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On Posterior Concentration in Misspecified
Models

R. V. Ramamoorthi* Karthik Sriram®, and Ryan Martin*

Abstract. We investigate the asymptotic behavior of Bayesian posterior distri-
butions under independent and identically distributed (:.i.d.) misspecified mod-
els. More specifically, we study the concentration of the posterior distribution on
neighborhoods of f*, the density that is closest in the Kullback-Leibler sense to
the true model fo. We note, through examples, the need for assumptions beyond
the usual Kullback—Leibler support assumption. We then investigate consistency
with respect to a general metric under three assumptions, each based on a notion
of divergence measure, and then apply these to a weighted Li-metric in convex
models and non-convex models.

Although a few results on this topic are available, we believe that these are
somewhat inaccessible due, in part, to the technicalities and the subtle differences
compared to the more familiar well-specified model case. One of our goals is to
make some of the available results, especially that of Kleijn and van der Vaart
(2006), more accessible. Unlike their paper, our approach does not require con-
struction of test sequences. We also discuss a preliminary extension of the i.i.d.
results to the independent but not identically distributed (i.n.i.d.) case.

MSC 2010: Primary 62C10; secondary 62C10.
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1 Introduction

Let Fy be a family of densities with respect to a o-finite measure on a measure space.
The object of study is the posterior distribution arising out of the model which consists
of a prior distribution IT on Fy and for any given f € Fy, V1., = (Y1,Y5,...,Y,)
are independent and identically distributed (i.i.d.) as f. We investigate the behavior
of the posterior distribution when the “true” model fy is not necessarily in Fy. The
posterior is typically expected to concentrate around a density f* in Fy that minimizes
the Kullback—Leibler divergence from fj.

An early investigation of this set up goes back to Berk (1966). An extensive study of
parametric model appears in Bunke and Milhaud (1998). Lee and MacEachern (2011)
investigate concentration of the posterior and its behavior in testing problems when the
prior is on an exponential model. The infinite-dimensional nonparametric case has been
studied by Kleijn and van der Vaart (2006) and De Blasi and Walker (2013) for the
i.i.d. case, and Shalizi (2009) for the non-i.i.d. case.
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For the nonparametric 7.i.d. case studied in this note, Kleijn and van der Vaart (2006)
is the basic paper. The standard approach to this problem is to first identify sets whose
posterior probability goes to 0 and then relate these to the topology of interest. In their
paper, Kleijn and van der Vaart develop both these aspects together and, in addition to
consistency, also develop rates. De Blasi and Walker (2013) take a somewhat different
route towards providing sufficient conditions, specifically for Hellinger-consistency.

Our starting point is Kleijn and van der Vaart (2006). To help motivate our approach,
we first summarize key steps in their work. Let Ey denote expectation with respect
to f().

e They start with the Kullback—Leibler support assumption on the prior II, i.e.,
H(f:Eologf?<5>>O, for any € > 0. (1)

o They cover the sets S; = {f: je <d(f, f*) < (j+1)e}, for j > 1, by convex sets

A satisfying: .
sup inf Eg <i> < e/ (2)
feA0<a<1 f*

e Then they show that, if the assumption in (1) is satisfied, posterior probability
of sets satisfying (2) goes to 0 by constructing a sequence of exponential tests
for a testing problem that involves non-probability measures. Then, based on the
number of sets satisfying (2) required to cover S;, they develop a notion of entropy

for testing problems of a set S;. When such entropy can be controlled suitably, it
is shown that posterior probability of {d(f, f*) > e} = U;>1.5; goes to 0.

In this paper, we first provide a simple proof to show that, if the assumption in (1)
is satisfied, then probability of sets satisfying (2) goes to 0. Our proof does not in-
volve testing problems. We further observe that for a given convex set, the condition
in (2) is, in fact, equivalent to a simpler condition based on Kullback—Leibler diver-
gence.

Consistency is related to the topology on the space of densities, usually the weak
topology or the Hellinger-metric topology. Towards this, we give two examples in the
appendix that point out the need for additional assumptions beyond requiring that f*
be in the topological support or Kullback—Leibler support of II. In order to gain in-
sight, we first study consistency with respect to a general metric under a set of three
assumptions, each based on a notion of divergence. The first assumption is based on
Kullback-Leibler divergence, the second is based on (2), and the third is based on a
relatively simpler notion. We show that for a weighted Li-metric, such assumptions
hold in convex models or when the specified family is compact. The first assumption
mainly works for compact and convex families. The second assumption along with an
appropriate metric entropy condition gives consistency for convex families. As a conse-
quence, we derive a consistency result (Theorem 4), which is analogous to Kleijn and
van der Vaart (2006). The third assumption is useful for non-convex (e.g., parametric)
models. In this case, we circumvent the convexity requirement by making a continuity
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assumption on the likelihood ratio and show posterior consistency under an appropriate
prior-summability or metric-entropy condition. As a particular consequence, Theorem 5
gives Hellinger consistency analogous to De Blasi and Walker (2013).

We believe that our methods are simple and transparent, and provide useful insights
on the requirements for the metric, while also making some of the results in Kleijn and
van der Vaart (2006) more accessible. As another small difference, we note that our
consistency results are presented in the ‘almost sure’ sense, as compared to convergence
of means. We also look at one immediate extension of the i.i.d. results to independent
but not identically distributed (i.n.i.d.) models. We note that our study in the i.n.i.d.
case is preliminary and is presented as an initial approach.

The remainder of the paper is organized as follows. Section 2 sets our notation and
provides some basic results. Section 3 presents the consistency results for a general
metric. Section 4 presents some important results specific to L; and weak topologies.
Section 5 contains examples to demonstrate the application of our results. Finally, Sec-
tion 6 discusses an extension of the i.i.d. results to the i.n.i.d. case. In the interest of
flow, supporting results and details of some proofs are included in the appendix.

2 Notations and preliminary results

2.1 Notations

Let Y7., = (Y1,Y5,...,Y,) be an 4.i.d. sample from an unknown “true” density fo with
respect to a o-finite measure p on a measure space (Y,%). Fy is a family of density
functions specified to model Y7.,. fo is not necessarily in Fy. Let II be a prior on Fy.
We let Py and E( denote probability and expectation with respect to fo. When talking
about joint distribution of finite or infinite i.i.d. sequences with respect to Py, we will
omit the superscript in P or Pg°.

It is well known that the posterior typically concentrates around a density that
minimizes the Kullback—Leibler divergence from fy, given by

K(fo. ) = Eslog 22 = [1og 2 .

Accordingly, we assume that there is a fixed unique f* € Fy such that
K )= inf K :
(anf ) f1£F0 (va.f)
For any density f, we define

K*(fo,f) = K(fo, f) = K(fo, f).

We assume throughout that [(f/f*)fodp < oo for all f € Fy, and also [(fo/f*)dp <
oo. The latter condition is useful since we will later (Section 4) consider weak and L,
topologies with respect to the measure g, where dug = (fo/f*) du. The weighted L,
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metric, L1 (po), appears to be a natural choice in misspecified models, as opposed to the
usual Lj(p) metric.

Let (Fo) be the smallest convex set containing Fy. In this note, a convex set is one
that is closed under mixtures. That is, a general subset A C (Fy) is called convex if,
for any probability measure v on A, the mixture fl, = fA fv(df) belongs to A. Tt is
convenient to extend II to (Fo) by defining II(A) := II(A N Fy), for any measurable
subset A of (Fp). Note that we do not assume that f* minimizes the Kullback—Leibler
divergence in (Fy). In addition, we define:

Wfond) = Ea (/80" = [ (£1£7)" fodn
F = e, ) = [ @),
i=1
= /f(")dy(f), where v is a probability measure on (Fy),
P = f5Y, where TLa(-) = II(A N - )/TI(A),

Finally, we write down the formula for the posterior distribution as

(Y, V) D (Y, V)
Vi, Vo) [ A0 (Y, V)

TI(AYi.,) = TI(A)

2.2 Preliminary results

We start with
Assumption 1. Ve >0, II(f : K*(fo,[f) <e) > 0.

The following proposition, which helps handle the denominator of (3), is the main
consequence of Assumption 1.

Proposition 1. If Assumption 1 holds, then, for any g > 0,

liminf e - f00 (Y1, .. Y,/ (Y, Y) =00 Pg-as.

n—oo

The proof of the proposition is along the lines of Lemma 4.4.1 in Ghosh and Ra-
mamoorthi (2003).

In view of Proposition 1, II(A|Y1.,) — 0 Pg-a.s., if it can be ensured that for some
BO > 07
F(n) Y,
”B‘LHA-M—)O Po-a.s. .. 4
e (4) 7 (Y1) 0-a-8 (4)

Towards handling (4), we work with three notions of divergence of f from f*:
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(i) K*(fo, f), based on Kullback-Leibler divergence,
(ii) (1 —info<a<1 M5 (fo, f)), based on Kleijn and van der Vaart (2006) and

(iii) (1 — A%, (fo, f)) for some 0 < o < 1, a notion relatively simpler than (ii).
The proposition below describes the relationship between these. The second condition
in the proposition was introduced by Kleijn and van der Vaart (2006).

Proposition 2. Consider the following three conditions for a subset A:

(1) For some € >0, infrca K*(fo, f) > €.

(ii) For some & >0, sup ;¢ 4 infoca<1 h%(fo, f) < e™.

(i4) For some 0 < ag < 1 and n >0, sup e 4 b, (fo, f) <e .

For any set A, (iii) = (it) = (i). Further, if the set A is convez, then they are all
equivalent.

The proof of Proposition 2 uses the minimax theorem and is provided in Appendix A.
The easy proposition below plays a central role.

Proposition 3. Suppose A C (Fo) is convex. If for some 0 < o <1 and § > 0,

sup hg(f0> f) S 6_67
feA

then for any probability measure v on A,

hA(fS, ) < e

Proof. The result follows by the use of convexity and induction. Here is an outline.
When n = 1, the claim holds by convexity of A.

When n = 2, fy(z) (y1,y2) is the marginal density of Y7, Y5 under the model: Y7, Y3|f i f
and f ~ v(-). Write

) | [f,xylyz)r [fy<y2>r
@ (y1, 2) f*(y1) f*(y2)

where the first term inside the brackets on the right-hand side, f,(y1|y2), is the condi-
tional density of Y7 given Y5, and the second term, f,(y2), is the marginal density of Y3,

obtained from the joint density flgg)(yl, y2). By convexity of A, for all ya, f,(-|y2) € A.

Hence, we have
fu(y1|y2)>a ] s
EOK fr() ‘yz =
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Since f,(y2) € A, Eo[£¥2)]o < ¢=5 Therefore,

F*(y2)
fu(y1,y2)r _2s
E, | &/———Z<£ <e .
0 |:f*(y1ay2) N

A similar induction argument for general n completes the proof. O

Theorem 1. Suppose Assumption 1 holds. If A C (Fy) is conver and satisfies (i) (or
equivalently, (it) or (i13)) of Proposition 2, then

H(A|Y1n) —0 P()—(l.S.

Proof. Suppose sup s¢ 4 hj (fo, f) = supsea Eo(f/f*)* < e™9 for some 0 < o < 1 and
§ > 0. Then, by Proposition 3, k% ( é") AXL)) <e ™. Let 28y < §. Then

- (V) —2n0
Po <[4i1:[1f*(n)dn(f)>e B)

& f(}/i) ’ —2nafo
:Po<</Ai1:[1H(A)f*(K_)dHA(f)> e ﬁ)

< T(A) B (fg £7) - e

Hence

o f(Y) —2n80 —n(5-260)
PO{/Ail:[lf*(Yi)dH(f)>62 }Se 2P0)

Since the expression on the right-hand side is summable, we observe by using Borel—
Cantelli lemma that (4) is satisfied. This observation, along with Proposition 1, gives
the result. O

3 Consistency with general metric

Consistency requires the posterior to concentrate on neighborhoods of f* with respect to
some metric d. In developing conditions for consistency with respect to d, we encounter
a few issues.

First, a necessary condition is that f* be in the topological support of IT with respect
to this metric. Assumption 1 by itself does not ensure this. We present two examples
in Appendix B to illustrate this and point out the need for stronger assumptions. The
first example shows that while the presence of f* in the L; support of II is necessary for
consistency, this is not automatically guaranteed by the positivity of Kullback—Leibler
neighborhoods specified in Assumption 1. The next example demonstrates that the
presence of f* in the L; support and Assumption 1 by themselves are not enough to
ensure consistency.

Second, since the complement of a d-neighborhood is not convex in general, the
equivalence in Proposition 2 is inapplicable. One approach is to suitably cover the
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complement by d-balls. This in turn requires that each ball satisfy one of the three
conditions in Proposition 2. Motivated by these, we investigate consequences of each of
the following set of assumptions.

Assumption 2a. Every neighborhood U = {f € (Fy) : d(f, f*) < €} contains a
set of the form {f € (Fo) : K*(fo, f) < 0} for some ¢ > 0.

Assumption 2b. Every neighborhood U = {f € (Fy) : d(f, f*) < €} contains a
set of the form {f € (Fo) : info<a<1 A% (fo, f) > e} for some § > 0.

Assumption 2c. Every neighborhood U = {f € Fy : d(f, f*) < €} contains a set
of the form {f € Fy : h%y (fo, f) > e°} for some 0 < ap < 1 and & > 0.

We note that Assumptions 2a and 2b are stated in terms of the convexification (Fp)
of Fy, whereas Assumption 2c is stated in terms of Fy. The presence of (Fy) makes it
hard to verify the first two assumptions in non-convex models. However, we study the
consequences of these assumptions in a general metric space because of the insight it
provides into the requirements on the metric for consistency and shows the usefulness of
Assumption 2c¢ in non-convex models. In the next section, we discuss sufficient conditions
for Assumptions 2a, 2b, and 2c, with respect to L; and weak topologies.

For the rest of this section, we study posterior consistency based on each of these
assumptions. We find that Assumption 2a is mainly useful when Fy is convex and
compact, Assumption 2b is useful when F( is convex but may not be compact, and
Assumption 2c is useful when the family is neither convex nor compact.

The following theorem based on Assumption 2a is an easy consequence of Theorem 1.

Theorem 2. Let d be a metric such that d-balls in (Fo) are conver sets and Fy is
compact with respect to d. Let U = {f € (Fg) : d(f, f*) < €}. Suppose Assumptions 1
and 2a hold. Then

(U Y1) — 1 Po-a.s.

Proof. By Assumption 2a, let {f € (Fo) : K*(fo, f) <0} C {f € (Fo) : d(f, f*) < €/2}.
Since U¢NTy is compact, it can be covered by By, Ba, ..., By all contained in (Fo) with
B, = {f € (Fo) : d(f, fi) < €/3} for some f1, fo,..., fr € Fo. Each of these balls is
convex and disjoint from {f € (Fo) : d(f, /*) < €/2}. Assumption 2a ensures that each
B, satisfies property (i) of Proposition 2. Since there are finitely many such sets, the
result follows using Theorem 1. O

In the proof of Proposition 2 provided in Appendix A, it is clear that the choice
of ap and 1 made while establishing equivalence of conditions depends on the specific
set A. Hence, it does not appear that the approach based on Assumption 2a can be
carried easily beyond convex and compact families. Below, we take an approach based on
Assumption 2b, which is more in line with Kleijn and van der Vaart (2006). Theorem 1
derives posterior consistency for convex sets. Since complement of a d-neighborhoods
will not be convex in general, the approach here is to cover with a suitable number
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of convex sets with diminishing posterior probabilities. Towards this end, we make the
following assumption.

Assumption 3. There exist subsets {V;,, Wy, },>1 such that Fy C V;, UW,, and
(a) (W,,) < e~ for some A > 2E, log }‘_2

(b) For every € > 0, V,, can be covered by J,, d-balls in (Fy) of radius less than e,
where J, is a polynomial in n, i.e., for some r > 0, J,, < an’.

The simple lemma below will be useful to derive the results that follow.

Lemma 1. Let T;,1 = 1,2,...,k be non-negative random variables. Then
k k
A —€ < o€ . 9‘_
p<;n>e ) <Y, e
1= 1=

Proof. The result follows since, P(EleTi > e ¢) = P(Elemin(Ti,l) > e ¢) and
min(T;,1) < T for any 0 < o; < 1. Consequently,

k k k
P (ZTv > 66) <P <Z T > eE> <ef Z ET".
=1 =1 i=1

Taking the infimum over oy, s, ..., ap on both sides, we get the result. O

We now derive posterior consistency under Assumptions 2b and 3, followed by a
result that is analogous to the posterior consistency result in Kleijn and van der Vaart
(2006).

Theorem 3. Let metric d be such that d-balls in (Fo) are convex sets and let U, =
{f € Fo):d(f, f*) < e}. If Assumptions 1, 2b and 3 hold, then

H(U5|Y1n) —0 PQ—(Z.S.
Proof. Let Ucjs = {f € (Fo) : d(f*, f) < ¢/2}, and as guaranteed by Assumption 2b,

let
{f € (Fy) : Ogigfglh;(fo,f) > e’} C U

Let Ay, As,..., Ay, be open d-balls of radius €/3 that cover U N'V,,. Then,

Jn
Po (/ ) pmar > e_"’8> <Py (Z/ fmpmar > e_"6>
UgﬁVn i=1 A;
Jn
<Py (Z / £ /) grr > e—ﬂﬁ) ’
i=17Ai
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where II; is II normalized to 1 on A;. Set T; = fA, f(")/f*(")dl_[i so that the expression
on the right-hand side of the last inequality can be written as:

JIn
Po (Z T > 6_n6> .
i=1
By Lemma 1,
Jn
) —nfB | <« onB : el
" (z;T e ) = ZoglgilEOT’ '
1= 3

Since A; does not intersect U, /2, info<a<1 Eo(f/f*)* < e~%. By Proposition 3, for each 1,
info<a<1 ET® < €79, so that

Po ( / £/ 0 g > 6n/3> < e"Bpre—d,
Uenv,

A choice of small enough 8 and an application of Borel-Cantelli lemma with 5y <
gives

emPo / fM/ AT — 0 Pp-as.
uenv,

This, along with Proposition 1, gives IUS N V,|Y1.,) = 0 Pg-a.s.

As for W, first an argument in the lines of Lemma 4.4.1 of Ghosh and Ramamoorthi

(2003) can be used to conclude that for any 8 > Eglog %,

liminfe™ [ f™/fMdll =00 Pp-as. (5)

n— 00 (Fo)

Then, for A > 2Eq log ]{—3, an application of Markov’s inequality gives

Po (/ £/ 5t > e—"%>
W‘n,

<end / Eo (/07157 dit = e 1(W,) < e 2 (6)

n

Equations (5) and (6) together imply that II(W,,|Y1.,) = 0 Pg-a.s. O

The approach taken in Theorem 3 can be adapted to derive a result that is analogous
to Corollary 2.1 of Kleijn and van der Vaart (2006). The entropy condition in their
paper assumes that each set S; = {f € Fo : je < d(f, f*) < (j + 1)e} can be covered
by N; convex sets By, with the property sup ;¢ g, info<a<i b (fo, f*) < e=3°¢/4 Tn our
approach, this corresponds to a stronger version of Assumption 2b as stated in the
theorem below. If sup,~; N; < oo, then they show that Eo[lI(d(f, f*) > €[Y1.n)] — 0.
An analogous result using our approach is as follows.
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Theorem 4. Let metric d be such that d-balls in (Fo) are convex sets. Suppose As-
sumption 1 and a stronger version of Assumption 2b (where 0 depends on €) hold, i.e.,

For any e > 0, U. = {f € (Fo) : d(f,f*) < €} contains a set of the form
{f S <F0> : infogagl hg(fmf) > 6762}.

Let N; be the minimum number of d-balls in (Fo) of radius je/3 that cover the set
Sj={f €Fo:je<d(f, ") <(j+1)e}. If sup;5, N;j < o0, then

I(d(f, f*) > €[Y1.n) = 0 Po-a.s.

Proof. Along the lines of Lemma 1, we get

%) «@
Po( g > e—”") <e?e ) ik By ( /S f(”>/f*<">dﬂj> :
¢ j=1 — = i

Note that for any fi such that d(f, f1) > je, By, = {f : d(f, f1) < je/3} does not
intersect with Ujc/». Hence supycp, infoca<i Eo(f/f*)" < e3¢/,

Using Proposition 3 and the fact that S; can be covered by N; convex sets of the
form By, we get

—ne? /4

(n) > .2 2 e
—nf np ) —nj e /4 npB .
P0<U§f*(n)dﬂ>e )ge N ONje A< SNy

A suitable choice of small enough § and an application of Borel-Cantelli lemma, gives
that for By < B, e™Po fUC f(”)/f*(")dl_[ — 0 Pg-a.s. This, along with Assumption 1,
gives the result. O

Jj=1

As noted earlier, Assumptions 2a and 2b are stated in terms of (Fy), which makes
them difficult to verify for non-convex models. Assumption 2¢ helps handle the case of
non-convex families. We now derive consistency results under Assumption 2c¢ and the
following continuity assumption.

Assumption 4. For any f1, fo € Fy and for some monotonically increasing func-
tion 7(-) with n(0) = 0 we have
i f

Eo o < n(d(f1, f2)).

Note that Assumption 4 is satisfied by d = Li(uo), in which case n(-) is just the
identity function. If fo/f* € Loo(u) then the assumption is satisfied by Lq(p). Also if
fo/f* € La(p), an application of Cauchy—Schwartz inequality shows that it is satisfied
for d = Lo(p).

Towards deriving consistency, the next lemma shows that if Assumptions 2c and 4
hold then U¢ can be covered by d-balls whose posterior probabilities diminish to zero
with increasing n.
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Lemma 2. Let U¢ = {f € Fy : d(f, f*) > €}. Suppose Assumptions 2¢ and 4 hold
with respect to U and a metric d. Let ag,d be as in Assumption 2¢ and n(-) as in
Assumption 4. Then, for any f1 € U° there exists an open ball B(f1,r) around f1, with
the radius v depending only on 6, and n(-), such that

)

Fo / FOmdn(f) ) <emm: (B (fi,7)
B(f1,r)

(VY

Proof. Let r =n~*((e”
Since 0 < g < 1,

€, ( IRZ, dV(f)>
I Aan) L)
<E < /| ol <f>> +E < /| . (f))

(then by Jensen’s inequality)

f fl - fl 0 g
: (/Bm,r) “FTr dv(f)) +Eo (f—) V(B (frr)).

By Assumption 4, the first term of the above inequality satisfies

(/ e | L _ A
B(f1,m)

By Assumption 2c, the second term of the inequality is bounded as

o
f1

Eo (F>ao V(B (f1,7)* < e % v(B(f1,r)).

- 6*5)%0) and v(-) be any probability measure on Fy.

(VY

— e %) u(B (fu,1))™.

dV(f)) < (e”

Therefore, it follows that for any probability measure v(-) on Fy we have

o (/ e d”<f>> < e Eu(B(fir)". (7)
B(f1,r)

Equation (7) is the result for n = 1. An induction argument on n along the lines of
Proposition 3 can now be used to obtain the result. To see this for n = 2, note that, as
in the proof of Proposition 3, we can write

] ][]

Now, by (7), E(%)“O < e % - v(B(f1,r))*. Further, since (7) holds for any proba-
bility measure, taking the measure f (3;2)) dv, we get

fx/('2
yQ] < e 2.

[V
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It therefore follows that for any probability measure v on Fy,

(2)
Eo[ v (y1,y2)

f*(2)(y1,y2)] < e FEv(B (1)

A similar induction argument for general n completes the proof. O

To ensure that the total posterior probability of U¢ goes to zero, we need to be able
to cover it with sets of the form B(fi, ) that satisfy a prior-summability assumption as
in De Blasi and Walker (2013) or metric entropy assumption as in Kleijn and van der
Vaart (2006). The following theorem is an immediate consequence of Lemma 2.

Theorem 5. Let U = {f € Fy : d(f, f*) > €}. Suppose Assumptions 1, 2¢ and 4 hold.
Let ag be as in Assumption 2¢ and n(-) be as in Assumption 4. Suppose for any given

r >0, re, = 77*1(7”%0) and {B(fj,7ay), J = 1} is an open cover of U such that one of
the following two conditions (a) or (b) holds:

(@) 325 I(B(fj,7a)) < 0.
(b) Assumption 3 holds.

Then, I(U®|Y1.,) = 0 Pg-a.s.

Proof. If condition (a) holds, then since 0 < ay < 1, we get

o
P </ fmpmar > enﬂ) < enP Z Eo (/ f(")/f*(”)dﬂ>
Uc §>1 B(fjarao)
< e eTmd/2. ZH(B (f1,7))°°.

j=1

A suitable 8 and Borel-Cantelli Lemma give that for 8y < 3, e™ fUC f ) fmdrr —
0 Pg-a.s. This, along with Proposition 1, gives II(U¢|Y1.,) — 0 Pg-a.s.
If condition (b) holds then the proof is along the same lines as for Theorem 3. O

Remark 1. As noted earlier, Assumption 4 automatically holds for d = L (p0). In that
case, the function 7n(-) is just the identity function, and the result based on condition
(a) of Theorem 5 is analogous to Corollary 1 of De Blasi and Walker (2013).

Remark 2. Theorem 5 can be easily applied to i.i.d. parametric models, i.e., when
Fo={fos: 0 € ©}. Let f* = fp- for some 0* € © be the minimizer of Kullback—Leibler
divergence from fj. It is easy to see that Assumption 1 is ensured as long as the prior
IT assigns a positive probability to every open d-neighborhood of 6* and Eglog ffLe is
continuous in #. Further, note that Theorems 7 and 8 in Section 4 provide sufficient
conditions for Assumption 2c to hold with respect to L (o). However, to apply the
results for the parametric model, we need the assumption to hold with respect to the
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metric d. This can be easily ensured if in addition to conditions of Theorems 7 or 8, it
can be verified that for some monotonically increasing function ¢(-), with ¢(0) = 0:

/|f9 — Jor

Then, by defining the metric on Fy as d(fy,, fo,) := d(61,02), and using Assumption 4,
Theorem 5 can be applied. We provide examples of this approach to parametric models
in Section 5.

dpo > ¢(d(6,6%)), V 0 € ©.

Remark 3. Assumption 4 is a continuity condition on Eo(fi*). It is possible to work
with an an alternative condition that assumes continuity of Eo(%) for any f1 € TFy.

In particular, if f; € U€, by Assumption 2c, Eo(}c—i)a" < e~ 9. Then, the conclusion
analogous to that of Lemma 2, which is crucial for Theorem 5, can be obtained by
defining an open set By := {§ € © : E[}C—H < e2}. Then for or = % and any probability
measure v(-) on By, it can be shown (by using Cauchy—Schwartz and Jensen’s inequality)

el ] - A O e
B[] ()

Posterior consistency can then be derived if U¢ can be covered by suitably many sets of
the form B, e.g., when Fy is compact. We work with such an assumption in Section 6
(Assumption D) while extending results to the i.n.i.d. case.

IN

4 Weak and L; consistency

Assumptions 2a, 2b and 2c are crucial for Theorems 2, 3 and 5, respectively. These, we
feel, are in general hard to verify. Here, we focus on specific topologies and discuss cases
where these assumptions hold.

Recall dpg = (fo/f*) dp. Our interest is in two topologies on (Fg). First, the weak
topology on Lq(ug) induced by Lo (10). The basic open neighborhoods of f* here are
finite intersections of sets of the form

{9 € L1 (o) : I/cpkgduo - /@f*dud < €, Yk € Loo(Mo)}-

We will refer to this as the pg-weak topology. The other topology is the L; topology
which yields neighborhoods of the form {g : [|g — f*|duo < €}. Of interest are also
the usual weak and total variation topologies on densities. These correspond to pu-
weak topology and Lq(p) topology. In the context of consistency, our interest is in the
concentration of the posterior in neighborhoods of f*. We formally define
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Definition 1. The sequence of posterior distributions {II(-|Y1,Y2,...,Y,)}n>1 is said
to be pg-weakly consistent if, for any pg-weak neighborhood U of f*,

I(U|Y1.) — 1 Po-a.s.

We will now show in the theorem below that when Fy itself is convex, Assump-
tions 2a, 2b and 2c are ensured with respect to weak and L (o) topologies.

Theorem 6. If Fy is convex then Assumptions 2a, 2b and 2c hold both with respect to
the L1(po) topology and the po-weak topology.

Proof. First, using the Cauchy—Schwartz inequality, we get

/\f* flduo—/‘l——fodu /‘(1—\/%>’~<1+\/%>fodﬂ
</ I ) /(Hﬁ)zfodu

f
f*
Since Fy is convex, by Lemma 2.3 of Kleijn and van der Vaart (2006), EO% <1.
Hence, the second term in the above inequality is bounded because

2
Eo <1+\/z> (1+E0J{*>§4.

Similarly, for the first term,

E() (1— %) :EO (1_ %) :1+E(]%_2E() %

<2|1-Eo|% | = —2—— < K*(fo, f).

1—

1
2
Thus using Lemma 5, we get

/If* fldpo <2 (fo’f)(witha:o.5)§2 K*(fo, f)-

The last inequality ensures that Assumption 2a, 2b and 2c¢ hold with respect to Ly (po)-
Since every weak neighborhood contains an Li-neighborhood, assumptions hold with
respect to the pug-weak topology as well. O

Remark 4 (po-Weak Consistency). By Theorem 1, Assumption 2a along with As-
sumption 1 ensures pg-weak consistency. This is because the complement of a weak
neighborhood is a finite union of convex sets. Further, by Theorem 6, if F( is convex,
Assumption 1 is enough to ensure pp-weak consistency.
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When Fy is not convex, Assumptions 2a and 2b are not easy to verify. In that case,
it may be easier to work with Assumption 2c. Next, we derive two results with sufficient
conditions for Assumption 2c to hold with respect to the L; (o) metric. The first simpler
result below is obtained when Fy is Ly (po) compact.

Theorem 7. If Fy is Lq(po)-compact, then Assumption 2c holds with respect to d =
L1 (po)-

Proof. Suppose f1 € Fy is such that d(f1, f*) > €. Since f* is assumed to be unique,
3 n > 0 such that K*(fo, f1) > n and further by Lemma 5, 3 0 < « < 1 such that
Rt (fo, f1) <1—an < e " Here o and 1 may depend on fi. Now, let By, = {f € Fy :
d(f, f1) < ra}, where ro < (e=@1/2 — ¢=M)x For f € By, since 0 < a < 1,

o f) < hg(fo,le/‘(J{*) - <J‘f1> fodp
< hZ(fo,fﬂ‘*‘/‘%—% fodu
< hg(fo f1) + (/|ff1|dﬂo) < e7°, where § = an/2.

The last step uses Jensen’s inequality. We have essentially shown that if d(f, f*) > e
there is an open L; (0)-ball By, around f; and 30 < o < 1, 6 > 0 such that 2% (fo, f) <
e % forall f € By, . Then, as noted in proof of Proposition 2 in Appendix A, we would
also have h%, (fo, f) < e~ for all o’ < a. Since Fg is Ly (p19)-compact, {f : d(f, f*) > €}
can be covered by finitely many such balls By, , By,, ..., By, , thus obtaining an a and
0 corresponding to each ball. The result is obtained by choosing the minimum of these
finitely many o’s and &’s and noting that {f € Fo : d(f, f*) > e} CUF_ By, C {f €
Fo : it (fo, /%) < €0}, O

The following theorem and the corollary give sufficient conditions for Assumption
2¢ to hold with respect to Lj (o), when Fy is neither convex nor compact.

Theorem 8. If 3 0 < ap < 1 such that supyp, Eg(fi*)o‘0 < 1 and suppose
SUp fep, Eo(jf—*)2 < 0o. Then Assumption 2c¢ holds with respect to d = Ly (po)-

Proof. Without loss of generality, assume oy = QK% for some K > 1. Define a :=
(fi*)z%‘ Then

——1‘ = E0’a2k—1’:Eo {|a—1|-‘1+a2+a3+---+a2k*1H

IA

2% 2 3 ok _1|? 2
Eo (|a—1] | Eo[l+a"+a’+---+a .

For the first term on the right-hand side of the above inequality, we have
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Eola— 1> = Ey <%)2’9—1+1—2E0 (%)_k §2<1—E0 (Jti)_k)

Note that every term within the expansion Eg|1 + a? + a3 +- - + a1 |2 is of the form
l
Eoal = EO(JJC—*)T’C, where | < 281 — 2. In particular, the second term is bounded by

some constant multiple of /sup sep, Eo(f—f*)Q. Hence the result follows. O

Corollary 1. If the log-likelihood ratio log fi* is uniformly bounded, then Assumption 2¢c
holds with respect to d = Ly (po).

Proof. By uniform boundedness, 3 « that does not depend on f such that «-|log fi*\ <
1. We note that when ¢t < 1,e’ < 1. In particular, for t < 1/2, e’ —1 < t/(1—t) < 2t.

Applying this inequality, we get

*
evloE e 9. log f7

Therefore, Eo(fi*)o‘ < 1-2a-Eplog % Since 0 < 2a-Ej log % < 1, we have Eo(fi*)a <1.

Clearly, uniform boundedness also ensures that Eo(fi*)2 is uniformly bounded. Hence

Theorem 8 implies that Assumption 2c holds. O

Remark 5 (Lq(po)-consistency). Clearly, Theorem 3 of the previous section can be
applied for d = Lq(po), along with the sufficient conditions presented in this section
for verifying Assumptions 2b or 2c. In particular, we can conclude by Theorems 5 and
7 that, if Fg is L1 (1) compact, Assumption 1 is enough to ensure L (po)-consistency.
This is because Assumption 4 is automatically satisfied by Li (1), the entropy condition
will hold by compactness and Assumption 2¢ holds due to compactness by Theorem 7.

5 Examples

5.1 Mixture models

The mixture models discussed in Kleijn and van der Vaart (2006) are covered by our
results. In particular, let y — f(y|z) be a fixed density with respect to u for each z € Z,
and f(y, z) be jointly measurable. For every probability measure v on Z let

puly) = / f(yl2)dv(2).

Let M be the set of probability measures on Z. Consider the model Fy = {p, : v € M}.
Let fo be the “true” distribution and assume that f* € Fy satisfies K(fo, f*) =
inf,enm K(fo,pv). As before set dug = }c—‘idu. Since Fy is convex by Theorem 6, As-
sumptions 2a, 2b, and 2c¢ are satisfied. Therefore, as noted in Remark 4, the posterior
would be pg-weakly consistent, provided the prior satisfies Assumption 1.
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Kleijn and van der Vaart (2006) specialize the above model to the case when
z — f(y|z) is continuous for all y and Z = [—-M, M] is compact. Under certain as-
sumptions (including identifiability), they show that there is a unique f* that minimizes
K (fo, f). They further argue that Fg is Ly (u) compact. When {f(y|z) : z € [-M, M]} is
the normal location family, they show that their assumptions hold for the Dirichlet prior.
Since this is a convex family, by Theorem 6, Assumptions 2a, 2b, and 2¢ hold with re-
spect to Ly (po). If fo/f* € Loo(p), then the map T : (Fo, L1 (1)) — (Fo, L1(10)), defined
by T'(f) = f, is continuous. Therefore, L;(u)-compactness implies L (ug)-compactness.
Hence, Theorem 2 implies that Lj(uo)-consistency holds. Since fo/f* € Loo(p), this
also implies that L;(u)-consistency holds.

5.2 Normal regression

Consider the family of bivariate densities Fo of the form fy(y,z) = ¢(y — 6(x))g(z)
where ¢(+) is the standard normal density and 6 € O, a class of uniformly bounded
continuous functions on the space of X. We assume that the true density fj is such that
Y — 00(X) ~ po(-), a density with mean 0 that does not depend on X. It’s easy to see
that f*(y,z) = fo,(y,x) = @(y — Oo(x))g(x). We are interested in posterior consistency
with respect to the following metric:

f917f92 \/EO 01 ( ))2

Let Z =Y —0y(X). We assume that Eqg[e1?]] < 0o, ¥ M > 0. For notational simplicity,
we denote px := 0(X) — 0p(X). Note that

Jo 5%
log 2% = 7 -y — P,
gfeo Hx B
Eolog 27 — E,MX — g 00(X))?
oong—— 0 T 0(0(X) — 6o(X))".
0

This immediately ensures that Assumption 1 holds, as long as the prior puts positive
mass on d-neighborhoods of 6. Towards verifying Assumption 2c we note by using Tay-
lor’s approximation for h%(fo, fo) as a function of a, at & = 0, that for some &€ (0, @),

E0<f9) - a-Eglog 2% <a—E0[(1g}f0> e“gfeo].
0o

oo oo
Since Egle < oo for any M and p, = 0(x) — 6p(z) is uniformly bounded, the
expectation on the right-hand side of the above inequality will be bounded by some
large enough constant C' > 0. Hence, we get

2
EO(J{") —1+a.E0“7X

6o

M|Z|]

2
a

< =C.

-2

Therefore,
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For any 0 < € < 1, note that if d(6,0y) = \/EO —6p(X))2 > ¢, then
fe) 2 o?
E < 1—ae+—C.
0 (f&o 2

In particular, with a = % when d(0, 6p) > €, we have

() <o

The above inequality ensures that Assumption 2c¢ holds with respect to d.

Finally, to verify Assumption 4, first note that since px is uniformly bounded and
Eo(eM?l) < 00, V¥ M, for some C; > 0, M; > 0, we have

T [ |

fo. foo
Now, denote p/(X) = 61(X) — 62(X). Again, using Taylor’s formula and the fact that
w's is uniformly bounded, we get that for some Cy > 0, My > 0,

‘(&>_1‘ = ‘e(z“" “X>_1

Jo,

fo.  fo.

E
oo oo

& _ 1‘ .6M1|Z:| .
fo,

’ {7z w2
S sup |\|HI)(|"ZM;( €€< Hx 2>‘|
0<é<1
1!
< Co- {Iu’xl : ‘Z— TX‘eMZ'Z'} :

f91 fo,

Therefore, putting the above two inequalities together, we get for some M > 0, C' > 0,
/
Hx | M|z
¢ ool
f‘90 f90 |:| X| 2

2 2
. (EO 62MZ|‘|> '

The last step uses Cauchy—Schwartz inequality. Since the last term in the above in-
equality is finite, for some suitably large K > 0, we can write

NI

IN

C- (Eo [In%])

7 Mx
2

fel _ Jo

N < (Eo(61(X) — 62(X))*)? - K,

which implies that Assumption 4 holds. Hence Theorem 5 is applicable, as long as the
prior-summability (part (a)) or the entropy condition (part (b)) of the theorem holds.
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5.3 Bayesian quantile regression

Consider the family of bivariate densities [y of the form f(y, z) = ¢(y—60(x))g(z) where
¢(-) is the asymmetric Laplace density given by ¢(z) = 7(1 — 7)e *("~le<0) 2 ¢
(—00,00) with Iy being the indicator function, 0 < 7 < 1 and 6 € O, a class of
uniformly bounded continuous functions on the space of X. It is easy to check that
the 7th quantile of ¢ is 0. Hence, this is one particular formulation used for Bayesian
quantile regression (see Yu and Moyeed 2001). We assume that the true density is such
that Y — 6y(X) ~ po(+), a density which does not depend on X and whose 7th quantile
is 0. It’s easy to see that f*(y,z) = fo,(y,2) = ©(y — Oo(x))g(x) (see Proposition 1
in Sriram et al. (2013)). We are interested in posterior consistency with respect to the
following metric:

d(fo., fo,) = Eo |01(X) — 02(X)].
Let Z =Y — 6y(X). It can be seen that (see Lemma 1 of Sriram et al. 2013)

g 22 < 10y(x) = 0x(X)], (9)
fos
Eo log% < Eol6i(X) —62(X)].

This immediately ensures that Assumption 1 holds, as long as the prior puts positive
mass on d-neighborhoods of 6y. Further, since 6 are uniformly bounded, the first of

the above two inequalities ensures that ﬂ% is uniformly bounded. By Corollary 1 to
2

Theorem 8, it follows that Assumption 2c will be satisfied with respect to Lj (o).
Further, we argue that Assumption 2c¢ holds with respect to the metric d. To see this,
first, it can be checked using the form of asymmetric Laplace density that

fo 1‘ o J (e OmUmD) T gy i 0 — 0 > 0,
fOO o (1 — 6(9_00)7—) . I(Z>0) if @ — 60y <0.

Since |0(X) —6p(X)| is assumed to be uniformly bounded, we can further say that there
exists a constant Cy > 0 such that

]{79 - 1’ > Col0(X) — 00(X)| - (Iz<o - lo—6y>0 + Iz50 - Ig—g,<0) -
0
Now, noting that Eo[Iz<o|X] = Po(Z < 0|X) = 7, we get
Eo ]{79 - 1’ > CoEo [|0(X) — 0o(X)| - (7 Tp—0,>0 + (1 = 7) - Ip—0,<0)]
0

> Comin(r,1 - 7) - Eg|0(X) — 0p(X)|

= Comin(r,1 —7)-d(fa, fo,)-

Since we have already argued that Assumption 2¢ holds for Ly (po), the above inequality
ensures that it also holds with respect to d. Finally, to check Assumption 4, we use (9)
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and the fact that j:?—g: is uniformly bounded, to get that for some C; > 0,
0

. foux) fez(X)‘ _E, [ Joux) 1’ , f92(X):| <0y Eo fouxy 1’.
Joox)  Joo(x) Jo,(x) Joo(x) 02(X)
Hence,
E, J.00 ] < s (Eo ‘e—|91(X)—92(X)\ _ 1‘ B, ‘e|91(X)—92(X)\ _ 1‘) 7
Jo.(x) -

which by Taylor’s formula is
< C-Epl01(X) — 02(X)| for some constant C.

Therefore, Assumption 4 holds. Hence Theorem 5 is applicable, as long as the prior-
summability (part (a)) or the entropy condition (part (b)) of the theorem holds.

6 An extension to z.n.72.d. models

The ideas developed in the previous sections allow us to begin some easy and direct ap-
plications to i.i.d. parametric models and to the case of independent but non-identically
distributed (i.n.i.d.) response. In this section, we outline these ideas. In the interest of
flow, the results are presented here and the proofs are deferred to Appendix C.

We will assume that the distribution of the response Y is determined in principle by
the knowledge of a covariate vector X. In other words, there exists an unknown “true”
density function fox(-) with x € X, such that Y|X = x ~ fox. So, for the ith observed
response Y; with covariate value X; = x;, Y; ~ fox,. The X; could be non-random and
hence Y7,Y5,...,Y, are independent but non-identically distributed. Ex[-] will denote
the expectation w.r.t. the density fox. We will denote by P, the probability with respect
to for and Pg with respect to the infinite product measure fox, X fox, X ---, and by
Eo[] the expectation w.r.t. this product measure.

Suppose we have a family of densities Fo = {f; : ¢t € [-M, M]}. Let © be a class
of continuous functions from X to [-M, M]. For ease of notation, we write 6(x) as 0.
The specified model is that Y; ~ fg, ., where 6 € © is the unknown possibly infinite
dimensional parameter. First, we make the following assumption with regards to the
covariates and the parameter space.

Assumption A. The covariate space X is compact w.r.t. a norm | - || and © is a
compact subset of continuous functions from X — R endowed with the sup-norm
metric, i.e., d(61,62) = sup,cy |01(x) — 02(x)].

A straightforward parametric example for © would be any class of smooth func-
tions defined on a compact set A and parametrized by finitely many parameters, also
taking values on some compact set. In this case, sup-norm metric would be equiva-
lent to the Euclidean metric on the finite dimensional parameter space. As an example
for a non-parametric class of functions, let X = [0,1] and let ©® be the sup-norm clo-
sure of the collection of polynomials S defined on [0,1] given by S := {f : 6(x) =
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Z?Zl ajxj for some k > 1 and such that a; < j%} It can be checked that this class
is equi-uniformly-continuous and uniformly bounded. Hence, © will be compact by
Arzela—Ascoli theorem.

Let II(-) be a prior on the parameter space © and let 6* be the minimizer (with
respect to 0) of Ex log f 2 for all x. As before, we can write the posterior probability of

aset U°={0€©O: d(9 9*) > e} as follows:

n fox, (Vi)
Jpe Ty 7255 dII(0) ,

(U (Vi) i=1 for (Yi) n
1:n) ‘= n Tou (Y) =: R .
f@ i=1 fe*z Y)dH(e) n

We will be interested in probabilities of complements of sup-norm neighborhoods of 6*.
The following useful lemma shows that if the functions # and 6* differ at a point xq,
then they will necessarily differ on a neighborhood around x( as well.

Lemma 3. Suppose Assumption A holds. Let 0" € U® and xo € X be such that |0} —
0x,] > €. Then 3 6" such thatV x : ||x —xql| < 0" we have |0, — 05| > §

Clearly, for the posterior probability of sup |6(x) —6*(x)| > € to go to 0, we need that
|6(x;) — 0*(x;) > € for infinitely many of the design values x;. The following assumption
is a way to formalize this notion.

Assumption B. For any given xg € X, ¢’ > 0, let Ay, 5 = {x: [|[x —x0|| <0’}
and [ Avg st (x) be the indicator function which is 1 when x € Ay, and 0 otherwise.
Then, x(x,d’) = liminf,>1 % P IAxo,s/ (x;) > 0.

Such a condition can be seen to hold in various situations. A simple instance would
be when X is a finite set {a1,aq,...,ax} and when the covariates X; take each of these
values a; a fixed proportion of times. Another example would be when the design set
{z;, i > 1} is dense in a closed interval say [0,1] such that the proportion of z;’s
falling in any sub-interval is proportional to the interval length or a fixed function of
the interval length. More generally, it could also be designs where the proportion of z;
could vary, for example, twice as many x;’s samples on [0,0.5] versus [0.5, 1], etc.

Towards deriving conditions for II(U¢|Y1.,) — 0, we first note that the next two
assumptions are equivalent to Assumption 1 of the 7.i.d. case and help control the
denominator of the posterior probability, as seen in Proposition 4 below.

Assumption C. 3 0" € O such that 65 = arg min,c[_ s, a7 Ex log f;—t", Vx € X
and 6* is in the sup-norm support of II.

Assumption D. E[log 7 | and and Ex [( ) ] for every « € [0, 1] are continuous
functions in (x,t,¢') € X x [-M, M]? and Ex log? % is uniformly bounded for
(x,t,t') € X x [-M, M]?.
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This continuity assumption is in the same spirit as Assumption 4 in the i.i.d. case.

Jff,gzg is continuous in (¢,¢') for each y and if the true
t

Such an assumption will hold if

density fox(y) is continuous in « for each y, and can be bounded by an integrable func-
tion in y. The boundedness condition on the second moment of the log-likelihood ratio
is to enable the application of the strong law of large numbers (SLLN) for independent
random variables and is used in the proof of Proposition 4.

Proposition 4. Suppose Assumptions A, C and D hold, then

for any B >0, PR, — oo Po-a.s.

The next assumption helps relate the sup-norm metric with the Kullback-Leibler
divergence and is analogous to Assumption 2a.

Assumption E. For any € >0, 36 € (0,1) and ag € (0,1) such that

{te[—M,M]:ExlogJ}ﬁ<5}g{t: t— 0% <el, VxeX.
t

Without delving into the details, we just note here that sufficient conditions for this

assumption to hold can be derived based on ideas developed in Section 4. For example,

as in Corollary 1, a sufficient condition would be that log % is uniformly bounded.

The next lemma and proposition help obtain a result that is analogous to Lemma 2.

Lemma 4. Let U¢ = {6 : supycy |0(x) — 0" (x)| > €}. If Assumptions A to E hold,
then 3 81 € (0,1) such that for every ' € U¢, an o’ € (0,1) can be chosen such that

n fa (V)
Eo (H L < e "% for all sufficiently large n.

The next proposition is analogous to Lemma 2 and helps control the numerator of
the posterior probability.

Proposition 5. Suppose Assumptions A to E hold. Then for any ¢’ € U¢, 3 an open
set Ay containing ¢ such that for some a € (0,1), § € (0,1) and for any probability
measure v(-) on Agr, for all sufficiently large n, we have

n 1/1 o 5
Eo [</Ae/ 1:[1 jZZ: EYI_;du(G)> ] —

Finally, we obtain the result for the i.n.i.d. case.

Theorem 9. Suppose that Assumptions A to E hold. Then,

II(U°Y1m) = O Po-a.s.
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Proof. Note that Proposition 5 can be applied by taking v(-) = H( A L So, for any
6" € U°, 3§ > 0 and an open set Ag: containing ¢’ such that, for sufﬁ(:lently large n,

(L))

(Ag/ %/ dH(&) e e "y
e Ag,i,lfo* Vi) I(Ag) ) = e

Therefore, by Borel-Cantelli lemma, we can conclude that

o fo, (Yi)
/A 9/1;[1 o (Yi)dH(e)—> 0  Pp-as.

3
Bl

€

By Proposition 4, it follows in particular that

%/ Hﬁz’:‘ ~dlI(0) — oo Po-a.s.

Z

Considering the ratio of the above two quantities immediately gives II(Ay/|Y1.,) —
0 Pg-a.s. By compactness, U¢ can be covered by finitely many sets of the form Ay .
Hence the result follows. O

The proofs of lemmas and propositions discussed in this section are provided in
Appendix C. As an application, we briefly discuss an example based on Bayesian quantile
regression with i.n.i.d. response.

6.1 Example: Bayesian nonlinear quantile regression

Similar to Section 5.3, consider a family of densities Fo = {f; : t € [-M, M|}, where
fi(y) = oy — 0(x))g(x) where @(-) is the asymmetric Laplace density given by ¢(z) =
7(1 —7)e (" 1s0) |z € (—o0,00) with I() being the indicator function, 0 < 7 < 1.
Let the “true” quantile function of Y given covariate X be 6y (X).

By the properties of ALD, it can be observed (see Proposition 1, Lemmas 1 and 2 of
Sriram et al. 2013) that (a) 6* = 6o, (b) |log %\ < |t =], and (c) that if |t — 0} | > €
then

*

LI, — ¢ omin { P, (0< Vi =05, < 5) Pox, (=5 < Y= 0, < 0) }
f@ X; — ) 0x; 7 X; ) s L0x; 2 7 X; .

Ex, log

As discussed above, there are various examples where Assumptions A and B would
hold. One may consider any of those possibilities for the current example as well.

If we consider any prior that puts positive mass on sup-norm neighborhoods of g,
that along with observation (a) ensures that Assumption C holds.
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It follows by Assumption A and observation (b) above that ff—:/ is uniformly bounded
and by property of ALD that it is continuous in (¢, ¢'). If we assume that the true density
function fox(y) is continuous in z for each y and can be dominated by an integrable
function in y, then an application of dominated convergence theorem (DCT) would
ensure that Assumption D holds.

Finally, using observation (c), if Pox(0 <Y — 6} < §) and Pox(—5 <Y — 0} < 0)
(where Y ~ Pox) are continuous and positive functions of x, then {dx,, ¢ > 1} can
be uniformly bounded below by a positive number. Hence, Assumption E would be
satisfied.

Appendix A: Supporting results and proofs

We now state some technical results used in the paper. The first useful result given
below is same as Lemma 6.3 of Kleijn and van der Vaart (2006).

Lemma 5. As a0, % T K*(fo, f)-

Proposition 2 in Section 2.2 shows that the three notions of divergence we consider in
this paper are equivalent for convex sets. The proof of this result proceeds via the min-
imax theorem. We state below the minimax theorem due to Sion (1958) Corollary 3.3.
and relevant lemmas leading up to the proof of Proposition 2.

Let M, N be convex sets. A function g on M x N is quasi-concave in M if {v :
g(p,v) > ¢} is a convex set for any p € M and real c. Likewise, g is quasi-conver in N
if {p: g(p,v) < c} is a convex set for any v € N and real c¢. The function g is quasi-
concave—convex if it is quasi-concave in M and quasi-convex in N. Similarly, if g(-, v) is
upper semi-continuous (usc) for any v € N and if g(u,-) is lower semi-continuous (Isc)
for any u € M, then it is said to be usc—Isc. Then Sion (1958) proved the following.

Theorem 10. Let M and N be convex sets one of which is compact, and g a quasi-
concave—convexr and usc—lsc function on M x N. Then

sup inf ,v) = inf sup V).
“EMyeNg(u ) DGN“eMQ(M )

The next lemma investigates the relevant properties needed on the function A% ( fo, f)
so as to apply the minimax theorem. For clarity, we recall the definition of A}, and note
that

«
B (4) if0<a<t,
he(fo, f) =141 if =0,
Eo (fi) if o= 1.
Lemma 6. The function h%/(fo, f) is concave in f and convex in . Further, for fized

a, it is continuous in f in the Ly (uo)-topology, where dug = (fo/f*) du. Also, for fized
£, RE(fo, f) is continuous in «.
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Proof. Concavity and convexity are easy to check. Continuity in f follows by noting
that, for ¢ € (Fy),

o) = o Nl = | [ () afodu—/(f*) Foda
y
/|80*f|dﬂo>a

Continuity in « follows from the dominated convergence theorem since

(f/F) < Tgppoy + (F/ ) g5 503

where Iy is the indicator function. O

The following theorem is an immediate consequence of the minimax theorem and
Lemma 6.

Proposition 6. For any convex set A C (Fy),

0<12f<1§uph *(fo, f) = ;up 1nf h o (fo, f)

Another useful application of the minimax theorem is the following.

Proposition 7. For any conver set A CF and f € A, define:

K*(fo. f) if a =0,
gla, f) = (1= hi(fo, /o ifa€(0,1),
— [(f/f) fodp ifa=1.

Then

sup inf g(a, f) = inf su a,
o<a£1f€Ag( /) 6A0<aglg< 7)-

Proof. On A, we give the Lj(ug)-topology. From Lemma 6 it follows that for each

€ (0,1), g(a, f) is continuous in f. Next, we argue that g(«, f) is Isc in f when o = 0,
i.e., we need to show that, if [|fx — flduo — 0, for f € A, then liminf K*(fo, fx) >
K*(fo, f)- Suppose, on the contrary, that liminf K*(fo, fx) = d < K*(fo, f). Then,
there exists a subsequence { fi } such that, K*(fo, fx-) is increasing and lim K*( fo, fx') =
5. Let «, decrease to 0, and set A, = {f € A : g(an,f) < §}. By Lemma 5,
glan, f) < K*(fo, f) and hence for each n, {fiv} C A,. Further, the continuity of
g(an, f) with respect to f implies that f itself is in A,,. Thus f € (,, Ap, which implies
K*(fo, f) <4, a contradiction. Continuity at o = 1 is trivial. Similarly, continuity of
g(a, f) in a for a € (0,1) follows from Lemma 6 and at & = 0 from Lemma 5. Fi-
nally, g(a, f) is convex in f and by monotonicity in «, quasi-concave in «. Applying the
minimax theorem gives the result. O
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Proof of Proposition 2. (iii) = (ii) is immediate. Now suppose (ii) holds, i.e.,
sup 1nf h *(fo, f) < e~° for some & > 0.
fe

—9_ Now, for any

e
L)2"1 with respect

This means for a given f E A, 30 < a <1 such that h%(fo, f) <
(7

o < a,settingp=%,q= and applying Holder’s inequality to
to the measure fodu,

o

/(%ylfodug {/ (%)“fodﬂr,

or h‘*’(fovf) [h*(fovf)]%

Consequently, for any o < «, b’ (fo, f) <e™@ '8 Equivalently, for all o < a,
— h% (fo, f) > — 8
o - of

As o | 0, from Lemma 5 the left-hand side of th/e last expression converges to
K*(fo, f) and the right-hand side converges to —%e“’ 9| 4—=0 = 6. This holds for each
f € A, and hence (i) holds. This completes the proof of (iii) = (it) = (4).

We will now show that (i) = (4i7) when A is a convex set, thus concluding that
in this case, the three conditions are equivalent. Suppose (i) hOldb then from Lemma 7,

sup inf g(« = inf su a,f)>6
0<o¢21f€Ag( f) fGAogaFg)1g( D

Since inf re 4 g(a, f) is increasing as « | 0, given any ¢’ < §, there is a ap > 0, such
that for all f € A,

L gy (fo, )

Qo

g(a()af) = 5'.

So that hjf (fo,f) < 1 — agd’ < e where n = agd’. Therefore, condition (iii)
holds. O

Appendix B: lllustrating need for assumptions on
topology

Example 1. This example shows that while f* in the L, support of II is necessary for
consistency, this may not follow from Assumption 1.

Let fo be the Unif(0,1) density and f* be the Unif(0,2) density. Let Fo = {fx : k >

1}, where
o if y € (0,1),
fily) = {2(1[%)7 ify € (1,3/2),
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with by, 1 1/2. Take any prior such that II(f;) > 0 for all k. Then Assumption 1 is seen
to be satisfied because K*(fo, fx) 4 K*(fo, f*) = log2. However, the L;-distance does
not vanish, i.e., || fr — f*|| > 1/4 for all k.

Example 2. This example demonstrates that even if f* is in the Ly support of IT and
Assumption 1 is satisfied, consistency still may not hold.

Let p be the measure obtained as a sum of the Lebesgue measure on [0, 2] and point
masses on integers k > 3. For k > 3 and a € (0,1], let f; and g, be densities with
respect to the measure p, defined as follows:

1_1
_ 5T % lny[O,l],
1 if y €0, a,
gay) =42, . 0,al
Let F = {ga, fr : @ € (0,1), k > 3} endowed with the L;(u) norm || - ||. Take the
following priors on fi and g,:
1
ﬂ—(fk) = ok—1" k> 37
1
T((ga) = Za_§7 ac (07 1]

NOte that Zk23 ﬂ-(fk:) = % and f()l ﬁ(ga)da — %
Let fo be the density on (0,1) whose distribution function Fy is

2 [1 - (— log(1 — 1/21/2))71/2} if y € (0,1/2],

Foly) = _1/2
1— (—log(1 —y*/?)) if y € (1/2,1).

We will see later that, for this fy, we get 1 — Mrl/2 < e~ " Pyp-almost surely for all large
n, where M,, = max{Y1,...,Y,}. Let f* be the Unif(0, 2), density, i.e., go(-) for a = 1.
Then it is easy to see the following:

f* 1/2
1 (—) dp=1log [ —1=_ ),
/Og fo ) fodin=loe { T3
I* oo ifae(0,1),
ol )=
/Og 0 )P = 0 a1,
These show that, indeed, f* minimizes the Kullback—Leibler divergence from fy. Also,
{f : K*(fo, f) < &} contains {f : log(%) <e}={fr:k>2(1—e*)"1}. Clearly,
the assumed prior puts positive mass on the latter set, so Assumption 1 is satisfied.

Further, note that, for ¥ > 3 and a € (0, 1),

1= F1>1/2 and flga— S =1 —a.
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Therefore, for any € € (0,1/2), we have

l—eg_n1 _-1/2 1 1yn _1
g, 2 g0 P dat 3a5(5 - )" e

W([f = ] > ¢) = =M
Jar 277 L2 da + Y0 5(5 — L)n gike
0.+ A(My)
o 1 +A7L(M7L),
where o 1
A, (m) = Ysa(z — 7)o

B fnll 2-nLq=1/2dq ’
and M, = max{Y1,...,Y,} as before. We claim that 1 — M}/Q < e~ ™ for all large n
with Pg-probability 1. To see this, write

1 n
Po(1— MY/2 > ™) = Po{M, < (1—¢ )} = (1- 7) < e Vm,

Since this upper bound is summable over n > 1, the claim follows from the Borel-
Cantelli lemma. Therefore, when n is large,

1 1\" 1

k>3

Since for large enough k, e(% — %) > 5%, this implies that liminf A, (M,) = oo Po-
almost surely. Consequently, IL,(||f — f*|| > ¢) /4 0, i.e., Assumption 1, together with

f* in the L; support of II, is not enough to guarantee L;-consistency.

Appendix C: Proofs of results for the i2.n.7.d. case

Here, we provide details of proofs of results for the i.n.i.d. case discussed in Section 6.

Proof of Lemma 3. Since Assumption A holds, by Arzela—Ascoli theorem, we have the
following:

(i) © is uniformly bounded, i.e., 3 M such that |0(x)| <M V0 €O and x € X.

(ii) © is equi-uniformly-continuous, i.e., for xg € X, given € > 0, 3 § > 0 such that
Vx: |[|x—x0| <9, |0x —0x,| <€, VO€O.

Without loss of generality, for 0" € U€, we have 0, — 05 > €. By (ii) above, i.e.,
equicontinuity, 3 ¢’ such that V ||x — x¢[| < &', we have |0y —Ox,| < §, V0 € ©. In
particular, for such x, |0} — 05 | < . Therefore,

€ €

* * * * €
O — O = O — O, + 05, — Oy, +05, — 05>~ he— T =10, O
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Proof of Proposition 4. Due to the compactness of @ X [=M, M]? (Assumption A), and
continuity (Assumption D), it follows that Ex log is uniformly continuous in (z, t,t').

fo (x

Hence, the collection {Ex log , 1> 1} is equlcontlnuous w.r.t. 8 € ©. Further,

Assumption D implies that {Ex log2 fe (x

(0,1) such that

N i > 1} is uniformly bounded. Hence, 3 ¢ €

{ sup 1960 - 010] <0}

i=1

Assumption C will therefore ensure that the prior gives positive mass for the set V..
s

S on(Tprry) -

Now, observing that Rj,, > fv dII(#) and an application of the strong

law of large numbers for independent random variables leads to

. i)
Zl (fe* Z)> > —2ne a.s.

Rest of the proof is along the lines of Lemma 4.4.1 of Ghosh and Ramamoorthi
(2003). O

Proof of Lemma 4. For § € U°¢, let x¢ be such that |6'(x¢) — 0*(x0)| > e. Then by
Lemma 3, 3 §’ such that V x € Ay, s :={x : [x — X0l < 5 }, we have |0, — 05| > §

Therefore, by Assumption E, 3 § € (0,1) such that Ex log f > § for all x € Ax, o'

Exc (£
For (x,t,t') € X x [-M, M]?, let go(x,t,t') := # By Lemma 5, we have
that, g4 (x,t,t') increases to Ex log % asa | 0. By Assumptlon D, both g4(-, -, ) and the

limiting function are continuous in (x,t,#'), which is in the compact set X' x [—M, M]?.
Hence, it follows by Dini’s theorem that this convergence is uniform, i.e.,

. 1- E (ft’) ft’ . 2
lim ————~2— 1 E, log =— uniformly on X x [-M, M]*.
al0 (6% ft

Let x := k(xp,¢’) as in Assumption B. Then, 3 0 < o/ < 1 such that g (x,¢,t") >
for
Ex log %—H%,V (x,t,t') € Xx[—M,M]? In particular, go (x;, 0x,, 0% ) > Ex, log i

Xir VX, fﬂx;
Fox
/{% Vi>1,0 € 0. Also, in general Ey, log f:xf > 0. Combining this with the observation
we made at the beginning of the proof that E4 log ch—f‘ >6Vxe Ay, we get
, )
Gor (Xis b, 0%,) 2 0 - I, o (%) — K (10)

27
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where [ Ay,

Note that, by Assumption B, for sufficiently large n, %Z?:l IAxo o (Xi) >
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,(x) is the indicator function which is 1 when x € Ay, s and 0 otherwise.

3k

1+ Using

this, along with a bit of algebra on (10), we can conclude that the following inequality
holds for sufficiently large n:

e (1171

The result follows

o (

Y;

by assigning &; := x2

Z .

/
> < e_éz?zl'IAxo’él(xi)—‘rnH%' < efn/{%-.

O

Proof of Proposition 5. First, we claim by Assumption D that the collection of functions

{ fé(x
x
for (x, i)

continuous function on a compact set X x [—M, M]?

, © > 1} is equicontinuous w.r.t. the sup-norm metric on . Note that Exf— isa

. Hence, it is uniformly continuous.

So, given € > 0, 3 ¢ such that if ||x — x1|| < 4§, |t —t1] < 0 and |t/ — t}| < § then

fty

‘Exl f

Then for any x € X, taking x; = x, ¢t =t} =

fo)
X for %)

get |E

X

f91(X)
for (x)

- Ex%| < e. In particular, let 6,60, € © be such that sup,cy |6(x)

| < e. Hence the collection of functions {Ex

equicontinuous in 6 w.r.t. sup-norm metric.

Define Ay :={

GEGE[

—61(x)| < 0.
x) and t = 6(x), t; = 61(x), we

%,izl}is

L] < e%,Vi > 1}. This set clearly contains ¢ and it is

an open set due to equlcontlnulty.l By Lemma 4, 3 &' € (0,1) such that

(¥)
)

Let @ = '/2. Then, for sufficiently large n,

Eo

(/.1
(5w

o fo, (Yi)
Joz, (Vi) dy(9)>

5) (T

o (
Joz (

Y;

i

T

Jor (

i

(By Cauchy—Schwartz mequahty)

< | Eo

(By Jen

IN

Eo

[ o, (Vi) 2a
Joz (Vi)

sen’s inequality)

'(f% <m>“'

oz, (Vi)

(Left

(/.11

n

[1

1

(03
> <e ™9 for all sufficiently large n.

“ fo., (Yi)
o, (Vi)

2c
dV(9)>
dV(0)>

o
2

fo., (Y2)
o, (Vi)
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