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LOCAL LIMIT THEOREM AND EQUIVALENCE OF DYNAMIC
AND STATIC POINTS OF VIEW FOR CERTAIN BALLISTIC
RANDOM WALKS IN LLD. ENVIRONMENTS

BY NOAM BERGER*™*1, MORAN COHEN*! AND RON ROSENTHAL%:2
Hebrew University of Jerusalem*, TU Munich® and ETH Ziirich*

In this work, we discuss certain ballistic random walks in random envi-
ronments on Z4, and prove the equivalence between the static and dynamic
points of view in dimension d > 4. Using this equivalence, we also prove
a version of a local limit theorem which relates the local behavior of the
quenched and annealed measures of the random walk by a prefactor.

1. Introduction.

1.1. Background. Let d > 1. A random walk in a random environment
(RWRE) on Z¢ is defined by the following procedure: let My denote the space of
all probability measures on £; = {:i:ei}fl:1 (the standard unit coordinate vectors),

and define Q = (Md)Zd. An environment is an element w € . For x € Z% and
e € &, we denote by w(x, e) the probability that the measure w(x) gives to e.
Let P be an i.i.d. measure on €2, in the sense that P = w2 for some probability
measure v on M. Throughout this paper, we assume that P is uniformly elliptic,
that is, there exists some 1 > 0 such that for every e € &

(1.1) PloeQ:w(0,e) >n})=v({we Ms:w(e)>n})=1.

For a given, fixed environment w € Q2 and x € 74, the quenched random walk on it
(or the guenched law) is a time homogeneous Markov chain on Z? with transition
probabilities

PrXpri=y+elXn=y)=w(y,e) VyeZleec&

and initial distribution P (Xo=x) =1. We let P* = P ® P be the joint law of
the environment and the walk, and define the annealed (or averaged) law as its
marginal on the space of trajectories

PO = [ PI0OdP@).

Received August 2014; revised June 2015.
1Supported in part by ERC StG Grant 239990.
2Suppot‘ted in part by an ETH fellowship and by ERC StG Grant 239990.
MSC2010 subject classifications. 60K37, 82D30.
Key words and phrases. Random walks in random environments, ballisticity, equivalence of static
and dynamic points of view.

2889


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/15-AOP1038
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

2890 N. BERGER, M. COHEN AND R. ROSENTHAL

We use the notation E, E and E* for the expectations of the measures P, P
and P, respectively.
In [27, 29], Sznitman and Zerner proved that the limiting velocity of the random
walk
. Xn
v= lim —
n—oo p
exists for P-almost every environment and PS -almost every trajectory of the ran-
dom walk on it. A question to remain open, which in fact is one the most important
open questions in the field, is whether the limiting velocity is an almost sure con-
stant.
An important family of measures P for the model is given by the following
definition.

DEFRINITION 1.1. The RWRE is said to be ballistic if the limiting velocity is
a nonzero almost sure constant.

1.2. Conditions for ballisticity. In [25, 26], Sznitman introduced two criteria
for ballisticity of RWRE, called conditions (7') and (7). In order to give a formal
definition of these conditions, some preliminary definitions are needed.

DEFINITION 1.2. Let £ e S9! :={x e R?: ||x||» = 1} be a direction in R¥.
(1) For L > 0 and a sequence {X,} (in Z¢), define
Ty =T (X)) =inf{n = 0: (X,,, &) = L},

where (-, -) denotes the standard inner product in R4,
(2) Similarly, for a set A C 74 and a sequence {X,} (in 7Z4), denote

Ta=Ta({X,})=inf{n>0:X, € A}.
We can now state the definition of Sznitman’s ballisticity conditions.

DEFINITION 1.3. (1) Given 0 < y < 1, we say that P satisfies condition (7))
in direction €9 € S~ if for every £ € S~! in some neighborhood of ¢ there
exists a finite constant C such that

IP’O(TL(_Z) < TL((')) <Ce V.

(2) P is said to satisfy condition (7') if it satisfies condition (77).

(3) P is said to satisfy condition (7") if it satisfies condition (T,) for some

%<y<1.

REMARK 1.4. It was shown in [26] that all the conditions (7},) for % <y<l
are equivalent.

The relation between ballisticity and the above definition is given by the follow-
ing theorem and conjecture.



LOCAL LIMIT FOR CERTAIN BALLISTIC RWRE 2891

THEOREM 1.5 (Sznitman [26]). If condition (T') holds for some direc-
tion Lo € S, then the RWRE is ballistic, and the limiting velocity v satis-
fies (v, Ly) > 0. In addition, under this assumption, condition (T") holds for all
¢ € S satisfying (v, £) > 0.

CONJECTURE (Sznitman). Condition (T") is equivalent to ballisticity.

In recent years, several improvements of Theorem 1.5 have been proved: in [10],
Drewitz and Ramirez showed that for some constant y,; € (0.366, 0.388) which is
dimension dependent (T, ) for y € (y4, 1) are all equivalent. In [2], Theorem 1.4,
Berger showed that in dimension d > 4 the condition (7;,) for y € (0, 1) implies
ballisticity. In an additional work [11], Drewitz and Ramirez showed that in di-
mension d > 4 all the conditions (T, ) for y € (0, 1) are equivalent. In [5], Berger,
Drewitz and Ramirez showed that in fact (fast enough) polynomial decay (see Def-
inition 1.6 below) is equivalent to condition (7)) for any 0 < y < 1. Finally, in [9]
Campos and Ramirez proved ballisticity for some nonuniformly elliptic environ-
ments satisfying (fast enough) polynomial decay.

DEFINITION 1.6 [Condition (£?)]. Let Ng be an even integer. For a coordi-

nate direction £ = £1, let €5, ..., {4 be any fixed completion of £; to an orthonor-
mal basis of R? and define
N
Box, = {y ez?: —70 < (y—x,£) < No, (y—x,£;) <25N; V2§j§d},

Box, = {y€Z?: INo < (y —x,£) < No, (y —x, ;) < N3 V2 < j <d},
dBox, = {y € Z% \ Box, : 3z € Box, such that ||y — z||; = 1}
and
04+ Box, = {y € dBox, : (y — x,£) > No, [(y — x, ¢;)| <25N3 V2 <j<dj.
Fix M > 0 and £ € S%~!. We say that condition Zy|¢ is fulfilled if

1
sup P*(Ty Boxg #* T8+ Boxo) <w
xeBoxq N 0
holds for some Ng > exp(100 + 4d(In n)z), where 7 is the ellipticity constant de-
fined in (1.1). We say that condition (£?) holds in direction £ if condition Zys|¢
holds for some M > 15d + 5.

DEFINITION 1.7. Throughout this paper, we denote by (£?) the following
equivalent conditions:

() (1.

(2) (T)) for some y € (0, 1).
(3) (T) forall y € (0, 1).
@) (2).
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1.3. The environment viewed from the particle. Let {X,} be a RWRE. The
environment viewed from the particle is the discrete time process {w,} defined
on 2 by

5}1 = GX,la)7

where for x € Z? we denote by o, the shift in direction x of w, thatis, oxw(y,-) =
w(x +y,-) for every y € Z4.

Beside the fact that the environment viewed from the particle process takes
values in a compact space, it has the advantage of being Markovian, cf. [7], with
respect to the transition kernel

(1.2) Rg(@) = ) (0, e)g(o.w),

ee&y

defined for every bounded measurable function g : @ — R.
It is natural to ask what are the invariant measures of the Markov chain {w,}.

DEFINITION 1.8. A probability measure Q on €2 is said to be invariant (or
invariant with respect to the point of view of the particle), if for every bounded
continuous function g : 2 — R

(13) /Q Re(w)dQ(w) = fQ 2(@)dQ().

One can find many examples for invariant measures with respect to the process
{w,}. For example, every Dirac probability measure of any translation invariant
environment provides such an example. One additional method to obtain invariant
measures is by taking any sub-sequential limit of the Céasro means {% Z’;;(l) Ry,
where v is any probability measure on 2 and PRv is the measure defined by
the identity [, f (@) d(Rv)(w) = [o R f(w) dv(w) for every bounded measurable
function f: Q2 — R.

As it turns out, an invariant measure Q is particularly useful when it is also
equivalent to the original measure P. In this case, we say that the static point
of view (the one related to P) is equivalent to the dynamic point of view (the one
related to Q). If such a measure exists, it can be used to prove law of large numbers
and central limit theorem type results; see, for example, [3, 8, 12, 14, 15, 17, 19,
24, 28] and the references therein.

The existence of an equivalent invariant measure was proved in several cases.
In the one-dimensional case, the existence of an equivalent measure was proved
by Alili [1]. In the reversible case, also known as random conductance model, the
existence of an invariant equivalent measure is a well-known fact for most cases.
For balanced RWRE, the existence of such a measure was proved by Lawler in
[16]. Later on, this was strengthened to the case of balanced elliptic RWRE by
Guo and Zeitouni in [13] and even further to the nonelliptic case (for genuinely d-
dimensional measures) by Berger and Deuschel in [4]. For Dirichlet random walks,
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a classification for the cases where such a measure exists was proved by Sabot
in [23]. Finally, partial results in the ballistic case are also known; see Section 1.5
below.

The following result was proved by Kozlov in [15] (for the proof see also
[8, 12]).

THEOREM 1.9 (Kozlov [15]). Assume P is elliptic> and ergodic with respect
10 {0y} eza. Assume there exists an invariant probability measure Q for the envi-
ronment seen from the point of view of the particle which is absolutely continuous
with respect to P. Then the following hold:

(1) Q is equivalent to P.

(2) The environment viewed from the particle with initial law Q is ergodic.

(3) Q is the unique invariant probability measure for the point of view of the
particle which is absolutely continuous with respect to P.

(4) The Céasro means {ﬁ Z,]{V:O RX P} converge weakly to Q.

1.4. Main goal. This paper has two purposes. The first is to prove the equiv-
alence of the dynamic and static point of views under condition (&), uniform
ellipticity and the additional assumption that d > 4. The second purpose of this
paper is to prove a certain type of local limit theorem relating the quenched and
annealed laws by a prefactor.

1.5. Known results in the strongly ballistic case. Letd > 2. In [25], Sznitman
proved an annealed CLT under condition (7). The ideas he presented may also
be used to prove an annealed local CLT. For completeness, we present a proof of
the annealed local CLT in the Appendix. In [7], Bolthausen and Sznitman proved
the equivalence of the static and dynamic point of views for certain (nonnestling)
ballistic random walks in random environment, when d > 4 and the disorder is
low. In [19], Rassoul-Agha proved the existence of an equivalent invariant mea-
sure on half spaces under Kalikow’s condition, mixing and uniform ellipticity. In
[6], Berger and Zeitouni and in [20-22] Rassoul-Agha and Seppéldinen proved
quenched invariance principle under moments assumptions for the first regenera-
tion time. In particular, a quenched CLT holds under condition ().

1.6. Main results. Our two main results are the following.

THEOREM 1.10. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satis-
fies condition (2?). Then there exists a unique probability measure Q on the space
of environments which is invariant with respect to the point of view of the particle
and is equivalent to the original measure P. In addition, E[(fl—%)k] < 00 for every
keN.

3P is called elliptic if P(min,cg, w(x,e) > 0) =1 Vx € Z4.
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THEOREM 1.11. Letd > 4 and assume P is uniformly elliptic, i.i.d. and sat-
isfies condition (). Then there exists a unique measurable, nonnegative function
fe LY(Q, P) such that for P-almost every w € Q2

(1.4) lim Y [PI(X, = x) = P(X, = x) f (0x0)| = 0.

xeZd

This unique function f is the Radon—Nikodym derivative % of the probability
measure Q constructed in Theorem 1.10.

1.7. Remarks about lower dimensions. In this paper, we only prove Theo-
rem 1.10 and Theorem 1.11 in dimension 4 or higher. Here, we wish to remark
about the situation in lower dimensions.

For d = 1, the existence of an equivalent measure which is invariant with respect
to the point of view of the particle was proved by Alili; see [1].

We conjecture that similar results should hold in dimension 3. In fact, the only
place in the proof where we directly use the condition d > 4 is in [2], Lemma 4.10;
see also Lemma 2.12 below. On the other hand, we believe that in dimension 2 an
equivalent probability measure which is invariant with respect to the point of view
of the particle does not exist.

1.8. Structure of the paper and general remarks. In Section 2, we recall some
of the notation from [2] as well as some of the result obtained there. In addition, we
prove a slightly different version of [2], Lemma 4.2, thus giving annealed estima-
tions for a fixed time. In Section 3, we generalize [2], Proposition 4.5, which gives
an upper bound on the difference between the annealed and quenched distribution,
to include estimations on the exit time of the box. Section 4 is devoted to convert-
ing the estimation obtained in Section 3 for (d — 1)-dimensional cubes in a time
interval into a result about d-dimensional cubes in a fixed time. In Section 5, we
bootstrap the result for large d-dimensional cubes obtained in Section 4 all the way
to boxes of finite size. Section 6 is devoted to the proof of the first main result, the
existence of an equivalent probability measure on the space of environments which
is invariant with respect to the point of view of the particle. Finally, in Section 7
we prove the second main result regarding the existence of a prefactor.

Throughout this paper, the value of constants ¢ and C may change from one line
to the next. Numbered constants, such as ¢y, ¢z, ... are fixed according to their first
appearance in the text. Expectation with respect to a measure p which is not P, P,
or [P is denoted by E,. Finally, some of the inequalities may only hold for large
enough values of N,n and M.

2. Notation and other preliminary results. We start by recalling some of
the notation and results from [2] to be used throughout the paper. In addition, we
cite an inequality by McDiarmid for future use and state analogous result to [2],
Lemma 4.2, for the annealed measure in a fixed time.
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For k, N > 0, define Rg(N) = [e10gM ™/ 1 114 denote R(N) = R (N).
Note that Ro(N) = |log N | and that for every k, n > 0, and every large enough N,
RY(N) := (Rk(N))" < Riy1(N) < N.
Let
Xn
= lim
=0 || Xnll2

be the direction of the speed. We assume without loss of generality that (9, e;) > 0
and note that due to the results of [25, 26], this implies that (£?) holds both in
direction ¢ and in direction e;.

DEFINITION 2.1. For k € N, define Hy to be the hyperplane Hy = {x € Z¢ :
(x,e1) =k}.

DEFINITION 2.2. By the term N ¢, we mean a nonnegative function of
N e N which decays faster than any polynomial, that is, if f(N) = N"5(, then
forevery k e N

lim N*f(N)=0.
N—o00
Note that N ¢ is independent of the environment unless otherwise stated.
DEFINITION 2.3. For two nonempty sets A, B C 74, we define dist(A, B) =

min{flx — y|l; : x € A,y € B}. If A = {x} we write dist(x, B) instead of
dist({x}, B).

DEFINITION 2.4. For x = (x,...,x4) € 74 and n € N, we denote x <> n if
x and n have the same parity, that is, Z;jzl Xx; + n is even. In a similar way for
x,y €Z4, we denote x < y if Zfi=1(x,~ + y;) is even.

DEFINITION 2.5. Recall that for x € Z¢ we denote by o, the shift in direction
x in , that is, oxw(y, -) = w(x + v, -) for every y € Z<.

DEFINITION 2.6. For z € Z% and N € N, we define (see also Figure 1):

(1) the parallelogram of size N and center z to be
P(z,N) = {x eZ: |(x —z,e1)| < N?,

(x —z,e1)

X—z—0-
(0, e1)

< NR5(N)}.

‘ o0
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2N Rs5(N)

2N?

F1G. 1. The basic block P(z, N): the box ﬁ(z, N) is in gray and the right boundary 3t P(z, N) is
the dashed line.

(2) The middle third of P(z, N)
~ 1
P(z,N) = {x c74 . l(x —z,e1)| < §N2,

—zen

x—z—10-
(D, er)

1
‘oo < gNR5(N)}.

(3) The boundary of P(z, N)
Pz, N)={x e Z4\P(z,N):3y e P(z, N) s.t. ||x — y|1 = 1}.
(4) The right boundary of P(z, N)
3Pz, N)={x € 9P(z, N): (x —z,e1) = N?}.

2.1. Regeneration times.

DEFINITION 2.7. Let {X,,} be a nearest-neighbor sequence in Z¢, and let £ €
$9=1 be a direction. We say that 7 is a regeneration time for {X,} in direction ¢ if
the following holds:

(1) (Xs,2) < (Xy,£) forevery s < t.
(2) (X141, €) > (Xt £).
(3) (Xs,€) > (Xs41,¢) forevery s >t + 1.

The following theorem summarize the results on the regeneration time structure.

THEOREM 2.8 ([26, 27]). Assume that P satisfies (T,) in direction £g for
some y > 0. Then:
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(1) With probability one, there exist infinitely many regeneration times, which
we denote by 11 <1y < ---.
(2) The ensemble

{(Tn—i—l — Tn, X‘[n+| - an)}nzl

is an i.i.d. ensemble under the annealed measure.
(3) There exists C > 0 such that for every n € N

P(ra — 71 =n) <CP(r1 =n),
and for every y € 7.4
P(Xe, = X¢y =y) < CP(Xy, = ).
(4) There exists ¢ > 0 such that for every n,

P(3k <11 : | Xklloo > 1) < e,
The following is the main technical statement from [2].

THEOREM 2.9 ([2], Proposition 2.2). Ifd > 4, and P satisfies condition (&)
in one of the 2d-principal directions, then for every o < d

P(t) > k) < exp(—(log1)®).

COROLLARY 2.10. For N € N denote by By = Bny({Xy}), the event
By({X,})={V1 <k <N*:m — 1 <R(N)},
where 1) =0. Then P(By) > 1 — N~§(,

REMARK 2.11. Note that the event By ({X,}) implies the event that the dis-
tance traveled between two regeneration times is bounded by R(N) as well, that
is,

An(IX)) = [V1 <k < N?:max{[| X, — Xq_,lloo : Tho1 <t < Tt} < R(N)}

satisfies By ({X,}) C Ax({X,}) and in particular P(Ay) > 1 — N,

2.2. Intersections of paths of random walks. The following lemma estimates
the number of intersections of two independent random walks in dimension d > 4.
This is in fact the only place in the proof where the assumption d > 4 is used ex-
plicitly. Denote by Pg5,, E5 %, the law (resp., expectation) of two random walks on
the same environment w, which conditioned on w evolve independently according

to the quenched law of w starting from z.



2898 N. BERGER, M. COHEN AND R. ROSENTHAL

LEMMA 2.12 ([2], Lemma 4.10). Letd > 4 and assume P is uniformly ellip-
tic, i.i.d. and satisfies (). Let X( = {X,(ll)} and X® = {X,(lz)} be two indepen-
dent random walks running in the same environment w. Fori € {1, 2}, let [X ] pe
the set of points visited by X, Then

P(loe : EQ[IIXVIN[XPINPO.MIL, (v0maqx2p] = R2(N))

= N1

For future use, we denote

J(N) = {w e Q: EZL[I[[XPIN[XxP]n PO, N)|
2.1

x 1 < Ry(N), Yz € P(0, N)}.

Ax XAy (x @]
Therefore, due to the last lemma, we have P(J(N))=1— N—¢M,

2.3. McDiarmid’s inequality. The following Azuma type inequality, proved
by McDiarmid in [18], is used in Section 3.

THEOREM 2.13 ([18], Theorem 3.14). Let {M};_, be a martingale with re-
spect to a probability measure P, given by My = Ep[X|.%], with My = Ep[X].
For 1 <k <n let Uy = esssup(|My — My_1||.Fk—1) and define U = ¥}_, U2
Then

P(|Mn —My|>a, U< c) < 26_0’2/(2“)_

2.4. Annealed estimation for a fixed time. In this subsection, we state some
standard estimations on the annealed measure of the random walk. The proof is
a standard and straightforward use of Fourier transform techniques applied to the
regeneration structure described in Section 2.1. The first three claims are proved in
a very similar way to the proof of [2], Lemma 4.2 (see also Lemma 3.3 for another
version). The formal statement is the following.

LEMMA 2.14. Assume that P is uniformly elliptic, i.i.d. and satisfies ().
Then for large enough n € N and x,y,z,w € Z4 such that ||x — yvih=1, |z —
wli=1

(2.2) P (X, =x) < Cn~9/2,
(2.3) IPA(X, =x) — P(X,p = y)| < Cn=@+0/2,
24) IPA(X, =x) — P"(Xpq1 =x)| < Cn—@d+h/2.

In addition, for every ¢ > 0 and every partition Hff) of 74 into boxes of side
length n®.

(2.5) >y [meagpo(xn = y) —PY(X, = x)] < Cn-1/2+3de

Aem X€A
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The proof of Lemma 2.14 can be found in Appendix A.2.
Before turning to the last estimation of this subsection, we state here a very
simple claim to be used in several places.

CLAIM 2.15. Let A be an event in the o-algebra of ZHN and assume
that P(A) < ¢, then P({w € Q : P,(A) > \/¢}) < /e. In particular, if a se-
quence of events {Ay} satisfies P(Ay) =1 — N~5D then P({w € Q: P,(An) =
] — N5y =1 — N5

PROOF. Define the random variable X : 2 — [0, 1] by X (w) = P,(A). By the

Markov inequality, P(X (w) > \/¢) < % = P&? <t =ye O

Next, we show that the location of the walk at time » is concentrated in a box
which is a bit larger than /n. More formally, we have the following.

LEMMA 2.16. Assume that P is uniformly elliptic, i.i.d. and satisfies (7).
Then:

(1) PE(1X, — B[ Xallloo > VIRs(n)) < &R0 = =51,
2) P(fw € Q: P3(1Xy — E¥[Xullloo > +/NRs5(n)) < e /2Ry =1
-&()
n 9
(3) For every § > 0 there exists C > 0 such that P*(|| X,, — E*[X,]llcc >
C./n) <3$.

The proof of Lemma 2.16 can be found in Appendix A.2.

3. Adding time estimation. The goal of this section is to prove a generalized
version of [2], Proposition 4.5. The original lemma gives a bound on the difference
between the probability measures P* (X Typon € ) and P5(X7,p o € -) to hit any
cube in a partition of 3P (0, N) into cubes of side length N?, for any 0 < 6 < 1.
This estimation immediately implies that the total variation of the two measures
goes to zero as N goes to infinity. Here, we show that if an estimation on the hitting
time Typ(o,n) is added, then a similar estimation can be derived. More formally,
we have the following.

PROPOSITION 3.1. Let d > 4 and assume P is uniformly elliptic, i.i.d. and
satisﬁes (). Forevery0 <0 <1,let F(N)= F(N,0) be the event that for every
z€P(0, N), every cube A of side length N° which is contained in TP (0, N) and
every interval I of length NY

|Paz)(XTa7>(o,N) €A, Typony €1) — PZ(XT@P((),N) € A, Thpo,N) € I)|
< C N—41-0)—((d-2)/(d+2))0

Then P(F(N))=1— N5,
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The proof of Proposition 3.1 follows the one of [2], Proposition 4.5 (see also [2],
Section 4, and in particular Lemma 4.15). Here are the main steps of the proof: the
proof starts with another version for annealed derivatives bounds (see Lemma 3.3).
Next, in Lemma 3.4 we prove an annealed concentration inequality for the hitting
time Typ(o,n). Lemma 3.5 provides a first weak estimation for the difference be-
tween the quenched and annealed hitting probabilities for large enough boxes, that
is, 60 > dd?. Using induction and the estimation from the last lemma, we prove
an upper bound on the probability to hit a given box of side length N9 in a time
interval of length N? for every 0 < 6 < 1 (see Lemma 3.6). In Lemma 3.7, we
use the upper quenched estimations in order to show that the difference between
the quenched and annealed hitting probabilities, in a slightly further hyperplane
are as required. Finally, in the proof of Proposition 3.1, we show how to translate
the estimations from the further hyperplane back to the original hyperplane. The
first main tool used in the proof is an environment exposure procedure, which in
the context of ballistic RWRE already appeared in the work of Bolthausen and
Sznitman [7]. This exposure procedure defines a martingale and allows the use of
Azuma’s and McDiarmid’s inequalities. The second main tool is the intersection
estimate for two independent random walks from Lemma 2.12.

REMARK 3.2. In Section 4, we use Proposition 3.1 for boxes whose side
length is only asymptotic to N? (for some 0 < 6 < 1), that is, the side length is
NY + 0(N?). One can verify that the same proof holds for such boxes as well.

We start by stating another version for the estimation on the annealed measure
(see Lemma 2.14 and [2], Lemma 4.2).

LEMMA 3.3 (Annealed derivative estimations). Assume P is uniformly ellip-
tic, i.i.d. and satisfies (). Fix 71 € 74, N e N and let 7 € P(z1, N). Let {X,,} be
an RWRE starting at 7. Then for large enough N:

(1) For every m € N and every x € 37 P(z1, N)
(3.1) PX(Typo.n) =m, X1ypoy =X) < CN™%
(2) For everym € N and every x,y € 37 P(z1, N) such that ||x — y||; =1
(3.2) [P (Top.ny =m, Xty yy = X) = P (Tap.ny =m + 1, X1yp 5 =)
<CN L,
(3) Foreverym e N, every x € 37P(z1, N) and every 1 < j <d
[PX(Tapo.n) =1, X1ypo ) =X) — PN (Typony =m + 1, X1yp., = X))

<CN~4 1,
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The proof of Lemma 3.3 can be found in Appendix A.2.
Next, we prove an annealed concentration inequality for the hitting time Typ.

LEMMA 3.4. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satisfies
(Z). Then

3.4) P (Tap.n) # Torpo.n) = N0
and for every z € P(0, N)
3-5) P*(|Tapo.n) — EX[Tapo.m)]| > NRa(N)) = N5

PROOF. The fact that (3.4) holds was proved in [2], Lemma 4.2(1). For (3.5),
we first show that [E?[1;] — E[tx|By]| = N5 for every 1 <k < N2, where
By is as defined in Corollary 2.10. Indeed, using the notation 79 = 0, for every
1<k<N?

EZU‘L’k —tk—1]|- leX/]
<E(lte — w11 - L3jkir;—rj 1 =RV ] F B[tk = T—1] - Lg—g_ =R (V) ]

<Eflo —u-1l[P*(By) + D> t-P(ln— w1l =1)
t>R(N)

<E{|ltx — w—1]P*(BY) + Z t-exp(—(logn)*) = NED
t>R(N)

where for the last inequality we used Theorem 2.8 and for the last equality we used
Corollary 2.10. Therefore, for every 1 <k <N 2

|E% [tk — tk—11BN] — B[tk — Tk—1]]

< |E*[tx — t—1|Bn]1 — E*[(tx — Tk—1) 1y ||
+ |E[(tk — e—1) 1By | — B[tk — tr—1]]

=|(1 = P*(BN))E*[(tk — t—1) BN ]| + [E*[(zx — Te—1) L g ||

= P*(BR)E*[(zk — t%—1)|BN] + B[ (tk — T%-1)1Lpe ]

< R(N)P¥(BY) + N5 = N5,

Summing the differences {E*[t; — 7;_1|By] — E*[7; — rj_l]}lj‘-zl gives

IE*[t|By] — E¥[n]| = N 5D, 1<k <N

Since we know that P(By) =1 — N=¢() (see Corollary 2.10), it is enough to
show that

P*(|Topo.n) — EX[Tapo.n)]| > NR2(N)|By) = N 5D,
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Under the event By, there exist some 1 < k < N2 such that T <Typ <1+ R(N)
and thus (using the first estimation)

P*(|Tap0.n) — E*[Tapo.3)]| > NR2(N)|By)
N? 1

= 3P (Jr — Efll| > ;N Ra(¥) B )

k=1 2
N? 1
<) F (|Tk — E*[wlBy]| > ZNRZ(N)\BN) +NTED,

k=1
Note that conditioned on By the first N regenerations are still i.i.d., so by Azuma’s
inequality this can be bounded by

N? 2p2
Zzexp<_w> L NED < RN | D) — &)
P 32kR2(N) = -

LEMMA 3.5. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satisfies
(P).Fix0<6 <1.Let L(N)=L(6, N) be the event that for every %Nz <M<
N2, every z € P(0, N), every (d — 1)-dimensional cube A of size N° which is
contained in Hy and every interval I C N of length N°

|P3(X1), € A, Ty € 1, By) —P*(X71,, € A, Tyy € I, By)| < NYO7D,

Then for 0 > 74, P(L(O,N)) =1— N~

PROOF. Fix 0, and let 747 <6’ < 6. Let V = [N?']. Fix 2N? < M < N2,
v € Hy+v and m € N. Finally denote by G the o -algebra determined by the con-
figuration on

PM©O,N):=P0O,N)N{x:(x,e1) < M}.
We are interested in the quantity (see also Figure 2)
I @, m) = E[P}(X1,,, =v, Tusv =m, By)|G].

In order to estimate J™) (v, m) we order the vertices of PM (0, N) lexico-
graphically, x1, x2, ... with the first coordinate being the most significant and let
{Fi} be the o-algebra determined by w(xy, -), ..., ®(xg, -), so in particular for ev-
ery —N 241 <1< M the vertices in H; N PM(0, N) are exposed after those in
H_1NPM©,N).

Consider the martingale My = E[P;(X7),,, = v, Tyy+v = m|By)|Fi]. In
order to use McDiarmid’s inequality, we first bound Uy := esssup(|My — My_1]|

Fik—1). We claim that for an event of environments with P probability > 1 —
N—ED

Ur < CR(N)E[P%(xy is visited | By )| Fr—1 ]V~ D72,
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2N R5(N) !

Hy Hy v

2N?

FI1G. 2. The quantity JM (v, m) is the probability of hitting the point v at time m, conditioned
on the environments in the gray area, and averaged (annealed) elsewhere. The small parallelogram
indicates the middle third 75(0, N) in which the random walk starts.

Indeed, let ' be an environment that agrees with w everywhere except possibly
in x¢. Let P be the probability measure under which the random walk has quenched
transition probabilities given by w in {x; : i <k} and averaged (annealed) transition
probabilities in Z? \ {x; : i <k} conditioned the event By. Similarly, let P’ be the
probability measure defined like P with ’ instead of w. More formally for an event
A C (ZHN, we have P(A) = E[P;(A|By)|Fk] and equivalently for P’. Then

Uk < sup|P' (X7y,y =V, Tuv =m) — P(X7y,, =V, Tyv =m)|
a)/

<sup|P (X7, y =v, Tm+v = m, {x; is not visited})
w/

— P(X71y,y =V, Tmsv =m, {xi is not visited})|
+ sup|P' (X7, = v, Ty4v = m, {xy is visited})
(l)/

— P(X71y,y =V, Tmsyv =m, {xy is visited})

9’

where the supremum is taken over all environments o’ that agree with w on Z? \
{xr}. Note that on the event {x is not visited}, the distributions P and P’ are the
same and, therefore, the difference of the probabilities equals zero. On the other
hand, on the event {x; is visited}, we can couple both walks together until the first
hitting time of x; (which in particular implies that the hitting time of x; is the
same). Since we conditioned on the event By, the next regeneration time after
hitting xj is at most R(N) steps later. Therefore, from Lemma 3.3 it follows that

|PZ(XTM+V =, TM+V = m|xk is ViSited) — P (XTM+V =, TM+V = m)|
< CR(N)y~—@+b/2
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and
|P*(X1y, v =V, Tuv = mlxg is visited) — P*(X7,,,, = v, Ty4v =m)|
< CR(N)V~U+D/2,
Consequently, we get
Ux < CR(N)V~U+D/2p2(y s visited)

as required.

Next, we show that U 1=}, U,g is bounded by C R%(N YV ~=4=1 provided w €
J(N). Indeed, noting that if x is visited and By holds, then the first visit to the
layer H(x ¢;)—1 is in the box B(x) ={y :y € Hx ¢e;)-1, Iy — X|loo < R(N)} it
follows that

Ur < CR(N)V~UD2P (x € [X]|Fi_1, By)
< CR(N)V-UHDZ 3 PUT e oy—1 = Y| Fi—1)

YEB(xk)

=CRMN)V D2 N PX(Tiyepy—1 =)
yeB(xg)

< CRN)V=HD2 3™ pi(y e [X]).
yEB(xk)

Since |B(x;)| < C - 24 . R4(N) and every y € Z4 is in B(x) for at most 2¢ R4(N)
points x € Z4, we get

n n 2
U= U}<CY RVt [ > Pilve [X])]

k=1 k=1 yEB(xk)

< RA(N)- 2RIV Y Py e [X1)

k=1 yeB(x)

< €24 RH2(nyy=1 S pi(y e [X], By((Xa))
yeP(O,N)

0

< €22 . RMYUN).Ry(N)V 4L <C - RE(N)V 4L,

where for (1) we used the assumption w € J(N). Thus, by McDiarmid’s inequality
(see Theorem 2.13) for every § > 0

P(|E[PL(Z)(XTM+V =v, Tyyrv =m, By|G)]

— PZ(XTM+V =7, TM+V =m, BN)| > 5)

52
<P(J(N))+ zeXp(_chZ(N)v—d—l )
2



LOCAL LIMIT FOR CERTAIN BALLISTIC RWRE 2905

In particular, for § = %N‘d = %V_(d“)/ZV", with n = % > 0 we get

P<|E[Paz)(XTM+V =v, Tu+v =m, By|G)]

1
— PZ(XTM+V =V, TM+V =m, BN)| > ZN_d>
20"12n
<NED 4 2exp<—7[N 2] ) =N"5D,
32CR5(N)
Using Corollary 2.10, this also gives

P(|E[P:(X1y,y =V, Ty =m|G)] —P*(X7,,,, = v, Tty =m)| > 1N 79)
— N
Let Wi (N) C Q be the event that
|E[PL(X1yy =V, Ty =m, By|G)] — P*(X1y,y =V, Tu4v =m, By)|
<IN
for every %Nz <M < N2, every v € Hyyv N'P(0,2N), every z € 75(0, N) and
every m € [0, N3]. Then by the above argument P(W{(N)) =1 — N—=5WD_ Con-

sider now w € Wi (N), %Nz < M < N? a cube A of side length N? which is
contained in Hy; and an interval I of length NY. We wish to estimate

|Paz)(XTM € A, TM el, BN) —PZI(XTM €A, TM € ], BN)|.

Let c(A) and c(1) be the centers of the cube A and the interval I, respectively. Let
' (A) =c(A) + vwl’;el), () =c()+ Vw—lm and define (see also Figure 3)

A(l)z{veHM+v S DEA VN1 I <%-%-N9},
AP ={veHy,v: Jv—c'(A)]y < % . {—(1)-N9},
IM={reN:|t-c D] <1 & N,

and

1P={teN:|t— (D] <1 15 N

Annealed estimations (for the proof see Appendix A.3) yields
(3.6) P (X7, € AV Tyyy e IV) <P (X7, € A, Tyy € 1) + N5,
B7  P(X7y., € AP, Tyyy e IP) > P(Xy, € A, Ty el) — N 5D
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o o

ﬁ Ac ﬁ AD)
A A

Hytv Hyyv
Hy Hy
‘Vé ‘Vé

FIG. 3.  Using the annealed walk in the area between the hyperplane Hyy and Hyy 4y, we can turn
the estimates on the hitting probabilities of the small box AW and big box AD in the hyperplane
Hpy vy into both quenched and annealed estimations for the hitting probabilities of the box A in the
hyperplane Hyy. The probability to hit A and not to hit AD as well as the probability not to hit A
but to hit AW are of order N—ED),

and also, due to Claim 2.15, for an event W»(N) of P probability > 1 — N5

(3.8) E[P}(X1yy € A, Tipy € 1V)IG]
. <PQZ)(XTM€A,TMGI)+N—S(1),

E[Pi(X7),y € AP, Tyry € 1?)(G]
3.9
> Pi(Xr, €A, Tyel)—N5D,
Thus, from the definition of Wi (N), W>(N) and the last 4 estimations, it follows
that Wi (N) N Wa(N) C L(6, N) and the proof is complete. [

LEMMA 3.6. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satisfies
(2). For every 0 < 0 <1 and h € N let DO (N) be the event that for every
z€P(0,N), every 5 IN2- <M < N2, every (d — 1)-dimensional cube of side length

N? which is contamed in Hy and every interval I C N of length N°

(3.10) Pi(X7, € A, Ty €1) < Ry(N)NE—Dd
and
(3.11) Pi(X7, € A) < Rpy(N)NO~DUE=D,

Then for every 0 < 0 < 1 there exists h = h(0) such that P(D@"M(N)) =1 —
N—ED),
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PROOF. The proof of (3.11) is the content of [2], Lemma 4.13, and, therefore,
we restrict attention to the proof of (3.10). We prove the lemma by a descend-
ing induction on 6. From Lemma 3.5 together with Lemma 3.3(1), P(DYDy >
P(LO,N)=1—N-5D for every dL+1 < 6 < 1. For the induction step, fix 6 and
assume that the statement of the lemma holds for some 6’ such that 0 > d%@’ .
Define ' = h(9’) and p = g > dL+1' Let

S(N)=D®D(N)n N o.05(DO (N N TN, ),
z€P(0,2N)
s€[—2NRs(N),2NRs(N)]
where o is the time shift for the random walk, defined by o(X1, X3,...) =
(Xz, X3, .. ) and

T(N,p)={weQ:YvePO,N), P2X1,pq oy & TP (v, [NP])) < e KW
and Pwv(‘Tap(v,[Np]) — Ev[Tap(U,[Np])]’ > NRy(N)) = N_E(l)}.

From the definition of S(N), Lemma 3.4 and the induction assumption, we know
that P(S(N)) = 1 — N=5(_ Therefore, we need to show that for some 4 and
all N large enough, we have S(N) C DM (N). To this end, fix w € S(N),
Z € 75(0, N), %Nz <M < N?3 a (d — 1)-dimensional cube A of size length N?
in P(0, N) N Hy; and an interval I C [E*[Ty] — NR2(N), E*[Ty] + NRy(N)]
of length N ?. As before, we denote by c(A) and c(/) the centers of A and I,
respectively. Let V = [N”]2, ¢(A) = ¢(A) — VWL and (1) = e(I) = V L

,e1) v,eq)’

Since w € mZEP(O,ZN) mse[—ZNR5(N),2NR5(N)] O'ZQS(D(el’h/)([Np])) it follows that
for every v € Hy_y and every t € N

PU(X7, €A, Ty el —1) < Ry(N)NPO D4 = R (N)NE—P,
In addition, due to the Markov property of the quenched law
Paz)(XTM eA, Ty € I)

= > Pi(Xr, =0, Tyu—yv =)P2(X1,, € A, Ty €I —1)
veHM_vﬁP(x’,[NP])
[t—c'(D|<NPRs(NP)
+ N—ED

< 3 Pi(X1,, , =v, Ty_y =1)Ry(N)NO=P4 4 N=5)
UGHM,\/Q’P(X’,[NP])
lt—c' ()| <N Rs(N*)

Now, the last sum can be separated into the sum over 241 Rs(NPY=1 (d — 1)-
dimensional cubes of side length N? and 2R,(N ) intervals of length N°. Since
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w € DD (N) the probability to hit each of these cubes in any of these time inter-
vals is bounded by R; (N)N®P—Dd Thys,

P (X7, € A, Ty eI) < 2?Rs(NP)* Ry (N)N®P~ V4R, (N)NE@ =P 4 N—5D
< Ruaxio.n)+1(N)NE@DI
and the proof is complete by taking 4 = max{6, /'} + 1. O
LEMMA 3.7. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satisfies
(D). Let G be the o-algebra generated by {w(z) : (z,e1) < N~2}. Letn>0,V =

[N"] and define R(N,n) to be the event that for every z € P(0, N), every v €
Hpy2yy and every m € N

}E[Paz)(XTNzJrv =v, Ty2 y =m)|G] — PZ(XTN2+V =v, Ty2py =m)|
< N—dy=d)/6
Then P(R(N,n))=1— N5,

PROOF. Letv € Hy2,y,m € Nand let 6 > 0 be such that 6 < 2—1077. Let K be

an integer such that 2-K-IN2 <y <27KN2 and for 0 < k < K define (see also
Figure 4)

PO =PO,N)N{xeZ:0<N?—(x,e) <27*N?}  VI<k<K,
N2
P(O):P(O,N)ﬂ{erd =3 <N?-— (x,e1>},

(x —v,eq)
(P, e1)

F(v)z{xEP(O,N): x—v—1

<l —x,e1>|”2Rz<N)},

‘ o0

PO @) =P® N F(v),
and
PO @) ={y ez?:3x e P (v) such that || x — y[leo < R2(N)}.

Condition on the event D" from Lemma 3.6, with 4 such that
P(DEOM(N) =1 - N5D_ As in [2], Lemma 4.14, for 0 <k < K and w €
D@1 e have the estimation

V) =EZL[[XD]IN[xPInPOw)]

| R2(N), k
=\ Ryt (V) N2@HD24A=0)1=d)p—kl@+D2]

where E7;%) is as defined in Section 2.2.
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FI1G. 4. The dark gray areas are PE (v) for different values of k. The environment in the light gray
area has negligible influence on the probability of hitting v. (The picture is not to scale.)

Indeed, for k = O this follows from Lemma 2.12 while for k > 0

Vi = Y [Pi(xis visited)]’
xeP® (v)

2
= X | X =] 80

xeP® (v) “y:lly—xllooc <R(N)

(1) _
< ¥ C-RYN) - 3 [Paz)(XT@,el):y)]z{_N £(1)

xeP® (v) yilly=xllco<R(N)

) 2 —
SCRMN) Y [PiXny, =]+ N
yeP® (v)

3)

< R(N) Y RpN)N2U-OUA=D
yeP® ()

< Rpp1 (N)N2@HD/24+1=0)A=d) y—kL(d+1)/2]

where for (1) we used Cauchy—Schwarz inequality, for (2) we used the fact
that each point is counted at most RY(N) times and for (3) the assumption
we DOM(N).

We now use again the filtration {;} from Lemma 3.5, and consider the martin-
gale

M; = E[P}(X1,, , = v, T2y =m|BN)IFi].

24y
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In order to use McDiarmid’s inequality, we need to bound U; = esssup(|M; —
M;_1||F;—1) under the assumption w € D@M(N). Let x be such that w, is mea-
surable with respect to F; but not with respect to F;_1. By a similar argument as
in the proof of Lemma 3.5, we have U; = N5 if x ¢ F(v), while for x € F(v)

U; < R(N)E[PZ(x is hit| By)|Fi—1] Der(N? + V — (x, e1)),

where Der(N2+V — (x, e1)) is the maximal derivative of the annealed distribution
with respect to both place and time with distance N2 + V — (x, ¢;) to the hitting
hyperplane. By Lemma 3.3, this derivative is bounded by CN~4~12¢(@/2) and,
therefore, whenever w € D@1

K
U= U?<CY V()N dthokd 4 y=50)
i k=0

< CRp1 (N)N~2@+D

K
+ C Ry (N)N2@+D/24(1-0)(A=d))=2(d+1) Z pkd—k((d+1)/2) 4 pn—E()
k=1
< CRh+1(N)[N—2(d+1) + N2((d+l)/2+(1—0)(l—a’))—2(d+1)02((d—1)/2)1(]
+ N5D
< CRh+1(N)[N_2(d+1) + N2((d+1)/2+(1—9)(1—d))—2(d+1)2((d_1)/2)1<]

+ N5,
Recalling that K was chosen so that 2K < N2V ~! we can bound the last sum term
by
CRh+1(N)[N_2(d+1) + N2((d+1)/2+(1—9)(1—d))—2(d+1)N(d—1)V—(d—l)/Z]
L NED
_ CR;,+1(N)[N_2(‘I+1) + N—2d—20(1—d)v—(d—l)/2] 4+ NED
< CN 2 N—(d=D)/6)+e

for some small enough ¢ > 0.
Using McDiarmid’s inequality (see Theorem 2.13),

P(E[PS (X5, =V, Ty2yy =m, B)IG]

—P(X1,, , =v, Ty2py =m, By)| > N~V 1070

24v
< P(|E[P;(X1,,,, =v, T2y =m, By)|G]

—P(X1,,, =v, T2y =m, By)| > N~/VI=D/0 pEb(yy)

2ty
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+ N—ED
< P(|E[P5(XT,,,, = v, Ty2qy =m, By)|G]

_]P)Z(XT 2

—dy;(1-d)/6
oy = Vs Tyapy =m, By)| > N~y =076,

U< CN—Zd—((d—l)/6)+8) + N—ED)
< Cexp(_CN—((d+1)/6)(1—2n)—8) + NED — &)
Since P(By) =1 — N~¢M by Corollary 2.10, this completes the proof. [

We are finally ready to prove Proposition 3.1.

PROOF OF PROPOSITION 3.1. Letn > 0 and define V = [N"]. By Lemma 3.7,
we know that P(R(N,n)) =1 — N—5W Ag before, all we need to show is that
R(N,n)NS(N,n) € F(N,0) for an appropriate choice of n > 0 and some event
S(N, n) satistying P(S(N,n)) =1— N5 _This is done identically as in the last
step of the proof of Lemma 3.5. Let w € R(N, n), let A be a cube of side length
N? which is contained in TP (0, N) and let I be an interval of length N ? in N.
As in Lemma 3.5 (see also Figure 3), we denote by c(A) and c(/) the center of A
and I, respectively, and let ¢’(A) = c(A) + wa’;q), () =c(I)+E[Ty].

Let AV and A@ be (d — 1)-dimensional cubes that are contained in Hy2_ v,

centered at ¢’(A) and are of side lengths N? — R3(N)/V and NY + R3(N)VV,
respectively. In a similar fashion, let /") and 7® be intervals centered at ¢’ (1)
which are of lengths N % — R3(N)v/V and N? + R3(N)V/V, respectively.

As in the proof of Lemma 3.5 (the proof can be found in Appendix A.3), we
know that

P*(Xt,,,, € AW, T2y € 1D)
(3.12)
<P(Xr, €A, Ty2e )+ N0,

P(X1,,,, € AP, T2,y € I?)
(3.13)
>P(X7,, €A, Ty2el) = N~50

and using Claim 2.15 for an event S(N, ) such that P(S(N,n)) =1 — N=5D we
have

(3.14) E[P5(Xt,s,, € A Tyoyy € 11V)|G]
. < Pcf)(XTN2 eATyael)+ N—S(l),

(3.15) E[Paz)(XTN2+V S A(z), TN2+V c [(2))|g]
. > Py(Xr, €A T2 €1) — NED
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In addition, on the event R(N, n), fori =1,2

|E[P£(XTN2+V € A(i), Ty2yy € I(i))|g] — [PZ(XTN c A(i), Tyoyy € I(i))}

24y
< |A(i)| . |I(i)| .N—dyd-ad)/6
Therefore, for w € R(N, n) N S(N, ) we have
|P5(XTypon €A, Toro.n) €D =P (X100, €A, Topo.n) €1)|
< (|A(1)H[(1)| + |A(2)||I(2)|)N_dv(1_d)/6
+ (|A(2)H1(2)| _ |A(1)||I(l)|)CN_d + N—ED

< C[(N? + Ry(N)VV) N~y 1=D/6 4 Ry(N)/V NOEd=D=d],

Taking n < 26 we can bound the last term by
C[N9d7d+n((lfd)/6) + R3(N)N9(d71)fd+n/2].

Notice that the exponents of the powers of N are the same when n = % < 26,

in which case the last bound equals C(1 + R3(N)) - N—d1=0)—([d-1/d+2)0 <
CN—40=0)=(d=2)/(d+2))0 Thys, the proof is complete. [

4. From (d — 1)-dimensional boxes and time intervals to d-dimensional
boxes in a fixed time. The goal of this section is to use the estimation proved
in Section 3, for the difference between the quenched and annealed probabilities
to hit boxes in a hyperplane within a time interval, in order to achieve similar
estimation for the difference between the quenched and annealed probabilities to
hit a d-dimensional box in a specific time. Formally, we have the following.

PROPOSITION 4.1. Let d > 4 and assume P is uniformly elliptic, i.i.d. and
satisfies (7). For every 0 < 6 < %, let H(N) = H(N,0) be the event that for

every z € P(0, N) and every d-dimensional cube A of side length N
|PZ(Xy € A) —P*(Xy € A)| < CN~4U=0=(1/3)8
Then P(H(N))=1— N5,

REMARK 4.2. The constant % can in fact be replaced by any number which is
sorl d=2
smaller than min{3, m}.
The idea of the proof is to exploit the estimation of Proposition 3.1 and the fact
that regeneration times occur quite often. More precisely, we show that the event
of hitting a box A at time N is bounded both from below and from above by the
event of hitting a certain hyperplane in a specific (d — 1)-dimensional box within
a specific time interval. This implies that the difference between the probabilities
is roughly the same as in Proposition 3.1, and thus gives the required result.
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PROOF OF PROPOSITION 4.1. Due to Lemma 2.16, we may restrict our-
selves to boxes A whose center c(A) satisfies [|c(A) — E{[Xn1lloo < vVNR5(N).
Given a cube A of side length N? such that c(A) satisfies ||c(A) — E [ Xn]]loo <
VNRs(N) let AV and A® be the (d — 1)-dimensional cubes in the hyperplane

Hic(n).e;)—no With center ¢(A) — 77219 and side length N? — Rs(N)NY/% and
NY + Rs(N)NY/2, respectively. Notmg that

L:=(c(A),e;)— N = (E[X ], 1) — 2¢/NRs(N)
> ¢N —2+/NRs(N),
it follows from Proposition 3.1 [for every w € F (N, 0) and every z € 75(0, N)] that

(1)
1P (X0 sz € A Typo. v

1 1
4.1) —P (X1, 7 €AY Typo yr €10

< CN—d(l —0)—((d—2)/(d+2))0 7

e 10)

with /() = N —

— Rs(N)N?/2), L(N? — Rs(N)N?/?)], and

z 2) (2)
’Pw(XTaP((),JZ) €AY Typo.vr) €1 )

2 2)
4.2) o ]PZ( Typo.vI) € Al )’ TBP(O,«/Z) el )|

< CN—40-0)~(d=2)/d+2)8

with I® = N — A ) +[—5(N? + Rs(N)N?/?), 2(N? + Rs(N)N?/?)].
In addition, by a standard CLT type arguments, as the one in Lemma 3.5 (see
Appendix A.3 for the proof), we have the following annealed estimations:

e AV T

4.3) P¥( 3PO.VI) €

) —&(1)
XTP(OJ_) 1 ,XN¢A)§N s

@4 P((X1p 0 € AP Typo ypy €1P) Xy e A) < NT5O.
Using Claim 2.15 again, this also implies that

.5) P(loeQ: Pi(Xr Typovn € AWD, Typo.yi) € IV Xy ¢ A) < N—g(l)})
' >1-ND

and

eA@. T,

Plwe: P(( PO €

(4.6)

2 > —
XTypovn € 1), Xy en)<N*D})

>1- N0,
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Combining all of the above, we get for an event with P probability > 1 — N (D
that

Pi(Xy € A)

(4
2
< PZ( eA ,Zap(o,fl)e

€ 1) 4 NEO)

2) —&(1)
XTP(OJ_) 1 ,XNEA)+N

e AD T

<Pi( IP0,vI)

Xr, IPO.VL)

(4-2)

< P eA? T

@) —d(1-60)—((d—2)/(d+2))8
ypovD €1Y)+CN /

Xr, s S
4 NED
: () ()
=P X7 vp €87 Topovn €17)
: @\ A @)
HP X p €ATNAT Typo yy €177)
) 2 ey
P X7 € A7 Tapovn €N
+ CN—d(l—Q)—((d—Z)/(d-i—Z))Q

(4-3)

(D (D
IP)(XTP((W_)GA Typovi) €1 , XN €A)

(@) ()]
+ P (X1 € APNAD T ) €19)
(@) @\ 7
P (X700 € A7 Typoy € 17N )
4 CN—d0-0)~(d=2)/[@d+2))0
@
=P (Xy e A+ P (X7, - €A \a® ap(of)el ))

@\ 70
TP (X700, € A Typo,ypy € 19N 1Y)
+ CN*d(l*@)*((d*Z)/(dJrZ))Q

Dbt (Xy € A)+ CRs(N) - NO@=1/2 . y=d 4 ¢ N=d1=0)=(d=D)/(d+2)8
=P (Xy € A) + CN~40=0=01/30,

whereas for (1), we used the annealed derivative estimation proved in Lemma 3.3
as well as the fact that the number of pairs (x,f) such that (x,7) € (A® \
AD 1) or (x,1) € (AP, 1P\ 1D) is bounded by CRs(N)N?@=1/2 The
other direction

Pi(Xy € A) > P (Xy € A) — CN~41=0)=1/3)9

follows via the same argument except we use (4.1), (4.4) and (4.5) instead of (4.2),
(4.3) and (4.6). O
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5. Total variation bound for finite boxes. In the previous section, it was
shown that for every 0 < 8 < 1 the difference between the quenched and annealed
probabilities to hit a d-dimensional box of side length N at time N is bounded by
CN—40=0=(d=2/(d+2)% Since a must be inside a the box of side length 2N + 1
around its starting point at time N, it in particular implies that the total variation
between the quenched and annealed distribution over any partition of Z¢ into d-
dimensional boxes of side length N? goes to zero as N goes to infinity. The goal
of this section is to strengthen this result and prove that the same result hold for
partitions of Z? into boxes whose side length is of constant size, independent of N.
More formally, we have the following.

THEOREM 5.1. Let d > 4 and assume P is uniformly elliptic, i.i.d. and sat-
isfies (£2). For N, M € N denote by G(N) = G(N, M) the set of environments
w € Q such that for every z € Z4 satisfying |zllco < N

G O

+

Y IPE(XN e A) =P (Xy € A)| < e T v

A€ell

’

where I1 is any partition of 74 into boxes of side length M. Then for an appropriate
0<cy,Cy <00, P(GIN)=1— N5,

The idea of the proof is to shrink the size of the boxes repeatedly, each time by
a constant factor from the previous step. This is done as follows: first, we fix some
factor, say 6 = ﬁ. Then, in the kth step of the process, we let the random walk

1/2k

run for N steps and ask for the difference between the annealed and quenched

measures hit the same box of side N%/2". Repeating the last procedure roughly
loglog N times, we get boxes of constant side length M. The idea is to bound
the total variation of the (k 4 1)th step of this process by the one of the kth step.
Denoting by A the total variation of the kth step, we show that Ay < A;_1 +CN; *
for some C, o > 0. An additional short calculation then yields the result.

PROOF OF THEOREM 5.1. We start by introducing some notation to be used

throughout the proof. Let 8 = 2(1)—0. For j € Ndenote N; = [N 1/ ZjJ andletr(N) =
[logz(;ﬁ)%)] (which is the minimal natural number such that Nf(zv) < M).

"N Nj and ne = Yk_| Nj. V1 <k <r(N). For
0 <k <r(n), let T1; be a partition of 74 into boxes of side length | N, ,f 1. Finally,
for0 <k <r(N) let

M= Y |Pi(Xp € A) = PH(Xy, € A)].
Aelly

Moreover, denote ng =n — )

Note that in particular A,(y) is the total variation between the quenched and an-
nealed measures on cubes of side length < M which is the term we wish to bound
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from above. If one wish to be slightly more precise, one should replace N,y
by M, and thus obtaining total variation for boxes of side length M, this however
does not influence the estimates to follow.

As stated before the main idea of the proof is to prove an inequality of the form

M <A—1+CN %  V1<k=<r(N)

for some o > 0, which immediately implies A, (y) <A1 +C Zr(N) N, *. Asit turns

out the last term is bounded by Co M ~¢! for some constants 0 < ¢y, C2 < 00, while
the first term, that is, A1, is bounded (due to Proposition 4.1) by C N ~(d=2)/(d+2))6
and the result follows.

We now turn to the estimation of A;. By the triangle inequality and the Markov
property of P,, we have

M= ) |Pi(Xn € A) =P Xy, € A)

Aelly
=Y | D [PiXn €A X, €A) =P (Xp, €A, Xy, €A)]
Aelly A ellp_
<Y D |PAXn €A Xpy, €A) =P (X €A, Xy, €A
Aelly A’ell;_;
= Z Z Z Py (Xng—ny_y € D)
Aelly A’ellj_1 ueA’
(5.1
X [Pcﬁ(Xnk—l =u)— PZ(Xnk—l € A/)Paz)(Xnk—l =ulXn,_, € A/)]
+ Z Z Z]P)Z ng—1 )PZ(Xnk P =ul X, A/)
Aelly A’elly_1 ueA’
(5.2)
X [PA(Xny—n € A) —P"(Xyyen,, € A)]
+ 3 Y D P X, €A)
Aelly Aelly_; 'ueN
(5.3)
X [IP’Z(X”k L EA )PZ(X”k y=ulXp_, € A/) ]P’Z(Xnk_1 :u)]
+ D0 D DD P Xy € APY(Xyy, =)
Aelly Aelly_j 'ueN
5.4)

—P* (X, €A, Xpy , €A)].

We turn to estimate each of the terms (5.1)—(5.4) separately.
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For the first term (5.1), we have

Gh= Y > ‘Z P (Xpy—ny_, €A)

Aelly A’elly_y ueA’

< [P5 Xy =u) = P (X, € N)PS(Xn_y =ulXn_, € A)]
=< Z Z Z Py (Xnp—ny_y € D)
Aelly Aellj_juel’

2 ‘Paz)(Xnk—l =u)— ]P)Z(Xﬂkq € A,)Pj)(xnkq = u|X"k—1 € A/)‘

= Z Z|PaZ)(Xnk7|:”)

Aelly_juel’

- IP)Z(Xn/<—1 € A/)PaZ)(Xﬂk—1 =ulXy_, € A/)}

= > Y Pi(Xn =ulXn,_, €4)

Aell_jueA’
X {PL(Z)(X"I{—I € A/) —PY(Xp,_, € A/)|

= Z |P5(Xn ) € A) =P*(Xp,_, € A')| = dg—1.
Alelly—g

For the second term (5.2), the triangle inequality yields

G2=>YY >

Aelly A’ell;_

Z ]PJZ(Xnkfl € A/)PaZ)(Xnk—l =ulXy_, € A/)

ueA’

X [Ph(Xpp—niy € D) —P"(Xpp—ny, € N)]

= Z Z P*(Xpy € A)P5(Xnyy =ulXn,_, € A')
A'ellg_juel’

X Y | PEXnp—m_y € A) = P*(Xpyeny_, € D).
Aelly

By Lemma 2.16, this can be bounded by
Z Z P (X, € A)PS (X, = ul Xy, € A)
Aellj_jueA’

(5.5 x > |PY( Xy € A) —P*(Xpy—np_, €A)|
Aelly
dist(A,u)</ng—ng_1 Rs(ng—ng_1)

+ (e — m—) .
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We say that a cube A" € TT_ is good if for every u € A’ and every A € I
u u @—-Dd-D—(1/3)6
|PS(Xny—ny € A) —P*"(Xpy—p, € M| <CN; ,
otherwise we say that A’ is bad. Note that the condition holds trivially for all A
such that dist(u, A) > ny — ngx_1. Noting that:

e For every u we only need to consider boxes A such that dist(A,u) <
Vk —ng_1Rs(ng — ng_1) = +/NixRs(Ny) whose number is bounded by
N2 RE(NY

[A )

e We only need to consider boxes A’ such that dist(z, A’) < ng_;.

e The event Gy = {all boxes A’ such that dist(A’, z) < ny_; are good} satisfies
P(GY) < njf_l - N5 = N=§(D) due to Proposition 4.1.

We conclude that (5.5) is bounded by

/2
6-1)(d—1)~(1/3)6 Nk/ Rs(Ny)

(
CN
¢ LN 14

+P(GY)

<N RANY + NTED < oN[ TR,

Turning to deal with (5.3), notice that

G53H= Y Y D P'Xum, €D)

Aelly A’ellj_1 ueA’

X [P( Xy, € A )P (X =ulXny y € A') =P (X, = u)]

= Z Z P4 (X, € A')

Aelly A’ell;_

x max P (X, —p,_, € A) — min P*(X,,,—p, | € A)‘

ueA’ ueA’

= Y P(Xy_ €d)

A'elly_;

u - 1

x Aglk max P (X, € &) = min P (X, € A)|
) )
< > P(Xpy_ €4

A'elly_;

x 2.
A€l s.t. JueA’
dist(A B[ Xy —ng_( 1)

<Jnk—ng—1Rs(ng—ng_1)
— min P (X, € A)|+ (1 — i) 5V,

ueA’

max P (X, —n,_, € D)

ueA’
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where for (1) we used Lemma 2.16. Due to the annealed derivative estimation
from Lemma 2.14, we can bound the last term by

dN? |+ g — ng—1 Rs(ng — ng—1)\?
Z / k—1 0 .d
> B (X e a)( o )l
A’ellg—; k
number of relevant boxes size of each box
C

- -5
X @ + (ng — ng—1)

derivative estimation

_ C(Nf_; + VNeRs(Np)Y?
= N@D/2 +
k

N5 < CRg(NN, 2.

Finally, for (5.4) we have

GaH=> >

Aelly A’ell;_

P Xy € AP (X, = 1)

ueA’

—P¥ (X, €A, Xpy_, €A

=2 X

Aelly Alellf_

Z PZ(Xnk_l = u)

ueN’

x [Pu(Xnk_”k—l € A) - Pz(Xnk € A|}(nk_1 = M)]

< Y Y P Xy, =uw

Aelly_juel’

X P Xngmnpy € A) =P (X, € Al Xy, =u).
Aell

Notice that under the event By, which by Corollary 2.10 satisfies P(By) > 1 —
N5 the first regeneration time after hitting u is after no more than R(N) steps.
Therefore, the distance between the regeneration times of both annealed walks
started in u and started in z conditioned to hit « is at most 2R(N) of one another.
Using the annealed derivative estimation from Lemma 2.14 for the annealed walks
after the regeneration times, we get

(X € A) =P (X € AlXy, , =1)| < CRWN) - N”
ng—Rg—1 ng Ng—1 — — (nk — Mg — R(N))(d+1)/2
CR(N)- N

= d+n/2
Nk
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recalling that due to Lemma 2.16 we only need to consider boxes A at distance <
/N —ng—1Rs(ng —ni—1) from the annealed expectation E“[ X, _,, ], it follows
that

dN? | + /nk — nk—1 Rs(ng — ng—1)\¢
Gh< Y Y FX,, =u- ( S ‘ )
Aell_jueA’ LNkJ

CR(N)- N N

X —_—
k
N2

- (a’N,f_l + \/_NkRS(Nw)d (CROD N 6w
- 0
LNkJ N}Ed+1)/2

< CRs(N)N, /.
Combining all of the above we conclude that under the event Gy N By (whose
probability is >1 — N~5() for every k > 1

1—(4/3)0—d/2 —1/2

Ak < k-1 + CNy RE(NY) + CN, e

+ CR(N)N,

< Ai—1+ CNk_l/st(Nk) <Ap—1+ CNk_l/3.

Consequently,
r(N) i r(N) 1
) : F(N)+1 t
<Mm+C Y NG <4 C/l o 1/G:2)logN g

k=1

—1/(3.21). BN -
u 1/(3é)logN)\'1 —I-C/ e du,
N —In3.u

where oy = % -log N and By = W -log N. Since for large enough N, we

have By > g%logN > 1 we get

BN 8
MEM+C | —edu=i+Cle "]} <A+ Ce PN
aN
C

)»1+—M1/6.

= )\.l + Nl/(3'2).(n)+l) =<

Finally, recalling the definition A; and the fact that ng > ¢N it follows from Propo-
sition 4.1, that A, < CN~1/3? which completes the proof. [
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6. Proof of Theorem 1.10. In this section, we prove our first main result, that
is, the existence of a probability measure on the space of environments, which is
equivalent to the original i.i.d. measure and is invariant with respect to the point
of view of the particle. The proof is divided into two parts. In the first and main
part of the proof the existence of an invariant measure which is not singular with
respect to the original i.i.d. measure is proved. In the second part, we show that
the existence of such a measure guarantees the existence of an equivalent invariant
measure.

In order to prove the existence of a nonsingular invariant measure, we exploit the
result from the last section which allows us to construct a coupling of the annealed
and quenched law of the walk at time N such that for most environments, that is,
with P probability > 1 — N =5 will keep them at distance at most M of one
another with positive probability independent of N. Using the uniform ellipticity,
the last coupling can be strengthen to guarantee the walks will coincide at time N
with positive probability, which again is uniform in N. Defining now, two random
environments wy, a)jv which are the original environment shifted according to the
location of the annealed and quenched random walks at time N, respectively, we
get a coupling of the two such that wy = w); with positive probability. Taking a
Cesaro partial limit of the laws of wy and ), we get two probability measures
on environments which are the original i.i.d. measure and an invariant measure
with respect to the point of view of the particle, respectively. By taking the above
coupling to the limit, we can conclude that both measures will give the same en-
vironment with positive probability, and, therefore, in particular that they are not
singular.

In the second part of the proof (see Lemma 6.2), we use general properties of
probability measures which are invariant with respect to the point of view of the
particle in order to show that the existence of a nonsingular invariant probabil-
ity measure guarantees the existence of an equivalent invariant one. Recently, we
learned that the method of obtaining an absolutely continuous probability mea-
sure from a nonsingular one already appeared in [19], Lemma 5. For the readers
convenience and in order to keep the section self-contained, we include a proof
below.

In Section 6.2, we discuss several properties of the Radon—Nikodym derivative
of the invariant measure with respect to the i.i.d. measure. This includes estimation
on its average on a box as well as the existence of all of its moments.

6.1. Existence of an equivalent measure.

LEMMA 6.1. Letd > 4 and assume P is uniformly elliptic, i.i.d. and satisfies
(P). Then there exists a measure Q on the space of environments which is invari-
ant with respect to the point of view of the particle and is not singular with respect
to the original i.i.d. measure P.
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PROOF. Fix0 <e¢ < 1,alarge M € N and denote by K(N) = K(N, M, ¢) the
set of environments w € 2 such that

(6.1) Y |Pd(Xn e A) —P'(Xy e )| <e,
AeTl(M)

where IT(M) is a partition of Z? into d-dimensional boxes of side length M. By
Theorem 5.1, for every € > O there exists M € N (independent of N) such that
P(K(N)) > 1 — N=¥_ Equation (6.1) tells us that the total variation distance
of the respective distributions PY(Xy €-) and Pg(X N € -) on [T(M) is less than
¢ and that therefore there exists a coupling (:)w, ~.m on IT(M) x IT(M) of both
measures such that (:)w,N,M(An) >1—¢,where A ={(A,A): A e [1(M)}.
Next, using the last coupling, we show how to construct a new coupling of
PY(Xy =) and P(S (Xy =-) on Z% x Z4 which gives a positive (independent of
N) probability to the event A = {(x, x):x € Zd}. Define ®,, y on 74 x 74 by

Oun@, = Y. Oun-amm(A, AYP(Xy =x|Xy_am € AP
AN eT(M)
x (Xy =y|Xn-am € A').
Note that due to the law of total probability ®, y is indeed a coupling of
PO(Xy =-)and PO(Xy =").
For x € Z4, let A, be the unique cube that contains x in the partition IT(M).
Since the side length of each box in the partition I1(M) is M it follows that the
random walk can reach from each point in the box Ay to x in less than d M steps.

Recalling also that the law of P is uniformly elliptic with elliptic constant n [see
(1.1)] we conclude that

Ou N (X, X) = O Nam.m (A, AP (Xy =x|Xn_am € Ay)PY
X (Xy=x|Xn_am € Ay)
> O N—am.m(Dy, MM,

Summing over x, we get

Oun(A) =D Ou N, x)= > Oy ym(Ax, A)n*™

xezd xezd
= Y OunuA, MMM > (1 —e)mn* M,
A€eIl(M)

The last coupling allows us to construct for every N two probability measures
on €2 that coincide with positive probability (independent of N). Indeed, for N € N
let On and Py be defined by

PA(A) = E| 3 Py =0)Lr e |

xeZd
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and
O (A) = E[ T POXy = x)ﬂgxweA]
xeZ4

Note that for every N € N the measure Py is in fact the i.i.d. measure P since the
annealed walk is independent of the environment distribution. Indeed, for every
measurable event A C 2

Py (A) = E[ Y PO(xy = x)naxweA] = Y PU(Xy =) ElLywen]

xeZd xezd
= > P(Xy =x)P(o_xA) = Y P'(X7, =x)P(A) = P(A).
xezd xezd

Also note that using the coupling ®,, y we have for every measurable event A

108 (4) — Py(A)| = |E| T [F(Xy =x) — POXy = x)]naxweA]

~xeZd

—|g| 3 [Z OuNEx.Y)— > @w,N(Z,x)]]lgxweA}

“xeZd "yezd ze7d
=|E| ) [Z Ou.N(x,y) — Z@w,N(z,x)}ﬂaxweA]
“xeZd "y#x 7#X
EmaX{ DY Oun(x,y). Y, Z@w,N(z,x)}
xeZd y#x xeZd z#x

<1—(1—¢e)MIp?M,

Let {n;} be a subsequence such that the weak limits of the Cesaro sequences
1 1 1

{nlk SN o Onis1s | e LS Pnlk=1 and {1 >N ) Ouw Nk>1 exists. Since

for every N € N the measure Py equals P it follows that the limit of

{nlk Z"" 1PN}k>1 is P as well. Next, notice that the weak limit of

{ﬁ Z”k ) On}i>1 which we denote by Q is invariant with respect to the point
of view of the particle [see (1.2) and (1.3) for the definition]. Indeed, for every
bounded continuous function f : Q2 — R

nkl

[ #r@do@ = tim - Z / R/ (@) dOw (@)

ng—1
lim — 0, cw)d
= Jim NZO / ng e) f (Cew) dQ ()
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1 ng—1

= lim — f(@)dQOny1(w)
L Joswdcn:

k—oo ng

1 &

= lim — Z/;Zf(a))dQN(w)

k—o00 ng Nel

=/ F@)d Q).
Q

where R is as in (1.2). Finally, we show that Q and P are not singular. Using the
coupling of Py and Qy, for every event A C 2 we have
ng—1

|P(A) — Q(A)] =k1_i>n;oa Y (Pn(A) — On(A))

N=0
1 ngp—1
< Jim — Ngo}PNm) — On(A)]

<1—(1—e)Mip>M,

Since this holds for all events, it follows that ||P — Q|ltv <1 — (1 — &) M4n2M
and thus P and Q are not singular. [J

LEMMA 6.2. Assume P is uniformly elliptic and i.i.d. If there exists a proba-
bility measure Q on the space of environments which is invariant with respect to
the point of view of the particle and is not singular with respect to P, then there
exists a probability measure Q which is invariant with respect to the point of view
of the particle and is also equivalent to P.

PROOF. Denote by QO = Q. + QO the Lebesgue decomposition of Q to an
absolutely continuous part Q. (w.r.t. P) and a singular part Q; (w.r.t. P). Let
f= ii%‘ and define A = {w € Q : f(w) = 0}. From the invariance with respect to
the point of view of the particle and the uniform ellipticity, we have

0= w(o,0Q>=n) 0,00

ee&y ec&y

and, therefore, 0, 0 Q < Q for every e € £;. Since in addition we have (0,0 Q); =
00 Qs, (0, 0 Q) = 0¢ 0 O, and N%EL)e () = f(0,()) we get that

(6.2) Q¢ = Z w(e)oeo Qe >1n Z 0e0 Q¢
ec&y ee&y
and thus
f@)=n) flo.()).
ee&y

Consequently, w € A implies o.w € A for every e € £;, P-a.s.
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In particular, we get that A is o, invariant and, therefore, by ergodicity that it is
a 0-1 event. This immediately implies that if Q is not singular with respect to P,

that is, P(A) # 1, then P(A) =0 and thus P <« Q.. Taking Q = % we get

that Q is equivalent to the i.i.d. measure and is invariant with respect to the point
of view of the particle [by the first equality in (6.2)]. [

REMARK 6.3. Note that the sequence of probability measures {27\/_:10 ON}n>1
equals to {27\,_:10 RN P},>1. Recalling Theorem 1.9 it follows that the measure
Z';v_zlo QO n converges (without taking a subsequence) to the equivalent measure Q
which is the unique probability measure invariant with respect to the point of view
of the particle. In particular, there is no need to restrict ourselves to the absolutely
continuous part as done in Lemma 6.2.

6.2. Some properties of the Radon—Nikodym derivative. In this subsection, we
discuss some properties of the equivalent probability measure Q and its Radon—
Nikodym derivative. The next definition will be useful in the statement of the lem-
mas.

DEFINITION 6.4. Given two environments w, @’ €  define their distance by
dist(w, ®') = inf{||x||; : &’ = oy},

where the infimum over an empty set is defined to be infinity.

For future use, we denote by W and Wy the couplings of P and Q and of Py
and Qy, respectively, on Q x €2, that is,

(6.3) wN<A>=E[ ) ®w,N<x,y>11<gxw,ayw)eA}

x,yeZd

and W is the weak limit of the Cesaro sequence {% ZK,_:IO Wy}o° | along any con-
verging sub-sequence which we denote from here on by {ny}i>1.

Our main goal is to prove the following concentration inequality for the average
of the Radon—-Nikodym derivative on a box.

LEMMA 6.5. Let M € N and denote by Ag a d-dimensional cube of side
length M in 7. Then for every ¢ > 0,

1 40
Pl|— — (o,w) — 1 <MW,
(‘IAOI 2. gp @) ‘”)—

PASVAV))

As a first step toward the proof of Lemma 6.5, we prove the following.
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LEMMA 6.6. For M € N et Dz(vlf) 1 Q — [0, o0] and Dz(vzl) : Q2 — [0, 00] be
defined by
D}y (@) = Ey[Liist(w.wn)=dm |G 1)

and

2
D](u) (w)=FEy []ldist(a)l,a)z)>dM|gw2](w)a

where §,, Sw, are the o-algebras generated by the first, respectively, second co-
ordinate in Q x Q and \V is as defined below (6.3). For every M € N, there exists
an event Fy; with the following properties:

() P(Fy)=1-M—5D,
(2) For every ¢ > 0, if M is large enough, then D,(l,ll) () = elfy (@) + Ly, (@)
and 9% () D} () < e1p,, (@) + 1§ ().

PROOF. Let
oo
Fy=) {a)e Q:Vx e[k k1" nZ4,
k=M

Cy (&
[P (X ed) - PI(Xped)| <= +721}
Aelly M k

where Iy is a partition of 74 into boxes of side length M and 0 < ¢1, Cr < o0 are
the constants from Theorem 5.1. Thus, by the same theorem, we have P(Fjy;) =
1 — MM Fix some & > 0. The definition of F; together with the definition of
the couplings (:)a), k.m constructed in the proof of Lemma 6.1 implies that for every
w € Fy, every k > M and every x € [—k, k]9 N Z? we have C:)wa,k,M(AnM) >

1-— ifpﬁ > 1 — ¢ for large enough M, where as before A, = {(A, A): A e [Ty}

Before turning to prove the estimates for {D](‘f[) (w)}ief1,2), we prove a similar
results for the conditional expectations of Wy . For N, M e Nand i € {1, 2}, define

Dl(‘f[)’N 1 Q — [0, 00] by D}(‘f,)vN(a)) = Ewy[Ldist(),w2)>dM|Sw; 1(w). Note that for
P-almost every environment w € 2 we have
1
(6.4) Dy v(@) = Y O o N )Ly >am
x,yeZd

and

(6.5) Dﬁ?N(w)z(&( )) Y Oo o N MLyl >dM-

x,yeZ4
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Indeed, using (6.3) we have for every measurable event A C 2

Ewy[1axoldist(w;,wr)>dM]
=Wy (A x QN {(w1, w) : dist(wr, wp) > dM})

= E[ Z ®a),N(xa y)]l(axa),oya))eAXQ]ldist(axw,ayw)>dM:|
x,yeZd

= Z E[®w,N(x, y)ﬂaxa)eAlllx—y||1>dM],
x,yeZd
which by translation invariance of P equals

> E[Oc_ 0N M 1loeallx—y|i>am]
x,yeZd

:E[ > ®aXw,N(x,Y)]lweA]lllx—y||1>dM:|'

x,yeZd

Due to the fact that the first marginal of Wy is P the last term equals

Eyy [ﬂ(w,w’)eAxQ : Z Oo_yo, N, V)L x—y, >dM:|,
x,yeZd

which by the definition of conditional expectation implies (6.4). A similar argu-
ment shows that

Eyy[1aoxaldisto,w)>dm]

:E[ Z @axw/,N(X,y)la/eA]lllx—yIIPdM}
x,yeZd

dOn !
:EQN|:( (w/)) Z ®0,xw/,N(x’ y)ﬂ-llx—y||1>dM]]-w/eA:|

dP
x,yeZd

dQn -
=Ey, [(W(M)) Z Oo_ran, N, VL x—y|;>am - Loxa(wr, wz)}
x,yeZd

and thus that (6.5) holds as well.
Since Oy_ N (x,y) > 0 implies x € [-N, N1¢ nZ4, it follows that for large
enough M, every w € Fy; and every N > M

Y O o N@E M Lx—y]=am
x,yeZ4

=1— > OooNG MLy <dm
x,yeZ4
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<1-— min Z Oo_o,N X, V)L x—y|,<dM
ze[-N.NJ¥NZd d
X, yeZ

<1-— min Z Z Oo_,0,N(X, )

_ d d
ZE[=N.NFNZE Ay, x.yen

=1- min ( Z (:)a_za),N,M(Aa A))

— dn7d
z€[-N,N]4NZ Aelly

- ZE[—I{/I,III\%dmZd Oc_.w,n,m(Any) <e.

Thus,

1

( ) (@)= Z Oo_ro0, N, ML jx—y|>dm = 1y (@) + 1f¢, (w)

x,yezd
and similarly,
dQN 2
x,yeZd

Next, we turn to prove the estimate for {Dl(‘fl)}ie{ 1,2)- It is enough to show that
along some sub-sequence of {nj}r>1 (which for simplicity we still denote by

{ni}i=1)

() 1

Dy, (a)):kl_i)ngoaNX_:ODMvN(w) and
(6.6) -

1 np—1
D,(E,)(w)=<z—g(w)> lim — Z dQN( D (@),  P-as.

Indeed, if (6.6) holds, then for P-almost every w we have

nkl

D) (w) = Jim Z DY) y(@)

1S "
—1im —| S DD @+ Y DY (w)
k—o00 ny _NX::O M.N NgM M.N

np—1
. (1
< lim —| M+ E D w
~ k—oo ny | N=M M’N( )j|

. 1 ni—1
< kli)ngo - _M + NgM(sleM (@) + L, (a)))i|

= £1p,, (©) + 1rs, (©)
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and similarly

d
d—%(w)Dﬁ? (@)

ny— ld
_ Z QN (2) (@)

k—>oo nk N—0

~ gim [ 5792 (D@ )+ x SN () Dy )

k—o00 ny N=0 dP

dOn g }

ni—1
< im L[ TN )+ py) TN Dy o )}

k—o00 ng a
L[ doy, o S
< li —_ jl Lge
< lim - _NZO TG )+NZM8 Fy (@) + 1p (w))}

= £k, () + T, (@).
Turning to prove (6.6), for every measurable event A C 2 we have
E[D}; (@)1a(@)]
= Ey[Ldist(w;.w0)>dM * Laxa (@1, ®2)]
= \Il({(a)l, wy) :dist(wy, wy) > dM} NA X Q)

ni—1

D lim Z Wy ({(@1, o) : dist(wy, wy) > dM} N A x Q)
k— 00 nk N0
ng—1

= lim — E ]l 1 wl,w
= Jm NX:O wy [Ldist(w;.0n)>dM - Laxa (@1, @2)]

i’lk—
@ .. 1 n
= lim — Ew. ID 1 ’
kl>oo ng NX=:0 ‘I’N[ M,N(wl) Axq (w1 a)z)]

np—1

1
(1)
= lim E D w 1
= B N§ :0 m.N(@1) - alo)]

np—1
= lim E[n > D(l)N(wO ILA(CUI):|

k— 00 N=0
where (1) is due to the definition of W below (6.3) and (2) uses the definition of
D](Vl[) w as the conditional expectation. This implies that - | Z"" 1 D( ) M. N converges

in L'(P) to Dl(l/l) and thus by standard arguments contams a subsequence that



2930 N. BERGER, M. COHEN AND R. ROSENTHAL

converges P-almost surely. Similarly, for Dz(vzl)

Eo[D}) (@)La()]
= Ey|Ldist(o),wy)>dM - Laxa(w1, @2)]
= \I’({(a)l, wy) :dist(wy, wy) > dM} N x A)

ng—1

:kl—ifgoa NXZ:O Uy ({(w1, w2) :dist(wr, w2) > dM}NQ x A)

np—1

= lim — Ey, |14 -1 wl,w
Jm Ngo wy [ Ldist(w;.0)>dm - Loxa(@1, @2)]

1 ni—1

i ()
= lim — Eo D 1
k—oo ny szo ‘IJN[ M,N(CUZ) QXA(CUI,U)Q)]

np—1

; ()
= lim — Egy|D -1
dm 2 2 Eou[Dlily @) - 1a(en)]

el d 1 a
= lim — Z EQ[(d—g(a)z)) . %(wz) . Dl(l,ZI?N(wz) . I].A(CUZ):|

. dg 7' 17do

This proves the second quality in (6.6), Q (and thus P)-almost surely for an ap-
propriate sub-sequence. [J

PROOF OF LEMMA 6.5.  The proof deals separately with the events B, = {w €
Q: ﬁ Y rehy z—%(axa)) <l—¢land Bf ={weQ: \A_lol Y reny ‘dl—g(axw) > 1+
e}. We start with the event B, . The idea is to separate the event B, into two
events the first with probability M 5D and the second, denoted S, which will
turn out to be with P probability zero measure. To this end, assume without loss
of generality that A is centered at the zero, denote M, = -5 M, define Ay ={xe

6d2
7% ||x|lo < M — dM,} and let
S, ={we B, :oxweFy,,Vx € Ap},

where Fy, is the event from Lemma 6.6. Due to property (1) of Fy, from
Lemma 6.6

(BY) — |80l P(Ffy,) = P(BT) — M- (Me)~* (D
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and, therefore, it is enough to show that P(S; ) = 0. We claim that there exists
an event K C S such that (1) P(K) > P(S,) - (4d)?|Ao))~! and (2) if w, o €
K and o # o', then dist(w, ) > 4d M. Indeed, for every x € Z¢ let U, be an
independent (of everything defined so far) random variable uniformly distributed
on [0, 1], and define®

K={weS; :Vx eddAyif oxw € B, then Uy < Up}.

Informally, from each family of environments whose distance is smaller than 4d M
we choose one uniformly. This immediately implies that for two distinct points
in K property (2) holds. Property (1) on the other hand holds due to translation
invariance of P.

Now, let

H = U oxK and H = U oK.

xelAg XGAJ

By property (2) of K, in both cases this is a disjoint union and, therefore, recalling
once more the translation invariance of the measure P, we have

P(H) = |Ao|P(K) and
(6.7)

P(H™)=|Ag|P(K) = |Ao|(1 - &)dp(lf) > (1 — %)P(H).

Going back to the definition of the event B, and recalling that K C S, C B, we
get

o(H >—/ —(w)dP(w) Z/ d—f(w)dP(w)

xeAg

—/ > —(axa))dP(a))

xelAg

=< /K(l —&)|Aold P(w) = (1 — €)|Ag| P(K)
=(1—-¢)P(H).
Combining with (6.7), for small enough & > 0 this yields

O(H) < (1—¢)P(H) = (1——)P(H)< * p(H)
—¢/6 6 1—¢/6

(6.8)

4The event K is not measurable in the o-algebra of Q. However, using Fubini’s theorem we can
find a section in €2 which is measurable and have the desired properties.
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Let A={(w,0):we€ H ,w' ¢ H}. Then by (6.7) and (6.9)

W(A)> P(H™) — Q(H) > P(H) — (1 - g)P(H)
6.9)
>Sp(H) > 5(1 - E)P(H) > SpH)
=3 3\ 6 g

By the construction of K, for every (w, w’) € A we have dist(w, ®’) > d M, and,
therefore,

DY) (w)dP
| D@ ap@)

(1) ’ (D) ’
. M, (@) (w, @) o M, (@) (w, o)

=/, QE\P[]ldist(w,a)’)>dMs|gw](w)]lH*><Q(wvw/)d\lj(wsw/)
X

= Ey[Lbisw,0)>dm. L xo (@, @)|F0] (@) d¥ (o, ')
(6.10) X

=f ]ldist(a),w/)>dMgﬂH—><Q(wv w,) d‘l’(w» w,)

QxQ

= / ILdist(a),a)’)>dM5I]-A (a)v w,) dlll(a), w,)
QxQ

= 1y(w, @) dV (o, o
[ 14(0.0)d¥0.d)

— W(A) > ZP(H),

where for the last inequality we used (6.9). However, recalling that H C Fy, by
definition, and using Lemma 6.6 with M, and % instead of M and ¢ we get

/ (1) €
DY (@) dP(w) < /H <1k, (©) + 1y, (@) dP(@)
6.11)
:f EaPw) =P,
HS 5

Combining (6.10) and (6.11) we must conclude that P(H) = 0 and, therefore
P(K) = 0. This however, by property (1) of K, implies that P(S;) = 0 and, there-
fore, finally that P(B,) = M50,

Next, we turn to deal with the event B;. As in the proof for B, for ¢ > 0 we
denote M, = G%M . Also assume without loss of generality that Ay is centered in
zero, define AaL ={xeZ%:||x|looc <M +dM,} and let

St ={weB}:0weFy, VxeAll,
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where Fy, is the event from Lemma 6.6. Due to property (1) of Fy, from
Lemma 6.6

P(s7) = P(57) a1 P = P(5) (14 ) bt a0

_ P(B+) — pm—5D
and, therefore, it is enough to show that P(S+) =0. As for S, we claim that there
exists an event K C S such that (1) P(K) > P(S+)/((4d)d|A+|) Uand (2) if
w,o €K and w # o/, then dist(w, @) > 4d(M + M,).
Now, let
H=|J ok and H"= | oK.

X€A xeAg

By property (2) of K, in both cases this is a disjoint union and, therefore, recalling

once more the translation invariance of the measure P, we have for small enough
e>0

P(H) =|Ao|P(K) and
6.12)

6d?
Going back to the definition of the event B; and recalling that K C S;” C B, we
get

P(H*) = |AT|P(K) = <1 + —) | Aol P(K) < (1 + %)P(H).

_ [ 42
Q(H) = | “E @) dPw) = Z/G —(w)dP(w)

-[ X —(o—xw)dP(w)

xXEAQ

(6.13)
> /K(l +&)|AoldP(w) = (1+¢)|Ao| P(K)

={1+¢e)P(H),
and, therefore, combining with (6.12), for small enough & > 0 this yields

14+¢ 1+¢ +
1+e/6<1 i 6>P(H) " Tresl )

> (1 + §>P(H+).

Let A = {(w, ) :w ¢ HY,w € H}. Then by (6.14)

QH)> (1+¢)P(H)=

(6.14)

e/3

W(A)> Q(H)— P(H") > Q(H) — e/ = 14e/3

(6.15)

™

> —Q(H).

.|>
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By the construction of K, for every (w, w’) € A we have dist(w, ®’) > d M, and,
therefore,

(2)
| P @ dow)

2, ’
= D/ (0)d¥(w, w
N M, ( ) ( )

=5 QE\D[jldist(a),a)’)>dM8|Sw/](w/)ﬂQxH(0),w/)d‘lj(a),w/)
X

= Ey|Ldist(w.0)>am, LoxH (@, @)|Fw (@) d¥ (0, )
(6.16) f2xQ

=/ Ldist(w.a)>am, Lox i (0, ©') dV¥ (0, ')

QxQ

> f Ldist(w.0)>am, 14 (0, @) d¥ (0, o)
QxQ

= 1 , o) dV(w, o
. Alw, @) d¥ (o, o)

= W(A) > ZQ(H),

where for the last inequality we used (6.15). However, recalling that H C Fy, by
definition, that P(H) < Q(H) by (6.13) and using Lemma 6.6 with M, and %
instead of M and ¢ we get

2) 1 & -
/H DMg dQ(w) < /H m |:§]lFMS + ]lF;WE] dQ(w)
6.17) = /HEJIFMS + ]1F‘MJ dP(w)

e & 3
- fH SdP)= P(H) < ZQ(H).

Combining (6.16) and (6.17), we must conclude that Q(H) = 0. Therefore, by
(6.13) we have P(H) =0, and thus that P(K) = 0. This however, by property (1)
of K, implies that P(S) = 0 and, therefore, finally that P(B}) =M1, O

COROLLARY 6.7. Let d > 4 and assume P is uniformly elliptic, i.i.d. and
satisfies (). Then E[(Z—IQJ)]‘] < oo for every k € N.

PROOF. Forevery M € N large enough, Lemma 6.5 implies

40 ; 1 40
P(= 202M +1 Pl——— ——(oxw) =2
(d}o(”)Z (@M + )>§ ((2M+1)d xe[_M%]dﬂZJdP(a )z )

— D

Thus, Z,—IQJ has super polynomial decay and the result follows. [
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PROOF OF THEOREM 1.10. The proof is the content of Lemmas 6.1, 6.2 and
Corollary 6.7. U

7. Proof of Theorem 1.11. In this section, we prove our second main result,
the prefactor local limit theorem. The uniqueness of the prefactor follows from
its definition quite easily and most of the work is concentrated into the proof of
existence. Our candidate for the prefactor is the Radon—Nikodym derivative of the
equivalent measure Q constructed in the previous section. The proof proceeds as
follows: instead of directly comparing the quenched measure PS(X n =) and the
annealed times the prefactor measure PY(X, =) f(0.w), we introduce two new
measures (denoted temporarily by p; and p;) and show that the total variation
of the pairs PY(X, = 9 flo.w), p1), (p1,p02), (02, PB(X,, =-)) goes to zero as
n goes to infinity for P-almost every environment. Both measures p; and p, are
constructed in a way that allows us to exploit the previous results on the connection
between the quenched and annealed measures in the total variations estimations.
More formally, we fix two parameters 0 < § < ¢ < % and define the measures p
and p; as follows: for p;, we choose a point by first choosing a point according
to the annealed law at time n — n® times the prefactor and then letting it “evolve”
according to the quenched law for n® additional steps. For po we fix some partition
of Z¢ to boxes of side length n®, choose a box according to the quenched measure
at time n —n®, choose a point inside the box proportionally to its prefactor and then
let it “evolve” into a new point according to the quenched law for n® additional
steps. For a more precise definition of the measures, see Definition 7.2.

7.1. Uniqueness. We start with a proof that the prefactor, if exists, is unique.
Assume both f and g satisfy (1.4) and denote &2 = f — g. By the triangle inequality
for P-almost every o € Q2

(7.1) lim " PY(X, = x)|h(0:0)| =0,
xeZ4

that is, lim,,_, o Eo[lh(axna)) [1=0, P-a.s. If h £ 0, then there exists a measurable
subset A of 2 such that P(A) > 0 and |h| > ¢ > 0 on A. Thus, for every n € N

E[E"[|(ox,o)|]] = E[E°[[h(0x,0)[Loy,veal] = CE[E’[Loy, veal]

=cE[P(ox,weA)]=c > P'(X,y =) E[Lyweal

yeZd
(7.2) =c Y P'X,=y)P(oyw e A)
yezd
=cP(A) ) PXy=))
yezd

=cP(A) > 0.
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Since

E[E s, o)1) = £| 3 1o)X, = )]

yeZd
= Y P'(X, =) - E[[h(oy)]]
yeZd
= 2. P(Xy =) E[|h(@)|] = E[1A]].
yeZd

the sequence {|h(ox,w)|}nen is tight and, therefore, by (7.2) it follows that
lim,,— o E0[|h(oxn w)|] > 0 a contradiction to (7.1).

7.2. Existence. Let f(w) be the Radon—-Nikodym derivative of Q defined in
Theorem 1.10. We will show that f satisfies Theorem 1.11 starting with the fol-
lowing simple proposition.

PROPOSITION 7.1.  For P-almost every w every n € N and every x € 7¢

floxw) = Z Pg(Xn :x)f(ayw)-

yezd

PROOF. For n =1, this follows from the definition of f = % as the Radon-
Nikodym derivative of the measure Q which is invariant with respect to the point
of view of the particle. Indeed, using (1.2) and (1.3) and the translation invariance
of P for every bounded measurable function g : 2 — R we have

fg(w)f(w)dP(w>=f g(w)dQ(w>=f Re(w)dQ()
Q Q Q
- [ (@) f@ dP@)

= [ X 0005000 f @ dP@)

ee&y

= [ X o-e.05@) f(o-w) dP@)

ee&y
- [ 8@ ¥ w0 /@) dP@
ee&y
and, therefore,
fl@)=) wle0)flow)= Y PLXi=0)f(0.w).
ec&y ec&y

Applying the last equality for o w gives the result in the case n = 1.
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For n > 1, the proof follows by induction. Indeed,

Y PY(Xp=x)f(oyw) = Y Y PJ(Xu_1=2)PL(X1=x)f(oyw)

yezd yeZd ze74
=Y PiX1=x) ) P)(Xp-1=2)f(0yw)
zezZd yezd
(D )
23 PiX1=x0)f(0:0) 2 floww),
zeZd

where for (1) we used the induction assumption and in (2) we used the case n = 1.
O

As stated at the beginning of the section, the proof of Theorem 1.11 uses com-
parison with two additional probability measures which we now define.

DEFINITION 7.2. Forn € N and w € €2, define the following probability mea-
sures on Z:

(1) va™ P __the annealed at time n times the prefactor (normalized)

1

US)IIHXPI‘C,I’[ (x) —

PY(X = x) f (0:),
w,n
where Z, , = > 74 PY(X, = x) f(oyw) is a normalizing constant. In Lem-
ma 7.3, we show that lim,, .« Z,, , = 1, P-almost surely.
(2) va'©"—the quenched measure at time

vadven )y = PO(X, = x).

box-que x pre, box-que x pre, .
(3) vy RPN ) ORAIEPIEN__the quenched measure on boxes with a

choice of a point in the box proportional to the prefactor. Given a partition IT of Z¢
into boxes of side length /, we choose a box according to the quenched measure at
time n and then choose a point inside of the box proportionally to the value of the
Radon-Nikodym derivative there.

f(oxw)

ZyeAx,yen f(O’yCL)) )
0, otherwise,

0
1)box—quexpre,n(x) _ P (X, € Ay) X <n,

w,I1

where A, is the unique d-dimensional box that contains x in the partition IT.

Before turning to the proof of Theorem 1.11, we wish to study the normalization

annxpre,n
constant Z,, , of the measure v, pre:n

LEMMA 7.3. With the notation as in Definition 7.2 for P-almost every w, we
have lim, 00 Z, n = 1.
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PrROOF. Fixe>0,0<4 < é and let IT be a partition of Z¢ into boxes of side

length n®. If x, y € A for some A € I, then the annealed derivative estimation (see
Lemma 2.14) gives

|IP0(Xn =x)—P(X, = | <Cllx — y”m—(d+1)/2

(7.3)
< Cn—@+/245.

Denoting I, = {A € IT: AN [—n,n]¢ # &} we have

Zo = 11=| X B, = 0] flor0) ~ 1]

xeZd

> X P =0l e - 1],

A€ell, xeA

X<>n
By Lemma 2.16, there exists Cy > 0 such that P°(]| X,, — E9[X, ]|l > Ce/n) < &.
Separating the sum into boxes in I, = {A € 1, : AN{x € Z¢ : ||x — E[X,]|| <
Cq/n} # @} and in I1,, \ T1,, we can bound the last term by

74 =< Y DY PXu=0)[f(ox0) - 1]‘
Ael‘[n\H,, xeA
75+ Z( i °<Xn=y>—P°(Xn=x>])[f<oxw>—1]‘
Ael‘[,l xeA | yeA
X< y<n
19+ L Y DR = e - 1]|
Ael‘[ xeA |yeA
X< y<n

We start by evaluating the term (7.4). By Lemma 6.5, there exists some constant C,
such that with P probability > 1 —n~¥() for every A € I, (and in particular in
I, \ ﬁn) we have Zy€Ay<_>n[f(O—yw) 4+ 1] < C|A|. Therefore, under the above
event, we can bound (7.4) by

> D PXu=0)[f(oxw) +1]

Aenn\ﬁn rea

IA

> maxP Xn=x)Y_[floyw) +1]

A€\, x(—)n YEA
X<>n

<C Al- (X, = x).
=C ) |A]maxP(X, =x)
Aell,\I1, xX<n
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Using Lemma 2.14, (2.5) and the definition of ﬁn, we thus have
0
< . —
(74)<C E |A| gleai([[” (X, =x)

Aell \1I, x<on
0
< = — =
C E I;Eag[gleagﬂp (X, =x) —P(X, y)]

Aell, \l'[n yon Xon

+C Z max]PO(X =y)
A€l \, ;en

C

< ——~+te.
= ,1/2-3ds +

Recalling that § < é and taking n — oo this gives (by an application of the Borel—-
Cantelli lemma)

limsup(7.4) < limsup Z Z PO(x, = X[ f(orw) +1] <e, P-as.

n—00 n— AeHn\l'[n xeA

Next, we deal with the term (7.5). Due to (7.3), this is bounded by

M E:P@h=w—P@ﬁ=m”waﬁ+q

Ael‘[n xeA | yeA

y<n

c
= ) X @Sl +1]
Ael‘[n))cfen

C 1 C
et <W 3 f(oxa))> + -
Ilx—EO[X, ]l <2Ce/n

By Lemma 6.5 and an application of Borel-Cantelli for P-almost every @ once n
is large enough, we have # an—JEO[Xn]nszcgﬁ floyw) < (8C,)?, and thus the
last term tends to zero as n goes to infinity P-almost surely.

Finally, for (7.6), we recall that Lemma 2.14 also ensures P(X,, =x) <Cn —d/2
for every x € Z¢ and, therefore,

IR Z(&—wfmw—m

Ae 1'[ xeA yeA

_Z Z(n—

(7.6) =

Zwmw—ﬂ

Aen,, yeA XeA
nd/z > | 2o —1]
Ael‘[n xXeA
mem—w
| xXeEA
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Lemma 6.5 now implies that

P<nd(l/2 5 Z ‘lAlxeA floxw) — 1]‘ >€)

&
3A e, [f(axa))—l]‘> )
<7 a2 ccf
1 €
d(1/2-4) _
<n P(‘ 2 L Lo 1]‘ - Cg>

_ pd(1/2-8) | =£Q) _ (1),

where A is any choice for Ag € ﬁn. Therefore, by Borel-Cantelli, we have
1

=3 [flow) - 1]] <e

C
lim sup(7. 6)<11mS“Pm Z 1A|
xeA

n—oo

Combining all of the above, we see that P-almost surely

limsup |Zy , — 1] < 2e.
n—oo

Since ¢ > 0 was arbitrary, the result follows. [l

Before turning to the main lemma in the proof of Theorem 1.11, we give two
additional preliminary definitions needed in order to construct the intermediate
measures:

DEFINITION 7.4. Let v} and v2 be two probability measures on Z¢, which
may depend on w € 2.

(1) The L' distance of v;) and vz) is given by ||V(1> — V(%lll =D re7d |v(1)(x) -
v(% (x)| (note that this equals twice the total variation between v(}) and UZ)).

(2) The environment-convolution of v} and v?2 is a new probability measure on
74, denoted (v! * v?),,, given by

(v ) (x) = Z v (y)vayw(x—y).

yeZd

We can now state the main lemma in the proof of Theorem 1.11. As already
stated above, instead of comparing directly the L' distance of vy " and vg'*"
that is, the annealed times the prefactor and the quenched probability measures,
appearing in Theorem 1.11, we take a more indirect approach and use two other
measures as intermediaries. This allows us to use previous results on the Radon—
Nikodym derivative and other relations between the quenched and annealed mea-
sures in the evaluation of the L' distances.

’
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LEMMA 7.5. FixO<d<e< }‘, and for n € N abbreviate k = [n°] and | =
[n%7. Fix a partition T1 of Z¢ into boxes of side length 1. With the notation as in
Definitions 7.2 and 7.4, we have for P-almost every w € Q:

(1)l flvg 0" = (pAmXPren =k ydueky |y =0,

(2) Timy oo [|(vAXPIEN—k o yauek) | (Xt PIen Tl yqueky ) — g,

. box-que xpre,n—k —
(3) limy s oo [|(uy " BT g paueky | — (pauen—h ey 1y = 0.

REMARK 7.6. (1) In the temporary notation from the beginning of this sec-
tion, we have p1 = (vannxpre,n—k * vque,k)w and 02 = (vbox—quexpre,n—k * l}que,k)w.

(2) Note that by the Markov property of the quenched walk va™™ we have
(vque,nfk * vque,k)w — v;l)uev”‘

PROOF OF LEMMA 7.5 PART (1). We need to show that

1
Jim PO(X, =) f (o)
xezd' T
1
— Y PUXuek =) f(oyw) PY(Xk = x)| =0,
Zn—k,w yezd

which by Lemma 7.3 (and the fact that we can restrict attention to x € Z¢ such that
lx]l1 <n)is equivalent to showing

S 2

xe[—n,nl4nzd

PY(X,, = x) f (0x )

- Y P'Xuk =y floy0)Pl(Xk=x)|=0.
ye[—n,nldNZ4d

Denote B, = {x € [-n,n]¢ NZ% : ||x — E°[X,]|l1 < Rs(n)/n}. By the triangle

inequality,

2

xe[—n,nl4nzd

PY(X, = x) f (0y o)

- > P'Xuk =) f(oy@) Pl (X =)
ye[—n,nl4NZ4

an <Y ‘ Yo PXu=x) =P’ Xyt = )] f(0y0) PY(Xi = x)

X€By ye[—n,nldnZd

(7.8) + > PU(X,=x)

X€EBy,

floxw)y— Y floyw)P)(Xi=x)

yel[—n,nl4nzd
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+

x€[—n,n]9NZ4\B,

PY(X, = x) f (0, )

(7.9)

- > P'Xuk =) f(0y0) P (Xi =)
ye[—n,nl4Nzd

Dealing with each of the terms separately [starting with (7.7)], by the annealed
derivative estimation from Lemma 2.14

Ck
IEDY W( > f(ayw)Pg(Xk=x)>

€B, dist(y, Bp) <k

Ck
= @2 Y. flyo)

dist(y, By) <k

Ck 1

dist(y, Bn) <k

By Lemma 6.5 for P-almost every w and large enough n, we have

1
R > floyw) <2Re(n).

dist(y, By) <k

Thus, using the fact that k = n® < n!/4 it follows that the last term tends to zero
P-almost surely as n tends to co.

Turning to deal with (7.8), we recall that by Proposition 7.1 we have f(oyw) —
2ye[—nniinzd J(oyw) P (X =x) =0 forevery x € 74 such that x + [—k, k]9 N
74 c[-n,n"N7Z% In particular, denoting f?n =B, \{xe€ 74 x + [k, k14 N
74 c[—n,nl4 N Zd} and using the annealed estimations from Lemma 2.14

(7.8) = > PY(X, =x)

floxw)— Y floyo)P)(Xk=x)

x€B, ye[—n,nldNZd
< Y PU(X, =x)f(oyw)
xeB,
+ Y P'Xy=x) > floy@)P(Xx=x)
x€B, ye[—n,nl4nz4
C|B,| 1 C|B, 1
<= B Z floxw) + =7 T Z Y floyw),
n XEBn n xEBn ”y_XHISk
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where |B,| is the size of B,. From the definition of B,, it follows that |B,| <
Ck(y/nRs(n))¢~! and, therefore,

C|B,| 1
(7.8) = nd/g : a))+ M : )
s |xeBn ly—xll1 <k
CkRgi—l(n)
nl/2 | n| Zf(axa))
xeBn
Cde*I(n)

1
n51/2 Z Z f(oyw).

Bul 'cB, Iy—xl <k

Using again Lemma 6.5, and the choice k = n® = o(n'/%), it follows that both sums
tends to zero as n goes to infinity, P-almost surely.

Finally, we turn to deal with (7.9). Using Lemma 2.16, we have P(X,, ¢ B,) =
n—EW, Recalling also that k = [n®] = o(n), we note that if P) (X =x) > 0 then
lx — ylli <k, and thus for x € [—n, n]? N Z¢ \ B, and large enough n

Iy =B Xy = |x = ELXaly = |E°1X0] = %X, — llx = ylh

> /nRs(n) — 2k > z\/ﬁRs(n)-
This, however, due to Lemma 2.16, yields IP’O(X n—k=Yy)= n—5W and, therefore,
(7.9) < Yo PXu=x)f(ocw)

xe€[—n,n]4NZ4\B,

+ ) Y P'Xuk =) f(oy@) PE (X =)

x€[—n,n)9NZ4\B, ye[—n,n]4NZ4

n~¢M Y floww)

x€[—n,nl4NZ4\B,

+n 5D > Y floyo)PU(Xk =x)

xe[—n,n]dﬂZd\Bn ye[—n,n]dﬂZd
<2.n7f 0 3N fow).
xe[—n,n]dNZd
By Lemma 6.5, we have P (3, ¢y njdnzd f(ox@) < 2n?)y > 1 —n—5W and, there-
fore, by the Borel-Cantelli lemma for large enough n
(7.9) <4n=5W . pd = =50 _ 0, 0

n—oo

PROOF OF LEMMA 7.5 PART (2). Since
H (Uannxpre,n—k % l)que,k)w _ (Ubox—quexpre,n—k ” une,k)w”]

< ” 1)annxpre,nfk _ 1)box—quexpre,nfk
= "w (9]

1°
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it is enough to deal with the right-hand side and show that

. 1
lim - P (Xy—k =) f (0x0)
xezd n—k.o
x<n—k
f(oxw)

— PoU(X,_r € Ay)| =0, P-as.
ZyeAx,yen—k f(oyw) w(Xnk o)

Using Lemma 7.3 once more, this is equivalent to showing

dim 37 £ (0r0) [P (X = x)

xeZ4
x<n—k

(7.10) |

ZyeAx,yenfk f(O'yC())

— PU(X,_r € AY) 0, P-as.
Denoting B, = {x € [-n,n]? NZ¢ : ||x — E°[X,]||l; < Ces/n} [With C, such that
IP’O(||Xn — EO[Xn]lh > %ﬁ) < ¢ for large enough n] and using the triangle in-
equality the last sum is bounded by

)3 f(axw)‘P‘)(Xnk — )

xe€[—n,n]NZ4\B,

—k
(7.11) e
! PO Xp—k € Ay)
- —k
ZyeAx,yen—k f(aya)) @ *
2
7.12) + Y f00)P =0 - X € A))
x€B, |Ax|
x<>n—k
2 0
+ Y floxw)| —P Xk € Ay)
[Ax]
xeB,
—k
(7.13) ren
! PO(Xp—i € Ay)
- —k
ZyeAx,yen—k f(ayw) " *
1
+ f(o w)‘ PO(X,—k € Ay)
XEZBH ! ZyeAx,yen—k floyw) " !
—k
(7.14) e |

PAUX,_ € Ay)

ZyeAx,yen—k f(ayw)
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Dealing with each of the terms separately, and starting with (7.11), we have the
following estimate:

7= Y PXuk=x)f(0x)
x€[—n,n]9NZI\B,

+ PY(| Xu—k — E°[X, 1], > Cev/n).

The term 3, c(_, nj4nz4\B, PO(X,—x = x) f (0, @) goes to zero as n goes to infinity
by the same argument used to bound (7.4) in Lemma 7.3. For the second term,
Claim 2.15 implies that for a set of environments, with P probability > 1 — /e,
for large enough n

C
Po([ X0t —E[X,]|, > Cev/n) < P;}(Hxn —EX,1], > 7%/%) < e
Since ¢ > 0 was arbitrary, this proves that the first term goes to zero as n goes to

infinity.
Turning to (7.12), the annealed derivative estimations from Lemma 2.14 yields

(712) <C- > floxw)

Y P(Xp—i =x) = P(Xp—k = )|

xeB, | Al YEA,
x<n—k y<>n—k
2 C
<C- Y fw— Y ———lx—ylh
XEBn |A)C| yGAx (n _k)( + )/
x<n—k yen—k
Y. ¢ dn®
Zf(axw)|A| Z (n—k)(d+1)/2. n
xeBy, yEAy

c’. nd/2+8 1 n_)oo
- (n — k)@d+b/2 ’ < d/2 Z f(o*xa))) P-as.,

where for (1) we used the fact that the side length of every cube A is n® and for the

limit we used Lemma 6.5, the fact that k = n® = o(n!/#) and also that § < ¢ < %
Next, we deal with (7.13). Denoting ﬁn ={A eIl: AN B, # @} and using the

annealed derivative estimations from Lemma 6.5 we conclude that

1

2/|Ax| ZyEAx,)K—)n—k f(ayw)

(713)= > forw);

xeB, |
x<n—k

n— keAx)

1
)d/2 XGXB; J(oxe )‘ 2/|Ax|2yeAx,y<—>n—k f(ayw)

x<n—k
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k4% 1
5c<1__)

n nd/2

1
X f(o a))‘l -
AZﬁZA ’ 1A yen, yomi £ (@)
K\ —d/2 1 1
:C<1—;) n@/2(1-28) Z‘m > f(Gxa))—l‘.
Aell, XeA

x<n—k

Using the same argument that was used to bound (7.6), we get that the last term
goes to zero as n goes to infinity P-a.s. Finally, we estimate (7.14).

forw)
7.14) <
( '= xgn ZyeAx,yen—k f(UyCU)
x<n—k
= 2 [P (Xuk € &) = PYXut € A)]:
Aeﬁn

IPO(X, k€ Ay) — PO(Xpi € AY)|

The last term, however, is bounded by Cn~(1/3? by Proposition 4.1 for P-almost
every w and large enough n, and thus goes to zero as n goes to infinity. [

Part (3) of Lemma 7.5 will follow from the following more general lemma.

LEMMA 7.7. Let x,y € Z satisfy |x — yll1 < n? for some 6 < % Then the
set of environments for which

|PX(X, =2) — P)(Xp=2)|=n"*D vz e Z¢
has P probability > 1 —n=5W),

PROOF. Fix # <6’ < 1 such that 8’ < %9, M e N and a partition IT of Z¢
into boxes of side length M. By Theorem 5.1, if M is large enough, then the event

1
G(n, M) = {a) €Q: Y [PV (X €A) =P (X0 €A)| < g
Aell

Vw s.t. [w —x]||; < n2}
satisfies P(G(n, M)) =1 —n=5_ In particular, using Lemma 2.14, whenever
ly —x|l1 < n?, for large enough n we have
< |P£(X[ne1 eAN)— IF’X(XW] eN|+ |]P)X(X|'n9'\ eAN)— IF’y(X[ne] €A)|
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Cng, 1 0’ 1
Sy =n ~(@+1)/2)6 _
Syt @ =" Cn <5
Consequently, there exists a coupling of P} (X, € -) and Pg(X [ne] € ) on
I x I denoted %Y = ’"xz such that &% YA, A): A e Q}) > —. Using the

uniform ellipticity, and the last coupling we can construct a new coupling Ef’y

of P3(Xpe1=") and Py(Xpe1 =) on Z4 x Z4 such that 7" (A) > 5n*M,
where A = {(z,2) : z € Z%} (for a more detailed explanation on the construc-
tion, see the proof of Lemma 6.1). Next, for kK > 2 we construct inductively
a new coupling of Pj(Xyr,e1 =-) and PCZ(XkW] =) on Z¢ x Z4 such that

""Fl gg 2. [ne/ (A) =1—n"5D_ The construction goes as follows: first, note that
if a, b € Z¢ are any pair of points such that |ja — x||1, ||b — x||1 < n?, then by the
same reasoning, we can construct a coupling of P“(X o] = -) and Palj (Xppoq = J)
on Z4 x 74, denoted El such that ¢’ b(A) > 5 ZdM . Next, assuming the cou-
pling E;_yl was constructed we define 2 k Y via the following procedure: choose
a pair of points (a, b) according to the previous coupling Ei_yl If a = b, couple
the random walks together (to go along the same path) for additional [n%] steps.
Ifa#band |a —b|| < n?, couple the random walks using the coupling E‘f’b
Finally, if |la — b|| > n?" we let the random walks evolve independently. Formally,
this is given by

g wiw) = Y B (@ D) [LampLuy—w, PY (X 61 = wi)
a,beZd
—~a,b
+ ]lO<||a—bH1§n9/ =T (wl» w2)
+ 1y o - PaXpo = w1 PO(X,0 = w2)].
It is not hard to verify that this indeed defines a coupling of Py (Xy,67 = -) and
P)(X k[nf1 = -), and that in fact by the definition of #" and the assumption ||x —

vl < n? that Ez’y(a, b) = 0 whenever |la — b|| > n? and n is large enough.
Therefore,

BTN =)0 Y B @ b)[Lamplu—w PA(X o = w)

weZ a,be7d
—a,b
T Lo jamppy e - BT (W, W)

b
+ ]1||a—b||>n9/ - Py (Xppo7 = w) Py (X07 = w)]
> ). ) B@ bl PE(X oy = w)

weZ a,beZd

—~a,b
+ Lo japf<nt’ - BT (W, w)]
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=5+ ) B @by, gy < BT ON)

a,beZd
1
- - 24M
> 82+ ) gl DY Loja—ppy < * 57
a,beZd

=87 (A) + = nZdM"”({m b):0< lla—bl; <n’})

1 /
= g0+ —nZdM(l — 8 (M) — B (@, b) s lla— bl > n}))

= 5,0 (M) + 50 LM (1 - BE ().
Fixing r > 0, as long as E (M) < 1 —n~" for j <k the last inequality gives
g7 () 1+1 am N
,_,x y = n : 0
2 (N) 2 1—n

which implies that Ez’y (A) grows exponentially in this regime. Hence, for
some C = C(r) < oo we have E)F’Cylogn] (A) > 1 —n"" and in particular since
,:x7y . . ,:x’y
{E," (A)}r>1 is nondecreasing g ]
ery r € N and large enough n, that is,

A) > EF(’:ylogn] (A) > 1 —n~" for ev-
=%y

"~ log? ]
onstruct a coupling of P"(Xn =.) and P)(X, =-) on Z¢, by using the cou-
pling & fl 7, . until time [log?n] - [n?]. Formally, if they coincided until time

A =1-— n—¢W_ We can now

Mog?n] - |'n9'| we couple them together (to go along the same path) until time
n, or if not to move independently until time 7. This yields a coupling such that
Y ez Py (Xn=2) — Py (X, =2)| <n~tD asrequired. O

PROOF OF LEMMA 7.5 PART (3). Written explicitly (after some manipula-
tions)
H (vbox—quexpre,n—k " vque,k)w _ (Uque,n—k * 1)que,k)

=2

ol

Yo Y PYXnk € API(Xi=x)

xeZd'Aell yeA
x<n y<on—k
f(oyw) 0 :H
7.15 ——— — P (X =Vy| Xk €A
( : [ZzeAf(Uzw) & =)l k€A
< PO(Xu_i € A PY(X; = [M
_ZzAZn ke yZA TS s f (0w
xon y<n—k

- P =Xk )|
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Noticing that for every A € IT and x € Z¢ we have

1 w foyw) 0 }

— N P (X = — o PYX,u—k =Xk €A)| =0,
yEZA <|A|,§A o (X ”MZZGM(@@) ok =7 1Xn—ic € &)
y<n—k

it follows that (7.15) equals

> > Po(Xu—k € D)

3 [Pg(xk:x)— (I%I > P;”(Xk:x)>]

xezd Aell yeA weA
x<n y<n—k w<n
f(o'yw) 0
X —P(X—k=y|X_keA)}
[ZZGA,zen—k f(ozw) @ "
2
=Y D PoXuk€d)| Y [W Y (P)(Xi=x)— Pg<xk:x>)]
xeZd Aell yEA weA
X<>n y(_)n_k w<>n
f(oya)) 0
x — Pt =X € )]
[ZzeA,zen—k f(Uzw) @i "
2 ,
xeZd Aell yEA weA
X<>n y(_)nik w<>n
f(ayw)

_PO X = vIXe €A ‘
D cen zon—k f(oz0) o (Xn—k = Y| Xn—k )

2

=2 2 P 3o ey (PI(Xi=x)
Aell  xezd yeEA | | weA
dist(x, A)<k y<n—k wen

X<>n
f(Gya)) 0
—Pw(Xk=x)H — P ( Xk = y|Xn—k € N)|.
© ) ZzeA,zenfk f(oza)) @i "

By Lemma 7.7 applied with k as n and 6 = g, this is bounded by

Yo > PXXuke D)

Aell xezd
dist(x,A)<k
X<>n
_ (oyw)
x k E(l)‘[ f(oy POX, = X keA)}
yeXi ZzeA,zen—k f(ow) @ "

y<n—k
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<> > PlXpenpkt®

Aell  xezd
dist(x,A)<k
<2k 2k + 1?7 — 0. 0
n—oo

PROOF OF THEOREM 1.11. Combining all the claims of Lemma 7.5 and using
the triangle inequality, we conclude that

: 1
dm 01— PUX =) f(0:0) = 3 Py (Xnk =) Pg (X =x = )| =0.
xezd' &N yezd

Using the Markov property of the quenched law and Lemma 7.3, this implies

Jim, 3 [P =00 (010) = POy =0)| =0
X€eZ

and completes the proof. [J

APPENDIX
A.1. Annealed local CLT.

PROPOSITION A.1. Letd > 2 and assume P is uniformly elliptic, i.i.d. and
satisfies (7). Then

lim > [PO(X, =x)

n—oo

xeZd
X<>n
2 1 0 T -1 0
B Qn)d/2J/det © exp —%(X—E [X,]) =7 (x —E’[X,]) )| =0,

where ¥ is the covariance matrix of X, _«,.

The crucial ingredient in the proof is the annealed CLT proved by Sznitman in
[25] for uniformly elliptic i.i.d. random walks in random environments satisfying
condition (). Then standard annealed derivative estimations to approximate the
value of the annealed in a given point by its average on a box of side length en'/2
gives the required result.

PROOF OF PROPOSITION A.1. Fix ¢, > 0 and let 1'[,(18) be a partition of Z4
into boxes of side length [en'/?]. Let C5 > 0 be a constant such that (due to

Lemma 2.16) PO(| X,, — E[X,1]lloo > Cs+/7) < 8 and denote by [1% the family
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of boxes in HS,S) intersecting {x € 7 Ix —E°[X ] lloo < Cs+/n}. Then

Z PO(X,Z =x)
xezd
2 1 o .
(2nn)d/2m <__(x —E°[x,)) =7 (x - E [Xn])>‘
= ¥ X[Ft=v
Ael‘[(”\n“ ) xezd
(A.1) 5 xreon |
" Qrnides ( 2 & TEX) =T —EO[Xn]))’
+ ) 2 ]P(’(Xn =
Ael"\[ff"s) xeZd
(A.2) );’ 1

We estimate each of the term separately starting with (A.1). Due to the choice
of C k)

(AD) < > P(X, = x)

x:|\x—E°[xn]||oo>caﬁ

1
(2nn)d/2m <__(X—EO[ n])TE_l(x—EO[Xn]))

<&+ C-exp(—%Cf)-

Thus, by increasing Cs we can ensure that (A.1) is bounded by 25.

Turning to deal with (A.2), we estimate each of the terms inside the absolute
value by an average on the appropriate box containing it. Due to the annealed
derivative estimations from Lemma 2.14, we have

Cenl/? Ce

Oy _ oy _
PY(X, =x) @02 = pdj2

2 0
(entyyd K € A)‘ =

for every A € nﬁf) and every x € A such that x <> n. In addition, for every A €
Hf,e) and every x € A

1
exp(—%(x —EX, ) = (x - EO[X,,])>

1 1 ~
_ W/AeXp(_ﬂ(y_Eo[Xn])TE l(y—EO[X,,])) dy‘
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< exp(—%(x —EX, ) 2 (x - EO[Xn]))
_
* (en1727)d

1 Ts-—1
f l—eXp<——(y—x) z (y—X))dy‘
A 2n
< exp(—%(x —Ex,) = (x - EO[Xn])) . Ce? < Cs2.

Combining the last two estimation gives

= A§> Zz s =)= (i O € )
+ . %5) EXZ:d |'gn1/2'|)d — PYX,eA)— (27m)d/22«/m
x m [ exp(—5 0 = B0 = 0 - B )
+ ) %}m XEXZ:’I (znn)d/zzm

1
X ‘W'[AGXP(—E()} _EO[XH])TZ_I()) —EO[Xn])) dy

- exp(—zi(x —EX,)) = (x - EO[XH]))‘
2

Z Z Z Z(27m)d/2\/det2]

Ael‘[(”)erd AcfilEd) x€A
~n X<>n
1
+ — PX,eA) -
A %(:w) GXZ:d (|’8n1/2‘|)d ! (2rn)d/2y/det T

X<n

2 1
8 Wffxp(—z(y ~E[X,]) =7 (v - Eo[xnv)dy\.

The total number of vertices in the boxes in ﬁ,(f"s) is (Csn'/?)? and, therefore, the
first two sums are bounded by Cgl - Ce. As for the last term, we have

> Z ———P'(X, € A) : 2

Aefif 5)erd 1/2-')d " - (2mn)d/2\/det & ‘ (Ten!/2T)d

S Tw—1/, 10 ) ‘
X/Aexp< 2n(y E’[X,]) 7 (y — E°[X,]) ) dy
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= > |P'X,en) - 2
Aefd) QQmrn)d/2{/det
1 Oy 751 0
erxp(—%(y—E [X,]) =7 (y—E [Xn]))dy‘.

Apply the functional CLT proved by Sznitman in [25] and nothing that for a fixed
¢ and § the sum is finite gives that the last term goes to zero as n goes to infinity.
Combining all of the above, we conclude that

2
lim su IP’O(X =Xx)—
n%oopxgd " Q)2 /det >
xX<>n

x exp(—%(x —EX, ) = (x - EO[XH])>‘
<C¢.Ce+26.

By first taking § > O arbitrary small and then choosing ¢ > 0 even smaller so that
Cgl - Ce < § the result follows. [

A.2. Annealed derivative estimations. In this part of the Appendix, we
prove Lemma 3.3 and Lemma 2.14 regarding annealed derivative estimations.

A.2.1. General estimations. We start with the following claim which is a gen-
eral result for i.i.d. random variables on a lattice:

CLAIM A.2. Let{Y;}2, and {Z;}?2, be a sequence of d-dimensional random
variables and a sequence of 1-dimensional nonnegative integer valued random
variables, respectively, such that {(Y;, Z;)}72 | are independent and have joint dis-
tribution P. Assume in addition that {(Y;, Z;)}{°, are i.i.d. and there exists v € 74,
k € N such that P((Y2, Z2) = (v, k)) > 0and P((Ya, Z2) = (v+ei, k+ 1)) > 0 for
every 1 <i <d.LetS,=)"_Y; and T, =3"_, Z;. Then there exists C < 00
which is determined by distribution P such that for every n € N, m € N, every
x,y € Z4 such that |x — y|l1 = | and every 1 <k <d

&-3) P((S, T) = (x.m)) < Cn=(@+D/2,
(A4)  [P((Sy, T) = (x,m)) — P((Sy, T) = (y, m + 1))| < Cn~@+2/2
and

[P((Sus T) = (x,m)) + P((Su, T) = (v + ek, m)) = P((Sy, To)

(AS5)
=(x+e,m+1)—P((Sy, )=, m+1)| < Cn—d+3/2
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In addition, if {Y;}{2 | and {Z;}{2 | have finite moments. Then for every & > 0, every
m € N and every partition T1,, of Z@ into boxes of side length n®

Y X [maxP((Sh Ty = (v, m) = (S, To) = (x,m) |

A€ell, xeA
xX<>m

(A.6) < Cp~1H3de

PROOF. Let x be the characteristic function of (Y>, Z»). Since (Y3, Z3) is
concentrated on a lattice x is periodic. The existence of v, k as above implies that
the period is 27 in every coordinate. The existence of v and k also implies that
there are D > 0 and § > O such that:

(1) |x(,s)|<1— D forevery (§,s) € [—n,n]d+1 such that ||(&, s)||1 > 6,
(2) 1x(, ) < 1 — D|&,5)7 for every (£,s) € [-m,7]4"! such that
1,91 <.

The last two facts implies [(A.3)—(A.5)]. Indeed,

P(Z(Yi, Zi) = (x, m))

i=2
_ 1
- (zn)d—i-l

5/ "1 (&, 5)| d& ds
[—n,n]d“

/[ i iR =ilsm) =1 (e oy e g
-,

= X", 5)| dE ds + X"~ (&, 5)| dE ds
1. )lli>8 IE.s)1<s
<@ a-py' + (1- D] & 9|7)" " dsds
IE.s)l1<8
—(d+1)/2

<Cn

and convolution with the distribution of (Y1, Z1) only decreases the supremum.
To see (A.4), note that y = x &= e; for some 1 < j < d and, therefore,

P(Z(Y,-, Z) = (x,m)) - P(Z(Y,-, Z)=(x+ej,m+ 1))

i=2 i=2

1
- (2m)d+1

=i, x)—i{s,m) _ —i(§,xFej)—i(s,m+1) n—1
X /[—n,n]dH e e )x (&, )" dEds

< (2 id—’_l / |e—i(§,x)—i(s,m) _e—i(é,x:tej)—i(s,m-i-l)|
T [—n,n]d‘H

x |x &, o) dt ds.
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Recalling that |e = E:X)=i{sm) _ g=ilExej)=itsm+1)| < (£ 5), (£ej, 1))], we can
bound the last term by

1
W/—n,n]d+l| (€ ej)|-|x (&, 5)|dEds

<(1-Dy*t'4+cC . <6|si<g,ej>|(1—D}|<g,s)||f)”‘1dgds

<(1-Dy"+cC Is & (£, ej)]| e~ PrIEDN gg g,
(€.9)l1=<é

Substituting ¢ = &4/n and 1 = s4/n the last integral equals
C

N /n@,nulsaﬁ

C
SWfd+l|fi<fae>l “PICDIT gg dr = O (n~@HD2),
n R

For (A.5), note that

P(Z(Yi, Zi) = (x, m)) + P(Z(Yi, Zi)=(y+e, m))

i=2 i=2

It (2, e)]ePIEDIT 4z g

- P(Z(Yi, Zi)=(y,m+ 1)) - P(Z(Yi, Zi)=(x+ex,m+ 1))'

i=2 i=2

= P(Z(Y,-, Zi) = (x, m)) - P(Z(Y,-, Z)=(x+ej+ex, m))

i=2 i=2

— P(Z(Yi, Zy=(x+ej,m+ 1))

i=2

- P(Z(Yi, Zi)=(x+e.m+ 1))‘

=2
— # / ( i(&,x)—i(s,m) teo i(§,x+ej+er)—i(s,m)
(27T)d+1 [—m, 7 ]e+]
< ‘/ 1+e” i§.ejten) _ p—ifE,ej)—ifs, 1) _ ,—il§,en)—ils, 1>|
[ nﬂ]d+l

X |X(S,s)]"_ld§ds

<[ &S e D)) e D60 de ds
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and the proof continuous now as before except that we gained an additional factor
of n=1/2,

Finally, we turn to the proof of (A.6). For every A € I1 denote by xa a point in
A such that P(S;, = xa) = maxyca P(S, = y). As a first step, we show that

(A7) 3 SU[P(Sy =xa) = P(Sy = x)] < Cn~ /243,
Aell, xeA

By [2], Claim 4.3, for every x, y € Z4 such that ||x — v|l1 =1, we have |P(S, =
y) — P(S, = x)| < Cn~@+D/2 and, therefore, for every A € IT

> [P(Sy =xa) — P(S, =x)]

XeEA
(A.8) < 3 xa = xllooCn~ @D/
xXEA
<C Z nds 'n—(d+1)/2 — Cn—(d+l)/2+2d8‘
XEA

Splitting the sum over the boxes to those boxes whose distance from E[S,] is
greater or smaller than n'/>*¢, we can the first with by an Azuma inequality which
yields P(||S, — E[S, 1]l > n'/%*¢) = n=5() and the second with (A.8) we get

3 Y [Py = xa) — P(Sy =x)]
A€ell, xeA
< Z Cn~—(@+D/242de 4 =€)  cp=1/2+3de
A€ll,
dist(A ,E[S,]) <nl/2+e

Finally, we turn to prove (A.6). Denote

gm)= 3 3 [maxP((Su. Tn) = (y.m)) = P((Su. T) = (x.m)) .
Aell, xea 7€
X<>m
By Azuma’s inequality P(|7,, — E[T,]]| > n1/2+8) =n"%M and, therefore, it is
enough to deal with m € N such that |m — E[T,]]| < nl/2te, By the same estima-
tion and (A.7), we also know that n!/2+¢ Min,,, (., _g(7,)|<nl/2+e (M) < Cn~1/2+3de
and, therefore,
(A.9) min g(m) < Cp~1+Bd=De,
m:|lm—E[T,]|<n!/2+¢

However, using (A.5), for every m € N and x, z € A such that x < m, z <

m + 1 we have

IyI'IEaAX P((Sn: T,) = (y= m)) - P((Sn’ Tp) = (x, m))

— maxP((Sy, Tn) = (w,m + 1)) = P((S,, T) = (z,m))
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d
<> Y P(Snr Tw) = (x,m)) + P((Sn, Tw) = (y + ek, m))
k=1

X, yEA
xX<m
ly—xlhi=1

- P((Sny Ty) = (x +ex,m+ 1)) - P((Snv T,) = (y, m + 1))|
< Cn—(@+3)/2+de
and, therefore, by separating the sum into boxes which are at distance < n'/>*+¢
and those who at distance > n!/>+¢ we get

]g(m) —g(m+ 1)| < Cnl/2+e)d ,—(d+3)/2+de +n—€(1)

(A.10)
— Cp-3/2+2ds

Using (A.9) and (A.10) gives
g(m) < Cn~1TGd=De | 0y =3/242de _,1/24e  cpy=1+3de

for every m € N such that [m — E[T,,]| < n'/2t¢ and thus completes the proof. [J]

A.2.2. Proof of Lemma 3.3. Before turning to the proof of the lemmas, we
give the following estimations on hitting point of an hyperplane conditioned to
contain a regeneration time. More formally, we have the following.

LEMMA A.3. Letd >4 and assume P is uniformly elliptic, i.i.d. and satisfies
(P). FixzeZ N eN and let z; € P(0, N). Let {X,,} be an RWRE starting at
z1. For k,l e N let B(l, k) be the event that (X, ,e1) =1, B(l) =, B(l, k) and

2
B(I,N*)=B()=B()N F] B(j).
j=l+1
Then (for a given | < N?):
(1) Foreveryn e Nand w € H;
(A.11) P (X7, Tp) = (w, n)|B(1)) < C1I79/2,

(2) Foreveryn € N, and every w, z € Hj such that |lw —z||1 =1
P (X7, T)) = (w, )| B()) = P*' (X7, T)) = (z,n + DIBD))|

(A.12)
<l

(3) Foreveryn € N and every w € H;

[P (X7, T) = (w, n)| B(A)) — PA1 (X7, Ty) = (w, n + 1| BQD))|

(A.13)
< Cl_(d+1)/2.
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PROOF. Due to the independence of (X7, 7;) from m?,:zlﬂ B€(j), we get that
for every M e N

P (X7, T)) = (w, )| B(D))
=P (X7, Th) = (w, n)| B(1))

1 o0

= Faaq) o (Ko=)
k=1

S [
:]P’ZI(B(Z) Zl <(ka’rk):(w’")’< /2 €1) Z 5)

3 /
]P’Zl (B(l) X; <(er, ) = (w, n), (Xq — Xf[k/zw er) > 5)

1 Z l
E 4( Tk o 4 ’ n ’ ‘( T ’ e S
§ (( ’ ) ( ) )7 ( 27 ) =< )'
]P)Z (B(l)) k—M+ * ¢ v i ’ x ! 2

[
“ ((X‘[kv Tk) = (wv l’l), <X‘[|’k/2'| ’ el) S 5)
= Y D P (K Tikg2) = (x,9))

x:(x,e1)<l/2seN

(A.14) x P((Xgp, ) = (W, M| (Xegy > Tr/21) = (5 8))

< Ck—@d+D/2 Z Z P2 ((XTW21 ,Tik/21) = (x, s))
x:{x,e;)<l/2seN

l
—(d+1)/2
— Ck~W@+b/ [PZI((Xr(k/zpel)S 5),

and in a similar manner

l\)l‘\
~—

P <(X‘[k, %) = (w, n), <er - erk/217 e;) <

l\)lN
N~

< Ck~rD2pa (<X o~ Xepys€1) =

l
—(d+1)/2
= Ck @+b/ PZI((‘X‘["/(/Q-‘;el) = E)
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Repeating the same calculations while separating the sum according to the events
(Xfwzj,el) > é and (X, — X,Lkm,el) > % we get that

[
P ((X‘Ekvtk):(wvn)’ (X‘Erk/z]yel> > )

[
< Ck—d+D/2pz ((Xr(km Lep) > )
and

l
]P)Zl<(er,Tk):(w,I’l), (X‘L’k _X‘[(k/z“ael> Z )

/
—(d+1)/2
<Ck (@+b/ P ((Xr[k/z]»'?l) = 5)»

combining all of the above yields

M
A _ l
B (X 1) = (.| B)) £ € 3 kDR (X ) = 5 )
k=1

ad )
+C Z k—d+D/2pz ((Xf[k/Z]’ e1) < )
k=M+1
The argument continues now as in the proof of [2], Lemma 4.2. Choosing

[
M=
Ez [(th - X‘[l s el)]

=0()

and using Theorem 2.8 (see also Remark 2.11) we get that 7z — 7% has finite
2d moments, and from standard estimates for the sum of i.i.d. variable [that the
2d moment for the sum of k i.i.d. mean zero random variables grows like 0 (k],
thus

P (X > ! P (X <L) < mi 1 CKe
< T"k/2-|7el>_§ s ( ‘E"k/r‘sel>_§ = min ,W

and, therefore,

o, —(d+1))2 Ck* a2
— B —(d+1) : — -
IP’Zl(Xl_x|B(l))§CkE:1k mln[l, ( _k)Zd]_O(l ).

To see the last equality, we have to separate the sum into four parts as in [2],
Lemma 4.2, the first part is a sum over k € [1, M] which contains roughly / sum-
mands, each of them is bounded by CI~¢ and therefore the whole sum is bounded
by CI=¢*!. The second part is a sum over k € [%, M — /M]. In this case, the
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sum is bounded up to a constant by
M—VM
/ X 4Dy — )2 g

M2

M2 d—1)/2 2d
=/m (M — y)@=D/2y=2d gy,

MANE=D/2 )2
5(—) f y M dy
2 VM

<MD Z o(M12) = 0171,

The third sum is over k € [M — /M, M + /M. This part contains roughly /M
summands, each of them is bounded by M~@+1/2 5o the sum is O (I~%/?). Finally,
the last sum is over k > M + \/M . This case is similar to the second sum and is
bounded up to a constant by

/ X@D/2( _ ppy2d g
M+VM

2M
= x@=D/2(x —M)_dex+/oox(d_1)/2(x — M) X dx
M+~vM 2M

M e3¢}
=/ (y+M)(d—1)/2y—2ddy+/ (y + M)@=D/2y=2d 4
Vi M

M 00
<CcM@-D2 /my—zd dy + C/M y@=D/2y=2d g O(Z_d/z).

Thus,
P4 (X7, T1) = (w, m)| B(D) < 17472,

The arguments for the other two inequalities are very similar and, therefore, we
only discuss the proof for (A.12). Assuming without loss of generality that y =
x +e; for some 1 < j <d we have

P (X7, Th) = (w,n)| BA)) — P*1 (X7, T) = (z,n+ DIBQ))|
=P ((X7, T) = (w,n)|BA)) — P (X7, T7) = (z,n + 1)| BQ))|

o0

P (Xe ) = (w, ) = P (X, T) = (2, + D).

< -
= PA(B() &

We can now continue as in the previous case by separating the sum for k < M

. . . 1
and k > M and also adding either the assumption (X — Xy /21,61) > 5

(Xepms€1) = % Now we can estimate each term in the same way except that

or
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in (A.14) we have

[
P (g7 = ), X} = 3)

l
= B (X 50 = @+ ). (Xec) < 5)‘

= Z ZPZI((X‘E”(/[‘,TU{/Z-\) = (x,S))
x:{x,e1)<l/2seN
X [P (X ) = (W, M (X 5 Trig2)) = (%, 5))
— P ((X g i) = (2, 1 4 DXy Tri/21) = (%, 9)))|
< Z Z Ck—d+2)/2pu ((Xf(km’ ) = (x, S))
x:{x,e1)<l/2seN

l
—(d+2)/2
= Ck—d+2)/ le(<XUk/21’el> < 5),

where for the last inequality we used (A.4) instead of (A.3). Apart from that dif-
ference, the proof continues via the same lines. [

Next, we turn to the proof of the annealed estimations. We follow the same ideas
as in the proof of [2], Lemma 4.2.

PROOF OF LEMMA 3.3. (1) Denote u := (XTBP(O,N)’ Typ,n))- Then

P*(u = (x, m))
=Y PBO) Y. P(Xz,T)=w,nlBD)
I<N? weH;,neN

w—z1<n

x P*(u = (x,m)|B(), (X7, T}) = (w, n))

= > PY(B(1)) max CI™?Pi(u = (x,m)|B(), (X7, T)) = (w, n))

1<N2 weH;,neN
= w—z1<>n
2 ¥y p(Bw)cr?
I<N?
@ —c(N?=D)/DY =d/2
< ) Ce Cl
I<N2?
_ Z Cefc((szl)/Z)Vled/Z_i_ Z Cefc((szl)/Z)Vledﬂ
I<NZ2/2 N2/2<I<N?

C
Nd = Nd’

2
<N ey | € T e DY
2 N2/2<I<N?
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where for (1) we used Lemma 3.3, (3.1), for (2) we used the shift invariance of
the annealed walk and for the first sum in (3) we used Corollary 2.10 (see also
Remark 2.11).

(2) For y € Z4 such that ly — x|t =1, we can find 2 < j <d such that y =
x £ e (without loss of generality assume the sign is +) and, therefore,

Pu=(y,m+1)
=Y PBM) Y. P(Xg.T)=w+ej.n+1)B(0)

I<N? weH;,neN
wW—z1<>N

x P(u=(y,m+ DIBW), (X7, T) = (w+e¢j,n +1))
=Y P BMD) Y. P((Xg.T)=w+ej.n+DIB(0)

I<N? weH;,neN
w—z1<n

x P¥(u = (x,m)|B(), (X1, 1) = (w, n)).

Subtracting the formula for P*(u = (y, m 4 1)) from the one for P*! (u = (x, m)),
we thus get

P (1 = (x,m)) = P*(u= (y,m + 1))
< Y PBO) Y [[P((Xg, T = (w,mIBW)

I<N? weH;,neN
W—Z1<>n

— P (X7, T) = (w+ej,n + DIBD))|
x P (u = (x,m)|B(), (X7;, T}) = (w,n))]
< Y P(BO) max N|PZ((XT1,7})=(w,n)|l§(l))

<j<
1<N2 weH;,2<j<d,ne

— P (X7, T)) = (w4 ej,n + D|B())
where as before we used the shift invariance. Using (A.12), we get

P (u = (x,m)) = P*(u=(y,m+ )| < Z Pz(é(l))Cl_("“)/z
I<N?

’

which by the same argument as before is bounded by CN~7~1,
(3) We start with the case where w = z + ¢ for some 2 < j < d. Due to the (2),
we have

P (u = (x,m)) —P*T% (u= (x,m+ 1))|
< |P*(u = (x,m)) — P (u = (x +e;,m))|
+ [Pt (u = (x +ej,m)) — P (u=(x,m+1))]
< |P*(u = (x,m)) —P** (u= (x +e;,m))| +CcN—4T
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and, therefore, it is enough to compare P*(u = (x,m)) with P*"¢ (u = (x +
ej, m)). In this case, we have

Pete) (u =(x+ ej, m))
= Y E(B0) Y PU((Xg, T = (w+ej,n)|B())

I<N2? weH;,neN
w—z1<>n

x P (u = (x +ej,m)|B(), (X7, Ty) = (w + ¢, n))

= Y PUBM) Y PTY((Xp. T = (w + e m)|BO))

I<N? weH;,neN
wW—2z|<n

x P (u = (x,m)|B(), (X7;, T}) = (w, n))
=Y PXBWO) Y. PU((Xy, T) = (w+ej,n)|B(Q)

I<N? weH;,neN
w—z1<>n

x P*(u = (x,m)|B(), (X7, T1) = (w, n))
and, therefore,
[P (u = (x,m)) =P (= (x + ¢, m))]
< ST PHBO) Y [[P((X7. T) = (w +ej, )| BWD))

I<N2 weH;,neN
w—z1<n

—P*((X7y, Tr) = (w, )| BW)) [P (u = (x, m)| BA), (X713, Th) = (w, n))]
< Y P(BO) max [P (X7, T)) = (w + e;,n)| B(D))

J<N2 weH;,2<j<d,neN
—P((X7. T)) = (w, m)|BD))|.
Using (A.12) and (A.13) gives
IP?(u = (x,m)) =P (= (x +er,m))| < Y P(BO)CI~H/2
I<N?

and the proof is completed in the same way as in (2). Finally, we turn to deal with
the case w = z + e1. One can rewrite the term for P*T¢! (u = (x =m)) as

Pt (u = (x, m))

= Y PB4 1)

I<N2-1

xS P((Xg,, Ti) = w + e m)BU+ 1)
weH;,neN
w—z<>n
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X P (= (x,m)|BU+ 1), (X1,,,, Ti+1) = (w + €1, 1))
= > PBO) Y. P(Xgp.T)=@w,n)lB0)

I<N2—1 weH;,neN
w—z<>n

x P (u = (x,m)|BA+ 1), (X7, Ti41) = (w + 1, 1))
and, therefore, using Lemma A.3
P*(u = (x,m)) — P*T (u = (x, m))|
< Y PBO) > P(Xp.T)=w,n)B0)

I<N2-1 weH;,neN
w—z<>n

x [P (u = (e, m)|B(). (X7, T)) = (w. n))
— P (= (x,m)|BA+ 1), (X13,,, Tr1) = (w + e1, 1))
+ PZ(B(N2)) max NPZ’((XTNZ, Ty2) = (w, n)Ié(NZ))

weHNz,ne
wW—z<>n

x P*(u = (x,m)| B(N?), (X, Ty2) = (w, n))
< > P(BO)
I<N2-1

x Y ClIrORP (= (x,m)|B(), (X7, T)) = (w, n))

weH;,neN
w—z<>n

=P = (e, m)|BU+ 1), (X1, Tra) = (w + €1, )|
4+ Pp? (é (NZ)) . CN—(d—H)/Z
<2C Y PYBM)ITYTVZ 4+ P(B(N?)) - CNTUTD2
I<N2—1
< CN—@tD/2,
as required. [J
A.2.3. Proof of Lemma 2.14. The proof of Lemma 2.14 follows very similar
lines to the one of Lemma 3.3 and is based on very similar estimations to the one
obtained in Lemma A.3. Here, we need a slightly different version of it in which

we replace B(l ) the event that the last regeneration time is in the hyperplane [ with
the event Z (/) in which the last regeneration time is at time /.

LEMMA A.4 (Middle step in Lemma 3.3). Let d > 4 and assume P is uni-
formly elliptic, i.i.d. and satisfies (£?). Fix 7 € 7% and n € N. For k,1 € N let
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Z(l, k) be the event that T, =1, Z(l) = U Z(l, k) and

Zy(h=ZOh=2z0HN () Z°0)-

j=l+1
Then for every z € Z.%:
(1) Foreveryl <nandx € z4
(A.15) PX(X; = x| Z(1)) < CI74/2,

(2) Foreveryl € N, and every x, y € Z¢ such that ||x — y||; = 1
(A.16)  [PY(X; =x|Z(1)) = P*(Xip1 = y|Z(L + )| < CI=€FD/2,
(3) Foreveryl e N everyx € Z and every 1 < j <d
(A17)  [PY(X; =x|Z() — P (X0 = x| Z(L + 1))| < c17@+D/2,

(4) For every & > 0, every partition T1,, of Z% into boxes of side length n® and
anyl e N

(A.18) Z Z max]P’Z(Xl — yIZ(l)) ]P’Z(Xl =x|2(l)) < Cl_1/2+3d8.

A€ll, xeA
x—z<l

PROOF. Due to the independence of X; from ﬂ’}:, +1Z¢(j) conditioned on
Z(l) we get that for every M € N

(X, =x12() = PZ(X, —x|1Z()

IP’Z(Z(Z)) ZP (X m) = (x.1)
1 M . B }

= mgp <(XTI<’ Tk) = (x,l), T|—k/2] > 5)

1 M

21 . _ £
+WI;P ((er, Tk)—(X,l),‘L'k Tlk/2] > 2)

! - 7] _ [
! m k:%:-‘rl v ((th’ tk) N (x’ l)’ T[k/z-l = 5)
I ) o

k=M+1
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Claim A.2 gives
[
p* ((er, ) = (x, 1), T2 < 5)
12
= Z Z ]P)Z((X‘E(k/z] ’ Tfk/z-\) = (w’ S))
s=0 wezd
W—Z<>S

X PZ((XTkv ) = (x, l)l(XT[k/z] s TUC/Z]) = (w, S))

12
< Ckm@HDRY 3 PE((X v 05 Trk21) = (W, 9))

s=0 wezd
W—z<>s

= Ck~@+D/2pa (T[k/ﬂ < %),

and similarly we have

l [
PZ((er, 7)) = (x, 1), % — Trry2) < 5) < Ck~U+D/2pa (Tk — T[k/2] < 5)

< Ck(dJrl)/ZIP)m(r[k/z] < %)

Repeating the same calculations while separating the sum according to the events
Tlk/2) = é and T — T|k/2) > é we get that

[ _ [
PZ((ka, ) = (x, 1), Tk = 5) < Ck~@+h/zpz (‘L’[k/Z] > 5)
and
Z l —(d+1)/2mwz !
P\ Xy o) = (X, D), T — Trey2) = 5) = Ck P\ k21 = )

combining all of the above yields

M
, !
PA(X; =x|Z()) <C Yk~ @HD/2pe <T[k/21 > 5)
k=1

ad l
+C Z k_(d+l)/2PZ (t[k/2'| < E)
k=M+1

Choosing

[
-~ Ef{rp — 11, e1)]

=0()
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and using Theorem 2.9 (see also Corollary 2.10) we get that 7z — 7% has finite
2d moments, and from standard estimates for the sum of i.i.d. variable [that the
2d moment for the sum of k i.i.d. mean zero random variables grows like 0 (k],
thus

! ! , Ck4
IP)Z<‘L'|'](/2‘| > §>,PZ<T|']</2'| < 5) < m1n|:1, 7(M — k)Zdi|

and, therefore,

o, —(d+1)/2 Ck4 )
7 —(d+1) ; _ -
]P’ZI(X,_x|Z(l))§CkE:1k m1n|:1, 0 _k)2d1|_0(l )-

To see the last equality, we have to separate the sum into four parts as in [2],
Lemma 4.2, the first part is a sum over k € [1, 2] which contains roughly / sum-

mands, each of them is bounded by CI~¢ and therefore the whole sum is bounded
by CI=4+!. The second part is a sum over k € [, M — /M]. In this case, the
sum is bounded up to a constant by

M—vM M/2
/ X @Dy — )2 g :f (M — y)@=D/2y=2d g
VM

MN\@=D/2 M2
< (—) f y 2 dy
2 M

=0(M ) =0("Y?).
The third sum is over k € [M — ~/ M, M + ~/M]. This part contains roughly ~/ M
summands, each of them is bounded by M ~(@+1D/2 o the sum is O (I~/?). Finally,

the last sum is over k > M + /M. This case is similar to the second sum and is
bounded up to a constant by

M2

/ X @D/2 (0 )2 gy
M+VM

2M
= x@D2(x — My gx + foox<d—1>/2(x — M) dx
M+VM oM

M o]
=/ (y+M)(d—l)/2y—2ddy+/ (y + M)d=D/2y=2d 4
VM M

M 00
<CcME@-D2 /my_Zd dy + C/M yd=D/2y=2d 4, O(Z—d/Z).

Thus,
P (X, = x| Z(1)) < CI79/%,
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The arguments for the other two inequalities are very similar and, therefore, we
only discuss the proof for A.12. Similarly, to the first case, we have

[P (X; = X1 Z,y(D) = P (Xp1 = Y1 Zpga (L + 1))
= |P(X; =x|Z(D)) = P (Xp41 = y|Z(A+ D)

1 o0

1 o ’

T EEIED) gﬂ”z' (Xg. )= (. 1+ 1))

1
(A19) <——0 Z} P (X ) = (6, D) = P (X i) = (0, 4 D)

= PAZ(0) 2
A.20 ! ! [+1
BD) | FEaE ), w ) =, 1+ 1),

For the first term, we can now continue as in the previous case, by first sep-
arating the sum for k < M and k > M and also adding either the assumption
(Xy — Xr[km,m) > é or (Xr[km,m) > % Now we can estimate each term in
the same way except that in (A.14) we have

[
P! ((X‘Ek7 ) = (x, 1), (X‘E"k/z-‘,el> =< 5)

[
- ]P)Zl ((X‘L’kv Tk) = ()’» l + 1)= (X‘[[k/z",q) E 5)‘

< D D P (Kepys Trg2) = (w,5))

wi(w,e1)<l/2seN
x |]P)Z1 ((XTk’ ) = (x, l)|(XT(k/2]a f|'k/2'|) = (w, S))
— PN (X, ) = (0, L4+ DIX e 75 Treg2) = (w, )|

< Z Z Ck—@+2)/2pz ((Xfrk/ﬂ , T[k/Z]) = (w, S))
wi{w,e1)<l/2seN

- )
Ck (d+2)/2PZl <<X‘[|'k/2-| s el) =< 5)9
where for the last inequality we used (A.4) instead of (A.3). Apart from that dif-
ference the proof for the first term continues via the same lines. Regarding the
second term, since {tx — Tx—1};, are i.i.d. under PP using the Fourier analysis
of Claim A.2, one can verify that |P*(Z()) — P21(Z( + 1))| < ~+ and there-
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fore,

(A20) < P (X141 = y|Z(+ 1))

[-Pa(l)
C
= 7 P(X=ylza+ D) =C- D2 = (1@,

where for the last inequality we used the first part of the lemma [see (A.16)].

Finally, we turn to discuss the last term. The proof is very similar to the previous
ones. For every A € I1,, denote by xa a point in A such that P*(X; = xA|2(l)) =
maxyca P*(X; = y|2(l)) we get

oy maxIP’Z(Xl YIZ(1)) — P (X; = x| Z(1))
Aell, xea YEA
x—z<l

1
REVA0))

xZ Y P((Xg ) = (2, D) — PH((Xg ) = (3, D).
k=1 A€ll, xeA
x—z<1

Separating the sum as in the previous cases and using (A.6) in the appropriate
inequality, this completes the proof. [J

PROOF OF LEMMA 2.14. (1) We have

PY(X, =x)
=Y "PHZM) Y PUX; = w|Z(D)PH (X, = x|Z(1), X; = w)
I<n weZd

S PZ0) Y CrPP (X, = x120), X, = w)

I=n weZd
DS Pz
I<n

@Ze—(log(n ~DY oy=d/2

I<n
=y e~ log(n=0)> 0y=d/2 | 3 ¢~ log(n=0)* cy=d/2
[<n/2 n/2<l<n

Sce—c(logn)2+cn—d/2 Z e—(log(n—l))z §Cn_d/2,

n/2<l<n
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where for (1) we used Lemma A.4, (3.1), for (2) we used the shift invariance of
the annealed walk, and for the first sum in (3) we used Corollary 2.10.

(2) For y € Z4 such that ||y — x|/ = 1, we can find 1 < j < d such that y =
x + e and, therefore,

]P)Z(Xn-l-l = Y)
= Y PHZpa D) Y. PH(Xi=wlZu (D)

I<n+1 weZd
w—z<>1

X PY(Xpi1 =Y Zns1 (1), X; = w)
=Y P (Zur1(+ D) Y P (Xipr = w+ej|Zus1 (D)

I<n weZd
w—z<>1

X P (Xpt1 = Y| Znp1 (), Xpp1 = w + ej)
=Y P(Zup(+ D) Y P(Xrpi=w+ej|Zyi+ 1)

I<n weZd
w—z<1

x P (X, = x|Zp(1), X; = w).

Subtracting the formula for P*(X, 41 = y) from the one for P*(X, = x), we thus
get

P (X = x) = P*(Xpp1 =)
< 3 P Zuga (0 + D) = PHZ, ()]

I<n—1

x Y PH(Xppr = w+ej| Znp 1+ D)PH(X, = x| Zy (1), X; = w)
weZd

+Y PHZy(D) D [P (X = wlZy (D) — PH (X = w + ¢ Z, (D)
I<n weZd

x PY(X, = x|Zp (1), X; = w)
< Y P Zuga 0+ D) = PHZy D) [P (X1 = x + €)1 Znp1 (L + 1))

I<n—1
+ 3N PH(Zp(l max  |P¥(X; = w|Z,(
ZSZn (Zn1@) | _max  [P(X;=wlZ, (D)

— P (X1 =w+ej|Zupi (L + 1))

’

where as before we used the shift invariance. Using (A.12), the second term is
bounded by ., P*(Z, (1))CI —(@+D/2 "which by the same argument as before is
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bounded by Cn~@+1/2 Regarding the first term, using the first part of the lemma,
see (2.2) and Theorem 2.9 gives

S P Zus1 U+ D) =P (ZO)[P¥ (X1 = x + €| Z( + 1))

I<n—1
PY(Zps1 (L + 1)) — PX(Z, (1
< Z | ( n+1(A+ )) ( n( ))|PZ(X,,+1=X+€]')
I<n—1 PA(Zy+1(1+ 1))
<y P2 (Zyi1(+ 1) — PX(Z, (l))l 4d/2
I<n—1 IEDZ(Zn—i-l(l +1)
< Z e—(log(n—l))zcn—d/Z_|_n—d/2
I<n—nl/4
X o PN Zu (0 + D) = PH(Z, (D))
n—nl/4<i<n—1
W p(p-@0r2y 4 p=a2 %Ecnfd/z,nlﬂ.nfl

n—nl/4<i<n—1

— O(nf(d+1)/2),
where for (1) we used the fact that for [/ > n — n'/4 > 5

PY(Zpi1 (L + 1) = PH(Z, (D))

n+1 n
- ]P’Z(Z(lJrl)ﬂ N zu)")—PZ(zam N zm“)

n+1
= P*(Z( + )P (ﬂ Z(J)C‘Z(l—i—l))

Jj=Il+2
—PH(zZz))P ( )'
Jj=l+1
=P(Z(+ )P ( )
Jj=I+1

—PY(Z))P ( I )'

:Pz< e >.|PZ(Z(1+1))—PZ(Z(1))\
j=1+1

<Pz + 1) -P(ZD)| < —<Cn "
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(3) This follows exactly the same lines as the argument for the previous inequal-
ity.
(4) A similar calculation gives

Y X [maxBXy =) ~ By = )]

Aery XEA
= > maxZ]P’Z ZM) > P(X = w|Z(D)
AGH(S) x<—>n l<n weZd

w<>1

x [P*(Xy = xa1Z(1), X; = w) = P (X, = x| 2(1), X; = w)]

=S PZ0) Y. Y Y [PH(X = wlZ0)

I<n weZd Ael—[(a)xeA
w<>{ x<n

—PX(X; = w +x — x0| Z())|P* (X, = xal Z(D), X1 = w).
Using (A.18) and the shift invariance of the annealed measure this is bounded by

sz(z(l))a—uzwdg < Ze—(log(n—l))z L C]-V/2+3de o o —1/2+43de

I<n I<n

g

A.2.4. Proof of Lemma 2.16. Recalling Corollary 2.10, we have
P X0 — E¥[Xn]] o, > v Rs (1))
(A.21) <P*(| X, —E*[X,]| o, > v/nRs(n)|By) + P(By)
<P (Fk <n:| Xy —E(Xgl| o > 3v/nRs(n)|B,) +n 50,

Note that conditioned on B,, the regenerations are still independent and all of them
are bounded by R(n). If we could show that [|E*[X,, ] — E*[Xy, |By]lleo =n 5D
then

(A21) <P*(3k <n:,

— E¥[X¢|Byl| o, > §+/nRs(n)|B,) +n~ 5"

which by Azuma’s inequality is no more than

; 1
ZPZ<||er — E°[ X5 |Bul o > ZﬁR5(n)|Bn> Lt
k=1

nRs(n) —Rs(n —&(1
<dZexp( 16kR2(n)) <de R —p £,

Thus, it is left to show that ||[E3[X,,] — B[ Xy, | By]lleo = n~5(. Since k < n, by
the triangle inequality it is enough to show that ||E*[X, — X ] — E*[X, —
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X 1Bullloo = n—¢W  However, for every k <n
B [X o — Xy ] = E¥ (X — Xop | Bl o
< |E [Xo = Xgo_y ] = E¥[(Xqp = X )1B, ][ oo
+ |E (X = Xoe_ 1B, ] — B [Xq — Xy 1Bal| oo
= |E*[(Xr, — Xrp_ )LBe] | oo + PH(B) | (X1, — Xy 1Bul] o
< |E*[(Xz, — X)L ]| oo + R(0)P(BY)
< B [(Xgp = X, )03k 7j—1;-1 > R0 | oo
+ B (X, = Xoe_ )Lty > R )] | o0 + RDP*(By))

o
< B [(Xg = Xo DIP(BY) + Y le™" + R(n)P*(B)
I=R(n)

0

where for the last inequality we used the assumption (£?) which implies 7), for
any 0 < y < 1, and for the last equality we used Corollary 2.10.

The quenched estimation follows from the first inequality together with
Claim 2.15, while the second annealed estimation follows by the exact same proof
with Rs(n) replaced with a large constant C.

A.3. More annealed estimations.

A.3.1. Proof of (3.6)—(3.9). We start with the proof of (3.6).
P*(X7,,,, € A, Tyyyy € IV)
=P*(X1y,, € AV Ty € IV X7, € A, Ty € 1)
+ P (X1, € AV Typpy € IV, (X7, € A, Ty € 1))
<P (X7, €A, Ty € 1) +P*(X71,,,, € AV, X7, ¢ A)
+ P (T € IV, Ty ¢ 1).

Thus, it is enough to show that P*(X7,., € A X7, ¢ A) = N5 and
P (Tyy € IV, Ty ¢ I) = N~5W. Since by Lemma 3.4 P*(X7,, ¢ P(0, N)) =
PX(X1y & PO, N), Tap.n) # Tyrpo.ny) + N5 = N5, we have

P*(X7,,., € A", X7, ¢ A)

- 3 P (X1 =¥, X1pysy € AD) + N7ED,
yeP O, N)NHy\A



2974 N. BERGER, M. COHEN AND R. ROSENTHAL

However, using Lemma 3.4 once more, for every y € P(0, N) N Hy; \ A and ev-
ery w € 75(y, V'V) we have Pw(Tw(%ﬁ) = 8+P(y,ﬁ)) =1-WV) D =1—
N=5M_Since in addition dist(dtP(y, V), A) > INO — 1. 2N —J/VRs(V) >
%NG — ¢N? it follows that PY(X71y,, € AD) = N0 To complete the argu-
ment, we note that we note that (by Corollary 2.10)

PY( X7y =¥, X1yyy € A(‘)) =P (X1, =y, X1)y,y € AL, By) + N—ED

and under By there is a regeneration time at distance at most R(N) from y.
This gives a new point w € Z¢ [such that |w — y|lec < R(N) and in particular
w € P(0, N)] from which the probability to hit A() when hitting the hyperplane
Hjpr+v (conditioned to start in a regeneration time). Since the last conditioning has
a positive probability this is bounded by CP¥(X7,,,, € AD) = N~ Thus,

P*(X1,,., € AV, X7, ¢ A)

- 3 PX(X1), =y, X1y, € AD) 4+ N7ED
yeP (O, N)NHy\A

<[P0, N)| - N75O 4 N—E) = =50,

A similar argument shows that P*(Tyy € IV, Tyy ¢ I) = N5, Indeed, by
Lemma 3.4 up to an event of probability M5 = N=§( the first hitting time
to the hyperplane H), is the same as the exit time of the box P(0, M). By the
same lemma, we also know that up to an event of probability N ~¢(1) this time is at
distance at most N R>(N) from the expectation of E*[Ts]. Therefore,

P (Tysv € IV, Ty ¢ 1)

= Z PZ(Tm =t,Ty+v 61(1))+N_€(l).
t:|t—E2[Ty]|<N R (N)
1l
In the case r < c(I) — N? if Ty v € IV, then the random walk crossed the dis-
tance from Hjys to Hys4y in more then Vﬁ — % . %Ng +N =V (V,lel) + %NG

which happens with probability N =1 by Lemma 3.4. Similarly, if t > C(I) 4+ N
and Tyyy €1 () then the random walk crossed the distance from Hy to H, M4V 1in
less than Vvlel) + % : 19—0N9 — %NQ = Vvlm — %NQ which also has probability
N=5( by Lemma 3.4.

Thus,

P (Tyv € IV, Ty ¢ 1)
= 3 PX(T =1, Tygy € ID) + N 75D

t:|t—E2[Ty]|<N R2(N)
t¢l

<CNRy(N)- N5V 4 N78D) = N5,
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Turning to (3.8), we have
E[Pi(X7),y € AV, Typy € 1) |G]

= E[P:(X1y,y € AV, Tyiv € IV, X7, € A, Ty € 1)|G]
+ E[Pi(X1y,y € AV Ty € IV (X7, € A, Ty € 1)9)|G]

< E[Pi(X1, € A, Ty € DIG] + E[Pi(XTyy,y € AV, X1y, ¢ A)IG]
+ E[Pi(Tyyv € IV, Ty ¢ 1)|G]

= Pi(X1y, €A, Ty € 1)+ E[Pi(X7,,, € AV, X1, ¢ A)IG]
+ E[Pi(Tysy € 1V, Ty ¢ 1)|G).

Separating to the case when By holds and when Bj, (which has probabil-
ity N=5(1) we can control the terms E[P:(X7,,, € AYD, X7, ¢ A)IG] and
E[P:(Tyyv € 1 M Ty ¢ 1)|G] by the annealed probability of the events
{X1y.y € AD, X1, =w} and {Tyyv € W7, = t} with w and ¢ the place
and time of the first regeneration time after hitting the hyerplane Hj, (outside of
A). Since by the first argument those events have probability N 51 the proof is
complete.
The proof of (3.7) and (3.9) is very similar and, therefore, is left to the reader.

A.3.2. Proof of (3.12)—(3.15). The proof of (3.12)—(3.15) follows the same
lines as the proof of (3.6)—(3.9). The only difference is that in (3.6)—(3.9) we took
boxes of side length %N 9 and %N 9 leaving a difference of wide %N 9 from the
original box whose side length is N?. This together with the fact that the distance
between the hyperplanes was V = N 20" for some 6’ < 6 made it impossible to
hit one box without hitting the other. Similarly in (3.12)—(3.15), we take boxes of
side length N ? + R3(N)+/V. As in the previous case, we have R3(N WV >V
and, therefore, the probability to hit one box without hitting the other is still of
magnitude N ¢,

A.3.3. Proof of (4.3)-(4.4). We start with the proof of (4.3). Denoting by
A; s the event that the first regeneration time after time 7 is at time s and X; = w
we have

, (H (e8]
PZ(XT‘P(O,\E)EA ,Tap(o?ﬁ)el ,XN¢A)

Il

— — — —&()
=2 P X100y = > Topo.y =0 Xn € A, By) +N
yeA®M
tel®

= Z Z P (XT3P<0,JZ) =Y

yeAD willw—ylloc<R(N)
tel  si|t—s|<R(N)
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TBP(O,\/Z) =1, BN, At,s,w» XN ¢ A) + N_g(l)

S Z Z PZ(XTQ»P(O’\/Z) - y’ TBP(O,«/Z) == ta BN? At,s,w)

yeAD wijlw—yllco<R(N)
teIh)  s:t—s|<R(N)

x P*(Xn ¢ AlXT,

d

74 — —
=X 2. B, 5= Tipovn =1 BN Arsw)
yeAD willw—ylloo<R(N)

tel)  s:t—s|<R(N)

= = —&()
rovn =Y Typo,vi) =1 BNs Arsw) + N

x PY(Xn_s ¢ A|O is a regeneration time) + N—ED
=C- ) 2 B, 5=y Tapoyn =1 BN Avs)
yeAD willw—ylloo<R(N)
rel  si|t=s|<R(N)
xPY(Xy_s ¢ A)+ N5D

< CR(N)* » PY(Xy—s ¢ A)+ N0
w:dist(w, AD)Y<R(N)
s:dist(s, I(D)<R(N)

Since the number of pairs (w,s) satisfying the above inequalities is at most
(N?R(N))?, it is enough to show that for every w € 72 such that dist(w, AM) <
R(N) and every s € N such that dist(s, 1) < R(N) we have P¥ (X y_g ¢ A)=
N4 To this end, fix w and s as above, and note that

P"(Xn—s ¢ A)

=P"(Xn—s ¢ A, Tapw /w8 = To+p(w, Vo)
TaP(w,«/W) = Ta+7>(w,\/W)) +NTED

=P XN & ATy, w0 = Tyt pow/GDNT)
Top /N0 = Lot /7280
Lypw Jaann =N =8 = Tip, Jamnm)
+PY (X 2 A, TGN = Lot paw /GINT)
N —s5> TBP(w,W))
P XN $ A Ty, simne = Torpw.amney

— =&
N —s < TBP(w, /—(1/2)]\,9)) + N .
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Note, however, that if T

AP (w,+/(3/2)N?) - TB*P(w,«/(?a/Z)NQ)’ TBP(w,«/(l/Z)N“)) =

TB*P(w,«/(l/Z)NQ) and Tap(w,«/a/z)zv@) =N-s= Tap(w, /G/DN) then Xy _s €
A and, therefore,

PY(Xn—s ¢ A)
w —_ —
=P (Tap<w,./(3/2)1v9) = T8+79(w,«/(3/2)N9)’ N—s> TSP(w,«/(3/2)N"))
w —_ i
TP T, Jamne = Lirpaw ity N =5 = Typw Jamnm

+ N5,
. 0 0 .
Since N — s € [2gy — 3(N? = Rs(N)N?/?), Lo 4 J(N? — Rs(N)N?/)] it

follows that

w —_ —
P (Tap(w,«/(s/z)Nﬂ) - Ta+7>(w,«/(3/2)1v9)’ N—s> TBP(w,./(3/2)N9))

0 _ _
=P (Tap(o,./@/z)zvé) = L5+P0,./G/2)N?)’ N—s> TaP(o,./(3/2)N€))
N9

1

(3/2)N? 1 _
= IP)O(T(s/z)Nf* < e ERs(N)NG/z) =N"5D

and similarly

w — —
PP (XN —s ¢ A, T8P(w,«/(1/2)N9) - T8+77(w,./(1/2)N6)’ N-s= T8’P(w,«/(1/2)N"))

_ o0 — —
=P (TBP(O,«/(I/Z)NQ) - T3+P(O,./(I/Z)N9)’ N-—s< TBP(O,«/(]/Z)NB))
< ]PO(T 0> N 1(N9 = R5(N)N9/2))
U T ey 2

(/2N 1 0 _
<IP’0<T > -2 4 _Rs(N)N /2> =N5D,
=FTapwe = 2y + 250
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