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We consider the 3D Landau equation for moderately soft potentials
[y € (=2, 0) with the usual notation] as well as a stochastic system of N parti-
cles approximating it. We first establish some strong/weak stability estimates
for the Landau equation, which are fully satisfactory only when y € [—1, 0).
We next prove, under some appropriate conditions on the initial data, the so-
called propagation of molecular chaos, that is, that the empirical measure of
the particle system converges to the unique solution of the Landau equation.
The main difficulty is the presence of a singularity in the equation. When
y € (—1, 0), the strong-weak uniqueness estimate allows us to use a coupling
argument and to obtain a rate of convergence. When y € (-2, —1], we use
the classical martingale method introduced by McKean. To control the sin-
gularity, we have to take advantage of the regularity provided by the entropy
dissipation. Unfortunately, this dissipation is too weak for some (very rare)
aligned configurations. We thus introduce a perturbed system with an addi-
tional noise, show the propagation of chaos for this system and finally prove
that the additional noise is almost never used in the limit N — oo.
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1. Introduction and main results.

1.1. The Landau equation. The 3D homogeneous Landau equation for mod-
erately soft potentials reads

1
(LD 3 fi(w) = S div, ( [ aw= ool @)V i) - ff(vat(v*)]dv*),

where the initial distribution fy : R — R is given. The unknown f; : R? > R
stands for the velocity-distribution in a plasma. The matrix a : R3 > M3,3(R) is
symmetric nonnegative and given by

a(v) = |v|2+y(1 _v® ”)

|v]?

for some y € (—2,0). We will also use the notation
b(v) =diva(v) = =2|v| v.

This equation, with y = —3, replaces the Boltzmann equation when particles
are subjected to a Coulomb interaction. It was derived by Landau in 1936. Physi-
cally, only the case y = —3 is really interesting: it is explained in [2] that the case
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y = —3 is the only one that you can obtain from a particle system in a suitable
weak coupling limit, even if the interaction potential has a finite range (a fact that
was already discovered by Bogolyubov). Concerning this Coulomb case y = —3,
the strongest existence result was recently obtained by Desvillettes [7], which im-
proves on that of Villani [38]. See also Arsen’ev—Peskov [1] for a local existence
result, [13] for a local uniqueness result and Gualdani—Guillen [19] for a detailed
study of the radially symmetric case.

When y € (-3, 1], the Landau equation can be seen as an approximation of
the corresponding Boltzmann equation in the asymptotics of grazing collisions.
The reference [38] that was already mentioned above rigorously proves the con-
vergence of the Boltzmann equation to the Landau equation, together with the ex-
istence of solutions to the Landau equation in the whole range. For moderately soft
potentials, that is, when y € (—2, 0), a global well-posedness result was obtained
in [14]. For hard potentials, that is, when y € (0, 1], well-posedness, regularity and
large-time behavior have been studied by Desvillettes—Villani [8, 9]. A probabilis-
tic interpretation was introduced by Funaki in [17]. We also refer to the book of
Villani [39] for a long review on kinetic models, including this one.

Let us finally mention a few important properties: the Landau equation pre-
serves mass, momentum, kinetic energy and dissipates entropy.

1.2. Some notation. We denote by P(R?), the set of probability measures
on R3. When fe P(R3) has a density, we also denote by f € L'(R3) this den-
sity. For ¢ > 0, P, (R3) stands for the set of all fe P(R3) such that my(f) =
Jr3 [v]9 f(dv) < oo.

For f € P(R?), we introduce the notation

bfv) = [ bw—v)f @, atfn)i= [ a =) ).
1.2)
o(fv):=(a(f.v)'"".

Observe that a(f, v) is symmetric nonnegative [since a(v) is so for all v € R3],
so that it indeed admits a unique nonnegative symmetric square root. The Landau
equation (1.1) can be rewritten as

(1.3) 3 f;(v) = 3 divy(a(fi, )V fi(0) = b(fi, ) f; ().

We will denote by H the entropy functional: for f € P, (R3), for some ¢q >
0 we define H(f) = [ps f(v)log f(v)dv € (—o0, +00] if f has a density and
H(f) = oo otherwise. Thanks to the moment assumption, this entropy is always
well defined; see, for instance, [21], Lemma 3.1.

We shall also use some similar notation for probability distributions of systems
of N particles. Precisely, for N > 1, P((R*N) stands for the set of probabil-
ity measures on (R*)N. When FV € P((R3)") has a density, we also denote by
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FN e LY(R3)N) this density. We write Psym((R3)N ) for the set of all exchange-
able elements of P((R*)V). For FY € Pym((R*)N), we introduce m, (FV) :=
Sy [l FN(dvy, ..., dvy) and define Py((R)Y) = {FV € Pym(RHV) :
my(FN) < oo}. Finally, we introduce the entropy of FV e P,((R*)") for some
g > 0 by setting

N_lf FN(vl,...,vN)logFN(vl,...,vN)dv1---va,
RN

if FV has a density,
+00, otherwise.

H(FN):=

We will use the MKW (Monge—Kantorovich—Wasserstein) distance; see Vil-
lani [40] for many details: for f, g € P> (R3),

1/2
Wal(f, g) =inf{ (/R3 . v — w|2R(dv,dw)) : R e TI(f, g)},

where T1(f, g) = {R € P(R?® x R?) : R has marginals f and g}.
We now recall what is usually called propagation of molecular chaos.

DEFINITION 1.1. Let Y be a random variable taking values in a Polish space
E with law g and, for each N > 2, a family (le e yﬁ ) of exchangeable E-
valued random variables. The sequence (y{V s yﬁ ) is said to be )Y-chaotic (or
g-chaotic) if one of the three equivalent conditions is satisfied:

@) (y{\’,yzN) goesinlawto g ® g as N — o0;
(i) forall j > 1, (VV, ...,yjN) goes in law to g®/ as N — oo;
(iii) N1 Zf’ 8,y goes in probability to g as N — oo.

We refer for instance to Sznitman [36] for the equivalence of the three condi-
tions and to [21] for quantitative versions of this equivalence. Propagation of chaos
holds for a particle system [towards the solution (f;);>o of its limit equation] if,
starting with fp-chaotic initial data, the particles are f;-chaotic for all times ¢. And
trajectorial propagation of chaos holds when the trajectories of the particles are
Y-chaotic, for a suitable process Y associated to the limit equation.

We will use the generic notation C for all positive constant appearing in the
sequel. When needed, we will indicate in subscript the quantities on which it de-
pends.

1.3. Well-posedness and strong/weak stability. We first recall that for « €
(—=3,0) and f € P(R3) N LP(R3) with p > 3/(3 + «), it holds that

(L.4) sup 3|U_v*|af(v*)dv*§1+Ca,p||f||Ll’~
veR3

This is easily checked: write that [p3 |v — vs|® f(ve) dvye < 1 + fv*eB(U’l) v —
Vx|® f (vy) dv, and use the Holder inequality.
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We next define the (classical) notion of weak solutions we use.

DEFINITION 1.2. Let y € (—2,0). We say that f is a weak solution to (1.1)
if it satisfies:
(i) f € L{5.(10, 00), P2(R?)),

loc

(i) if y € (=2, —1), f € LL ([0, 00), LP(R3)) for some p > 3/(4 + ),

loc

(iii) forall g € CZ(R3), all >0,

[ = [ o s
R3 R3

(1.5) .
[ [ [ e si@w fidv as.
where
1 3 3
Lo, v.) =2 3 au(® = v)de®) + 3 b = v)dkg(v).
k,l=1 k=1

Remark that every term is well defined in (1.5) under our assumptions on f
and ¢, since

(1.6) ILo(v, v:)| < Cplv — val” T + v — 0|V T2).
If y € [-1,0), we have [Lo(v, vy)| < Cy(1 + |v|? 4 |v4|?) so that condition (i)
is sufficient, while if y € (=2, —1), we have |Lo(v, vi)| < Cyp(1 + [v]? + |v4]? +

|v — v,]|”T1), so that conditions (i) and (ii) are enough: use (1.4) witha =y + 1.
For y € (=2,0), we set

2 3
= , = —— and, forg > ,
q(y) 1y r1(y) 31y q>q()
(1.7)
3g — 3y
p2(y.q) = .
q—3y

It can be checked that 1 < p1(y) < pa(y, q) < 3. Let us recall the well-posedness
result of [14].

THEOREM 1.3 (Corollary 1.4 in [14]). Let y € (=2,0) and fo € P>(R?)
satisfy H(fo) < oo and my(fy) < oo for some q > q(y). Then (1.1) has
a unique weak solution f € L{.([0,00), Po(R*) N Lk ([0, 00), LP(R?)) for
some p > p1(y). Moreover, this unique solution satisfies m>(f;) = ma(fo) and
H(f)) < H(fy) for all t > 0 and f belongs to L} ([0, 00), LP(R>)) for all

loc
pEe(p1(y), p2(y,q)).

We first state some weak/strong stability estimates and improve the above
uniqueness result.
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THEOREM 1.4. Let y € (—2,0) and fy € P>(R3) satisfy also H(fy) < 00
and my( fo) < oo for some q > q(y). Let f be the unique weak solution of (1.1)
built in Theorem 1.3.

(i) Assume that y € (—1,0]. For any other weak solution g € Ly, ([0, 00),

P2(R3)) to (1.1) starting from gy € Pr(R?), any p € (p1(y), p2(y,q)), anyt >0,

t
W3 (fi.8) < sz(vagO)eXp(Cy,p/O (1+ ||fs||Lp)ds>.

We thus have uniqueness for (1.1) (with initial condition fo) in the class of all
measure solutions in Ly ([0, 00), P (R3)).
(1) Assume thaty € (=2, —1]. For any p € (p1(y), p2(y, q)), any
2p -3
r>
G+y)yp—1D—1

and any other weak solution g € Li.([0, 00), Pr(R3)) N Llloc([O, 00), L (R3))
to (1.1),

W2, 20) < W2(for 20) exp(cy,p,r [

In particular, for any r > [3(q + v)1/[5g + 2yq + 3y], we have unique-
ness for (1.1) (with initial condition fy) in the class L.([0, 00), P>(R3)) N

loc

Ll ([0, 00), L™ (R?)) [it suffices to let p 1 pa(y,q) in (1.8)].

(1.8)

1

(L+ 1 fslle + ||gs||Lr)ds).

When y € (—1,0), we thus prove the uniqueness in the class of all measure
solutions in L> ([0, 00), P, (R3)). This is quite satisfactory and interesting for the
well-posedness theory, but there is another important consequence: we will be able
to apply (up to some fluctuations) the stability result to the empirical measure of
an associated particle system.

When y € (—2, —1], the strong/weak estimate is of course less satisfactory,
since we do not manage to completely get rid of the regularity assumptions on g.
The uniqueness we deduce is slightly better than that stated in [14], Corollary 1.4,
but the stability result cannot be applied to the empirical measure of a particle

system.

1.4. Entropy dissipation and a priori bounds. The fact that smooth solutions
to the Landau equation (1.1) belong to LIIOC([O, 00), LP(R3)) is a consequence of
the entropy dissipation. We sketch here the argument for the sake of complete-
ness and also because we will use, in the proof of Theorem 1.8, a similar strategy
to obtain some regularity estimate on the particle system. Precisely, the entropy
dissipation for a solution f; of the Landau equation (1.1) reads

d *
SH) == [ [ (V102 fiv) = Viog fi(v)"av — u.)

x (Vlog fi(v) — Vlog fi (vs)) fi(dv) fi (dvs)
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(where the superscript * stands for the transposition), which is certainly nonneg-
ative thanks to the nonnegativity of a. Using the drift and diffusion introduced in
(1.2), the dissipation of entropy may be rewritten as

d
d—H(f,) = —/ Vlog fi(v)a(f;, v)Vlog f; (v) f; (dv) — / divb( f, v) fi(dv).
1 R3 R3

Then since the entropy of f; is decreasing and its second moment constant,
Lemma 2.1 (taken from [8], Proposition 4) shows that the first term in the right-
hand side controls a weighted Fisher information 7, (f;) := Jr3 1V log f,|2(1 +
[v))Y fi(dv). This in turn allows us to control the L”-norm of f; (for some val-
ues of p), thanks to Lemma C.3, provided we have sufficiently many moments.
Finally, a L?-norm of f; with p large enough is sufficient to bound || div b( f7) || co-
Allin all, if fj has a finite entropy and moment of order g, the entropy dissipation

leads, for any p € (p1(y), p2(y,q)), to

T
/O 1 fille di < Cyopgr-

Let us mention that in his recent paper [7], Desvillettes introduces a very tricky
method and manages to derive a similar estimate when y € [—3, —2].

1.5. The particle system. We now consider the following toy model: we have
N particles characterized by their velocities ViN , solving the following system of
R3-valued SDEs

t
Vi=1,.. N V,N(z):viN(O)Jr/O b(EN, VN (5)) ds

(1.9) .

+ [ o VY ) dBis).
with the notation (1.2). Here, (B;())i=1....~.r>0 is an independent family of 3D
standard Brownian motions independent of (ViN (0))i=1,...~ and finally, for some
nn € (0, D),

i j 3
/,Liv = Miv * Py where /,Liv = I XI:SViN(’) and ¢, (x) = Wﬂ{‘xkn}.
We could probably also study the same system without the smoothing by con-
volution with ¢,, . But without this smoothing, the particle system is not clearly
well-posed. Since the paper is already technical enough, we decided not to study
this (possibly difficult) issue. However, this is not really a limitation, since in all
the results below, we allow ny to tend to 0 as fast as one wants.

PROPOSITION 1.5.  Forany N > 1, any initial condition (ViN ©0))i=1,..n,any
nn € (0, 1), (1.9) has a pathwise unique strong solution (Vl-N #))i=1,...Nt>0-
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The main topic of this paper is to show that, provided ny — 0 and under suitable
conditions on (ViN (0))i=1.....n, the empirical measure M,N converges, as N — oo,
to the weak solution f; of (1.1) built in Theorem 1.3. When y = 0, the coefficients
a, b are smooth and such a convergence has been proved by Fontbona—Guérin—
Meéléard [11], Carrapatoso [4]; see also [12]. In a work in preparation [3], Bolley—
Guillin—Fournier obtain some results when y € (0, 1). In [4] and [3], a slightly
more natural particle system, which a.s. preserves momentum and kinetic energy,
is considered. We have not been able to study this system with the present tech-
nique, although the difference of its behavior seems very light.

When y < 0, the situation is rather more complicated, due to the singularity
of the coefficients a, b. To our knowledge, there are no available results in that
context, except the one of Miot—Pulvirenti—Saffirio [25], where a partial result has
been obtained when y = —3: they prove the convergence to the Landau hierar-
chy, which unfortunately does not allow one to conclude. Here, we propose two
methods.

When y € (—1, 0), we handle a direct computation, mimicking the strong/weak
stability study, and we get a result with a rate of convergence. We have to use a
blob approximation of the empirical measure, in the spirit of [20].

When y € (=2, 0), we use that the dissipation of entropy of the particle system
provides some regularity enough to control the singularity. By this way, we obtain
a convergence result, without rate, by using a tightness/uniqueness principle. We
follow here [16], where we studied a similar problem for the 2D Navier—Stokes
equation. However, a major difficulty appears: the entropy dissipation is actually
not sufficient, due to the lack of ellipticity of the matrix a. The diffusion coeffi-
cients in (1.9) may degenerate for almost aligned configurations. We thus have to
show such configurations almost never appear.

1.6. A convergence result with rate for y € (—1,0). In that case, the singular-
ity is not too large, and we can use our strong/weak uniqueness principle to study
the propagation of chaos.

THEOREM 1.6. Assume that y € (—1,0) and let fo € Pq(]R3) for some
q > 8 be such that H(fy) < oo. Consider f the unique weak solution to (1.1)
defined in Theorem 1.3. For each N > 2, consider an exchangeable family
(Vl-N (0))i=1....n with supy -, E[IV{V (0)|*] < 00 and the corresponding unique so-
lution (V,N(t))izl,...,N,tzo to (1.9) with some ny € (0, N~1/3). Denote by ,uﬁv =
N1 Z{V (SViN(f) the associated empirical measure. Then for « = (1 — 6/q)(2 +
2y)/3,forall T >0,

sup E[W3(uf". £)] = Crg (N~ + N2+ EW3 (uf fo))

In particular, the propagation of molecular chaos holds true.
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Recall (see [15]) that the best general rate we can hope for the expected squared
2-Wasserstein distance between an empirical measure of some i.i.d. R3-valued
random variables and their common law is in N~'/2. Hence, for y € (—1/4,0),
and when the particles are initially i.i.d. and fy-distributed, the rate of convergence
is optimal as soon as fy has a finite moment of sufficiently high order. Of course,
it is likely that N —1/2 {5 the true rate for all values of y, while our rate deteriorates
considerably when approaching y = —1. However, we are quite satisfied, since to
our knowledge, there are very few quantitative results of propagation of chaos for
systems with a singular interaction.

1.7. Trajectories. Our second method will prove a slightly stronger result (al-
though without rate): the convergence at the level of trajectories. We thus need to
introduce the stochastic paths associated to the Landau equation. These paths will
furthermore be used to prove the strong/weak estimates.

Given a Brownian motion (5(¢));>0, independent of an initial condition V(0)
with law fj, we are interested in a continuous adapted R3-valued process (V(1)):>0
solution to

t t
(1.10) V(t)=V(O)+/O b(fs,V(s))ds—i-/(; o (fs, V(s))dB(s),

where f; € P(R?) is the law of V(¢) and using notation (1.2). By adapted, we
mean adapted to the filtration F; = o (V(0), (B(s))se[0,])-

The process (V(t));>0 represents the time evolution of the velocity of a typi-
cal particle in a plasma whose velocity distribution solves the Landau equation.
Such a probabilistic interpretation (in the case of the Boltzmann equation) was ini-
tiated by Tanaka [37]. See Funaki [17] for the case of the Landau equation. The
following results of existence and uniqueness are proved in [14], but with another
formulation involving a white noise. We will shortly prove them again, since we
need to extend them to another nonlinear SDE that we will introduce later.

PROPOSITION 1.7. Lety € (—2,0) and fo € P2 (R3) satisfy also H ( fy) < oo
and mg( fo) < 00 for some q > q(y); recall (1.7).

(1) There exists a pathwise unique continuous adapted solution (V(t));>0 to
(1.10) such that f = (f)i=0 € L.([0, 00), P2(R*)) N L ([0, 00), LP (R?)) for
some p € (p1(y), p2(v.q)).

(i1) Furthermore, f is the weak solution to the Landau equation (1.1) given by
Theorem 1.3.
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1.8. A convergence result without rate. We will assume the following hypoth-
esis on the initial conditions of (1.9) and (1.1):

(i) fo € P2(R3) NP, (R?) for some g > ¢ (y) and H(fp) < oo;
(ii) the sequence (V] (0), ..., VX (0))
with law FON is exchangeable and fy-chaotic;
(iii) supys» IEHVfV(O)|2 + |V (0)]] < 00 and supy-, H(FJ') < cc.

(1.11)

All these conditions hold true if fy satisfies point (i) and if (VlN ©,..., Vlj\\,’ 0))
are i.i.d. and fp-distributed.

THEOREM 1.8.  Assume that y € (=2, 0). Consider fy € P(R>) and, for each
N > 2, a family (VZ-N ©0))i=1,.~5 of R3-valued random variables. Assume (1.11).
For each N > 2, consider the unique solution (ViN ())i=1,...N.1>0 to (1.9) with
some ny € (0, 1). Let also (f;)i=0 be the unique weak solution to (1.1) given by
Theorem 1.3 and (V(t))=0 the unique solution to (1.10) (see Proposition 1.7).
Then, as soon as limy oo Ny = 0, the sequence ((ViN ))=0)i=1,.. N is V())r>0-
chaotic. In particular, if we set

N 1 al
W= ;%;v(z)’
then (1) =0 goes in probability, in C ([0, 00), P(R?)), 10 (f;)i=0-

1.9. Comments. Propagation of chaos was initiated by Kac [23] as a step to
the derivation of the Boltzmann equation. Since then, many models have been
studied. For nonsingular interactions, things are more or less well understood and
there has even been recently some important progress to get uniform in time prop-
agation of chaos (see Mischler—Mouhot [26]), to which we refer for many refer-
ences including the important works of Sznitman [35, 36], Méléard [24]; see also
Mischler—Mouhot—Wennberg [27] and [21]. As already mentioned, most of the re-
sults concerning the Landau equation [4, 11, 12] concern the case where y = 0 (or,
at least, where the singularity is removed).

The case of a singular interaction is much more complicated and there are only
very few works. Osada [28, 29] has obtained some remarkable results concerning
the convergence of the vortex model to the Navier—Stokes equation (in dimen-
sion 2, with a divergence-free interaction in 1/|x]|), improved recently by the au-
thors and Mischler [16]. In dimension one, Cepa and Lepingle have also studied the
(very singular) Dyson model [5]. We shall also mention the case of a deterministic
particle system (with position and velocity) in singular interaction studied by the
second author and Jabin [20]. Here, the first quantitative method is in some sense
inspired from [20]. The second one (without rate) relies on the entropy dissipation
technique introduced in [16].
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Finally, let us mention again the work in preparation [3], which treats a similar
problem when y € [0, 1), with more satisfactory results. Some of the techniques
used here are common with [3]. In particular, the introductory part of Section 3 is
reproduced from it.

1.10. Plan of the paper. 1In the next section, we prove several regularity es-
timates concerning the coefficients a and b, we check Proposition 1.5 (well-
posedness of the particle system) and Proposition 1.7 (well-posedness of the
nonlinear SDE). Section 3 is devoted to the proof of Theorem 1.4 (strong/weak
stability estimates). We prove the (uniform in N) propagation of moments for the
particle system in Section 4. The proof of Theorem 1.6 [propagation of chaos with
rate when y € (—1, 0)] is given in Section 5. We next study precisely, in Section 6,
the ellipticity of a(u, v) when p is an empirical measure. We give the proof of
Theorem 1.8 (propagation of chaos without rate when y € (—2,0)) in Section 7.
In Appendix A, we extend a coupling result of [21]. In Appendix B, we general-
ize slightly a result of Figalli [10] on the equivalence between PDEs and SDEs,
that we use several times. Finally, Appendix C about entropy and weighted Fisher
information lies at the end of the paper.

1.11. Final notation. We recall that a(v) = |v|” (Jv|*] — v ® v) and that
b(v) = —2|v|"v. We introduce o (v) = (a(v))'/? = [v|"/> 1 (Jv]?T — v @ v).

For n € (0, 1), we recall that ¢, (x) = (3/(471173))11{|x|<,,}. We introduce a, =
ax ¢y, by=bx¢,and o, = a,li/z, and we define, for f € P(R3) and v € R3,

ap(f, v):/;@a,,(v—w)f(dw), by (f, v):/IZ&Sbn(v—w)f(dw) and
U)’](f’ U) = (an(f9 U))1/2~

Remark that it is very similar to the formula (1.2) which corresponds to the case
n = 0 with the convention that ag = a and by = b.

For f € P(R?), we put f7 = f ¢,. We observe that a(f",v) = a,(f,v),
b(f",v) =by(f,v) and o (f7,v) =0, (f, v).

We will use the standard notation x A y = min{x, y} and x vV y = max{x, y} for
x,yeR.

Finally, for M, N two 3 x 3 matrices, we set ((M, N)) =Tr M N* and ||M||2 =
TrMM*.

2. First regularity estimates and well-posedness of the nonlinear SDE.
2.1. Ellipticity. We recall the ellipticity estimate of Desvillettes—Villani [8],

Proposition 4. It is stated when y > 0 but the proof only uses that y + 2 > 0.
Section 6 will be devoted to the proof of a more general result.
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LEMMA 2.1. Let y € (=2,0). For all f € P»(R3) satisfying H(f) < +o0,
there exists a constant ko > 0 depending only on y, H(f) and my(f) such that
forallv e R3,

Inf €%a(f.0)% 2 ko1 + o))

2.2. Rough regularity estimates and well-posedness of the particle system. We
will frequently use the following lemma stated in [12], Lemma 11 (with C =1 but
with another norm).

LEMMA 2.2. There is a constant C > 0 such that for any pair of nonnegative

symmetric 3 x 3 matrices A, B,
|AY2 - B2 <clA-B|"* and
|AY2 =B <c(la™M [ ~|B7']) 214 - BI.

We next collect some rough regularity estimates on a, b and o.

LEMMA 2.3. For any y € (—2,0), there is a constant C such that for all
v,w € R3,

[b(v) = b(w)| < Clv —w|(jv]” + w|"),
la) —a@)| < Clo = wi(jo]'" + [w]'*7),
lo @) —a )| < Clv—w|(jv]"/? + |w|"/?).

PROOF. The inequality concerning b is proved in [14], Remark 2.2. Since by
definition o (v) = |v]|"/?>~1(Jv|*T — v ® v), we see that o is a C' function outside
the origin and that || Do (v)|| < Clv|"/?. To go from v to w, it is possible to find a
path S : [0, 1] — R3, of length smaller than 7 |v — w|/2 and that always remains

in the crown {z € R : min{|v|, [w|} < |z] < max{|v|, |w|}}. For instance, some
circular arc will do the job. Then the claimed inequality follows from

1
o) — o )| < /0 | Do (S))||S'(0)|dt < Clv — w|max{|v]"/?, |w|"/?}.

The inequality concerning a is proved similarly, using that || Da(v)| < Clv|'t7.
This proof may also be adapted to b, using that | Db(v)|| < Clv|Y. O

We next study ay, by, and o,.

LEMMA 2.4. Lety € (—2,0).
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(i) Foreachn € (0, 1), there is C,, such that for any y, z € R3, ||(a,7(y))_1 | <
C,(1+ |yD""! and

by () = by(2)| < Cyly —zl,
lon () = on@| + [ay(y) —an@)| < Cy(1 + |yl + |zl)ly — zl.
(i1) There is C > 0 such that for all n € (0, 1), all v € R3,
la, () —a@)| < Cn*(n+1v])”  and

Cn(n+ v])", ify € (—1,0),

[by () = b(v)| < C min{n, [v|}|v], ifye(=2-1].

(iii) There is C > 0 such that for all n € (0, 1), all f € P(R?), all v e R3,
lay(f,v) —a(f,0)| <Cn* and, if y € (—1,0)
|by(f.v) = b(f.v)| < Cn'*7.

PROOF. We first check point (i). First, it holds that a,(y) = a(¢;, y) when
using notation (1.2). But ¢, obviously belongs to P> (IR?) and has a finite entropy.
Hence, Lemma 2.1 tells us that for all £ € R3, all y € R, E*ay(y)§ = c(1 4+
|y 1§12, which implies that | (a,(»)) ™" < Cy(1 4 |yD7].

We next use Lemma 2.3 to get

|by(y) — by(2)| < Cn_3/ ly —zl(ly +ul” + |z +ul”)du < Cyly — zl,

lul<n

as well as
() = ay @] = Cn‘3/| Py bl ™ du
ul<n

which is easily bounded by C)|y — z| if y € (=2,—1) and by Cy|y — z|(1 +
Iy|"t + |z|7t1) if ¥ € [—1,0). By using the second estimate of Lemma 2.2
and the estimate on ||(a,(y))~"|l, we conclude that ||(a, ()'/? — (a,;(2))!/?|| <
Cyh(131, 12Dly — 2|, where A(lyl, |z]) = min{(1 + [yD"1/2, (1 + |21/} if y
(=2, —1) and A(lyl, lz) = min{(1 + [yD712, (1 4 [2DV2)(1 + [y] + 2D+ if
y € [—1,0). In any case, i(|y],|z|]) < C(1 + |y| + |z|), which ends the proof of
point (i).

Concerning point (ii), we first study b and separate two cases. If |v| < 27,
then we have |b(v)| = 2|v|!*” and |b,(v)| < C|v|'*” 4+ Cn'*7. Hence, |b(v) —
by(v)] < Clv|'*™” + Cyp't7, which is smaller than Cyp'*” < Cn(n + |v])? if
y € (—1,0] and than C|v|'*” < min{n, [v|}|v]” if y € (=2, —1]. If now |v| >
2n, we use that |b(y) — b(z)| < Cly — z|(ly|¥ + |z|¥) by Lemma 2.3, so that
[b(v) — by(V)| < Cn fpa(v]Y + v — u|” )¢, () du < Cnlv|”, which is bounded
by Cn(n+ |v)Y if y € (—1,0] and by C min{n, |v|}|v|” if y € (=2, —1].
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We now study |la(v) — a,(v)||. If |v| < 275, we immediately get that [la(v) —
ay )|l < la@)] + lay Il < Cy**7 < Cyp*(n + [v])? . If now |v| > 27, we use a
Taylor expansion: write, for |u| < n, that a(v — u) = a(v) — uVa®) + ¢(u, v),
where ||¢(u,v)| < |u|zsupB(v’,7) | D3%a|l < Cn*|v|”. Consequently, since ¢y is
symmetric,

|a() —ay()| = H/I ‘ (a(v) —a(v —u))py(u)du
ul<n

<Cn*”,

:H/| £, V) (0)
ul<n

which is controlled by Cn?(n + |v])? as desired.
We finally have to prove (iii). If y € (—1, 0), we have |b,(x) — b(x)| < Cnlty
by (ii), whence

byt 5.0 = bf 0| =| [ b2 = w) = b = w)] F(@w)

Now for any value of y € (-2, 0), we see from point (ii) that |a,(x) —a(x)|| <
Cn**7, so that we obtain [|a,(f, v) — a(f, v)|| < Cy**? by a simple integration.
O

At this point, we can prove the strong well-posedness of the particle system.

PROOF OF PROPOSITION 1.5. Let

1Y 1
bi(vy, ..., vN) ::b(N 281’] * Gy v,-) =% me\,(vi —vj),
j=1 j=1

| 12 | N 1/2
oi(vy,...,vN) = [a(ﬁ Z&vj * Oy s vi>:| = |:N Zaw(vi — vj):| .
j=1 j=1
These are the coefficients of the system of SDEs (1.9). We claim that these co-
efficients have at most linear growth and are locally Lipschitz continuous, from
which strong existence and uniqueness classically follow. First, b; is globally
Lipschitz continuous by Lemma 2.4(i). Next, it follows from Lemma 2.4(i) that
o; is locally Lipschitz continuous. Finally, recalling that ||A|| = Tr AA* and that
Tr(a(v)) = 2|v|” T2, we find that

=]
-

||O','(U1,...,UN)||2: /]R3|Ui—vj—u|y+2¢nN(u)du

1

~
Il

2
< (loil + [vj ] +nn)" 2

~
I
—_

=]
M=

Since y + 2 € (0, 2], we conclude that o; has at most linear growth. [
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2.3. Regularity estimates for the nonlinear SDE. We now give some growth
and regularity estimates on the fields a(f), o (f) and b(f) created by some prob-
ability f, that will allow us to study the well-posedness of the linear version of the
SDE (1.10), as well as that of a perturbed version of it.

LEMMA 2.5. Lety € (—2,0) and f € P(R3). We have the following esti-
mates for all v, w € R3:

() In any case, ||lo(f,v)||*> <4 +4ma(f) +4|v|7 2.
(i) Ify € [—1,0), then |b(f, v)| <24 2|v| +2m(f).
(ii) If y € (=2, —1) and f € LP(R?) with p > 3/(4 + y), then |b(f,v)| <

2+Cpliflize.

(v) If f € LP(R®) with p > pi(y), then |b(f,v) — b(f,w)| < Cp(1 +
I fllze) v —wl.

V) If f € LP(R®) with p > pi(y), then |lo(f,v) — o (f,w)lI> < Cp(1 +

£l — wi?.

(vi) If y € [=1,0), then |la(f,v) —a(f,w)[| = C(A + [v] + [w|+m1(f)]v—
w.

(vii) If y € (=2, —1) and f € LP(R3) with p > 3/(4 + y), then ||a(f,v) —
a(f,wl =Cp(A+ 11 fllzr)lv—wl.

PROOF. Recalling that Tra(v) = 2|v|” 2,
lo(f. 0P =Tra(fv) =2 [ o= w2 f@w).

Point (i) follows, since |[v — w|? 12 < 2|v|? T2 4+ 2|w |V 2 <2 4+ 2|w|? + 2|v|V 2.
Next, |b(f,v)| <2 [ps|v — w|7’+1f(dw). Point (ii) follows, since for y €
[—1,0), [v—w|"t' <1+ |v| + |w]|. Point (iii) also follows, using (1.4) and that
p>3/(4+y).
Point (iv) is obtained by integration of the Lipschitz estimate on b given in
Lemma 2.3 and by using (1.4) [recall that p > p;(y) =3/B + y)]:

b(f.v) = b fow)| = Clo—w] [ (o=l +]w = x) f(dx)

<Clv—=w|(1+Cpl fllLr).

For (v), we use a classical result (see, e.g., Stroock—Varadhan [34], Theo-
rem 5.2.3), which asserts that there is C > 0 such that for all A : R3 S3+ (the
set of symmetric nonnegative 3 x 3-matrices with real entries), || D(A'/?)| s <

C|ID2A|| X%, Here, we apply it to A(v) = a(f, v). First,

|D*A)| =

/ Dza(v —x) f(dx)
R3

<C(1+Cpllifller),

SC/RS'”—X'yf(dx)
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where we have used that ||D2a(v)|| < |v|” and (1.4) [since p > 3/(3 + y)]. Con-
sequently,

2

2
ol —wl

o (1.0 =0 (P = (40" = () [ < [D(417)]

is smaller than C(1 + Cp|| fllLr)lv — wl?.

Finally, integrating the Lipschitz estimate on a given in Lemma 2.3, we find the
inequality |la(f,v) — a(f, w)|| < Clv — w| fgs(lv — x|"*7 + |w — x|117) f(dx).
Using the same arguments as in (ii) and (iii), points (vi) and (vii) immediately
follow. [J

2.4. Well-posedness of the nonlinear SDE. 'We now have all the ingredients to
give the following.

PROOF OF THEOREM 1.7. Recall that fy € P>(R3) is assumed to satisfy
mg(fo) < ooforsome g > q(y)and H(fy) <oo.Let f e Ly ([0, 00), PR3N
Ll ([0, 00), LP(R?)) [for all p € (p1(y), p2(¥, q))] be the unique weak solution
to (1.1); see Theorem 1.3. Let also V(0) be fp-distributed and consider a 3D Brow-
nian motion B independent of V(0).

Step 1: The linear SDE. Recalling that f is given, we prove here that there is

strong existence and uniqueness for the linear SDE
t t
(2.1) V() =V(0) +/0 b(fs. V(s))ds —i—/o o (fs, V(s))dB(s).

Fix p € (p1(¥), p2(y. ¢)) and recall that f € L2.([0, 00), Po(R¥))N L] ([0, 00),
LP(RY)). By Lemma 2.5(iv)—(v), the coefficients of this SDE are Lipschitz contin-
uous in v, with a Lipschitz constant (locally) integrable in time for b and (locally)
square integrable in time for o. The conclusion follows from classical arguments;
see, for instance, [30], Theorem 3.17.

Step 2: Uniqueness for the linear PDE. Recalling that f is fixed, we consider

the Kolmogorov equation associated to (2.1):
(2.2) 081 (v) = 3 divy (a(fi, V)V (V) = b(f;, v) g (V).

As for the Landau equation, g € Ly, ([0, 00), P (R?)) is a weak solution if for all
¢ € Cp(RY),

t
Loewsan= [ vos@+ [ [ [ Low.vg@sidv)ds.

By Lemma 2.5(i)-(ii)-(iii), we know that [lo(f,v)||> < C(1 + |v|*) and
b(fi, )| < CA+ | fllLr) (X + [v]), with || f[|Lr € Ly ([0, 00)). Hence, Proposi-
tion B.1, which slightly extends [10], Theorem 2.6, tells us that any weak solution
(81)>0 to (2.1) can be represented as the family of time marginals of a solution to
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(2.1). Consequently, step 1 implies the uniqueness of the solution to (2.1), for any
given go € P2(R?).

Step 3: Strong existence. From step 1, we know that there exists a solution V
to (2.1). Put g, = L(V(¢)). A direct application of the Itd formula shows that g
is a weak solution to (2.2), with go = fo. But f, being a weak solution to the
Landau equation (1.1) [see also (1.3)], is also a weak solution to (2.2). By step 2,
we deduce that g = f as desired.

Step 4: Strong uniqueness. Consider another solution W [with LOAV(¢)) = h;] to
the nonlinear SDE (1.10) (with the same initial condition and the same Brownian
motion). Assume also that & € Ly ([0, 00), PL(R3)) N Llloc([O, 00), LP(R?)) for
some p € (p1(y), p2(y, q)). A direct application of the 1t6 formula shows that &
is a weak solution to (1.1), whence f = h by Theorem 1.3. Consequently, WV also
solves the linear SDE (2.1), so that V = W by step 2. [

3. Fine regularity estimates and strong/weak stability principles. The goal
of this section is to prove Theorem 1.4, that is the strong/weak stability principles.
These principles will be proved using a coupling argument between two solutions
of the nonlinear SDE (1.10). Unfortunately, we cannot use the same Brownian mo-
tion for both solutions: this is due to the fact that we really need a fine estimate
and that the best coupling between two 3D Gaussian distribution N (0, ¥;) and
N (0, X3) does not consist in setting X| = ZII/ZY and X, = Z;/ZY for the same
Y with law N (0, I). Actually, as shown in Givens—Shortt [18], the optimal cou-
pling is obtained when setting X| = 211/2Y and X, = Eé/zU(El, )Y, where
the orthogonal matrix U (X, ¥,) is given by

1/2«—1/2 1/2 1/2\1/2
(3.1 U(Z1, X)) =%, / X / (El/ 2221/ )1/ :

More precisely, we will use the following lemma.

LEMMA 3.1. For any probability measure m on a measurable space F, any
pair of measurable families of 3 x 3 matrices (01(x))xeF and (02(x))xeF, intro-
ducing the matrices 1 = [ o1(x)o{ (x)m(dx) and Xy = [ o2(x)o) (x)m(dx),
it holds that

1/2

=172 = 5201 2| < [ 1) = 020 Pmia).

PROOF. Developing both terms and using the definition (3.1) of U, we realize
that the issue is to prove that

Tr(/F o1 (x)af(x)m(dx)) < TT((E;/ZEZEi/z)l/Z)'

By Givens and Shortt [18], proof of Proposition 7, we have Tr(M) < Tr((El1 /% %

22211/2)1/2) for all 3 x 3 matrix M such that

(=)
M* X
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is nonnegative. But with M = [ o1 (x)o; (x)m(dx),

X M o1(x) (o1(x)\*
. = / m(dx)
M* 3, F\o2(x)/ \oz2(x)
is clearly nonnegative. The conclusion follows. [J

3.1. Main ideas of the proof of Theorem 1.4. Unfortunately, the rigorous proof
is very technical. Let us explain here the main ideas without justification. Let thus
f and g be two weak solutions to (1.1). We associate (with some work, using some
regularization) to these solutions (V(¢));>0 [with L(V(#)) = f;] and (Z(¢))s>0
[with L(Z(t)) = g;] solving

dv()=a(f;, VO))U@)dB(t) + b(f;, V())dt and
dZ(t) =a(g, Z))dB(t) + b(g:, Z(1)) dt,

where U (t) = U (a(g;, Z(t)), a(f;, V(t))). Recalling that U takes values in the set
of orthogonal matrices, we realize that U (t) dB(¢) is a Brownian motion. Hence,
V and Z are coupled solutions, with different initial values, to the nonlinear SDE
(1.10). We will of course bound W3 (f:, g) by E[|V() — Z(t)|?]. Using the Itd
formula, we directly find that

(3.2) [|2¢) = V©)[)] =T (Ry),

—E
dt
where R, = L(Z(t),V(t)) and where, for R a probability on R3 x R3, with
marginals ¢ and v,

FR=/ 2(z—=v) - (b(i,2) —b(v,v
Ry = || Ce=v)- (b0 b, v)

+ o (. 2) — o VU (i, 2), av, v)|*)R(dz, dv).
Using Lemma 3.1 and that R has marginals i and v, we easily bound

r(R)sf / Az, 24, v, vo) R(dzs, dvs) R(dz, dv),
R3xR3 JR3xR3

where A(z, 24, U, Vx) :=2(2 — V) - (b(z —24) =b(v —vy)) + lo(z —24) —0(V —
v*)llz. A simple computation (see Lemma 3.3 below) shows that A = A| + Aj,
where A1 is antisymmetric and disappears when integrating, and where A, can be
controlled explicitly. We have verified that

_ _ I+y
A

T'(R) <8 / iz —pp BT AT D T ) Rz, ).

R3xR3 JR3 xR3 |z — z4| V |v — vy

Assume first that y € (—1,0). We get

I'(R) 58/ / 12 — 21z — 2o |” R(dzy. dv,) R(dz. dv)
R3xR3 JR3xR3

X
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Using finally (1.4) with some p > p1(y),
T(R) < C,(1+ / z — v|*R(dz, dv).
(R) < Cp(1+luller) [ o= vI*Ridz. dv)

Coming back to (3.2), we end with (d/dt)E[|Z(¢t) — V(t)lz] <Cp(A+|fillLr) x
E[|Z(t) — V(t)|?], whence, using the Gronwall lemma,

t
W3 (i g0 = W3 (o goyexp(Cp [ (14 1£ilr)ds
as desired. When now y € (=2, —1], a slightly more complicated study shows that
D(R) = Cpr(1+ e + I00er) [ | Jz = vPRz,dv).
R3 <R3
forany p > pi(y) andany r > 2p —3)/[B+y)(p—1) —1].

3.2. Fine regularity estimates. The subsection is devoted to the proof of the
following estimate.

PROPOSITION 3.2. For f,g € PQ(R3), Rell(g, fland0<n<e <1, we
set

Fn’g(R) = /;{3XR3 (Z(Z — 'U) . (b(gn, Z) —_ b(f, U))

t[o(s7.2) = (£ U (als* 2). a(f*. ) ") Ridz. dv).
Assume that f € LP(R3) for some p > p1(y).
(1) Ify € (—1,0), then
Lpe(R) < Ce™ + Cp(14+ | £ 1) /H;

(i) Ify € (=2, —1], we assume also that g € L" for some r > 2p —3)/[(3 +
y)(p — 1) — 1]. There is § > 0 (depending only on r, p, v) such that

T,.e(R)
<Crp(L+If+elr)A+mi(f+8)e’ +Crp(L+ | 5] o + &) )

x/ |z — v|>R(dz, dv).
R3xR3

Iz — v|>R(dz, dv).
R3

3%

We start with a simple computation.

LEMMA 3.3. Assume that y € (—2,0). Then for any v, vy, w, Wy in R3,
A, vy w, ) =20 — w) - (b(v — v) — b(w — w,))
+ o =) —ow—wy)|?

= A1(V, Vs, W, wy) + A2 (V, Vs, w, wy),
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where

AL, Vs w, ) = (V= w) + (v — wy)) - (b — V) — b(w — wy))
is antisymmetric [i.e., A1(V, Uy, W, Wy) = —A1(Vy, U, Wy, w)] and

Do (v, s w, wy) 40— w4 [os — wilP)K (Jv = vl Jw — wyl),

where

1+
(3.3) K, y) = SO
xXVy

Let us recall that for M, N two 3 x 3 matrices, ((M,N)) = TrMN* and
|M||? =TrMM*.

PROOF OF LEMMA 3.3. Defining Ay = A — Ay, we find, with the notation
X=v—veand Y =w — w,,
2
Ar=(X-Y) (b(X)=bY))+|o(X)—a@)|".
Recalling that b(X) = —2X|X|?, using that ||o (X)||> = 2| X|**” and that

2
[o(X), o (Y)) = |X|1+V/2|Y|1+V/2(1 4 %) > 2 X[V PA(X - Y)

(we used that 1 + x2 > 2x for the last inequality), one easily checks that
Ay 22X - V(X2 = Y2 21XV |(X P2 = 1y /)2

witch equals 2(|X||Y )" (|X|V1/2 — |y |171/2)2 Next, remark that for o € [0, 1]
and x,y >0,

\x“—y“!=<xvy>“(1—[“y} )s(wﬁ“(l—ﬂ)=|x—y|<xvy>“—1,
xXVy

xXVy
whence
Az < 21X = YP(XIY) Y (1x] v v )2
=21X —YP(x| A YD) (1x v Y) T
One easily completes the proof, using that | X — Y12 <2(jv— w]? + |ve — wi]?).

O

We next prove an intermediate result.
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LEMMA 3.4. Lety € (—2,0). Consider f, g € P>(R?) and R € T1(g, f). For
any € € (0, 1),

_A]‘Q3XR3(2(Z —v) - (b(g%,2) = b(f*,v))
(", 2) o (1. U als". 2).alf*. v) ) Rz, dv)
< 8[RSXR3 f]R»*x]R»* |z — UIZK(IZ — Zsl, v — v*|)

x Rf(dzs, dvy) R(dz, dv),

where K was introduced in (3.3) and where R® = [p3, 3 Jp3 S(u+z,u-+v)Pe () du x
R(dz, dv) belongs to T1(g%, f°).

In other words, R®(A) = [p3, g3 Jr3 La(u + 2z, u + v)ps (u) R(dz, dv) du for all
A € B(R? x RY).

PROOF OF LEMMA 3.4. Let us denote by / the left-hand side of the desired
inequality. We claim that

(z—v)-(b(g°.2) = b(f*.v))

= B3 R (Z - U) . (b(Z - Z*) — b(v — U*))Rg(dz*, dU*),

lo(g°,2) — o (5, v)U(a(s", 2), a(£%, v)) |
5/ lo(z = 2) — 0 (v — )| R (dzs, dvs).
R3xR3

The first point is obvious: it follows from the fact that the marginals of R? are g°
and f¢. The second point relies on Lemma 3.1 applied with (here z, v € R3 are
fixed) F = R? x R?, m = R (dzs, dvy), 01(z4, Vx) = 0 (2 — z) and 02(z4, V4) =
o (v — vy). Indeed, since o (x) = (a(x))'/2, we have

/M - 0 (2 — 24)0™ (2 — 2) R* (dz4, dvy) = a(g*, 2),
- X

/ 0 (v — V)0 " (v — V) R (dzs, dvi) = a(f°, v).
R3 xR3
Recalling the notation of Lemma 3.3, we thus deduce that
1= | Gz v v R Wy, du) Rz, dv),
R3xR3 JR3xR3

By Lemma 3.3, we know that A = A; + A,, whence, with obvious notation,
I < I + I,. Using the substitution u# +— —u and that A1(z, 24 — U, v, v — u) =
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_Al(z*v z+ U, Uy, V + M)’

I = / / AL, 2+ 1, 0, Ve + U)pe (1) duR(dzs, dvi) R(dz, dV)
R3xR3 JR3xR3 JR3

_ / / A1z, 24 — 1, v, Vi — 1) (u) duR(dzy, dv,) R(dz, dv)
R3xR3 JR3xR3 JR3

- —/ / At (2 2+ 1, Voo v+ )b () du R(dzs. dvs) R(dz, dv)
R3xR3 JR3xR3 JR3
== _Ilv

so that /1 = 0. This computation is licit: recalling the expression of A and that
b(x)| < 2|x|7

Ke(Z, Zs, U, Vy)
= /RS|A1(2,Z*+u,v,v*+u)|¢g(u)du
<2(lz] + [v] + |zs| + vil)
></Ra(lz—z*—ullw+|v—v*—u|1+7’)¢>g(u)du

< Co(1+ Izl + [v] + |24l + lva]).

For the last inequality, separate the cases y € [—1,0) and y € (—2, —1). This last
expression is integrable against R(dz«, dv«) R(dz, dv) because f and g belong to
P> (IR?) by assumption.

Finally, using again the substitution u — —u, it is easily checked that

12=4/ / f (Iz = v* + 124 — vsl?)
R3xR3 JR3xR3 JR3

X K(|z =z —ul, |v — vy — u|)pe (u) duR(dzy, dv) R(dz, dv)

=8/ / / lz— v
R3IxR3 JR3xR3 JR3
X K(|Z —Zx —ul, [V —vs — ”|)¢8(”)duR(dZ*, dvy)R(dz, dv),

which is nothing but the right-hand side of the target inequality. [J
We can finally give the following.

PROOF OF PROPOSITION 3.2. Let thus y € (—2,0), f,g € P,(R3), R €
[T(g, f) and 0 < n < e < 1 be fixed. Let also p > pi(y) be fixed and assume
that f € LP(R3). If y € (=2, —1], we assume moreover that g € L" (R3) for some
fixedr > 2p —3)/[(3+y)(p —1) — 1] and that r < p without loss of generality.
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We start with I'y, . (R) = Io + I + I + I3, where

= [, 2= (ble". )bl 0)
+ o (g°.2) — o (f5. v)U(alg". 2). a(£%. v)) P ] R(dz. dv),
11_2/ (@ v) - (b(g".2) = b(8. 2) = b(f.v) +b(f*, v))R(dz. dv),

b= e )-o("2)
— (o (. v) o (£, v)Ualg". 2).a(f*,v)) | R(dz, dv),
=2 T2 o (% v)Ulalg® 2).a(s% )
x ((o(g".2)
—0(8°.2)) = (0 (f.v) =0 (f*. v))U (8" 2). a(f*,v)) Rz, dv).

Lemma 3.4 tells us that
=8 [ [ e PR 2l 1o — vl R e, du) Rz, d),
R3xR3 JR3xR3

with R® € T1(g%, f°) defined by R® = [p3, 3 Jr3 S(utz,u+v)Pe ()R (dz, dv).
We now prove (i). We thus assume that y € (—1,0). We start with Iy. Since
y € (—1,0), it holds that K (x, y) < min{x”, y¥} < y¥, whence

1058/ / Iz—v|2|v—v*|VR5(dz*,dv*)R(dz,dv).
R3xR3 JR3xR3

Using that R® has g° for second marginal, we see that sup, [p3, 3 [V — v«]” X
R (dzs, dvy) = sup, [ps [v — vi|” f2(dvs) <14+ Cpll f¥llLr by (1.4), recall that
p > p1(y). Consequently,

o= CoU+ 1177, [, 12— PRz dv).

Lemma 2.4(iii) tells us that |b(f, v) — b(f¢,v)| < Ce'™” and implies, since
n € [0, ¢), that |b(g", z) — b(g®,z)| < Ce't7. Using that x - y < |x|> + ||, we
thus find

L <C (&2 + |z — v[*)R(dz, dv)
R3xR3

= Ce¥t?r +C/ Iz — v|*R(dz, dv).
R3xRR3
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Using that [|a — b||? < 2(|la||? + ||b]|), that U is an orthogonal matrix and then
Lemma 2.2, we see that

p2f (ol )o@ + o (55 v) — o (v )Rz dv

=c [, (a2 a2l + la(r*,) - atf )Rz v,

Lemma 2.4(iii) thus implies that I, < Ce2%7, which is smaller than Ce2t2
Finally, to bound I3, we start from the inequality

Tr(AB) < |A|||BIl < 3(e 7 IIAlI> + €7 | BI®),

from which
L<e? /M - lo (5. 2) — o (£, v)U (a(g®. 2), a(f%. v)) |*R(dz. dv) + &" I.
IR’

First, we already know that I, < Ce>*”. Next, using the same argument as in the
very beginning of the proof of Lemma 3.4, since R® has g° and f? for marginals,
we deduce that

13 < C82+2)/
+8_”/ / Ha(z—z*)—a(v—v*)||2R8(dz*,dv*)R(dz,dv).
R3xR3 JR3xR3

We then use Lemma 2.3 to write

I < Ce?t% 4 Ceﬂ’/

2 2
2=V "+ [z« —V
[ =Pl = v P)
X (|2 = z«l” 4 |v — v&|")R®(dz4, dvs) R(dz, dV).
Recalling the definition of R® and using some symmetry arguments, we find that

13 §C82+2y
wee [ [ = Pe =z ul? + o - vt al?)
R3xR3 JR3xR3 JR3
X ¢ (u) duR(dzy,dvy)R(dz, dv).

But sup, cp3 fp3 [x — u|” ¢ (u) du < Ce?, so that finally,
Iy < Ce™t?y —i—C/ Iz — v|?R(dz, dv).
R3xR3

We next prove (ii) and thus assume that y € (—2, —1]. We need to improve the
estimates of (i), but the additional integrability allows us to do that. We first observe
that our conditions p > pi(y)andr > 2p —3)/[3+ y)(p — 1) — 1] imply that
p>3/2,that0 < p|1+y|/(2p—3) < land that p|1+y|/Q2p—3) <4+y —3/r.
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Hence, we canfind § € (0, 1) suchthat§ <44y —3/randd > p|1+y|/2p—3).
We fix such a § for the whole proof.
We first treat /p. By the Young inequality,

; I+y I+y
K(x,y)= minte i _ 7 < Cs(x"7 0 4y 4y,
max{x,y} ~ y N

where a = (6 — 1 —y)/4. Buta > |y| (because § < 1), whence finally
K(x,y) < Cs(1 4 x'7=0 4 y=0=1=0)/8)

Consequently,
R N e R e L e Nl
R3xR3 JR3xR3
x R®(dz,dvy)R(dz, dv).
Using that the marginals of R? are g® and f*, as well as (1.4), we conclude that
o= Copa(+ 181 4 1100) [, e —vPR@z, v)
R3xR3

provided that r > 3/[4+y —é],ie.§ <4+ y —3/r,and p>3/[3—-(—1—
y)/8],1.e.8 > p|1 +v|/(2p — 3). Both hold true.
We next treat /1. Lemma 2.4(ii) implies that

|b(x) — be(x)| < Cmin{e, |x|}|x]? < Ce®|x|" 72,

As a consequence,
[b(f.v) =b(f*,v)| = [b(f.v) = be(fiv)| < Ce° ]R o= T f )

< Crs(1+11fller)e

by (1.4) because r > 3/(4 + y — §). Using a similar computation for g, we easily
find

I < Crs(L+ 1l + lgler) (mi(f) +mi(g))e
As in point (i),

bec [ (a2 —ale" )]+ Ja(s ) —atf Rz, dv).

By Lemma 2.4(ii), we have ||a(x) — a. (x)|| < Ce?(e + |x|)? < Ce'Fo|x|1H7 =% 50
that, with the same arguments as when bounding /7,

la(f?,v) —a(f.v)] < Ce'™*? fR v — 70 f(dvs) < Crs(L+ 1 fllr)e'™,
and the same holds for g. Consequently,

L<Crs(1+ | fllr + llgllLr)e'™.
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To bound I3, we start as in (i): for any « > 0,
e /R lo(e2) = o (50U ale? ), alf7, ) PRz, dv) + & Do,
- X
Exactly as in (i), we deduce that
Iy <&l + Ce® / / 2= vP2(1z = 2o + ul? + v — ve+ul?)
R3xR3 JR3xR3 JR3
X ¢ (u) duR(dzy,dvy)R(dz, dv).

But for all x € R3, [pslx 4+ ul’¢s(u)du < C(e + |x])? < Ce™!F|x|1Hr=2,
whence

I <Ce D

+C,,58“‘1+5/ / / 12— (12 — 2770 4 o — vy 17 )
R3xR3 JR3IxR3 JR3
X R(dz,dvs)R(dz, dv).

With the same arguments as in the bound of /1, we conclude, using that R €
I(g, f), that

I < Ce™ Lt Crse® (U4 I +lgle) [, Iz = vP Rz dv)
X

< Cs(L+ 11 fllur + ||g||Lr)<81+8_°‘ a4 f o vlzR(dz,dv)).
R3xRR3

Choosing @ = 1 — §, we end with

L<Crs(l+ 1 fl + ||g||Lr)(825 e[ - v|2R<dz,dv)).
R3xR3

This completes the proof. [J

3.3. Strong/weak stability principles. The rest of the section is devoted to the
following.

PROOF OF THEOREM 1.4. Let y € (=2,0) and fy € P»(R?) satisfy also
H(fo) < oo and mg,(fo) < oo for some g > g(y). We consider the unique
weak solution f to (1.1) starting from fo built in Theorem 1.3, as well as an-
other weak solution g € L ([0, 00), P> (R?)) starting from gg € Pr(R3). We

loc

fix p € (p1(y), p2(¥,q)). We know that f belongs to L ([0, c00), P>(R?)) N

loc
L} ([0, 00), LP(R%)). If finally y € (—2, —1], we assume that g € L}, ([0, 0c0),
L"(R3)) for some r > 2p —3)/[(3 4+ y)(p — 1) — 1]. We assume without loss of
generality that r < p.
Step 1. By Lemma 2.5(i)—(ii)-(iii), we see that o(g;, z) and b(g;, z) satisty

the assumptions of Proposition B.1. Indeed, |0 (g, 2)||> < C(1 + |z|?) and, if
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y e[—1,0), |b(g,2)| <C +|z|). f now y € (=2, —1), since r > 3/(4 + y),
b(gr,z2) < CA + || fllLr), which belongs to L}OC([O, o0)) by assumption. Conse-
quently, we can find, on some probability space, a Brownian motion (B(?));>0,
independent of a gp-distributed random variable Z(0) such that there is a solution

(Z(t))r>0 to

t t
Z(t):Z(O)—i—/O b(gs,Z(s))ds+/0 o (g5, Z(5)) dB(s)

satisfying L(Z(t)) = g; forall ¢t > 0.

Step 2. Let V(0) with law £y be such that E[|V(0) — Z(0)|*] = W3 ( fo, g0)- Re-
call that the function U, taking value in the set of orthogonal matrices, was defined
in (3.1). We claim that for any € € (0, 1), there is a strong solution (V(¢));>0 to

t
Ve(t) = V(0) + / b(f;. Ve(s)) ds
(3.4) 0

+ /0 o (fy. Ve)U(al(gt. Z(s)). a(f2. Va(s))) dB.

where f¢:= f; x ¢, and that furthermore, £(V,(t)) = f; forall t > 0.

Recalling that (Z(¢));>0 has already been built in step 1, the strong unique-
ness for (3.4) classically follows the following facts that we will check a few
lines below: v — b(f;, v) is Lipschitz (with a Lipschitz constant locally inte-
grable in time), v + o (fs, v) is Lipschitz (with a Lipschitz constant locally
square-integrable in time) and finally, v — U(a(g{, Z(s)), a(f, v)) is uniformly
bounded and locally Lipschitz.

Next, recalling that U (X1, X») is orthogonal for all symmetric positive matrices
31 and X, we deduce that () = fé Ua(fs, Ve(s)),a(gs, Z(s)))dB(s) is also
a 3D Brownian motion: it suffices to note that 8 is a 3D martingale and that its
quadratic variation matrix is /3¢. Hence, V, also solves the linear SDE (2.1), with
initial condition V(0) and Brownian motion (8(¢));>0, associated with the weak
solution f to (1.1). Consequently, one can check as in the proof of Theorem 1.7,
step 2, that L(V,(t)) = f; forall ¢t > 0.

As already seen in step 1 of the proof of Theorem 1.7, using the fact that
f € LE([0, 00), Po(R*) N L .([0, 00), LP(R?)) and Lemma 2.5(iv)—(v), we see
that b(fy,v) is Lipschitz continuous in v, with a Lipschitz constant (locally)
integrable in time and that o (f, v) is Lipschitz continuous in v, with a Lips-
chitz constant (locally) square integrable in time as desired. It only remains to
check that v = Ul(a(g{, Z(s)),a(f,v)) is locally Lipschitz continuous. First,
we obviously have, by convexity and invariance by translation of the entropy,
H(fE) = H(fs % ¢e) < H(¢e) < Ce, while ma(f£) < 2ma(f;) + 2¢%. The same
arguments apply for g¢, so that, since the second moment of f and g are (locally)
bounded in time by assumption, we get that

S[l(l)pT][H () + H(g5) +ma(f7) +ma(gf)] < Cer.
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Consequently, we can apply Proposition 2.1 and deduce that, for s € [0, T] and
Ve ]Rs,

(3.5) la(fsv) ™+ I alss. o)~ = Cor (14 o)) ™.

By Lemma 2.5(i), we also see that

(3.6) la (£ )l + lalgs )] < C 1+ 1))

Using next Lemma 2.5(vi)—(vii) and that || £l .r < |@ellLr < Cs,

(3.7) la(fe v) —a(fe v < Ce(1+ v+ V'])|v — 2.

From the definition (3.1) and Lemma 2.2, it is tedious but straightforward to
see that there is i > 0 and C > 0 such that for all symmetric positive matrices
X1, X2, X5,

|UZ1, 22) —U(Z1, )|
—12 12 —1/2 12 —1/2
<c(I=7 21+ 132+ 12 2+ 1=+ 1)
1/2 i
+[(25) 2132 - 5.

Using this inequality with 1 = a(gf, Z(s)), L» = a(f,v) and X} = a(fE,v),
using also (3.5), (3.6) and (3.7), we conclude that indeed,

U (a(gs, Z(5)), a(fy . v)) — Ula(gs, Z2(s)), a(fs, V)]
< Cor(1+ I+ V| +|Z©)]) v —v/|

for some j > 0. This completes the step.

Step 3. Recall that L(Z(¢t)) = g; and L(V.(t)) = f; [for any value of € € (0, 1)].
We will bound W3 (f:, &) by E[|Z(t) — V.(t)*]. Applying the Itd formula, we
directly find that

d 2
EE[IZO) —Ve(®)|7]
=E[2(Z(t) = V@) - (b(gr, 2(1)) — b(f, Ve (1))

+ o (g 2()) = o (fi. V) U algf, Z20)), a( 5. Ve ) |]:

Setting R, ; = L(Z(t), Ve (t)), which belongs to I[1(g, f), we realize that with the
notation of Lemma 3.2,

d
TEIZ0) = Ve ]=To.s(Re,).

Step 4: Proof of point (1). We thus assume that y € (—1, 0). Applying Proposi-
tion 3.2(i), we conclude that

d
SEIZ0 = Vo] < € 4+ Cp (14 | £7] ) Bl 2() = Ve[,
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But E[|Z(0) — V(0)|2] = W3 (fo, g0), so that, by the Gronwall lemma,

t
E[|2() = Vo] = (W3 (fo. 80 + cﬁ”?)exp(cp [l I\Lp)ds)-

Since finally £(V:(¢t)) = f; and L(Z(t)) = g, it holds that sz(f,, gr) <
E[lZ@) — V. (t)|2]. To complete the proof, it suffices to let ¢ tend to 0, noting
that || f7|lLr <l fillLr forall e € (0, 1).

Step 5: Proof of point (ii). We assume here that y € (=2, —1). Applying Propo-
sition 3.2(ii), we conclude that there is § > 0 such that

d
TE(IZ0) = Ve P] = Cop(U [ £y + 851 B Z0) — Ve )]

+ Crp (L I filler + llge L) (1 +mi(fo) +mi(g))e’.

Using that E[|Z(0) — V(0)I*] = W3 (fo, go), that (1 + || fillr + llg L) (1 +
mi(fy) + my(gy)) is (locally) time-integrable because f,g € Lﬁfc([O, 00),
P>(R*) N Ll ([0, 00), L"(R*) by assumption, the Gronwall lemma, that

loc
sz(f,, g) < E[|V:(t) — Z(1)|?] for any ¢ € (0,1) and letting ¢ tend to 0, we
find that

t
W3 (fi, g) < W3 (fo, go)exp(cr,p /O (14 fsllzr + ||gs||y)ds).

The proof is complete. [

4. Moment estimates for the particle system. The goal of this section is to
check the following propagation of moments. When y € [—1, 0), we could handle
a simpler proof, but the case y € (=2, —1) really requires a tedious computation.

PROPOSITION 4.1. Lety € (—2,0). Let N > 2 and ny € (0, 1). Assume that
the initial condition (ViN (0))i=1....~ is exchangeable and that E[IVIN O] < o0

for some r > 2. Consider the unique solution (ViN),-zl ,,,,, N to(1.9). Forall T > 0,
there is a finite constant Cr , (not depending on N) such that

sup E[[ V) (0)|'] < Cr B[V O]
[0,T]
PROOF. By the It6 formula, setting ¢ (x) = |x|",
t
B[ O] = BV O T+ [ BV 20 o b W )] ds

1 t
+§f0 E[Tr(Vzgo(va(S))a(/lévvVlN(S)))]dS

=E[[VNO)| ]+ 1N+ IV,
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Using that b(aY, VN (s)) = N~! Zyzl(b * P YOVN (5) — VJ’.V (s)), that (b *
¢yy)(0) = 0 and exchangeability, we find

r(N—-1) ! e
N = T/o E[[VN () 72VN (5) - (b x ) (VN (5) — V¥ (5))] dis.
Using again exchangeability [and that (b x ¢, )(—x) = —(b x ¢y, ) (x)], we can
symmetrize the expression, which gives

N-—-1) rt
]tN=u E
2N

x (VN |VN )] 2 = VY )|V )] ?)]ds.

[(Bx dn ) (VI (5) — VI (5))

Finally, we observe that since b(x) = —2|x|Yx and since ny € (0, 1), [(b
Gyn)(X)| < C(1 + |x|¥T1) for all x € R3. Furthermore, |x|x| =2 — y|y|" 72| <
Crlx — y|(1 + |x|"~2 4+ |y|"~2). All this implies that

1 =¢ B+ Y0 - o) e - o)

x (1 VN 2+ V¥ )| )] ds.
Since y € (=2,0), we easily check that (1 4+ |v — w|"t)|v — w|(1 + |v]"~% +
lw|"~2) < Cr(1 + |v|" + |w|"), whence finally
t t
N < c,/o E[1+ VY ()] + VY (s)] ]ds < C,/O E[1+ V) (s)| ]ds

by exchangeability.

Using next the easy estimate [la(2), VI (s))[| = IN7' X (@xy )V} (s) —
VY < CNTIEN (4 VY () — VN ()72 [because ny € (0, 1)], that
|D%p(x)| < Cr|x|" 2, and exchangeability,

t . 1
JN SC,/O E[|V{V(s)| 2<1+—

Y STV s) - vjv(s)|y+2>]ds

J#1
<, /OIE[IV{V O+ PrOP T+ )] ds.
Using the Holder inequality and exchangeability again, we easily conclude that
N <c, /OtE[1 + VN )| ]ds < C, /OZIE[I + VN (5)[ ] ds.

We have checked that E[| V) (1)"]1 < E[|[VN (0)"1+ C, [ E[1+ |V (s)|"1ds. The
conclusion follows from the Gronwall lemma. O
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5. Chaos with rate. The goal of this section is to give the proof of The-
orem 1.6. We first introduce a suitable coupling between our particle system
(ViN),-:L_,_,N and an i.i.d. family (WI-N),-Zl ,,,,, n of solutions to the nonlinear SDE
(1.10). We next prove that we can control the L?-norm of a blob approximation
of the empirical measure of the family (WiN (t))i=1,...n. This allows us to apply
our strong/weak stability principle to estimate the mean squared distance between
VN (1) and WN (1).

In the whole section, we assume that y € (—1, 0), that fy € P, (R3) satisfies
H( fo) < oo and my( fy) < oo for some g > 8. Observe that 8 > g(y), recall (1.7),
because y € (—1, 0). Hence, we can apply Theorem 1.3 and we denote by f the
unique weak solution to the Landau equation (1.1), which furthermore belongs to
Llloc([O, 00), LP(R?)) for any p € [1, pa(y, q)). Actually, we will only use this
estimate with p = 2, which is indeed smaller than p;(y, g), since ¢ > 8 and y €
(—=1,0).

We fix N > 2, an independent family of 3D Brownian motions (5;);=1,.. .~
as well as an exchangeable family (Vl-N (0))i=1,...n, with E[W{V (0)|4] bounded
(uniformly in V). We consider ny € (0, N ~1/3) as in the statement and the unique
solution (ViN ())i=1....N.r>0 to (1.9) with this ny. Finally, we fix § € (0, 1) (close
to0)and ey = N—U1=9/3 Observe that NN < E&N.

5.1. The coupling. Werecall that fore > 0and u € R3, ¢ (1) = (4me3/3)~! x
L{ju|<e)» that /Lfv = N‘lzfvzlévgv(t), that ,&iv = ,uiv * ¢, and we introduce

ﬁ;v =;L,N*¢8N. Fori =1,..., N, by definition
t t

. VN =V ) + / b(aN, VN (s))ds + / o (i, VN (s))dB;(s).
0 0

By Proposition A.1, we can introduce an i.i.d. family (WiN (0))i=1,..n of fo-
distributed random variables such that, denoting by FON the law of (ViN 0))i=1...n>
the following properties hold true:

N

(5.2) E[Zm’v ) —wV (@ﬂ =W (Fy, &),
1

(5.3) the family { (VN (0), WN(0)),i = 1,..., N} is exchangeable,

N N
as, Wi (N_l 2oy N Z(SWiN(O))
(5.4) : :
N 2
=N WMo -wh o).
1
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We finally introduce the system of SDEs with unknown (WiN ())i=0,i=1...N:

5.5 W¥OH =W o) + /O "b(fy. WY () ds

t
(5.6) - fo o (f, WN)U (a(iZ, VN (5)), a(®Y, WH () dB; (s)
with the notation v, = N"' 32V, 8, v,y and 5 = v x e

LEMMA 5.1. The system (5.5) has a unique strong solution
(WIN(I))tz()’l‘Zl ~. Furthermore, the family ((W,'N(t))tzO)izl ..... N s indepen-
dent and, for eachi =1, ..., N, the process (WiN (t))=0 has the same law as the
unique solution (V(t));>o to the nonlinear SDE (1.10).

,,,,,

PROOF. The existence and uniqueness can be checked as in step 2 of the
proof of Theorem 1.4: the only additional difficulty is to show that the map
(Wi, -, wy) > U@@y, VN (), a(N"V N 8y, * ¢eyy» wi)) is locally Lips-
chitz continuous, which is not very hard using that i and N=' SN | 8,, * ¢,
are bounded probability density functions (recall that e > 0 is fixed here).

Since for each i = 1,..., N, the matrix UM (s) = U(a(ay, V¥ (s)),a(@V,
WiN (s))) is orthogonal, it follows that the family ,Bl.N (t) = fé UiN (s)dB;(s) con-
sists of N independent 3D Brownian motion. To get convinced, it suffices to ob-
serve that these are continuous martingales and to compute the quadratic variation
matrix. We thus can write

WN (6 =W (0) + fo "b(f W (5)) ds + fo "o (s W (5)) dBN (s),

and the family ((W,N(t))IEO)izl,,..,N consists of N i.i.d. solutions to the nonlinear
SDE (2.1). O

REMARK 5.2. The family {(VN (), WM (#));>0,i = 1,..., N} is exchange-
able. This follows from (5.3) and from the symmetry and well-posedness of the
systems (5.1) and (5.5).

5.2. Preliminaries. We start with two easy lemmas.

LEMMA 5.3. Here, we only use that f € Llloc([O, 00), L2(R3)) and that
ma(f;) =ma(fo) forall t = 0:

(1) There is a constant co > 0 such that for all t > 0, || f|l;2 > co.
;s __ (N N N N .
(i) For any T > 0, we can find 0 = 1y’ < 1 <---<tKN§T§tKN+1,w1th
Ky < 2T N3, such that su _ tN . — Ny < N~3 and such that, settin
Pe=0,..ky Vo1 — L 8

.....

KN—|—1

W@ = 30 [ FE) ] 2Tpeqy v
=1
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. TN T
it holds that fO h™Y (t)dt < 2f0 N f (N 2dt.

PROOF. For point (i), we recall that [p3 fi(dv) = [p3 fo(dv) = 1 and
my(fy) = ma(fo). We put M = /2m,(fp) and we infer from the Cauchy—
Schwarz inequality that || fi[|2, > || filp.a) 12, = (3/(4m M?))(f;(B(0, M)))*.
Here, fi(B(0, M)) = [y Ji(dv). Next, f;(B(0,M)) =1 — fi(B(0,M)) >
1 —ma(f;)/M? =1/2. We conclude with ¢y = (3/(167 M>))'/2.

Point (ii) is not difficult: consider ap = (N~1/3/2 for £ =0,..., Ky + 1, with
Ky = |_2TN1/3J. Put tév =0 and, foreachi =1,..., Ky + 1, consider tév €
(ag—1,ae] such that || f(t))|l 2 <2NY3 [9 | £ ®)]l 2 (here, 2N /3 is the length

apr—|
of (as—1, ar]). One easily checks that all the conditions are satisfied. [

The second lemma states a few easy and standard properties of the solution to
the nonlinear SDE (which actually hold true for any SDE of which the coefficients
have at most linear growth).

LEMMA 5.4.  Recall that y € (—1,0), and that my4( fo) < o0 for some g > 6.

Consider the unique solution V to the nonlinear SDE (1.10); see Proposition 1.7.
Forall T >0,

_ q
IE[ sup [V()|? + ( sup w) ] <Cry.
1€[0,T] o<s<t<r It —s|V/

PROOF. Since y € (—1,0) and since mo(f;) = ma(fo) for all ¢+ > 0, we
know from Lemma 2.5(1)-(ii) that b(f;,-) and o(f;,-) have at most linear
growth, uniformly in 7 > 0. Since E[|V(0)|?] = m4(fo) < oo, standard com-
putations involving the Burkholder—Davis—Gundy inequality show that for all
T > 0, E[sup,cjo.r 1V(®)]?] < Cr 4. Standard computations again show that for
all0<s <t < T, E[V() — V(s)|] < Cr4lt — s]9/2. By the Kolmogorov cri-
terion (see Revuz—Yor [31], Theorem 2.1, page 26), we conclude that for any
a€(0,1/2—-1/q),

ZOERY a
E[( sup V() (S)I) ] <Cry.
0<s<t<T |t _s|a
The choice o = 1/3 is licit since g > 6. [

5.3. On the L? norm of the blob limit empirical measure. The following
proposition is an important step. Similar considerations were used in [20].

PROPOSITION 5.5. Recall that y € (—1,0), that f is the unique weak solu-
tion to (1.1) starting from fo € P(R>) with a finite entropy and a finite moment of
order q > 6. Fix T > 0 and consider h™ built in Lemma 5.3. Consider the solution
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N 10 (5.5) and recall that v = N~V 8v ) and 5 = v » ey
with ey = N~U=9/3 We have
Pr( 0| 2 < 1730N (1) > 1 — Cr g s N1 72973,

Of course, 173 is not at all the optimal constant.

PROOF OF PROPOSITION 5.5. It is quite complicated, so we break it into sev-
eral steps.
Step 1. We introduce the event SZ 7.y on which

Vi=1,...,
sup \WN(I)| + sup (r— s)_1/3\WlN(t) — WiN(s)| < N%/3
[0,T+ 0<s<t<T+1

and we prove that
Pr((Qr y)) = CroN' 4P,

Since each WiN has the same law as the solution V to (1.10),

Pr((Qf ))<= NPr( sup VO)|+  sup (=97 PV~ Vis)| = NB).
[0,7+1] 0<s<t<T+l
Thus, Lemma 5.4 and the Markov inequality give us Pr((QlT, M) =
CryN-N— 8q/3,
Step 2. We consider the natural partition Py of R3 in cubes with edge
length ey and call PN the subset of its elements that intercept B(0, N 3/3). Ob-

serve that #(P}) < 2(N%3 + Dey')? < 64N%e,> = 64N. We claim that for
any (x1,...,xy) € B0, N*/3)N and any (y1,...,yn) € B(0, N3N such that

sup;—y...n 1Xi —Yil S én,
N 2
_ _ 371 , 5
H(N 125),i>*¢w o3 > (#iixie D))"
1 N7 NDEP‘s

We start with

N
3

N_l dy, e = #1i:y; € B(v,

( ; Yz)*¢N(v) NE li:yi € B(v,en)}
3

< #1i :x; € B(v, 2¢ ,

whence

N
<N—1 21:5%) * ey (V) < N

i € D}L(DNB(v.2en)#0)-
DePf\,
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Consequently, setting A = (N~! lev 8y.) * ey ||iz,
9

<— #i:x; € DW|i:x; e D'
2A72 .6 Z l t
SR

X /ﬂ;@ 1{DNB(v,26n)#2, D'NB(v,2ex)#2) A V.

Using that 2xy < x? + y? and a symmetry argument, we find that

9 2
<— #{i : x; € D}) / 1{pnB.2
220 Z ( i , HDNB©,2eN)#2)
l6m=N=ey pep} R

A

X Z L(pnB(v,2ey)#2) AV.
D'ePy
But for each v € R?, ZD/ePf\, LB, 2ey)0) = #{D' € 73]‘2, : D' N B(v,2ey) #

@} < 5% and for each D € P}, we easily check that g3 1{pnB(w 26x)2e} dV <
4 (5en)3 /3. Finally, we have verified that

9 5347 (Sen)?
< X
- 167‘[2N2816V 3

3 (#i:xi € DY)’

DeP%
3731
<=5 Y (#i:xi e DY)
NZey 5

DePy

Step 3. We now fix t € [0, T + 1], we consider the event
Q= {N_28N3 S #iwhNw e D})’ < 8”fl‘||%2}
DGP%

and we prove that there are some positive constants C and ¢ (depending only on §
and cp, recall that || f;||;2 > co by Lemma 5.3) such that

Pr((22y)°) = Coxp(—eN?2),
To this end, we introduce, for D € 732,, Zp =#{i : WiN (t) € D}. It follows a
Binomial(N, f;(D))-distribution. It thus holds that
5.7 Pr(Zp > x) <exp(—x/8) for all x > 2N f; (D).

Indeed, E[exp(Zp)] = exp(Nlog(l + fi(D)(e — 1))) < exp(N(e — 1) fi(D)),
whence Pr(Zp > x) <exp(—x + N(e — 1) f;(D)) < exp(—x + (e — 1)x/2) if
x>2Nfi (D). And 1 — (e — 1)/2 > 1/8 holds true. We next observe that on the
one hand, by the Cauchy—Schwarz inequality,

1z ¥ [ Rodvzet ¥ (60),

DeP}, DePy,
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and on the other hand, since #(73‘S ) < 64N 823 N

AP > S A
DePy,
All in all,
8112 = S (4ey’(fi(D)) + 167 N2 11 £i112,).

DEP;SV

Consequently, on the event (Qtz’ ~)¢, there is at least one D € 73}3\, for which there
holds 72, > Nze;vms;f( fi(D)?+ 167 N73&3 || £1112,], whence

Pr((Q2y)) < Y Pr(Zp = New [4ex> (D) + 167N 23 1 £112.1'77).
DePN
But xy = Ney[ey’ (D) + 167Nl fil%]2 = Ney® x

(dey (f,(D)) )1/2 which equals 2N f; (D), so that we can apply (5.7). Since we
also have the inequality xy > N8N/24 IN—8/2 13\,/ I fillz2 = N8/2||f,||L2/4, we
conclude that
Pr((Q70)) = Y exp(=N*/2| f;l;2/32) < 64N exp(—coN°*/?/32).
DeP}S\,
We used that #(73]‘2,) < 64N, that N 813\/ = N° and that || f; || 12 > co. This completes

the step.
Step 4. We finally introduce the event

Ky+1
QT,N=QIT’NO( N szng N),
=1

where 0 = tév < th < e < t;(VN < T < t,@’NH, with Ky < 2TN'Y3 and
SUPr—0.... Ky (t£+1 N) < N~!/3, were defined in Lemma 5.3. Recall also that
we introduced A (1) = S I F GO 2L e ovy-
We first claim that, Pr(27 y) > 1 — Cr 4.5 sN! 43/3. This follows from the fact
that Ky < 2T N'/3 and from steps 1 and 3: we have Pr(Q‘iN) < Pr((QlT,N)C) +
v (@ ) = CrgN'™0P + C(Ky + Dexp(=eN"?) < Crgs %
N1=49%/3 The claim follows.

It only remains to prove that indeed, ||17,N 72 < 173hN (¢) for all £ € [0, T] on
Qr n. Recall that 5 = (N~ 321 8,8 ) * fey - On Q7 n, we know that:

e WN(t) belongs to B(0, N%/?) for all i =1,...,N and all € [0, T + 1]
(thanks to QlT N
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eforall ¢=1,....,Ky+ Lallte[t) t],alli=1..,N, WVt -

WiN(tév)l =< N‘S/Sltév — th_1| < N%/3-1/3 — ¢y (due to QIT,N again);
-2.-3 - YN (N 2 2

eforall{=1,..., Ky +1, N "gy ZDepfv(#{’ WiN(t,") € DY) §8||ftév||

(due to szf,v V)
AR

Using step 2, we conclude that indeed, on Q7 y, for all # € [0, T], defining £ as

the index such that r € (teN_l, tév],

15¥)72 <3731IN 23 Y (#{i - wi(iY) e D))’
DEP%

<3731 x 8] fv |
=29,848(h" (1))*.

This completes the proof, since /29,848 < 173. [

5.4. Computation of the mean squared error. Here is the main computation of
the section.

PROPOSITION 5.6. Recall that y € (—1,0), that f is the unique weak solu-
tion to (1.1) starting from fo € P(R?) with a finite entropy and with mg( fy) <
0. Recall that ny € (0, N=3), that ey = N=U=9/3 and that (VZ-N),-Zl ,,,,, N
and (WiN)izl ,,,,, N are the solutions to (5.1) and (5.5). Recall that va =
N Y YN (1) vV =Ny Yy (1) it = u * uy. i) = uf * dey and
N =N x¢e,. Fix T > 0, recall that k™ was defined in Lemma 5.3 and consider
the stopping time

v =inf{t > 0: |[vY] 2 > 17307 (1))
There is a constant Ct s > 0 such that for all t € [0, T],

E[[VN ¢t A tw) =W Ath)|P]
< Crs(N~U=9CH20/3 L N=172 L B[V 0) — WY (0)[7]).

12

It seems that we could remove the term N ~'/< with some work, but this would

not improve the final result of Theorem 1.6.

PROOF OF PROPOSITION 5.6.  We put u; = E[|[VN (t A i) — WV (£ Aty) %]
To lighten notation, we also set UM (s) = U(a(iY, VN (s)),a®N, W} (s))). By
Lemma 5.4, we know that supy 7y ms(fr) < oo.
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Step 1. A direct application of the It6 formula gives

- E[|V{V(O) —wNo)?
[T 6 =W E) - (Y ©) - b 6)
+o @, V@) = o (fr WY o)UY @)]) ds}

=E[|VN ) - WN©0)|*]+ E[/OtMN(IS + Js + Ks)ds],
where
L=2VN(s) =Wl () - (b(aY, VY (s)) — b(wY, W ()))
+o (), V() —a (W)U
T =2V (s) =W () - (6w}, WV (5)) = b(fs, WY (9))),
= o (@), V() = o (f. W ) UY )|
— o (@ VY ) —o (v, W)U o).
Let us notice at once that
I = Y@ =W @ + bl WY ) = b(£ WY )
= [V (s) - W + )

and, using that ||[A — B||> — ||A — B’|> < |B — B'||> +2||A — B'||||B’ — B|| and
that U IN (s) is an orthogonal matrix,

Ky < K!'+ /MK,
where
K=o (f W) ) a0} W )|

= o (Y. V) = o (v W)U ()]
Step 2. Using exchangeability, we realize that

IANTN
E[/ I ds]
0

inty 1 N
[j Z VY =W ©) bR VY ) = b W ()

+]o (@, VN ) —o (), W)

< Ula(i Y <s>>,a<sz,w,-N<s>>>||2)ds]
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Setting RN = N~! YV S(ViN(S)’WiN(S)), which belongs to TI(uN, v}N), observing

that @V = (uM)™, @iV = (uN)e¥ and BN = (vV)#V, and recalling the notation of
Proposition 3.2, this directly gives

tATN IATN
E[/ I ds] = E[/ Tyy.en (RY) ds]
0 0

We thus use Proposition 3.2(i) [with p = 2 which is indeed greater than p;(y)]
and obtain, since ||DSN||L2 < 173hN (s) for all s < Ty,

IATN
E[ / I, ds}
0

242 FATN [N Ny |2
<C1e3 1 CE / (14 hn ) VY@ =W ) ds |.
0 i=1

Using exchangeability again, we end with
INTN t
E[/ Isds} §Ct812V+2y+C/ (1+ hy(s))us ds.
0 0

Step 3. We now check that E[J! + K] < CrN~! for all s € [0, T]. This will
imply that

INTN t
E[/ (Js+Kj)ds} <CrN~! +/ ug ds.
0 0

Recall that ma(f;) = ma(fo) and H(f;) < H(fo) for all ¢+ > 0 (see Theo-
rem 1.3), so that Lemma 2.1 ensures us that ||(a(f;, v))"'|| < C + |v)"! for
all + > 0 and all v € R3. Consequently, using Lemma 2.2, we deduce that K Sl <
CA+ WYD" a@w) WY () — a(fs, W (5))]1>. By the Cauchy-Schwarz
inequality, and since E(WIN () = fs,

E[K}] < C(1+may (f) PE[Jla(¥ WY () — a(fy, WY ) [*]'/?

< CrE[Ja(w) W () — a(fe. WY )]

We also have J] = [b(v]Y, W (s)) — b(f, WY (5))|%, so that, using the Cauchy—
Schwarz inequality again,

E[J!] < CE[[6(mY W (9)) — b(fi, WY ()|,

To conclude the step, it thus suffices to prove that for ¢ : R? — R with at most
quadratic growth (which is the case of all the entries of a and b), with the notation

o, x) = [ps o(x — y)u(dy),
E[lo(wN WY () = o(fr, WY ))]*] < Cr o N2
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To this end, let us recall that there is a constant C > 0 such that for any sequence

of i.i.d. real-valued random variables (X, ),>1 (see Rosenthal [33] for a much more
general inequality),

4
} <C(1+E[X{])N 2

N
(5.8) EHN" > (Xi —E[X1])
1

But the family (WiN (5))i=1,....n 18 1.1.d. with common law f;. Let us denote by
[E; the expectation concerning only WlN , and by [, y the expectation concerning
only WY, ..., W¥. We have oWV (5),vY) = NI XN o OWN () — W (s5))
and it holds by independence that w(WfV (s), fs) = (N — I Zzsz Exny x
[(p(WfV (s) — WiN (s))]. As a consequence, since (x + y)4 <8x*+ 8y4,

E[lo(wN, WY () — o(fo WY )]

1 1\ Y !
e st
1 N
+ 8 |:E2,N|: N_1 Z‘P(W{V(S) — WZN(S))
2

1 N
—Ean [ N > oW (s) =W (s))}
)

4:|:|
=:8AyN + 8By.

Using that |p(x)| < Cy(1 + |x|2), we easily get Ay < Cy(1 + mg(fs))N_4 <
C(p,TN_4. Since the random variables (p(WfV (s) — WiN (s)) are i.i.d. under E; y,
we may apply (5.8), which gives
By < CN72E [1 4+ Ey v (0* WY (5) = W (5)))].
Using again that [(x)| < Cy (1 + |x[2), we deduce that By < C,(1 4 mg(f;)) x
N=2<C,rN72
Step 4. We finally show that supy 71 E[Ms] < Cr. This will imply, by step 3

and the Cauchy-Schwarz inequality, that E[,/ K!M] < Cr N —1/2 whence

INTN
E[/ K}Msds} <CrN~'2,
0
Thanks to Lemma 2.5(i), we have
My = C(1+ma() +ma() + VY @ + WY ).
Using exchangeability, that ny < 1 and that 0 <y 4+ 2 <2, we see that
E[M,] < C(1+ B[V )] + WP 9)]*).
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We conclude the step using that E[|W{V (s)|2] = mo(fs) = ma2(fp) and that, by
Proposition 4.1, Supyo, 77 E[lVlN (s)|2] is bounded (uniformly in ).
Step 5. We now gather everything:

t
u < uo+C/ (1+hN)ugds + Cr(ed P2+ N7/,
0

Using the Gronwall lemma, we get

sup uy < CT(uo + 82V+2 + N~ 1/2 exp( / hN(s)ds>
[0,T]

< Cr(ug+ex >+ N7/,

since fo N (s)ds < 2]0 | f(s)]l 2 ds by Lemma 5.3 and since f € L|
L2(R3)). This completes the proof. [

([0, 00),

loc

5.5. Conclusion. We finally can give the following.

PROOF OF THEOREM 1.6. Recall that g > 8, fix § = 6/¢ and recall that Ty =
inf{t > 0: 5N ||,2 > 173h" (t)}. By Proposition 5.5, we know that Pr(ty < T) <
CT,‘,,(gNl_q‘s/3 = CT,qN_l. We then write, for ¢t € [0, T],

E[VY¥ @0 - 0]
<E[[VN @t Atn) = W@ At)PT+E[VY (1) = WY () Py <1y]
< Crs(E[|[VN©0) — WN(0)7]+ N~1-9D@r+2/3 4 =172
+ CE[VN 0" + ¥ ) [* Pr(zy < T))?

by Proposition 5.6 and the Cauchy-Schwarz inequality. By assumption,
E[va (0)|*] is bounded (uniformly in N), so that Proposition 4.1 implies that
E[V¥ (1)]*] < Cr. Next, Lemma 5.4 gives us E[[W! ()|*] < Cr. As a conclu-
sion,

sup E[[VN (1) = WM )]
[0,T]

< Crs(E[[VN(0) = WN©0))*] + N~U-D@r+2/3 L y=1/2),
whence, by exchangeability,

sup E[W3 (), v}V)]
[0,T]

N
< sup E[% SN - W,N(z)|2]

[0,7] "
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1 N
<Crs (E[ﬁ S o) -wY (@ﬂ + N~ +2/3 N—1/2>
1

< Crp(E[W3 (), vf))] + N-ODCr I3 4 y-172),

where we used (5.4) for the last inequality. But for each ¢ € [0, T, vtN 18,
by Lemma 5.1, the empirical measure of N ii.d. f;-distributed random vari-
ables. We thus infer from [15], Theorem 1 (with d =3, p =2 and g = 5), that
IE[W%(U,N, )l < Cms(f:)?*PN=Y2 < CyN~12 for any t € [0, T]. As a con-
clusion,

[%u%E[sz(va )] = 2[%u;>]E[W22(MiV )+ WM, fi)]

< 2075 (B[W3 (), v)] + N~V D 4 vy,
Observing that E[W3(ud, v))1 < 2E[WZ(ud), fo)l + 2E[WZ (Y, fo)l <

21[*3[W22 (uév, fol+ CN—1/2 completes the proof. [

6. More ellipticity estimates. We now turn to the proof of our second result:
the propagation of chaos without rate when y € (=2, 0).

To control the singularity of the coefficients, we will need some regularity of the
law of the particle system. Such regularity will be obtained thanks to the diffusion.
We thus will need to show that the diffusion coefficients a(u”, v) are sufficiently
elliptic. Lemma 2.1, which proves some ellipticity of a( f, v), requires the finite-
ness of the entropy of f, and thus cannot apply to empirical measures. We will
rather use the following lemmas. They all rely on a geometric condition on triplet
of points, saying roughly that they are far enough from being aligned.

DEFINITION 6.1. Let § > 0. We say that a triplet of points (x1, x2, x3) satisfy
the §-nonalignment condition if

6.1) |2 —x1|=6V8,  [pr, s (r3—x1)| =248 +2v/8|x3 — xy],
where p(,,_,)L is the projection onto the plane orthogonal to x; — x;.
This condition is not invariant by permutation of the three points. Also, a triplet

satisfying the §-nonalignment condition also satisfy the §’-nonalignment condition
for all 8’ € [0, §8].

LEMMA 6.2. Lety € (=2,0),5 € (0,1) and R > 1. There exists a constant
k > 0 depending only on y, 8, R such that, for any triplet of points (x1, X2, x3)
belonging to B(0, R) and satisfying the §-nonalignment condition, for any f €
PR,

inf €%a(f.0)% 2 (14 [ol)” inf f(Bxi. ).
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The proof of this lemma is strongly inspired by that of Desvillettes—Villani [8],
Proposition 4 (which is recalled in Lemma 2.1). In fact, [8], Proposition 4, may be
seen as a consequence of Lemma 6.2, thanks to the following lemma.

LEMMA 6.3. Let £ € N*, Hy > 0 and &y > 0 be fixed. There exist some con-
stants § € (0, 1), R > 0 and « > 0 such that for any f € P(R3) with H(f)<Hyp
and my(f) < &y, there are x1, x2, x3 belonging to B(0, R), satisfying the (£5)-
nonalignment condition and such that

(nf S (B, 8)) 2«

We will actually need the following time-dependent version of Lemma 6.3.

LEMMA 6.4. Let y € (=2,0) and q > q(y). Let fo € P>(R>) satisfy also
H(fo) < o0 and my(fo) < oo. Let T > 0, let p € (p1(y), p2(y.q)), and let
f e L0, 00), P(R*) N LL ([0, 00), L7 (R?)) be the solution of (1.1) given
by Theorem 1.3. There exist four constants 5o € (0, 1), Ry > 0, kg > 0 and 79 > 0
such that for any t € [0, T, we can find three points x|, x5, x} in B(0, Ro) satisfy-
ing the (46¢)-nonalignment condition and such that

SG[Z‘I,I}—F'[O]](:lEZj fs( (xk’ 0)) ZKO

We now prove all these lemmas.

PROOF OF LEMMA 6.2. We fix (x1,x2,x3) € B(0, R)? satisfying the §-
nonalignment condition, we fix v € R3 and & € R3 such that || = 1, and we divide
the proof into two steps.

Step 1. A geometric claim. We introduce the cone C centered at v, with axis &
and angle arcsin[§/(2 + R + |v|)] that can also be defined by

v—v 1)
C:{v*eﬂ@:lp%ﬂ( *)lg }
[V — vy 24+ R+ |v|
We claim that the cone C cannot intersect the three balls B,%‘S := B(xg, 26).
We thus assume that C intersects the balls B125 and B22‘S and show it does not in-

tersect B325. We first check that £ and &y := (x2 — x1)/|x2 — x1| are almost aligned,
in the sense that

(6.2) |pes(£0)| <~/§ and {pSOL(é)| </6.

We may find wy, wy € C such that |w; —x1| < 26§ and |wy — x2| < 26. This implies
that |w;| < R+26 < R+2fori =1, 2. Starting from x, —x; = (x2 — w2) + (w2 —
v) + (v —wip) + (w1 — x1), we write

’pgj_()Q —xl)\ <26+ ]ng(v — wz)’ + |p§L(v — w1)| + 26

8
<45+ ————(lv —wa| +|v—wq]) <64.
2+R+|v|(| 2| + 1| 1)
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We conclude that |pg1(§0)] < 63/|x2 — x1| < /8 thanks to the first assumption
in (6.1). Since finally &y and & are unit vectors, | Pel o) < /8 means that € -
&l? = 1 — 8, whence |1 (§)] < /5.

Next, for any w € C \ {v}, we show that there is a point w* on the line (v, w)
(whence w* € C) that is very close to x1, in the sense that |w™ — x| < 66. Let thus

(wy—v)-§
(w—v)-&’
|per (w1 —w*)|. Then

w =v+ 1" (w—v) with A* =
*|:

which satisfies w* - € = w; - €, whence |w; — w

wi = w*| < [per (w1 = )| + | per (v — w7

5 k
=3y Ra v Tt o)
T (2lw — * _ )
= 2—|—R+|v|( lwy —v| + [w* —wy])

We conclude that [recall that § € (0, 1), that R > 1 and that |w;| < R 4 2]
2lw; — v|d
2+R+1v| -4
whence |w* — x| < 68 as desired.
This allows us to conclude that C is included in a narrow cone centered at x|
and directed by &y. More precisely, for any w € C,

(6.3) |p§0L(w—x1)|5188+2«/§|w—x1|.
Indeed, consider w* as previously, recall that |w* — x| < 65 and write

\psol(w —x1)| <68 + |p§0¢(w —w”)|

’

<68+ | pes (per (w — w*))| + [(w — w*) - §[| g1 )
because x = pg1(x) + (x - §)§& for all x (since & is unitary). But ngol &) <6
by (6.2). Also, since w — w* = (1 — A*)(w — v) and since w belongs to C, we
have |pgr(w —w*)|/|lw — w*| <6/(2+ R+ [v]). Allin all,

|p$0L(w—x1){§65+ |w—w*|+«/§|w—w*|565+2«/§|w—w*|.

)
24 R+ |v|
Using finally that |w — w*| < |w —x1| 4+ |x; — w*| < |w — x| + 68, the conclusion
follows.
Assume finally that there is w3 € B325 N C. Then, using (6.3) with w = w3, one
finds that

|Pet (x3 = x1)| < [ pgt (w3 —x1)| +28 < 208 +2v/8[w3 — xi]

<248 +2/58|x3 — x1|.
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But & = (xp — x1)/|x2 — x1] so that Ped = Plxy—xp)t this contradicts (6.1).

Step 2. Conclusion. We choose k € {1, 2, 3} such that C does not intersect B,f‘s
and we write, recalling that a( f, v) = [p3 a(v —vy) f (dvs) and the expression of a,

(v —vy) - )

|U_U>x<|2

E*a(f,v)E = /R3 v — v*|V+2<1 — )f(dv*)

|per(v —ve)?
= /RS v — U*|V+2§|v_—v|2f(dv*)-
*

Since now C does not intersect B(xy, §) C B,%‘S, we find that

* ) 2 y+2
éaUWEZ<5:EIEO‘LWwW—w| F(dvy)

2
)f(B(xk,S)) inf v — v, "2

> (7
“\24+ R+ |v| v, €B(xk,8)

Since moreover v ¢ B (because v € C), one easily bounds the infimum by
1+ |v)8\7+2
mflv—wwﬂzmeM—R_LaV“z(LiLR) .

v, €B(xx.8) R+3

The last inequality is easily checked separating the cases |[v| < R 4+ 2 and |v| >
R + 2. Finally, we have checked that

82 (1+|v])é

Q+R+ Ivl)z( R+3
> k(1 +v))” f(B(xx, 8))

with k :=[§/(R + 3)]*t7. This concludes the proof. [J

Era(f,v)§ =

y+2
) F(BG. 9))

PROOF OF LEMMA 6.3. Let thus f € P(R?) with ma(f) < &, H(f) < Hy
and let £ € N*. We set R := 1 + +/2& and observe that f(B(0,R)) > 1 —
my(f)/R*>1/2.

By Lemma C.1(ii), there is a universal constant C > 0 such that for any Borelian
A C R? (here | - | stands for the Lebesgue measure)

|A| <exp(—4(C 4+ Ho +&p))  implies f(A) < 1/4.
We now fix

, {exp(—4(C + Hyo+ &) (exp(—4(C + Hy + 50))>2/3}
§ = min , .
27 RE2(24 + 4R)2 1000¢3/2

For any couple of points yi, y» in B(0, R), we introduce the zone

Dy,.y, == {y € B0, R) : | p(y,_y)1 (v — y1)| < 24L5 + 23/€5|y — y1}.
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Using the rough upper bound |y — yi| < 2R, we see that Dy, ,, is included in a
truncated cylinder with length 2R and radius 24¢8 4 4R~/¢8, so that |Dy, y,| <
2w R(2408 + 4R\/€8)? < 2w R0*(24 + 4R)?S. By definition of §, we deduce
that |Dy, y,| < exp(—4(C + Hp + &p)), whence f(Dy, y,) < 1/4. Similarly, for
any x € R, |B(x,64/€8)| < 1000£3/253/? < exp(—4(C + Hy + &)), so that
f(B(x,64/15)) <1/4.

Since we can cover B(0, R) with (10R§~1)3 balls of radius & [and centered in
B(0, R)] and since f(B(0, R)) > 1/2, we can find x| € B(0, R) such that

F(B(x1.8) > %(10%)3

But we know that f(B(x1, 6+/£8)) < 1/4, so that f(B(0, R) \ B(x1,6€8)) >
1/4. Of course, B(0, R) \ B(x1,6+/€8) can also be covered by (10R5~!)3 balls
of radius § [and centered in B(0, R) \ B(x1, 6\/%)]. We deduce that there is x, €
B(0, R) \ B(x1,6+/€8) such that

f(B( 5))>1( S )3

200 =4\10r)

We obviously have |x; — x| > 6+4/€5. We finally recall that f(Dy, x,) < 1/4,
whence f(B(0, R) \ Dy, x,) > 1/4. We thus we can find, as usual, x3 € B(0, R) \
Dy, x, such that

F(B(xs.8) > i(m%f

By definition of Dy, y,, and since |x; — x2| > 6+4/£4, the triplet (xi,x2,x3)
satisfies the (£8)-nonalignment condition. This completes the proof, with « :=
(8/(10R))3/4. O

PROOF OF LEMMA 6.4. Recalling that H(f;) < H(fo) and ma( f;) = ma(fo)
for all ¢ > 0, we can apply Lemma 6.3, with £ = 8, with the same constants for all
times: there are § € (0, 1), Rop > 1 and « > 0 such that for all ¢ € [0, T'], there are
three points (xi,xé, xg) in B(0, Rp) satisfying the (83)-nonalignment condition
and such that f;(B(x},8)) >« fork=1,2,3.

Next, we choose a smooth function % : R? > [0, 1] such that Lixj<iy <h <
L{x|<2)- Fork =1,2,3, we define, for 0 <t <,

Wi (s) = A@h(v _(Sx;‘>fs(dv).

By construction, we have wj (t) > f;(B(x;, 8)) > k. Using the weak formulation
(1.5) and the bound (1.4) with the smooth function ¢ = h(8~!(- — x})), we get
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[recall that p € (p1(y), p2(y, q)) is fixed and consider p’ € (pi(y), p)], for 0 <
t<s<T+1,

t ot * _ y+1 _ y+2
wi© —wf@[=Cs [ [ [ (v=val 4 o= ) fu@v) fuldvn) du
<Co [ [ [P + 0 4 1o = ) o) fudv) d

<C8/( +m2(fu)+||fu||L1’)du

The last inequality uses (1.6). Since f,, is a probability density function and since
p > p', we have || fully < | fullzr with a =[p(p"— DI/[p'(p — D] € (0, D).
Using the Holder inequality and that 1 4+ ma(f,) + || fullLr € L'([0, T 4+ 1]), we
deduce that, still forO <t <s <T + 1,

<Csr(s—1)l.

|wi(s) =

From this and since w,t( (t) >k for all r € [0, T], it is clear that there exists 7o such
that, setting ko = /2,

viel[0,T],Vselt,t+10]  wi(s) > ko.
The bound is valid for k = 1, 2, 3. By definition of w}, this implies that

f f f ',28)) > Ko.

tel[g T]se[tlrtl—l—to]k l?z 3fs( (xi 26)) = ko

Setting 8o = 28 completes the proof: since 88 = 45y, the points x} satisfy the (45)-
nonalignment condition. [J

7. Chaos without rate. The goal of this section is to prove Theorem 1.8.
When applying the methods of [16], the main difficulty is that the matrix a is
not uniformly elliptic. Ellipticity is important, since it provides the regularity that
allows us to show that the singularity of the coefficients is not too much visited.
In the particle system (1.9), there is a lack of diffusion in some directions when
the particles are almost aligned. We thus will proceed as follows. We will first
introduce a perturbed particle system, by adding some diffusion when particles are
in a bad (almost aligned) configuration. We then will prove propagation of chaos
for this perturbed system. Finally, we will show that the artificial noise is used only
with a very small probability (as N — o0).

In the rest of that section, we consider y € (—=2,0) and fy € P>(R?) sat-
isfying H(fo) < oo and m4(fp) < oo for some g > g(y). We consider the
unique solution f belonging to LIOC([O 00), P2(R3)) N Llloc( 0, 00), LP(R3)) for
all p € (p1(y), p2(y, q)) to (1.1) given by Theorem 1.3. We recall that it satisfies
H(f:) < H(fyp) < oo and ma(f;y) = ma(fo) < oo. We also fix an arbitrary final
time 7. We finally consider, for each N > 2, an exchangeable initial condition
(V{V 0,..., Vﬁ (0)) satisfying the set of conditions (1.11).
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7.1. Definition of a perturbed system. We first introduce some notation.

NOTATION 7.1. (i) Recall the constants Ry > 0, §o > 0, k9 > 0 and 79 > 0
introduced in Lemma 6.4. We also denote by ng = | T/, so that

no

[0, 71 (Jl7o0, (0 + Do)
=0

Lemma 6.4 implies that for each / =0, ..., n, we can find three points x{, xé, xé

in B(0, Rp) satisfying the (438p)-nonalignment condition (6.1) and such that
7.1 inf inf inf  f;(B(xL, 80)) > Ko.
.h =0y el 14+ 1Tl k=1.2.3 Fi(B(xi bo)) = o

(i) Let & : R3 + [0, 1] and x : [0, 00) > [0, 1] be smooth and satisfy L)<y <
h(v) <1<y and L<1y < x(r) < 1yp<zy. For [ =0,...,n0 and g € P(R3), we
put

3 4 v—x!
ci(g) ::,;X<K_O /R3h< 280k>g(dv)> € [0, 3].

We also shorten the notation of the coefficients of the particle system.

NOTATION 7.2. For v = (v1, ..., vn) € (RN, we introduce
N ( N g N (N g
b¥ (v )=b<NZ(Svj*¢nN,vi> and a; (v )=a(NZSUj*¢T,N,vi>,
1 1
and crl.N(vN) = (aiN(VN))l/z. Forl=1,...,ng, we set

1 N
clN(VN) = cl<— Z(Svj).
N4
We will use the following properties.

PROPOSITION 7.3. Let y € (=2,0). Let g € P(R?), v = (vy,...,vn) €
RHN, and 1 €0, ..., no}:
(i) We have c;(g) =0 ifinfr1 2,3 g(B(x!, 280)) > Ko /2.
(i) We have c;(g) > 1 as soon as infy=12 3 g(B(x,l{, 450)) < ko /4.
(iii) There is a constant C > 0 such that
C

v,.cN(vV)| < )
{ Utcl (V )}_NK()S()
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(iv) There is k1 > O such that for all £ € R3,
gl (VW) + 15PN (vY) = k1 (1 + uil) V1€

W) ¢ (fy)=0forallt €[lty, (I + 1)710].
(vi) There is a constant C > 0 such that for all g1, g» € P(R3),

C C
lci(g1) — ci(g2)| < ——Wi(g1, 82) < —— Wa(g1, 82).
K030 K030

We need the following easy remark.

LEMMA 7.4. Forall § > 0, there is cs > 0 such that for all x € R3, all ne
PR3, all n € (0, 1),

(% by (B(x, 8)) = csu(B(x, 9)).

PROOF. It of course suffices to treat the case where x = 0. Let thus § > 0
be fixed. For z € B(0, §), we introduce C, := {u € B(0,8/2) :u -z < —|ul|z|/2}.
Clearly, the Lebesgue measure ps of C, does not depend on z and is positive. We
next claim that for any u € C; and n € (0, 1), |z + nu| < é. Indeed, this is obvious
if |z| < 8/2, while one easily checks that |z + nu|?> < |z|? < 8> when |z| € [§/2, 8).
Consequently,

3
G (BO.0) =1 [ i) [ 1wtz

3
> —/ M(dZ)/ du,
47 JB(0,8) C,

which is greater than (3ps/(47))(B(0, 8)) as desired. [J

PROOF OF PROPOSITION 7.3. Point (i) is immediate: for example, g(B(x,l(,
280)) > ko/2 implies that (4/kg) [ps h((v — x,lc)/(280))g(dv) > 2, from which
we deduce that y ((4/ko) [ps h((v — x,l()/(280))g(dv)) = 0. Point (ii) is also
obvious: if there is k such that g(B(x,l(,480)) < ko/4, then (4/ko) [p3 h((v —

x,l()/(280))g(dv) <1, hence x ((4/ko) Jp3 h((v— x,l()/(280))g(dv)) = 1. Point (iii)
follows from the fact that 2 and x are smooth (with bounded derivatives), since

é <Nto % (%»

We next check (iv), recalling that aiN V) = a(uN « ¢yy- Vi) and clN V) =
c(uN), with uV = N~V 6, Assume first that infr—1 23w’ (B(x!, 480)) >
ko/4. Then by Lemma 7.4, we have infk:1’2?3(uN * ¢,,N)(B(x,l{, 480)) > csok0/4.
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Since now the triplet (x{, xé, xé) satisfy the (48p)-nonalignment condition, we can
apply Lemma 6.2 and obtain

*aN (VMg > k(1 + [vi]) 1€ 1nf (MN*¢,7N)(B(x,l(,480))
- KC,;OK()(
- 4
Assume next that infe—1 23 ™ (B(x!, 480)) < «o/4. Then ¢’ (vYV) > 1 by point
(i1), so that

14 |vi|)y|§|2.

E2eN (VY) = 1817 = (1 + ui])7 |1

since y < 0. We conclude with the choice «1 := (kcs,k0/4) A 1. Point (v) is a
direct consequence of (7.1) and of point (i). Finally, to prove point (vi), we con-
sider g1, g2 € P(R3) and R € I1(g1, g2) such that [p3 g3 |v1 — v2|R(dvy, dva) =
Wi(g1, g2). Then we write, using that x and & are globally Lipschitz-continuous
and bounded,

lci(g1) — c1(g2)]

= (G (2 meao) (5 L5 o)

l l

— v) — v
= ol AL - 25 )%

C o ol

k0o | JR3 xR3 2680 2680

C
< —/ lvr — v2|R(dvy, dva),
K0d0 JR3 xR3

from which the conclusion follows. [J

We now introduce our perturbed particle system U = (UIN 2 Il\,v ), defined
on the time interval [0, T'], as the solution to

U =v o) + / by UY)ds + / NUY)dB (s)
(7.2)
+ / el ) @) AW () + / s U ) Vurclyegy (UL ds,

foralli =1,..., N.Here, (Wi (?))ic[0,1])i=1.....~ is an independent family of 3D
standard Brownian motions independent of (Vl-N 0), (Bi(t))tef0.11)i=1....N-

PROPOSITION 7.5. Recall that y € (—2,0), that ny € (0, 1) is fixed and that
the initial condition (Vl-N (0))i=1,...~ is exchangeable. There is strong existence
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and uniqueness for (7.2). Moreover, ifE[lVlN (0)|"] < oo for some r > 2, then

sup sup E[[N ()|'] < Cr.»,
N>2[0,T]

for some constant Ct , not depending on N.

PROOF. The strong existence and uniqueness is clear, since all the coeffi-
cients are locally Lipschitz continuous and have at most linear growth: this has
already been seen in the proof of Proposition 1.5 for blN and al.N , and C[L\; /70) and

cﬁ: /70 Vvicﬁ /1) AT obviously bounded and smooth in x (recall that here, N is
fixed). Concerning the moment estimates, it suffices to handle the same proof as
that of Proposition 4.1. The additional terms cause no difficulty (and are much
easier to treat) because cf\i /70) is uniformly bounded (by 3) and cf\g J70) Vi cﬁ J70) is
uniformly bounded [by 3C/(N«odp) < C] thanks to Proposition 7.3(iii). [

We will first study propagation of chaos for the perturbed particle system. We
thus introduce the corresponding nonlinear process (U(t))¢[o,7]. solution to

t t
U@)="v(0) +/ b(gs,U(s))ds +f o (gs,U(s)) dB(s)
(1.3) 0 0

t
+ [ ety e awe).

where V(0) is fo-distributed, independent of the (independent) 3 D-Brownian mo-
tions (B(t)):cj0,71 and WV(2)):ef0.1], and where g; € P(R3) is the law of U(¢).
Observe that for (U(t)):cj0,7] a solution to (7.3), its family (g;)sc[0,7] of time
marginals is a weak solution to

(74)  9:8(v) = 5 divy(a(gr, V)V () — b8 V)8 (V) + ¢ /7y (8 V& (V).

PROPOSITION 7.6. Recall that y € (—2,0) and that fy € Pr(R3) satisfies
H( fo) <00 and my( fo) < oo for some q > q(y):

(1) There exists a unique weak solution (g;):c(o0,1] to (7.4) such that go = fo
and such that (g¢)ici0.1) € L=([0, T], P2(R?) N LY([0, T1, LP(R?)) for some
p € (p1(¥), p2(y, q)). Furthermore, it holds that (g:):c[0,11 = (f1)re[0,7], where
(f1)i=0 is the unique weak solution to the Landau equation (1.1) built in Theo-
rem 1.3.

(i1) There is a pathwise unique continuous adapted solution (U(t))iec0,T)
to (1.3) such that, setting g, = LU(t)), (8)icio,T] € L*([O, T1, P2(R3)) N
L'([0, T], LP(RY)) for some p € (p1(y), p2(v,q)). Furthermore, (g)icfo,1) =
(fD)rel0.11-

(i) Finally U(t)):ci0,1) equals (V(t))tcl0,T], the unique solution to (1.10) (see
Theorem 1.7).
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PROOF. Consider the unique solution (V(¢));>o to the nonlinear SDE (1.10),
the unique weak solution f e L ([0, 00), P2(R3)) N LIIOC([O, 00), L?(R%)) to
(1.1), and recall that f; = £()(¢)). Then we know from Proposition 7.3(v) that
Clt/w) (ft) =0 for all 7 € [0, T]. Consequently, (V(¢));>0 also solves (7.3) and
(fi)tefo, 71 also solves (7.4) [compare with (1.3)]. Next, we claim that once the
uniqueness of the weak solution to (7.4) is established, the pathwise uniqueness
of the solution (U(t))e0,7] to (7.3) can be checked exactly as in the proof of
Theorem 1.7. We thus only have to prove the uniqueness part in point (i).

Let thus p € (p1(y¥), p2(y. q)) be fixed, and consider two solutions (g:):<(0,7]>
(ke)ieo, 1) to (7.4), both lying in L.([0, 00), Po(R¥)) N L ([0, 00), LP(RY)).
Exactly as in the proof of Theorem 1.4—steps 1-2, we can build, for each ¢ >
0, two processes (Z(t)):cfo,7] and (Ve (t))re0,77 With respective families of time

marginals (g;):c(0,7] and (k;)¢[0,7], solving

t t
Z(t):V(O)—l—/O b(gS,Z(s))ds+/0 o (g5, Z(5)) dB(s)
t
+Aqmm&mww,
Ve(t) = V(0 /tbk Ve(s))d
L0 =VO + [ bk Vi) ds
t
+ fo o (ks Ve())Ula(gt, Z(5)), a(k?. Ve(s))) dBs

t
+ /0 Cls o) (k) AV(s).

We can then reproduce exactly the same computations as in Theorem 1.4—steps 3—
4-5 to prove uniqueness in the class Ly ([0, 00), P2 R*)N Llloc([O, 00), L?(R?))
(some strong/weak stability estimates could also be checked here). When com-
puting (d/dt)E[|Z(t) — Vs (1)|%], there is the additional term 3(Clr/vo)(81) —
Cl1 /] (k;))?. But this is controlled, using Proposition 7.3, by C sz(g,, k;) which

is itself bounded by CE[|Z(¢) — V (t)|2]. This term thus causes no difficulty. [

7.2. Regularity estimate for the perturbed particle system. We now need to in-
troduce the entropy and weighted Fisher information. These functionals are studied
in detail in the Appendix.

NOTATION 7.7. For VYV a random variable with law F € P((R*)") with a
density, we define

Ny 1 N o
H(VY)=H(F) =N ey F(vV)log(F (vV))av",
Ny |12
1,(WV) = I(F) = 1 IV, FOMP v

N Jwy  F(N)
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where the differential operator V,, is the weighted gradient
V, F = ((1+ )V, F.....(1+ P4V, F).

If F has no density, we simply set H(V") = H(F) = oo and I, vV = I,(F)=
0.

The following lemma uses strongly the perturbation.

PROPOSITION 7.8. For each N > 2, we consider the solution (LllN(t), e,
Uli,v(t)),e[oyr] to (7.2). For each t € [0,T], we denote by Giv the law of
UN (1) = UN (1), ..., UY (1)). Recall that by (1.11), supy=, H(G{') < 0o and
SUpy =) IE[|L{1N(O)|‘1] < 00 for some q > q(y). It holds that

T
sup sup H(GY)<oo and sup | 1,(GN)dt<oo.
N>21€[0,T] N>2J0

PROOF. The first step is to derive the master (or Kolmogorov) equation for
the time marginals G». Applying the Itd formula to compute the expectation of
oY), we deduce that for all ¢ € CZ(R3)N),

f o 6MGY @)
= [ 0MG (@)

¢ N
+// Vo, (VY
0 (R3)N; u (V")

X [blN(VN) + CIL\;/TOJ (VN)vviC]Li/ToJ (VN)]Gﬁ'V (dVN) ds

' N 3
+%/(; /(RS)NZ Z 8vikvi1¢(VN)((aiN(VN))kl

i=1k,l=1
+ (e ) (v™))28) G (dvN) ds.

Recall now that by = Zle draix. Hence, we see that GV is a weak solution to

N 3
3G () =3 3 3 Ll (6"))y + (el ()01, GY (V)

N 3
22 P BN )6 )
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or equivalently to

8,G£V Zlevl a; —I—( Lt/foJ) I}Vvl.G ——Zdlvvl bNGN]
l 1 i=1

We thus have, performing some integrations by parts,

d 1
GHEN =5 [ (4108GY (M)aG) () av®
1Y N
- Vy; log G
¥ 2 e e

2
x [a (V) + (el e (V) 1] V0, 1og G (V) G (av™)

1 N
—Z/ diveY (vV)GN (avV).
NS ey

We next use Proposition 7.3(iv) for the diffusion term and, for the drift term,
that divb(v) = —(6 + 2y)|v|”, whence —div(b * ¢;,,)(v) = (6 + 2y) [p3 |v —
z|” ¢ny (2) dz < C|v|”, and exchangeability. We find that

av

d Z/ (1+ i)D" IV, G V)P
dt R3HN

—H(GM) <
G (M)

_ vy N N
C/(RS)val v’ G, (dv?Y)

< 2727V 1, (GN) + CE[IUN (1) — Uy (1) |7].

We used that (1 4+ x)” > 2¥/2(1 4+ x?)7/2. Denote by G , the law of (Z/{1 (1),
U, N(1)). We now apply Lemma C.4 with x = —y. Since ¢ > q(y) =y2/2+y),
we have o := max{2, g} > |y| max{l1, «/(2 — «)}, whence, with r :=a/(ax — ),
d

EH(GfV) < =227 (G) + Cpg (L 4+ 1,(G) (1 4+ ma(GY)' )

< —Zy/z_lKlly(va) + CT,)/,q(1 + IV(Giv)r)'

We finally used the moment bound proved in Proposition 7.5 [and the moment
assumption in (1.11)] and Lemma C.2(i), from which I, (G D=1 (GN) Since
r € (0, 1), we easily conclude, using the Young 1nequahty, that

d
EH(G?[) = _2)//2_2"117/((;?/) +Cr,y4-

Integrating this inequality and using again (1.11), we get, for any ¢ € [0, T'],

K t
H(G?])“‘?l/o I,(GY)ds < H(F}') + Cr.y.qt < Cr.y 4.
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We immediately deduce that H (FtN ) is bounded uniformly in N and ¢ € [0, T'].
Finally, it follows from the fact that supy-, Sup[o. 1] E[|L{1N (t)|2] < oo [by (1.11)
and Proposition 7.5] and Lemma C.1(i) that infy>2 H (F%V ) > —o0. Consequently,
fOT I, (F 'N) ds is also uniformly bounded. This completes the proof. [J

7.3. Some more estimates. We will of course need, in several steps, to control
the singularity of b. Also, to verify that the limit points of the empirical measure
of the particle system belong, in some sense, to L*°([0, T], P, (R3)), we will need
to control E[sup[oﬂ |L{1N (s) |2], with the supremum inside the expectation. All this
is more or less obvious when y € (—1, 0), but requires a little work when y €
(=2, —11], based on the regularity estimate checked in the previous subsection.

LEMMA 7.9. For each N > 2, we consider the solution (LllN(t),...,
UN ))iefo,1] to (7.2). Recall that by (1.11), supy -, E[UY (0)[7] < oo for some
q > q(y). It holds that

(i) supy>s E[suple[O’T] IZ/{IN (5)|?] < oc;
(i) supy=r fo ELUYN () —UY ()] 1ds < 0.

Here, we prove point (i) using point (ii), but it seems that a refinement of the
proof of Proposition 4.1 could also work.

PROOF OF LEMMA 79. We put o = 2 V g and recall that
SUpy o supte[O’T]IE[IUIN (5)|%] < oo by Proposition 7.5. We first prove (ii). De-
note by G?{z the two-marginal of Gév , which is the law of (Z/{IN (s), Z/{é\’ (s)). Ob-
serve that o > |y|max{l,|y|/(2 + y)} [because ¢ > 2 and o > g > g(y) =
¥2/(2 + y)]. By Lemma C.4, we know that, with r = a/(a — y), E[JU (s) —
Uy ()] < Cea(1+ T, (GY)) (1 +ma(GEN'™) < Ceaer (14 1, (GY,)) be-
cause r € (0,1) and ma(G?{Z) = ]E[|Z/{1N(s)|°‘] is controlled uniformly in N > 2
and s € [0, T]. Finally, we know from Lemma C.2(i) that I, (Gﬁ,\fz) <I (Gf,v),
whence E[|L{1N(s) — L{Z{V(s)ly] < Cr o1+ Iy(Gf,V)). Integrating in time and using
Proposition 7.8 completes the proof of (ii).

To prove (i), we start from supg 71 U4y ()1* < CIUY (O)* + IV + IV + KV +
LN, where

N ! N N 2
I = b u d 9
s et
¢ 2
JV = sup ( / ol (uN(s))d&(s)> :
[0,7]1\/0

) 2
KN .= ;)u&(/o cﬁ/IOJ(UN(S))dW1(5)> ;
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t 2
LN = [%u}?](/o e\ o) UN () Vel U () ds) .

First, supy E[IZ/IIN (0)[?] < o0 by assumption (1.11) and E[KN +LN]is uniformly
bounded because clN and VvlclN are uniformly bounded; see Proposition 7.3. By
Doob’s inequality,

B < [ Bl @ 0| ds

<cf 5y 5l !~ )] |
Using exchangeability and that || (a x ¢,,,,) (V) || < C(1 + ¥t < C1 + |v]?),

N T N N 2 T N 2
E[] ]SC/O 1[*37[1+|Z,{1 () —U, (s)|]ds§C/O IE[1-|—|Z/{1 (s)|]ds

which is also uniformly bounded. Finally, Holder’s inequality, exchangeability and
the inequality |(b * ¢y, ) ()| < C(1 + [v]”*1) lead us to

T
E[IV] < CT/O E[|(b* ) (UY 5) — U ()] ds
T
< CTf E[1+ [N (s) — Ul ()Y 2] ds
0

If y € [-1,0), we bound E[JU} (s) — U ()|? 2] by CE[l + [UN(s)*> +
Y ()11 < C(1+E[UY (5)]?]) and immediately deduce that E[/"] is uniformly
bounded. If now y € (=2, —1), then it holds true that y <2y 42 < 0, so that also

we conclude, using point (ii), that E[/"] is uniformly bounded. [

7.4. Tightness for the perturbed particle system. We can now prove the tight-
ness of our perturbed particle system.

PROPOSITION 7.10. We still assume (1.11) and consider, for each N > 2, the
unique solution (Z/{lN ®,..., Z/Il\]\,’(t)),e[oj] to (7.2). We also set

1 N
N._ =
Q"= X;a(U,N(l))te[O,T]'
1=

(i) The family {L(UY ())ief0.11), N > 2} is tight in P(C([0, T], R?)).
(i) The family {L(QN), N > 2} is tight in P(P(R x C([0, T], R3))).
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PROOF. As is well known, point (ii) is implied by point (i) and the exchange-
ability of the system; see Sznitman [36], I-Proposition 2.2. To prove point (i),
we use the shortened notation blN (s) = blN (l/lév ), oiN (s) = aiN (Llﬁv ) and ¢V (s) =
C{\;/TOJ (Llfvv), we write

L{N(t)—VN(O)+fth(s)ds+ftaN(s)dB (s)+ftcN(s)dW (s)
1 ! 0 1 0 1 1 0 1S

t
+/(; cN(s)VvlcN(s)ds

=V +I"O)+ IO+ KV @)+ LY (@)
and prove separately that each term is tight.

First, {VI¥ (0)} y>2 is tight by (1.11)(iii). Next, the families {(K™ (t));[0, 71} n>2
and {(LN (t))tefo, 71} N>2 are obviously tight (use the Kolmogorov criterion for
K™N), because ¢V and Vo, ¢V (s) are uniformly bounded, see Proposition 7.3(iii).

To prove that {(J N (t))ref0, 71} n>2 1s tight, we use the Kolmogorov criterion

(see, e.g., Stroock—Varadhan [34], Corollary 2.1.4): it suffices to show that there
are some constants p >0, 8 > 1 and C such thatforall N >2,all0<s <t <T,

E[|JN () — IV (s)|P] < Clr —sP.

We consider p =4/(2 4 y) > 2. By the Burkholder—Davis—Gundy inequality and
since [crlN(s)]2 = afv(s), we have, for0<s <r<T,

E[|JY (1) — IV ()]"] < CE[(/SIHa{V(u)H du)p/2:|

t] p/2
<[ ([ 5 Ll@r o @ -ufw)lau) |
Ky .
e
Recalling next that || (a x ¢y, ) (V)| < C(1 + |v|¥12) and using the Holder inequal-
ity,
E[|JN(2) — IV (5)|7]

2
cu— ! ['E] (14§ Y Ul wpPt) ] au
y Jj#1

1
<C(t—s)"?sup E[l + - > (U @) —M}sz]
[0.7] N j#1
since p/2 > 1 and (24 y)p/2 = 2. Using finally exchangeability and the moment
bound proved in Lemma 7.5 [together with (1.11)], we deduce that E[|J Nty —
IN($)|P] < Cp(t — 5)P/2. Since p/2 > 1, the tightness of {(JV (1));>0}n>2 fol-
lows.
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The remaining term I% (¢) is the more difficult, since it is singular [when y €
(=2, —1)]. For some p > 1 to be chosen later, we write

1/p
!1N<r>—1N<s>!=\f[bf“<s>ds s(z—s>1—1/P(/t|b{V<s>\Pds) :

Thus, withe =1—-1/p > 0,
N __JN 1/
70 = 7)) < (fT[b{V(s)]pds) p.
0

0<s<t<T |t — s

Taking expectations and using the Holder inequality, we get

IE[ sup w]g(fl{i[(b{v@))"]m)”p.

0<s<t<T |t —s]*

Using the expression of bjlv (s)=N"1 Z;V:z (b*¢nN)(U1N (s)— L{JI-V (s)), the Holder
inequality and exchangeability, we find

N _ N
E[ qup M]p <c /OTE[I + U (5) U ()70 ds.

0<s<t<T |t —s]*

If y € (—1,0), we choose p =2/(1 + y). By the boundedness of the moment of
order two obtained in Proposition 7.5, we get, with o = (1 — ) /2,

IN@) — 1N
E[ " [17 (1) (S)l}
0<s<t<T [t — s«

If y = —1, we choose p = 2 (or any other value) and deduce that, with @ = 1/2,
}E[ IIN(t)—IN(S)I}

p
<C.

2
<C.

sup

0<s<t<T |t —s|*
We now consider the case where y € (—2, —1). Since y <2y +2 < 0, we deduce
from Lemma 7.9(ii) that supy, fOT E[lulN(s) — Z/IQN(S)lz(V“)]ds < 00. Conse-
quently, we may choose p =2 and get, with ¢ = 1/2,

Ny — N ()12
E[ sup M} -c

O<s<t<T [t —s|* -

In any case, the tightness of the family {(/ N ())tefo.7]} follows from the Ascoli
theorem. O

7.5. Propagation of chaos for the perturbed system. With the several esti-
mates obtained in the previous subsections, we can now prove the propagation
of chaos for the perturbed system. The proof uses some martingale techniques, as
was initiated by Sznitman [36]. The only difficulty in the present case is to control
the singularity of b (when y € (-2, —1]).
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PROPOSITION 7.11. Assume (1.11). For each N > 2, let (L{f\’(t),...,

Z/{,{,V(t)),e[oyr] be the unique solution to (7.2). Let (U(t)):e[0,1] be the solution
to the perturbed nonlinear SDE (7.3), given by Proposition 7.6. The sequence

(UN D)ief0.7]s - - - » UY O)refo,17) is UE))seo,1)-chaotic.

PROOF. We define S as the set of all probability measures g € P(C([0, T],
R3)) such that g is the law of (U(%))sef0,7] solution to the perturbed nonlinear
SDE (7.3) associated with fy and satisfying, for g; € P(R3) the law of U(¢),

(80,71 € L'([0, T1, LP(R?))  and

(g0)refo.11 € L([0, T, P2(R3))

for some p > pi(y). The uniqueness result shown in Proposition 7.6 implies that
the set S contains only one element.
We recall that Q¥ = N~! Z,N:1 S(Mizv (reto.r] stands for the empirical distribu-

(7.5)

tion of the trajectories. By Proposition 7.10, this sequence is tight, we thus can
consider a (not relabeled) subsequence of QV going in law to some Q. We will
show that Q almost surely belongs to S. This will conclude the proof, since S
contains only one element. The definition of propagation of chaos was recalled in
Definition 1.1. We recall that G = LU (1), ..., UY (1)).

Step 1. Consider the identity map X : C([0, T1, R?) — C([0, T], R3). Using the
classical theory of martingale problems, we realize that g belongs to S as soon as

@) goXy' = fo;

(b) setting g; = g o X; !, (7.5) holds true;

c)foral 0 <t <---<tp<s<t<T,al ¢p,...,¢1 € Cb(]R3), all ¢ €
23

F(g) = / f 2(@B)g(dP)o1(Bry) - ox (B

t ~
<060 — 080 = [ 145, 25.060~ ) Vo du

t ~
=5 | [aGBu = Bo: V20 (Bu)] du
1 t
3 [ Gumstaae 80 du} —0.

Here and below, we use the notation A: B = Zz =1 Ak B for two 3 x 3-matrices
A and B.

Indeed, let (U4(¢));>0 be g-distributed. Then (a) implies that 2/(0) is fo-
distributed and (b) says that the requirement (7.5) is fulfilled. Finally, point (c)
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tells us that for all ¢ € C3(R?),
' o ~
U®) = eUO) - /0 / L4y, DUG) = Bs) - Vo(U(s))g(dB) ds
1t 5 3
-5 | [lat - 5 ou)sapds

1 t
-3 /0 A ey (8 A (U(s)) ds

is a martingale. Observe that [ 1, 5 ,b@U(s) = B)g(dB) ds = [ps Li(s)#x) ¥
bU(s) — x)gs(dx) = Jps bU(s) — x)gs(dx) = b(gs,U(s)). We used here that g
does not weight points, since it has a density by point (b). Similarly, [a(@U(s) —
ﬁs) g(d ,3) =a(gs,U(s)). All this classically implies the existence of two indepen-
dent 3 D-Brownian motions (B(t));>0 and OV(t));>0 such that

t t
U(t)=Z/{(O)+/O b(gs,Ll(s))ds—i-/O o (gs. U(s)) dB(s)

t
+/O Cls/t) (8s) AW (s).

Hence, (U(1))sef0,1] solves (7.3) as desired.

We thus only have to prove that Q a.s. satisfies points (a), (b) and (c). For each
te[0,T],weset @ =QoX;  and Q¥ =QV o X; ' = N1 XV 8, ).

Step 2. We know from (1.11) that the sequence Gév = Fév is fo-chaotic, which
implies that Q) = OV o X! (this is nothing but the law of N~! Y-V Sy (g)) goes
weakly to fp in law (and thus in probability since fy is deterministic'), whence
Qo = fo a.s. Hence, O satisfies (a).

Step 3. Point (b) follows from Lemma 7.9, Proposition 7.5 and Corollary C.6.
First, Lemma 7.9(i) tells us that supy E[supyg 7, |Z/{1N (s)|?] < oo, which implies
by exchangeability that supy E[supyg 7, mz(Qﬁv )] < o0o. Since Q is a weak limit
of OV, we easily conclude that E[sup[O’T]mz(Q;)] < oo, whence (Q;)ief0,7] €
L>([0, T1, Po(R?)) as.

The integrability condition is slightly more complicated. Since QN goes in
law to Q; for each ¢ € [0, T], we may apply Corollary C.6 and deduce that
E[1,(Q,)] < liminfy I, (G;V). By the Fatou lemma, this yields

T T T
fE[Iy(Qs)]dsff 1in}vinf1y(G§V)dt§nn}Vinf/ I,(GN)dt < 00
0 0 0

by Proposition 7.8. Next, we know from Proposition 7.5 and from (1.11) that,
for o« = max{2, g} [with g > g(y)], supy sup[ovT]IE[|Z/IfV(s)|°‘] < 00. Using ex-
changeability, this gives supy supyg 7 E[ma(Q;V )] < oo, from which we deduce
that supyy 71 E[ma(Q;)] < oco. Consider now p € (max{3/2, pi(y)}, max{(6 +
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3lyD/@2+3lyD, p2(y,q)}) [observe that (6 + 3[y[)/(2 + 3|y[) > 3/2 because
ly| < 2]. We always have p € (3/2,3) [because p2(y,q) < 3]. Set r = 3p —
3)/(2p), which belongs to (1/2,1) and a = |y|r/(1 —r) = |y|Bp —3)/(3 — p).
Then, applying Lemma C.3, we get

1Q:lILr < C(1,(Q) (1+ma(Q)' ™

whence, by the Holder inequality,

E[I1Q1.r] < CE[1, (Q)] E[1 + ma(2)]" .

But a < «. Indeed, just use that p < [(6 4 3|y])/(2 43|y V p2(y.q). But p <
(6+43ly1)/(2+3]y|) implies thata <2 <« and p < p2(y,q) = (3¢ +3|y) /(g +
3ly|) gives us a < g < . Consequently, recalling that supyy 71 Elmq(Q;)] < o0,
we get

E[I1Q:llr] < CE[I,(Q)] < C(1 +E[I,(Q))]).

Integrating in time, we deduce that fOT E[| Qs llLr]ldt < oo, whence finally,

fOT 1O llLr dt < 00 a.s. We have checked that Q satisfies point (b).

Step 4. From now on, we consider some fixed F : P(C ([0, T'], R3)) > R as in
point (c). We will check that 7(Q) = 0 a.s. and this will complete the proof.

Step 4.1. Here, we prove that for all N > 2,

E[|F(QY)] = (N2 + ).
To this end, we recall that ¢ € C%(R3 ) is fixed and we define, fori =1,..., N,

o)) =N )

1Y
N Z_/O ]l{uiN(s);eu}’(s)}b(UiN(S) —UN(9)) - Vo U (5))ds
Jj=1
- ¥ i f T )~ U ): V0 U )] ds
2N = 0 t J : i

1 ! N N 2 N
_ 5/0 [N o UN )2 (5)) ds.
By definition of F, we have
1 N
F(QN) = 5 oW @)UY @) [0 1) — 0 ()]
i=1

Applying the It6 formula to compute gD(UiN (1)), we realize that, fori =1,..., N,
oN @) =W () + MY (1) + AN (1), where

t . .
MY (@) = /O Vo (s)) - [0 UY (9))dB (s) + ¢}y UV () dWV' (9)],
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t
AlN(t) = ./0 V(p(LliN(s)) . |:cf§/m (UN () Vy, Cﬁ/m (UN(S))

l N
+ 21 L el 53} (O * Bny = LU () —uy (s)):| ds
J:

r 1 N
+f 2N - Z[(a*%N—a)(UN(s) U (9)): VU (s))]ds

We used here that (b d),,N)(x) = 1{x20) (b * ¢y ) (x) since (b * ¢y, )(0) = 0 by
symmetry. Performing now some classical stochastic calculus, using that 0 < #] <

o<ty <s<t,that ¢1,..., 0K, Vo and clN are uniformly bounded and that the
Brownian motions B!, ..., BN and W!,..., W" are independent, we easily ob-
tain

1Y 2
EKN Yo @) o U @) MY () — M,-N(s)]) }

C
Z/ 1+ o @Y )]s < <2,

where we have used the fact that ||0N(L1N(s))||2 <CN~ IZ (1 + ILIN(s)

Z/{]N (s)|2+}’) exchangeability, and the moment estimate of Proposition 7.5 (since
y +2€(0,2)).
Next, we use exchangeability and the boundedness of ¢1, ..., ¢x, Vo, V2<p to

write

Zsol U @) (uiN(rk))[A%)—A,-N(s)]H

i=1
<CrE[IV + N + kM),

where

t
N._ /O e oo U ) Vel o @Y ()] ds,
t
:/0 (b * gy — D)UY (5) — UL (5))| ds,

t
=/O (@ % ¢y —a)UY (s) — U (5)) | ds.

Since clN VvlclN is bounded by C/N by Proposition 7.3(iii), we immediately find
that E[/V] < C/N. Next, using Lemma 2.4(ii),

t
B[] = Cow [ B[N )~ ) 1ds < Conn
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by Lemma 7.9(ii). Finally, using again Lemma 2.4(ii),
t
E[KN] < C;ﬁv/ E[|UN (s) — U ()" ds < Cny.
0

Step 4.2. We introduce, for ¢ € (0, 1), a smooth and bounded approximation
b : R3 — R3 satisfying b, (x) = b(x) for |x| > ¢ and |bs(x)| < |b(x)| = 2|x|' T
for all x. This smoothing is useless if y € [—1, 0), but we treat all the cases sim-
ilarly to avoid repetitions. We also introduce F; defined as F with b replaced by
b.. The diffusion coefficient a is continuous and so remains unchanged. For each
fixed ¢ € (0, 1), for every M > 0, the map g — F.(g) is continuous and bounded
on the set g € P(C([0, T], R3Y)), f(sup[O’T] |/3S|2)g(d,8) < M. This is not hard to
check, using that ¢1, ..., ¢k, ¢, Vo, Vzgo are continuous and bounded, that b, (z)
and a(z) are continuous and bounded by C, (1 + z?), and finally that ¢; is bounded
(by 3) and Lipschitz continuous for the W, topology by Proposition 7.3(vi).
Since OV goes in law to Q and since supy E[f(sup[O’T] 18519 QN (dB)] =
supy E[supyg 7 |Z/[1N ()]?] < o0 by exchangeability and Lemma 7.9(i), we deduce
that for any € € (0, 1),

E[|7(Q[] = limE[|7(Q")]]
Step 4.3. We now prove that for all N > 2, all ¢ € (0, 1),
E[|F(QY) - Fe(QY)[] < Cre.

Using that all the functions (including the derivatives) involved in F are bounded
and that |bg (x) — b(x)| < 2|x [TV 1y |<¢), We get

|F(g) — Fe(9)]

T - ~
(7.6) =Cr [[ [ tomippieerlfs = Bl dr gtaprs(ap)

T ~ ~
<Cre [[ [ 100018 = AV di g@Prg(ap).

Thus,
T
N N € N N
[F(QY) = Fe(QY) = Cryz Z/O U (1) U )] dr.
i#]
It suffices to take expectations, to use exchangeability and then Lemma 7.9(ii) to

complete the step.
Step 4.4. We next check that a.s.,

lim| F(Q) — F(Q)| = 0.
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Starting from (7.6), using (1.4) and that (Q;)/¢[0,7] € LY ([0, T], L?(R3)) a.s. for
some p > pi(y) by step 3, we get

T
F@-F@l=Cre [ [ [ 1=y Quan)Quay)

T
< cfsfo (14 1Q110) dt,

whence the conclusion.
Step 4.5. We finally conclude: for any ¢ € (0, 1), we write, using steps 4.1, 4.2
and 4.3,

E[

F(QIA1] <E[|F(D|]+E[|F(Q) — Fe(Q)] A 1]
= NErEOOIEH}“g(QN)I] +E[|F(Q) — Fe(Q)| A 1]

< limsup E[| F(QV)|] + limsup E[| F(QY) — o (QY)]]
N—+o0 N—+o0

+ E[|F(Q) — Fe(Q)| A 1]
< Cre +E[|F(Q) — Fo(Q)| A 1]

Now we let ¢ — 0 and use that lim, E[|F(Q) — F:(Q)| A 1] = 0 thanks to step 4.4
by dominated convergence. Consequently, E[|F(Q)| A 1] =0, whence F(Q) =0
a.s. as desired. [

7.6. Asymptotic annihilation of the perturbation. We finally show that the per-
turbed and unperturbed particle systems are asymptotically the same. This uses the
propagation of chaos for the perturbed system.

PROPOSITION 7.12. Recall that y € (—2,0), assume (1.11) and consider, for
each N > 2, the solution (VN(Z)),ZO to (1.9) and the solution (UN(Z)),G[(),T] to
(7.2), with the same initial conditions Z/{iN 0) = ViN 0),i=1,...,N and same
Brownian motions Bi, i=1,...,N.Then

lilifnpr[(vN(t))te[O,T] = (uN(t))ze[O,T]] =1

PROOF. By the strong uniqueness for the particle system (1.9) (see Proposi-
tion 1.5), we see that (VN(t)),e[o,T] = (UN(I)),G[(),T] as soon as c}L\tl/roJ U™ (1)) =
0 for all ¢t € [0, T']. Recalling the definition of ¢; (see Notation 7.1), it thus suffices

to prove that
(1.7) limPr[V=0,....no, ¥t € [I70, ( + 1)70], UM (@1)=0]=1.

We denote by d : P(C([0, T, R3)) — R the function defined by

[

d = inf inf inf h dv),
8 zzé,l.l..,noze[zm%rnro]k:l?,m_/Rs ( 80 >g’( v)
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where i : R? — [0, 1] (a smooth function satisfying 1{jyj<1y < & < L{jy|<2)), the
x,l(’s and §p have been introduced in Notation 7.1. Remark first that d is continuous
(and bounded) with respect to the weak topology of measure on P(C ([0, T], R3)).
Consequently, we know from Proposition 7.11 that d(QV) goes in law to
d(g), where oN =N lev S(MiN(I))[ew - and where g = L((U(t))s¢[0,7]), Where
(U(t))tefo,17 1s the unique solution to the perturbed nonlinear SDE (7.3). But we
also know, from Proposition 7.6 that g, = f; for all r € [0, T'], where f is the
unique weak solution to the Landau equation (1.1). We finally recall (7.1)

inf fi(B(xt, 8)) = o,

inf inf
1=0,...,ng te[lto, (+1)70] k=1,2,3

which implies that d(g) > kp. Consequently, it holds that

lim Pr[d(QN)Z%}: ,

N——+o00
whence
lim Pr[ inf inf inf QfV(B(x,i,250))>@}:1.
N—+oo | I=0,...,npt€lltg, I+ D10l k=1,2,3 -2

Using Proposition 7.3(i) [which implies that ¢;(u) = 0O as soon as
infr—123 M(B(x,l{, 280)) > ko/2] and that clN(Ll;V) = cl(QfV) by definition (see
Notation 7.1 again), we conclude that indeed, (7.7) holds true. [J

7.77. Conclusion. We now have all the weapons to give the proof of our main
result.

PROOF OF THEOREM 1.8. We know from Proposition 7.11 that the per-
turbed system (UN(t))te[o’T] is (U(1)):ef0,71-chaotic, where (U(1))c0,7) 1s the
unique solution to the perturbed nonlinear SDE (7.3). But Proposition 7.6 tells
us that U(t))rc0,7] = (V(t))refo,1], where (V(t))scfo,7] is the unique solution
to the (nonperturbed) nonlinear SDE (7.3), while Proposition 7.12 tells us that
limy Pr((WVN (1))seo.11 = U ())sejo,71) = 1. We immediately conclude that
(VN(I)),E[O’T] is (V(t))re[0,11-chaotic. Recalling that T > 0, which has been fixed
at the beginning of the section, can be chosen arbitrarily large, we deduce that
the sequence (VN ())i>0 i1s (V(?))s>0-chaotic. As already mentioned (see Def-
inition 1.1), this implies that QY = N~! lev 5(ViN(t))r>O goes in probability to
L((V(t))i=0) as N — oo in P(C([O0, 00), R})). But L(V(t)) = f, for all ¢ > 0.
It is not hard to conclude, that for uV := N=1 3V (SViN (1) the sequence M=o

goes in probability to (f;);>0 in C([0, 00), PR3}). O
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APPENDIX A: A COUPLING RESULT

We reformulate and extend a result found in [21], Proposition 2.4, for the dis-
tance W. Here, | - | is any fixed norm in R4,

PROPOSITION A.1. Let p>0andd > 1. For N > 2, let Fy and Gy be two
symmetric probability measures in Pp((Rd)N ). There exists (X1,...,Xy) with
law FN and (Y1, ..., Yy) with law GV enjoying the following properties:

(a) The coupling is optimal in the sense that E[Zjlv | X; — Y;|P] =
inf{E[Ziv |U; — V;i|P1}, the infimum being taken over all random vectors (Uq, ...,
Un) and (Vi, ..., V) with laws FN and GV .

(b) The family {(X;,Y;),i =1,..., N} is exchangeable.

(c) Almost surely, Wy (NT' SN 6y, , NI YN 8y) =NV X — 1i|P.

PROOF. We only sketch the proof, since it is very similar to [21], Proposi-
tion 2.4.

We start with a coupling X = (f(], ...,f(N), Y = (171, e, 17N) of FN and GV
satisfying only point (a). Such an optimal coupling is well known to exist; see, for
example, Villani [40].

Next, we consider a (uniform) random o € 6 N, the set of permutatlons of
{1,..., N}, independent of X , and we put X = Xg(,) and Y = Y5(). It is
stralghtforward to check that X = (X e X N)» Y = (Y1, 4 ) is still a cou-
pling between FV and GV (because these dlstrlbutlons are symmetric), still satis-
fies (a), and now satisfies (b).

We finally introduce, for x = (xq,...,xy) and y = (y1, ..., yy) in (Rd)N,

N N N
Se,y = ir e Gy W[,’(N_1 Z5x,~,N_128y,-> :N—IZM[ — el
1 1 1

Conditionally on X and Y, we consider a random permutation 7 uniformly cho-
sen in S)A(y and we set X; = )A(,- and Y; = I?,(,-). It remains to prove that X =
(X1,-..,XnNn), Y =(Y1,...,Yy) is a coupling between FN and GV satisfying
points (a) (b) and (c¢). P01nt (c) is satisfied because 7 € S; ; a.s. By definition of
T, we see that Z | X; — Y|P < Z |X —Y |? as., so that (a) is satisfied. And of
course, X is FN -distributed, since X = X.

To check point (b), let 0 € Gy be fixed. For x € (RHN | we put x, =
(X5 (1)s - - -+ Xo(N)). We observe that for any x,y € (RN | it holds that S ye =

1

o~!S, yo. Thus, conditionally on X and ¥, 0~ o 7 00 is uniformly distributed

on § %0, Hence, by exchangeability of (X,Y), the triple (X, Y, 7) has the same

law as the triple ()20, I?g, o~} oto0). Thus, ()A(, I?,) 4 ()A(U, f,og). In other words,
(X, Y) has the same law as (X4, Yy ).
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We finally check that Y is G -distributed. Consider a bounded measurable ¢ :
RHN > R and its symmetrization ¢(y1, ..., ynN) = (N)~! Y oeey POo)s - s
Yo)). Using the exchangeability of (Yi,...,Yn), we can write E[p(Y,...,
YN =E[@(Yy,..., Yy)]. But ¢ being symmetric, we a.s. have o(Y1,...,.YN) =
oY1, ..., YN, whence E[g(Y1,...,YN)] =E[g(Y1, ..., Yy)]. Using finally the
exchangeablhty of (Y1,..., I?N), we deduce the equahty Ele(Yy,...,YNn)] =
IE[(p(Y 1, .. YN)] This completes the proof. [J

APPENDIX B: SOLUTIONS TO A SDE ASSOCIATED TO WEAK
SOLUTIONS OF A PDE

Here, we extend a result of Figalli [10], Theorem 2.6.

PROPOSITION B.1. Let « : [0, 00) x R3 > M3,3(R) and 8 : [0, 00) x R3
R3 be measurable and satisfy |l (t, x)|| < p()(1 + |x|?) and |B(t, x)| < p(t)(1 +
|x]) for some p € Ll ([0, 00)). Consider (1e)i=0 € Liy.([0, 00), Pr(R3)), weak
solution to

loc

N —

3
(B.1) pr ==Y I (B ) +

k=1

3
Z axkxz (akl (t):ut)
k=1

There exists, on some probability space, a |o-distributed random variable Xy,
independent of a d-dimensional Brownian motion (B;);>0 and a solution (X;);>0
to

t t
(B.2) X, =Xo+ [ B Xods + [ (a5, %) dB.
which furthermore satisfies that L(X;) = u; forall t > 0.

We follow the proof of [10], which concerns the case where « and 8 are
bounded.

PROOF OF PROPOSITION B.1. It suffices to prove the result when p = 1. In-
deed, consider, in the general case, the time change h(t) = fé(l + p(s))ds, its
inverse function g(¢) = h=1(¢) and set 1, := Mg(r)- Then (fi;);>0 still belongs to
% (10, 00), P2(R?)) and solves (B.1) with o and B replaced by

loc
a(t,x)=(1+p(g®)) 'a(g),x) and A, x)=(1+p(e®)) ™ Blg®), x).

These functions satisfy || (¢, x)|| <1+ |x|2 and |B(t, x)| <1+ |x|. Thus, if we
have proved the result when p =1, we can find a solution (X,),>0 to X; = Xo +
fo B(s, Xy)ds + fo (a(s, X ))l/de and such that £(X;) = ji,. It is then not hard
to see that X, := X () satisfies £(X,) = 1, and solves X; = Xo+ [ B(s, X;) ds +
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fot(a(s, X )N'2dw,, where W; = fg’(t)(l + ,O(g(s)))_l/des is still a Brownian
motion.

From now on, we thus assume that |la(f, x)|| < 1 + |x|® and |B(t, x)| < | + |x|
and we consider (i,);>0 as in the statement. We divide the proof in several steps.

Step 1. We introduce ¢ (x) = (Znt)_dﬂe—'““z/(m and puf 1= s * Pg(141). For
eacht > 0, uy is a positive smooth function. Then (7 );>0 solves (B.1) with o and
B replaced by

t t

B3) at(e QOB Dm0 e BOR) s

& &
t My

We now check that there is a constant C [not depending on ¢ € (0, 1)] such that
BE(t, )| < C(1+ Vma(u) + Ix]) and  [af(t,x)| < C(1 +ma(p) + Ix[?).
First, since (¢, x) <1+ |x|,
Jr3 1B W e+0(x — ) (dy)
Jr3 Gei+0(x — Y)ite(dy)
<14 Jr3 IY|Pe140) (x — }J)Mt(dY)‘
fR3 ¢s(l+t)(x — Y (dy)
We next introduce R := /2m2 (i), for which u;(B(0, R)) > 1/2, and write
ﬁy—x‘z‘xH—R |)’|¢s(l+t)(x - )’)Mz(d)’)
f\y_x|§|x|+R Ge(141)(x — Y) i (dy) '

|BE(t,x)| <

|B°(t, %) <1+2|x|+ R+
But ¢ is radially symmetric and decreasing, so that
/ 9110 (e — ) () = decien (] + R)maG)
|y—x|>|x|+R
and [observe that B(0, R) C B(x, |x| + R)]

/l |<lx|+R Pe(1+n (X — VI (dy) = o140 (Ix] + R) e (B(x, x| + R))
y—x|<lx

o $ean (X[ + R)
— 2 .
This gives
|B°(t, )| < 1+ 20x| + R+ 2vma(p) < 14 2|x| +4y/ma(pe)
as desired. The very same arguments show that
lof ()| < 1+ (2lx] + R)? + 2ma(uy) < 1+ 81x|? + 6ma(1r).
Finally, it is easy to check that for all e € (0, 1), all T > 0, all R > 0,

sup sup (|Da’(t, x)|+ | DB, x)|) < oc.
t€[0,T]|x|<R
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Step 2. The coefficient 8¢ (z, -) is locally Lipschitz continuous (locally uniformly
in time) and has at most linear growth, while «®(¢, -) is locally Lipschitz contin-
uous (locally uniformly in time) and has at most quadratic growth. Since further-
more «®(t, -) is uniformly elliptic (for ¢ fixed), we can apply Lemma 2.2 and obtain
that (af(z, -))/? is also locally Lipschitz. It is thus classical that for a given initial
condition XS with law ,uf) and a given Brownian motion (B;);>¢, there exists a
pathwise unique solution to

(B.4) —X0+f B (s, X°) ds+f (s, X¢))/* d By,

which furthermore satisfies £(X7) = u;, by uniqueness of the weak solution to
the PDE (B.1) with @ and S replaced by «® and S°.

Step 3. Here, we check that the family {(X});>0,& > 0} is tight. Since g
has only a moment of order two, we cannot directly apply the Kolmogorov
criterion and have to use another approximation procedure. For R > 0, we
consider (X/¥);=0 the pathwise unique solution to X~ = XoLqxsi<ry +
Jo B2 (s, XBoyds + [t (s, XxRe)) /2 aB.

Recall that sup ¢ 77.¢c(0.1) (I18° (s, )2+l (s, x)||) < Cr(1+]x]?) by step 1.
It is thus completely standard to check, using the Kolmogorov criterion, that for
each R > 0, the family {(XtR’s),Zo,e > 0} is tight: for all A > 0, we can find
a compact subset JC(R, A) of C([0, 00), R3) such that supge(ovl)Pr((X,R’g),zo ¢
K(R, A)) <1/A.

But by pathwise uniqueness, we have that (X7);>0 = (X,R’E)tzo on the event
{IX§] < R}. And it holds that Pr(|X§| > R) < ma(u§)/R* < (1 + m2(uo))/R>.
Consequently,

sup Pr((Xf),_, ¢ K(R. A)) < % n Hmii(“‘))
£e(0,1) = R
Choosing Kp = K(/2B(1 + m2(uo)), 2B), we find that SUPzc(0,1) Pr((X{)i>0 ¢
Kp) < 1/B, which ends the step.

Step 4. We thus can find a sequence ¢, \, 0 such that (X f”),zo goes in law (for
the uniform topology on compact time intervals) to some (X;);>¢. For all t > 0, we
have £(X,) = u, because £(X;") = ui" — ;. It thus only remains to prove that
(X:)r>0 solves (B.2). By the theory of martingale problems, it suffices to prove
thatforany 0 <s; < - - <sg <s <t,any ¢,..., @ € Cb(R3), any ¢ € CCZ(R3),
we have E[F(X)] =0, where F : C([0, 00), R?) > R is defined by

Fy)=@1(ys) - (Pk(ysk)<¢(yt) — o (¥s)

' 13
—/ |:V¢(Vu) P, yu) + > > axkxz(p(yu)akl(u’yu):| du)-

k,I=1
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We also introduce some continuous functions & : [0, 00) x R3 > M3,3(R) and
,5 [0, oo) x R3 > R3 (that will be chosen later very close to « and ). We define
@¢ and B¢ defined exactly as in (B. 3), but with & and B. We ﬁnally define F (resp.,
Fe, resp., F.) as F but with & and B (resp., af and B¢, resp., @° and B%) instead
of o and B.

We of course start from the identity E[F;, (X*")] = 0, and write

[E[FO]| < [E[FCO] = E[F(X)]| + [E[F (O] - E[F(X™)]]
+ |E[F(x*)] - E[F, (X™)]]
+ B[, (X)] - B[, (X*)]].

First, since @ and B are continuous, it easy to show that F:C (10, 00), R3) >
R is continuous (for the topology of uniform convergence on compact time
intervals) and bounded (recall that ¢ is compactly supported). Consequently,
lim,, |IE[]:"(X)] — E[]:'(Xs’l)]| = 0. Next, there is a constant C such that

IE[F(X)] - E[F(X)]|
t ~
< c/o B[ Jor(ut, Xo) — @, Xo) | + B, Xo) — B, X)) du
t ~
= C]O /R3[|\o¢(u,x) —a(u,x)| +|Bu, x) — Bu, x)|]pu(dx) du.
Similarly,
[E[F., (X*)] — E[F, (X*)]]

< C/Ot /RS(Hag”(u,x) — & (u, x)|| + | B (u, x) — Bs"(u,x){)ui"(dx)du

! [(llor() — & @)l + 1B @) — B ) * b, (141)] (x)
SC/ /]1%3< 8"()6) +8n)
X pun(dx)du

< Cfo /11&3 /R3(Hot(u,x) —au, x)| + B, x) — Bu,x)|)
X ¢8n(1+u)(y — X))y (dx)dydu + Ctey,.

Using that ¢, (144) has mass 1, we conclude that

hmsup]E[ e, (X)) = E[Fe, (X*)]]

< C/o A;[Ha(u,x) —a(u,x)| +|Bu,x) —B(u,x)|]uu(dx)du.
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Finally,
[E[F(X*)] - E[F, (X*)]]

= Cfot fR3(H&<u,x) — &, )| + | B, x) — B (w, %))l (dx) du

t v -~ ~ ~
< C/O /H%3("ot(u,x) —au, Y|+ |Bw, x) = Bu,y))
X Ge, (14w (Y — %) dypuy (dx) du + Cept.

Since & and /§ are continuous, this clearly tends to 0 as n — oo. All in all, we have
checked that

t ~
[E[F(X)]| < C/O /Ra[Hoz(u,x) —a(u,x)| +|Bu, x) — Bu, x)||pu(dx) du.

But this holds true for any choice of continuous functions & and B. And since
Us(dx)ds is a Radon measure, we can find @ and B continuous and arbitrarily
close to o and B in L' ([0, T'] x R3, s(dx)ds). We conclude that |E[F(X)]| =0
as desired. [

APPENDIX C: ENTROPY AND FISHER INFORMATION

In this section, we present a series of results involving the Boltzmann entropy
H and some fractional (or weighted) Fisher information /" and I,,. They provide
key estimates in order to exploit the regularity of the objects we deal with.

C.1. Notation. For F € P((R*)") with a density (and a finite moment of
positive order for the entropy), the Boltzmann entropy H, the weighted Fisher in-
formation /,, (for y < 0) and the fractional Fisher information /" [for r € (1/2, 1)]
of F are defined as

1

H(F) = — F(v)1og F(vV) dv",
(F)i= 7 J oy TV ) og F(vE) dv
L=t [ IEOOE LG g P PRy
e p— V' = — (0] Vv v )
Y NJmyy  F(vN) N Jga! 7%
1 VF N\ |2r
I"(FV) = VE(v )lz’d N |V log F(vN) 3L F (dv"),

= — —_— V —_— —
N Jw3yv F(vN)2r—1 N J®r3N

with the notation vV = (v1,...,vn), where the differential operator V, is the
weighted gradient

V, F(VN) = ((v1)Y2Vy E(VN), .. (ua) Y12V, F(VY)),
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where (v) = (1 + |v|?)"/? and where the norm | - |, is the £2" norm on (RN
defined by

N
VY =D il
i=1

If F e P((R*N) has no density, we simply put H(F) = +o0. If F € P((R3)")
has no density or if its density has no gradient, we put I, (F) = I" (F) = +o00. The
somewhat unusual normalization by 1/N is made in order that for any f € P(R?),

H(PN=H(f), L()=L(f) and I"'(fEN)=1"(f).
Recall finally that the moment of order ¢ is defined, for any F € Psym((R3)N ), by

F ::/ 4F(dvV).
my(F) (R3)N|Ull (dv")

C.2. First properties and estimates. We make use of the two following prop-
erties.
LEMMA C.1.

(i) Foranyq, A € (0, 00), there is a constant Cy ;, € R such that forany N > 1,
any F € Py(R3HN)

H(F) > —C, — Amy(F).

(i) Consider the constant C =1+ |Ca 1| [with C31 introduced in (1)]. For any
f € Pr(R3), any measurable A C R3 with Lebesgue measure |A| < 1,

C+ H(f)+maf)
—log|A| '

In particular, |A| <exp(—4(C + H(f) +ma(f))) implies that f(A) < 1/4.

f(A) <

PROOF. The first estimate is classical. See the comments before [21], Lem-
ma 3.1, for a proof. To prove the second one, we decompose f as

f=FAfi+ (1= F(A)fs  where fi = —2 f and f, =

1 pc
S (A) 1= f(A) f

The entropy of f may be rewritten as

H(f)= f(A)log f(A)+ (1 — f(A)log(l — f(A)) + f(AH(f1)
+ (1= fF(A)H(f).
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Since ma(f2) < (1 — f(A))_lmz(f), the application of (i) (withg =2 and A = 1)
to fo leadsusto H(f2) > —Cy 1 — (1 — f(A))_lmg(f). Since x logx > —1/2 for

x €0, 1], we find
H(f)=—1— (1= f(A))Ca1 —ma(f)+ f(AH(f1)

> —=C—ma(f)+ f(AH(f1).
But Supp f1 C A classically implies, by the Jensen inequality, that H(f1) >

—log|A|. Hence,
H(f)=—-C—ma(f) — f(A)log|Al.

The conclusion follows. [
We now state two useful properties of the fractional and weighted Fisher infor-

mation.

LEMMA C.2. Lety <QOandre (1/2,1).
(i) The weighted and fractional Fisher information are super-additive: for all
N >1,dll F € Psym(R)N), all k=1,..., N, denoting by Fi € Psym((R¥)¥) the

k-marginal of F,
I"(F)<I'(F) and 1,(Fo)<IL,(F).

(i1) The fractional Fisher information can be controlled by weighted Fisher in-

formation: for all N > 1, all F € Poym(®3™),
I"(F) < Cy(I,(F)) (14 mg(F))'™  withq = 1"’” .
—r

Since F is symmetric, we can write
r _ Ny |2r N
I (F)-/(RS)NWUllogF(V ) F(av)  and

L) = [ o 007 [V Tog F(v) P F (@),

The super-additivity of the fractional Fisher information is a consequence of the

convexity of the function ¥, : R} x R? > R* defined by
|b|2r

Y, (a,b):= T

PROOF.

Computing its Hessian matrix, we find

5 [ |b? —ab*

2r2r — b2 (|

VAW, (a, b) = 2 5 )1 | a? bb*
a r+ —ab (13 + (27" — Z)W)

2 *
2w r — 1 bZr—Z |b| —ab
- r(2r — 1)|b| ( b+ ||

- 2r+1 b
a a a
|b|?
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which is always nonnegative if 2r — 1 > 0. Then, we have, for 1 <k < N, setting
V,iv = (v1,...,vr) and V%_k = (Vk+1, - - - » UN), by the Jensen inequality,

|V, Fe (V)12
Fk(V/]CV)Z’_1

= W, (Fe(vY), Vo Fe(v)Y))

= N N N N N N
- (/(R3)N—k FOE VN VN /(]R3)N Vo F (v, Vi) dVNk)

=< CWA(F( YN ) Vo FR VN ) dvy
(]R3)N k

B Vo, FOVR VNI

= dv
_ N (N — N—k-
®HNK F(v, vy _ )21

Integrating this inequality in V,I(V , we obtain I" (Fy) < I"(F). Choosing nextr =1,
multiplying the inequality by (v;)” and integrating in V,ICV we obtain I, (Fy) <
I, (F).

For the second point, we use the Holder inequality:

R (A e e e [ L IR P

1—r
r —yr/(1—r) N
< [1,(P)] ( /( o) F(dv )) :
Recalling that ¢ = |y |r/(1 — r), the conclusion follows. [

We next establish some kind of Gagliardo—Nirenberg—Sobolev inequality in R?
involving fractional and weighted Fisher informations.

LEMMA C.3. Lety <O0. Foranyr e (1/2,1), for p:=3/(3 —2r) and q :=
yIr/(1=r), for any f € P(R?),

IfllLr < G (f) < Croy (I, () (1 +mg ().

PROOF. Using the Holder inequality, we can write, for any p’ € (0, 2r)

2, 12
v — [ (VPN e
v, = [ (G f

2 )20 2r—p/ ) 2r)
< ( f M)p ' ( f<2r—1>p//<2r—p’)> i
- R3 f2r—1 R3 ’

1/2 1-1/2
IV £l < (IO o s

whence
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Together with the Gagliardo—Nirenberg—Sobolev inequality, it comes, with 1/p =
1/p’ — 1/3 (which is well defined since p’ < 2)

1/2 1-1/2
1 £ e < CplV FllLy < Co (N2 1A 0l -

This inequality becomes really interesting when p = (2r — 1) p’/(2r — p’), which
leads to the choice p’ = 3/[2(2 — r)]. It that case p = 3/(3 — 2r) and we find

I fllLr < CAI"(f).
Using finally Lemma C.2(ii) completes the proof. [J

We deduce that pairs of particles of which the law has a finite weighted Fisher
information are not too close.

LEMMA C.4. Let y < 0. Consider F € P(R? x R?) and (X1, X>) a F-
distributed random variable. For any k € (0, 2) and any q > |y | max{l,«/(2—«)},
there exists Cy 4 such that, withr :=q /(g —y) € (1/2,1),

F(dxi,dx))

r 1—r
|x1 — x2|¥ < Cieg[(Iy (F)) (1 +mg(F)) " +1].

s )= .,
X

PROOF. We introduce the unitary linear transformation ® : R3 x R3 > R3 x
R? defined by

D(x1,x2) = %(xl —x2,x1 +x2) = (¥1, ¥2).

Let F:=Fo® !and f the first marginal of F [f is the law of 2= V/2(X| — A»)].
A simple substitution shows that /" (F ) < C, 1" (F) for some constant C,.. Next, we
cannot apply Lemma C.2(i) because F is not symmetric, but we obviously have
I’(f) <2I"(F). We now write

F(x1. F(y1, f
/ (x1,x2) doxy dxz=2K/2/ (y1,y2) dy, dy2=2K/2 fQ) dy,
R3xR3 [x1 — x2[¥ R3xR3  |y1¥ R3 [y|*

which is smaller than C , (1 + IIfIILp) by (1.4), with p :=3(g —y)/(qg —3y) >
3/(3 — k) (thanks to our condition on g). We then use Lemma C.3 [we have p =
3/(3 —2r)] to get

F(x1,x2) .
e dx1dxy < Cr (1 + 1" <C. (1+1"(F)).
/R3xR3 X — xolf x1dxy < Ceq(1+1"(f)) < Ceg(L+1"(F))

Lemma C.2(ii) [observe that ¢ = |y|r/(1 — r)] allows us to conclude. [
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C.3. Many-particle weighted Fisher information. We finally need a result
showing that if the particle distribution of the N-particle system has a uniformly
bounded weighted Fisher information, then any limit point of the associated em-
pirical measure has finite expected weighted Fisher information. Such a result is
a consequence of some representation identities for level-3 functionals as first ob-
served by Robinson—Ruelle in [32] for the entropy in a somewhat different set-
ting. Recently in [21], this kind of representation identity has been extended to the
Fisher information. The proof is mainly based on the De Finetti-Hewitt—Savage
representation theorem [6, 22] (see also [21]). Unfortunately, we cannot apply di-
rectly the results of [21].

THEOREM C.5. Let y < 0. Consider, for each N > 2, a probability measure
FN ¢ Psym((R3)N). For j > 1, denote by FJN € P((R3)) the jth marginal of
FN . Assume that there exists a compatible sequence (7w j) of symmetric probability
measures on (R3)/ so that F ]N — 7 in the weak sense of measures in P(R3).

Denoting by w € P(P(R?)) the probability measure associated to the sequence
(7w j) thanks to the De Finetti—-Hewitt—-Savage theorem, there holds

.. N
/7>(R3) L, (f)n(df)= jg) I,(mj) < lll\lnl)lélofly(F ).

The De Finetti-Hewitt—Savage theorem asserts that for a sequence (7 ;) of sym-
metric probability measures on E/ (for some measurable space E), compatible in
the sense that the k-marginal of ; is 7y for all 1 <k < j, there exists a unique
probability measure 7 € P(P(E)) such that ; = fp(E) @I (df) forall j > 1.
See, for instance, [21], Theorem 5.1.

COROLLARY C.6. Let y < 0. Consider, for each N > 2, a probability mea-
sure FN e Psym((R3)N), and (XV, ..., X]’\\f) with law FN. Assume that py =
N1 Z{V 3 XN goes in law to some (possibly random) u € P(R3). Then

E[I liminf I, (FV).
[y (W] = liminf I, (F)

PROOF. Denote by 7 € P(P(R?)) the law of p and, for j > 1, by T =
fp( 0l ®J(df). The corollary immediately follows from Theorem C.5 once we
have checked that for all j > 1, F JN goes weakly to ;. But this is an easy and

classical consequence of the fact that ;. goes in law to u; see, for example, Sznit-
man [36], I-Proposition 2.2 and Remark 2.3 or [21], Lemma 2.8. [

Theorem C.5 is a consequence of [21], Lemma 5.6, and of the following series
of properties.
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LEMMA C.7. Lety < 0. The weighted Fisher information satisfies the follow-
ing properties:

(1) Forany j>1,1,: P((R3)7) - RU{+o0} is nonnegative, convex, proper
and lower semi-continuous for the weak convergence.
(i) Forall j > 1,all f e P(R), I, (f®) = L,(f).
(iii) Forall F € Psym((R®)/), all €,n > 1 with j = € +n, there holds jI,(F) >
L1, (F¢) +nl,(F,), where Fy € P((RHY stands for the £-marginal of F.
(iv) The functional I, : P(PR3)) — R U {00} defined by

— j 3\J
T, () —jlipl ,(Tj))  where ;= fP(R}) FRin(df) e P(R3))

is affine in the following sense. For any w € P(P(R?)) and any partition of P(R3)
by some sets w;, 1 <i < M, such that w; is an open set in R3 \ (w1 U---Uwj_1)
forany 1 <i <M — 1 and n(w;) >0 forany 1 <i < M, defining

; 1
aii=7m(w;) and y':=—1,7 € P(P(RY))
o

so that
n=a1y1+---+oeMyM and o +---+ay=1,
there holds
Z,(m) =1, (y) + -+ auZ, (™).
PROOF. We only sketch the proof, which is roughly an adaptation to the
weighted case of the proof of [21], Lemma 5.10.

Step 1. We first prove point (i). Let us present an alternative expression of the
weighted Fisher information: for F' € P((R3)7), it holds that

Ilﬂzl2

L,(G): _l sup {_/(]R3 d1VV1pF(dV)— f VF(dVJ)

J yecl(®3)iyi

Again, the right-hand side term is well defined in R because the function |y|?/4 —
divy ¥ is continuous and bounded for any i € CC1 ((R37)37 . We immediately de-
duce that I, is convex, lower semi-continuous and proper so that point (i) holds.
Step 2. Point (ii) is obvious from the definition of 7, .
Step 3. We now prove (iii), reproducing the proof of the same super-additivity
property established for the usual Fisher information in [21], Lemma 3.7. We de-
fine for any i < j

yi=il,(F;)=  sup {/(Ra),(VVF ¥ — FZ'WZ ‘V>},

YeCH (B33 =i
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where the sup is taken on all ¥ = (1, ..., ¥;), with all ¥ : (R3)! — R3. We then
write the previous equality for ¢; and restrict the supremum over all v such that

for some i < j: .
e the i first ¥, depend only on (v, ..., v;), with the notation ¥’ = (1, .. S Yi)s
e the j — i last v, depend only on (vj41,...,v;), with the notation /™" =
i1, ¥)).
We then have the inequality
tj = sup ,[V,-F-w"wj—iF-W"'
Wi =i (R3)J

- let(Z el + X el ) |

£<i >i
i L 2 -y

= sup . ViF; -y —ZZW/U (ve)

1//ieccl.((RS)z‘).%i (R>)! 0<i

. Fi_; _
+ sup / 4 .[Vj—iGj—i'W F— =D Il y]
Y= eCL((R3)i—i)3Gi—i) J(R3)I 4 £>i

=+l

Step 3. We do not prove here the affine character of Z,, and refer to [21],
Lemma 5.10, where the same property for the usual Fisher information is checked:

the

(1]
(2]
(3]
(4]
(5]

(6]

(8]

(9]

presence of the bounded weight does not raise any difficulty. [J
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