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1. Introduction

The study of M-estimation for certain parameters or functionals of interest has
a long history. Roughly speaking an M-estimator is the maximizer of a random
criterion function depending on the data and corresponding to the estimation
problem. Best known examples are maximum-likelihood estimators as well as
robust estimators of location, e.g. the sample median, and scatter. In basic
statistics courses it is shown that especially maximum-likelihood estimators are
asymptotically normal and efficient under quite weak assumptions, see e.g. the
graduate textbooks by Serfling (1980), Lehmann and Casella (1998) and van
der Vaart (1998). Specific M-estimators of one- and multidimensional parame-
ters can be shown to be asymptotically normal and quite efficient under even
weaker assumptions, see e.g. Huber (1964; 1973), thus providing an interesting
alternative to classical unbiased estimators.

In the present survey we consider M-estimates and functionals of multivari-
ate location and scatter. Our purpose is to provide a concise but self-contained
presentation of the main ideas and results in this context, the target audience
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being researchers and advanced graduate students. The basic setting is as fol-
lows: Let P be a probability distribution on R?. Traditionally the center of P is
defined to be the mean vector

uip) = [ Pldo)

assuming that [ ||z|| P(dz) < oo. Assuming also that [ ||z P(dz) < oo, the
covariance matrix of P is defined as

2(P) = [ u(P)(a - u(P) Pldo)

where vectors are understood as column vectors and (-) T denotes transposition.
Recall that for a random vector X with distribution P and any fixed vector
v € RY,

E(w'X) = v'w(P) and Var(v'X) = v'Z(P)w.

Thus for a unit vector v € RY, the spread of P in direction v may be quantified
by /v T2 (P)v, the standard deviation of v X.

There are various good reasons to use different definitions of the center p(P)
and scatter matrix X(P) of the distribution P. For instance, suppose that P
has a unimodal density f and is elliptically symmetric with center p € R? and
symmetric, positive definite scatter matrix 3 € R?*9. That means, f may be
written as

fla) = f(l@—p) = @ —p)

for some decreasing function f : [0,00) — [0,00). Then it would be natural to
define the center of P to be pu(P) := p, and a scatter matrix 3(P) of P should
be equal or at least proportional to X, even if [ ||z| P(dz) or [ |z||* P(dz)
is infinite. A related issue is robustness: One would like p(P) and 3(P) to
change little if P is replaced with (1 — €)P + eP’ for some small number € > 0
and an arbitrary distribution P’ on RY. Another way to define robustness is
weak continuity: It would be desirable that p(P’) — u(P) and X(P') — X(P)
whenever P’ — P weakly.

Some people may feel overwhelmed by the diversity of scatter functionals
which are available. However, comparing two or more different scatter matrices
3 (P) allows one to find interesting structures in the distribution P. For an
explanation of this paradigm and examples we refer to Nordhausen et al. (2008),
Tyler et al. (2009) and the references cited therein.

A special class of location and scatter functionals are multivariate M-funct-
ionals. Introduced by Maronna (1976), their properties have been analyzed by
numerous authors, an incomplete list of references being Huber (1981), Hampel
et al. (1986), Tyler (1987a; 1987b), Kent and Tyler (1988; 1991) and Dudley
et al. (2009). In particular, Dudley et al. (2009) prove existence and uniqueness
of multivariate ¢-functionals of location and scatter, generalizing results of Kent
and Tyler (1988; 1991). Moreover, they provide an in-depth analysis of weak
continuity and differentiability of such functionals which implies consistency and
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asymptotic normality of the corresponding estimators. Similar considerations
have been made by Diimbgen (1998) for the special M-functional of scatter due
to Tyler (1987a). As to the robustness of multivariate ¢-functionals of location
and scatter in terms of so-called breakdown points, we refer to Diimbgen and
Tyler (2005) and the references therein.

In many settings the location parameter p(P) is merely a nuisance parameter
while the main interest lies on the scatter matrix X(P). Moreover, often one
only needs to know X(P) up to a positive scaling factor, e.g. when defining
principal components or correlations. On the other hand, a desirable feature
is the following block independence property: If P describes the distribution
of X = [X{,X,]" with two stochastically independent random vectors X; €
RIM | X, € RY?)| then X(P) should be block diagonal, i.e.

=) = [P 5]

with 3;(P) € R2)*a() _ Unfortunately, the M-functionals just mentioned do
not have this property. However, as explained later, any reasonable M -functional
of scatter has the block independence property when it is applied to the sym-
metrized distribution £(X — X’) with independent random vectors X, X’ ~
P. (Here and throughout £(Y') denotes the distribution of a random vari-
able Y, and Y ~ @ is shorthand for “Y has distribution @”.) Note also that
the symmetrized distribution £(X — X') is centered around 0 € R?, so we
may avoid the estimation of a location parameter and focus on estimation
of scatter only. This trick is used by many authors, e.g. Croux et al. (1994),
Diimbgen (1998), Sirkié et al. (2007), Nordhausen et al. (2008) and Tyler et al.
(2009).

Applying the M-functionals p(-) and X(+) to the empirical distribution P of
independent random vectors Xy, Xo, ..., X;, with distribution P yields M-esti-
mators i = u(P) and ¥ = X(P).

The remainder of this survey is organized as follows: In Section 2 we review
the concepts of affine and linear equivariance and their main consequences.
In Section 3 we motivate M-functionals of location and scatter by various
maximum-likelihood and other estimation problems. After these introductory
sections, we start with the main results about existence, uniqueness, weak con-
tinuity and differentiability of the M-functionals.

The main part of our paper is devoted to scatter-only functionals, treated in
Sections 4, 5 and 6. This is done in a generalized framework with matrix-valued
random variables. By doing so we reveal a connection between Tyler’s (1987a)
M -functional of scatter and the estimation of proportional covariance matrices
as treated by Flury (1986), Eriksen (1987) and Jensen and Johansen (1987).
Moreover, this general framework allows us to treat a new class of scatter es-
timators, based on symmetrizations of arbitrary order. Part of this material is
new. Section 4 contains the main results about existence and uniqueness of the
scatter functionals. Section 5 provides analytical tools to derive the aforemen-
tioned and later results. As realized by Auderset et al. (2005) in the context
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of multivariate (real or complex) Cauchy distributions and by Wiesel (2012),
among others, working with matrix exponentials and logarithms in a suitable
way provides valuable new insights, and we are utilizing this approach, too. In
particular, the target functions to be minimized turn out to be (strictly) convex
in a certain sense which is essential for uniqueness. In our opinion, the resulting
proofs are more intuitive than some derivations in the original papers. Based
on the analytical results in Section 5, we discuss weak continuity and weak
differentiability of scatter functionals in Section 6.

Finally, in Section 7 we review a trick by Kent and Tyler (1991) to treat
location and scatter functionals based on multivariate ¢t-distributions by means
of the scatter-only methods. This allows one to prove weak differentiability and
central limit theorems as in Dudley et al. (2009).

Various auxiliary results and most proofs are deferred to Section 8.

Notation Throughout this paper, the standard Euclidean norm of a vector
v € R? is denoted by ||v]| = Vv Tv. For matrices A, B € R?*? we use either the
operator or the Frobenius norm,

Ao _

Al := max = max | Av],
vekd\{0} |[v]| veRd:[lv]| =1

e = (3 a2)" = a2,
0,J

where
<A,B> = ZAijBij = tI’(ATB) = tI’(ABT).
,J
Note that (A, B) defines an inner product on R7*¢. If vec(A) and vec(B) denote
vectors in R containing the columns of A and B, respectively, then (A, B) is

just the usual inner product vec(A) T vec(B). We shall consider the following
subsets of R7*4:

RIX? := {A € R”: A nonsingular},
R = {AeR>: A=AT},

Sym
R o = {A€RLT: A positive semidefinite |
= {A e RLSL: Anin(4) >0},
REM S0 = {A € RIS : A positive definite}
= {A e RLSL: Anin(4) > 0}.

With Apin(A4) and Apax(A) we denote the smallest and largest real eigenvalue
of a square matrix A. If A € R7%9 has only real eigenvalues (e.g. if A = AT),
then Ai(A) > X2(A) > --- > A\j(A) are its ordered eigenvalues. The identity
matrix in R?%9 is denoted by Ij,.

In the sequel we will introduce further notation and various conditions. For
the reader’s convenience, these are listed once more at the very end of this paper.
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2. Affine and linear equivariance

Affine and linear equivariance are key concepts in connection with estimation
of location and scatter. In what follows, let P be a family of probability distri-
butions on R?. For P € P, a vector a € R? and a matrix B € RZX? let

PP .= £(BX) and P*? .= L(a+ BX) where X ~ P.

Definition 2.1 (Linear equivariance). Suppose that P is linear invariant in
the sense that PP € P for arbitrary P € P and B € R1X9. A scatter functional

:P— Rg;n?,ZO is called linear equivariant if

»(PP) = Bx(P)B'
for arbitrary P € P and B € RZ 9.

Definition 2.2 (Affine equivariance). Suppose that P is affine invariant in the
sense that P“B € P for arbitrary P € P, a € RY and B € RZX?. Consider
a location functional g : P — R? and a scatter functional X : P — Rz;nz,>0'
These functionals are called affine equivariant if

w(P*8) = a4+ Bu(P) and X(P*P) = BX(P)B'
for arbitrary P € P, a € R? and B € RZX9.

These definitions are clearly motivated by the mean vector pu(P) and covari-
ance matrix 3(P), where P consists of all distributions P with finite integral
[ ||z||* P(dz). Whenever we talk about affine or linear equivariant functionals
on a set P, we assume tacitly that P is affine or linear invariant.

Obviously, affine equivariance of a scatter functional 3(-) implies its linear
equivariance. Equivariance properties of location and scatter functionals yield
various desirable properties which are summarized in two lemmas below. Let us
first recall two symmetry properties of a distribution P:

Definition 2.3 (Spherical and elliptical symmetry). Let X be a random vector
with distribution P on RY.

(i) The distribution P is called spherically symmetric (around 0) if the distri-
butions of X and UX coincide for any orthogonal matrix U € R?*4,

(ii) The distribution P is called elliptically symmetric with center p € R? and
scatter matrix ¥ € RZ1? . if the distribution of X7'/2(X — u) is spherically
symmetric.

If the distribution P admits a density f, elliptical symmetry with center p
and scatter matrix ¥ means that f(x) is a function of the squared Mahalanobis
distance (z — u) "X~ (z — u) only. In particular, if P is spherically symmetric,
f(z) depends only on the norm ||z||.

Note that the scatter matrix ¥ of an elliptically symmetric distribution is
not unique. One could replace ¥ with ¢X for any ¢ > 0.

Lemma 2.4 (Some consequences of linear equivariance). Let % : P — RIS

be a linear equivariant functional of scatter, and let X be a random vector with
distribution P € P.
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(i) Let J be a subset of {1,2,...,q} with two or more elements. Suppose that the
distributions of X and (Xr(;))i—, coincide for any permutation = of {1,2,...,q}
such that w(i) = i whenever i ¢ J. Then there exist numbers a = a(P) and
b = b(P) such that for arbitrary indices j, k € J,

o - {; ok

(ii) Suppose that for a given sign vector s € {—1,1}9, the distributions of X
and (s;X;)!_, coincide. Then

3(P)ij; = 0 whenever s; # s;.

(iii) If P is elliptically symmetric with center 0 € RY and scatter matriz

Y e Rg;£7>0, then

for some number ¢(P) > 0.

Lemma 2.5 (Some consequences of affine equivariance). Let g : P — RY
and 3% : P — Rg;gzo be affine equivariant functionals of location and scatter,
respectively, and let X be a random vector with distribution P € P.

(i) Suppose that for a given vector s € {—1,1}4, the distributions of X and

(si X)L, coincide. Then
w(P); = 0 whenever s;=—1.

(i) If P is elliptically symmetric with center u € RY and scatter matriz 3 €
R(sl;rg,>07 then

w(P) = p and X(P) = ¢(P)X
for some number ¢(P) > 0.

Remark 2.6 (Symmetrization and the block independence property). Suppose
that X ~ P may be written as X = [X;", X, |7 with two independent subvectors
X; € R (1) + ¢(2) = ¢. Let X’ be an independent copy of X. If & : P —
ngxrg,m is a linear equivariant scatter functional, and if P := £(X — X’) belongs

to P,

=) = |77 sip)

with 3;(P) € RIM*40) This follows from Lemma 2.4 (i), applied to X ~ P
in place of X ~ P and s; := ljj<q(1)] — liisq1)- If P is even affine invariant
and g : P — R? an affine equivariant location functional, then p(P) = 0 by
Lemma 2.5.

3. From maximum-likelihood estimation to M-functionals

In this section we describe various estimation problems and the M-functionals
which they lead to.
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3.1. Estimation in location-scatter families

Let X1,X5,...,X,, be independent random vectors with unknown distribu-
tion P. As a model for P we consider a location-scatter family constructed
as follows: Let f : [0,00) — [0, 00) satisfy

Fllz]?) de € (0,00).
R4

axq

For any location parameter u € R? and scatter parameter X € R/ <,

fus(@) = & det(S) V2 f((w — ) TSN @ — )

defines a probability density f, s on RY. Assuming that P has a density be-
longing to this family (fu,2)u,x, a maximum-likelihood estimator of (y, X) is a

maximizer ([, ) of the likelihood function

1) - Hfu,

In other words, (fi, X) minimizes

> p((Xi = ) "ETHXG — ) + log det (D)

i=1

SN

with ~
pls) = —2log f(s).
The expected value of E(u, Y) equals
L(u, %, P) = / p((@ — 1) @ — ) P(da) + logdet(S),  (3.1)
provided this integral exists, and
L(n,Y) = L(u, 3, P)

with P denoting the empirical distribution ! >, dx, of the observations X;.
Consequently we focus on L(u, 3, P) for arbitrary distributions P, keeping in
mind that P could be a “true” or an empirical distribution.

Suppose that P has a density f which may but need not belong to the model
(fu,s)u,s and such that [ f(x)log f(x) dx exists in R. Then

L(p, %, P)—2logé = —2/f(x) log fu,=(x) dz

_ —2/f(:c)logf(:v) dz +2D(f, fux)

with the Kullback-Leibler divergence

D(f, fys) / F (@) og(F(x)/ fy5(x)) de
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It is well-known that D(f, f, =) > 0 with equality if, and only if, f = f.x
almost everywhere. Thus minimizing L(p, 2, P) w.r.t. (g, X) may be viewed as
approximating P by one of the densities f, s in terms of the Kullback-Leibler
divergence.

Example 3.1 (Gaussian distributions). Multivariate (nondegenerate) Gaussian
distributions correspond to f(s) := exp(—s/2) and ¢ := (2m)%/2, i.e. p(s) == s.
Suppose that P has mean vector p(P), finite integral [ ||z|? P(dz) and nonsin-
gular covariance matrix X(P). Then

L(p, %, P) = /(x — ) "2 Y — p) P(dx) + log det(X)

/ (& — () TS @ — u(P)) P(d) + log det(X)

+ (p = p(P) X7 (= u(P)).
Hence for any fixed ¥, the unique minimizer of p — L(u, X, P) equals u = p(P).
Moreover,

L(u(P),%, P) = tr(S7'E(P)) + logdet(X)
= tr(Z7'2(P)) — logdet(X7'E(P)) + log det(X(P)).
Note that tr(S713(P)) — log det(EL12(P)) equals tr(B) — log det(B) with the
symmetric matrix B := 2_1/22(P)E_1/2. If A&y > Ay > -+ > A; > 0 denote
the eigenvalues of B, then
q
tr(B) —logdet(B) = > (A —loghi) > ¢

i=1
with equality if, and only if, all eigenvalues \; are equal to one, i.e. if & = 3(P).
Thus (p(P),X(P)) is the unique minimizer of L(-, -, P).

The range of distributions P for which L(u, X, P) is well-defined in R for
arbitrary (u, ¥) may become larger if we replace the term p((z—p) " S7! (z—p))
with a difference

p((@ =) TS =) = p((@ = o) T2 (@ — 11o))
for some (o, X,). The choice of the latter pair is irrelevant, so we use p, = 0
and ¥, = I;, where I, denotes the unit matrix in R?*9.

Definition 3.2 (M-functionals of location and scatter). Let p: [0,00) — R be
some continuous function. Further let P be the set of all probability distributions
P on R? such that

L(p, X, P) = /[p((ac — )" 2 — ) — p(z"2)] P(dz) +logdet(X) (3.2)

is well-defined in R for arbitrary (u,¥) € R x R .

With P, we denote the set of all distributions P € P such that L(,-, P) has
a unique minimizer (p(P),3(P)). This defines an M-functional p : P, — R?

of location and an M-functional 3 : P, — REZ! _; of scatter.
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Affine equivariance The set P in Definition 3.2 is affine invariant. Indeed,
if X ~P € Pand X' :=a+ BX ~ P%5, then elementary calculations show
that

(X = )TN XT = ) = p(x" X7
= %«X—MWE”ﬁY—M)—MXTXﬂ
= [p((x =) TR THE - ) - p(XTX)),
where ' := a + Bu, ¥/ := BEBT and p" := —B7'a, ¥ := (BT B)~!. Since

log det(X') = log det(X) + 2log | det(B)| = logdet(X) —logdet(X"), we arrive at
the key equation

L(a+ Bu, BEB", P*P) = L(u,%, P)+c(a, B, P) (3.3)

with ¢(a, B, P) := —L(—B’la, (B"B)™1, P). In particular, the set P, is affine
invariant, and the M-functionals u(-), 3(-) are affine equivariant.

Example 3.3 (Multivariate ¢-distributions). The multivariate student-distrib-
utions are generated by f(s) := (v 4 s)~“t9/2 for a fixed parameter v > 0, the
“degrees of freedom”, and & = v="/?279/2T'(1/2) /T ((v + q)/2). Here

p(s) = (v+q)log(v + s).
With this choice of p, definition (3.2) yields
Ll’ (:uv Za P)

v+ (z—p)'S Nz —p)
— @/+q)/ﬂog( AT )}%dx)+logda(2) (3.4)

Since the integrand is continuous and bounded on R? for any fixed (i, X), the
set P is just the set of all probability distributions on R?. In later sections we
shall derive a precise description of the corresponding subset P,,.

3.2. Tyler’s (1987) M -functional of scatter and more

A maximum-likelihood estimator for directional data Tyler (1987a;
1987b) introduced a particular M-estimator of scatter which may be motivated
as follows: Suppose that Xy, Xo, ..., X,, are independent random vectors with
possibly different distributions Py, P, ..., P, on R?. However, suppose that each
P; satisfies P;({0}) = 0 and is elliptically symmetric with center 0 and a common
scatter matrix ¥. This assumption means that X; = R;BU; with B := X1/2
and 2n stochastically independent random variables Ry, Ra,..., R, > 0 and
Uy, Us, ..., U, uniformly distributed on the unit sphere S7=! of RY. In particular,
the directional vectors V; = || X;||7'X; = ||BU;||"'BU; are independent and
identically distributed random vectors. One can show that V; possesses a so
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called angular central Gaussian distribution, i.e. its distribution is absolutely
continuous with respect to the uniform distribution on S9=! with density

gs(v) = det(E)_l/z(vTE_lv)_Q/2,

see e.g. Watson (1983). Consequently, a maximum-likelihood estimator for X
is given by a maximizer of the target function L(X, P) over all matrices 3 €

Rg;rg)w, where P is again the empirical distribution of the X;, and

Ty—1
L(Z,P) = q/log(%)P(da@)—i—logdet(E) (3.5)

for any distribution P on R? with P({0}) = 0. Note that L(X, P) = L(cX%, P)
for any ¢ > 0. To achieve uniqueness of a minimizer, we have to impose an
additional constraint, e.g.

det() = 1,

following Paindaveine’s (2008) advice.

Estimation of proportional covariance matrices Suppose that one ob-
serves independent random matrices S, S2,...,Sk € RZerﬁ,w where S; has a
Wishart distribution Wy (c; 3, m;). The degrees of freedom, mq, mo, ..., mg, are
given, while ¢1,co,...,cx > 0and ¥ € Rg;£7>0 are unknown parameters.

As an explicit example, suppose that we observe independent random vectors

Xij€Rfor1 <i< K and 1< j<n,; where n; =m; +1 > 2 and
Xij ~ Nq(lu’ivciz)

with unknown means p; € R9. With X, = n; ! Z?:l Xij, the standard estima-
tor of p;, it is well-known that
Si = Z(X” — Xz)(Xz] — Xi)'l' ~ Wq(ciE,mi).

j=1

Recalling that W,(T',m) stands for the distribution of > 7", YY" with in-
dependent random vectors Y1,...,Y,, ~ N,(0,T'), the log-likelihood function
times —2 may be written as

K
Z(c[l tr(X71S;) + gm; log ¢; + m; log det(X)). (3.6)
i=1
Minimization of this function was treated by Flury (1986), Eriksen (1987) and
Jensen and Johansen (1987). The proposed algorithms rely on the fact that

(3.6), as a function of the two arguments ¥ and ¢ = (¢;)E ;| is easily minimized
if one of the two arguments is fixed. For fixed X, the unique minimizer is

o) = g t(m;" tr(E_lsi))iK:l,
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whereas for fixed ¢, the unique minimizer is
K
() = m;" E ;'S
i=1

with my = Zfil m,;. If focusing on the estimation of the matrix parameter 3,
we may plug ¢(X) into (3.6) and try to minimize the resulting function of ¥. Up
to an additive term and a scaling factor mjrl, the latter function equals

= om tr(X1S;)
q; - 1og(w) + log det(%). (3.7)

!
Again one should impose some constraint such as det(X) = 1 to avoid non-
uniqueness of the minimizer.

A generalized setting Note the similarity between (3.5) and (3.7). Consider
the distribution @ of the random matrix X X ', where X ~ P. Then L(X, P) in
(3.5) may be rewritten as

q/log(%) Q(dM) + log det(),

where M corresponds to zz " with = € RY. But (3.7) is also of this form, this
time with the random distribution
K

CA) = Z;;Lj_ ds,

=1

in place of Q). These considerations motivate the following definition.

Definition 3.4 (Generalized version of Tyler’s M-functional of scatter). For a
distribution Q on RE7! _(\ {0} and ¥ € RLT ;) we define
tr(X"TM)
Lo(2,Q) == ¢ |1 (7) AM) + log det(%).
0(2.Q) = g [ tox( T ) Q) + logder(®)

If Lo(-, @) has a unique minimizer 3 satisfying det(X) = 1, then we denote it
with EO (Q)

3.3. Symmetrizations of arbitrary order

For k > 2 vectors x1,...,x, € R? we define their sample covariance matrix as
1k
- AT
S(x1,...,xp) = 1 Zl(:zcZ —Z)(x; — T)
=

with Z := k! Zle z;. If X4, Xo, ..., X, are independent random vectors with
distribution P such that [ |z||? P(dz) < oo, then S(X1, Xa,...,X,,) is an un-
biased estimator of the covariance matrix of P. Elementary calculations show
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that
n —1
S(X1, Xoy .., Xn) = 2) > 27X - X)X - X)T
1<i<j<n
n\ !
— (2 > S(Xi X))
1<i<j<n

More generally, for 2 < k < n,

—1
S(X1, Xos.. ., Xn) = (Z) S S(Xi, X,

1<ip<---<ip<n

Instead of taking the average of all sample covariance matrices S(X;,,..., X;,)
one could apply Tyler’s generalized M-functional of scatter (Definition 3.4) or
other functionals of scatter to the random distribution

—1
n
(k> Z 6S(X’i1)"'7X'ik)

1<ip < <ip<n

on RE7Y ), a measure-valued U-statistic (cf. Hoeffding, 1948). For k = 2 this
approach was proposed by Diimbgen (1998). Apart from the higher computa-

tional complexity, trying k > 3 is tempting.

3.4. Stmultaneous symmetrization in several samples

Suppose we observe independent random vectors X;; € R?, wherei =1,2,..., K
and j = 1,2,...,n4, n; > 2. Suppose that X;; has an unknown elliptically
symmetric distribution P; with center p; € R? and a common scatter matrix
Y e R§;£7>0. In case of P; = Ny(pi, X) one could estimate X by the usual pooled
covariance matrix

K
a 1
K
2 1
—= N = S(Xi: Xir).

i=1 " 1<j<t<n;

Alternatively, one could estimate ¥ by a minimizer of (3.7). But in case of po-
tentially heavy-tailed distributions P;, it might be even better to apply Tyler’s
generalized M-functional of scatter (Definition 3.4) or other functionals of scat-
ter to the random distribution

2 &1 5
m Z . Z S(Xij,Xie)

i=1 1<j<t<n;

qxq
on Rsymzo.
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The resulting scatter estimator 3 could be used, for instance, in the context
of nearest-neighbor classification to define a data-driven Mahalanobis distance
d(z,y) == HE_1/2(9C - y)H between vectors x,y € RY.

4. M-functionals of scatter

In this section we consider M-functionals of scatter only. That means, when
thinking about a distribution on R?, we assume that it has a given center p = 0.
In view of the considerations in the preceding section, however, we consider

distributions @ on ngxrg,zo Two particular examples for ) are

Q'(P) = L(XXT) (4.1)
and

Q¥(P) == L(S(X1,Xa,...,Xy)), k>2, (4.2)
for independent, identically distributed random vectors X, X1, Xo, ..., X} with

distribution P on RY.

4.1. Definitions and basic properties

Definition 4.1 (A log-likelihood type criterion). For a given “loss function”
p:]0,00) = R we define

L,(5,0Q) = / [p(6x(S M) — p(tr(M))] Q(dM) + log det
for > € RL! ), provided that the integral exists in R.

Assumptions on p and ¢ Throughout we assume that p is continuously
differentiable on (0, co) with derivative p’ > 0. Moreover, we assume that

is non-decreasing in s > 0.

Case 0 For s > 0 let
p(s) = qlog(s),
so p'(s) = q/s and ¥(s) = q. Here we assume that Q({0}) = 0.

Case 1 We assume that 9 is strictly increasing on (0, co) with limits ¢/(0) =0
and ¥ (00) € (g, 00]. Here we assume that

/1/1()\tr(M)) Q(dM) < oo forany A\ > 1, (4.3)

which is obviously true in case of ¥ (c0) < co.
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Remark 4.2. Note that Tyler’s generalized M-functional of scatter (Defini-
tion 3.4) corresponds to Case 0 above. In Case 1, if @ = Q*(P) as in (4.1), then
L,(-,Q) corresponds to the log-likelihood function L(0,X, P) for an elliptical
model with f(s) := exp(—p(s)/2). Note that for 0 < s, < s,

< p(s0) +1p(00) log(s/s0),

— ) -1
p(s) = p(So)-F/SO Y()t dt {2 p(50) + 1(s0) log(s/s,)-

This implies that

[ esv(-pllel)2)de =, [ " exp(—p(s)/2 + (a/2 — 1) log(s)) ds
Ra 0

is finite if, and only if, 1(c0) > q.

Remark 4.3. Several authors require in addition p’ to be non-increasing on
(0,00). Then
b(As) = Asp'(As) < Mi(s)

for any s > 0 and A > 1, whence (4.3) is equivalent to

/1/J(tr(M)) Q(dM) < .
Example 4.4 (Multivariate ¢-distributions). For v > 0 let

p(s) = pug(s) = (v+q)log(v+s).

In case of v > 0, L,(X, Q) in Definition 4.1 may be viewed as a generalization
of L,(0,%, P) in (3.4). Here p'(s) = (v + q)/(v + s) is strictly decreasing and
P(s) = (v+ q)s/(v + s) is strictly increasing in s > 0. Moreover, ¥(0) = 0 and
P(o0) =v+q.

Example 4.5 (Multivariate elliptical Weibull-distributions). For a fixed v > 0
and s > 0 let p(s) := s7. Then p/(s) = vs7~! and 9(s) := vs7. Here L,(%,Q)
corresponds to elliptically symmetric distributions with center 0 that are gen-
erated by f(s) := exp(—s7/2). In this situation (4.3) means that

/tr(M)VQ(dM) < 09,

and in setting (4.1) this is equivalent to

/ |z]|* P(dz) < oc.
Example 4.6. Another example, suggested to us by David Tyler, is given by

p(s) = (v+q)log(l +s%)/2

r s > 0 with some parameter v > 0. Here p/(s) = (v + q)s/(1 + s?), and
P(s) = (v + q)s?/(1 + s?) is strictly increasing in s > 0 with ¥(0) = 0 and
P(o0) =v+gq.

=¥
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Existence of L, The functional L,(-,P) : RT"?_ — R is well-defined in

sym,
Cases 0 and 1. This will be derived from the following two elementary inequal-
ities which will be used several times:

Lemma 4.7. For M € RL! . and A € RIS,
Amin(A) tr(M) < tr(AM) < Apax(A) tr(M).
Lemma 4.8. For arbitrary s,t > 0,

P(s)log(t/s) < p(t) —p(s) < ¥(t)log(t/s).
If p' is non-increasing on (0,00), then
Pt —s) < p(t)—p(s) < p'(s)(t—s)

It follows from Lemma 4.7 that for arbitrary M € RL (. and ¥ € RIT!

Amax (2) 7 Htr(M) < tr(Z7TM) < Apin(Z) 7 tr(M).

Combining these inequalities in case of M # 0 with Lemma 4.8, applied to
{s,t} = {tx(M),tr(S7' M)}, yields the inequality

lp(tr (S M) — p(tr(M))] < (Ae(S) tr(M)) log(A(E))

with A, () = max{Amin(E) ™!, Amax(E) }, and the right hand side is integrable
with respect to @ by assumption (4.3).

Linear equivariance For a nonsingular matrix B € R7*9 let
QP = L£(BSB") and Qp := L(B7'SB™") with S~ Q,
where B~ " := (B™1)T = (B")~!. Then one can easily verify that for arbitrary
Y eRL
sym, >0
LP(BEBTaQB)_LP(BBTvQB) LP(ZaQ)v
LP(BEBTa Q) - LP(BBTa Q) = LP(Z, QB)- (4-4)

Let Q, denote the set of all distributions @ as described in Cases 0 and 1 such
that L,(-, Q) has a unique minimizer in

sym,>
axq

sym, >0

{SeRLI_:det(X) =1} in Case 0,
in Case 1.

This minimizer is denoted by 3,(Q). Then Q, is linear invariant and X, is
linear equivariant in the sense that QP € Q, and

det(BB")"Y4BX,(Q)BT in Case 0

By _
2@ = {BEJP(Q)B—r in Case 1

for all Q € Q, and B € R1} 9.
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4.2. Existence and uniqueness of an optimizer

The question of existence and uniqueness of minimizers of L,(-, Q) is closely
related to the mass which @ puts on special linear subspaces of R%2X49. We define

Sym
V, = {V:Vis a linear subspace of R?}.
Then for V € V,, we consider
M(V) = {M eRZY_ : MR? C V},

sym,>0
a linear subspace of RZX? with dimension dim(M(V)) = dim(V)(dim(V) +1)/2.
Another object of interest is the matrix

(2@ = [ ol M)M QM)
- / Bt (S7UM)) (27U M) M Q(dM),

where the integrands are interpreted as 0 € R9*? if M = 0. It will turn out
that the following conditions play the key role for the existence of a unique
minimizer X,(Q).

Condition 0 We assume that

QM(V)) < dn(¥) o v e V, with 1 <dim(V) <gq.  (4.5)

Condition 1 We assume that
(00) — ¢ + dim(V)
QM(V)) <
(V) L
In case of ¥(00) = oo the fraction on the right hand side of (4.6) is interpreted
as 1.

Theorem 4.9. A matriz ¥ € R minimizes L, (-, Q) if, and only if,

U,(%,Q) = % (4.7)

In Case 0, L,(-,Q) possesses a unique minimizer with determinant 1 if, and
only if, Condition 0 is satisfied.

In Case 1, L,(-, P) possesses a unique minimizer if, and only if, Condition 1
is satisfied.

for all V € V, with 0 < dim(V) < ¢. (4.6)

Our proof of Theorem 4.9 is based on an in-depth analysis of the mapping
L,(-,Q) in Section 5. In particular it will turn out that the fixed-point equation
(4.7) is equivalent to L, (-, Q) having gradient 0 at X. With Theorem 4.9 at hand
we may redefine the family Q, as follows:

In Case 0, Q, consists of all probability distributions @ on ngxrg,zo satisfying
Condition 0 and Q({0}) = 0.

In Case 1, Q, consists of all probability distributions @ on ngxrg,zo satisfying
Condition 1 and [ (A tr(M)) Q(dM) < oo for any A > 1.
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Let us comment now on these conditions in two special settings.

The setting (4.1) If Q = Q'(P) = £L(XX ") with a random vector X ~ P,
then Q({0)) = P({0}), and [ $(rex(M)) QM) = [ (Al]?) P(d). More.

over,

QM(V)) = P(V).

Hence Conditions 0 and 1 coincide with the known conditions from the literature
on M-estimation of scatter. In particular, a unique minimizer 3,(Q) is well-
defined if P is smooth in the sense that

P(V) = 0 forany VeV, with dim(V) < ¢ (4.8)

and satisfies [ (\||z||?) P(dz) < oo for any A > 1.
Now consider the empirical distribution

n
Al . 712
i=1

with n > ¢ independent random vectors Xy, Xs,..., X, ~ P. This is an un-
biased estimator of Q*(P). In Section 8 we will apply Theorem 4.9 to Q! and
prove the following result:

Lemma 4.10. Suppose that P is smooth in the sense of (4.8). Then %(QV) is
well-defined with probability one, provided that

qg+1 in Case 0,
n >
q in Case 1.

This result is based on the fact that in case of (4.8), ¢ independent random
vectors with distribution P are linearly independent almost surely.

The setting (4.2) Let Q = Q*(P) = £(S(X1,X>,...,Xy)) with k > 2 inde-
pendent random vectors X1, Xo, ..., X ~ P. Here Q({0}) = 0 if, and only if,
P has no atoms, i.e.

P({z}) = 0 forall x € R%.

Note also that tr(S(X1, Xa,..., X)) < (k—1)7! Zle | X[, so

SA(S(X1, Xz, ., X0) < (A1 = 1/k)! max 1X:012)
k
< > e = 1/k)THIXGP)
i=1

and

[oauama@n <k [o(a-1/m7 ) P (49)
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Moreover, according to Lemma 8.1 in Section 8,
S(X1, Xo,..., Xp)RY = span(Xs — X3,..., X — X4).
Hence
QM(V)) = P(span(Xy — X1,..., X, — X1) C V)
= P(Xo—X4,..., X — X7 €V)

P(x +V)*! P(dx)
Z P(w + V)k.
weVL
In particular, 3,(Q) is well-defined if P is smooth in the sense that
P(H) = 0 for any hyperplane H C RY, (4.10)

and if [ (A|z]|?) P(dz) < oo for arbitrary A > 1. (A hyperplane is a set of the
form w+V with w e R?, VeV, dim(V) =¢—1.)
Now consider the empirical distribution

—1
Ak . (T
Q L (k) Z 6S(X11 ..... Xik)

1<i3<--<ig<n

Il
—

for some kAZ 2 and n > k independent random vectors Xy, Xo,..., X,, ~ P.
Note that Q" is an unbiased estimator of Q¥(P). In Section 8 we'll prove the
following result:

Lemma 4.11. Suppose that P is smooth in the sense of (4.10). Then E(@k)
is well-defined almost surely, provided that n > g+ 1.

Estimation of proportional covariance matrices As in Section 3.2 con-

sider
K

g v 5 .

Q ; my 05
with independent random matrices S; ~ Wg(¢; X, m;). Let S; = ¢; Zml Y YJ
with independent random vectors Yj; ~ Ny (0,%), 1 <i < K, 1< j <m,;. Then

one can easily show that

S;R? = span(Y;; : 1 <j <my).

Thus with similar arguments as in the proof of Lemma 4.10 one can show that
with probability one,

K m;
~ - dim(V
e S S
=1 j=1

for arbitrary V € V, with dim(V) < ¢. Hence EP(@) is well-defined in Case 0
almost surely, provided that



M -functionals of multivariate scatter 51

4.3. A fized-point algorithm

Suppose that p satisfies the additional constraint that p’ is non-increasing on
(0,00). In this case one can use the fixed-point equation (4.7) to calculate
3,(Q) numerically. Recall that X, € forg <o minimizes L, (-, Q) if, and only if,
U,(Z., Q) = X,, according to T heorem 4.9. This fixed-point equation implies
that

U,(2,Q) € RIS for arbitrary ¥ € RU .

For otherwise we could find a vector v € R?\ {0} such that
0= v 0,(%,Quv = /p'(tr(E_lM))vTMv Q(dM).

But then v Mv = 0 for almost all M w.r.t. Q, i.e. Q(M(v ")) = 1. This would
yield the contradiction 0 < v ¥,v = v ¥,(X,,Q)v = 0. It would also contra-
dict Condition 0 and 1.

Iterating the mapping ¥,(-,Q) yields a sequence converging to a positive
multiple of 3,(Q) in Case 0 and to 3,(Q) in Case 1:

Lemma 4.12 (Convergence of a fixed-point algorithm). Suppose that @Q fulfills
Condition 0 in Case 0 and Condition 1 in Case 1, and let p’ be non-increasing

n (0,00). For any starting point 3¢y € ngxm <0, define inductively
Y = U,(8k-1,Q)
for k =1,2,3,.... Then the sequence (Xi)k>0 converges to a solution of the

fized-point equation (4.7).

A key ingredient for proving this lemma is the following inequality. It may
be viewed as a special case of a wellkown inequality for the EM algorithm by
Dempster et al. (1977). For the precise connection between variations of the
present fixed-point algorithm and the EM algorithm we refer to Arslan et al.
(1995) and Arslan and Kent (1998).

Lemma 4.13. Suppose that p' is non- increasmg on (0,00). Let Q be a proba-
bility distribution on RZ - such that Q(M(v')) < 1 for any v € R?\ {0} and
J(tr(M)) Q(dM) < co. Then for any X € R g,

LP(\I/P(Ev Q)a Q) < LP(Ea Q)
unless U,(X,Q) =X

5. Analytical properties of the criterion function

The results in the previous section can be derived from an in-depth analysis
of the function L,(-,Q). As mentioned in the introduction, we utilize matrix
exponentials which are reviewed in the next subsection. Then we derive differ-
entiability, a convexity property and coercivity of L,(-, Q) under certain condi-
tions. In the last subsection we derive second order Taylor expansions of L,(-, Q)
which are needed later on.
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5.1. The exponential transform of matrices

The exponential transform on R?9*? For an arbitrary matrix A € R9%9
its exponential transform
exp(4) = o
k=0

is well-defined in R9%4, satisfying the inequalities || exp(A)|| < el and
HZ H < elAlja)f/e for 0> 1.

If A, B € R?7%? are interchangeable in the sense that AB = BA, the familiar
equation exp(A + B) = exp(A) exp(B) = exp(B) exp(A) is valid. In particular,
exp(A) is always nonsingular with inverse
exp(A)™! = exp(—A).
In general the expansion of exp(A+ B) is somewhat more complicated. From
the following result only the very first inequality is needed later, but the full

result may be of interest for curious readers and illustrates why treating L, (%, Q)
as a function of log(X) is not that straightforward.

Lemma 5.1 (Taylor expansions of exp(-)). For matrices A, A € R7%9,
exp(A+ A) = exp(4) + Ro(A, A)
1
= exp(4) + / exp((1 — u)A)Aexp(ud) du + R1 (A, A)
0
with
IRo(A, A) < el AIHIANAL and  [|Ri(4,A)[| < el 4TI A2 2,

Moreover,

L
exp(A+ A) = exp(4 Z k_ [exp(Uro A)A exp(Up1 A) - - - Aexp(Upi A)],
k=1
where Upg =1 — E;C:l Ukj, and (Ug; )?:1 is uniformly distributed on the convex
polytope {u € [0,1]* : 2521 uj < 1}.

The exponential transform on RZ?  Any matrix A € R may be written
as

A = Z)\i(A)uiuiT = Udiag((M(A){)UT
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with the ordered eigenvalues A;(A) of A, an orthonormal basis ui, us, ..., uq of

corresponding eigenvectors, and the orthogonal matrix U = [uj ug ... ug). Then
one can easily verify that

q
exp(A) = Zexp(/\i(A))uiuiT e REI o
i=1

As a mapping from RZ%1 to Rg;rg)w, the exponential function is bijective with
inverse

log(A) = > log(Ai(A)) u;u, .
=1

Moreover,
det(exp(A)) = exp(tr(A)).
Local parametrizations of RZ! _; Unfortunately, for 3,%" € RI ), the

equation ¥’ = exp(log(X) + A) with A := log(X') — log(X¥) is not very helpful,
because the Taylor expansion of exp(log(X) + A) is somewhat awkward, unless
log(X) and A are interchangeable. In view of our considerations on linear equiv-
ariance, we consider a different approach: Let ¥ € Rg;rg’w, and fix an arbitrary
B € RIX9 such that

Y = BBT,

e.g. B= %2 Then

RI*? o = {Bexp(A)B" : A e RLY

sym, >0 sym J *

Indeed, any matrix X' € quq)>0 may be written as Bexp(A)BT with A :=

Sym
log(B~'¥'B~T). Note that the matrix A depends on both B and X', but its
eigenvalues are simply \;(A4) = log \;(X71%). Moreover, if det(X) = 1, then

(S eRLE o :det(X) =1} = {Bexp(A)B' : A € RIXL tr(A) = 0}.

sym, >0 Sym?

5.2. First-order smoothness of the criterion function

We start with an expansion of L,(-,Q) in small neighborhoods of I,. To this
end we need the matrix

,(Q) = y(1,:Q) = [ ()M QM) € R

Proposition 5.2 (1st order Taylor expansion). For A € R%X4

Ly(exp(A),Q) = (A4,G,(Q)) + R,y(4,Q)

with the gradient
Gp(Q) = I, —¥,(Q) € R
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and a remainder R,(A, Q) satisfying the following inequalities:

(A, Go(@)] < (a+7,(Q))IIA],
IR (A Q) < (Fp(e,.Q) = T, (eI, Q)) Al + T, (@)1 AlIP/2,

where J,(Q) := J,(1,Q) and
= [wta(n) Q)

Note that J,(-,Q) = ¢ in Case 0. In Case 1, J,(A, Q) is continuous and
monotone increasing in A > 0 with values in [0,(c0)). Thus in both cases,

[Ro(A, Q) = of[|A]) as A— 0.

Proposition 5.2 carries over to expansions in other neighborhoods via linear
equivariance: For any fixed B € R1X9 and A € RZX? we have by (4.4),

Sym

Ly(Bexp(A)B",Q) — L,(BB",Q) = L,(exp(A),@p)
= (A,G,(@Qp)) + R,(A,QB),

where

’<A= GP(QB»’ (q—i_JP(QB))HAHu
1Ry(A,QB)| < (T, Qp) = J, (711, Qp)) | All + J,(@Qp)e 4T Al /2.

Moreover, with ¥ := BB, Lemma 4.7 and monotonicity of v yield

VANRVAN

1,0\ Qp) = / P (EM) QUEM) < Jy(MAin(E), Q). (5.1)

Note also that
Go(@Qp) = B H(E-¥,(2,Q)B T

so the fixed-point equation (4.7) in Theorem 4.9 is satisfied if, and only if,
Gp (QB) =0.

Proposition 5.2 implies also that L, (-, Q) is a continuously differentiable and
locally Lipschitz-continuous function on R} . in the usual sense:

Corollary 5.3 (Smoothness). The function L,(-,Q) is continuously differen-
tiable on Rg;n‘f7>0 with gradient

VL, (%,Q) = 2*1—/p’(tr(zflM))zflele(dM)
= Bile(QB)Bil

with B := Y2, Moreover, let K be a convex subset of ngxrg <0 With Apin(K) =
infgeK )\min(E) > 0. Then fO’l“ Yo,21 € K,

|Lo(21,Q) = Lpy(0, Q) < (¢+ Jp(Amin () ™1, Q) Amin (B) 7|21 — Xo|-
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5.3. Convexity and coercivity

Theorem 4.9 follows essentially from the next two results. The first one provides
a surrogate for the simpler claim that L,(X, Q) is a convex function of log(X).
The second one deals with the behavior of L,(X, Q) as || log(X)|| — oc.

Proposition 5.4 (Convexity). For any fited B € RIX9 and A € R4

sym?’
R>t + L,(Bexp(tA)B",Q)

18 a convex function. This convezity is strict if, and only if,

Q(UleM(BVi)) < 1 4n Case 0,
Q(M(BVy)) < 1 in Case 1,

where Vi,...,Vy are the eigenspaces of A, and Vo := {z € R?: Az = 0}.

Proposition 5.5 (Coercivity). Let B be an arbitrary fized matriz in R1X?. In
Case 0,

i L,(Bexp(A)BT,Q) =
| All—o0r tr(A)=0 p(Bexp(A)B',Q) = oo

if, and only if, Condition 0 is true. In Case 1,
lim L,(Bexp(A)B",Q) = oo

[ All—o0
if, and only if, Condition 1 is true.

The convexity property in Proposition 5.4 is sometimes called “geodesic con-
vexity” (cf. Wiesel, 2012). This name stems from the fact that for arbitrary
matrices o = BB and ¥; = Bexp(A)B' in RL(! ), the path

[0,1] ¢ + T(t):= Bexp(tA)B"

minimizes the “length”

/OHF(t)1/2I"(t)F(t)1/2Hth

over all continuously differentiable functions I" : [0, 1] — RZ"! _; with T'(0) = 3o
and I'(1) = X4; see Bhatia (2007, Chapter 6).

5.4. Second-order smoothness of the criterion function

In order to prove differentiability of X,(-), we need second order Taylor ex-
pansions of L,(-, Q). These are also useful to replace the fixed-point algorithm
described earlier by faster methods, see Diimbgen et al. (2013).

From now on we assume that p is twice continuously differentiable on (0, co).
In addition to ¥(s) = sp’(s) we consider

Po(s) == s/(s) = th(s) +s2p"(s).
In Case 0, ) = ¢, so ¥V’ = 15 = 0. Case 1 is modified as follows:
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Case 1’ We assume that ¢’ > 0 and that ¢ has limits 1(0) = 0 and ¥ (c0) €
(g, 0]. Moreover we assume that

[owon)qua < s (5.2)
and that there exists a constant x > 0 such that
Pa(s) < rkip(s) for all s > 0. (5.3)

Remark 5.6. Inequality (5.3) is mainly for convenience and to avoid additional
integrability conditions for 9. It also allows to replace (4.3) with the simpler
condition (5.2), see Lemma 5.10 below. It follows from v9(s) = 1(s) + s2p”(s)

and ¢, > 0 that s?p"(s) = 1a(s) — 1¥(s) € (—1(s),2(s)). Hence inequality
(5.3) is equivalent to the existence of a constant & such that

s2|p"(s)| < Rip(s) for all s > 0. (5.4)

Remark 5.7. Suppose that p’ is non-increasing, i.e. p” < 0. Then 0 < 15(s) <
Y(s) and —9(s) < s?p”(s) < 0. Hence (5.3) and (5.4) are satisfied with k = & = 1

Example 5.8 (Multivariate elliptical Weibull-distributions). In case of p(s) :=
s7 for a constant v > 0, we have 9(s) = vs” and

$p"(s) = (v =D(s), wals) = yi(s),
so (5.3) and (5.4) are satisfied with k =y and & = |y — 1].

Example 5.9. In case of p(s) := (v + ¢) log(1 + s?)/2 for a constant v > 0, we
have 1(s) = (v + ¢)s?/(1 + s?) and

s7p"(s) = (1=2¢(s)/1(00))v(s), ¢a(s) = 2(1 —w(s)/¥(00))¥(s),

so (5.3) and (5.4) are satisfied with kK =2 and & = 1.
Lemma 5.10. Let ¢ : (0,00) — (0,00) be a differentiable function. For any
Kk € R the following two statements are equivalent:

s¢/'(s)
P(Xs)

kd(s) for all s > 0; (5.5)

<
< MN¢(s) forall s> 0 and X > 1. (5.6)

Now we are ready to extend the expansion of L, (-, @) around I, from Propo-
sition 5.2:

Proposition 5.11 (2nd order Taylor expansion). In Case 0 and Case 1°, for
arbitrary A € RIX4

Sym?

Ly(exp(4),Q) = (4,G,(Q)) +27 Hy(4,Q) + R,2(A4,Q)  (5.7)
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with the gradient G,(Q) as in Proposition 5.2, the quadratic term
Hy(A4,Q) = [ ((6r(0) (A2) + (M) x(AM)?) QM)

= (A0,(Q)) + [ o (x(h) tr(AM)E QD)
and a remainder term R, 2(A, Q) satisfying the following inequalities:

Hy(A,Q) € [0,(1+r)J,(Q)A]], (5.8)
[Ry2(A, Q) < QIA[L QNIAI?/2 + (5 +1/7) Q)| A]I® (5.9)
with
Q(0,Q) :z/ sup ‘wg(eztr(M))—wg(tr(M))’Q(dM).

z€[—6,6]

Moreover,

Q(Ule M(Vz)) < 1 in Case 0,

Q(M(Vo)) < 1 in Case 17, (510)

H,(A,Q) >0 if{

where V1, ...,V are the eigenspaces of A, and Vo := {x € R?: Ax = 0}.
Note that €(, Q) is continuous in ¢ > 0 with Q(0, Q) = 0. This follows from

the fact that

sup [a(e® tr(M)) — a(tr(M))|
z€[—4,6]

is continuous in § > 0 and not greater than (e’ tr(M)) < ke (tr(M)). In
particular,
R,2(A,Q) = o(|A|?) as A—0.

Again Proposition 5.11 carries over to expansions in other neighborhoods via

linear equivariance: For any fixed B € R ? and A € RZ37,

Ly(Bexp(A)B",Q) — L,(BB",Q)
= Ly(exp(A),Qp) = (A, G,(Qp)) +2 "H,(A,Qp) + Ry 2(A,Qp),
where R, 2(A,Qp) = o(||A]|?) as A — 0.

The Hessian operator The quadratic term H,(A, Q) in Proposition 5.11
may be written as

Hy(A,Q) = (A Hy)(Q)A)
with the linear operator H,(Q) : R1X? — RIX9 given by

Hy(Q)A = / (¢ (tr(M))2 ™ (AM + M A) + p” (t(M)) tr(AM) M) Q(dM)

= 271 (AT, (Q) + ¥, (Q)A) + / p" (tr(M)) tr(AM)M Q(dM).

This operator is self-adjoint, that means, (A, H,(Q)B) = (B, H,(Q)A) for ar-
bitrary A, B € RZX4

sym*
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Invertibility in Case 1’ Under Condition 1 it follows from the last part of
Proposition 5.11 that H,(Q) is positive definite and thus invertible.

Invertibility in Case 0 The gradient G,(Q) = I, —q [ tr(M)~'M Q(dM) is
contained in the linear subspace

Wy = {A e R :tr(A) =0},

Sym

and for any A € R%x4

H,(Q)A = q/(tr(M)*12*1(AM+MA) —tr(M) " tr(AM)M) Q(dM)

belongs to Wy, too. Hence we view H,(Q) as a linear operator from Wy to W.
Under Condition 0, the last part of Proposition 5.11 implies that this operator
is positive definite und thus invertible.

6. Continuity, consistency and differentiability

In this section we derive various properties of 3,(-) and related limit theorems.
The arguments we use are adaptations of standard arguments in the statistical
literature, e.g. the monographs mentioned in the introduction. Related are also
the papers by Haberman (1989) and Niemiro (1992) about M-estimation with
convex criterion functions.

Throughout this section let @ be a distribution in @, and define

v {RZ;&ZO \ {0} in Case 0,

gxq :
Rsym,ZO in Case 1.

Moreover we consider the linear space

Sym

9xq i
R in Case 1.

W o {{A e RZ%7 : tr(A) =0} in Case 0,

Recall that in Case 17, H,(Q) : W — W is an invertible linear operator.

Unless stated otherwise, all subsequent asymptotic statements refer to the
sequence index n tending to co. Furthermore, “—,” and “—,” stand for con-
vergence in probability and weak convergence, respectively.

6.1. Continuity

Our first result establishes a certain continuity property of 3,(-).

Theorem 6.1 (Continuity I). Let (Qn)n be a sequence of probability distribu-
tions on Y converging weakly to Q. In Case 1 suppose in addition that all Q,
satisfy (4.3) and that

/ BN tr(S,(Q) ' M)) Qu(dM) - / B(Ao tr(S,(Q) 7' M)) Q(dM)  (6.1)
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for some A\, > 1. Then Q, € Q, for sufficiently large n, and

Zp(@Qn) — 2(Q)

Remark 6.2 (Weak Continuity). In case of ¢)(c0) < oo, Condition (6.1) is
satisfied for any X, € RZ7 ) because @, —, Q. Thus Theorem 6.1 shows

sym,

that the set Q, is open in the topology of weak convergence of probability
measures on Y, and that the functional 3, is weakly continuous on Q,.

__ Our proof of Theorem 6.1 covers also the situation of random distributions
Q. in place of @,. Indeed the following result is true:

Theorem 6.3 (Continuity II). Let @1,@2,@3, ... be random distributions on
Y such that for any bounded and continuous function f:Y — R,

[ 1@, =, [ raa (62)
In Case 1 suppose further that Qn satisfies (4.3) almost surely and that

[ 600 t(E,@ 1 30) Qulddt) =, [0 t(2,(Q) M) Qi) (63
for some Ao > 1. Then P(Q,, € Q,) =1 and
Ep(@n) —p Zp(Q)-

In case of ¥(c0) < 00, one could derive Theorem 6.3 easily from Theorem 6.1
by means of metrics for weak convergence as described in by Dudley (2002,
Section 11.3). In the general setting, however, it is easier to prove Theorem 6.3
directly and realize that Theorem 6.1 is just a special case of it.

6.2. Differentiability

In this subsection we refine Theorem 6.3 with an asymptotic linear expansion
of 3,(-) in Cases 0 and 1’. By linear equivariance it suffices to consider the case

EP(Q) = I

Theorem 6.4 (Differentiability). Let @1, @2, @3, ... be random distributions
on Y satisfying Condition (6.2). In Case 1’ suppose further that for all n,
f1/) (tr(M Qn(dM) < oo almost surely, and

/ G(tr(M)) Qu(dM) =, / P(tr(M)) Q(dM). (6.4)
Then in Cases 0 and 1’,
Gp(@n) —p 0, and Hy(Qn) —p Hy(Q).
Moreover, P(Q,, € Q,) — 1 and
10g(2,(Qn)) = —Hp(Q) ™' Go(@n) + 0, (1G,(Qn)]))- (6.5)
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Remark 6.5. Condition (6.4) seems to be weaker than (6.3) at first glance.
But in Case 17,

(Ao tr(M)) < AT(tr(M))

for any A\, > 1 and M € Y by Lemma 5.10. Consequently (6.3) follows from
(6.2) and (6.4) by virtue of Lemma 8.5 in Section 8.

Remark 6.6. Note that the asymptotic expansion (6.5) is equivalent to the
expansion

Ep(@n) = Iq_HP(Q)ilGP(@n)+0p(||Gp(@n)H)'

Remark 6.7 (Weak Differentiability). In Cases 0 and 1’ with 1 (c0) < oo,
Theorem 6.4 shows that the functional 3, is weakly differentiable on Q, in
the following sense: Let Q € Q, and B := X,(Q)"2. Further let (Q,), be
a sequence of probability distributions in Q, converging weakly to (). Then
Gp((Qn)5) = 0 and

log(B™'E,(Qu)B™) = —H,(Qp)'G,((Qn)8) +o([| G, ((Qn)B)]])-

6.3. Orthogonally invariant distributions

The previous differentiability results involve the operator H,(Q). The latter
turns out to have a special structure under a certain symmetry condition on Q:

Definition 6.8 (Orthogonal symmetry). The distribution @ of a random ma-
trix M € Rg;rg,zo is called orthogonally invariant if

L(VMV?") = L£(M) for any orthogonal matrix V & R9*9,

This property is closely related to spherically symmetric distributions on R?.
For instance, let Q = £(X X ") with a random vector X with spherically sym-
metric distribution on R%. Then @ is orthogonally invariant. Another example
is given by @ = L(S(X1, Xs, ..., X})) with independent, identically distributed
random vectors X1, Xo,..., X € R? such that £(X; — p) is spherically sym-
metric for some p € RY.

By linear equivariance of X,(-), orthogonal invariance of () implies that
3,(Q) is a positive multiple of I;. As shown in the subsequent lemma, the
operator H,(Q) has a rather simple form here. It will be convenient to decom-
pose RI%1 as

Rg;jg = Wy + W,
with Wy = {A € RZx{ @ tr(A) = 0} and Wy := {sl, : s € R}. Any matrix
A € R has the unique decomposition

A= Ag+ Ay

with Ag == A — ¢ 1 tr(A), € Wy and Ay == ¢ 1 tr(A)I, € W;.
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Lemma 6.9. Suppose that Q is orthogonally invariant, and let 3,(Q) = 1.
Then for A = Ag + Ay with Ay € Wy, A1 € Wy,

Hy(Q)A = do(Q)Ao + di(Q)Ax,

where
o 1 tr(M)2 — ||M||2
Q) = 1+ == [ (a0 (1311 + FELEE) Qan),
Q) = 1+ g / §(tr(M)) tr(M)? Q(dM).

Implications for rank one distributions Suppose that a random matrix
M ~ @ satisfies rank(M) < 1 almost surely. This is true in settings (4.1) and
(4.2) with k = 2. Then | M||r = tr(M) almost surely, so

2 /!
Q) = 1+ ——— / §(tr(M)) tr(M)? Q(dM),

1 i 2
h(@ = 1+ / §(tr(M)) tr(M)? Q(dM).

Implications for Case 0 Recall that in Case 0, p(s) = qlog(s), so p'(s) = q/s
and p”(s) = —q/s?. Thus d;(Q) = 0, and for A = Ag+A; with Ag € Vo, A1 € Vy,

Hy(Q)A = do(Q)Ao

_ 2 T 2
i@ = 1- 2 [ DI RO L g )

In particular, if rank(M) = 1 almost surely, then

with

_ 4
H,(Q)A = —q+2A0.

6.4. Consistency and Central Limit Theorems

In this section we apply the previous results to particular empirical distributions
related to Settings (4.1) and (4.2). For convenience we restrict our attention to
Cases 0 and 1°.

For some fixed integer k£ > 1 and arbitrary integers n > k we consider distri-
butions

Q = Qk(P) and Qn = Qk(Pn)
in Q, with distributions P, P,, on R? such that

3,Q) = 1, = X,(Qn) foralln>k.
Recall that in Case 0, Q = Q*(P) € Q, implies that

P({0}) =0 ifk=1,
P({z})=0 forallz € RY ifk>2.
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Additional assumptions We assume that
P, —. P.

Further, for a certain exponent m > 1 we assume that

[ttty Patde) = [ wtlely™ Patao),
where all integrals on the left and right hand side are finite.

Note that for any exponent m > 1, the second part of the additional assump-
tions is a consequence of the first part whenever ¢ (00) < co.

Now we consider for n > k independent random vectors X,1, Xpn2,..., Xpn
with distribution P,, and define
1 n
~ > bx xT, if k=1,
~ i=1
Qn = ’

-1
n .
(k) Z O08(Xpiy o Xniy) K2

1<ip <---<ig<n

Our first result proves consistency of Zp(@n) as an estimator for 3,(Q,,) = I;.
It is essentially a corollary to Theorem 6.3:

Theorem 6.10 (Counsistency). In the setting just described, suppose that the
additional assumptions hold with m = 1. Then P(Q, € Q,) — 1 and

2,,(@,1) —p I

Our second result provides a precise linear expansion for 32 p(@n) and is based
on Theorem 6.4:

Theorem 6.11 (Linear expansion). Let X :=R?\ {0} in Case 0 with k =1,
and X := R? otherwise. In the just described setting, suppose that the additional
assumptions hold with m = 2. Then P(Q,, € Q,) — 1 and

VIl0g(Sp(0n) = —= 3 (Z(Xni) — BZ(Xo)) + 0,(1)

n-

S

for some continuous function Z : X — RLX4 depending only on P such that

Sym
12 ()]l
sup —————
vex 1+ 9(]|z]?)
Precisely, if k =1, then
Z(z) = H,(Q) ' (p'(|z|*)zz" = I;) and EZ(X,1) = 0.
If k> 2, then

Z(z) = ka(Q)_l(IE[p’(tr(S(:zr,Xg, X)) S(, X, X)) — Iq)

< oo and /ZdP:O.

with independent random vectors Xa, ..., X ~ P.
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Remark 6.12 (Central Limit Theorem). By virtue of the multivariate version
of Lindeberg’s Central Limit Theorem, the expansion in Theorem 6.11 implies
a Central Limit Theorem for the estimator 3,(Qy). Namely,

L(Vn10g(E,(Qn))) —w Noxq(0, Cov(Z(X)))

with X ~ P. This means, that for any matrix A € RZ*4

Sym?

(Vi log(E,(Qu)) 4) —u N (0, Var((Z(X), A)).

Remark 6.13 (Spherical symmetry I). Let P be spherically symmetric around
0 € R?. Then the matrix-valued function Z in Theorem 6.11 may be written as

Z(z) = zo(lz|*)zx’ + 2 (2],

1

with certain functions zg, 21 : [0, 00) — R, where z1(s) = —¢~'sz0(s) in Case 0.

Remark 6.14 (Spherical symmetry IT). Let P be spherically symmetric around
0 € RY, and let £ = 1. Further let

p(s) = (v+q)log(v +s)
with v =0 (Case 0) or v > 0 (Case 1’). For x € RY we write
zx’ = Ao(x) +a(x)l, + 1,

with a(z) = ¢~ !z]|> — 1, so that tr(Ag(x)) = 0. Then the matrix-valued
function Z in Theorem 6.11 is given by

Z(x) = (v+ 2?7 (codo() + cra(w)y)

with
(g +v)(g+2) B q

= 2T = 1ys0——
T ) Y P >0 3

and
_ B3Py = (v +qv .

7. M-functionals of location and scatter

Now we return to the estimation of location and scatter as in Section 3.1. We
restrict our attention to M-functionals derived from multivariate t-distributions
with v > 1 degrees of freedom. That means, for an arbitrary distribution P on
R? we consider

L(p, %, P) := /[p((a: — )" @ — p)) — p(z"2)] P(dz) + log det(X)
as in (3.2), where

p(s) = pug(s) == (v +q)log(v + s).
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The reason for the restriction to p,, with v > 1 is a nice trick by Kent
and Tyler (1991) to reduce the location-scatter problem in dimension ¢ to the
scatter-only problem in dimension ¢ + 1 with ¥ — 1 in place of v. As shown by
Kent et al. (1994), the particular loss functions p, 4 are the only ones for which
this trick works.

For more details about and generalizations of multivariate t-distributions
we refer to Lange et al. (1989) and the monograph by Kotz and Nadarajah
(2004). An alternative approach to the location-scatter problem which is closely
related to Tyler’s (1987a) scatter functional is presented by Hettmansperger and
Randles (2002).

7.1. Existence and uniqueness

The first question is under what conditions on P the functional L(-, -, P) admits
a unique minimizer (p(P), X(P)). To this end let

=)= [i] e w5 f5 )

for z € R? and (p, %) € R x R . Then one can easily verify that

ety — a0 = [ 2 [ H

and
y' Ty = (z—p)' S e —p) +1.
Consequently, with

oo
[
o

=)

>
b
2

!

and

we may write

L%, P) = LP) = [ [T ) = 7o) Pldy) + logder(r),

If a matrix I" € Rig;})ﬁ)(ﬁl) minimizes L(-, P), and if
Lovigmn = 1,

then we may write

and (u(P), L(P)) € R? x RL! ) solves the original minimization problem. It
will turn out that the additional constraint I'q41 441 = 1 poses no problem here.
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over R(qul)X(qul)

Concerning the minimization of i(, P) , one can deduce

sym, >0
from Theorem 4.9 that the following condition on P plays a crucial role:
dim(V
Pla+V) < % for arbitrary a € R? and linear (7.1)
q+v

subspaces V C R? with 0 < dim(V) < q.
Here is the main result:

Theorem 7.1. In case of v =1, the functional l~/(, P) has a unique minimizer
I' with Tyy1,441 = 1 if, and only if, (7.1) holds true. Moreover, if T is some
minimizer of L(-, P), then T = (Tyy1.441) 'T.

In case of v > 1, the functional I:J(, ]5) has a unique minimizer I if, and only
if, (7.1) holds true. This minimizer satisfies automatically Tg41 941 = 1.

Consequently, Condition (7.1) is both necessary and sufficient for L(-,-, P)
to have a unique minimizer (u(P),3(P)). In that case, we have to minimize

L(-, P), which is equivalent to finding a solution T' € Rég;&é(qﬂ) of the fixed
point equation

r = [0l - Dw” Pldn) = [ (Pt Pldo).

A b
F:[bT c}

with A € RLZ, b€ R? and ¢ = T'gqq,g41 > 0, then

sym?

If we write such a matrix I' as

w(P) = ¢ b and X(P) = ¢ 'A— pu(P)u(P)".

Moreover, ¢ = 1 in case of v > 1.

7.2. Weak differentiability and linear expansions

The results for weak continuity and differentiability of scatter-only function-
als imply analogous results for the location-scatter problem. Let (P,), be a
sequence of probability distributions on R? converging weakly to a distribu-
tion P such that (u(P),X(P)) is well-defined. Then for sufficiently large n,
(u(Py,),X(P,)) is well-defined, too, and

(1(Pn), E(Pn)) = (1(P), 3(P)).

(Again asymptotic statements are meant as n — oc.) This follows from Theo-
rem 6.1, applied to Q) 1= ﬁ(y(X)y(X)T), X ~ Py. Theorem 6.4 yields the
following expansion:

Theorem 7.2. Let P be a probability distribution on RY such that p(P) = 0
and 3(P) = I,. Then there exists a bounded and continuous function

7RI — Rggy)x(qﬁ-l)
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depending only on P such that deP = 0 with the following property: Let
Py, P, Ps, ...be random distributions on R? such that for any bounded and
continuous function f:RY9 — R,

/fdﬁn - /fdP.

Then (u(ﬁn), E(ﬁn)) is well-defined with asymptotic probability one, and

2(Pp)

) 1y N(ﬁn)
p(Pn)" 0

- /(Z — Zyirgialysr) dBy + op(H/ ZdP,

).

The precise definition of Z is
Z(x) = HP) (0 (l2*)y(@)y(@)" — Ig1),

where EI(P) : M — M is the linear operator given by

HPIM = M+ [ /([ y(0) My(e) y(a)y(a) T Pldo)
for matrices M in

- [{M e RED @Y (M) =0} v =1,
M= R{GED < (@tD) ifv>1.

Moreover, in case of v > 1,

Zq+1,q+1 = 0.

Remark 7.3 (Empirical distributions). Let Py, Ps, Ps,... and P be distribu-
tions on R? such that P,, —,, P and pu(P) =0 = p(P,) and 3(P) = I, = 3(F,)
for all n. Further let ﬁn be the empirical distribution of independent random vec-
tors X1, Xno, ..., X, with distribution P,. Asin the proof of Theorem 6.10
one can show that these random distributions P, satisfy the assumptions of

Theorem 7.2. This implies that (p(P,), (P,)) is well-defined with asymptotic
probability one, and

S(P) — 1, p(Pn)
n(P) " 0

Vn = % ;(Z(XM) - Z(Xni)q-i-l,q-i-llq) + 0p(1)

with Z : R? — REED*@D a5 in Theorem 7.2. In particular, EZ(X,1) = 0 for
all n, and the random matrix in the previous display converges in distribution

to a random matrix with a centered Gaussian distribution on Rggy)x(ﬁl).

Remark 7.4 (Symmetry). Suppose that P is symmetric in the sense that
L(—X) = L(X) for X ~ P. Then the function Z in Theorem 7.2 may be
written as

~ 2] e [
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with bounded and continuous functions Z : RZ;IEZO — RIXA, 2 1 [0,00) —

R and a nonsingular matrix B € RZ}{. In particular, the random variables

Vi(S(P,) — I,) and /nu(P,) in Remark 7.3 are asymptotically independent.

Remark 7.5 (Spherical symmetry). Suppose that P is spherically symmetric
around 0. Let 8 = B(P,v), Ao(-) and a(-) be defined as in Remark 6.14. Then
the function Z — Z441 g+114+1 in Theorem 7.2 may be written as follows:

~ ~ 4 |eogAp(z) + cra(x)l, cox
20) = Z@asranlyn = v+ oy~ @) F el e

where

(g+v)(g+2) q

—q+2(1—ﬁ)u/q’ = —1—ﬁ and ¢g = 7{1—2(1—@'

Comparing this with Remark 6.14, we see that the estimator X(P,) has the

same asymptotic behaviour as the corresponding estimator in the scatter-only
problem.

— 4q
Co ‘=

8. Auxiliary results and proofs
8.1. Proofs for Section 2

Proof of Lemma 2.4. Note that (X(;)7_; = BX with the permutation ma-
trix B = (lx(i)=j]){ j=1- Thus our assumption on X in part (i) and linear
equivariance of 3(-) imply that

S(P) = BS(P)BT = (S(P)etyr)

for any permutation 7 of {1,2,...,¢} such that (¢) = ¢ whenever i ¢ J. Let
j1 :=min(J) and js := max(J). For arbitrary indices j # k in J, choose 7 such
that 7(j1) = j and 7(j2) = k. Then we realize that 3(P), ; = a(P) := X(P), i,
and X(P),r = b(P) := X(P),,,j,- This proves part (i).
To verify part (ii) we write (s;X;)?_; = BX with B := diag(s). Then
S(P) = BE(P)BT = (s:5;8(P)ij)! _,.
Consequently, 3X(P);; = 0 whenever s;s; = —1, i.e. s; # s;.

As for part (iii), suppose first that P is spherically symmetric. This implies
that X ~ P satisfies the assumptions of part (i) with the full index set J =
{1,2,...,q} and of part (ii) for any sign vector s € {—1,1}7. Hence 3(P) =
¢(P)1, for some ¢(P) > 0. Now suppose that P is elliptically symmetric with

center 0 and scatter matrix ¥ € R ;. Then the distribution P’ of X' :=

$~1/2X is spherically symmetric, and P = P’® with B := %'/2. Thus %(P)
BX(P)BT = ¢(P)x.

Ol

Proof of Lemma 2.5. Under the assumption of part (i),

u(P) = diag(s)u(P) = (sip(P)i);_,-
0

Consequently, u(P); = 0 whenever s; = —1.
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If P is elliptically symmetric with center p and scatter matrix ¥, then the
distribution P’ of X’ := X ~%/2(X — p) is spherically symmetric, and P = pB
with B := /2. But X' satisfies the assumptions of part (i) for any sign vector
s € {—1,1}% Hence pu(P') = 0, and u(P) = p+ Bu(P’') = u. Moreover,
3(P) = BE(P")BT = ¢(P')%, according to Lemma 2.4, applied to P’. O

8.2. Proofs for Section 4

Proof of Lemma 4.7. Let M = Y7 | \;(M)u;u; with elgenvalues i (M) >

and an orthonormal basis u1, us, ..., uq of R%. Then tr(M) = Ai(M) an

_ - ] < Amax(4) ;'1:1 Ai(M) = Amax(A) tr(M),
(AM) = D MM A {z Auin(4) S (M) = A 4) 15(00). 5

Proof of Lemma 4.8. For fixed s > 0 and = € R define f(x) := p(e”s). Then
f'(x) = p'(e"s)e”s = i(e*s). Consequently by the mean value theorem,

p(t) = p(s) = flog(t/s)) = f(0) = f'(€)log(t/s) = t(e°s)log(t/s)
with some number £ between 0 and log(t/s) Since 1 is non-decreasing on (0, co),
either log(t/s) > 0 and (s) < 9(eSs) < (t), or log(t/s) < 0 and (t) <
$(e€5) < 1h(s). Tn both cases, $(s) log(t/s) < p(t) — pls) < (1) log(t/s).

Note also that
p(t) = p(s) = p' ()t —s)

for some £ between a and b. Hence if p is non-increasing, the asserted inequalities
follow from the fact that either ¢ —s > 0 and p/(t) < p'(§) < p'(s), or t —s <0

and p'(s) < p/(€) < /(1) 0
Proof of Lemma 4.10. It follows from (4.8) that

=1

]P’(Xl,XQ, ..., Xy are linearly independent) =1 fork=1,2,...,q
Indeed, P(X; # 0) =1, and for 2 < k < g,
P(Xp & span(X1,..., Xe—1)| X1,..., Xp1) = 1.
This implies that with probability one,
~ ~ dim(V
@ mw) = Py < T2

for all V € V, with dim(V) < q.

Consequently, according to Theorem 4.9, 3 p(él) is well-defined with probability
one, provided that

for 1 <d < q, in Case 0,

for 0 <d < gq, in Case 1.

But this can be shown to be equivalent to n > g+ 1 in Case 0 and n > ¢ in
Case 1. O
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To understand setting (4.2) thoroughly, the following two results about linear
subspaces of R? and sample covariance matrices are useful:

Lemma 8.1. For arbitrary integers k > 1 and points x1, 2, ...,z € RY with
sample mean T = k~* Zle x;,
W(z1,x2,...,2) = span(x; —x; : 4,5 =1,2,...,k)
= span(zy — T, oo — T,..., T — T)

= span(z1 — T, To — Tay ..., T — LTq)
for any a € {1,2,...,k}. Moreover, in case of k > 2,
S(x1,x2,...,2)R? = W(xy,29,...,2).

Corollary 8.2. Let x1,29,...,25 and y1,Y2,...,Y¢ be arbitrary point in RY.
Suppose that both W(x1,z2,...,xr) and W(y1,ya,...,ye) are contained in a
given space V € V,. If {x1,29,..., 2} and {y1,y2,...,ye} have at least one
point in common, then

W(.’I]l,l’g,...,l’m, y17y27"'7yf) c V.

Proof of Lemma 8.1. For arbitrary indices a,j € {1,2,...,k} we may write

wj— T = (xj —24) — k730 (25 — 24), 50

span(zy — T, oo — Ty..., T — T)
C span(xy — Tq, T3 — Tay ..., Tk — Tq)
C span(z; —xj : 4,7 =1,2,...,k)
= span((z; — @) — (z; — @) : 4,5 =1,2,...,k)
- T,

C span(z; 29— Ty, T — T).

Hence the preceding three inclusions are equalities.

Now suppose that k > 2. Since S := S(x1,x2,...,x) is positive semidefinite,
it follows from its spectral representation that a vector w € R? is perpendicular
to the column space S R? if, and only if,

k
0= w' Sw = (k—1)""! Z(w—r(xi_:f))zu

i=1
i.e. w is perpendicular to span(zy — T, 22 — T, ..., 2t — T) = W(x1, 29, ..., 2%).
Hence the column space of S is equal to W(xy, za, ..., xk). O

Proof of Lemma 4.11. For any nonvoid index set M C {1,2,...,n} define
W(M) := W(X; : ¢ € M); in particular, W({:}) = {0}. Then it follows from
Lemma 8.1 that for any V € V),

o) = (7)) 3 twocw,

JeTk
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where J, stands for the set of all subsets of {1,2,...,n} with k elements. More-
over, Corollary 8.2 implies that for two nonvoid index sets M, M’,

WMUM) cV if WM)cCV,W(M')CVandMnM #0.

Consequently, if we partition {1,2,...,n} into pairwise disjoint and maximal
subsets My, M, ..., My, such that W(M,) C V for £ =1,2,..., L, then

GHM(V)) = (’,j)g (")

with the usual convention that (Z) := 0 for integers 0 < a < k.
For any fixed index set M with 1 < #M < ¢ and an additional index j & M,
it follows from (4.10) and Lemma 8.1 that

P(W(M U {j}) # W(M) | (X)iz;) = P(X; — Xa € W(M) | (Xi)iz;)
= 1,

where a is any index in M. This implies that with probability one, for any given
partition My, M, ..., My, of {1,2,...,n} into nonvoid subsets My,

dim(OW(Mg)) - min(i(#Mg—l),q).

=1 =1

In particular, for any V € V, with d := dim(V) < ¢, the value of QF (M(V)) is
no larger than the maximum of

(Z) h é (mg,: 1) (8.1)

over all integers L > 1 and my,ma,...,mg > k — 1 such that >~, ,m, < d. It
will be shown later that this maximum equals

n\ t/d+1
() ()
Since (¢(00) —q+d)/1h(00) =1—(q—d)/¥(c0) > 1—(q—d)/q=d/qin Case 1,

~

we conclude that E,,(Qk) is well-defined almost surely, provided that

—1
n d+1 d
(k:) ( i ) < . fork—1<d<gq

/ d is increasing in d > k — 1, this condition is equivalent to

() () <

But this holds in case of n > ¢ + 1, since the left hand side equals

1 1
n q - qg+1 q :q—k—i—l - q—1 - q—l'
k k) — k k q+1 — qg+1 q

Since (dzl)
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It remains to be shown that the sum Zngl (mfl) in (8.1) is not larger than
(d‘lsl). For this purpose, let N1, Na,..., N1 be disjoint subsets of {1,2,...,d}
with #Ny = my, and let My := Ny U {d+ 1}. Then for ¢,/ € {1,2,..., L} with
£ # 0, a subset of M, with k elements is different from any subset of M, with
k elements. Consequently,

L L
Z (me + 1) _ Z #{subsets of M, with k elements}

=1 k =1
#{subsets of {1,2,...,d+ 1} with k elements}

- g

Proof of Theorem 4.9. The first part, i.e. the equivalence of the fixed-point
equation ¥,(X, Q) = X and X being a minimizer of L,(-, @), follows from Propo-
sitions 5.2 and 5.4: Recall that with B := %'/2 we may write

LP(ZI/Q eXp(A)El/2, Q) _ LP(E’ Q) = Lp(exp(A), QB)
= (4,G,(@Qp)) +o(]|A]})

IN

as R1X49 5 A — 0, and

G,(Qp) = BH(Z-9,(%,Q)B "

If ¥ minimizes L,(-, @), then G,(Qp) = 0, which is equivalent to ¥ ,(3, Q) = X.
On the other hand, if ¥ is not a minimizer of L,(-, @), then there exists a matrix
A € RN such that L,(exp(A),@p) < 0. But convexity of R > ¢ > h(t) :=

L,(exp(tA), @p) implies that
0 > Ly(exp(4),Qp) = h(1)=n(0) = 1 (0) = (A ,Gy(Qs)),

ie. G,(Qp) # 0 and thus ¥,(X,Q) # X.

In Case 1, suppose that Condition 1 holds true. According to Proposition 5.5,
L(-,Q) is a continuous function on RE:! _ which is coercive in that L,(3, Q) —
o0 as ||log(X)|| — oo. Consequently there exists a minimizer ¥, of L,(-, Q). But

Condition 1 and Proposition 5.4 imply that L, (X% exp(tA)Se/?, Q) is strictly
convex for any A € RZX?\ {0}. Consequently, ¥, is the unique minimizer of

Sym
LP('v Q)

Still in Case 1, suppose that X, € Rg;riw is a unique minimizer of L,(-, Q).

Then LP(Z(I/2 exp(A)E},ﬂ, Q) is a coercive function of A € RZT: For if [[Af| > 1
and A’ := ||A||=' A, then by Proposition 5.4,
Lp(35"2 exp(4)5/2, Q) = Lp(30, Q)
= Ly(Sy/ exp(|| A A2, Q) — Ly(%o, Q)
> [JAIN(Lp (5% exp(A)Z4/2, Q) = Ly (20, Q))

> ||A|l min (Ly(2L? exp(A")2Y2, Q) — Ly(%,,Q)),
AVERLE - || A ||=1
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and the minimum on the right hand side is strictly positive by uniqueness of the
minimizer %,. But coercivity of LP(E})/2 exp(-)E})ﬂ, Q) is equivalent to Condi-
tion 1, according to Proposition 5.5.

In Case 0 one can argue in the same way, this time with {¥ € R, -

det(X) = 1} and {4 € RLXZ : tr(A) = 0} in place of RI<? _ and RYX4

sym sym,>0 sym >
respectively. O

Proof of Lemma 4.13. Writing ¥(Q) = ¥,(I,Q) for arbitrary distributions
Q and B := X'/2, note first that

LP(\IJP(EvQ)vQ) _LP(EvQ) = LP(B\I](QB)BTvQ) _LP(BBTvQ)
= L,(¥(@B),@B).

Hence it suffices to show that

L,(¥(@B),QB) < 0

unless ¥(Qp) = I,. It follows from the second part of Lemma 4.8 that for
I e R

sym, >0
Ly(0.Qn) = [ [p(er(®120)) = p(ex(M))] Qu(aM) + log det(r)
< / P (tr(M)) [tr(T ™' M) — tr(M)] Qp(dM) + log det(T)
= tr((07!' = I,)¥(Qp)) + logdet(T").

Hence

Ly(¥(QB),@B) < tr(l; —¥(Qp)) +logdet ¥(Qp)

D [1=X(¥(@n)) +log Mi(¥(Qn))].
i=1

Since 1 —z + logax < 0 for 0 < x # 1, the latter sum is strictly negative
unless \;(¥(Qp)) = 1 for 1 < i < ¢, which is equivalent to ¥(Qg) = I, i.e.
U,(3,Q)=2X. O

Proof of Lemma 4.12. Under the stated conditions on the distribution @,
the function L,(-, Q) has a minimizer ¥,, that means, ¥,(%,,Q) = X,. Note
that

SRS = BP0, Q)80 = (5128 502, Que).

Hence we may assume w.l.o.g. that ¥, = I, and ¥,(I;, Q) = I,;. Again we write
U(-) instead of ¥, (-, Q).
The equation ¥(I;) = I, implies that the mapping ¥ has the following prop-

. ) qxq
erties, as shown below: For any ¥ € R/,

Y {)\min(E) in Case 0,

)\min U(X >
(¥(®) min{Anin(2),1} in Case 1,
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Amax (X)) in Case 0,

Amax (¥ (X)) < b= {maX{)\max(E)7 1} in Case 1.

This follows from Lemma 4.7 and various properties of p: For any M &€ ngxrg,zov
Amax(2) 7 r(M) < tr(Z7IM) < Ain(8) 7 tr(M).
Hence for any unit vector v € RY,
v () = /p/(tr(ZflM)) v MvQ(dM)
> a/p/(tr(M)) v MvQ(dM) = av'¥(I,)v = a,
< b/p/(tr(M)) v MoQ(dM) = bv"¥(I,)v = b,

because for M # 0,

> o/ (tx(M) /a) = wf(%)/ a) ﬁ“(ﬁf D _ op((any),
J(tx(210))
< ey = LEOD) (D)

tr(M)/b —  tr(M)

due to p’ being non-increasing and v being constant in Case 0 and increasing
on (0,00) in Case 1.
Now we define

[an, b = [)‘min(zk)v)\max(zk)} in Case 0,
oo [min{)\min(zk)v 1}5 maX{Amax(Ek), 1}] in Case 1.

Then (ay)i and (by)x are non-decreasing and non-increasing, respectively, with
corresponding limits a, < b,. In Case 0 we have to show that a. = b., be-
cause then ¥, — a.f;. In Case 1 we have to show that a, = b, = 1, because
then ¥ — I,. To this end, note that the set {¥ € REXZ : A(X) € [ao, bo]?}
is compact. Hence there exist indices k(1) < k(2) < Ek(3) < --- such that
ko) — L as £ — 0o, where A\(E.) € [ao, bo]?. Lemma 4.13 entails that the se-
quence (L, (3, Q))k>0 is non-increasing. Consequently, since L, (-, Q) and ¥(-)
are continuous,

Lp(E*uQ) = Eli{go LP(Ek(f)uQ)

= S (S04 Q) = Jim L(¥(Sk0,@) = L,(¥(3.),Q)
Hence Lemma 4.13 implies that ¥(3,) = ¥,(X,,Q) = 3.. Thus X, is a min-
imizer of L,(-,Q). In Case 0 this implies that X, is a positive multiple of I,

whence a. = Amin(Z4) = Amax(Z4) = bi. In Case 1 this implies that X, = I,
whence a, = min{Anin(Xx),1} = 1 and b, = max{Amax(Z4), 1} = 1. O
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8.3. Proofs for Section 5

Proof of Lemma 5.1. By definition,

0 2

2!
£=0

and for £ > 1, the expansion of (A+ A)* is the sum of A* and all matrices of the
form A%0AA® ... AA% with k € {1,...,¢} times the factor A and exponents

S0,---,8k > 0 such that s, := Z?:o sj equals ¢ — k. Consequently,

exp(A+ A) = exp(4) + i Ti(A,A)

k=1
with ASOAAS .. AASK
Te(A,A) =
( ) 50,.220 (S+ + k)'

Note that for given ¢ > k there are (f;) tupels (so,...,sk) of integers s; > 0
with sy = ¢ — k. Thus

& / A l—k A k A k
=k

In particular,
exp(A+A) = exp(A) + Ro(4,A) = exp(A)+T1(A,A)+ Ri(A4,A)
with

= All* [A[™+!
AN < narlAIE ey 1A
D Ve S e

for m =0, 1.
It remains to derive alternative expressions for T (A4, A). First of all, it follows
from a well-known identity for the beta function that

A A AR
Ti(A,A) = 50§>0 (so+ 51+ 1)!

o Z 80!51! ASOAASI
a (SQ+81+1)! so! s1!

$0,81>0
1 Aso At
= Z /(1—u)50u51du TA—
50,5120 0 S0- S1-
1
1—w)A)*  (ud)™
C [y emae e,
0 50,510 S0- S1-

= /0 exp((1 — u)A)Aexp(uA) du.
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For general k > 1 we utilize a special construction of the random tupel (Uy;)¥_,
which is well-known from uniform order statistics: If Ey, Ey, Es,... are in-
dependent standard exponential random variables, then the random variable
(Urj)i—o := (E;/F)h_y with F := Z;C:O E; has the desired distribution. More-
over, (Ukj)fzo and I are stochastically independent, where F' has distribution
Gamma(k + 1,1). From these facts one can derive that

E[URUR -+ Uik] = E[F*UQU -~ Ugk] JE(F*)
solsy! sl

= E[EE - E*] JE(F*+) = (55 + R)/RD

SO

Ty (Av A) =

1 (UkOA)SO (UklA)Sl (UkkA)s’C
! Z E[ so! B s1! B sp! }

1
= —E[exp(UroA)Bexp(Up1 A) - - - Bexp(UpiA)].

k! (]

In our proofs of Propositions 5.2 and 5.11 we utilize two elementary bounds
for random variables with bounded support. The first one is well-known, but we
haven’t seen the second one elsewhere.

Lemma 8.3. Let Y be a random variable with values in [a,b]. Then
Var(Y) < (b—a)?/4 and [E((Y —E(Y))®)| < (b—a)/(6V3).
In addition we need several properties of an auxiliary function:
Lemma 8.4. Let A € REX? and M € RL )\ {0}. Fort € R let

g(t) =g(t,A, M) = logtr(exp(—tA)M).

This defines a smooth convex function g on R with the following properties:

9"l < Il with g'(0) = —tr(AM)/ tx(M),
0 < ¢" < |AI? with ¢"(0) = tr(A2M)/te(M) — tr(AM)?/ tr(M)?,
9" < llAIP4/v2T.

Furthermore, either g” > 0 on R, or there exists an eigenvalue X of A such that
M € M{zeR?: Az =MXx}), ¢ = -\ and ¢’ = 0.

Proof of Lemma 8.3. Tt suffices to consider the case [a,b] = [0, 1], because
otherwise one could just replace Y with (Y —a)/(b— a). Then

Var(Y) = E(Y?) -E(Y)? < E(Y)-E(Y)? < 1/4

with equality if, and only if, Y € {0, 1} almost surely and E(Y') = 1/2.
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As to the central third moment, with p := E(Y) it suffices to prove that
E((Y —n)?) < 1/(6v3), (8.2)

because —(Y —p)3 = ((1-Y)—(1—p))3. We only have to consider the situation
that 0 < p < 1 with strictly positive probabilities py := P(Y < u) and p; :=
P(Y > i), because otherwise Y = u almost surely. Note that h(x) := (z — p)3
is concave on [0, ] and convex on [u, 1]. Hence with

zo = EY|Y <p) and a1 = EY|Y > p)
we may conclude from Jensen’s inequality that

E((Y = 1)*)

PoE(h(Y)[Y < p) + pER(Y) Y > )
< po(zo — 1) + piE(R(Y) |Y > p)

1-Y Y —u
< —u)? E(—h —h(1 ‘Y> )
< po(wo —p)” +m - (1) + - (W)Y >pu
Y —
= polwo — 10° +mE(T= (1=’ |Y 2 4)
= po(zo — 1) + p1(z1 — p)(1 — p)*.
Equality holds if
pi(l — =) pi(z1 — p)
Y ~ pod 1) 0.
D00y, + -4 ut 4 1

Note that in the latter case, E(Y') is still equal to u, because poxo+pira; = p. If
we replace L£(Y) with £(Y |Y # p), the mean does not change, but E((Y — u)?)
increases by the factor 1/P(Y # p). Thus it even suffices to consider distribu-
tions £(Y) which are concentrated on two points zp € [0,1) and 1. Finally,
in case of zp > 0 we could replace Y and p with (Y — 20)/(1 — 20) and
(n—20)/(1—1x0) = P(Y = 1), respectively. This would increase E((Y — u)?) by
a factor (1 — z9) 2 and lead to a random variable with values in {0, 1}.
Finally we have to maximize

(1 =)0 =) +pl—p)® = p(l—p)(1-2p)
over all € (0,1). With u :=1—2u € (—1,1) one may write
p(l—p)(1=2p) = 471 —u’)u < 1/(6V3)
with equality for u = 1/+/3. O

Proof of Lemma 8.4. Let A = > 7 | X\;(4)u,u; with an orthonormal basis

4

Ui, ug, ..., ug of R%. Then tr(M) = Y7 v/ Mu,; and

q
g(t) = 1og(Ze*tAi(A)uiTMui) = logtr(M) + logE(e!Y),

i=1
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where Y ~ Y7 | pid_ i (a) With p; == u] Mu,/tr(M). Elementary calculations
show that

g(t) =E(Y)/E(™),
g"(t) = E(eVY?)/B(e!) — (! Y)?/E(e™ )2,
”/(t) E(etY )/E(etY) 3E(etYy2)E(etYy)/E(etY)2

+ 2E(Y)?/E(e™)’.

Defining the modified distribution P; via P;(B) := E(e¥ 15)/E(e’Y), we may
rewrite this as

g(t) = E(Y), ¢"(t)=Var,(Y) and g¢"(t) = E((Y —E(Y))’).

In particular, ¢’(0) = E(Y') equals — tr(AM)/ tr(M), and ¢” (0) = Var(Y') equals
tr(A2M)/ tr(M) — tr(AM)?/ tr(M)2.

Note that |Y] < ||A4]], so |¢'| < ||A]|. Further it follows from Lemma 8.3 with
[a.b] = []| A, [ A]]] that 0 < g"(0) < [|A||%, and |g"'| < ||A]*4/V27.

Finally, for any ¢, € R the equation ¢”(t,) = 0 is equivalent to Y being con-

stant almost surely with respect to P;,. But this means that for some eigenvalue
A of A,

u; Mu; = 0 whenever \;(A) # ),

soM eM({zx e R?: Ax = /\x}) This implies that g(t) = g(0) — At for all t € R,
whence ¢’ = —\ and ¢”" = O

Proof of Proposition 5.2. Note first that
Ly(exp(A),Q) = tr(4) + /[p(tr(exp(—A)M)) — p(tr(M))] Q(dMM).

For fixed M € R 0\ {0} let a := tr(M) > 0 and b := tr(exp(—A)M). Then

sym,
b/a € [Amin(exp(—A)), Amax(exp(—A))] C [e~ 41l el 4] by Lemma 4.7. Hence
Lemma 4.8 implies that p(tr(exp(—A)M)) — p(tr(M)) equals

p(b) — p(a) = v(a)log(b/a) + ri(a,b)
with

r1(a,b)] < (v(max{a,b}) — 1 (min{a, b}))|log(b/a)]
(@ (M e () — (7 e (a0))) | Al

Moreover, log(b/a) = g(1) — ¢g(0) with g = g(-, A, M) as in Lemma 8.4. Hence
for a suitable number & € (0, 1),

IN

g(1) —g(0) = ¢'(0) +4¢"(£)/2
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where ¢'(0) = — tr(AM)/ tr(M) and 0 < ¢g” (&) < ||A|?. All in all we obtain the
expansion

p(b) = p(a) = (a)g'(0) + ¥(a)g"(§)/2 + r1(a,b)
= =/ (tr(M)) tr(AM) + ) (tr(M))g" (§) /2 + r1(a; b).

Consequently
Ly(exp(A),Q) = tr(A)—/p’(tr(M))tr(AM)Q(dM)+Rp(A,Q),

where

[Ro(A, Q) < (Jp(e Q) = (e M1 Q)) Al + T, (@) Al /2.

Moreover,
tr(A)—/p’(tr(M))tr(AM)Q(dM) = (4,G,(Q))

with G,(Q) = I, — [ p/(tr(M))M Q(dM) = U,(Q), and the inequalities
[tr(A)| < q||A|l and | tr(AM)|| < || Al tr(M) 1mply that |(4,G,(Q))| is bounded
by (¢ + J,(Q@))IIAll O

Proof of Corollary 5.3. For fixed ¥ € RI} _ let B := SY/2 If A € RYx4

with [JA]] < Amin(), then ¥4+ A € RL! (), too, and we may write

Y+A = B(I,+ B 'AB™')B = Bexp(A(A))B
with A(A) :=log(I, + B~*AB~1), whence
Lp(z + A, Q) - LP(Ea Q) = Lp(exp(A(A)), QB)-

As A — 0,
AA) = BT'ABT HO(|A]?),

so it follows from Proposition 5.2 that

Ly(exp(A(A)),Qp) = (BT'AB™,G,(Qp)) +o[|A])
= (A, B7IG,(Qp)B™) +o(||A]]).

Consequently, VL,(%, Q) equals
G, (Qp)B™ = 2*1—/p’(tr(zflM))zfleflQ(dM).

By dominated convergence, this is continuous in ¥, because ¥ + ¥t is con-
tinuous, p’ is continuous on (0, c0), and the norm of the integrand on the right
hand side is not greater than Amin(X) ™1 (Amin (X)L tr(M)).
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For a compact convex set K C RZ'?_  and ¥o,%; € K define the convex

combination X := (1—t)Sg+t3; for t € [0,1]. Then L,(3¢, Q) is differentiable
in ¢ with derivative (31 — 3o, VL,(2¢, Q)). Hence for a suitable point £ € (0, 1)

and B := 21/2 it follows from the bounds in Proposition 5.2 and inequality (5.1)
that

1Lp(21,Q) = Lp(20)| = [(S1 =20, VL, (2, Q)

= |(B7'(Z1 - %0)B~",G,(Qn))|
(q+J,(QB))||B~1 (51 — Z0)B~|
(¢ + T Amin(Ze) ™1 Q) Amin (B) 71|21 — Zo|
(¢+ Jo(Ak, Q) Ax||Z1 — o).

INIA A

Proof of Proposition 5.4. Note first that by (4.4),
L,(Bexp(tA)B",Q)— L,(BB",Q)
= Ly(exp(tA),Qp)
— tux(4) + [ [plerlexp(-£A)M) — p(tx(M)] QD).

Thus we consider a fixed matrix M € Rg;g >0 \ {0} and verify convexity of
h(t) = (b, A, M) = p(es®)
with g(t) = log tr(exp(—tA)M)) as in Lemma 8.4. Indeed,
W) = p'(e@M)e?Dg'(t) = ¢(e”)g (1)

is monotone increasing in t € R. For if s < ¢, then

V(e ®)g (1) = p(e)g' (s)

_ { (€M) = (e9) g/ (s) + (@) (g (1) = ¢'(5))
(6(e9®) = (™)) g' (1) + (") (¢ (1) ~ ¢'(5))
((e2®) () g'(s)

: { (e ) = ¥(er))g' (1) =

> 0. (8.4)

Inequality (8.3) follows from ¢ being positive and ¢’ being non-decreasing. In-
equality (8.4) follows from v being non-decreasing and g being convex. For if
P(eI®) — 4p(e9*)) > 0, then g(t) — g(s) > 0 and thus ¢’(t) > 0. Likewise
P(eI®) —1h(e9)) < 0 implies that g(t) — g(s) < 0 whence ¢'(s) < 0.
Concerning strict convexity, recall from Lemma 8.4 that either ¢’ > 0 on R, or
g’ =0and M € Ul 1 M(V ). Hence, in Case 0, ¥(e9)g’ = qg’ is strictly increas-
ing if, and only if, M ¢ Ul 1 M(V;). Consequently, t — L,(B exp(tA)BT Q) is

strictly convex if, and only if, Qp (UZ—:1 M(V;)) = (UZ—:1 M(BV;)) <



80 L. Diimbgen et al.

In Case 1, inequality (8.3) is strict, unless ¢” = 0. But in the latter case, g(t) =
9(0)+¢'(0)t and ¢'(t) = ¢'(0), so inequality (8.4) is strict, unless g’(0) = 0. Hence
h is strictly convex unless g is constant. But this is equivalent to saying that
M € M(Vy). Consequently, t — L,(Bexp(tA)B',Q) is strictly convex, unless

QpM(Vy)) = QM(BVy)) = 1. O

Proof of Proposition 5.5. Since Conditions 0 and 1 are not affected by re-
placing @ with @), we may restrict our attention to B = I,. Let W := {4 €
R%%9 : tr(A) = 0} in Case 0 and W := RZ%? in Case 1. For A € W and ¢ € R let

h(t,A) = L,(exp(tA),Q).

We know from Proposition 5.4 that h is convex in the first argument. Moreover,
the derivative h'(t, A) = Oh(t, A)/Ot is given by

h'(t,A) = tr(A)—i—/p’(tr(exp(—tA)M) tr(—Aexp(—tA)M) Q(dM).

This could be verified directly or derived from Proposition 5.2, because h(t+ s,
A) = h(t,A) = Ly(exp(sA), Qexp(ra/2)). The derivative h'(t, A) is continuous
in A, which implies the following equivalence:

oy i, Lo(exp(B).Q) = o (8.5)

if, and only if,

h'(A) = Jim h'(t,A) > 0 for any fixed A € W\ {0}. (8.6)

To see this, note first that h'(A4) < 0 is equivalent to h(-, A) being non-increasing.
Thus a violation of (8.6) would imply a violation of (8.5). Now suppose that
(8.6) holds true. Since h'(t, A) is non-decreasing in ¢ > 0 and continuous in
AeS(W):={AcW:|A] =1},

Ut) = {AeSW):H(tA) >0}

is an open subset of S(W) with U(s) C U(t) whenever s < t. Moreover, (8.6)
entails that | J,~, U(t) = S(W). But the latter set is compact, so U(t,) = S(W)
for some t, > 0. Now for ¢ > t, we have by the convexity of h in the first
argument,

i L B = min At A
R p(exp(B), Q) PR (. A)
in h(t,, A t—t, in h'(t,, A
= a8y M D r o) i, M )

— 00 ast — 0o,

i.e. (8.5) is satisfied, too.
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Now we determine the limit 4/(A) for fixed A € W\ {0}. To this end we write
A=-Y1 Buu] with 3; := —);(A) and an orthonormal basis u1, uz, . . ., u,
of R?. Then

W) = =3+ / z/f(ZqZuI Muie”")zg:lﬁiujM”iewi Q(dM)
i=1 =1

q T tfBi
>im t; Muge p

with ¥(0) - 0/0 := 0. As shown in the proof of Proposition 5.4, the integrand
on the right hand side is non-decreasing in ¢ > 0. Let V¢ := {0} and V; :=
span(uy, ..., u;) for 1 < j < q. If M € M(V;) \ M(V;_1), then u] Mu; > 0 =
u;Muk for j < k < ¢, and one can easily derive from 31 < 83 <--- < 3, that

g q T tBi ) .
lim w(z ! Mu, etﬁi) i1 ﬁﬂ? Mu, et? _ JaB; . in Case 0
e MO Dim u) Mu, etbi Y(00)B;” in Case 1

with the usual notation a* = max(4a,0) for real numbers a. Thus it follows
from monotone convergence that

q q Z B;Q(M(V;) \ M(V;-1)) in Case 0,
W) = -3 gt ]
U (00) D0 B QMM(V,) \M(V;-1)) in Case 1

In Case 0, define v4 := 8441 — Bg ford=1,...,q — 1. Then

&-

W'(A) = q) Bi[-1/q+ QM(V;)) — QM(V;-1))]

<
Il
-

[
.%Q

<
Il
=

Bi[QM(V;)) —j/q — QIM(V;-1)) + (j — 1)/q]

Q
|

q

=420 [QMM(V))) = j/a] +aY_ B;[(F = 1)/a— QM(V;-1))]

Jj=2

Q<
[
=

qy vald/q—QM(Va))],
d

Il
-

where we utilized that Q(M(Vy)) = Q({0}) = 0 and Q(M(V,)) = Q(RE!) = 1.
Since all v4 are non-negative with EZ: Ya = B¢ — 1 > 0, Condition 0 implies
clearly that h'(A) > 0. On the other hand, if Q(M(V)) > j/q for some V € V,
with d := dim(V) € [1,q), we may choose the basis u1,us,...,u, such that
V = Vg, and with 8; := 154 — (¢ — d)/q, the matrix A = =37 | Buu
satisfies h'(A) = q[d/q — Q(M(Vq4))] < 0. Consequently, (8.6) and Condition 0
are equivalent in Case 0.
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In Case 1, let vq := [3;4-1 - ﬂ; ford =0,1,...,q — 1, where ﬂar := 0. Then
— >, B is equal to

q q q q i—1 q q—1
DB =Y BB = D B =D > v = D B =Y valg—d)
i=1 i=1 i=1 i=1d=0 i=1 d=0
and Y1_, BFQ(M(V;) \ M(V;_1)) may be written as
DAL= QMV;))] = DO BF[1 - QMAV,)] = Y vall — QM(Va))].
j=1 3=0 d=0

Consequently,
q q—1
W) = 3087+ 7 (v(e0)[1 - QMAVA))] - (g - ).
i=1 d=0

Again one can easily deduce from 74 > 0 and Zg;é Ya = B = max; ;" that
Condition 1 implies (8.6). On the other hand, if Q(M(V)) > 1—(¢—d)/1(c0) for
some V € V, with d := dim(V) € [0, ¢), we may choose the basis ui, us, ..., u,
such that V. = Vy, and with 3; := 154 we obtain a matrix A such that
h'(A) < 0. Consequently, (8.6) and Condition 1 are equivalent in Case 1. [

Proof of Lemma 5.10. Suppose that Condition (5.5) is satisfied; in other
words,
dlogp(t)/ot < wt™' forall t > 0.

Now fix arbitrary s > 0 and A > 1. For any integer ¢ > 1,

(log o(A7"s) — log (A~ 1/"5))

M~

log ¢(As) —log ¢(s) =
=1

<
~

< ()\i/és _ )\(i_l)/és)li()\(i_l)/gs)_l

<.

ME_1) = klogh asf — occ.

—~

= k!l

Consequently, log ¢(As) — log ¢(s) < klog A, which proves Condition (5.6).
On the other hand, if Condition (5.6) is satisfied, then for s > 0,

_P(As) —(s) _ (AT —1)g(s)

/

= - T K _—_— = .

so'(s) = MIm—=—y—— < lm——7— r(s)

Hence Condition (5.5) is satisfied as well. O

Proof of Proposition 5.11. As in the proof of Proposition 5.2 we start from
Llexp(4).Q) = tr(4) + [ [plex(exp(~4)M) - p(er(M)] QM)

and analyze for a fixed M € R\ {0} the difference p(b) — p(a), where

sym,

a:=tr(M) > 0 and b := tr(exp(—A)M).
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Recall first that b/a € [e~ 141l el 4], For 2 € R define f(z) := p(e®a). Then
f'(x) = p'(e*a)e”a = Y(e*a), and f"(x) = ¢'(e"a)e®a = i(e”a). Conse-
quently, for a suitable point & between 0 and log(b/a),

p(b) — pla) = f(log(b/a)) — f(0)
= ¢(a)log(b/a) + va(eta)log(b/a)? /2
= 1(a)log(b/a) + 2(a)log(b/a)? /2 + ra(a,b),
where
r2(a,b)| < [a(e®s) —a(s)] [ A% /2.

z€[— IIAII A1l

Now we utilize the fact that log(b/a) = g(1)—g(0) with the auxiliary function
g(t) :=log tr(exp(—tA)M) from Lemma 8.4. In particular, [g(1)—g(0)—¢'(0)| <
JAIP/2 and |g(1) - 9(0) — ¢'(0) — ¢"(0)/2] < | AIP(4/x/ZD)/6 < || A|]*/7. Conse-
quently,

U(a)log(b/a) = (a)(g'(0) +¢"(0)/2) +r3(a,b),

Pa(a)log(b/a)?/2 = ta(a)g'(0)*/2 + r4(a,b),
where
[r3(a, )| < 9(a)||AlIP/7.
|ra(a,b)| < g(a)‘log b/a - 4'(0) |/2
< wi(a)[log(b/a) — g'(0)|(|1og(b/a)| + 1g'(0)]) /2
< wp(a)|| Al

All in all this shows that

p(b) = pla) = ¢(a)g'(0) +(a)g”(0)/2 + ¥2(a)g’(0)%/2 + r.(a, b)
with

ri(a,b)] < sup [ya(eta) = va(a)|[|AIP/2 + v(a)(k + 1/T)[| Al

ze[=[lAlL[1AN]

Note that ¢ (a)g’(0) = p/(tr(M)) tr(AM). Moreover, it follows from |¢'| < || 4],
0<g" < [A|* and ¢,1p2 > 0 that

0 < P(a)g”(0) +2(a)g(0)* < w(tr(M))[A|* + va(tr(M))] Al

(1 + m)w(te (M))]| Al

Furthermore, elementary calculations show that

P(a)g” (0) + va(a)g' (0)* = p'(tr(M)) tr(A* M) + p" (tr(M)) tr(AM)?.
Consequently,
L(exp(A),Q) = (A,G,(A)) +27"H,(A,Q) + R,2(4A,Q)

<
<
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with the quadratic term
Hy(4,Q) = [ (¢(ex(d0) x(A2) +  (tx(0)) (AN ?) QD)

and a remainder R, 2(A, Q)) satisfying the asserted bounds (5.8) and (5.9).

It remains to prove inequality (5.10). Since H,(A, Q) is the integral of the
term 9(a)g”(0) + ¥2(a)g’(0)? > 0 with a = tr(M) and g = g(-, A, M), it is
equal to 0 if, and only if, ¥ (a)g” (0) +1b2(a)g'(0)* for @-almost all M. Based on
Lemma 8.4 we may argue as follows: In Case 0, 1(a)g” (0)+12(a)g’(0)? = qg” (0)
equals zero if, and only if, M € Ule M(V;). Hence H,(A, Q) > 0 is equivalent
to Q(Ule M(V;) < 1. In Case 1, both ¢)(a) and 12(a) are strictly positive while
g"(0) > 0. Hence v(a)g”(0) + 12(a)g’(0)? equals zero if, and only if, ¢”(0) =
¢'(0) = 0, which is equivalent to M € M(V(). Consequently, H,(A4,Q) > 0 if,
and only if, Q(M(Vy)) < 1. O

8.4. Proofs for Section 6

In the proof of Theorem 6.3 we utilize a well-known elementary fact about weak
convergence, adapted to random distributions:

Lemma 8.5. Let Q be a fized and @1,@2,@3, ... be random probability dis-
tributions on a metric space (Y,d) with the following two properties: For any
bounded and continuous function f:Y — R,

[#da. =, [ 1

Further, for a particular continuous function ¢ : Y — [0,00), f(bd@n < 00
almost surely for all n, and

[od@, =, [sd0 <.

[1da. =, [ raq

for any continuous function f : Y — R such that | f|/(1 + ¢) is bounded on Y.

Then

Proof of Lemma 8.5. It suffices to consider any continuous function f:Y —
R such that |f| < ¢ := 1+ ¢. For any fixed number R > 1 let

fr(y) = sign(f(y)) min{|f(y)|, R}.

Then
[ £d@u~ [ 1dq| < [1£ - falaQu+ [17 - faldQ

+ }/fRd@n_/fRdQ‘

/If—fRId@mL/If—fRIdQ+0p(1)
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by our first assumption. But |f — fr| = (|f|-R)T < (¢—R)*t = (¢— R+1)T, s0
[15=taldtn < [0~ R+1)" a0,
— [0dQ, ~ [min{o, R~ 1}4Q,
S /¢dQ—/min{¢,R— 1}dQ = /(¢—R+ 1)+ dQ

by our assumptions. Consequently,

[ £d@u- [ 1dq] < 2 [~ R+ 1) dQ+0,00),

and the integral on the right hand is arbitrarily small for sufficiently large R. [

IN

Proof of Theorem 6.3. By linear equivariance we may assume without loss
of generality that X,(Q) = I;. Let W := {A € RLX? : tr(A) = 0} in Case 0, and

sym

W :=RZ%Z in Case 1. For any fixed § > 0, the set K5 := {A € W: ||A] <} is

Sym

compact, and for A € Ky,
FAM) = tr(A) + [p(tr(exp(~A)M)) — p(tr(M))]
is continuous in M € Y with
[F(A, M)| < g6+ (e tr(M))s
by Lemmas 4.7 and 4.8. If § is sufficiently small, 1 (e’ tr(M)) < o (tr(X;1M))
for any M € Y. Then it follows from Lemma 8.5 that
Llexp(4).Qu) = [ F(4,00), Qu(dd)
o [ FAM QM) = Lyfexp(4).Q)

for any fixed A € K. Moreover it follows from Corollary 5.3 and the first part
of Lemma 5.1 that

~

| Lp(exp(A), Qn) = Lo(exp(B), @n)| < J(e°,Qn)e’ || exp(A) — exp(B))|

< J(,Qn)e® | A= B

IN

~

for A, B € Ky, and the Lipschitz constant J(e5, Qn)e45 converges to J(e5, Q)e45
in probability. This implies that

ﬁ&}é }Lp(exp(A),@n) — Lp(GXP(A)aQ)’ —p 0.

In particular,

~

n(0):= , min  Lo(exp(4),@n) —=p €(0):=  min  L{exp(4),@)>0.
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Whenever ¢,(6) > 0, we may conclude from Proposition 5.4 the inequality
Lp(exp(A),Qn) > €,(9)]|A|l/0 for all AAG W with ||A]| > ¢. This shows that
L,(exp(A),Qn) = o0 as ||A|| — oo, 0 Qn € Q, by Proposition 5.5 and Theo-
rem 4.9. Moreover, since L,(exp(0), @) = 0, we may conclude that X,(Q,,) €
{exp(A) : A € Ks}. O

Proof of Theorem 6.4. According to Theorem 6.3, @n € Q, with asymptotic
probability one. Thus we may replace £(Q,) with £(Q,|Q, € Q,) and thus

assume that @n € Q,, almost surely.
As in earlier proofs we define W := RZX? in Case 1’ and W := {A € RZX7 :

Sym Sym
tr(A) = 0} in Case 0. Since G,(Q,) € W, and since H,(Q,) is a selfadjoint
linear operator on the finite-dimensional space W, both ||G,(Q.,)|| and

@)~ @ = [[H,(@u)4 ~ H,(@4]

converge to 0 in probability if, and only if, for arbitrary fixed A, B € W,
(A,Gp(@Qn)) = (A,Gp(Q) =0 and (A, H,(Qu)B) =, (4 Hy(Q)B).

But this is a consequence of Lemma 8.5: We may write (A,GP(Q)> = fgd@
and (A, H,(Q)B) = [ hdQ with

g(M) = tr(A) — p'(tr(M)) tr(AM),

h(M) = p'(tr(M)) tr(ABM) + p" (tr(M)) tr(AM) tr(BM).
Both g(M) and h(M) are continuous in M € Y and satisfy

(g + ¢ (tr(M))[|All,
(w(tr(M)) + te(M)?]p" (tx (M) | Al B
(2 + )y (tr(M) [[All[| B,

=
s
INIA A

whence [ ¢dQ, —, [gdQ and [hdQ, —, [hdQ.
In particular we may conclude that there exist numbers 6, > 0 such that
6, — 0 and P(||G,(Qn)|| > 8,) — 0. Moreover, with asymptotic probability

one, H p(@n) is positive definite.
Now we consider L,(exp(A), Q) for A € W with ||A|| < v/8,: According to
Proposition 5.11,

Ly(exp(A),Qn) = (A,Gp(Qn)) + 27 Hy(A,Qn) + Rp2(A, Qn).

But it follows from Proposition 5.11 that for any fixed § > 0,

|Rp,2 (A7 @n)|

IN

sup
AEW:0<|| Al <V5,
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as soon as v/9, < 4. But Q(6,Q)/2+ (k + 1/7)J(Q) = [ f5dQ with
fs(M) = sup |a(e® tr(M)) — o (tr(M))]/2 + (k + 1/T)(tr(M))6.

z€[—0,9]
This is continuous in M € Y, and
0 < fs(M) < (3#/2+1/T)ib(e’ tr(M)) < (3k/2+1/T)e" W (tx(M)).
Hence we may conclude from Lemma 8.5 that

IR,2(A,Q,)|

P AL

sup
AEW:0<||A|| <V6n

But the right hand side converges to 0 as § — 0, because fs(M) | 0 as d | 0 for
any M € Y. Hence the left hand side converges to 0 in probability.

Together with our considerations about H,(Q,) we obtain the following ex-
pansion:

Ly(exp(A),Qn) = (A, G,(Qn)) +27 (A, Hy(Q)A) +7n(A)| Al

where R
r, = sup [ (A)| —, 0.
AeW:|| A<V,

Now we define

o~

Ay = —Hy(Q)7'Gy(Qn)

and note that c(Q)HGp(@n)H < |4, < C(Q)||Gp(@n)|| for suitable constants
0<ce(@) <CQ). If A, =0, then X,(Qn) = Iy, i.e. log(X,(Qrn)) = 0. Thus
we focus on the event A4,, # 0. We fix an arbitrary number € € (0,1). For any
matrix A € W with ||A — A, | = €] 4, ],

)@ ) L{exp(Ay), Qn)

Note that || A|| < 2||A,]|, and 2||/Aln|| < /0, with asymptotic probability one. In
case of 2|| A, | < V6n,

inf  (Ly(exp(A), @n) — Lexp(A,), @n))
AEW: || A=A, ||=¢|| A, ||

Ly(exp(A
- 2"

Y

(2_1)‘min(Hp(Q))62 - 5fn) ”A\WH2
= (2_1)‘min(Hp(Q))62 + Op(l)) ||An||2
Whenever the right hand side is strictly positive, we may conclude that
[10g(20(@n)) = Anl| < el Aull < €C(Q)GH(@n)l-

These considerations show that |[log(2 2,(Qn) — A, | <eC@)G, (Qn)]| with
asymptotic probability one. Since € > 0 is arbitrarily small, this proves that

log(,(Qn)) equals A, + 0, ([|G,(Qn)]])- O
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The proof of Lemma 6.9 relies on the following two propositions involving the
Haar distribution on the set of orthogonal matrices in R7%?. A good reference
for Haar distributions in general is the monograph by Eaton (1989).

Proposition 8.6. Let U € R9%? be a random orthogonal matriz with Haar
distribution, i.e. L(U) = LU") = L(VU) for any fived orthogonal matriz V.
Then for arbitrary indices i, j,k, 0, k', ¢’ € {1,2,...,q},

E(UiQ_jkaUk’f’) =0 lf (kvg) 7& (klvgl)u (87)

3

Ay _ .o

E(UZJ) - %q,0 - q(q+2)7 (88)

1

2772y 2772y — o .— if i '

E(UijUié> = E(UjiUéi) = Cg1- 7q(q T 2) fj# ¢, (8 9)
EU2UZ) = cyp = —9 L irizkize (810)

2 (g —1)qa(q +2)

Proposition 8.7. Let M = U diag(\)U " with a fized vector A € [0,00)4 and a
random orthogonal matriz U as in Proposition 8.6. Then for any matriz A =

Ao + Ay with Ag € WQ,Al e Wy,
E(tr(AM)M) = co(N)Ag + c1(N)Aq,

where

2 AL = [IA”P
A) = A2 = 70 d A = =
CO( ) q(q+2) (” || q—l ) an cl( )
and Ay :=>0_ N

Proof of Proposition 8.6. By assumption, U has the same distribution as
the random matrix U = (&G Uij)g,j:p where U, £ and ¢ are independent with
distribution &, ¢ ~ Unif({—1,1}4). Hence UZ;UpUps¢ has the same distribution
as the random product UinUszk%'fk{k'CeCz'- In case of (k,¢) # (K',¢), the
factor £x&k (e is a random sign, and this implies (8.7).

As to the remaining equations, note that U has the same distribution as
UT and as U = (U,,(i)g(j))gﬁjzl for arbitrary permutations m, o of {1,2,...,¢}.
Hence it suffices to show that

E(UY,) = q(qiz)’ (8.11)
2772y _ L

E(UnUtz) = Wg+2) (8.12)

IE'(U121U222) = gt (8.13)

(¢—1Dqlg+2)

Any row or column of U is uniformly distributed on the unit sphere of R?, and
this implies that U2, ~ Beta(a,b) with a = 1/2, b = (¢ — 1)/2. Hence (8.11)
follows from ( 0 5
ala +
E(U}) = = :
(U1 (a+b)a+b+1)  q(g+2)
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Now we utilize the fact that all rows of U are unit vectors. Hence

1= E((iuﬁ-)z) = Z E(ULU) = qE(UY) +a(q - DEURUR,)

Jl=1

3
= q—|——2+Q( DE(UT,U?),

SO
9,2y  1-3/(qg+2) 1
EULUE) = =07 T vy

which is (8.12). Similarly we deduce (8.13):

q
(ZUIJZU%) Z UlgUzz
7j=1

7,4=1

= (EB(ULUD) + qlqg — 1)E(UU3,)

1
= —— +q(qg—- 1)EUR{UL),

q+2
" 1= 1/(g+2) 1
- + q+
E(UZUZ,) = 1 = .
Uinlz) q(qg—1) (¢ —1alqg+2) O
Proof of Proposition 8.7. Suppose first that A = diag(a) for some a € RY.
Denoting the columns of U with Uy, Us, ..., U,, we may write
q
E(tr(AM)M) = > NE(U} AUU diag(\)U ")
j=1
q
= > a;NEUSU diag MU ")
i,j=1

q
> @NAE(UZ UreUko)f g—y)-
i,7,0=1

It follows from Proposition 8.6 that
E(U%—(UMUI@'E)Z 1)

diag((EWUZUZ);_, )

. q
= dlag((l[i:k,j:a €40 T Limh g0 Ca1 T iz j=0Ca1 iz, g Cq,z)kzl)'

Consequently,
E(tr(AM)M) = diag(v,72s---57q)
with v given by
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q

Z aiMj A (Lizp j=0 €0 + Limhje Can + LishjmCat + Vi jCa.2)
iy =1

= arl|Meg 0 + ar(A} = [IAlI*)eg1
+(qa — ar)[\lPeq 1 + (qa — an)(XF = [IM]*)e, 2
= (I (eq0 = 1) + (AL = AP (eq1 = €42)) -
+ (IAPacg s + (A% = IA1*)acy 2) - @
= (IMP(eq0 = €g1) + (A3 = IMI*)(eq 1 = ¢42)) - (ax — @)
+ ([N (cq0 + (g = 1) D)+ O3 = AP (eg1 + (0= 1)) -a

) H I oz
<q+2>(” =) )+ T

where Ap :=>"7 | \; and a:= q_1 ¢, a;. Hence
E(tr(AM)M) = co(N) diag((ar —a)i_;) + cr(Nal,

with ¢g(N), ¢1(N) as stated.
In general let A = V diag(a)V " with an orthogonal matrix V' € R?%9, Then
Ao = V diag((ar —a){_,)V" and A; = al,, so
E(tr(AM)M) = VE(tr(diag(a)V' MV)V MV)V"
= V(co(\) diag((ar —a)i_,) +cri(Nal,)V'’
CQ()\)AQ +c1 ()\)Al,
because L(VTMV) = L((VTU)diag\)(VTU)T) = L(M). O

Proof of Lemma 6.9. Let M ~ @ and U be independent, where U is a ran-
dom orthogonal matrix as in Proposition 8.6. If we write M = V diag(A)V7T
with a random orthogonal matrix V' € R7%? and a random vector A € [0, 00)9,
then

L(M) = LUV diag(A)VTU") = L((UV)diag(A)(UV) ") = L(U diag(A)U "),

where the first step follows from orthogonal invariance of @) and the last step
follows after conditioning on (A, V') and utilizing the fact that L(UV) = L(U).
Consequently, we may and do assume that M = U diag(A)U ". Then, by Propo-
sition 8.7,

Hp(Q)A = A+E(p
= A+E
= A+E
= A+E(p
= (1+E(p"(Ar)co(A))) Ao+ (1 +E(p" (At )er(A))) As.

Now the assertion follows from the explicit formula for ¢g(A), ¢1(A) and the fact
that Ay = tr(M) and ||A]|? = |M|%. O

.
—~ = =< =
=
+
~— N~

o &
+
=
—~
b
\E
=
S~—
S~—
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Proof of Theorem 6.10. Note first that the nonrandom distributions @,, sat-
isfy the conditions of Theorem 6.1: It follows from P, —, P that P;?k =
L(Xp1,..., Xni) converges weakly to PF = £(X,..., X}), where Xi,..., X},
are independent with distribution P. Since the mappings RY > = +— 2! €

RZ;rZ,ZO and (R9)* > (21,...,7) — S(x1,...,2¢), £ > 2, are continuous,

Qn —w @ by the Continuous Mapping Theorem. As to Condition (6.1), note
first that for z € R9,

b(Aotr(zz ")) < Au(||z]?)

and for ¢ > 2 points z1,...,z, € R?,

J4
(Ao tr(S(@1,...,20))) < A?(l—l/f)_“zw(llwll2)7

see also the derivation of (4.9) and Lemma 5.10. Hence we may apply Lemma 8.5
with the non-random triple ((R?)*, P¥*, P®¥) in place of (Y,Qn,Q) and the

function ¢(x1,...,z) = Zle Y(||lz;||?) to show that under our additional
assumptions with m =1,

/1/)/\ tr(M)) Qn(dM) — /1/;)\ tr(M)) Q(dM).

Now we show that the random distributions Q,, satisfy Conditions (6.2) and
(6.3) in Theorem 6.3. Because of the preceding considerations for (Qp)n, it
suffices to show that

B[ [ (@, - Qu)

whenever g : Y — R is a bounded measurable function or g(M) = ¢(M) :=
B tr(M)). )

In both cases the expected value of [g¢dQ, equals [¢dQ, € R. Conse-
quently, if g is bounded, then

8| [ga@u-u| < (var([94G.))" < lglo/ VT

In case of k =1, the latter inequality follows from the well-known identity

(8.14)

Var( [ 9dQ.) = Var(g(X,, X))/ < ll/n.

For k > 2 it follows from inequalities by Hoeffding (1948) for U-statistics, see
also Dudley (2002, Section 11.9). This proves (8.14) for bounded g.
In case of g = ¢ we fix an arbitrary R > 0 and write

B[ [ 6d(@. - @)

< 2/(¢ R)+dQn+IE‘/m1n{¢,R}d( Q)



92 L. Diimbgen et al.

2/(¢ — R)"dQ, + R/\/n/k
2 (6~ r)* do.

because (¢ — R)* = ¢ — min{¢, R}. This implies Condition (6.3), because the
limit [(¢ — R)™ dQ tends to 0 as R — co. O

Proof of Theorem 6.11. As in the proof of Theorem 6.10 it can be shown
that

/wtr Y Qn(dM) — /wtr Y Q(dM) for £ =1,2,

and that the random distributions Q,, satisfy Conditions (6.2) and (6.4). Hence
Theorem 6.4 implies that @, € Q, with asymptotic probability one, and

Vilog(2,(Qn)) = Hp(Q) ™ (=VGo(Qn)) + 0p (vl Go(@n))-

Thus we have to analyze the random matrix

— /G, (On) \/_/ (te(M)M — I,) On(dM) € W

in more detail.
In case of k = 1 the random matrix W,, equals

Z X)) with Z(z) = p'(|Jz]|*)zz’ - I,

%\

for z € X. Here EZ(X,1) = G,(Q,) = 0 and | Z()||r < ¥(||z]?) + /g This
implies that W, = O,(1). Moreover, continuity of p’ on (0,00) and of % on
[0,00) in Case 1’ with 1(0) = 0 implies that Z : X — REZx4 is continuous.

In case of k > 2 we may write

—1

~ n

W’ﬂ — ﬁ(k) E M(Xni17...,Xnik)
1<ip < <ipg<n

with
M(z1,...,2p) = o (te(S(z1,...,2%)))S(x1, ..., z1) — Iy
In Case 0, we define M (z1,...,x;) := 0 whenever S(xq,...,2;) = 0. Here

M (z1,...,21)||lF < w(tr(S(xl,..., )))—l—\/_
(k/(k ZH%HQJF\/— (8.15)

i=1

IN
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and EM (X,1,..., X)) = G,(Qn) = 0. Hence standard considerations for
U-statistics as in Dudley (2002, Section 11.9), with straightforward extensions
to vector- or matrix-valued ones, imply that

3\

Z Xni) +0p(1) = Op(1),

where
Zn(z) = KEM(z, Xn2, ..., Xnx) = KE(M(Xp1, Xn2, .- Xok)| Xn1 = @)
satisfies EZ,, (X,1) = 0. In addition we define
Z(z) = kEM(z,Xs,...,X).

We may conclude from (8.15), continuity of p’ on (0, 00) and of ¥ on [0,00) in
Case 1" and dominated convergence that both functions Z,, and Z are continuous
on RY. Further there exists a constant C' such that

| Zn(2)|F, | Z(@)lr < C+ C¥(||z]?)
for all n > k and x € X. Thus it suffices show that

d(EDRACHEE 1 <~<Xm>—EZ<Xm>>Hi)
<

=1
E(1Z0(Xm) = 2(Xu)|7) —

To this end we use a well-known result about weak convergence and almost
surely convergent representations (Skorohod, 1956; Dudley, 1968): There exists
a probability space (€, A4,,P,) with random variables Y ~ P and Y,, ~ P,
for n > k such that Y, — Y almost surely. Now we define (Q, A,P) :=
(QF A% POF) and X;(w) = YV (w;), Xni(w) = Yy (w;) for 1 < i <k, n >k
and w = (w;)%_, € Q. This construction implies that (X,;)* , — (X;), al-
most surely. With A, denoting the o-field generated by X; and (X,1)n>r we
may write R ~ R
with

Vn = M(an,an, N 7Xnk) - M(an,Xg, e ,Xk),

and

E(||Zn(Xm) — Z(Xn)|[7) = E(|[E(Va|A)

v) < E(IVall?).

But V,, — 0 almost surely, and

k

IValld < Boi=C" Y (&1 Xnill?)? + (1 Xil1)?)

i=1
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for a suitable constant C’. Furthermore, B, — B := 2C" 3 | 4 (|| X;[|?)? almost
surely, and E(B,,) — E(B) < co. Hence for any fixed R > 0,

E(|Val%) < E(min{|Va|F, R}) +E((B, - R)*) — E((B - R)"),

and the right hand side tends to 0 as R — oo. O

For the proof Remark 6.13 we need an elementary fact about symmetric
matrices:

Proposition 8.8. Let M € R{ Y and v € R? such that
BMBT = M for any orthogonal B € R with Bx = .
Then there exist real numbers v, B such that

M = ’ya:a:T—FﬂIq.

Proof of Proposition 8.8. Let u € 2t with |Ju|| = 1. Then B := I, — 2uu’

defines an orthogonal matrix such that BT = B, Bx = x and Bu = —u.
Consequently,
w' Mz = w'BMB'z = (Bu)' M(Bz) = —u' Mz.

Hence Mz Lzt which is equivalent to Mx = Az for some A € R. In particular,
M(zt) C ot

Next let w and v be unit vectors in z* such that u'v = 0 and Mu = B,u,
Muv = Byv for real numbers 3, 3,. Then B := I, — wu' — ool Fuv’ +ou’
defines an orthogonal matrix B such that B' = B, Bx = z, Bu = v and
Bv = u. Consequently,

Bu = u' Mu = (Bu)"M(Bu) = v' Mv = f,.

Consequently, there exists a real number § such that My = By for all y € .
Allin all we obtain the representation M = yzz "+ 1,, where v = \||z| =2 —
[ in case of x # 0. O

Proof of Remark 6.13. Spherical symmetry of P implies that @ is orthog-
onally invariant. Hence Lemma 6.9 applies to H,(Q), and it suffices to show
that Z(z) = y(||z||?)zzT + B(||=||?)I, with certain real numbers ~(||z||?) and
B(||]|?). But this is a consequence of Proposition 8.8: For any orthogonal matrix
B e R*9,

S(Bz,BXs,...,BX;) = BS(z,Xs,...,X)B",
so it follows from £(BX;) = L(X;) for 2 < j <k that

Z(Bz) = EM(Bxz, BXs,...,BX}) = BEM (2, Xs,...,X;)B" = BZ(z)B".
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Restricting our attention temporarily to matrices B such that Bz = z reveals
that B

Z(z) = Aw)zz" + B
with certain numbers ¥(z) and B (x). But for arbitrary orthogonal B € R7%4,
. 3(Bx)(Bx)(B)" + B(Ba)I, = B(i(Bx)ea" + B(Ba)I,) BT,
Z(z)BT = B(¥(z)zz " -i-B(;E)Iq)BT,

3(Bx)zz' + B(Bx)l, = F(z)zz' + B(z),

Multiplying the latter equation with yT~fr0m the left and with y from the
right, where 0 # y € at, reveals that 3(Bz) = B(z), i.e. f(x) = B(|z[?).
Then multiplication with T from the left and z from the right reveals that
Y(Bz) = (), i.e. ¥(x) = y(||=[*). O

Proof of Remark 6.14. If P is spherically symmetric around 0, we may rep-

resent a random vector X ~ P as X = RU with independent random variables

R >0 and U € RY, where U is uniformly distributed on the unit sphere of RY.
In case of v = 0 (Case 0) we know already that

HP(Q)A = 3_2 Ay

for any A = Ag + al, € R4, where a = ¢~ tr(A) and tr(4) = 0. Hence

sym?

q+2

AO (JJ)

H,Q) (gl 222" —1,) = #HP@-MO@ =

= (v+ ||z~ (cvo(x) + cla(a:)Iq)

with v = 0 and ¢g, ¢; as stated. Note that ¢; = 0 when v = 0.
In case of v > 0 (Case 1), Proposition 8.7, applied with A = (1,0,...,0) ",
entails that A = Ay + al, as above is mapped to

Hy(QA = A— E(EZ“;QQ) UTAUUUT)
v 4
= A= E(Euizg )(q(qj—?) Aot aI)
= (1- %) Ao+ (1~ %W)alq
_ q+2z(}rgﬁ)/q I Gl ) oI,

because

v 4 v 2_ ., v 2
) (g g

- (1 =B
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by the definition of 8 and since £,(Q) = I;. Note that the latter implies the
equations E(R?/(v + R?)) = q/(v + q) and E(1/(v + R?)) = 1/(v + q). Conse-
quently,

I q+2 q
HAQTA = i pyge T i gy e

This yields the representation

Z(x) = Hp@Q) (o' (2l*)aa’ — 1)

)

)

(D E?) oy,
) (q+2(1—ﬂ)V/qA0()+ ()Iq)
)

with cg and ¢; as stated. O

8.5. Proofs for Section 7

Proof of Theorem 7.1. Note that L(-, P) is equal to the scatter-only func-
tional L(-, Q) with @ = Q'(P) = L(y(X)y(X)"), X ~ P. In what follows let
Ho := {(z7,0)T : 2 € R?} and H; := {(z",1)" : 2 € RY} = {y(z) : = € RI}.
For any linear subspace W of R9™! with 1 < dim(W) < ¢, elementary linear
algebra reveals that either W C Hj or

WNH; = {yla+v):veV}

for some a € R? and a linear subspace V of R? with dim(V) = dim(W) — 1.
In case of v = 1, we know from Theorem 4.9 that L(-, P) = L(-, Q) possesses
a unique minimizer up to multiplication with positive scalars if, and only if,

dim (W)
qg+1

QM(W)) = P(W) <

for arbitrary linear subspaces W of R?™! with 1 < dim(W) < ¢. In view of the
previous considerations, and since P(Hy) = 0, this is equivalent to

dim(V) +1

Pla+V) <
(a+V) g+ 1

for arbitrary a € R? and any linear subspace V of R? with 0 < dim(V) < g.
In case of v > 1, we apply Theorem 4.9 to p(s) = pu—1,4+1(s) = (v+q) log(v+

s—1), i.e. ¥(00) = v +q. Hence L(-, P) = L(-, Q) possesses a unique minimizer

Te R(‘IJFl)X(‘IJFl)

sym, >0 if, and only if

dim(W) +v —1

Quaw) = PW) < S
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for arbitrary linear subspaces W of R4t with 0 < dim(W) < ¢. Since P({0}) = 0,
it suffices to consider the case dim(W) > 1, and then the previous considerations
show that our requirement on P is equivalent to

dim(V) + v

Pla+V) <
q+v

for arbitrary a € R? and any linear subspace V of R? with 0 < (}Hn(}/) <q.
It remains to show that for v > 1, a minimizer T' of L(-, P) satisfies
I'4+1,9g+1 = 1. To this end, recall that I' satisfies the fixed-point equation

q+v
Y'T-1Y+v-1

r = ¥(Q) :E( YYT) (8.16)

with YV := y(X), X ~ P. In particular, since Y;;1 = 1 almost surely,

q+v
Y=Y +pv -1

Pgrr941 = E

But (8.16) implies also that

(q+v)Y'T Yy

Y-V +v-1
(g+v)(v—1)

YTT-1Y +v -1

= q+v—(v—1lgt1,441

= q+1+ @@= =Tg41441),

¢+1 = tr(T'Y(Q)) = E

= qg+v—E

i.e. Fq+1,q+1 =1. O

Proof of Theorem 7.2. It follows from Theorem 6.4 that with asymptotic
probability one there exists a unique minimizer I'(P,,) of

[ 1@ T y(w) = o) )] Pald) + log det(r)

(g+1)x(q+1)

over all I' € Ry, 5

Moreover,

. In case of v = 1 we also require that det(I') = 1.

L(P)) = Ipe1— HP)'G(Po) + 0, (|G(P)]))
with the operator fI(P) as stated, and

G(P,) = q+1—/ﬁ’(lly(fﬂ)||2)y(f1?)y(96)T Py (dw) = 0.

Now we set ~ ~
Z(x) == HP) (o' (|l=z[I*)y()y(x) " = Ig41)
q+1)x(q+1)

for € RY. This defines a bounded, continuous function Z : R? — ngm
with [ ZdP = 0. Since the operator H(P) is non-singular, both ||G(P,)|| and



98 L. Diimbgen et al.

Op 1= HdeﬁnH tend to zero in probability at the same speed, and we may
write

L(P,) = I +/Zdﬁn+op(5n).

But then

H(ﬁn)T 1
= (F(ﬁn)qul,qul) F(ﬁn)

(1 - / Zgi1.qi1dPy + op(an)) (Iq+1 + / ZdP, + op(an))
= Igt1 + /(Z - Zq-‘rl,q-‘rllq-i-l) dﬁn + 0p(0n)-

In particular, u(P,) = O,(6,,), whence w(POp(P)T = 0,(82

n) = 0p(0n) and
thus

S(Py) =1y w(Py)
p(Pn)" 0

= /(Z - ZquLququJrl) dP, + 0p(6n).-

It remains to show that Z,y1 441(x) = 0 for any fixed = € R in case of v > 1.
To this end we consider the nonrandom distributions P, := (1—n"1)P+n"1§,.
For sufficiently large n, I'(P,) is well-defined with I'(P,)g+1,4+1 = 1. On the
other hand, [ ZdP, =n~'Z(z) and

L(P) = g4 + n_IZ(x) +o(n™),
which implies that Z,, 1 441 (x) = 0. O

Proof of Remarks 7.4 and 7.5. Recall that G(P) = 0 is equivalent to

v+q [zl oz 4y 0
[ o 1 =[5 1] &4
in particular,
(v + @)|=||” / v+g
~———— P(dx) = q¢ and ———— P(dx) = 1. (8.18)
/ v+ [l v [|l]?

Now we introduce the auxiliary objects

v+q T
Uy = Uy(P) = /Wﬂ P(dx) € RIS,

_ap) = [ DY b
s-(p) = [ S Pl > o
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i.e.
vV+q

B+ tr(¥y) = /

and the operator H = H(P) : RIx1 — RI%7 given by

v+q

Then for a matrix

A b
M = {bT c]
with A € R, b € R? and ¢ € R, we may write
- A b (v+q)(z" Az +22"b+c) [z2T =«
et = | |- [ oT 1) P
 [HA-cU, 0 N 0 (I, — 2W5)b
- 0 (1—B/v)ec— (¥q, A) b (I, — 2Vs) 0

Here we utilized the fact that any term of the form f(zx ')z integrates to 0,
due to the symmetry of P. Consequently,

{ﬁ(P) [61 O} ;AeRg;nz,ceR} c {[‘g O] ;AeRg;rg,ceR}

C C

e fves) - (2 froem)

where the latter equality follows from H(P) being nonsingular on M. In partic-
ular, B = B(P) := (I, — 2¥(P))~! € RIX exists, and

sym

Z(@) = HP) (o (|=)P)y(@)y(e) " = Ii1a)
_ IfI(P)—l [p’(”fc“?)(ﬂ)ch -1, p/(||x|(|)2)_1:| +p’(||x||2)f~[(P)_l [x()T g:|
[ Z(xxT) 0 p 0| 0 Bz
= 5 ] 0 7y ]

with certain bounded, continuous functions Z : Rg;nz,zo — RIE and z :
[0,00) — R.

This proves Remark 7.4. In the special case of P being spherically symmetric
around 0, a random vector X ~ P may be written as X = RU with independent
random variables R > 0 and U € R?, where U is uniformly distributed on the
unit sphere of R%. Then (8.18) and the definition of 8 translate to

s(WE0F) — o (L) <1 w0 - n(E0R)
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Further, it follows from E(UU ") = ¢~11, that

(v + q)R? T v+gq (v+qv 1
v, = BE(2L2 guT) = B - Sl =
: ((1/+R2)2 ) (1/+R2 (1/+R2)2)q ¢ T M

with
1-p
m o= —
q
Now we write A € RENI as A = Ag + aly with a := tr(A4)/q, so tr(Ag) = 0.
Then
1-p

(Uy, A) = . tr(A) = vqa

and, as shown in the proof of Remark 6.14,

H(P)A = ~0 Ao +mvaly,

with
. q + 2’}/1V
o qg+2
Hence for Ag € RE? with tr(Ag) =0, a € R, b € R? and c € R,
ﬁ(P) [AO +al, b} _ |:'70A0 + v (va — )1, (1 —=27v1)b ]
b c (1 —2vy)b" (1-=3/v)e—mgqal’
In case of v = 1 we only consider the case tr(M) = 0, i.e. ¢ = —qa. Then
,H(P) AO + an b _ ’}/OAO + 71 (q + 1)CLL1 (1 — 2’}/1)1)
b' —qa (1—=2m)b" —qmi(g+1)a)’

and this shows that

eyt [Aotals b [t Aot et DThaly (1L-29)70 )
b —qa (1—2y)~"" —qv (g +1)""a

Now we consider € R and write x2" = Ag(z) + a(z)I, + I, with a(z) =
g Yz||? = 1, so tr(Ag(x)) = 0. Then

Z(z) = (1+|l=|*) " HP) (1 Jy(@) " = (L + [[2l*) Ig+1)
q)(Ao(w) +a(z)l, (1+Q)5E}
1

= (1 ey (Ol el (A
1

= (L4 [z~ 7 A+ Trrge@h __371)1£v
—1,T
(1—2m) Lz ma(x)

Consequently,

~ ~ 4 leogAo(z) + cra(x)l, cox
20) = Z@arranlyn = (14 o)~ [ Fae@l e
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with
o = 179 _ e+Dl+2)
Y0 q+2(1-25)/q
_ 1 _ _a
T
._ -1 _ q
Coy = (1—2’71) = m

In case of v > 1, elementary calculations reveal that the inverse of the map-

ping
o] = o T8 e = [ 7] [
c (1-3/v)e —y1qa —mq 1-=p/v]||c
is given by
- sl
c v—1 q 1v| [c|”
Consequently
_ 1—8/v)yta+c _
= oon—1 |Ao+aly b 701A0+( / )_1 I, (1=27)""
H(P) bT c = V_l 1_|_ qa+ ve
(I—2v)""b 1
Hence

Z(x) = v+ =) T HP) (v + Qy(@)y(@) T — v+ [2]*)Ig41)
Ao(z) +va(zx)ly (v+q)z
(v+qa’ —qa(z)

(ot oy epy O

V——i_qu(:v)—i— 4 a(z)l; (1—-2v) 'z

= L+ zH7 | 1-p
(1—2y) ta’ 0
_ 2y-1 |C0Ao(z) + cra(x)]y  cow
= (@ faf?y [0 >
with ¢, ¢1, co as stated. O
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List of notation and assumptions

Linear and affine transformations Let P and @ be probability distribu-
tions on R? and Rg;rg’m, respectively. For a € RY, B € RIX% and X ~ P,
S~Q,

PP .= £(BX), P*P .= L(a+ BX),
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and
QP := L(BSBT), Qp = L(B'SB™).

Special (empirical) distributions Let X = X;, Xo, X3,... be i.i.d. ~ P.
Then for k > 2,

Q'(P) = L(XX") and Q"(P) := L(S(X1,Xs,...,X}))

with S(z1,22,...,2) denoting the sample covariance matrix of zq,xo,...,
x € R?. Furthermore,

~

n n
RIS | Al . -1
P :=n g dx,, Q = n E 5XinT
i—1 i=1
and

—1
~  (n
@ = (k:) Z 08(Xs, XigronXi, )"

1<i1 << <ip<n

Log-likelihood functions (times —2) and derivatives

L(p, %, P) = /[p((w — @) =7 @ = ) = p(z"2)] P(dz) + log det(%),

L,(%,Q) : /[p(tr(E_lM)) — p(tr(M))] Q(dM) + log det 3.

Under certain conditions, as RZ5? > A — 0,

Lp(exp(A), Q) = (G,(Q), 4) + o([|Al)
= (Gp(Q), 4) + 27 H,y(A, Q) + (|| A1),

where
GP(Q) = Iq_\I]P(Q)v \IJP(Q) = \I]P(quQ)v
,(2.Q) = [ ol )M Q).

Hp(AaQ) :

/ (¢ (tr(M)) tr(A2M) + o (6x(M)) tr(AM)?) Q(dM).

Moreover, H,(A, Q) = (H,(Q)A, A) with the linear operator H,(Q) : R —

sym
R given by

H,(Q)A = 271 (AV,(Q) + V,(Q)A) + / p" (tr(M)) tr(AM)M Q(dM).

Sometimes we write RZ! = Wo & Wy with

Wy = {Ae R :tr(A) =0} and Wy := {s,:seR}.

Sym

In Case 0, we view H,(Q) as an endomorphism of Wj.
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Assumptions on p and Q We assume that p is continuously differentiable
on (0,00) with derivative p’ > 0. For s > 0 we define

Case 0 p(s) = qlog(s) for s > 0, and Q({0}) = 0.

Case 1 9 is strictly increasing on (0, 00) with limits ¢(0) = 0 and ¥ (o0) €
(g, 00]. Moreover, J,(A, Q) := [ (A tr(M)) Q(dM) < oo for any A > 1.

Case 1’ pis twice continuously differentiable on (0, c0) with ¢" > 0, and ¢ has
limits ¢(0) = 0 and ¥(c0) € (g, 00]. Moreover, J,(Q) := [ (tr(M)) Q(dM) <
0o, and there exists a constant x > 0 such that s’ (s) < ki(s) for all s > 0.

Existence of ¥,(Q) Let Q, be the set of all distributions @ such that
L,(-,Q) is real-valued and has a unique minimizer X,(Q) € R, where
det(X2,(Q)) =1 in Case 0. To characterize Q, let
Vq = {V:V a linear subspace of R},
M(V) := {M eRLI: MR CV} for VeV,

Sym

Necessary and suflicient condition for @ € Q,:

Condition 0 (for Case 0) For any V € V, with 1 < dim(V) < g,

dim(V)

QM(V)) < .

Condition 1 (for Case 1) For any V € V, with 0 < dim(V) < ¢,

P(00) — g + dim(V) '

Qa(y) < T
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