegative Borel measures on Ry. A
solution of the critical fluid model is a function p : [0, 00) — M that satisfies
conditions (C.1)—(C.4) in Section 2 of this paper. For ¢ € [0,00), we shall
denote u(t) by p: for convenience, and we refer to p; as the state at time .
We shall call ug the initial state for u, or equivalently the initial condition



RELATIVE ENTROPY FOR PS FLUID MODELS 253

for p. It was shown in [6] that if £ € M is continuous, i.e., it does not
charge singletons, then there exists a unique fluid model solution p such
that pg = &. Here we shall focus on fluid model solutions with continuous
initial conditions. In [12], it was shown that the critical fluid model has
associated with it a collection I of invariant states given by

I={fr.: B eRy}.

Here v, is the so-called excess lifetime distribution associated with v. It
is the Borel probability measure on R, that is absolutely continuous with
respect to Lebesgue measure and that has density function

ne(z) = av((z,00)), x€Ry.

In [12], renewal theory arguments were used to show that, if £ € M is con-
tinuous and has a finite first moment, then the time ¢ value p; of a critical
fluid model solution u converges weakly as t — oo to an invariant state Sv.,
for some 8 € Ry [12, Theorem 1.2]. Under additional moment conditions
on both v and the initial state £, a rate of convergence was obtained using
coupling techniques [12, Theorem 1.3]. In this paper, we develop an alterna-
tive approach to prove results of this nature that employs a relative entropy
functional. Using this relative entropy approach, we are able to prove a uni-
form convergence result for initial states lying in certain relatively compact
sets (see (9)) that holds under a finite second moment assumption on v with-
out appealing to renewal theoretic arguments. The latter condition is less
restrictive than the strictly greater than two moments condition assumed in
[12, Theorem 1.3]. We do this with an eye toward developing a technique
that might apply to more general network models with interactions between
network nodes.

A natural candidate for a relative entropy functional is the relative en-
tropy of the time ¢ value p; of a fluid model solution p with respect to an ap-
propriate invariant state Sv.. However, since invariant states are absolutely
continuous with respect to Lebesgue measure and fluid model solutions do
not necessarily satisfy this property, it is possible for such a function to be
infinite for all time. We circumvent this issue by using an alternative relative
entropy. Instead we use the relative entropy of the excess lifetime distribu-
tion (pu)e associated with p; with respect to the excess lifetime distribution
(ve)e associated with ve. Indeed, we give sufficient conditions for this rela-
tive entropy to converge to zero as t — oo, uniformly for all initial states
lying in certain relatively compact sets (see Theorem 3.2). Theorem 3.2 is
one of two main results proved in this paper. Its proof is due to an absolute
continuity in time property satisfied by our choice of relative entropy when
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applied to a fluid model solution. Indeed, we find an explicit representa-
tion for the almost everywhere defined time derivative that we work with
to prove Theorem 3.2 (see Theorem 7.1). From Theorem 3.2, it is immedi-
ate that (u¢)e converges weakly to (ve)e as t — oo, uniformly for all initial
states lying in certain relatively compact sets. This uniform convergence of
“shapes” of the excess lifetime distributions does not immediately imply the
weak convergence of u; to an invariant state as ¢ — oo. However, we are
able to use this convergence of shapes, in conjunction with other properties
of fluid model solutions, to establish the desired uniform weak convergence
of iy in Theorem 3.1 and Corollary 3.1.

Theorem 3.1 is the other main result proved in this paper. This theorem
provides sufficient conditions for y; to be uniformly close to I for all ¢ suf-
ficiently large and all initial states lying in suitable relatively compact sets.
Theorem 3.1 almost follows from Theorem 3.2 by using a continuity prop-
erty of the relative entropy functional and a compact containment property
of fluid model solutions. The qualifier “almost” is due to the fact that the
relative entropy functional takes the value zero for some measures that are
not in I, which we address separately to complete the proof of Theorem 3.1.

The paper is organized as follows. Section 2 contains the definition of a
critical fluid model solution and a summary of its properties proved in [6].
Following that, in Section 3, the relative entropy functional is introduced
and the main results of the paper, Theorems 3.1 and 3.2, and Corollary 3.1,
are stated. In Section 4, we more fully develop the relative entropy functional
as a measure of distance and specify its properties. In Section 5, we develop
additional properties of fluid model solutions used in the relative entropy
arguments given here. In Section 6, we prove that Theorem 3.1 follows from
a combination of Theorem 3.2, properties of the relative entropy functional
developed in Section 4, and properties of fluid model solutions developed in
Section 5. In that section, we also develop some additional consequences of
Theorem 3.2. The remainder of the paper is devoted to proving Theorem
3.2. In Section 7, we develop properties of the relative entropy functional as
a function of time along fluid model solutions. These properties, along with
properties of the relative entropy functional and of fluid model solutions,
obtained in Sections 4 and 5, are used in Section 8 to prove Theorem 3.2.

1.1. Notation. The following notation will be used throughout the paper.
Let Z denote the set of integers, Z, denote the set of nonnegative integers
and N denote the set of strictly positive integers. Let R denote the set of real
numbers. For x,y € R, we write z V y for the maximum of x and y and we
write £ Ay for the minimum of z and 3. Then, for € R, we let 2+ denote the
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positive part of x and |z| denote the absolute value of z, i.e., 7 = 0V x and
|z| = x V (—z). The set of nonnegative real numbers [0, o) will be denoted
by R.. For a Borel set B C Ry, we denote the indicator function of the set
B by 1p. We also define the real-valued function x(z) = x, for z € R.

Let Cp(R4) denote the set of bounded continuous functions from R, to
R and C}(R;) denote the set of functions in Cy(R) that are once differen-
tiable with derivative in Cy(R). Given a nonnegative Borel measure ¢ on
R, let L(¢) denote the set of Borel measurable functions from R to R that
are integrable with respect to ¢. For g € L(¢), we let (g, () = fR+ g(z)((dx).
We occasionally use this notation also if g > 0, in which case (g, ) may take
the value infinity. When ( is Lebesgue measure, we simply write L' for L1(¢).

As mentioned in the introduction, we let M denote the set of finite, non-
negative Borel measures on R;. We denote the zero measure in M by 0 and
the point mass at x € Ry by d,. The set M is endowed with the topology
of weak convergence. With this topology, M is a Polish space [13], and for
(nsC €M, n € N, we have ¢, = ¢ as n — oo if and only if (g,(,) — (g,¢)
as n — oo, for all g € Cy(R4), where 2 denotes weak convergence. We note
that Cé (R4 ) is convergence determining for this topology, i.e., if

(1) (9:Ca) = (9.¢)  asm— oo, forall ge Ci(Ry),

then ¢, — ¢ as n — co. To see this note that g = 1 € C}(R,) so that (1)
implies lim,, o (1,¢,) = (1,¢). If (1) holds and (1,¢) = 0, then ¢, — 0 as
n — oo. If (1) holds and (1,¢) > 0, then without loss of generality we may
assume that (1,(,) > 0 for all n € N. By applying [2, Exercise 10 on Page
151] to the sequence {(,/ (1, Cn) nen and ¢/ (1,¢), it follows that ¢, = ¢ as
n — oo.

A particular metric that induces the topology of weak convergence on M
and under which M is a Polish space is the Prokhorov metric. For this, given
a Borel set B C Ry and € > 0, let

B = Ry : inf |z — .
{y € Ry : inf o —y| <e}
For ¢,n € M, let

d(¢,n) = inffe>0:¢(B) <n(B°)+eand n(B) < ((B) +¢,
for all closed sets B C R4 }.

Then d(-,) is the Prokhorov metric. Given a subset B C Ry and ( € M
with slight abuse of notation, we further define

d(¢, B) = inf d(¢,n).
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Let K denote the elements of M that are continuous, i.e., that do not
charge singletons and let A denote the elements of M that are absolutely
continuous with respect to Lebesgue measure. Additionally, let P denote
the set of measures in M that are probability measures. We let M™ denote
those elements of M with support intersecting (0, 00), i.e., MT = M\ {ady :
a € Ry} We also les KT = MTNK and AT = M* N A and remark that
K" = K\ {0} and A* = A\ {0} since a continuous measure is nonzero
if and only if it has support intersecting (0,00). For k € N, we say that a
measure ( € M has a finite kth moment if <xk,§ > < oo and we let MF
denote the set of all such measures. Let Mf = Mt NM!, Kf = MfnK, and
At = MTINA. For ¢ € MT, there is an associated excess lifetime distribution
(e € PN A that has density function p¢, where for each z € R,

2 pelr) = ———.

. =00

Note that p¢ is well defined since ¢ € M implies that 0 < (x,¢) < co. The
mapping that takes ¢ € M to (. € PN A will play an important role in our
analysis.

2. Critical fluid model. Here we recall the notion of a critical fluid
model solution and some basic properties of such solutions that were devel-
oped in [6] and [12].

We begin by introducing the model parameters. Fix v € P such that v
does not charge the origin and has finite mean (x, v), which is necessarily
strictly positive. Let « = 1/ (x,v). The pair («,v) is referred to as critical
fluid model data or simply critical data. The adjective “critical” refers to
the fact that « (x,v) = 1, signifying that the rate at which work is arriving
is equal to the rate at which it can be processed. Throughout this paper, we
further assume that the critical data satisfies

(3) <x2,u> < 00,
ie,ve M2, For x € Ry, let
N(z) =(ljpa,v) and N(z)=1-N(a).

Then N and N denote the cumulative distribution function (cdf) and com-
plementary cdf, respectively, associated with v. Let

(4) r, = inf{z € R : N(z) = 0},
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which is taken to be infinity if the set is empty. If x, is finite, then N(z,) = 0
by the right continuity of N. Note that z, > 0 since v is nonzero and does
not charge the origin. Since (a,v) is critical data, i.e., since (x,v) = 1/a,
the probability density function p, for the excess lifetime distribution v, is
given by

pu(z) = aN(x), for x € Ry.

For convenience, we let n, = p,. By (4), ne(z) is strictly positive for z < z,,
and zero for > x,,. Furthermore, since z, > 0, v, € A™. For x € R, set

Ne(x) = (Ljg 41, Ve) and Ne(z) =1 — Ne(2).

A simple use of Fubini’s theorem gives that (x,v.) = § <X2= V> < 00, and so
ve € AT ¢ M'. For convenience, we set

1
(X ve)

(5) Qe =

Then the excess lifetime distribution (1), for v, is well defined with density
v () = aeNe(z), for x € Ry.
Next we define what it means to be a fluid model solution. For this, let

C={g € Cy(Ry):g(0) =0,4'(0) = 0}.

A fluid model solution for the critical data (o, v) is a function u : [0, 00) — M
that satisfies the following four conditions. As mentioned in the introduction,
we write p; for the time t state u(t).

(C.1) The function p is continuous.
(C.2) For each t >0, (140}, ) = 0.
(C.3) For each g € C, p satisfies

t
() (gos) = g~ [ LL iyt at(g,0),
0 <1’:u1”>
forall 0 <t <t¢* =inf{r >0: (1, u,) = 0}.
(C4) Forallt >t*, (1, ) = 0.

Among conditions (C.1)—(C.4), condition (C.3) is perhaps the least intuitive.
It arises by passing to the limit in a fluid scaled version of a certain prelimit
equation describing the dynamics of a processor sharing queue (see [6, Equa-
tion (2.13) and Theorem 3.2]). The first and third terms on the righthand
side of (6) respectively correspond to the initial distribution of fluid and the
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distribution of fluid upon arrival to the system. Then, the second term on
the righthand side of (6) is purely due to processing, and the minus sign
reflects this. To understand the form if this term intuitively, suppose that py
has a differentiable density, h¢(-), with respect to Lebesgue measure. Then,
since processing by the server at time ¢ corresponds to shifting “mass” to
the left at rate 1/ (1, y;), the change in h;(-) due to processing over a small
time interval of length § satisfies, for each x € R,

0
<17 :U’t> .

Then the change in (g, u¢) over this time interval due to processing is ap-

proximately
1)
g(x)h)(x dx.
/R+ ( ) t( )<17Mt>

For any compactly supported g in C, integration by parts yields that the
change in (g, p¢) due to processing is approximately

[ @) = -2
Ry

hips(x) = hi(x) = hi(@ + 0/ (1, ) — ha() = hi(z)

<17,ut> <]-7Mt> .

Upon dividing by § and letting § — 0, one obtains the time derivative of the
negative term in (6). Even when p; does not have a density, the “processing
term” can be shown to be of this form. See [6, Section 3.1] for a more detailed
interpretation of (C.1)—(C.4) in terms of the dynamics of a processor sharing
queue.

Finally, we summarize the properties of fluid model solutions developed in
[6] and [12] that are relevant to the work in this paper. For each £ € K there
is a unique fluid model solution p satisfying po = £ (see [6, Theorem 3.1]).
For clarity, we sometimes denote such a fluid model solution by u. If € = 0,
then ,uf =0 for all t € [0,00). If £ € KT = K\ {0}, then uf # 0 for any
t € [0,00) and the associated t* is infinity (see [6, Lemma 4.4]). In addition,
if ¢ € K, then uf has no atoms for all ¢ € [0,00) (see [6, Proposition 4.6]).
Hence, £ € Kt implies 45 € KT for all t € [0, 00).

Next we define some related functionals of ¢ for ¢ € Kt and summarize
their properties. Fix a fluid model solution yu such that pug € K*. For each
t €[0,00), let

ae = (1, p1e) -
Since p is a continuous function, so is ¢, and since p; # 0 for all t € [0, 00),
gt # 0 for all ¢t € [0,00). For t € [0, 00), let
t
S = idr.
o dr
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The function s is continuous, strictly increasing, and continuously differen-
tiable with

d 1
P e for all t € [0, 00).
Furthermore, lim; ,~, s = oo (see [6, Lemma 4.4]). Hence the inverse 7

exists, and is continuous, strictly increasing, and continuously differentiable.
In particular, for x € Ry,

(7) 7(x) = inf{t €[0,00): s >z},
(8) —7(T) = r(z)

For each t € [0, 00), let
wt = <X7,ut> .

Since u; € KT for all t € [0,00), it follows that w; # 0 for all ¢ € [0, 00).
Also, since («, v) is critical data, w; = wq for all t € [0, 00) (see [6, Theorem
3.1]). Note that wp is the first moment of pg, which is finite if and only if
po € KT. Therefore, either wg = oo and so wy = oo for all t € [0,00), or
wp < 0o and so wy < oo for all t € [0, 00). Hence, if o & KT, then pu; ¢ KT
for any t € [0,00). Otherwise, pg € K' and p; € KT for all ¢ € [0, 00). For
each t € [0,00) and = € Ry, let

My(x) = <1[0,z]7ut> and Mt(w) = <1(z,oo)7ut>‘

If uo € K, then the excess lifetime distribution (ut)e associated with py is
well defined for each t € [0, 00) with density function p,, given by

M
P () = ;iw), for x € Ry,

where we have used the fact that wy = wy for all t € [0, 00).

A measure £ € K is said to be an invariant state for the fluid model with
critical data (a,v) if the unique fluid model solution g with initial state
po = & satisfies p, = & for all ¢t € [0,00). By [12, Theorem 1.1], the set of
such invariant states I is given by

I={fr.: B eRy}.

Our interest will be in nonzero invariant states, and so we define

I ={Bv.:B€(0,00)}.
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3. Main results. Having introduced fluid model solutions and summa-
rized some of their properties, we are now ready to state the main results
of this paper. The first result is Theorem 3.1. This theorem focuses on fluid
model solutions for which the initial condition lies in a member of a cer-
tain family of relatively compact sets. It states that the Prokhorov distance
between the state at time ¢ of any such fluid model solution and the set
of invariant states tends to zero as time approaches infinity, uniformly with
respect to all initial conditions lying in the relatively compact set containing
the initial condition. To define the family of relatively compact sets, given
¢ €M, let Z¢(x) = <1[0,x],§> and Z¢(z) = <1(I700),C>, for x € R;. Note
that (x,¢) = [y~ Z¢(x)dx. Given u > 0, let

K, ={¢€K: Z¢(z) <uNc(z) for all z € Ry } .

Then, if £ € K, for some u > 0, it follows that the tail of £ is controlled
from above by the constant u times the tail of v.. In particular, if z, < oo
and £ € K,, for some u > 0, then Z¢(x,) = 0 since N.(z,,) = 0. To illustrate
how initial conditions in K, might arise, consider initial conditions that are
constant multiples of conditional (residual) lifetime distributions associated
with v. By conditional lifetime distributions associated with v, we mean
probability measures of the form v,, y € [0,z,), such that v,(A) = v(A +
y)/v(y,o0) for all Borel sets A C Ry. For certain choices of v, there exists
u, > 0 such that each conditional lifetime distribution associated with v is in
K, . For example, if v has a hyperexponential distribution, or if v € A and
v has a bounded, increasing hazard rate, then this property holds. Hence,
for such v and for all ¢ > 0, cvy € K¢y, for all y € [0,2,).

For each u > 0, K, is relatively compact as a subset of M under the
topology of weak convergence since

Sup <17§> S U and Sup <X7£) S u <X7V6> )
(cf. [8, Lemma 15.7.5]). Observe that for u > 0, the zero measure is in K,
so that K, ¢ K. We wish to exclude the zero measure in order to use (2).
Therefore, for u,l > 0, we define

(9) Ky =K, N{{€K:(x,&) >1},

which is a subset of the relatively compact set K, and is therefore relatively
compact. One can verify that the zero measure is not in the closure of K, ;
(see Lemma 4.6). Furthermore, note that if £ € K, for some v > 0 and
£#0, then £ € K%(X’@.

For the statement of Theorem 3.1 below, we recall that the unique fluid
model solution with initial state £ € K is denoted by uf.
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THEOREM 3.1. Let u,l > 0. Then

(10) lim sup d(u$,I)=0.

t—o0 EGKu,z
Furthermore, given € > 0, there exists 6 > 0 such that

(11) sup sup d(yf,T) <e,
¢eK? | te[0,00)

where szl ={CeK,;:d(¢,I) < d}.

Theorem 3.1 is proved in Section 6, assuming Theorem 3.2 below holds.
The result in Theorem 3.1 provides sufficient conditions for fluid model
solutions with initial conditions lying in certain relatively compact sets to
be uniformly close to the invariant manifold I. The particular element of I to
which the time ¢ value of a given fluid model solution with initial condition
in such a relatively compact set is close to is not identified in Theorem 3.1.
However, this identification is not necessary in order to carry out the kinds
of state space collapse arguments that contribute to proving diffusion limit
results. Indeed, a careful examination of the arguments in [5] demonstrates
that uniform proximity to I is all that is needed.

Even so, it is natural to ask about identifying the specific limit point. It
turns out that we can use Theorem 3.1, together with properties of fluid
model solutions, to obtain the following corollary, proved in Section 6 as
well. For this recall that ae = 1/ (x, ve) (see (5)).

COROLLARY 3.1. Let u,l > 0. Then

(12) lim sup d(,uf,aewol/e) =0.
t—o0 feKu,l

In particular, for each £ € Ky, ast — oo,
(13) uf 2 aewore.
Furthermore, given € > 0, there exists 6 > 0 such that

(14) sup  sup d(uf,aewoue) <e.
¢eK;, | te[0,00)

The results in Corollary 3.1 are similar to those in [12, Theorems 1.2
and 1.3]. The result in [12, Theorem 1.2] states that (13) holds under the
condition (x,v) < oo and (x, &) < oo, i.e., (3) does not necessarily need to
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hold (in which case a, = 0) and ¢ € K, for some u > 0 is not required.
However, [12, Theorem 1.2] does not imply the uniform convergence that is
needed for the proofs of state space collapse given in [5]. The results in [12,
Theorem 1.3] are slightly stronger than the uniform convergence in (12),
since they provide rates of convergence and therefore suffice for the state
space collapse arguments given in [5]. However, the results in [12, Theorem
1.3] also require the more restrictive condition of finite 24 ¢ moments on the
service time distribution v for some € > 0, rather than just the finite second
moment condition needed for (12) to hold. The proof in [12, Theorem 1.3]
depends on renewal theory arguments, which aren’t likely to generalize to
the networks setting. We have included Corollary 3.1 to demonstrate how
one obtains a result similar to the one in [12, Theorem 1.3] as a consequence
of Theorem 3.1.

Theorem 3.1 is proved in Section 6 using a result (Theorem 3.2 below)
about the convergence to zero of a certain relative entropy function. This
relative entropy function has some similarities with cumulative residual en-
tropy, which is introduced in [14] as an alternative to Shannon entropy, in
that it is defined in terms of the tail mass Z, for ¢ € M. For the description
of our relative entropy function, note that for any ¢ € MT, one can compute
the relative entropy of ¢, with respect to (v,).. This is so because ¢ € M
implies that 0 < (x,() < oo, which in turn implies that (. is well-defined
(see (2)). Then (. and (v). are both Borel probability measures that are
absolutely continuous with respect to Lebesgue measure. Our idea is to first
measure the proximity of a measure ¢ € M to the set I in terms of the
relative entropy of (. with respect to (ve).. For this, let A : R — R be
given by

h(z) =xzInzx, for zx € Ry,

where h(0) is interpreted to be 0. Notice that h is continuous, strictly convex
and bounded below on R with minimum value —e~! at e~!. Furthermore,
limg oo h(x) = 0o. Recall that for a measure ¢ € MT, p¢ denotes the density
function of (.. In particular, p,, denotes the density function of (ve).. Let
H : M — [0,00] be given by

(15) H(¢) = / h (pf(m) ) pu.(z)dz,  for ¢ € M,

Ry pu.(2)
Here, the convention is that the integrand takes the value zero for all x € R
such that p¢(z) = 0 and infinity for all € Ry such that pc(z) > 0 and
pr.(x) = 0. In particular, H(¢) = oo whenever (1(,, «).¢) > 0. For each
¢ € M, H(¢) denotes the relative entropy of (. with respect to (ve)e.
Hence, it provides a kind of distance between these two probability measures.
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In fact, one can regard H(() as a measure of the distance between the
“normalized shapes” of ( and v., as we will see. In Lemma 4.7, we show
that H(¢) < o0 if ¢ € K,,; for some u,l > 0.

In order to prove Theorem 3.1, we exploit the behavior of H along fluid
model solutions. More specifically, given ¢ € K, we analyze the behavior of
H(uf) as a function of ¢ € [0,00). To simplify the notation, for each ¢ € KT
and t € [0,00), we let

(16) He(t) = H(p).

We establish the following theorem, which concerns the asymptotic behavior
of H¢ as time tends to infinity.

THEOREM 3.2.  Let u,l > 0. Then, for each { € K, H¢ is monotone
nonincreasing. Furthermore,

lim sup He(t) =0.
t—o00 EEKu,l 5( )

Theorem 3.2 is the other main result proved in this paper. It implies
the uniform weak convergence of the excess lifetime distributions associated
with the time ¢ states of a particular collection of fluid model solutions to
the unique excess lifetime distribution associated with the set of invariant
states. It is a uniform convergence of “normalized shapes” of sorts and it
provides a significant step toward proving Theorem 3.1. But, Theorem 3.1
does not follow as an immediate consequence of Theorem 3.2. Properties
of the function H restricted to certain compact sets, as well as properties
of fluid model solutions with initial states in K, ; for some w,l > 0, play
important roles in its proof as well, as we will see in Section 6.

Sections 7 and 8 are devoted to proving Theorem 3.2. An important step
in the proof of Theorem 3.2 is to develop an absolute continuity property for
H¢ as a function of time for each £ € K,,; and u,l > 0. This is done in Section
7 (see Theorem 7.1). In Theorem 7.1, an explicit formula is obtained for the
density of H¢ as a function of time for each £ € K, ; and u,l > 0. This density
is non-positive for all time, which immediately implies the nonincreasing
property asserted in Theorem 3.2. In the proof of Theorem 7.1, the specifics
of our notion of relative entropy are used to directly compute the density
of H¢ for each absolutely continuous ¢ € K,,; and u,l > 0 (see Lemma 7.8
and its proof). The reader interested in such details will want to make note
of the differential equation (65) satisfied by M;(z) = (1 (4 00), tit), t > 0, for
each fixed x € Ry when the initial state pg of the fluid model solution p
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is nonzero and is absolutely continuous with respect to Lebesgue measure,
and the role that (65) plays in the proof of Lemma 7.8.

The remainder of the paper is organized as follows. Assuming Theorem 3.2
holds, Theorem 3.1 and Corollary 3.1 are proved in Section 6 after developing
the necessary properties of the function H in Section 4 and the necessary
properties of fluid model solutions with initial states in K,,; for some u,l > 0
in Section 5. Following that, Theorem 7.1 is proved in Section 7. Finally
Theorem 3.2 is proved in Section 8, as a consequence of Theorem 7.1 and
additional properties of the density of H¢ as a function of time established
in Section 7.

4. Properties of the relative entropy function H. Given ¢ € Mf,
H((), as defined in (15), denotes the relative entropy of (. with respect
to (ve)e. Relative entropy, regarded as an extended real-valued function on
the space of pairs of Borel probability measures on Ry that are absolutely
continuous with respect to Lebesgue measure, has proved to be a useful
non-metric distance measure. It is non-metric in the sense that it is not
symmetric, and doesn’t satisfy the triangle inequality. Even so, it provides
a measure of distance in the sense that it is nonnegative and takes the
value zero if and only if the two probability measures are the same. In this
section, we develop properties of the function H. The treatment here is self-
contained. However, we refer the interested reader to [3, Chapter 15.1] for a
more general development of relative entropy and its properties.

Let ¢ : Ry — R be given by

P(xr)=1—2+ h(x), x € R4,

Then v is nonnegative and strictly convex with a minimum value of zero
when its argument equals one. In addition, for all ¢ € M such that Lz ,00)5
¢) =0, we have

an a1©) = [0 (B = [T (2, (@)

This has two immediate consequences. For this, let

(18) J = {{eM:(=ady+ Br. for some a, € Ry},
(19) JT = {¢€J:(=ady+ B, for some a € Ry and 3 > 0}.

LEMMA 4.1. For each ¢ € Mf,
(1) H(¢) € [0,00];
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(i) H(() =0 if and only if { € JT.

PrOOF. To verify (i), note that if ¢ € M satisfies H(¢) = oo, then
the result holds trivially. Otherwise, H(() < oo and <1(xmoo), §> = 0. Then
by (17) and nonnegativity of ¢ and p,, it follows that H({) € [0, o0]. For
the proof of (ii), fix ¢ € M. If ¢ € J*, then p; = p,, and so H(¢) = 0.
Conversely, if H({) = 0, then <1($V700),C> = 0. Hence, by (17), nonneg-
ativity of ¢ and positivity and monotonicity of p,, on [0,z,), it follows
that ¢ (p¢(z)/pu.(x)) = 0 for Lebesgue almost every = € [0,,). Thus, for
Lebesgue almost every = € [0,,), p¢(x) = p,,.(x). But then, for Lebesgue
almost every x € Ry,

{(x,¢) Ne(2)
<X7 Ve)
Indeed, since both sides are right continuous in z, the above equality holds

for all € Ro. This together with the fact that ¢ € M implies that ¢ €
J*. O

<1(a:,oo)> C> =

For each ¢ € M' as noted in [4], we have the following relationship be-
tween H(() and the Prokhorov distance between (. and (ve)e:

(20) A6 (r0)e) < 1 T,

This inequality is actually a combination of two results. Firstly, the Prokho-
rov distance is bounded above by the total variation distance (see [7, page
34] for example). Secondly, the total variation distance is bounded above by
the square root of one half of the relative entropy distance (see [9]). Hence,
if {¢ulnen € M is such that lim, .o H() = 0, then (Co)e — (Ve)e as
n — oo.
This raises the question as to whether or not {(, }nen € MT and

lim,, 00 H(¢,) = 0 implies that for some ¢ € J*,

(21) Cn 2 ¢ as n — oo.

We provide some sufficient conditions for this in Lemma 4.3, but first we
record Lemma 4.2, which more generally relates weak convergence of excess
lifetime distributions to weak convergence of the original measures.

LEMMA 4.2. Suppose that {Cu}nen € MF, ¢ € MT, and ((n)e = Ce as
n — oo. If

lim (1,¢,) = (1,¢) and lim (x,¢n) = (X; C),

n—oo n—oo
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then, as n — o0,

Cn = €.
PROOF. Since (¢n)e — (e as n — oo, it follows that for all g € C}(R4),
Jim (g", (Gn)e) = (9 Ce) -

Using integration by parts, we obtain that for each g € C}(Ry) and n € N,

<g,,(Cn)e> . _9(0) <17<n>+ <97Cn>

06 Cn) (X, Cn)’
: _ =90 1,¢ (9.9
A )
Hence,
lim (g,¢) = lim [{x,¢n) (g, (Cn)e) +9(0) (1, Gn)]
(60 (9 ¢e) +9(0) (1,0

= (9.0
Then, since C}(Ry) is convergence determining for measures in M/, the
desired result holds. O

LEMMA 4.3.  Suppose that {(p}nen C Mt and lim,, oo H(¢,) = 0. Fur-
ther suppose that there exist a € Ry and 8 > 0 such that

lim (1,¢u) =a+ 6 and lim (x; Gn) = B (X ve) -

n—o0 n—

Then, as n — oo,
Cn = C=ady+PBr.cIT.

PROOF. By (20), we have that ((n)e — (Ve)e as n — 00. Set ¢ = ady +
Br, € J* € MT. Then (1,¢) = a+ 3, (x,¢) = B{(x,Ve), and (. = (Ve)e. S0
the result follows from Lemma 4.2. O

Note that in Lemma 4.3 the limit is in J* rather than IT. The following
result bounds the Prokhorov distance to I in terms of the Prokhorov distance
to J and the size of the atom at the origin.

LEMMA 4.4. Suppose that ( € M, n € J, e >0, and d(¢,n) < e. Then
d((,fre) < €+ a, where n = ady + Pre for some a € Ry and B > 0.
Furthermore, a < (([0,€)) + € so that

d(¢,I) < ¢([0,e)) + 2e.
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PrOOF. For any closed set A C Ry, we have that
¢(A)
Bre(4) < n(A)

Hence, d(¢, Bve) < €+ a. By considering A = {0}, we obtain A° = [0,¢) and
S0

N(A%) +e < a+ Bre(A%) + & < Br. (AT + ¢ + a,

<
< (AT +e< (AT +e+a.

a=n({0}) < ¢([0,¢)) + ¢

Since Br, € I, the result follows. O

Finally, one might wonder if {(,}nen € Mf, ¢ € J*, and ¢, = C as
n — oo implies lim, oo H((,) = 0. Note that the inequality in (20) is not
helpful in this regard. While we have the following sufficient condition for
lower semicontinuity of H, it is really continuity of H that we require. We
provide a sufficient condition for this further below.

LEMMA 4.5. Suppose that {Cu neny € Mt, ¢ € MT, and ¢, 2 ¢ and
(X,Cn) = (X, ¢) as n — oco. Then

(22) liminf H(C,) > H(C).

n—o0

PrOOF. The assumptions imply that, for almost all x € R,
(23) Jim_ pe, (2) = pe(@).

If there exists > x, such that pc(x) > 0, then H(¢) = co. We may
suppose that x is such that (23) holds at z. Then, for all n sufficiently large,
p¢, () > 0 and so H((,) = oo. Hence, (22) holds. Otherwise, p¢(xz) = 0
for all x > x, and then by right continuity of p¢, p¢(x,) = 0. Since h is
continuous, for almost all z € [0, z,),

tim () = (2425).

This together with (17) and Fatou’s lemma implies (22). O

If we restrict the domain of H, we can verify that H is continuous on this
restricted domain. To describe this, given ¢ € M, recall that for x € Ry,
Ze(x) = <1[0 z]s §> and Z¢(z <1(x 00) §> Then, given u,l > 0, define

¢) <wuand Z¢(z) <uN(z) for all z € Ry},

(24) M,={CeM: (I,
< (GO

(25) Mu,l = {C € M
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Note that for all u,l > 0, K,; C M,; C M. In addition, note that if
u,! > 0 are such that M, ; # 0, then

(26) I <wu(x,ve)-

Sets of the form M,,; for u,l > 0 are natural in our context for several
reasons. For one, they are compact (see Lemma 4.6 below). In addition,
we will show that given u,l > 0, there exist u*,{* > 0 such that for all
£ e Ky, /,Lf € K+ for all t € [0,00) (see Corollary 5.1). In particular fluid
model solutions starting in a compact set of this form, remain in a (possibly
enlarged) compact set of this form for all time. Finally, on sets of this form,
one may invoke bounded convergence in order to demonstrate that H is
continuous on this restricted domain (see Lemma 4.8 and its proof). The
combination of these properties will be important for the relative entropy
arguments given here.
We begin by verifying compactness.

LEMMA 4.6. Giwen u,l >0, M, and M,,; are compact.

Proor. Fix u,l > 0. For all ( € M,, we have that (1,{) < u and
(X,C) <u(x,ve). Hence, M,, and M, ; are relatively compact (cf. [8, Lemma
15.7.5]). Therefore, it suffices to show that M, and M, ; are closed. First

suppose that {¢,}neny € My and ¢, = ¢ € M as n — oo. We must show
that ¢ € M,. We have that lim,,~ (1,{,) = (1,(), and so (1,{) < wu.
Furthermore, for all (-continuity points « € R,

Zc(z) = lim Z¢, (z) < uNe(z).

n—oo

Since the continuity points are dense and using right continuity of both sides
above, we have for all x € Ry,

Z¢(x) < uNe(x).

Then ¢ € M, and so M, is compact. Next suppose that {(,}nen C My
and ¢, = ¢ € M asn — oo. Since M,,; C M, and M,, is compact, ( € M,,.
We must show that ¢ € M, ;. For this, note that for any £ € M,

o

(27) (Lo €) = oZela) + | Zelw)dy

xT

This together with ¢, € M,,; for all n € N implies that, for all z € R,

sup <X1(x,oo)7 <n> <u <X1(x,oo)7 Ve> .
neN
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Combining this with the facts that ¢, — ¢ as n — oo and (x, ) < 00, we
can conclude that

lim (x,Cn) = (X, C) -

n—o0

Therefore, | < (x,() < u(x,ve) < oo. Thus, ( € M. O

The bounds stated in the next proposition are used to verify continuity
of H on M,,; for u,l > 0.

LEMMA 4.7. Foru,l >0, ( € My, and x € [0,z,),

o () (a5
and
= o< (20522).

In particular, H(¢) < oo for all ( € M.

PROOF. Fix u,l > 0. Given ¢ € M, , we have Z¢(x,) = 0 if z, < oo.
Therefore, given ¢ € M, ,

o= [ (ﬁ%) Pr.(2)ds.

Then, given ( € M,,;, for all z € [0,z,),

o< Pe@) _ Ze(@) (xove) < whove) ulxve)

(@) (GONe(@) T 6 T

Since h is nonpositive and bounded below by —e~! on [0,1] and is nonneg-
ative and increasing on [1,00), it follows that (28) holds. In addition, (29)
follows by combining the inequality above with the fact that u (x,v.) /I > 1
by (26). O

LEMMA 4.8.  Given u,l >0, H is continuous on M, ;.

PRrOOF. Suppose that {(,}nen € My, and ¢, B ¢CeMasn — oo
Then, by Lemma 4.6, ¢ € M, ;. As demonstrated in the proof of Lemma
4.6, for all {-continuity points z € R,

lim Z¢, (z) = Z¢(x) and lim (x,G) = (x, ().

n—o0 n—oo
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Since 0 <1 < (x, (), it follows that for all but countably many = € R,
Jim_pe, () = pe().
Therefore, since h is continuous, for all but countably many x € [0, z,),
lim b <p<n(x)> _h <pc:(=’1?) > '
n—00 pl’e (x) pl’e (.%')
This together with (28) and the bounded convergence theorem implies that
limy, 00 H(Gr) = H(Q). O

5. Bounds for fluid model solutions. Here we develop several bounds
satisfied by fluid model solutions. In particular, we prove two compact con-
tainment properties of fluid model solutions that will be used in the proofs
of Theorems 3.1 and 3.2 (see Corollaries 5.1 and 5.4). We will also obtain
an upper bound on the mass near the origin that will be used in the proof
of Theorem 3.1 (see Lemma 5.2 and Corollary 5.2).

Let u be a fluid model solution with g € K. Recall the notation associ-
ated with such a fluid model solution, which is introduced in Section 2. In
particular, n. is the density for v.. As a consequence of [6, Lemma 4.3] and
the fact that p; # 0 for all ¢ € [0,00), for all ¢ € [0,00) and x € Ry,

(30) M(z) = Mo(z + s¢) + /0 ne(r + s¢ — sp)dv.

Given 0 < r <t < o0 and = € Ry, consider (30) with r in place of ¢ and
x4 s¢ — s, in place of z. Subtract this from (30) as stated. Then, it follows
that forall 0 <r <t < oo and z € Ry,

(31) M(x) = M,(z + st — 8r) + / Ne(T + 8¢ — Sy)dv.

Setting = 0 in (31), using property (C.2) of fluid model solutions and
using the fact that the integrand is bounded above by « yields that for all
0<r<t<oo,

(32) @ < My(se—sy) +alt—r).
LEMMA 5.1. Let pu be a fluid model solution with uy € KT. Set

~ 3max(qo, 6awp)

(33) UuQ D)

Then ¢ < ug for all t € [0,00).
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PROOF. Fix a fluid model solution p with o € K. Let f(z) = 2? —

bwoax + w%oz2 for z € R. This quadratic has two distinct positive roots. Let
r denote the larger of those two roots and note that f(z) > 0 for all x > r.
Also note that 3awy < r < 6awy. Set

awg

4= o and b:a+a€:3—a——.

a = max(qo, ), (= Y 5 5

Then a > r, which implies that £ > 0 and f(a) > 0. Since b < 3a/2 < uy, to
prove the lemma, it suffices to show that ¢, < b for all ¢ € [0, 00). To prove
this, we will prove by induction that for each n =0,1,2,...

(34) gne<a and ¢ <b foralltenl (n+1)].

We begin with the base case, n = 0. By definition of a, ¢o < a. By (32)
for t € [0, /], we have

g <q+al<a+t+al=0

Hence, (34) holds for n = 0.
For the induction step, fix m € N and assume that (34) holds for n =

0,...,m — 1. We wish to show that (34) holds for n = m. By (32), the

generalization of Markov’s inequality to finite measures, and the fact that

wy = wy for all t € [0,00), we have

wo

Gme < Mm—1)e (Sme = Sen-1)¢) +l < + o

Sml — S(m—1)¢

By the definition of s and the induction hypothesis,

ml
1 l
Sme = S(m-1)¢ = / —dv > -.
( b

m—1)¢ Qv
Hence,
wob Woa2a a Wy
qme§—0+a€=0—+—+i.
14 a—wya 2 2

In order to show that ¢,,, < a, it suffices to show that

2woaa a Wy
—+ -+ —<a.
a—wooe 2 2

This holds if and only if

0<(a-— wooz)2 — 4wpaa.
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The righthand side is equal to f(a), and it is true that 0 < f(a). Hence,
gme < a. This together with (32) implies that for ¢ € [m{, (n + 1)¢],

@ < gmetal <at+al=>.

Hence, (34) holds for n = m. Therefore, by the principle of mathematical
induction, (34) holds for each n =0,1,2,.... O

Given u > 0, let
Kq-r =K, \ {O}

Lemma 5.1 implies that the total mass of any fluid model solution in K
is uniformly bounded above for all time. From this, we obtain the following
corollary.

COROLLARY 5.1.  Let u,l > 0. Set

«  Sumax(l,6a(x,ve))

5 and =1

(35) u

Then, for all fluid model solutions p with py € K, py € KI* for all t €
[0,00). Moreover, for all fluid model solutions p with 1o € Ky 1, p € K= g+
for allt € [0,00).

PROOF. Fix u > 0 and a fluid model solution p with po € K. Let u* be
given by (35). We must show that My(x) < u*N(z) for all t € [0,00) and
x € Ry. Since py € K, g0 < u and wg < u{x, ve). Hence, by Lemma 5.1,
gt < u* for all t € [0,00). Then, for each ¢t € [0,00) and = € Ry,

t t t
1

/ne(x—i-st—sy)dvz/ ne(:r+st—sv)q—vdv§u*/ Ne(x + s¢ — ) —dv.

0 0 Qv 0 Qv

Therefore, for each ¢ € [0,00) and = € R, using the change of variables
Y =T + S¢ — Sy gives,

xr+S¢

(36) /0 Ne(x + s¢ — sp)dv < u* / ne(y)dy = u*(Ne(x) — Ne(z + 5¢)).

<

This together with (30), the definition of K, and the fact that u < u*
implies that for all ¢t € [0,00) and = € R
My(z) SuNe(z +51) +u* (Ne(z) — Ne(z + 5¢)) < u*Ne(a).

Hence, u; € K. for all ¢ € [0, 00).
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Lastly, fix «,l > 0 and a fluid model solution p with po € K, ;. Let u*, [
be given by (35). Since uo € Ky, po € K. Then, by what was proved
above, p; € K. for all ¢ € [0, 00). This, together with the fact that the fluid
analog of the workload process is constant for critical data, implies that
wy =wg > 1 =1{*for all t € [0,00). Then p; € Ky = for all t € [0,00). O

Next, we obtain upper bounds on the mass that fluid model solutions
have in neighborhoods of the origin.

LEMMA 5.2.  Let u > 0 and let u* be given by (35). For all fluid model
solutions pu with py € K, t € [0,00), and v € R,

My(z) < Mo(st) — Mo(s¢ + ) + au*z.
PROOF. Fix u > 0 and a fluid model solution u with ug € K7, ¢ € [0, 00),

and x € R4. Let u* be given by (35). By property (C.2) of fluid model
solutions and (30), we have that

Mt(a:) = Mt(O)—Mt(ar)

= Moy(ss) — Mo(x + s¢) + /0 (ne(se — 8y) — ne(T + 8¢ — 8p)) dv.

With the change of variables, r = s,, by (7) we have 7(r) = v. Then, from
(8), it follows that,

M(z) = Mo(st) — Mo(x + s¢) + /OSt (ne(st — 1) = ne(x + 56 — 1)) gr(rydr.
Hence,
My(x) = Mo(st) — Mo(z + s¢) + o /OSt (L(si—ratsi—r]» V) Qr(r)dr
Therefore, by Corollary 5.1,
Mi(o) < Foler) = Fo(o -+ 50) +0'a [ (mparsionov) .
Then, using the change of variables y = s; — r, we obtain
(37) M(x) < Mo(st) — Mo(z + s¢) + u*a /0& (Lyamty)> V) dy.

If s < z, then the result follows since <1(y7x+y],u> < 1 for all y € R;.
Otherwise, s; > z. Then, by splitting the integrand on the righthand side
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of (37) into a difference, distributing the integral sign and using a change of
variables in the first integral, canceling the common portion of the two inte-
grals that result, and dropping the remaining portion of the second integral
since it is negative, and finally using the fact that the integrand is bounded
above by one, we obtain

Mi(z) < To(se) — Mo(z + 1) + u'a / ooyl ) — (L)) dy
0
. . T+S¢ St
= M(](St) - Mo(l’ + St) + uta (/ <1[0,y]? l/> dy — /0 <1[0,y]7 I/> dy)
. . I:c—&-st x
= Mo(st) — Mo(z + s) +u'a (/ (Ljog)v) dy — / (Lo v) dy)
St 0
. . z+St
SMO(St)—M0($+3t)+U*a/ (L) v) dy
St

< Mo(s) — Mo(z + s¢) + u*ax.
So the result holds. O

An immediate consequence of Lemma 5.2 is the following corollary, which
yields an upper bound on the mass near the origin that is uniform over
initial conditions in K}, for u > 0.

COROLLARY 5.2. Let u > 0 and let u* be given by (35). For all fluid
model solutions u with py € K, t € [0,00), and v € Ry,

(38) Mi(z) < u* (Ne(t/u*) + az) .

Furthermore, given € > 0, there exists d,x* > 0 such that if p is a fluid
model solution satisfying o € K and d(uo,I) < 6, then

(39) sup sup M(z) <e.
0<z<z* te[0,00)

PROOF. Fix u > 0 and a fluid model solution p with o € K, ¢ € [0, 00),
and = € Ry. Let u* be given by (35).

First we verify (38). By Corollary 5.1, u; € K. for ¢ € [0, 00). Hence, for
t€[0,00), 0 < g <u* and so

This yields that for ¢ € [0,00), Mo(st) < Mo(t/u*) < u*N(t/u*). Then
(38) follows from Lemma 5.2.
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Next we verify (39). For this, fix ¢ > 0. Since v, is continuous, N, is
uniformly continuous and so there exists h > 0 such that

(40) sup (Ne(y) — Ne(y+h)) < —
yER4

Fix 0 € (0,h/2 A e/6) and further assume that d(po,I) < . Then there
exists f < u+ J such that d(ug, Sve) < 0. Hence, using the definition of the
Prokhorov distance d(,-), the continuity of py and v, and (40), we have,
for all y < h — 29,

Mo(st) — Mo(st + ) = (Lssety) H0) = (Lispusptu]s H0)
< 5< ((st— 5 ,St+y+9)9 Ve> + )
= B (L((ss—t)+seyta]s Ve) +0

=B (Ne((st —0)") = Ne(se+y+0))+6

< (u+0) (N <<st 5~ Nou(s +y+0)) +6

< u (Ne(( — Ne(st +y+9)) +26

< u(Ne(( — Ne(sg+h—26)) +20

B e

6 6 2

This together with Lemma 5.2 implies that for y < z*=min(h—24,¢/(3u*a)),
we have that M;(y) < 5e/6. Hence, (39) holds. O

Next, we turn our attention to lower bounds. One can obtain a lower
bound on the total mass that holds for all time, but it is not uniform over
initial conditions in K} for any u > 0. One should not expect a uniform lower
bound since the zero measure is a limit point of K for any u > 0. However,
if one considers initial conditions in sets of the form K, ; for u,l > 0, the
total mass is uniformly bounded away from zero due to relative compactness.
Indeed, given u,l > 0, since K, ; C M, ;, where the latter is compact and
0 g Mu,h

(41) A =inf{(1,¢) : ¢ € My},
is strictly positive. Similarly, for u*,[* given by (35),
(42) X =1inf{(1,{) : ( € My~ +},

is strictly positive. This together with Corollary 5.1 implies the following
corollary.
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COROLLARY 5.3. Let u,l > 0. Let u*,I*,\* > 0 be given by (35) and
(42). If p is a fluid model solution such that py € Ky, then X* < ¢ for all
t €[0,00).

Lastly, we would like to know if, given u,l > 0, there exists [, > 0 such
that [,N(x) < My(x) for all z € Ry , t € [0,00), and fluid model solutions
p with initial state in K, ;. Such a condition is not true at time zero unless
it is imposed, and we wish to avoid such restrictions if possible. Instead, in
what follows, we obtain a lower bound that is asymptotically of the desired
form (see (43) and recall that lim;_,~ s¢ = 00).

LEMMA 5.3.  Let u,l > 0 and let u*,1*, \* > 0 be given by (35) and (42).
Given a fluid model solution p such that py € Ky, for t € [0,00), and
X € R+,

(43) M(z) > X (Ne(z) = Ne(z + 51)) -

Proof. Fix u,l > 0 and let u*,{*,\* > 0 be given by (35) and (42). Fix a
fluid model solution x such that py € K,,; and t € [0,00). By Corollary 5.1,
pe € Ky» g+ for all t € [0,00). Then, by (30) and (42), given ¢ € [0, 00) and
xr € R+,

Mt(.'lf)

\Y]

t t
1
/ne(x+st—sv)dvz)\* / Ne(T + 5¢ — $y)—dv
0 0

Qv

x+S¢
= )\ / ne(y)dy = X (Ne(z) = Ne(z 4+ s¢)) . O

The result in Lemma 5.3 motivates the following definition. For w,[,6 > 0,
let A be given by (41) and set

(44)  Mygp = {C€Myy:Ze(z) 2 A(Ne(x) = Ne(z+96)) },
(45) K%l,g = Mu’l’g NK.

LEMMA 5.4. Given u,l,0 >0, M, ;¢ is compact.

Proof. Fix u, 1,0 > 0. Since M, ; 9 C M,,, M, ; ¢ is relatively compact. Hence,
it suffices to show that M,, ;¢ is closed. Suppose that {(,}nen C My ¢ and
Cn = ¢ € M asn — oo. We must show that ¢ € M, ;. Since M, ;9 C M,
Lemma 4.6 implies ¢ € M, ;. Therefore, it suffices to show that for all
z e Ry,

(46) Z¢(x) = XA (Ne(z) = Ne(z 4 0)) .
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For all (-continuity points x € R,

nILHSO Z¢,(x) = Z¢(x).

Therefore, (46) holds for all {-continuity points x € Ry. The set of (-
discontinuity points is countable, ZC is right continuous, and N, is con-
tinuous. Therefore, (46) holds for all x € Ry. O

The following corollary implies that, given u,[,0 > 0, any fluid model
solution with initial value in K, ; necessarily enters K, ; g« by a uniform
time 7™ and stays in K= ;- g thereafter, where u*,[*, \* are given by (35)
and (42) and 0* = 0.

COROLLARY 5.4. Let u,l,0 > 0. Let u*,I*, \* > 0 be given by (35) and
(42) and set 0* = 0 and T* = 0*u*. If p is a fluid model solution such that
to € Ky g, then py € Kyx 1= g« for all t > T™.

PrROOF. Fix u,l,60 > 0. Let u*,1*, \* > 0 be the constants given by (35)
and (42) and set 6* = 0 and T* = #*u*. Fix a fluid model solution p such
that po € Ky . Then, for any ¢ > 0, s; > 0 and by Corollary 5.1 and
Lemma 5.3, py € Ky =5, for all t > 0. For ¢t > T, s; > sp= > 0" and so
Ku*,l*,st C Ku*,l*,@*- U

6. Proof of Theorem 3.1 via relative entropy. In this section, we
assume that Theorem 3.2 holds and we obtain some consequences of it, in-
cluding using it to prove Theorem 3.1. First we use it to prove Corollary 6.1,
stated below. The statement of Corollary 6.1 is similar to that of Theorem
3.1. The distinction is that the set J appears in Corollary 6.1 rather than
the set I. To obtain the full result in Theorem 3.1, we use Corollary 6.1 in
conjunction with Lemma 4.4 and Corollary 5.2. This is done following the
proof of Corollary 6.1. Corollary 3.1 is proved as a consequence of Theorem
3.1 at the end of this section.

Recall that given u,l,6 > 0, K3, = {¢ € K,; :d(¢,I) < 6} and J is
given by (18). ’

COROLLARY 6.1. Let u,l > 0. Then,

(47) lim sup d(uf,J) =0.

t—o00 EeKu,l
Furthermore, given € > 0, there exists 6 > 0 such that

(48) sup sup d(ut,J) <e.
¢eKs | t€[0,00)
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PrOOF. Fix u,l > 0. Let u*,1* > 0 be given by (35). Then, by Corollary
5.1, ,uf € Ky~ for all £ € K,y and t € [0,00). Given z € Ry, let

D, ={¢( € My~ :d(¢,J) >z} and  H, ={( €My~ : H() > x}.

For any given x € R, D, is a closed subset of a compact set and is therefore
compact. Furthermore, for z > 0, D,NJ = (). Then, by Lemma 4.1, H({) > 0
for all ( € D, and > 0. Since H is continuous on D, C M« ;= (see Lemma
4.8) and a continuous function on a compact set achieves its minimum value,
it follows that for any given = > 0, there exists y > 0 such that H(¢) > y
for all ( € D,. Fix € > 0 and let v > 0 be such that

D. C H,.

We begin by verifying (47). By Theorem 3.2, there exists T' > 0 such that
He(t) < v forall t > T and & € K, ;. Hence, pf ¢ H, for all t > T and
¢ € K. Therefore, uf ¢ D, for all t > T and ¢ € K, ;. But 5 € My- -
for all ¢ € [0,00) and £ € K,,;. Therefore, it follows that d(uf, J) < e for all
t > T and £ € K,,;. Since € > 0 was arbitrary, (47) holds.

Next we verify (48). By Lemmas 4.1, 4.6, and 4.8, H is uniformly con-
tinuous on M,,; and, for ¢ € My, H(¢) = 0 if and only if ¢ € J*. There-
fore, there exists 6 > 0 such that H(¢) < v for all { € M,,; satisfying
d(¢,JT) < 8. Observe that K, C My, It € J* and d(¢,I) < & implies
d(¢,IT) < §. Therefore, d(£,J1) < § for all £ € K‘;l. Hence, £ € Ki,l im-
plies that H¢(0) = H() < . By the monotonicity asserted in Theorem 3.2,
it follows that for all £ € KJ; and t € [0, 00),

H(pup) = He(t) < He(0) = H(E) < 7.

Hence, 15 ¢ H, for all ¢ € K9, and t € [0, 00). Therefore, 1t & D, for all
€ € Ki’l and t € [0,00). But, ,u,f € Ky~ for all £ € Kg,z and t € [0, 00).
Consequently, d(,uf,.]) <eforall £ € K(Su’l and t € [0, 00). O

PROOF OF THEOREM 3.1. Fix u,l,e > 0 and let u*,* be given by (35).
We will show that there exists 7, > 0 such that if either £ € K, ; and
t>Tor€e Ki,l and t € [0,00), then

d(u;,I) < e.

Suppose that x,7T,6 > 0 are such that if either { € K, ; and t > T or
e Ki’l and t € [0, 00), then

d(p;, J) < k.
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Then, by Lemma 4.4, if either { € K,,; andt > T or € € K‘i,l and ¢ € [0, 00),
then

d(MEaI) < <1[0,H)7u§> + 2k.

Hence it suffices to find 0 < k < e/3 and T, § > 0 such that if either £ € K, ;
and t > T or £ € K, and t € [0,00), then

g
(49) d(uf, 3y <k and  (Lom.uf) <<

We will find such a «,T,§ > 0.

To begin, let # > 0 be such that u*N.() < £/6 and set 7" = u*§. Then,
for all t > T, u*N,(t/u*) < /6. Next, let 2’ > 0 be such that u*az’ < /6.
Then, by Corollary 5.2, there exists ¢’ > 0 and 0 < x < min(2’,&/3) such
that if either ¢ € K,  and ¢t > 7" or £ € K, for any 0 < § < ¢’ and
t € [0,00), then 7

<1[0,n),/l§> < %

By Corollary 6.1, there exists T > 7" and 0 < 6 < ¢ such that if either
EeKyandt>Tor €€ K‘Sul and t € [0, 00), then

d(p;, J) < k.
Hence (49) holds. O

PrROOF OF COROLLARY 3.1. Fix wu,l,e > 0 and let u*,[* be given by
(35). We begin by verifying (12). In particular, we will show that there
exists T > 0 such that if £ € K, ; and ¢t > T', then

(50) d(uf,aewoue) <e.

Fix z* > 0 such that

(51) /OO N.(2)dz < m

Alsoﬁx0</ﬁ<ﬁ/\§/\lsuchthat

€
52 K< ——————.
(52) mseuﬂg ve(2, 7 + 3K) 120 (u* + 1)z*

By Theorem 3.1, there exists 7' > 0 such that for each { € K, ; and each
T > t, there exists a nonnegative constant c(§,t) such that

(53) d(psf, (&, t)ve) < k.
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Fix such a 7" > 0 and a collection {c(&,t) : € € K,,;, t > T'} of nonnegative
constants satisfying (53). Then for each £ € K, ; and t > T,

(54) d(sf, aeworve) < d(pf, (€, t)ve) + d(c(&, )ve, acwove).

For each £ € K, ; and t > T, wy = <X7 u§> and, since v, is a probability
measure,

d(e(€ Hve, acwove) < Jel€.t) — aewo| = ac |(x, 5w%><mmﬂ

/0 c(&,)No(2)dz — / M (2)
/0 " O (2)de /0 I (2)da

Fa / " (6 N (2)dz + / UM () da.

= ae

IN

Qe

Since ,u,f € Ky« forall £ € K, ; and t > 0, it follows that for each { € K, ;

and t > T,
/ (&, )N d:c—/ S (x)
0

Fag(c(é,t) + u") / " Ne(a)da

d(c(&, t)ve, ewore) < e

By (53) and the choice of &, ¢(&,t) < u* +k < u* + 1 for each £ € K,,; and
t > T'. This together with (51) yields that, for each £ € K, ; and t > T,

*

d(c(&, t)ve, dewore) < ae/
0

(&, )No(z) — ME (:c)’ dz + g

Combining this with (54), (53) and the choice of x yields that for each
EeKyandt > T,

*

13 2e *
d(u;, aewore) < 3 + e
0

(€, 0)No(z) — MY (w)‘ d.

By applying (53) twice, recalling that ¢(&,t) < u* 41 for each { € K,,; and
t > T, applying (52), and appealing to the choice of &, it follows that for
each £ € K, ;, t > T, and z € [0, 2],

c(6,)Ne(z) — Mi(2)| < el t) (L(w—r)+ 2); V€>+<1((xfﬁ)+,x)a/$§>+ﬁ
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< C(é.a t) <1((x7ﬁ)+,x)a Ve>
+C(§7 t) <1((13—2n)+,a:+n)7 V€> + 2K

< 2(u* + ]_) <1((x—25)+,x+n)7 Ve> + 2K
€

3oex*

Combining the previous two displays yields (50). Hence, (12) holds. The
verification of (14) follows a similar line of reasoning. To see that (13) holds,
fix u >0 and € € K,. If £ = 0, then ¢ = 0 and the result holds trivially. If
£ # 0, then £ € K, 1, ¢) and the result follows from (12). O

7. Relative entropy along fluid paths. In this section, we develop
properties of the relative entropy functional H as a function of time along
fluid model solutions. In particular, given ¢ € K, we analyze the behavior
of H¢. A main result developed in this section is Theorem 7.1, which is an
absolute continuity property satisfied by H¢ for ¢ € K, ; for u,l > 0. This
absolute continuity property implies a monotonicity property for H¢. The
proof of Theorem 3.2, given in Section 8, exploits this absolutely continuity
property of He, as well as the resulting monotonicity property.

In order to state Theorem 7.1, we introduce some notation. Let u,l > 0.
In Theorem 7.1 we establish that for each fluid model solution ué with initial
state { € K1, H¢ is absolutely continuous with respect to Lebesgue measure
on [0, 00) and that the density function is nonpositive. In fact, we obtain an
explicit representation of the density function. For this, for x € (0, 00), let

E(x)=z—1—1Inuz.

We further define £(0) = oo so that &k : Ry — [0, 00] is continuous. Given a
fluid model solution p¢ with initial state ¢ € K and ¢ € [0, 00), let

(55) Ke(t) = /Om k (%) ne(z)dz.

In this section, we show that H is absolutely continuous with respect to
Lebesgue measure with density function equal to a strictly negative constant
multiple of IC¢ for { € K, ;. In particular, we prove the following theorem.

THEOREM 7.1.  Let u,l >0 and & € K. The function H¢ is absolutely
continuous on [0, 00), with respect to Lebesgue meaure, with density function
ke given by

(56) e (£) = ;—;Kg(t), for all t € (0,00).
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In particular, H¢ is nonincreasing on [0, 00).

In order to prove Theorem 7.1, we first establish an absolute continuity
result for initial states that are absolutely continuous (see Lemma 7.8). For
this, recall (24), (25), and (44) and given u,l,6 > 0 let

A, =ANM,, A, =ANM,,, and Ao =ANM,,.

Then, in Section 7.4, we use an approximation argument to extend this
result to include certain continuous initial states, and thereby complete the
proof of Theorem 7.1.

7.1. The function K. Recall that given ¢ € K, H¢(t) = H(uf) for all
t € [0,00), where H is given by (15). Similarly for K : M\ 0 — [0, o0]
defined by

(57) K(C) = /0 Yk (%) ne(z)dz,

we have that KC¢(t) = K(,uf) for all ¢ € [0,00) and ¢ € K. We now develop
some properties of K.

LEMMA 7.1. For ¢ € M\ 0, K(¢) =0 if and only if ( € I*.

PrOOF. Fix ¢ € M\ 0. If ¢ € I, then ¢ = Bu, for some 3 € (0,00).
Then, since k(1) = 0, it is immediate that K({) = 0. On the other hand,
given ¢ € M\ 0 such that K(¢) = 0, since k > 0, it follows that for Lebesgue

almost every x € [0,x,),
" (<1,<> mm) >

But k is finite and positive on (0,1) U (1,00) and infinity at 0. Hence, for
Lebesgue almost every x € [0, x,),

Z¢(x)
(1, ) Ne()

Since both the numerator and denominator are right continuous in zx, the
above equality holds for all z € [0, x,). This together with ¢ € M\ 0 implies
that ¢ € J*. By taking = 0, it also implies that Z(0) = (1,() so that
¢({0}) = 0. Hence, ¢ € IT*. O

=1
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LEMMA 7.2.  Suppose that {(n}neny € M\ 0, ¢ € M\ 0, and ¢, = ¢ as
n — o0o. Then

(58) liminf K (¢n) > K(C).

n—oo

In particular, K is lower semicontinuous on M \ 0.

PROOF. The assumptions imply that lim, , (1,{,) = (1,{) > 0 and
that for almost all x € R,

lim Z, (z) = Z¢().

n—o0
Then, since k is continuous, for almost all = € [0, z,),
Z Z
lim k <L_x)> oy <&) :
n=o0 - \(1, ) Ne() (1,¢) Ne(z)
Further, since the range of k is contained in [0, oo], Fatou’s lemma implies
that liminf,, . K((,) > K(C). O
Next we identify some conditions under which K is finite.
LEMMA 7.3.  For each u,l,0 >0 and ( € My 9, K({) < 0.

The proof of this lemma uses the results stated in the next two lemmas.

LEMMA 7.4. Given a probability density function g : Ry — Ry with
associated cumulative distribution function G : Ry — [0,1], let G(x) =
1 —G(z) for all z € Ry and set

y* =inf{zr € Ry : G(z) = 0}.

Then

*

— /Oy In (G(x)) g(z)dz = 1.

Proof. Consider the change of variables y = —In (@(az)) Forx=0,y=0
and for z = y*, y = oo. Also exp(—y) = G(z) and so exp(—y)dy = g(x)dx.
Therefore,
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LEMMA 7.5. For each 6 > 0, let
jol@) =~ (V@) - Moz +0), v 0,0
Then, for each 6 >0, jg > 0 and jy € L*(ve).

ProoOF. Fix 6 > 0. Observe that for z € [0,z,), 0 < jg(x) < oo since
0 < Ne(z) — Ne(x + 6) < 1. Also note that for such =,

djo(x)  ne(x) —ne(x +0)
dr Ne(x)— Ne(z+6) =0

So jg is nonnegative, finite and strictly increasing on [0, z,).
First consider the case z,, < co. Then,

Ty (z,—0)T
(59) /0 Jo(w)ne(x)dz = /0 Jol@)ne(@)de
" In (No(2)) ne(z)dz.
+ /( (Vo)) nela)

z,—0)t+

The second integral on the righthand side of (59) converges by Lemma 7.4. If
x, < 0, the first integral on the righthand side of (59) is zero and the result
follows. Otherwise, § < x, < oco. Then using the fact that jy is strictly
increasing, we see that

T, —0 T, —0
/ Jo(z)ne(z)dr < a/ Jo(x)dx < a(x, —0)jo(x, — 0) < oco.
0 0

So the result holds if z,, < oo.
Next consider the case where x,, = co. Then, we have that

/000 Jo(x)ne(z)dr = /000 Jo(x) (ne(x) — ne(x +0)) der/Ooo Jo(x)ne(z+0)dx.

In a manner similar to the proof of Lemma 7.4, we can use the change of
variables u = jp(z) to demonstrate that

/0 " o(@) (ne(@) — ne(w + 0)) de < 1.

Hence, it suffices to show that

(60) /Ooo Jo(z)ne(x + 0)dx < co.
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Note that by the monotonicity of n, for all x € Ry,
Ne(x) — Ne(z +60) > 0ne(z +0) = afN(x + 6).
Therefore,

/oo Jo(@)ne(x + 0)de < — /oo In (afN(z + 0)) ne(z + 0)dx
0 0

— n(af)N.(0) - a /0 T n (N(a +0) Nz + 0)da

= —In(af) N.(0) — « /900 In (N(z)) N(z)dx
< —In(af) N.(9) — « /OOO In (N(z)) N(z)dz.
Therefore, in order to verify (60), it suffices to show that
(61) - /OOO In (N(z)) N(z)dz < oc.
To verify (61) note that, for all v € [1/e, 1), elementary calculus can be

used to demonstrate that —In(x) < 1/27 for all x € (0, 1]. Hence, for all
v €[l/e,1) and x € [0, x,),

—In (N(2)) < (Wé;))v‘

Further, for all v € [1/e,1/2), we have that 2(1—+) > 1. Then, since z,, = oo,
it follows that for all v € [1/e,1/2),

@) Nz < [ (=) N
0 o \N(z)

_ /0 N () + /1 U N (@) e

) 2 1=y
<1+ <X ’V> dx
1 2

< oQ.

Hence, the result holds if x,, = oco. O

Proor or LEMMA 7.3. Fix u,[,6 > 0 and ( € M, ;9. Let A be given by
(41). For = € [0, z,),

0<A(Ne(z) — Ne(z+0)) < Ze().
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Therefore, using the above for the lower bound and the fact that ¢ € M, ;¢
and the definition of A for the upper bound, we have for z € [0, z,),
Z
o Z@)
(L, () Ne(z)

Hence, one only needs to be concerned with the integral of the natural
logarithm term, which could blow up if the ratio were to approach zero too
fast relative to the rate at which n. tends to zero as x increases to x,. By
Lemma 7.4,

/Oxv In <%> ne(z)dr = /Oxy In <ZC’(Z>)> ne(@)dz + 1.

Since ¢ € M, 4,

U
< —.
A

_ /0 In <fl<—(?>)> ne(z)dz < — /0 In [% (No(z) — No(z + 9))] ne(z)dz.

By Lemma 7.5, the righthand side is finite. Hence, K ({) < oo. O

Having determined the zero set, verified lower semicontinuity, and given
sufficient conditions for finiteness of K, next we demonstrate that K is
continuous on certain compact sets.

LEMMA 7.6. For each u,l,0 > 0, K is continuous on M, g.

PRrROOF. Fix u,l,0 > 0. As previously noted, M, ;9 is compact (see
Lemma 5.4). Fix {(y}nen C M, 9 such that ¢, 2 ¢ as n — oo. Then
¢ € My, 9, lim, o0 (1,G) = (1,(), and for all (-continuity points € R4,

lim Z, (z) = Z¢().

n—o0

Hence, for almost all z € [0,x,),

Ze(x)  Z(w)

no0 (1, G No(@)  (1,0) No(z)

Since k is continuous, it follows that for almost all z € [0,x,),

Jim & (%) - (%) |
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Note that by the definition of M, ;¢ for all z € [0,2,) and n € N,

AVe(@) = Nele+0)) __ Ze,(2)

- ) <
uN(z) ~ (1,¢n) Ne(x) —

u
X

Here the lower bound is positive and bounded above by one, and the upper
bound is greater than or equal to one. Furthermore, 0 < k(z) < max(x —
1,—Inx) for all z € Ry. Therefore, for all ¢ € [0,00) and z € [0, ),

For z € [0,z,), let

),
u u — _ —
g(x) = Y 1+1In (X) +In (Ne(z)) —In (Ne(z) — Ne(z +6)) .
By Lemmas 7.4 and 7.5, g € L!(v.). Hence, by the dominated convergence
theorem, lim,,_,~ K((,) = K(Q). O

7.2. Finiteness and continuity of He¢ and K¢. In preparation for proving
the absolute continuity results, we state and prove the following lemma.

LeEMMA 7.7. Let u,l > 0 and & € K, ;. The function H¢ is finite and
continuous on [0,00) and the function K¢ is finite and continuous on (0, 00).

Proor. Fix u,l > 0 and { € K, ;. Let u*,[* > 0 be the constants given
by (35). By Corollary 5.1, ,uf € Ky» i+ C My« -, for all ¢ € [0,00). For
t € [0,00), we have that He(t) = H(uf) By Lemmas 4.7 and 4.8, H is finite
and continuous on M« ;«. Thus, H¢ is finite. Further, by property (C.1) of
fluid model solutions, fluid model solutions are continuous functions of time.
Then H¢ is continuous since it is a composition of continuous functions.

Next we turn our attention to KC¢. It suffices to verify finiteness and con-
tinuity on (¢,00) for each ¢ > 0. For this fix ¢ > 0. Set 6 = ¢/u*. Let 6*
and T* be as in the statement of Corollary 5.4. Then T* = t. Hence, by
Corollary 5.4, ,u§ € Ky 1+ g« C Mys= = g« for all » > t. For each r € (t,00),
Ke(r) =K (,ug) The result follows from property (C.1) of fluid model solul-
tions and Lemmas 7.3 and 7.6. O

7.3. Absolutely continuous initial states. In this section, we prove the
following lemma, which is a version of Theorem 7.1 for fluid model solutions
with absolutely continuous initial measures.
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LEMMA 7.8. Let u,l > 0 and £ € A, ;. The function H¢ is absolutely
continuous with respect to Lebesgue measure on [0,00) with density function
ke given by

(62) ke (£) = ;—;Kg(t), for all t € (0, 50)

In particular, H¢ is nonincreasing on [0, 00).

The proof of Lemma 7.8 relies on absolute continuity properties in both
space and time satisfied by fluid model solutions having absolutely con-
tinuous initial conditions. These properties are developed in Section 7.3.1.
Following that, Lemma 7.8 is proved in Section 7.3.2.

7.3.1. Partial derivatives for fluid model solutions. In this section, we
develop a differential equation (see (65) below), which plays a key role in
proving Lemma 7.8. Throughout this section, we restrict attention to fluid
model solutions p such that pg € A. Here we show that all such fluid
model solutions remain in A for all time by developing a formula for the
density with respect to Lebesgue measure of p, for each fixed t € [0, 00)
(see Lemma 7.9 below). This is used to show that for each fixed x € Ry,
M(x) = <1(m,oo), ,ut> as a function of time is absolutely continuous with
respect to Lebesgue measure. In fact, we develop a formula for the associated
density in time, which gives rise to the differential equation (65) (see Lemma
7.10 below). The differential equation (65) suffices for the proof of Lemma
7.8 given in Section 7.3.2.

Moreover, when pg € A has a continuous density and v does not charge
points, the results in Lemmas 7.9 and 7.10 can be combined to show M;(z) =
<1($7w),ut> satisfies a certain partial differential equation (PDE) (see (66)).
This type of PDE is not new to the literature. Indeed, a version of this
PDE was used in [10] to study stability properties of subcritical bandwidth
sharing models. However, the authors of [10] assumed that their fluid model
solutions are absolutely continuous with respect to Lebesgue measure for all
time and that fluid model solutions are sufficiently smooth for their PDE
to be satisfied. Here, in Corollary 7.1, we provide a rigorous connection be-
tween our PDE and fluid model solutions. Specifically, we provide sufficient
conditions for M (z) = (1(,00), ) to satisfy (66).

Henceforth, we adopt the convention that when & = 0 so that uf = 0 for
all t € [0,00), sy =0 for all ¢t € [0,00). This is needed for the statement of
Lemma 7.9.
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LEMMA 7.9. Let p be a fluid model solution with pug € A. For each
t € [0,00), i € A. In particular, for each t € [0,00), the following is a
density (with respect to Lebesgue measure) for pg:

(63) mt(x) = m()(l’ + St) +a <1(x,x+st](')qr(ﬂc+st7-)a V> ’ fOT’ all x € R-‘ra
where mg denotes a density for pg. In particular, for each t € [0, 00),

8Mt (1‘)
ox

(64) = —my(x), for all almost all v € R
Furthermore, if v does not charge atoms and myg s continuous on Ry, then
my(z) is continuous as a function of x € Ry for each t € [0,00) and contin-
uous as a function of t € [0,00) for each x € Ry, in which case (64) holds
for allt € [0,00) and x € Ry, where partial derivatives att =0 and z =0
are from the right.

PRrOOF. Fix a fluid model solution p such that pug € A. The result is
trivial if pg = 0 since O is an invariant state. Henceforth assume that po €
AT Fort € [0,00) and z € Ry, let my(z) be defined by (63). We will show
that for each ¢t € [0, 00), my is integrable with respect to Lebesgue measure on
R, and moreover that for each x € Ry, M (z) = <1(x7m),ut> = [ mq(y)dy.
Fix t € [0,00) and z € Ry. We have

/ mi(y)dy = /( )mo(y+8t)dy+a/ Ly ytsi (Vryssi—) V) dy

(z,00

= Mo(z+s)+a / Ur(y+s,—v)V (dv)dy.
)/ (yy+si

(z,00

Interchanging the order of integration yields that

/ mt(y)dy = Mo(x + St) + a/( N ]/( )qT(y+St*U)dyV(d,U)
x z,x+s¢) J (z,0

+a/ / QT(y—i—st—v)dyV(dU)'
(z+s¢,00) J [v—s5¢,v)

Using the change of variables r = y + s; — v in the interior integrals, we
obtain

/ me(y)dy = Mo(x+st)+a/ / qr(rydrv(dv)
T (z,z+st] J (z+st—v,s¢)

+a / / qr(rydrv(dv).
(z+s¢,00) J[0,s¢)
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Again interchanging the order of integration in both integrals gives

/ mi(y)dy = Mo(z + s¢) +a / / v(dv) gy (ydr
z (0,s¢) J (z+st—r,x+s¢]

+a / / v(dv)qr(ydr
[0,s¢) J (z+s¢,00)

= Moy(x+ s¢) + a/ / v(dv)gqr(ydr
[0,s¢) J (x+st—7,00)

= Moy(z+s) + / Ne(T + 8¢ — 7)qr(rydr
[Orst)

Let v = 7(r). Then, by (8), for the last integral dv = g(,ydr and 0 < v < t.

Hence,

o0 t
/ mi(y)dy = Mo(z+ s¢) + / ne(x + 5¢ — 5,)dv.
@ 0

This together with (30) gives

o) = [ milw)dy.

Since t € [0,00) and = € R4 were arbitrary, the above holds for all such ¢
and z. Thus, (64) holds.

Finally assume that v does not charge atoms and my is continuous on R .
Fix t € [0,00) and x € Ry. Let {zy, }neny C Ry be such that lim,, o0 2, = .
By Property (C.1) of fluid model solutions and the definition of 7 (see (7)),
qr(.) is a composition of functions that are continuous on R4 and is therefore
continuous on R;. Using this, it follows that for all y € R, such that
Y # x, T+ S,

lim 1($n,$n+8t](y)qT(In+St—y) = 1(:v,m+st} (y)QT(:v—l-st—y)'

n—oo

Since ¢, (. is continuous on R, g;(,y is bounded on compact intervals. By
(63), the bounded convergence theorem, the fact that v does not charge
atoms and that my is continuous, it follows that lim,,_ oo m¢(zy) = me(x). A
similar argument demonstrates that lim,_,o my, (x) = my(x) for {t,}nen C
[0,00) such that lim,, o t, = t. O

LEMMA 7.10. Let pu be a fluid model solution with py € A™*. For each
fized x € Ry, the function My(z) is absolutely continuous in time with
respect to Lebesgue measure and has density function

my(x)

ne(x) — B t € [0,00).
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Consequently, for each x € R, for Lebesque almost every t € [0, 00),

6Mt(l‘)

B my(x)
o nelw) =

qt

(65)

Furthermore, if v does not charge atoms and pg has a continuous density
mo, then (65) holds for all x € Ry and t € [0, 00).

Together Lemmas 7.9 and 7.10 imply that M(z) satisfies a partial differ-
ential equation (see (66) below) for (¢, x) € (0,00) x (0, 00) in the weak sense.
In the next corollary, we specify conditions under which M (x) satisfies (66)
(in the strong sense). While we do not use either property to prove Lemma
7.8, this may be of independent interest.

COROLLARY 7.1.  Suppose that v does not charge atoms. Let v be a fluid
model solution with g € A" such that pg has a continuous density mg. For
every t € [0,00) and x € Ry,

(66) aMa;@ — no(z) +

l@ﬁt(:p)
@ Oxr

PROOF OF LEMMA 7.10. Fix a fluid model solution x such that py € A™.
Fix t € [0,00) and z € Ry. We have

(67) A () =2 ) o = - [ ety
By (63),

68 / mv d _/ mo l’—f—SU Mol + Sv) 4 +/ a<1(x,:c+sv](')QT(z+sv—~)aV>dv'

Qv

Using the change of variables y = = + s,, we obtain

t o + s T+t _ _
(69) /0 mo(@ + 5v) g, [ motwydy = Male) ~ Moo + 1)

Also, after interchanging the order of integration,

t o (1 . t
/ a (za+s0] () dr(e+s,—); v) dv = a/ / My(dy)dv
0 Qv 0 J(@ats] v

t
- / / Mdvu(dy).
(z,z+s¢] JT(y—2) Qv
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So then, using the change of variables r = 7(x + s, — y) in the interior
integral and (8) gives dr = qT(”;%’y)dv. Hence,

. 1 ) T(x+5t—Yy)
/ @ (Lerol)(Vr@rs=—) V) o _ / / drv(dy).
0 (z,2+s¢] JO

v

Then after interchanging the order of integration yet again

t 1 . t
J e i
0 Qv 0 J(z,x+st—sr]
t

= a/o [N(x + st — s,) — N(x)]dr

= /0 [ne(x) — ne(z + st — s,)] dr
(70) = tng(z) /0 ne(® + st — 5,)dr.

Combining (67)—(70), and then using (30) gives

/ot (ne(x) - m”(x)) dv = Mo(x+s;) = Mo() + /Ot Ne(r + 8¢ — 5y)dv

Qv
= M(z) — Mq(z),

from which (65) follows. The last part of the lemma holds since for each = €
R, the righthand side of (65) is continuous under the given conditions. [J

7.3.2. Proof of Lemma 7.8. Lemma 7.8 is proved in this section. For this,
the following fact is needed.

LEMMA 7.11.  Letu,l > 0 and p be a fluid model solution with pg € K, ;.
For allt > 0,

(71) Ih/rg My(z)In (%) =0

Proor. Fix u,l > 0 and p a fluid model solution with ;9 € K, ;. Note
that |h| is bounded above on any closed interval of the form [0,y] for each
y € Ry. Hence, for each t € [0,00), Corollary 5.1 implies that

(5=

(72) lim sup
x Ty,
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For each ¢ € [0,00) and x € [0, z,),

(73) M,(z)In (%tg;) = N.(2)h (%t—g;) :
Since lim, 4, Ne(2) = 0, (72) and (73) imply (71). O

Proor oF LEMMA 7.8. Fix u,l > 0 and { € A, ;. Let u*,I*,\* > 0 be
the constants given by (35) and (42). The proof of (62) proceeds in two main
steps. For this, for each ¢ € [0, 00), let

M,
Vi(x) = %—Ne(x), for x € Ry.

Then for each fixed ¢ € [0,00), V; is continuous and of bounded variation.
Hence, for each t € [0, 00), dV; corresponds to a finite signed Borel measure
on R;. The first step is to show that for each ¢ € (0, c0),

(74) Ke(t) = /0 Y <M> dVi(z).

Pu. ()

The second step is to integrate this expression in order to show that for each
O<r<t<oo

t
(75) | Ketwro = —un (He(t) = He(r).

Then H¢ is absolutely continuous on (0, 00). By Lemma 7.7, H¢ is continuous
on [0,00). Hence, letting » N\, 0 in (75) completes the proof of (62).

First we show that (75) holds when (74) holds. For this, fix 0 < r <t < 0.
By integrating (74) and using (63) and Fubini’s theorem and (65), we obtain

that
) <m;i$) - ne(x)> dady

( - ne(a:)> dudz

__ /0 T % <p“’“ x)> 93, (2)dvdz.

Note that for each z € [0,2,) and v € [0,00), M,(z) = wop,, (¥) and wy is
a constant. Hence,

[ o= [ [0 (288 (B2
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“of P Gr) - Gt
= —wo (He(t) — He(r))

So (75) holds if (74) holds.
Next we verify (74). Again fix t € (0,00). We have

- (2
_ /OI (q%ti(z) “n (q%t—(zz)) - 1) ne () da
=] Gre ) et

As a consequence of integration by parts and Lemma 7.11, we have

" —Mt(x) ne(x)dr = — /wu 4_—716(@ —Mt(x)dx
0

o @Ne(z) * Ne(z) @
i (o T [ o o dT)
_yl}‘rgy< l (Ne(yl qt +/o1 (NE( )) qt >
_/ "o (. (2)) 2@
0 qt
= [ () dM:(z)
0 qt

By Lemma 7.4 with g(x) = my(z)/q for x € Ry,

e [ (T 20t
0 qt qt
So we obtain that

Ty Mt(a:) 4 Ty . Mt(.f) th(ﬁ)
S NS AP e 1/0 1(qtm<x>) @

Hence, by (76) and (77),

car- (i
Note that

/Oz"dvt(x):/O“M_/O“dm(x):l_l:&

qt
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Therefore,

[ () (04 s
[ () e

which implies (74). Hence, (62) holds. O

7.4. Ezxtension to continuous initial states. In this section, we use an
approximation argument to prove Theorem 7.1. We prepare for this by
stating and proving three lemmas related to this approximation. For this,
given n € N, let ¢, € C.(R) be such that ¢, > 0, ¢,(x) = 0 for all
x € (—o0o,—1/n] U [1/n,00) and [ ¢n(z)dz = 1. Given £ € K and n €
N, set &, = @n * £&. Here % denotes the convolution operator. In particu-
lar, for each n € N, &, is the nonnegative Borel measure on R, that is
absolutely continuous with respect to Lebesgue measure and has density
dp(x) = fR+ on(y—2)€(dy) for x € Ry. Then, given n € Nand f € Cy(R,),
by Fubini’s theorem,

(. 0) = /R /(@) /R only — 2)E(dy)dz = (f % on ).

Given ¢ € K, we refer to {&, }nen as the approximating sequence.

LEMMA 7.12. Let £ € Ki. For eachn € N and z € Ry,

(78) (Lat1/no0)§) S (Lzoo) &n) < (La—1/n)+,00)§) s
@ - e <o+t

In particular, &, € Al for each n € N and as n — oo,

(80) &€ and (X, &) — (% 6).

ProOF. Fix ¢ € K and 2 € R,. By Fubini’s theorem, for n € N,

(o) = [ [ enlo =ty

/R+ /:O n(v = y)dyé(dv)

v+1l/n
L[ ot nuetan)
Ry J(v—1/n)Vx
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(9] v+1/n
= / / — y)dyé(dv).
(z—1/n)*t 1/n)Vw

Then, (78) follows since fvﬂl//?; vePn(v —y)dy < 1forallv > (z—1/n)*,
and f%“l//’; vy Pn(v—y)dy = 1for all v > x+1/n. Similarly, for each n € N,

v+1/n
(x;&n) =/R+/ - yon(v — y)dyé(dv).

So then replacing the factor of y in the integrand of the interior integral
above with v +1/n or v — 1/n, (79) follows. O

Given ¢ € K and n € N, let {u}'}s>0 denote the unique fluid model
solution such that pj = &, and let 1 denote the unique fluid model solution
such that pg =& .

LEMMA 7.13. Let £ € KI. For each t € [0,00), as n — oo,
(81) i = e

Proor. Fix ¢ € K. By [6, Lemma 4.9], it suffices to show that &, = &
as n — oo, which follows from Lemma 7.12. O

LEMMA 7.14. Let u,l > 0. Given T > 0, there exist positive constants
a, I, and@ and N € N such that pu} €A~l9for each £ € Ky, n > N and

t > T, where A =inf{(1,¢): ¢ € M, ;} is used to define A ;.

ProOF. Fix u,l,T > 0 and { € K, ;. By Lemma 7.12, for all n € N,
(1,&,) < (1,&) <wuand

(1,6 _

(68 < D08 + 20 Sulre) + - < ul(re) +1).

Let
3max(u, 6au ((x,ve) + 1))

2

By Lemma 5.1, it follows that ¢}* < ug for all ¢ € [0,00) and n € N. From this,
it follows that s} > t/ug for alln € N. Fix N’ such that (T'/2ug)—(1/N’) > 0.
Then, for n > N’,

ug =

n
ST/2 —
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In addition, by Lemma 7.12, for all n € N and =z € Ry,
M) = (1zoo) én) < (Laot/m)to00), &) = Mo((z — 1/n) ).
Therefore, for all x € Ry and n > N,
My (z + St/) < Mo(x + Stpyo — 1/n) < My(x) < uNg(r) < ugNe().

This together with (30) and (36) (with wg in place of u*) gives that for all
rz € Ry and n > N/,

. . T/2
MT/2(37):M0(:1:+8%/2)+/0 Ne (:C—i-s%/Q—sZ) dv
< ugNe() + ug (We(m) — Ne(z + 8%/2)) < 2ugN(z).

Hence, ,u%/Q € Ay, for alln > N'.
For n > N’ and t € [0, 00), set

fiy = MZ}/zﬂ-
Then, for all n > N’, i is a fluid model solution such that f§ € Ag,,. Let

3 max(2ug, 12auq (X, ve))
2

= = 3max(ug, 6aug (X, Ve))-

Then, by Corollary 5.1, for all n > N', 4 € Ay for all ¢ € [0,00). Fur-
thermore, for n > N’, since the first moment of any fluid model solution is
constant, Lemma 7.12 implies that

0.9,

Ceg) = (omty) = (66) = (68 - =

3e

Let N be such that N > N’ and [—u/n > 0 for alln > N and set [ = [—u/N.
Since (x, fif') = (x, fig) for all ¢ € [0,00) andn > N, it follows that i € A,
for all t € [0,00) and n > N. Set § = T'/24. Then, by Corollary 5.4, it follows
that for alln > N, i} € Aa,i,é for all t > T/2. But, given n > N and t > T,
we have t — T/2 > T/2 and pup = [ 7o € Ay g O

Proor orF THEOREM 7.1. Fix u,l > 0 and £ € K,,;. It suffices to show
that for all 0 < r <t < o0,

(2) He(t) — He(r) = — [ Kelo)an
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Then H¢ is absolutely continuous on (0, 00). By Lemma 7.7, H¢ is continuous
on [0,00). Hence, once (82) is established, absolute continuity on [0, c0)
follows by letting r N\, 0 in (82).

In order to verify (82), fix 0 < 7 <t < co. By Lemma 7.14, there exist
positive constants @, [, 6, and N such that u; € A ;5 for all v > r and
n > N.Forn > N and v € [0,00), let
ﬂg = :U’:)LJrr'

Then " is the unique fluid model solution such that g = u; € A ;5 for
all n > N. Therefore, by Lemma 7.8, for all n > N and t > r,

-1 t—r
Hun(t—1) —Hzn(0) = — / Kan (v)dv.
iyt =) = i (0) i) Jo 7 (v)
Then, by the definition of i, He, , K¢, and the fact that (x, fig) = (x, 1)) =
(X, ug), for n > N and t > r, we obtain

-1 t
(83) He, (1)~ He, () = o | Ke, (o)
¢ ¢ Oy Jr F

Since py € A;75 C M ;5 for all v > r and n > N, Lemmas 4.8, 7.6, and
7.13 imply that for each v > r,
(84) nh_)rlgo He, (v) = He(v) and nh_}rgo Ke, (v) = Ke(v).
Since p; € Mai P for all v > r and n > N, compactness of Mai g and
Lemma 7.6 imply that

sup Ke,(v) < oo.

n>N,v>r

This together with the bounded convergence theorem, (83), and (84) imply
(82). O

8. Uniform convergence of relative entropy to zero. Theorem
7.1 is now used in conjunction with compactness of M, ; and M, ;¢ for
u,l,6 > 0 and continuity properties H¢ and K¢ for £ € M,,; for u,l > 0 to
prove Theorem 3.2.

Proof of Theorem 3.2. Fix u,l > 0 such that K,; # (. The asserted
monotonicity is an immediate consequence of Theorem 7.1. Therefore, it
suffices to show that for each ¢ > 0, there exists T" > 0 such that for all
EeKyand t > T, He(t) <e.
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Let u*,l*, A\* > 0 be the constants given by (35) and (42). For 6 > 0, set
0* = 0 and T* = 0*u*. By Corollary 5.4, ,uf € Ky = g+ for all t > T™ and
¢ € K, ;. In particular, K« ;= g« # (). Let

H, = {¢ € My o - - H(C) > ¢}

We wish to show that there exists 7' > T™ such that for all { € K,,; and
t>T, uf ¢ H.. Then it follows that H¢(t) = H(,uf) < e forall ¢ € K, and
t > T'. Since H¢ is monotone nonincreasing, it suffices to show that there
exists T > T™* such that for each £ € K,,;, there exists ¢t € [0,7] such that
pp ¢ HL.

Note that H is relatively compact since it is contained in M- ;= 4. Hence,
its closure ﬁ; is compact and contained in M= ;= g«. Since H is continuous
on M, j«, it follows that ¢ € ﬁlg satisfies H(() > e. Therefore, by Lemma
4.1, any ¢ € ﬁ:_: satisfies ( ¢ J. Then, by Lemma 7.1, K(¢) > O forall ¢ € ﬁ;
But K is lower semicontinuous, and any lower semicontinuous function on

a compact set achieves its minimum. Hence, there exists § > 0 such that
—
K(¢) > ¢ for all ( € H,. Let

T=T7"+ " <>§’”€>h<“ <;f;”e>>.

To complete the proof, we show that for each £ € K, ;, there exists ¢t € [0, T
such that Mf ¢ H..
Suppose that § € K,,; and t > T™ are such that 15 e H, for all r € [T*,1].
It suffices to show that ¢ < T. Since y& € H. for cach r € [T*,t], K(u) > 6
for each r € [T™*,t]. Then, for each r € [T™*,¢],
—1 -1 ¢ =y

(85) re(r) = w—OICg(T) = w—OK(Mr) < o)

This together with Theorem 7.1 and (29) implies that

£ < He(t)
< Wf@(t—m T H(T7)
< W%(t—T*)—I—h <%>
- m(zﬂ—t)

Hence, 0 <T —t,and sot < T. O



300

[11]

[12]

[13]

[14]

[15]

A. L. PUHA AND R. J. WILLIAMS

REFERENCES

BRAMSON, M. (1998). State space collapse with applications to heavy traffic limits
for multiclass queueing networks. Queueing Systems: Theory and Applications 30
89-148. MR1663763

ETHIER, S. N. and Kurtz, T. G. (1986). Markov Processes: Characterization and
Convergence. John Wiley & Sons, Inc., New York. MR0838085

GEeoRraIl, H. (1988). Gibbs Measures and Phase Transitions. Walter de Gruyter.
MR0956646

GiBBs, A. L. and Su, F. E. (2002). On Choosing and Bounding Probability Metrics.
International Statistical Review 70 419-435.

GromoLL, H. C. (2004). Diffusion approximation for a processor sharing queue in
heavy traffic. Annals of Applied Probability, 14 555-611. MR2052895

GroMoLL, H. C. and PunaA, A. L. and WiLLIAMS, R. J. (2002). The fluid limit of
a heavily loaded processor sharing queue. Annals of Applied Probability 12 (2002)
797-859. MR1925442

HUBER, P. (1981). ROBUST STATISTICS. John Wiley & Sons Inc. MR0606374
KALLENBERG, O. (1986). Random Measures. Academic Press. MR0854102
KULLBACK, S. (1967). A lower bound for discrimination in terms of variation. IEEE
Trans. Inform. Thoery 13 126-127.

PacaNINI, F. and TaNG, A. and FERRAGUT, A. and ANDREW, L. L. H.. (2009).
Stability of networks under general file size distribution with alpha fair rate allocation.
Proceedings Allerton Conference, UTUC, IL.

PacaNINI, F. and TaNG, A. and FERRAGUT, A. and ANDREW, L. L. H.. (2012).
Network stability under alpha fair bandwidth allocation with general file size distri-
bution. IEEE Transactions on Automatic Control, 57, 579-591. MR2919939

PuHA, A. L. and WiLLIAMS, R. J. (2004) Invariant states and rates of convergence
for a critical fluid model of a processor sharing queue. Annals of Applied Probability
14 517-554. MR2052894

PROHOROV, YU. V. (1956). Convergence of random processes and limit theorems in
probability theory. Theory of Probability and its Applications 1 157-214. MR0084896
Rao, M. and CHEN, Y. and VERMURI, B. C. and WANG, F. (2004) Cumulative
residual entropy, a new measure of information IEEE Transactions on Information
Theory 50, 1220-1228. MR2094878

WiLLiams, R. J. (1998). Diffusion approximations for open multiclass queueing net-
works: sufficient conditions involving state space collapse. Queueing Systems: Theory
and Applications 30 27-88. MR1663759

AMBER L. PUHA RuTH J. WILLIAMS

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS
CALIFORNIA STATE UNIVERSITY SAN MARCOS UNIVERSITY OF CALIFORNIA, SAN DIEGO
333 S. TwIN OAKS VALLEY ROAD 9500 GILMAN DRIVE

SAN MAarcos, CA 92096-0001 La Jorra, CA 92093-0112

E-MAIL: apuha@csusm.edu E-MAIL: williams@math.ucsd.edu

URL: http://public.csusm.edu/apuha URL: http://math.ucsd.edu/ williams


http://www.ams.org/mathscinet-getitem?mr=1663763
http://www.ams.org/mathscinet-getitem?mr=0838085
http://www.ams.org/mathscinet-getitem?mr=0956646
http://www.ams.org/mathscinet-getitem?mr=2052895
http://www.ams.org/mathscinet-getitem?mr=1925442
http://www.ams.org/mathscinet-getitem?mr=0606374
http://www.ams.org/mathscinet-getitem?mr=0854102
http://www.ams.org/mathscinet-getitem?mr=2919939
http://www.ams.org/mathscinet-getitem?mr=2052894
http://www.ams.org/mathscinet-getitem?mr=0084896
http://www.ams.org/mathscinet-getitem?mr=2094878
http://www.ams.org/mathscinet-getitem?mr=1663759
mailto:apuha@csusm.edu
http://public.csusm.edu/apuha
mailto:williams@math.ucsd.edu
http://math.ucsd.edu/\protect \unhbox \voidb@x \penalty \@M \ {}williams

	Introduction
	Notation

	Critical fluid model
	Main results
	Properties of the relative entropy function H
	Bounds for fluid model solutions
	Proof of Theorem 3.1 via relative entropy
	Relative entropy along fluid paths
	The function K
	Finiteness and continuity of H and K
	Absolutely continuous initial states
	Partial derivatives for fluid model solutions
	Proof of Lemma 7.8

	Extension to continuous initial states

	Uniform convergence of relative entropy to zero
	References
	Author's addresses

