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1. Introduction

The construction of confidence intervals and statistical hypothesis tests is a
primary goal for assessing uncertainty in high-dimensional inference. Most of the
recent contributions for this task discuss some methods and approaches for high-
dimensional linear models [5, 35, 31, 19, 22, 13], but generalized linear models
[24, 25, 31], undirected graphical models [26, 18], instrumental variable models
[1] or very general models [23] have been considered as well, and all of these latter
references cover linear models as special case. Another philosophy for inference
in the high-dimensional setting is based on selective inference [3, 20, 27], but
we do not consider this here. Our goal is to interpret and analyze the meaning
of inference procedures when the linear model is misspecified. We address this
issue in greater detail for the de-sparsified (or de-biased) Lasso [35], but we
make a few more general comments in Section 6.1.

More concretely, we describe the correct interpretations and corresponding
(sufficient) assumptions which guarantee valid asymptotic inference for the pa-
rameters in a high-dimensional, misspecified linear model. That is, we assume
that the data is generated from an underlying true nonlinear model Y = f(X)+¢
but we fit the wrong linear model Y = X3° + ¢ to the data; see for example
Wasserman [32] who describes such settings as “weak modeling”. Precise def-
initions of the models are given later. Some arising questions are: first, what
is the interpretation of 5%; and secondly, is the standard de-sparsified Lasso
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procedure valid for construction of statistical hypothesis tests and confidence
intervals for the components B}) (j = 1,...,p). Regarding the first issue, it is
important to distinguish between random and fixed design scenarios. Regarding
the second point, we give sufficient conditions for asymptotic correctness of the
de-sparsified Lasso procedure, although for the random design case, one has to
estimate the asymptotic variance differently than for correctly specified models.

The novelty of this work is that we explicitly discuss the implications of linear
model misspecification for construction of confidence intervals and hypothesis
testing in high dimensions. We believe that this is a missing piece which should
be addressed and which is informally often treated according to the folklore that
the procedure leads to inference for the “best projected regression parameters”:
we make this precise and also show that some modifications are necessary for the
random design case (see above). The latter are implemented in the statistical
R-software package hdi [21] which includes various methods for frequentist high-
dimensional inference [10].

2. The de-sparsified Lasso for potentially misspecified linear models

We consider n data points (Y1), XM . (Y™ X)) with univariate re-
sponses Y () and p-dimensional covariates X (). Denote by Y = (Y(l), . ,Y("))T
and X; = (Xj(.l),...,X](-"))T (j = 1,...,p) the n x 1 vectors, and by X =
(X1,...,Xp) the n x p design matrix.

We fit a potentially misspecified linear model
Y = X% + ¢, (1)

where the model assumptions are as follows: i.i.d. distributed rows of X (if ran-
dom), and i.i.d. components of £ having mean zero, variance 02 and which are
uncorrelated from X. In a misspecified setting, the meaning of the parameter
vector 39 and of the errors ¢ depends on the context, in particular whether
the design is random or fixed. The different interpretations are presented in
Sections 3 and 4 below.

For constructing confidence intervals and hypothesis tests for the individual
parameters ﬁ? (j = 1,...,p), we consider the de-sparsified Lasso, originally
proposed by Zhang and Zhang [35]. The procedure is as follows. First, do a
Lasso [28] or square root Lasso [2] regression fit of X; versus all other variables
from X_;, the n x (p — 1) design matrix whose columns correspond to the
variables {Xj; k # j}. That is, for the Lasso,

%; = argmin gy ([ X; = X_jylI3/n + Axlvll1) - (2)
or using the square root Lasso,

q; = argmin, cpo—1 ([ X; — X_j7]l2/vn+ Ax|v]h) - (3)
The residuals of such a regression are denoted by

Zj=Xj— X%
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We then project the response Y onto this residual vector: if the model (1) were
correct, we have

z'Yy Z'X ZTe

i =
ZTX; ﬂj+§ZTXﬁk ZTX

This suggests a bias correction as follows. Pursue a Lasso regression of Y ver-
sus X

B = argminﬁ (HY - Xﬁ”%/n + )‘HBHl) )

plug it into the bias term and subtract the estimated bias. This leads to the
de-sparsified Lasso estimator:

. ZTy ZTXk .
b- = J — - cee . 4
J Z;TX] k%éj ZT ﬁk ( 7 7p) ( )

.7

From the construction and assuming that model (1) is correct, we heuristi-
cally obtain:

ZJTX ; Z ZTXk B B0 + ZTE ZjTE
0 ~
\/ﬁwpw Py Vnw P]J \/ﬁwp gi VW

where we assume for the first approximation that the error in estimating the
bias is negligible, and where wp .j; 1s the asymptotic variance of ZT€/ v/n. This
reasoning has been made rigorous in earlier work [35, 31], see also Section 2.1.
When the model (1) is wrong, however, the heuristics above need to be justified
anew. Also from a practical point of view, we need to characterize the meaning
for A% and we need to determine the correct specification of wp .j; in order to
construct asymptotically correct confidence intervals and tests. The details are
described in the following Sections 3 and 4.

The procedure for the de-sparsified Lasso Bj in (4) remains (essentially) the
same regardless whether the linear model is correct or not. Referring to the
parenthesis in the previous sentence, what potentially changes relative to a
correctly specified model is the proper asymptotic variance wf,; 47+ see Section 3.1,
and this new feature is now also implemented in the R-software package hdi [21].

Throughout the paper, the asymptotic statements are for the setting where
the dimension p = p,, is allowed to depend on n (and hence also the random
variables in the model), and we consider the behavior as n — oo, typically with
p = pn, — oo at a much faster rate than n. We often suppress the index n in the
notation.

~ N(0,1),

2.1. Results when the model is correctly specified

The de-sparsified Lasso has been proposed and analyzed in Zhang and Zhang
[35] for correctly specified linear models. These results have been extended in
van de Geer et al. [31], including also the case of generalized linear models. In
both works, the theoretical analysis is made for fixed design and thus also for
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random design by the following argument:
T

7. 2N

Vinwpjj

and therefore, by integrating out also unconditional T =~ A (0,1).

The conditions in van de Geer et al. [31] for the correctly specified case are
a bit weaker than the ones which we present below in Section 3 for random
design: they are essentially the same except that the former does not require
(A3) (while the latter are more general allowing to require only /,-sparsity
conditions in (A4,a) and (A5,a) instead of fg-sparsity). For fixed design, the
assumptions in Section 4 are similar as in van de Geer et al. [31] and almost the
same as in van de Geer [30], except that we consider here only non-Gaussian
bounded design.

3. Random design model

Consider the true model
YO = X+ €, (5)

where ¢ is independent of X(©) with E[¢(®)] = 0. For simplicity, we assume

that E[f(X(©)] = 0 as well as E[X(®] = 0, and that furthermore the second

moments of X and V() exist. We assume that the data are realizations of

(Y xO) (v X M) of ii.d. copies of (YO, X(©) from model (5).
Consider the linear projection

YO = (XO)T30 4 )
B0 = argminﬁE|f0(X(0)) — (XTI g12, (6)

where, due to the projection property, E[(®) X ©)] = Cov(c(®, X)) = 0. We
denote the support of Sy by Sy = {j; B? # 0}. While E[e(®] = 0 we typically
have that E[e(9]X (9] #£ 0, because E[¢@|X )] = fo(X©)) — (XO)T 0, Thus,
when conditioning on X (¥) the assumption of zero mean for the error is not valid.
However, when the inference for £° is unconditional (not conditioning on X (),
then we have zero mean for the error: therefore, due to model misspecification,
the inference with random design should always be unconditional on X (©).

We note that 8% still has interesting model-free (and well known) interpre-
tations such as: the jth component 89 = L; - Parcorr(Y(©), XJ(O) \{X,io); k#3})
equals the partial correlation between Y (?) and X ;0) given all other variables,
up to a constant L; = \/K;;/Kyy, where K1 is the (p+1) x (p+1) covariance
matrix of (Y, X); thus, ﬂ? measures the linear effect of X; on Y after adjust-
ing for the linear effects of all other variables X (k # j) on Y. In addition,
for Gaussian design, we have the following important interpretation: if ﬁ? #0,

then the variable X J(O) is in the active set (i.e., relevant) of the nonlinear true
function f°, see Proposition 3.
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We consider here a concrete set of assumptions for Theorem 1 below. Denote
by

. 0 0
’Y;') = argmln,yE|XJ( ) Z’yj,leg )|2,
ey
0 _ (0 0 (0
2y = X7 =D X
ey
the population regression vector and residual variables when regressing the ran-
dom variable X J(O) on all other variables {X lgo); k # j}. It is well known that

79 = —(£71)e;/(X71);5, where (£71),; denotes the jth column vector of X~
(assuming it exists, see (Al)).

Assumptions. The covariates are such that:
(A1) Cov(X©®) =¥ has smallest eigenvalue A2, () > C; > 0;
(A2) max; | X" < C2 < o0;
(A3) [2”]|c < C < o0
(A4) We have either:
I
(a) [V7ll7 = o((n/log(p)) = log(p)~*/?) for 0 <r < 1;

or

(b) 55 =1;] = 177116 = X4y I((E71)jie # 0) = o(v/n/ log(p)).
Regarding the structure of the regression:

(A5) The sparsity satisfies either:

() 18°/17 = o ((n/ log(p)) = log(p)~'/?) for 0 < r < 1;
or
(b) s0 = [Sol = [18%115 = 3271 1(8} # 0) = o(v/n/log(p))-
(A6) For the second moment wzzjj = E|5(0)Z§)|2: wg;jj > (C, for some constant
C4 > 0. (The existence of wy,;; < oo is implied by (A3) and (A7).)
(A7) The error satisfies one of the following conditions:

(a) [e©@] <V, where V is a fixed random variable (not depending on p)
with E|V|? < oo;

or
(b) E[e®]2+9 < C5 < oo for some § > 0.

Either of the conditions implies that for some constant Cg < oo, E|e(?)]? <
Cg < 00.

The assumptions (A2) and (A3) are somewhat restrictive (see also (B1) in van de
Geer et al. [31]). Assumption (A3) is implied by (A2) and assuming that ||'yJQH1
is bounded. Examples where (A7) holds are discussed in Section 3.2. Regarding
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the assumptions (A4) and (A5) we first note that:

(A4) can be replaced by (D2) in Section 7.1.1,
(A5) can be replaced (D3) in Section 7.1.1.

That is, (A4) and (A5) together with (A1), (A2), (A3) and (A7) imply (D2) and
(D3), see Lemma 2 in Section 7.1; and using (D2) and (D3) instead of (A4) and
(A5) is sufficient to prove the result in Theorem 1 below (using also (A1)—(A3),
(A6)—(AT)), see Section 7.1. Requiring some sparsity for the design as in (A4)
is due to our proof of Proposition 8: this is in contrast for fixed design, where
no sparsity condition on the design is needed when using the nodewise square
root Lasso in (3) (see Theorem 2). Finally, a sparsity assumption as in (A5) is
typical for the de-sparsified Lasso [35, 31, 30].

Theorem 1. Consider the de-sparsified Lasso in (4) with (2) or (3), and the
parameter (9 in (6) induced by the random design model (5). Assume (Al)-
(A7). If A = Di+/log(p)/n and Ax = Da+/log(p)/n for Di, Dy sufficiently
large, then:

Wp;jj

where w?;; = Bl Z9]2.

L (b — BY) = N(0,1) (n — o),

A proof is given in Section 7. The representation of the normalization factor
should facilitate to recognize its order of magnitude y/n. For construction of
confidence intervals and hypothesis tests we need to consistently estimate the
quantity wp.;;: this is discussed in the following Section 3.1.

Remark 1. If the assumptions in (A3), (A4) and (A6) hold uniformly in j, we
can rephrase the statement of Theorem 1 as follows:

T

\/_WPJJ
max [|Aj|=op(1), W; = N(0,1)
P

(bj = B)) = & + W,

3.1. Estimation of the variance

We can estimate w? ;; = ]E|&:(0)Z]Q|2 by the empirical variance of &;Z;.;,

S (EiZ -ty 6 Zie)?, E=Y - X3
3 r=1

Proposition 1. Consider the random design model (5) with the projected pa-
rameter B° in (6). Assume (A1), (A2), (A3), |B°|l1 = o(y/n/log(p)), (A6),
(A7) and (D2) from Section 7 (the latter is implied by the additional assump-
tion (A4)). Then,

Wpji /Wy = 1+ op(1).
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A proof is given in Section 7. We have as an estimate of the normalizing
factor in Theorem 1 the following expression:
T
Z; X
\/ﬁ@p;jj 7
corresponding to the “sandwich formula” in the case with p < n [12, 17, 34, 14].

In particular the formula in (7) is different than the usual expression for
correctly specified high-dimensional linear models, used in van de Geer et al. [31],

(7)

ZJTXj (®)
1Z; 2%
where 62 is an estimate of the error variance o2, e.g., 62 = n= !> " (& —

n~tY L E,)% with £ =Y — XB.

8.1.1. Practical recommendation

While the formula in (8) is asymptotically valid for correctly specified models,
the analogue in (7) is robust and valid irrespective whether the model is correct
or not. Thus, for practical purposes, we recommend to use the expression in (7)
which is now also implemented in the R-software package hdi; see also Huber
[17]. As discussed above, the inference results from the latter recommended
approach should be interpreted as being unconditional on the covariates. As soon
as we condition on the covariates X(?), there will be a bias with E[¢(?)|X ()] =
X)) — (X©)T30 unless the model is correctly specified. In other words,
conditioning on the covariates is only justifiable if the model is correct and in
that case, it is a well established principle in the low-dimensional case with
p < n based on an ancillarity argument [4, 16].

3.2. Sparsity of the projection and implications on the error (©)

The statement in Theorem 1 depends, among other conditions, on assumptions
(A5)—(A7) which are depending on the projection of the nonlinear to a linear
model. In particular, (A5) requires sparsity of the projected parameter vector:
even if the underlying true nonlinear regression function depends only on a
few covariates, the projected parameter 3° in (6) is not necessarily sparse. We
provide here some sufficient conditions ensuring a sparse 3°.

Throughout this subsection, 3° is as in (6). We know that

p%=%7'r,
= Cov(X@), T = (Cov(f2(X@), X", ..., Cov(fO(X @), X )T

Therefore,
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Denote by || X7} oo = max [(£71);%] and by (X7 1)e, the ¢th column of X1,
d

and generally by |Jull§ = Y"_, I(u, # 0) the fy-sparsity of a d-dimensional

vector u.

Proposition 2. Consider the random design model (5) with the projected pa-
rameter B° in (6). Assume that ¥ is positive definite (but not requiring bounds
on its eigenvalues). The following holds:

1. L.-sparsity for 0 <r < 1:
18]l < max [ )aell [T,

which implies, for s¢ = |[V2[15 = Y0 I(Z™ ke #0),
18°1 < (max s, + DY 1= oo T -

2. ly-sparsity:
18°19 < ™ (s + 1), Sp = {js Ty #0},

LeSr
which implies

1816 < (masx s, + 1)||T 5.

A proof is given in Section 7. As an example, consider the case where X
is block-diagonal with maximal block-size equal to bya.x. We then have that
maxy Sy + 1 = byax and hence by Proposition 2:

18%1 < bata 1= Ml Tl (0 <7 < 1),

ax

18°116 < bmax|ITIl6-

In general, since fO(X () is typically non-Gaussian, we cannot quantify ||| as
a function of the active variables in the nonlinear regression function f9(-). In
the special case of block independence, however, this can be done as discussed
next.

Block independence Assume now that the predictor variables exhibit block
independence with blocks corresponding to the associated block-diagonal co-
variance matrix Y. That is, there are blocks of variables, where the variables
from different blocks are (jointly) independent, and these blocks induce a block-
diagonal covariance matrix. Denote by Spo C {1,...,p} the support of fO(:)
which contains all the variables which have an influence in fO(-).

Corollary 1. Assume the conditions of Proposition 2. In addition, assume block
independence with maximal block-size equal to byayx. We have that

||F||8 < bmaX|Sf°|a
and, due to Proposition 2,
15°ll6 < b3

— max

|Sol.

A proof is given in Section 7.
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Proposition 2 and Corollary 1 obviously lead to justifications of the assump-
tion on the sparsity so in (A5), but also for the conditions in (A7). Regarding
the latter: if || 3°]|1 < Cy < oo (which is implied by [|3°||3 bounded and max; |ﬂ?|
bounded) and assuming (A2) we have that

0] = YO — (XO)T 5| < VO] + Gy

Thus, assuming either [Y (9| < V for some fixed random variable V with E|V|? <
oo or E|Y(0)|2+8 < M3 < 0o (which are both rather weak assumptions) implies
either (AT7,a) or (A7,b), respectively.

3.3. Gaussian design

The bound in Proposition 8 and Corollary 1 for fyp-sparsity can be much im-
proved when assuming that X(? has a joint Gaussian distribution. This is in
conflict with assumption (A2). However, for the case with Gaussian design,
thereby dropping (A2) and (A3), it would be easier to derive the statements
from Theorem 1 and Proposition 1.

Proposition 3. Consider the random design model (5) with the projected pa-
rameter 3° in (6). Assume that X©) has a joint Gaussian distribution with
positive definite covariance matriz ¥ (but not requiring bounds on its eigenval-
ues). Then,

So C Sfo.

A proof is given in Section 7. This is an important result saying that if we
infer a variable as an active variable (significantly different from zero) in the
misspecified linear model, it must be an active variable in the nonlinear true
model.

To make further statements, we represent the function f° as follows:

d
fo(x) = Z flg(xsk)7
k=1
{S1,..., 84} a partition: Spo = Ug:ISk, SeNSe=0(k#1),

where x4 denotes the subvector of  with components in A C {1,...,p} and
E[f?(Xs,)] = 0; and the partition is finest in the sense that the representation
of f9 is given with the S)’s of smallest possible cardinality. For example, for the
function considered in Section 5

fO(z) = =5 + 5sin(ray2s) + 4(2x3 — 0.5)% + 225 + w6, (10)
we have the partition Sy = {1,2}, S = {3}, 53 = {5}, 54 = {6}.

Proposition 4. Consider the random design model (5) with the projected pa-
rameter B0 in (6). Assume that X©) has a joint Gaussian distribution with
positive definite covariance matriz ¥ (but not requiring bounds on its eigenval-
ues). Consider the projected parameter in the submodel with variables from Sk
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(ke{l,....d}):
B(Sk) = argming s B[ fD(XS)) — (X5)T B2

For j € Sy, we denote by c(j) the index of the component in 3(Sy) which corre-
sponds to variable X](»O). Then,

BY = Be() (Sk),
saying that we can infer /3’? with j € Sk from the submodel with variables Xé?.

A proof is given in the Appendix. As an example, we consider again f°
from (10). Proposition 4 then implies:

(8, 87 = argmingegoEl5sin(r XV X5) — (X1, x)B2 = (0,0)7,
§ = argmingEI4(X5" —0.5)* =5 — X{* 8” = —4,

B3 = argming B|2X " — X2 =2,

B8 = argmin, B X{” — XV 8 = 1,

and all 6? =0 for j ¢ Syo. For the numerical values of B9, 89 and BY, we used
that X(© has mean zero.

4. Fixed design model

Consider the model as in (5) but now with fixed design:
VO = fOUXxD) 460 i=1,...,n, (11)

where ¢ ... ¢ are ii.d. with E[¢()] = 0 and E|¢®|?> = o2. As before,
we denote the n X p design matrix by X and the n x 1 response vector by
Y = (YD, YT, We assume that rank(X) = n < p and thus, we can
always represent the vector fO = (fO(XW), ..., f(X™))T as XAt The vector
Bt is not unique, but we can look for some sparsest solution. We consider the
basis pursuit solution [9], known also as the solution from compressed sensing
[8, 11]:

B° = argming{||8]1; X8 = £°}. (12)
Thus, the model in (11) is correctly specified as a linear model
Y = XA3° + ¢ with 8% as in (12), (13)
where ¢ = (¢1,...,&,)T. In particular, due to correct specification, the interpre-

tation of B0 is standard.
We refer to this 4% in (12) throughout this section (unless stated otherwise).
We assume the following:
(B1) Ax =< +/log(p)/n and || Z;]]3/n > C > 0;
(B2) [|B(\) = B°ll1 = op(1/+/log(p))-

We justify these assumptions below.
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Theorem 2. Consider the de-sparsified Lasso in (4) with (2) or (3), and the
fized design model (11) with rank(X) = n and linear representation as in (13)
with B° as in (12). Assume either Gaussian errors or condition (A7) and assume
that 0 > L > 0. Suppose that (B1) and (B2) hold when using the nodewise
Lasso (2), or only (B2) when using the nodewise square root Lasso (3). Then

4 G~ ) = N,
o1z, 1)

Proof. This follows from van de Geer et al. [31, Th.2.1] for Gaussian errors. For
non-Gaussian errors, we invoke the Lindeberg condition and proceed as for the
proof of Theorem 1 (Proposition 7). O

We argue first that (B1) holds with high probability. Assume the following.

Consider the setting where the rows of X arise as fixed i.i.d. realizations of a
p-dimensional random variable X with covariance matrix 3.
(C1) ()0<Cr<1/(Zh,; = IE|ZJ(-O)|2 > (s < oo (the upper bound is
implied by (A3); the lower bound is the analogue of (A6));

(i) max; || X;|lec < C2 < 0o (which is assumption (A2));

(iii) [[79]l1 = o(y/n/log(p)) (which is part of the assumption (Ada)).
(C2) (A1), (A2), (A5) and (A7).

Proposition 5 (for nodewise Lasso only). Assume that (C1) holds. Then, for
Ax = Da/log(p)/n with Dy sufficiently large, assumption (B1) holds with prob-
ability tending to one.

A proof is given in Section 7. O

Proposition 6. Consider the fized design model (11) having a linear repre-
sentation as in (13) with B° as in (12). Assume that (C2) holds. Then, for
A = Dy+/log(p)/n with Dy sufficiently large, assumption (B2) holds with prob-
ability tending to one.

Proof. The statement can be derived as in the proof of statement 2 in Lemma 2
in Section 7. U

Sparse solutions and misspecification We note that for a fixed design lin-
ear model, misspecification with respect to the linearity in the unknown param-
eters cannot happen. The same is true when conditioning on the covariates X.
In this scenario, we do not need to employ the “sandwich” variance formula
in (7) but we can use the more standard expression from (8). What is impor-
tant though is the interpretation of the parameter 8° and of the output of the
de-sparsified Lasso: the inferential statements are valid for a sparse approxima-
tion. We focused here on the choice of the basis pursuit solution in (12) which
is perhaps among the simplest and which can be computed. But in fact, any
solution of X3 = fO satisfying assumption (B2) is good enough: or in view of
Proposition 6, any solution which is weak £,- (0 < r < 1) or p-sparse, see (A5),
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is fine. A confidence interval then means that it covers any sufficiently £,.- and
Lo-sparse solution S° of X3 = f9. This itself is a nice and “strong” interpreta-
tion of a confidence interval, namely that despite non-uniqueness, it covers all
sparse solutions.

5. Some empirical results

We consider two non-linear models as in (5) (or versions thereof for fixed de-
sign, see Section 5.2). The first one uses a nonlinear regression function from
Friedman’s (1991) MARS paper but with smaller signal to noise ratio:

(M1)
X~ NL(0,8), 85 = 1Y), B34 = Du3 =08, %, =0(j #k; j, k ¢ {3,4}),

fO(x) = =5 + 2sin(rzyz2) + 4(x3 — 0.5)% + 225 + 6,
€O ~ N(0,1).

(M2)
X© as in (M1),
fO(z) = sin(n/2x1 ) 2o + 5 /5 + x5 + 26 /2,
€0 ~ N (0,1).
(M3)
XO ~ NL(0,%), 255 =087k 0 a5 in (M1).
(M4)

XO ~ asin (M3), f° as in (M2).

The intercept —5 in the function f° in (M1) and (M3) ensures that
E[f(X©)] =0,

5.1. Simulations for random design

For random design, the corresponding parameters 3° in (6) are as follows:

for model (M1), (M3): 8° =(0,0,-4,0,2,1,0,...,0)
for model (M2), (M4): 8° = (0,0,0.6,0,1,0.5,0,...,0)%.

The values are in accordance with Proposition 4, because of Gaussianity of the
design: the active set Sy = {3,5,6} C Spo = {1,2,3,5,6}. Figure 1 displays
187 as a function of r for 0 < r < 1. The log-sparsity is approximately a
linear function in r, once increasing (for (M1), (M3)) and once decaying (for
(M2), (M4)). Our theory requires either weak /,-sparsity or fo-sparsity of 3°
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FiG 1. Random design for models (M1), (M3) and (M2), (M4) with p = 1000. Plot of ||8°||~
(on log-scale) as a function of r € [0,1] (r = 0 corresponds to the £o-sparsity), where B° is
as in (6).

TABLE 1
Random design. Average coverage and average length of confidence intervals (empirical
versions of (14) and (15)), for So and S§ separately (note that S§ =0 for (M8) and (Mj})).
Nominal level equal to 0.95. Sample size n = 200 and dimension p = 1000

model || avg. coverage So | avg. coverage S§ | avg. length Sp | avg. length S§

(MT) 0.98 0.99 3.01 2.19
(M2) 0.91 0.95 0.48 0.41
(M3) 0.98 0.99 4.18 3.56
(M4) 0.95 0.95 0.70 0.65

(see (A5,a) or (A5,b)) and hence a possibly more realistic assumption than
lo-sparsity alone.

For simulations with random design, we generate n independent data points
according to the models (M1)—(M4) where for each realization, we generate the
X and ¢ variables anew. We consider the case with sample size n = 200 and
dimension p = 1000. We use the de-sparsified Lasso procedure as described in
(4) with the nodewise Lasso (2) and tuning parameters A and Ax (the same for
all j) from the default in the R-software package hdi [21]. For estimation of the
asymptotic variance we use (7).

Table 1 and Figure 2 report empirical results based on 100 independent sim-
ulations. Denoting by CI; a confidence interval for ﬁ?, the average coverage
is

avgeov(Sp) = | S|t Z ]P’[B? € CL;],
J€So

avecov(85) = IS5 37 P80 € C1y (14
JESS

and the empirical analogue by replacing the probability “P” by an empirical
average over the 100 simulations. We consider the average expected length of
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F1G 2. Random design. Coverage as a function of the coefficients 89 of the active variables
with j € So. Nominal level equal to 0.95. Sample size n = 200 and ciimension p = 1000.

the confidence intervals

avglen(Sg) = S| ! Z Ellength(CL;)],
J€So

avglen(S§) = S5/ ~" D Eflength(CIL,)], (15)
jEss

and the empirical analogue by replacing the expectation “E” with an empirical
average. The actual coverage results in Table 1 and the more detailed view given
in Figure 2 are very satisfactory. We note that the lengths of the confidence
intervals are not constant for the same covariance model for X. The reason
is that at least asymptotically (see Theorem 1), the length depends, among
other things, on E|Z;O)6(O)|2, and the error term ¢(?) itself depends on the true
function f°. This is in contrast to fixed design, where the asymptotic length of
the confidence intervals is a function of ]E|Z;O)|2 =1/(71);; and 02 = E|§]? =
Ele;|? only (see Theorem 2 and formula (17) and (19)).
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F1a 3. Fized design for models (M3) and (M4) with n = 200 and p = 1000. 100 independent
realizations and corresponding basis pursuit solutions B0 as in (12): the lines correspond to
the 100 different values of ||B°||I (on log-scale) as a function of v € [0,1] (r = 0 corresponds
to the Lo-sparsity).

5.2. Stmulations for fized design

We consider the same models (M1)—(M4) but now with fixed design with n =
200 and p = 1000, where we use a fixed realization of the X variables in the
corresponding model. We generate n independent data points according to the
models (M1)—(M4) where for each realization, we generate only the £ error
variables anew.

We note that for all the four models with fixed design we have that |Sy| =
n = 200. Figure 3 displays ||3°||” as a function of 7 for 0 < r < 1, where
B9 is the basis pursuit solution from (12) and the parameter of interest, for
100 different independent simulation runs. The log-sparsity is approximately
a linear decreasing function in 7. Even more pronounced here for fixed than
random design, we conclude that weak ¢.-sparsity, as required by our theory,
seems to be a much more realistic assumption than ¢y-sparsity which is always
equal to n = 200. However, we also see that for model (M3), the parameter 3°
is not very ¢,-sparse. Thus, it might be difficult that a confidence interval would
achieve good coverage, see also Figure 4 and the last paragraph of this section.

We use the de-sparsified Lasso procedure as described in (4) with the node-
wise Lasso (2) and tuning parameters A and Ax (the same for all j) from the
default in the R-software package hdi [21]. For estimation of the asymptotic
variance we use (8). Table 2 and Figure 4 report empirical results for the ba-
sis pursuit solution 3° in (12), based on 100 independent simulations where
the design is a fixed realization from the models (M1)—(M4). The actual aver-
age coverage results in Table 2 are very fine. However, with the more detailed
view in Figure 4, the coverage can be quite poor for a few coefficients although
this should be interpreted cautiously, as explained below. The poor coverage
is particularly visible for the models (M1) and (M3): a reason might be that
the degree of weak /,-sparsity of the basis pursuit solution 8° in (12) is not as
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FiG 4. Fized design. Coverage as a function of the coefficients ,B;) (from basis pursuit in (12))
of the active variables with j € So. Nominal level equal to 0.95. Sample size n = 200 and

dimension p = 1000.

TABLE 2

Fized design. Average coverage and average length of confidence intervals (empirical
versions of (14) and (15)) for the basis pursuit solution B° in (12), for So and S§
separately. Nominal level equal to 0.95. Sample size n = 200 and dimension p = 1000

model || avg. coverage Sy | avg. coverage S§ | avg. length Sy | avg. length S§

(M1) 0.97
(M2) 0.95
(M3) 0.96
(M4) 0.96

0.98 1.68
0.97 0.41
0.97 3.26
0.96 0.95

1.69
0.41
3.27
0.95

high as for (M2) and (M4) ((shown for (M3), (M4) in Figure 3). Regarding the
lengths of the confidence intervals: we cannot confirm the asymptotic behavior
saying that they are equal for the same covariance model for the realized X and
the same error variances (e.g. (M1) and (M2)), regardless of the true underlying

nonlinear regression function.

It is important to interpret the obtained confidence intervals as described
in the last paragraph of Section 4: any solution of X3 = f° which is weak /,.-
sparse (0 < r < 1) or {y-sparse is fine and should be covered by the confidence
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TABLE 3
Conceptual summary of interpretation and required modification of the de-sparsified Lasso
procedure for misspecified high-dimensional linear model. The required assumptions for
asymptotic validity of the method are described in Theorems 1 and 2. In case of fixed design
where the true underlying regression function is linear with a corresponding sparsest “true”
parameter vector B9, the basis pursuit solution typically coincides with 3° (see compressed
sensing literature [7, cf.])

design interpretation of 89 | modification

random design | via projection in (6); modified variance in (7)
with model-free interp. described after (6);
Gaussian des.: active set property (Prop. 3)
fixed design any sparse solution of X3 = f° no modification
(e.g. basis pursuit solution in (12));

with standard interp. (since no misspecif.)

interval. Our findings in Figure 4 are for the basis pursuit solution only, and
the latter is not very sparse (see Figure 3). This doesn’t imply though that
there isn’t another solution 5° which is ¢,- or fy-sparse and whose components
would be covered well by the obtained confidence intervals. Unfortunately, the
latter statement is uncheckable due to the involved computational complexity;
in contrast to the findings for the basis pursuit solution which can be easily
computed with a linear program. Therefore, the somewhat negative findings
indicated in Figure 4 should be down-weighted.

6. Discussion

The current work offers a precise description of interpretation and (sufficient)
assumptions for inference in a misspecified high-dimensional linear model. The
following Table 3 summarizes the main points with respect to interpretation
and modification of the de-sparsified Lasso procedure. A modification of the
variance as in (7) is needed for the case of a random design misspecified model.
Such a modification seems always advisable for the random design case, as it is
consistent irrespective whether the model is correct or not and hence offers some
robustness against model misspecification; see Section 3.1.1. The conceptual
parts, as indicated in Table 3, will not change for generalized linear models as
one can link them to weighted linear regression. One should decide beforehand,
whether the inference should be performed with fixed X (or conditional on X)
or whether X is considered as random. The interpretation of the parameter 5%
(see Table 3) changes when the true underlying regression function is non-linear,
perhaps more dramatically than expected. For the special case of Gaussian
random design we have the interesting property that Sy C Syo (Proposition 3),
saying that if a variable is significant in the misspecified linear model, it must
be relevant in the true nonlinear model.

6.1. Sample splitting methods

Regarding other methods for construction of p-values and confidence intervals,
we briefly discuss sample splitting techniques [33]. Such procedures, including
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the preferred multiple sample instead of single sample splitting [24], can be used
for the random design misspecified case. The reason is that the sample splitting
device implicitly assumes the same probability distribution in split samples, and
this holds for random X (but typically not for fixed X) and implies the same
projected parameter $Y in (6) in split samples. If the linear model is correct
with the same sparse true $° for every sample point, sample splitting can also
be used for fixed design cases (because both split samples are from a fixed design
linear model with parameter vector 3°). However, for the fixed design model as
in (13), the issue is different since e.g. the basis pursuit solution 4% in (12) would
be different for every split sample.

A modification is necessary though for the misspecified random design case:
even for low-dimensional inference, which is what is used after screening for
variables in the first half of the sample, one has to use a modified estimator for
the variance, analogously to the estimator in (7) which is robust against model
misspecification.

7. Proofs
7.1. Proof of Theorem 1 for random design

We prove here the statement of Theorem 1 under slightly weaker assumptions
than in condition (A). In this section, X is always random and the parameter
A% as in (6).

7.1.1. Preliminary results

We show here that the following conditions hold:

(D1) maxyy; le" Xy/n| = Op(y/log(p)/n).
(D2) For either the nodewise Lasso in (2) or the square root Lasso in (3):

H%;Ow) = = op(1/+/log(p))).
(D3) [B(A) = Bl = op(1/+/10g(p)).

Lemma 1. For random X, assume (A2) and EleD]? < C < oo for some
constant C > 0 (the latter is implied by (A7)). Then, (D1) holds, that is:

max|e” X,/n] = Op(v/log(p)/n).

Proof. Using Nemirovski’s inequality [6, Lemma 14.24] we obtain:

E[ max |n~'e” X;[?] < 8log(2p)C3Cs/n = O(log(p)/n).

1<j<p

Thus, since E[7X;] = 0 and using Markov’s inequality:

Pl max |n 'e’X;|>¢c < E[ max |n 'eTX;[]/c
Jj=1,...p Jj=1,....p



High-dimensional inference in misspecified linear models 1467

< ¢E[j5q3_>_{yp|nleTXj|2]/c0< log(p)/n)/c.

This completes the proof. O
Lemma 2. For random X, assume (A1) and (A2).

1. Then, for \x = Da+/log(p)/n with Do sufficiently large, (A3) and (A4)
imply (D2).

2. If Ele®]? < C < oo for some constant C > 0 (the latter is implied
by (A7)), then for X = Diy/log(p)/n with Dy sufficiently large, (A5)
implies (D3).

Proof. The first and second statement can be proved analogously. For the first
one, due to (A3), the error when regressing X; versus X_; = {Xj; k # j} is
bounded.

When invoking the £p-sparsity assumptions (A4,b) or (A5,b), respectively,
we know that the compatibility condition holds (with compatibility constant
bounded away from zero) with probability tending to one: because of (A1), (A2)
and the £y-sparsity assumption [6, cf. Ch. 6.12]). Therefore, and using Lemma 1,
we obtain the statements invoking some oracle inequality for the Lasso [6, cf.
Th.6.1] or the square root Lasso [30, Th.1.4.2].

When invoking the ¢,-sparsity (0 < r < 1) assumptions (A4,a) or (A5,a),
respectively, we can use the result from Bithlmann and van de Geer [6, Th.5.3]
which leads to the following explicit result in van de Geer [30, Cor.1.4]:

18 = Bl = Op(Viog(p)/n  18°115/6(S™)),

where ¢(S*) is the compatibility constant for the set S* defined below; and
analogously for ||9; — 'yJQHL This applies not only for the Lasso but also for the
square root Lasso [29, Sec.5]. We need to argue that the compatibility condition
holds with probability tending to one, with compatibility constant bounded
away from zero, for the set S* (when proving the second statement),

S* = {j; 187] > C/log(p)/n}.

Due to the assumption on /,-sparsity we have that |S*| < (C/log(p)/n)~"||8°("
= o(y/n/log(p)). Therefore, due to (A1) and (A2), the compatibility condition
holds for S*, with compatibility constant bounded away from zero, with prob-
ability tending to one [6, cf. Ch. 6.12]). O

7.1.2. Proof

Denote by ZJQ =X, — X,]w?, analogously as in Section 3 but now for n x 1
vectors. We first analyze the behavior of the part ZJTE /m. We have that

Ele;: X1 = 0 Vk,
and hence E[(Z])"e] = 0.
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Proposition 7. Assume (A1), (A3), (A6) (only that wy,,;; > 0) and (A7).
Denote by w2, ; = E|5(0)Z;O)|2. Then:

e 29 /n

Vn

Note that p = py, is allowed to depend on n.

Proof. Denote by Wp,; = 61'ZJQ;Z-. Since Cov(e;, X;;) = 0 Vk, we have that
E[W,.] = 0. Furthermore, W1, ..., W), are independent. We verify the Lin-
deberg condition. For x > 0,

1
lim

2 /
— .
nmree wP%]] [Whp [>ky/nwp;j

= N(0,1) (n — o0).

Wpijij

2
W2dP = 0.

Assuming (A7,a), we invoke the dominated convergence theorem:
0
Wl T, 5y < Wal* < [€QPIZ)P < V2C3.
Because I(|W,| > ky/nw,,;;) =0 (n — o) in probability, and hence

(Wl Liw, 1> /iy, = 0P (1),

and because of the dominated convergence theorem we conclude that the Linde-
berg condition holds. Assuming (A7,b), we have that E|W,.;|*+? < E|g;|>t0C2T0
< C’5C§+5. The Lindeberg condition is then implied by the Lyapunov theo-
rem. o

Proposition 8 (with Z; instead of ZJQ). Assume (A1), (A3), (A6), (A7), (D1)
and (D2). Then:

€TZj/n

vn
Wp;jij

Proof. We only need to control the difference e’ (Z; — Z3)/n. We have that

= N(0,1) (n — o0).

|€7(Z] — Zj)/n| < max|e” Xyo/n| |55 =] ll1-
k#j

The statement then follows from Proposition 7 and invoking (D1) and (D2). O
Proposition 9. Assume (A2), (A3), (A6), (A7), (D1), (D2) and (D3). Then:

T
\/ﬁw@ — B9) = N(0,1) (n — 0).
Wp3jj
Proof. The statement follows by standard arguments as in van de Geer et al.
[31], requiring (D3), and using Proposition 8. For the case with the square root
Lasso in (3), the proof is analogous. One can easily show that ||Z;]|2/\/n =

\/IEI|ZJ(-O)|2 +op(1), due to (A2), (A3), and (D2), and IE|ZJ(-O)|2 is upper bounded
by (A3). O

Using the results from Section 7.1.1 and Proposition 9 establish the result
from Theorem 1. O
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7.2. Proof of Proposition 1

We write
Y (EiZi)? =0t (e + (i — @)X (20, + (Zga — Z90))%.
i=1 i=1
We then get

nfl Z(@Zm)z = 77,71 Z(€1ZJ()71)2 + A.
i=1 i

One can easily show that A = op(1) by using Holder’s inequality (for ¢1 — o
and Cauchy-Schwarz for ¢5 — £3) and invoking the following:

max |Z;-)ﬂ-| < (5 < oo due to (A3)
max |Zj,; — Zjoﬂ-| < max |X; ;|||%; — 7?“1 =op(1) due to (A2) and (D2),

& = el|3/n = [1X(8 = 8%)[I3/n = op(1)
due to (A2), [8%]1 = o(/n/log(p)) and (A7),

where the last bound follows from e.g. Bithlmann and van de Geer [6, Cor.6.1].
Therefore,

nt Z =EleVZ” +0p(1).
Furthermore, and snnpler to obtain:
—1252 50 = B0 Z + 0p(1) = 0p(1).
Due to (A6), the latter two displayed formulae complete the proof. |

7.3. Proof of Proposition 2

For statement 1, consider:

j=1
p P P p

< D O IE T < DO IS el T = ZII Deell7Tel”
j=1 ¢=1 j=11¢=1

< max [[(Z7 e[l IT]l7-

Furthermore, we have that maxy ||(X71)e¢||” < (maxy s¢+1)[| X717, and there-
fore statement 1 is complete.

Regarding statement 2, we use the following argument. Every point ¢ € Sp
can lead to at most s; + 1 non-zero values of the components of 8°, due to
formula (9). Hence we obtain both bounds for ||3°||S. O
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7.4. Proof of Corollary 1

The bound above for ||T'||3 follows by a similar argument as for statement 2. in
Proposition 2: every support point in Syo exhibits a dependence with at most
bmax X-variables: therefore there are at most bpax|Syo| non-zero covariances
between f°(X) and the X-variables. O

7.5. Proof of Proposition 3

It is well known that
8y = E[Z] f)(X)] = E[Z} f(Xs,,)].

)

) is the residual when projecting X](-O) onto XSOj =

Furthermore, since Z](-O
{X,EO); k # j} and due to the Gaussian assumption: Zj(«o) is independent of

0 .
(X k# 4}
Therefore, if j ¢ Sy, Z j(o) is independent also of X g;)o and therefore, using the

representation for 39 above: g7 = E[Z;O)]E[fO(Xsfo )] = 0, saying that j ¢ S°.
This proves the claim. O

7.6. Proof of Proposition 4

As mentioned already in the proof of Proposition 3 we know that Z;O) is inde-
pendent of {X,go); k # j}. Therefore, for j € Sk:

8) =EIZ" /(X)) = B2\ (f0(XE) + -+ X)) = B2 (X E)))

This means that we can obtain ﬁ? from projecting fO(Xé?C)) onto {XJ(O); j=
1,...,pk

v = argmingege Bl (XG)) = (X )75, (16)
and ﬂ? = ;. But we know from Proposition 3 that for the support of :
S(v) ={4; v; # 0} € Sk
Therefore, we can restrict the projection in (16) to the variables from Sy:
¥ = argmingegis, B (XG) — (XG)TBP,

and ﬁ? = Je(j), Where c(j) the index of the component in 4 which corresponds

to variable X ;0). This completes the proof. O
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7.7. Proof of Proposition 5

We write
1Z;113/n = 11Z313 /n + 11X =5 (35 = 4)I3/n + &,
Bl < 20127112/ VnllX—;(35 = 77)ll2/v/n. (17)
Due to (C1,i) we have that
||Z§J||§/n > (C'7/2 with probability tending to one. (18)

We can also establish, analogous to Bithlmann and van de Geer [6, Cor.6.1]
invoking (C1,iii), but now controlling maxj; |(Z§))TXk|/n = Op(4/log(p)/n)
(see Lemma 1 and using (C1,i) and (C1,ii)):

IX—;(%5 = 4)I3/n = op(1). (19)
By (17), (18) and (19) we complete the proof. O
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