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Abstract: It is common knowledge that Akaike’s information criterion
(AIC) is not a consistent model selection criterion, and Bayesian infor-
mation criterion (BIC) is. These have been confirmed from an asymptotic
selection probability evaluated from a large-sample framework. However,
when a high-dimensional asymptotic framework, such that the dimension
of the response variables and the sample size are approaching oo, is used
for evaluating the selection probability, there are cases that the AIC for
selecting variables in multivariate linear models is consistent, but the BIC
is not. The AIC and BIC are included in a family of information criteria de-
fined by adding a penalty term expressing the complexity of the model to a
negative twofold maximum log-likelihood. By clarifying the condition of the
penalty term to ensure the consistency, we derive conditions for consistency
of the AIC, BIC and other information criteria under the high-dimensional
asymptotic framework.
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1. Introduction

Let Y be an n x p observation matrix of p response variables, and let X be an
n X k observation matrix of k£ nonstochastic explanatory variables, where n is
the sample size, and it is assumed that n —p —k—1 > 0. In order to ensure the
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possibility of estimating the model, we also assume that rank(X) = &k (< n).
Suppose that j denotes a subset of w = {1,...,k} containing k; elements, and
X; denotes the n x k; matrix consisting of the columns of X indexed by the
elements of j. For example, if j = {1, 2,4}, then X consists of the first, second,
and fourth columns of X. Of course, it holds that X, = X and k., = k. Also,
we let k4 denote the number of elements of a set A, i.e., ka = #(A). Then the
following multivariate linear regression model with k; explanatory variables is
considered as the candidate model:

Y ~ N”XP(ngjv Ej ® In)a (11)

where ©; is a k; X p unknown matrix of regression coefficients, and 3; isa pxp
unknown covariance matrix. Here, A ® B denotes the Kronecker product of an
m X n matrix A and a p X ¢ matrix B, which is an mp X ng matrix defined by

a11B e CLlnB
A®B= : - :

amiB - amnB
where a;; is the (4, j)th element of A (see, e.g., [18, chap. 16]). In particular,

the model with X, (namely X) is called the full model. We will assume that
the data are generated from the following true model:

YNNHXP(XJ*®*72*®In)a (12)

where j, is a set of integers indicating the subset of explanatory variables in the
true model. Henceforth, for simplicity, we represent X; and k;, as X, and k.,
respectively.

The multivariate linear regression model of (1.1) is one of basic models of
multivariate analysis. This model is introduced in many multivariate statistical
textbooks (see, e.g., [31, chap. 9], [33, chap. 4]), and even now is widely used in
chemometrics, engineering, econometrics, psychometrics, and many other fields,
for the prediction of multiple responses from a set of explanatory variables (see,
e.g., [10, 24, 25, 40]). Since it is important to specify factors affecting response
variables in regression analysis, searching for the optimal subset j is essential.

Akaike’s information criterion (AIC), proposed by [1, 2], is widely used for
selecting the best model. The AIC was proposed as an asymptotic unbiased
estimator of the risk function assessed by the expected Kullback-Leibler (KL)
loss [20] under the assumption that the candidate model includes the true model.
One purpose of a model selection method based on the AIC is to choose a model
that makes the risk function small. For that purpose, using the AIC for model
selection will be asymptotically efficient when the true model is infinite (see,
e.g., [27, 29, 39]). A Bayesian information criterion (BIC) proposed by [26] and
a consistent AIC (CAIC) proposed by [6] are also widely used for model selection
purposes. It is a well-known fact that, when the true model is included in a set
of the candidate models, these two criteria are consistent in model selection, i.e.,
the probability of selecting the true model goes to 1 asymptotically, although
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for the AIC is not. When using the AIC for model selection, this inconsistency
property sometimes becomes a target for criticism, although the purpose of the
AIC is not to choose the true model. The inconsistency property of the AIC
is confirmed from the asymptotic probability of selecting the model, which is
evaluated from the following asymptotic framework that represents an ordinary
asymptotic procedure [11, 12, 22, 28]:

e A large-sample (LS) asymptotic framework: the sample size is approaching
oo under a fixed number of parameters. In this paper, lim,,_,», means a limit
as n — oo under the condition that the number of parameters is fixed.

In the case of multivariate linear models, although there are many bias-corrected
AICs for the risk function (see, e.g., [3, 14, 17, 37, 38]), such a bias-corrected
AIC is still not consistent for model selection.

In recent years, high-dimensional data analysis has been attracting the at-
tention of many researchers. It is known that the LS asymptotic framework
gives a poor approximation when the dimension is large. However, the following
asymptotic framework gives a better approximation than the LS asymptotic
framework when the dimension and the sample size are large, and sometimes
even when the dimension is not so large [13, 15, 16]:

e A high-dimensional (HD) asymptotic framework: the sample size and the
dimension of the response variables simultaneously approach oo under the
condition that ¢, , = p/n — ¢y € [0,1). For simplicity, we will write “(n, p) —
oo simultaneously under the condition that ¢, , — co” as “c,, — co”, and
lime, ,—¢, means a limit under the HD asymptotic framework. It should be
emphasized that we assume that p always goes to co in the HD asymptotic
framework. Hence, the notation ¢, ;, — 0 does not mean the LS asymptotic
framework.

When the HD asymptotic framework is used for evaluating the asymptotic
probability of selecting the true model, there is a possibility that the AIC can
become consistent. In fact, in this paper, we will prove that a variable selec-
tion method based on the AIC becomes consistent in multivariate linear models
under a HD asymptotic framework. The AIC is included in a family of informa-
tion criteria defined by adding a penalty term expressing the complexity of the
model to a negative twofold maximum likelihood. By clarifying the condition of
the penalty term to satisfy the consistency property, we will also prove that a
variable selection method based on the bias-corrected AIC (AIC,), as proposed
by [3], becomes consistent under more non-restrictive situation than that based
on the AIC, and those based on the BIC and the CAIC are not necessarily
consistent when ¢ € (0, 1). Additionally, we derive a sufficient condition to sat-
isfy the consistency of the family of information criteria under an asymptotic
framework such that the number of candidate models may approach oco.

In this paper, o(z), O(x), op(x), and Op(x) used in a vector or matrix having
finite dimension or size mean that the orders of all the elements in that vector or
matrix are o(z), O(x), op(x), and Op(z), respectively. Furthermore, the Landau
notations indicate the orders as n — oo under a fixed number of parameters
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when the LS asymptotic framework is considered. Meanwhile, those Landau
notations are also used for the orders as ¢y, — ¢y when the HD asymptotic
framework is considered. As stated already, we deal with not a strong consistency
but a weak consistency. Hence, throughout the paper, the word “consistency”
means weak consistency.

The remainder of the paper is organized as follows: In Section 2, we present
the necessary notation for evaluating an asymptotic selection probability. In
Section 3, the asymptotic probability of selecting the true model is calculated
under the HD asymptotic framework. In Section 4, we compare with variable
selection methods based on the AIC, AIC., BIC and CAIC by conducting nu-
merical experiments. In Section 5, we discuss our conclusions. Technical details
are provided in Appendix.

2. Preliminaries

In this section, we present and discuss the notation that we used for evaluating
the asymptotic selection probability. First, we describe several classes of the
set j. Let J be a set of candidate models denoted by J = {j1,...,Jjx}, where
K is the number of candidate models. We then separate J into two sets, one of
which is a set of overspecified models, candidate models that include the true
model, ie., J1 = {j € J|j« C j}, and the other is a set of underspecified
models that are not the overspecified models, i.e., 7 = J¢ N J. We use the
same terminology, “overspecified model” and “underspecified model”, as was
used by [14].

Estimations for the unknown parameters ®; and X; in the model (1.1) are
carried out by the maximum likelihood method, i.e., ®; and X, are estimated
by

R . 1
0, =(X;X;)"'Xj)Y, %= EY’(In - P)Y,

where Pj is the projection matrix to the subspace spanned by the columns of
X, ie., P; = X;(X}X;)"' X}. A family of information criteria in the model
(1.1) is

ICm(j) = L(j) + np(log2m + 1) + m(j), (2.1)

where £(j) = nlogdet(X;) and m(j) is a positive constant expressing a penalty
for the complexity of the model (1.1). An information criterion included in this
family is specified by an individual penalty term m(j). This family contains
AIC, AIC,, BIC and CAIC as a special case.

2{pk; +p(p+1)/2} (AIC)

m(]) _ 2n{pkj +p(p + 1)/2}/(n - kj —Dp— 1) (AICC) (2 2)
{pk; +p(p+1)/2} logn (BIC) '
{pkj +p(p+1)/2}(1 + logn) (CAIC)

When p = 1, the AIC, coincides with the bias-corrected AIC proposed by [32].
[9] showed that Sugiura’s bias-corrected AIC is a uniformly minimum-variance
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unbiased estimator (UMVUE) of the risk function consisting of the expected
KL loss when the candidate model includes the true model. By extending the
result to the multivariate case, this property can be proved even when p > 1.
The detailed proof is omitted because it can be obtained from the Lehman-
Scheffé theorem and the fact that @j and ﬁ]j are complete sufficient statistics.
Complete efficiencies of @j and flj can be derived by slightly modifying the
results of [30, pp. 18-20]. This property indicates that, for all the overspecified
models, the AIC. is better than the AIC at estimating the risk function. The
best subsets of w is chosen by minimizing IC,,,(j), i.e., it is presented as

Jm = argmin IC(j)-

Next, we describe a noncentrality matrix that plays a critical role for prov-
ing consistency. In fact, asymptotic behaviors of elements or eigen values of a
noncentrality matrix are one of important factors that determines whether an
information criterion is consistent or not. The noncentrality matrix is defined
by

», 20 X/ (I, - P)X,0,5, 7

In order to decompose the noncentrality matrix, the minimum overspecified
model including j is prepared as

J+=3Ujx (G €JT). (2.3)

If ]* iS arranged as .]* = {{]* ﬁj}, {j* mjc}}v (In - ‘PJ)X* = (Onykj*ﬁj7 (In -
P;) X, nje) is satisfied, where Oy, , is a k x p zero matrix. It is easy to see that
Xj.nje is a full column rank matrix because it is assumed that X is the full
column rank matrix. Hence, the rank of X/ (I,, — P;)X. is calculated as

I‘&Ilk(X:ﬁ(In — PJ)X*) = kj*ﬂjc = kj+ — kj < k*, (] (S j,)

This indicates that the rank of X/ (I,, — P;) X, is independent of p if k., is an
independent of p. Let the rank of the noncentrality matrix be denoted by ;. It
follows from the inequality rank(©,X,; @) < min{p, k.} and a knowledge of
an elementary linear algebra that

7; < min{rank(X.(I,, — P;)X.),rank(©,2,'0))} < min{p, k;, — k;}.

It notes that v; = k;, —k; if @, is a full row rank matrix. Since the noncentrality
matrix is a positive semidefinite matrix, and its rank is v;, it is decomposed as

. *e/ X/(I, - P)X.0.=.'/* =T;T, (2.4)

where I'; is a p X y; matrix. I'; is a full column rank matrix in the case of large p,
at least p > k.. If we assume that the orders of elements of X’X are O(n) and
elements of ®, and X, are independent of n, which are common assumptions
in papers dealing with an asymptotic theory on the regression model [14, 17],
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the orders of elements of I';T'; are O(n). Let (A)q, denote the (a,b)th element
of a matrix A. Notice that

p i

> (TT))aa = tr(T;TY) = tr(T)T;) = > (T)T;)aa.

a=1 a=1

Hence, if we assume that all the orders of the elements of I';I"; are O(n), all the
orders of the elements of 1";- I'; are uniformly equal, and +; is constant, then all
the orders of the elements of T'/T'; are O(np). From this fact and the inequality
{(TTj)ap}? < (T)T)aa(T5T)b, (T5T;)ap = O(np) is obtained. Consequently,
it is natural to assume that I';I'; = O(np) when X'X = O(n) is assumed.

Let Aj1 > -+ > Aj,, > 0 be eigen values of I';T';. In order to evaluate
the probability of selecting the model j by the IC,,,, we introduce the following
assumptions:

Assumption 1. The true model is included in the set of candidate models, i.e.,

Jj«€J.

Assumption 2. lim, .o n ' X’'X = Ry exists and is positive definite, and
lim, s n_lI‘jI‘; = W, exists and is not the zero matrix for
all j € J_.

Assumption 3. For all j € J_, ; is constant, and limsup, . (np)~tAj1 <
oo and liminf., e (np)~'A; 4, > 0.

For Ry in assumption 2, we write a limiting value of n_lX]‘Xg as Rj o for
Jj,¢ € J. It is clear that R;, is a submatrix of Ry, and R, also exists if
Ry exists. Moreover, it notes that ¥, ¢ still depends on p because ¥; ¢ is the
convergent value under the LS asymptotic framework.

3. Main results

In this section, we evaluate an asymptotic probability of selecting a model by
the IC,, in (2.1). First, we describe the asymptotic selection probabilities of
selecting the true model j. under the ordinary asymptotic framework, i.e., the
LS asymptotic framework. Using the ideas of [11, 12, 22, 28], we obtain the
following Theorem 3.1 (the proof is given in Appendix A.1):

Theorem 3.1. Suppose that assumptions 1 and 2 hold. A wvariable selection
method based on the IC,, is consistent when n — oo if the following conditions
are satisfied simultaneously:

Cl1-1. Forall j € J_,

C1-2. For all j € J\{j«},
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If one of the above two conditions is not satisfied, a variable selection method
based on the IC,, is not consistent when n — oo. Additionally, when m(j) =
O(1) as n — oo and lim, oo {m(j) — m(€)} = pmo(k; — ke) for all §,0 € T+,
the asymptotic probability of selecting the model j by the IC,, is

lim P(im = ])

n—oo

P(Neeg\ 5y (2eze — 25z5) < mop(ke — kj)) (G € T4) 7

—-1/2 —1/2 .
where zj ~ Ni;p(Ok;p, Ir,;p), Covlzj, 2] = I, ® RjJ)/0 Rj1410R4,4,6 , and 0y, is
the p-dimensional zero vector.

These results include the results of [22, 35] etc. as a special case for p = 1.
Theorem 3.1 points out a well-known fact that, when n — oo, the AIC and
the AIC, are not consistent and the BIC and the CAIC are consistent in model
selection. However, when behaviors of the information criteria are evaluated
under the HD framework, we obtain new properties, as in Theorem 3.2 (the
proof is given in Appendix A.2).

Theorem 3.2. Suppose that assumptions 1 and 3 are satisfied. Then, a variable
selection method based on the IC,, is consistent when c, , — co if the following
conditions are satisfied simultaneously:

C2-1. For all j € J_,

i U) =m0 o
Cn.p—C0 nlogp
C2-2. For all j € T \{J.},
— 1
m MmO L log(1— o).
Cn,p—Co p Co

If the sign “>7 becomes “<” in one of the above two conditions, a variable
selection method based on the 1Cy, is not consistent when ¢, , — co.

It notes that lim. o c™!log(1—c) = —1 and ¢~ log(1 — ¢) is a monotonically
decreasing function in 0 < ¢ < 1. From Theorem 3.2, consistency properties
of specific criteria are clarified as the following corollary (the proof is given in
Appendix A.4):

Corollary 3.1. Suppose that assumptions 1 and 3 are satisfied.

(i) When ¢y, — co, a variable selection method based on the AIC is consistent
if co € [0,¢a), and is not consistent if co € (ca, 1), where ¢, (= 0.797) is a
constant satisfying

log(1 —¢a) +2¢, = 0. (3.2)

(i) When ¢y, p — co, a variable selection method based on the AIC, is consis-
tent
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(i9) When cnp — co, variable selection methods based on the BIC and the
CAIC are consistent if co € [0,¢c), and are not consistent if ¢y € (cp, 1),
where ¢, = min{l, min;es v;/(ks — k;j)} and S— = {j € J_|k. — k; > 0}.

Corollary 3.1 shows that, there is no restriction of ¢y in the condition for
consistency of the AIC, although it is restricted in the AIC. This indicates that
it is possible that the bias correction to the risk function has a positive effect on
selection of the true model. Moreover, Corollary 3.1 indicates that the BIC and
the CAIC are not always consistent in variable selection when ¢,, ,, = ¢o. If ©, is
the full row rank matrix, v; becomes k;, —k;. Since co < 1 and k;, —k; > k. —k;
for all j € S—, v; > co(k« — kj) is satisfied if ©, is the full row rank matrix.
In contrast, if ¢o = 0 then v; > co(k.« — k;) is satisfied. Therefore, we can see
that variable selection methods based on the BIC and the CAIC are consistent
as ¢p,p — ¢o if O, is the full row rank matrix, or ¢, ;, converges to 0. However,
if ®, is not the full row rank matrix and ¢o € (0,1), we cannot determine as
if variable selection methods based on the BIC and the CAIC are consistent as
Cn,p — Co-

In order to clarify the condition to ensure inconsistency, assumption 3 is as-
sumed in Theorem 3.2, i.e., we assume that the orders of eigen values of I‘;I‘j
are uniformly the same and +; is independent of n and p. If the aim is only
to derive a sufficient condition for consistency, such a strong assumption like
assumption 3 is unnecessary. In fact, for evaluating consistency, there is no need
to assume the same orders for all the eigen values of I‘;- I';. Whether an informa-
tion criterion is consistent strongly depends on the orders of divergence speeds
of several eigen values. Hence, we clarify condition of the orders of divergence
speeds of eigen values of I‘;I‘j to ensure a consistency. In addition, most re-
cently, many researchers pay close attention to “big data analysis”, and thus
study on a theory of a variable selection when the number of candidate models
approaches co (see, e.g., [19]). Hence, we derive a sufficient condition for the
consistency by using the following asymptotic framework:

e A high-dimensional and large-model (HD-LM) asymptotic framework: the HD
asymptotic framework under the condition that the following equations are
satisfied: L

J 3 1

max - —0, “1>0st K=o(p), (3.3)
where K is the number of candidate models. In the HD-LM asymptotic frame-
work, p always goes to oo, and it makes no difference whether K is constant
or K goes to co. This indicates that the HD asymptotic framework is a spe-
cial case of the HD-LM asymptotic framework. For simplicity, we will write
“(n,p) — oo simultaneously under the HD-LM asymptotic framework” as
“cp,p — co under LM”, and lim,,, ,—¢,,Lm and lim infcmpﬁcO,LM mean a limit
and a limit inferior under the HD-LM asymptotic framework, respectively.

Theorem 3.3. Suppose that assumption 1 holds. A wvariable selection method
based on the IC,, is consistent under the HD-LM asymptotic framework if the
following conditions are satisfied:
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C3-1. For sufficiently large n, there exist positive constants 61, 62 such that for
all j € J- there exists an integer q € [1,7;] such that \j,/q* > n% and

Bj.a
n—p—kj, +(q+1)/2

log - qin{mm) —m(§)} > b,

where jy is given by (2.3), v; = rank(L';), and B; 4 is the geometric mean
of the largest q eigen values of I‘jI‘;, i.e

B = (T2 M) e (3.4)

C3-2. For sufficiently large n, there exists a positive constant 0 such that for all
J € Ji\{i},

m(j) — ( R
o — k) + o log (1 —cpp) > 0.

The proof is given in Appendix A.5. Roughly speaking, the existence of ds in
condition C3-1 is related to the order of noncentrality matrix. Assumption 3 is
equivalent to the condition that the orders of all the eigen values of I‘;-I‘j are
O(np). However, the condition \;,/q? > n° indicates that the orders of the
eigen values of I‘;-I‘j do not need to be the same orders uniformly. Moreover,
in Theorem 3.3, ks, v; and K do not have to be bounded. Hence, Theorem 3.3
can be applied to more non-restrictive situations than Theorem 3.2.

Although we have derived sufficient conditions for consistency in Theorem
3.3, it is hard to check from the conditions whether an information criterion
considered is consistent. Hence, in order to establish an easy-to understand
formula, we rewrite the conditions by using a limit inferior. Besides, by using
1 as ¢, we simplify condition C3-1 although the sufficient conditions become
restrictive.

Corollary 3.2. Suppose that assumption 1 holds. A variable selection method
based on the IC,, is consistent under the HD-LM asymptotic framework if the
following conditions are satisfied:

log )\j11
logn

C3-1'. infje s liminf.,  coLm >0, and

inf  liminf {logE - w} > log(1 — ¢o).
n

j€I— cn,p—rco,LM n

C3-2. infje 7 \yj.y iminf.,  coLm W > —% log (1 — o).

The proof is given in Appendix A.9. It notes that not “min” but “inf” is
used for conditions C3-1" and -2 because the number of candidate models may
go to oo. Although we cannot check whether condition C3-1’ is satisfied from an
actual data, we can derive the order of the divergence speed of the maximum
eigen value of I‘; T'; to ensure a consistency. If the size of the order is small, we
can consider that a possibility that an information criterion is consistent is high.
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Hence, the size of the order helps to assess a quality of an information criterion
in the sense of a possibility to have consistency.

Even if k. is not bounded, Theorem 3.3 and Corollary 3.2 hold. However,
in order to clarify the sufficient conditions to ensure consistency, we consider
the simple case that k. is bounded. Then, conditions to satisfy consistency
properties of specific criteria are simplified as the following corollary (the proof
is given in Appendix A.10):

Corollary 3.3. Suppose that assumption 1 is satisfied, and k. is bounded.
(i) A wvariable selection method based on the AIC is consistent when ¢, , — co

under LM if ¢y € [0,¢a) and

Aj1
inf liminf log =2~ > log(1 — 2k..co, 3.5
LAk or Ty > losll o)+ 2k 39

where ¢, is the constant given by (3.2).

(7) A variable selection method based on the AIC. is consistent when ¢, , — co
under LM if

. . Aj 1 1

jler\le, cn,ligclﬁgM log > log(1—co) + kco { T + o) } . (3.6)

(#7) Variable selection methods based on the BIC and the CAIC are consistent
when ¢, p, — co under LM if

inf liminf M

> k. 3.7
JET- cn,p—rco, LM logn 0 (3.7)

An example of the noncentrality matrix is shown in Appendix A.11. From Cor-
ollary 3.3, we can see that the AIC, is consistent if lim,, , co,Lm log(Aj1/n) =
oo, and the BIC and the CAIC are consistent if lim., ,co,Lmlog(Nj1/n)/
logn = oo. Moreover, the AIC is consistent if cg < ¢, and lime,, ,sco,Lm log(Aj,1/
n) = oo. Hence, the AIC and the AIC. has a superiority over the BIC and the
CAIC in the sense of a possibility to have a consistency. Moreover, although the
AIC is consistent under the restriction cg < ca,, there is no such a restriction
in AIC.. Consequently, we can judge that the AIC. has a superiority over the
AIC, BIC and CAIC in the sense of a possibility to have a consistency.

4. Numerical study

In this section, we compare with the probabilities of selecting the true model by
AIC, AIC,, BIC and CAIC in (2.2), which were evaluated by Monte Carlo
simulations based on 10,000 replications under several different values of n
and p. A set of candidate models was J = {j1,...,Jr}, where j, = {1,...,a}
(=1,...,k). A 1000 x 156 matrix M®(156)'/? was generated, where an each
element of M was independent and identically chosen from U(—1,1), and ®(q)
is a ¢ x ¢ symmetric matrix whose the (a, b)th element was defined by (0.8)/%l,
Using this matrix, we constructed an n x k matrix of explanatory variables X as
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TABLE 1
Selection probabilities of the true model (%)
Case 1 Case 2 (co = 0.02)

n p k| AIC AIC. BIC CAIC p k| AIC AIC. BIC CAIC
100 2 10| 75.8 84.5 98.7 99.5 2 10| 758 845 98.7 99.5
200 2 10| 79.0 832 99.5 99.9 4 10| 8.0 90.3 99.9 100.0
500 2 10| 794 812 99.8 99.9| 10 10| 96.3 974 100.0 100.0

1000 2 10| 79.1 799 999 100.0| 20 10| 99.3 99.6 100.0 100.0
2

10| 80.2 80.2 100.0 100.0| oo 10| 100.0 100.0 100.0 100.0
Case 3 Case 4 (co = 0.1)

n p k| AIC AIC. BIC CAIC p k| AIC AIC. BIC CAIC
100 | 10 10| 929 99.3 100.0 100.0| 10 10| 929 99.3 100.0 100.0
200 10 10| 95.1 983 100.0 100.0| 20 10| 98.6 99.9 100.0 100.0
500 | 10 10| 96.3 97.5 100.0 100.0| 50 10| 100.0 100.0 100.0 100.0

1000 | 10 10| 96.5 97.1 100.0 100.0 |100 10| 100.0 100.0 100.0 100.0
oo | 10 10| 96.8 96.8 100.0 100.0| oo 10| 100.0 100.0 100.0 100.0
Case 5 Case 6 (co = 0.3)

n p k| AIC AIC. BIC CAIC D k| AIC AIC. BIC CAIC
100 | 30 10| 970 40.1 0.0 00| 30 10| 97.0 40.1 0.0 0.0
200 | 30 10| 99.4 100.0 100.0 55.8 | 60 10| 99.8 100.0 0.0 0.0
500 | 30 10| 99.7 100.0 100.0 100.0 | 150 10 | 100.0 100.0 0.0 0.0

1000 | 30 10| 99.8 99.9 100.0 100.0 | 300 10| 100.0 100.0 0.0 0.0
co| 30 10| 99.9 99.9 100.0 100.0| oo 10| 100.0 100.0 0.0 0.0
Case 7 (co = 0.0) Case 8 (co = 0.0)
100 | 30 10| 970 40.1 0.0 00| 30 10| 97.0 40.1 0.0 0.0
200 | 32 10| 99.4 100.0 100.0 15.8| 40 10| 99.8 100.0 59.5 0.0
500 | 35 10| 99.9 100.0 100.0 100.0| 50 10| 100.0 100.0 100.0 100.0
1000 | 40 10 | 100.0 100.0 100.0 100.0| 60 10| 100.0 100.0 100.0 100.0
oo | oo 10| 100.0 100.0 100.0 100.0| oo 10| 100.0 100.0 100.0 100.0
Case 9 (co = 0.1) Case 10 (cop = 0.1)
100 | 10 10| 929 99.3 100.0 100.0| 10 10| 929 99.3 100.0 100.0
200 20 14| 98.8 999 100.0 100.0| 20 31| 98.7 100.0 100.0 100.0
500 | 50 22 |100.0 100.0 100.0 100.0| 50 84| 100.0 100.0 100.0 100.0
1000 | 100 31 | 100.0 100.0 100.0 100.0 | 100 156 | 100.0 100.0 100.0 100.0
oo | oo oo | 100.0 100.0 — — | oo oo 100.0 100.0 — —
Case 11 (co = 0.3) Case 12 (co = 0.3)
100 | 30 10| 970 40.1 0.0 00| 30 10| 97.0 40.1 0.0 0.0
200 | 60 14| 99.8 100.0 0.0 0.0 60 31| 99.7 100.0 0.0 0.0
500 | 150 22 | 100.0 100.0 0.0 0.0 | 150 84 | 100.0 100.0 0.0 0.0
1000 | 300 31 | 100.0 100.0 0.0 0.0 | 300 156 | 100.0 100.0 0.0 0.0
oo | oo oo |100.0 100.0 — — | oo oo | 100.0 100.0 — —

a submatrix of M ®(156)'/2 from rows 1 to n and columns 1 to k. The true model
was determined by @, = (1,1,3,-4,5)'1}, j. = {1,2,3,4,5}, and 3. = ®(p),
where 1, was the p-dimensional vector of ones. Thus, j, with o =1,...,4 was
the underspecified model, and j, with o > 5 was the overspecified model.

In our numerical study, 7; = 1 and max;cs_ (k. — k;) = 4 hold. This implies
that when ¢ > 1/4, the inequality v, > co(k. — k;) was not always satisfied
for all j € S_. Thus, the BIC and the CAIC were not consistent in variable
selection when ¢o > 1/4 under the fixed k.

Table 1 shows the probability of selecting the true model by the AIC, AIC,,
BIC, and CAIC. For n = oo or p = oo, we list the theoretical values obtained
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from Theorems 3.1, 3.2 and 3.3. A symbol “—” means that theoretical values
are unclear because the sufficient condition for consistency does not hold. In the
table, Cases 1, 3, and 5 are the results when n — oo under fixed p and k = 10,
and Cases 2, 4, 6, 7, and 8 are the results when (n,p) — oo under a fixed k = 10
and with ¢y = 0.02,0.1,0.3,0.0, and 0.0. Moreover, Cases 9, 10, 11 and 12 are the
results when (n,p) — oo and with ¢g = 0.1 and 0.3, and k = 10 + [n'/2 — 10'/?]
and k = 10 + [n3/* — 10%/4], where [ ] is the Gauss’ symbol. From the table, we
can see that in the cases of the AIC and the AIC,, the greater the dimension and
sample size considered, the greater the probabilities became. Compared with the
results obtained from the AIC and the AIC,, probabilities by the AIC. tended
to be higher than those by the AIC when n was not small. In the cases of the
BIC and the CAIC, the greater the dimension and sample size considered, the
higher the selection probabilities became, with the exception of Case 6. This
was because variable selection methods based on the BIC and the CAIC were
not consistent in Case 6. Additionally, when n was small and p was large, the
selection probabilities of the BIC and the CAIC were both very low. However, if
the BIC and the CAIC were consistent in variable selection, these probabilities
became high as n and p increased. Moreover, we can see that above tendencies
were satisfied even if the number of explanatory variables becomes large.

We simulated several other models and obtained similar results. Since the
theoretical difference between using the AIC and the AIC. occurs when ¢, , >
0.8, we should list the numerical results for such a case. However, when ¢, , is
close to 1, the convergence of selection probabilities was extremely slow. Thus,
we do not show simulation results for dimensions close to the sample size.

5. Conclusion and discussion

In this paper, we demonstrated that there is the case that the AIC for the
multivariate linear regression model is consistent in variable selection when we
approximate the probability of selecting the true model using the HD asymptotic
framework. Although the AIC becomes consistent under the restriction ¢y < ¢,
the AIC, becomes consistent without the restriction of ¢g. This indicates that it
is possible that correcting the bias to the risk function may have a positive effect
on the selection of the true model. It is a well-known fact that variable selection
methods based on the BIC and the CAIC are consistent if we approximate
the probability of selecting the true model using the LS asymptotic framework.
However, we found that there is a possibility that the BIC and the CAIC become
inconsistent if we approximate the probability of selecting the true model using
the HD asymptotic framework.

It is known that the LS asymptotic theory gives a poor approximation when
the dimension is large. The HD asymptotic theory gives a better approxima-
tion than the LS asymptotic theory when the sample size and the dimension
are large, and sometimes even when the dimension is not so large. Hence, the
consistency property of the AIC that we demonstrated will be useful for high-
dimensional data analysis. Usually, the HD asymptotic theory is used to improve
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the approximations of the distributions of statistics. However, the results in this
paper suggest a possibility that new insight can be provided by applying the
HD asymptotic theory to high-dimensional data.

From the simulation study, we found that, the larger the dimension and sam-
ple size considered, the higher the selection probabilities became. This numerical
result naturally implies that using multiple response variables at the same time
as the model selection can increase the probability of selecting the true model.
In other words, we should not select variables using only each response variable.
That is a strong reason to apply the model selection procedure based on the
multivariate linear regression model to high-dimensional data.

In this paper, we considered the case of n > p because ﬁ)j becomes singular
when p > n. Unfortunately, n > p is not always satisfied in the actual data.
If our results can be extended to the case of n < p, we clarify the conditions
to satisfy consistency property in many infinite-dimensional statistics, e.g., the
time series analysis (see [4, 5]), spatiotemporal geostatistical analysis (see [7, 8])
and functional data analysis (see [23]). The singularity of 33; can be avoided by
using a ridge-type estimator of the covariance matrix, as demonstrated by [36].
We can expect that an AIC consisting of such a ridge-type estimator will be
consistent in model selection.

Appendix
A.1. The proof of Theorem 3.1

Recall that the LS asymptotic framework is used for proving Theorem 3.1. We
can see that ﬁ)j LN 3. as n — oo holds when 7 € J; and ﬁ]j N 21/2\151021/2—1-
3, as n — oo holds when j € J_, where ¥, = lim,_, n’lI‘jI‘;- and T';
is given by (2.4). Notice that ¥;, is a positive semidefinite matrix. When
limy, oo {m(j) — m(j<)}/n =0 for all j € J_, we have

1
~{ICm(j) ~1Cm(j.)} 2 log det(212W; 21/ + %,) — log det(,)
= logdet(I, + ¥; ) > 0.

This result implies that lim, . P(IC,,(j«) > 1C,,(5)) = 0 for any j € J_.
Thus, we obtain

n—r00

0 (jeJ) (A1)
T\ lm P(Oeeg gy {1 (0 > 1Cn()}) (G € J4) -

From here to the end of proof, we assume j,¢ € J;. Let V and Z; be the p x p
and the k; x p matrices defined by

V= (E€-ul), Z;=(X!X;) VXIE,
n



882 H. Yanagihara et al.

where

£=(Y-X,0,)%; "% (A.2)

It is well known that V' has an asymptotic normality as n — oo, and Z; ~
Ny, xp(Og; p, I, p). Furthermore, using

12 o 1 1
NS P SRR ~£'(I, - P))E = ~(£'€ ~ Z}Z)),

we have

—1/2¢ w172 1 1

From the above expression, the first term of the 1C,,(j) can be expanded as
L(j) = nlogdet(X,) + vntr(V) — {tr(V?)/2 + tr(Z} Z;)} + Op(n~'/?).

Let z; be a kjp-dimensional random vector defined by z; = vec(Z;), where
vec(A) is an operator that transforms a matrix to a vector by stacking the first
to the last columns of A, i.e., vec(A) = (a},...,a),) when A = (ay,...,an)
(see, e.g., [18, chap. 16.2]). Then, it follows from the expansion and the equality
tr(Z}Z;) = zjz; that

IC, (€) = 1C(j) = —(zp2e — 2525) + m(L) —m(j) + Op(n_l/z). (A.3)

Hence, when lim,,_,..{m(j) — m(j«)} = oo holds for all j € J;\{j.} we derive
1

m(j) —m(j)

On the other hand, when lim, .. m(j) = mo{pk; + p(p + 1)/2} < oo holds,

limy, oo {m(€) —m(j)} = mop(ke — k;) is satisfied. Consequently, by combining
this result, and (A.3) and (A.4) with (A.1), Theorem 3.1 is proved.

{1C,,(4) = IC,(4.)} 2 1 > 0. (A.4)

A.2. The proof of Theorem 3.2

At first, we describe the lemma which is used for proving Theorems 3.2 and 3.3
(the proof of lemma is given after this subsection).

Lemma A.1. Let T = —I(pq)~*log A where A is distributed according to the

Wilks’ lambda distribution Aq(p,l+ q), and let Hgf) be the sth order cumulant
of T. Suppose that p/l — « (constant) and q/l — 0. If a > 0 then

1
mgpl) — —log(1 + a),
a

(ql)* 'k — M {1 - (1 i C>S_1} (#=22)

If o =0 then Ii(Tl) — 1 and (pq)s’lngf) — 257Y(s —1)!. Hence whether o =0 or
a > 0 for any positive integer m and any positive value 0,

PT — 5P| > 8) < o BT — s8] = O(pa) ™).



A consistency property of the AIC 883

Recall that the HD asymptotic framework is used for proving Theorem 3.2.
First, we consider the case of j € J_. Let

A = (I, - P)X,0,5, /2

Notice that rank(.A;) = ; because A}A; = T';T; and rank(T';) = v;, where T';
is given by (2.4). By using a singular value decomposition, .A; can be rewritten
as

A; = H,L/*G),

where H; and G; are n x 7; and p X y; matrices satisfying HJ’H7 = I, and
G;-Gj = I, respectively, and L; is a ; X ; diagonal matrix whose diagonal
elements are squared singular values of A;. By using \A; and & given by (A.2),
we have

nE P B =W W+ W, a3 S S0P =W, (AB)
where
Wy =E(I, - P, )€, Wy=E(P;, — H;H] - P)E,
W3 = (Aj + 5)/HjHJI-(Aj +&).
It follows from the equations Pj, X, = X, and P;P;, = P; that
AP, =30 X\(P;, - P) = %20 X/ P; (I, - P))
=x."?e.X(I, - P) = A,

Using this result and AP; = O, ,, yields H,P; = O, , and H}P;, = Hj.
These imply that

Hng(In —P;,) =0y, HjH;(Pj+ — HjHJ’- — Pj) =0, »,
(I, — P;, )(P;, — HJ-HJ’» — P;) =0, ,,

(P, ~ HH]~ P, = P, — H,H - P,

From the above results and the multivariate version of the Cochran theorem
(see, e.g., [30, chap. 2.8]), we can see that Wi, Wy, and W3 are p X p mutu-
ally independent random matrices distributed according to the Wishart or the
noncentral Wishart distributions;

W1 ~ Wp(n — kj+,Ip), WQ ~ Wp(dj,Ip), W3 ~ Wp(’}/j,Ip;I‘jI‘;), (AG)

where d; = kj, — k;j — ;. It follows from (A.5) and (A.6), and the property of
the Wishart distributions (see [16, p. 57 th. 3.2.4]) that

det(W7 + Wy + Wg) +log det(W1 + Wg)
det(W1 + WQ) det(Wl)

og det(Ul) _ log det(Ug)
det(U; + Us) det(Us + Uy)’

{LG) ~ £(+)) = los
(A7)
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where U;, Us, Us, and U, are random matrices distributed according to the
Wishart or the noncentral Wishart distributions;

UlNW’Yj(n_kj_p’I’Yj)v U2NW ( vaI‘I‘)

(A.8)
Us ~ Wa,(n—kj —v; —p,La;), Uy ~ Wy, (p, I, ).

Here, U; and U, are mutually independent, and Us and U, are also mutually
independent. When ¢,, , = ¢o € [0,1), we have

1 v 1

1
— U, =>1r,,, —U. £>Id., Uy £>Id.. A9
n—k;—p 1 Vi n—kj—v;,—p 3 ¥ » 3 ( )

From the definition of the noncentral Wishart distribution, a different expression
of Uy is given as Uy = (Z +T';)(Z +T;), where Z ~ Npx~,(Op.;, Ipy,). Let
IT;)'/? = A;. Then, we have

ATUAT =AY (Z'Z+TZ+ 2T+ A%) A (A.10)

Recall that that limsup,, . npA; i < o0 is derived from assumption 3. It
follows from the above result and E [Z' Z] = pI,, that

B i (A'2'2487")] = pir(A;?) < 7 0.
D575

This equation implies that
- —1 P
AT'Z'ZAT S0, (A.11)

Moreover, it is easy to see that E[I';Z] = O,, ,, and E[Z'T;] = O,, ,,, and

Eltr {(A7'T,ZA7 Y (AT'T,ZA5 Y] = tr(L,)r(A %) < 4 0.
7Y
These equations imply that
AT ZATY B0, AT'ZT,ATN B O, (A.12)

From (A.10), (A.11) and (A.12), we derive the convergence in probability of
ATUAT as

AT'TLATT B L (A.13)
Notice that

n—kj —p)y

E [tr (A;lUlA]fl)] (n —k; —p)tr(A; 3 < ( — 0.

)‘J}’Yj
This equation implies that

AT'thaTt B o, (A.14)
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Combining the equations (A.9), (A.13) and (A.14) yields

AT UL +TL)ATN B T

Vi

1 1
(Us +Uy) 5 1

_— I..
n—kj—vy—p —c

Using the results of the convergence in probability, the first and second terms
in (A.7) are expanded as

det(U;) p v C1A2
log U, 1 00) log (1 E—— + log det{(np)” " Aj}

det{U:/(n — k; —p)}
det{A; (U + Uy)A; '}

= v;logp — yjlog(1 —¢o)

+ logdet{(np)_lA?} + 0p(1), (815)
and
e det@s) o det{Us/(n—k; — 75— p)}
BAet(Us +Uy) P det{(Us + Un)/(n—k; — v, —p)}
= —d;log(1 — cp) + 0p(1). (A.16)

Notice that

Ajny: 1 N
v; log ( MJ> < logdet (—A?) < yjlog ( J,1> '
np np np

It follows from the above result and assumption 3 that

1 1
liminf log det (—A?) >0, limsuplogdet (—Az) < 0.
np np

J
Cn,p—>C0 Cn,p—>Co

Therefore, we have
log det { (np)~* A2 }
logp

— 0.

Using the above equation after substituting the equations (A.15) and (A.16)
into (A.7) yields
1

nlogp

Using the same idea as in the derivation of (A.16), it can be shown that

{£() = L(j+)} =75 > 0. (A.17)

1

Togp (£U+) — £} 0. (A.18)

From the results (A.17) and (A.18), when condition C2-1 holds, the difference
between the information criteria of the model j and the true model j, is con-
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vergent as

1

nlogp
- migp{ﬁ(ﬁ — L(j+) + L(G) = L) +m) —m(j.)} (A.19)

{ICm(j) — ICm(ji)}

24 lim m(j) —m(j)

> 0.
Cn,p—rCo nlogp

Next, we consider the case of j € J,. Notice that
nE PSS Wy (n =y, 1), nEs S S0P o W (n = ke, 1),

It follows from the property of the Wishart distributions (see [16, p. 57 th.
3.2.4]) that
£(j) — £(j.) = nlogA, (A.20)

where A is distributed according to the Wilks’ lambda distribution A, (p,n —
k. —p) and r; = kj — k.. By using Lemma A.1, we have

L) - 2000} = () (R S g

n—Fke—p—rj prj

—1
P Tj Co Co T
- — 1 1 = —log(1 — ¢p).
1—00 (1—60) Og( + 1—Co> Co Og( CO)

Therefore, when condition C2-2 holds, the difference between the information
criteria of the model j and the true model j. is convergent as

%{Icmm 1)} = }9 (L() - £G.2) +m() — m(G.))

2l log(l —¢p) + lim 77%(]) —m{j-)
Co Cn,p—>C0 P

> 0.

Consequently, from (A.19) and (A.21), Theorem 3.2 is proved.

A.3. The proof of Lemma A.1

The limiting values are easily obtained by using the following bounds for the
cumulants of —log A. Let £(*) be the sth cumulant of —log A then

b(s)(l—i— 1,p,q) < k) < b(s)(l —-1/2,p,q9), (s=1,2,...),

l l+p l+q
b (1, p,q)=1llog | — ) = (1 log (| —— ) —qlog [ ——— ),
t.pq) Og(l+q) (t+2) Og(l+p+q) qog(l+p+q)

b (1, p,q) = 21 {1+¢},
(I,p,q) = 2log Trp o

2571(5 _ 3)| l s—2 l s5—2 l s—2
(s) =2 () - TTria
(1, p,q) = {1 (l+q) (l+p) +(l+p+¢1> '
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These bounds for s > 2 are given by [34]. The bound for (") is also obtained by
using the same method. The order of the 2mth order central moment is given
by

3

(s1) Sz)

Z KT zm:O ((pq) —(2m— z)

=1 ' s1+--+s;=2m
§122,...,8122

E[(T 1) 2m

A.4. The proof of Corollary 3.1

Recall that the HD asymptotic framework is used for proving Corollary 3.1.
First, we consider the cases of the AIC and the AIC,. Notice that m(j) —m(j.)
in the AIC. can be expanded as

p(k; — k)2 —cnp—1/n)
~cny— (& + D/n}{1— ey — (kx + D/n)
(ks = )2

— Cnp)P -1
= +O(pn™).
(1—- Cn,p)2

Hence, differences between the penalty terms of the AICs and the AIC.s are
convergent as

m(j) —m(ji) =
{1 (A.22)

empico nlogp{m(j) —m(j)} = 0.

This indicates that condition C2-1 holds in AIC and AIC.. Furthermore, it
follows from the equality (A.22) that

20k — k) (AIC)
cnljﬁco;{m( 7) = (3*)}—{ (k= k{1 = o) + (1= )2} (AIC,)

Notice that ¢ !log(l —¢) +2 and ¢ 'log(l —¢) + (1 —¢)~ ' + (1 — ¢)~2 are
monotonically decreasing and increasing functions in 0 < ¢ < 1, respectively.
Hence, when j € J\{j.}, the penalty terms in the AIC. always satisfy condition
(C2-2 and these in AIC satisfy condition C2-2if ¢y € [0, ¢a), where ¢, is a constant
satisfying log(1 — ¢,) + 2¢, = 0.
Next, we consider the cases of the BIC and the CAIC. When j € J:\{j.},
the differences between the penalty terms of the BICs and the CAICs are
i o) = m(j)} = by = k. >0

Thus, condition C2-2 holds. Moreover, it is easy to obtain

1 , , enplhy = k) (~2E22 1) (BIC)
oay im() —m(j*)} = g en,
&P enplhy = k) (222 +1) (CAIC),

Since lim._,q clogc = 0 holds, we derive

{m(j) = m(j«)} = colkj — k).

lim
cn,p—co nlogp
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When j € §¢ N J-, condition C2-1 is satisfied because co(k; — k«) > 0 holds.
When j € S_, condition C2-1 is satisfied if ¢y < ~y;/(k+—k;) holds forall j € S_.

A.5. The proof of Theorem 3.3

At first, we describe two lemmas which are used for proving Theorem 3.3 (the
proofs of lemmas are given after this subsection).

Lemma A.2. Let x2 be a random variable distributed according to the chi-
square distribution with n degrees of freedom. If z > n,

PG> ) <o {5 (1- 2= 2o 2) } <o | -2 {1- (2)}].

Lemma A.3. Let T = q 'logdet(V), where V.~ W,(n,1I,), and let Klr_(rs) be
the sth order cumulant of T'. Then

-1
log(n —¢q) < R(Tl) < log <n - qT) . (A.23)
Moreover if ¢/n — 0 as n — 0o

(qn)s_lligf) s 28—1(5 -2 (s>2), (A.24)

and hence for any positive integer [,

PT 51> 6) < = BT — s = O((qn)™).

Recall that the HD-LM asymptotic framework is used for proving Theorem
3.3. First, we consider the case of j € J_. Let d; = kj, — k;. As in the proof of
Theorem 3.2, represent

£ = £07,)) = log ST 10 ST (o)

where W7 and W5 are independent, also U; and U, are independent, and
Wi~ Wyln = ki, L), Wa~ Wy(dy, [y; TiT),
Ul ~ de (n hal Zhe kjv Idj)a U2 ~ de (pu Idj;nj)u

with €; = diag(Aj;1,...,Aj,q4;). It should be kept in mind that we recycle some
notations to denote different random matrices from those in the proof of Theo-
rem 3.2. Let g be the integer for j in condition C3-1. Express

Uz =(Z+Tg)(Z+T;,) +Us,
where Z and Uj are mutually independent randam matrices defined by

Z ~ Na;xq(Od;.q,1a; @ Iy), Uz ~Wa,(p—q,1a;; 25 — T T ),
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Here, T, = (212,04.4,-)" and Q; 4 = diag(Aj1,- ., Ajq). Then

3.a
det(U; + Us) N det{U: + (Z+T;4)(Z+T,,)}
det(Ul) det(Ul) (A 26)
_det{Vi+ (24T, (Z+T,q)} '
N det(V4) ’

where
Vi :{(Z + Fj,q)l(Z + Fj,q)}1/2{(z + I‘j7q)/U171(Z + I‘j,q)}_l
x{(Z + I‘qu)’(Z + I‘j-,q)}l/z-

We can show that V; and Z are independent, and Vi ~ Wy(n—p—k;, +q,1,)
(see [16, p. 57 th. 3.2.4]). Let d3 = d3/2 and h = 1 —exp(—d2/2). Then 0 < h < 1

and
ﬂqyj(l_h)
n—p—kj +(q+1

If an event

log

T3 mUn) —m) > 6, (A2)

g o 0{(T) L) V2T Z 2T (L) i) 2} < W20 /4,
occurs, then for any unit vector b
b/(T) L)) (2T + 15, Z)(T L)) /70|
< 2{b/(T ,Tjq) "bb (T ;) Y/?T ,ZZ'T; (T T 4) 20} /2
<2 Aot {(T),,Ts0) /2T, 22T (1) Ty) 2| P n
Hence

det{Vi + (Z+T,,)(Z+Tj,}
>det(Z2'T, + 1 ,Z + T ,Tj,) (A.28)
> det(I; T g)det(I, — hI,) = B (1 —h)",

where 3; 4 is given by (3.4). Using (A.25), (A.26), (A.28) and (A.27), we obtain

P(jm = j)

< P(Icm(j) - ICm(j+) < O)

< P(A5}) (A.20)
+ P(qlog Bjq + qlog(1 — h) + {m(j) — m(j1)}/n < logdet(V1))

< P(Aj5),)

+ Plog{n —p —kj, + (q+1)/2} + d3 < ¢~ log det(V1)).

Since tr{(I; ,T;4)~"/?T} ,ZZ'T; (T ,T;4)~"/?} is distributed according to
the chi-square distribution with ¢ degrees of freedom, using Lemma A.2 and
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condition C3-1 we obtain

c h?Aiq 4\’
P(Aj,h) < exp [—T {1 — (h2)\j7q
h2q2n51 4 2
<o l s U <W) ,

for sufficiently large n. Using Lemma A.3, we obtain
Plog{n — p— k;. + (q+1)/2} + 85 < ¢~ log det(V1))
< P(q *|logdet(V;) — E[logdet(V4)]| > &3) (A.30)
= O0({a(n —p—kj, +a)} 7).

Next, we consider the case of j € J;\{j«}. Let A be a random variable
distributed according to A, (p,n — k.« — p), which is given in (A.20). From the
equation in (3.3) and condition C3-2, by using Lemma A.1 we obtain that

P(jm = j)
< PU=(ryeny) g > () ) = mGi)) s
< P(=(rjcnp)  logA+c, ,log(l —cpnp) > 6)
< P((rjenp)” ' [log A — Eflog A| > 6/2) = O((r;p) "),

for sufficiently large n. In the last inequality, we used the fact that E[(rjc, )~
log A] + ¢;, 3, log(1 — ¢ pp) — 0.
From (A.29), (A.30), (A.31) and the equation in (3.3),

max P = =00(p".
jomax (m =4) =0

Hence the equation in (3.3) leads that

P(jm=j)=1—= Y P(m=4) —1
JEIT\{d«}

A.6. The proof of Lemma A.2

Notice that

1 )
P 2 — —x/2 2 n/271d
0> ) = g [ ¢ @
1 )
_ —rz/2,—(1-r)z/2 n/2-1
72“”/2)/ e e (2/2) dx
e—rz/2 0 e
—(1—r)z/2 9 n/2—1d _
<2P(a/2)/o ‘ (=/2) SIS TP

—rz/2

where T'(z) is the gamma function. Taking the minimum with respect to r we
get the first inequality. The second inequality can be obtained by the fact that
1+logx < z.
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A.7. The proof of Lemma A.3
At first, we describe the lemma which is used for proving Lemma A.3 (the proof
of lemma is given after this subsection).

Lemma A.4. Let(a) be the digamma function defined by ¢ (a) = dlog I'(a)/da.
Then, 1(z) > log(z — 1/2) holds if z > 1/2 and ¥(z) < logz if z > 0.

Using the fact that det(V') ~ [T{_; x5, where X2, 1,..., X5 4, are
independent random variables and thp ; is distributed according to the chi-
square distribution with n —p+i degrees of freedom (see [21, p. 100 th. 3.2.15]),
the moment generating function of logdet(V') is given by

o(0) = log Eldet(V)] = t(qlog)+ 33 G (L),

i=1s=1 "

where (%) (a) is the sth order derivative of (a). Hence the first order cumulant
of log det(V) is given by

q .
—q+
kD = qlog2 + E 2/1(%)
i=1

Using Lemma A.4 and the fact that logx is increasing and concave function
of x,

q
qlog(n —q) < Zlog(n—q—i—i— 1) < s
i=1

q

. +1
<Zlog(n—q+z)<q10g<n—q+qT>.
i=1

The sth order cumulant of log det(V') can be expressed as
q o s
(s) _ (=1)*(s =1 > 9
kS = E E —t = (s>2).
¢ (nféﬂrz +k)5 ( )

Since f(x,y) = 2°(n — ¢+ x + 2y)~® is a decreasing and convex function of z

and y,
et 2s(s— 1) }
——dx v dy < (—1)°k®)
/0 {/1 (n—q+z+2y)° 1

oo q+1/2 s _ |
</ / 2(s = 1! dx 3 dy.
—1y2 |12 (R—q+x+2y)8

Calculating the integrals and taking the limits, we obtain (A.24). The 2/th order

central moment is the sum of the products of cumulants, ngf v ngf *) such that
$1+ -+ sp = 2l. Hence the order of the 2/th order central moment is equal to

the order of (ﬁg?))l.
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A.8. The proof of Lemma A.j

The digamma function can be expressed as

- 1 1
0= -0+ 3 (g 75

where C' is the Euler’s constant defined by C' = lim,_oo(> p_; k' — logn).
Hence

lim {logn — ¢ (n)} = lim {log(n —1/2) —¢(n)} = 0. (A.32)
n—oo n—r00
Since f(z) = (z + x)~2 is convex and decreasing function of z,

1 > 1 | d
2:/0 (z+x)2d$<k§(z+k)2:£¢(z)

& 1 1
</_1/2 (2+x)2dx_ (z—1/2)

Hence log z — 9 (z) is decreasing function, and log(z — 1/2) —¢(z) is increasing
function of z. Combining these properties with (A.32) we get the desired results.

A.9. The proof of Corollary 3.2

Recall that the HD-LM asymptotic framework is used for proving Corollary 3.2.
Notice that kj/n — 0 holds when the equation in (3.3) holds. It is easy to see
that condition C3-2 is rewritten as

. o mG) —mG) | 1 }
inf lim inf — 2+ —log(1l—cp, > 0.
FET N} enp—rco,LM { p(kj — k) Cn,p 8 »)

Recall that 5;1 = A; 1. Hence, when ¢ = 1, condition C3-1 is rewritten as

log \;
inf liminf 08 A1 >0
JET- cnp—rco,LM logn

inf  liminf Jlog— 1 MU =mG 1,
JE€ET- cn,p—co,LM n—p-— kj +1 n

3

Notice that

)\'1 )\'1 n

1 J> =1 7, 1
Ogn—p—kj—i—l & +Ogn—p—/€j—|—17

and

. 1 ]

Cn,pgrcrrl),LM % log (1 - Cn)p) - a log(l — 00)7
n

lim log ——————— = —log(1 - ¢o).

cn,pHHCI}),LM 08 n—p-— kj +1 Og( Co)

Hence, Corollary 3.2 is proved.
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A.10. The proof of Corollary 3.3

Recall that the HD-LM asymptotic framework is used for proving Corollary 3.3.
Notice that k;/n — 0 holds for all j € J when the equation in (3.3) holds. From
the above result and (A.22), we derive a limit of {m(j) — m(j.)}/{p(k; — ks)}
in each criterion as

m@) —mG) [ 2, GO
Cn,pi}rCI(lMLM p(kj_k*) B C()O_CO) +( _CO) EBICT%}AIC)

Therefore, condition C3-2 in the AIC., BIC and CAIC holds, and that in the
AIC holds if ¢y < c,. Moreover, kj, — k; is also bounded when £, is bounded.
It follows from k;, — k; < k. that

—2¢p, pka AIC)
_miy) —m() ) —elgeninn (AIC,)

(

(
n T | —cppkilogn (BIC)
—cnpk«(1+1logn)  (CAIC)

V

Hence, we have

g M) = mG) [ ke (AIC)
Cn,p—rco,LM n —kyco {(1 — Co)il + (1 — 00)72} (AICC) ’

liming — ") =M o BIc, CAIC).

Cn,p—co,LM nlogn

Hence, condition C3-2 in the AIC and the AIC, holds if (3.5) and (3.6) are sat-
isfied, respectively, and that in the BIC and the CAIC holds if (3.7) is satisfied.
Consequently, Corollary 3.2 is proved.

A.11. Example of the noncentrality matrix

Theoretically, it is natural to describe conditions in terms of the eigen values
of the noncentrality matrices, since the unknown parameters ®, and X, affect
the distribution of each criterion only through the eigen values. However, the
effect of each ®, and X, may be of interest. So we illustrate the conditions by
a two-way MANOVA model with a certain structure for the regression matrix
and the covariance matrix of the error term.

Suppose there are two factors A and B with a levels and b levels, respec-
tively. We consider the case that a characteristic is observed at time t (¢t =
1,...,p) for m individuals in the cell (l,k) (I = 1,...,a;k = 1,...,b). Let
Yik = (Yitk1, - - -, Yikp)' be p-dimensional observation vector for the ith indi-
vidual from the cell (I,k) (i = 1,...,m). Then two-way MANOVA model is
represented as
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yzlkt—9t+9 +9(B)+9lkt + €itkt,
(i=1,....m;l=1,...;a; k=1,...,b; t=1,...,p),

where Hl(tA Vs and 9,(;?)% are the main effects of the factor A and B, respectively,

9l(ktB)’s are the effects of the interaction, and € = (€jk1, - - -, €ikp) ~ Np(0p, ).

In order to assure the model identifiability, we assume that
6N — o) — 9B — 9B — 0 (i=1,...p;I=1,....a; k=1,...,b).

Let

i
Y = (Y111, - Y1im Y1215 -+ Y12ms - - - Yabls - - - Yabm)

’ 0 / /
a—1 b—1 a—1
®1 1, ® ®1 ® ® 1,
|:Ia—1:| R [Ib—l R P Ib 1
main effect of A interaction

X = llabm
main effect of B
Then Y ~ N, «p(X0O,% ® I,,), where n = abm and

=(0,05%,....6 6 . o\ 6(2® ola® . eP)y
0<A>:(9§{*> y 9<A>)’
o,

)

0 (el(gEl;)a ! (1227"'7a’;k:2""’b)7
AB AB AB
6r%) — (i ),...,Hl(kp y,

Suppose that the true model has no interactions and the effects of the factor
B are parallel, that is

0% =105 (k=2,...,b)

with unknown parameters 7,...,n, and a p x 1 vector g = (HEB), . ,91(0}3))’.

Hence the true model is represented as j,. = {1,2,...,a+b— 1} and

0, 4
|:Ia—1:| @ ]-bm

/

X* = [labm 1a® |:I:11:| ®1m )

e, =(,0",.... 06 6sn'),

withn = (n2,...,m)". In order to distinguish the variations due to the difference

among individuals and the observation error we consider the case that eglt,)c =

Elt])C + v;, where v;, u(l,)C (l=1,...;a; k=1,...,b; t =1,...,p) are mutually

independent, ugl,)c ~ N(0,0?), and v; ~ N(0,72). Then
.= 0’2Ip + 7'21p1;.
Under the above setup, the noncentrality matrix of an underspecified model
ji=11,2,...,a} is given by

L,T = amX,0pm (L1 — b 1,11} )nop 3, />,
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Note that the structures of the regression matrix and the covariance matrix
are just for the illustration, and the user of the models does not assume these
structures. So the number of the unknown parameters of the model j is k;p +
p(p+1)/2 with k; = a.

Since 7; = rank(I';) = 1, ¢ = 1 in condition C3-1, and some algebraic
calculation leads that

Bjg = Aja1 =T = (np)QpSs,

where
11, 3 1 L\~ (®)
=—-N" O)? + ——— 0%, Og=-Y 07,
Cn UQP;(t 5) o2 yprz B 7P P;t
1 1<
_ =\2 _ = __
Sp = Eg_l(nk - m=0,7= Eg_lnk-

If the factor B is a kind of medication for example, the effect is likely to diminish
as time goes by. In this case Qp — 0 as p — oo. However Theorem 3.3 says
that even in this case I1C,, has a possibility to have the consistency property.
Actually, Corollary 3.3 says that it is sufficient for the AIC and the AIC. having
consistency if pQp — oo.
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