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SMOLUCHOWSKI-KRAMERS APPROXIMATION AND LARGE
DEVIATIONS FOR INFINITE-DIMENSIONAL NONGRADIENT
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University of Maryland

In this paper, we study the quasi-potential for a general class of damped
semilinear stochastic wave equations. We show that as the density of the mass
converges to zero, the infimum of the quasi-potential with respect to all possi-
ble velocities converges to the quasi-potential of the corresponding stochastic
heat equation, that one obtains from the zero mass limit. This shows in par-
ticular that the Smoluchowski—Kramers approximation is not only valid for
small time, but in the zero noise limit regime, can be used to approximate
long-time behaviors such as exit time and exit place from a basin of attrac-
tion.

1. Introduction. In the present paper, we are dealing with the following
stochastic wave equation in a bounded regular domain D C R?, with d > 1:
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Here B is a Lipschitz continuous mapping, whose Lipschitz norm is dominated by
the first eigenvalue of the Laplacian. This means in particular that the identically
zero solution is globally asymptotically stable in the absence of noise. dw</d¢
is a cylindrical Wiener process, white in time and colored in space, with covari-
ance 02, and 1 and ¢ are small positive constants.

As a consequence of the Newton law, we may interpret the solution ut (z, £) of
equation (1.1) as the displacement field of the particles of a material continuum
in the domain D, subject to a random external force field /¢ dw? /0t (t, &) and
a damping force proportional to the velocity field dut /dt(t,&). The Laplacian
describes interaction forces between neighboring particles, in the presence of a
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nonlinear reaction described by B. The constant u represents the constant density
of the particles.

In[2] and [3], it has been proven that, for fixed ¢ > 0, as the density © converges
to 0, the solution u% (t) of problem (1.1) converges to the solution u(t) of the
stochastic first-order equation

= Aug(t,€) + B(us(t))(€) + f

(1.2) Se D,

ue(0,8) =uo(§),
EeD, uy(t,§)=0,6 €D,

uniformly for ¢ on fixed intervals. More precisely, we have shown that for any
n>0and T >0,

nw

(1.3) Jim P sup @) = (0] > 1) =0.

Such an approximation is known as the Smoluchowski—Kramers approximation
and goes back to the seminal works by Smoluchowski [25] and Kramers [21]. In
physical and chemical applications, it is important to be able to replace the second-
order system (1.1), with the first-order system (1.2), which is considered to be sim-
pler to treat. This is what is usually done, when, under the assumption that the mass
is negligible, the damped Langevin equation is replaced by a standard stochastic
differential equation. In recent years, the validity of the Smoluchowski—Kramers
approximation has attracted considerable interest, especially for finite-dimensional
systems (see, e.g., [8, 15, 16, 19, 20, 24] and [22]), but also several results have
been obtained in infinite dimension; see [2, 3, 6]. Moreover, we would like to men-
tion that there exists a large literature where a similar type of approximation is used
in applications, when, instead of the small mass asymptotics, the large damping
asymptotics are considered; see the works by E. Vanden-Eijnden and coauthors.

Once one has proved the validity of (1.3), an important question arises: how
do some relevant asymptotic properties of the second and the first-order systems
compare, with respect to the small mass asymptotic? In [15] and [8], the case of
systems with a finite number of degrees of freedom have been studied, and the
large deviation estimates, with the exit problem from a domain, various averaging
procedures, the Wong—Zakai approximation and homogenization have been com-
pared. It has been proven that in some cases the two asymptotics do match together
properly, and in other cases they do not.

In [2], where the validity of the Smoluchowski—Kramers approximation for
SPDEs has been approached for the first time, the long time behavior of equa-
tions (1.1) and (1.2) has been compared, under the assumption that the two sys-
tems are of gradient type. Actually, in the case of white noise in space and
time (i.e., @ = I) and dimension d = 1, an explicit expression for the Boltz-
man distribution of the process zg B@) = wh@), outf /0t (t)) in the phase space
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H := L2(0,1) x H~1(0, 1) has been given. Of course, since in the functional
space H there is no analogous of the Lebesgue measure, an auxiliary Gaussian
measure has been introduced, with respect to which the density of the Boltzman
distribution has been written down. This auxiliary Gaussian measure is the station-
ary measure of the linear wave equation related to problem (1.1). In particular, it
has been shown that the first marginal of the invariant measure associated with the
process z& (¢) does not depend on p and coincides with the invariant measure of
the process u.(t), defined as the unique solution of the heat equation (1.2).

In the present paper, we are interested in comparing the small noise asymp-
totics, as ¢ | 0, for system (1.1) and system (1.2). Actually, we want to show that
the Smoluchowski—Kramers approximation, that works on finite time intervals, is
good also in the large deviations regime.

Large deviation principles and exit problems have been studied for a variety
of SPDEs in the small noise regime (see [1, 9, 11, 18, 23] and [26]). We want
to compare the quasi-potential V#(x, y) associated with (1.1), with the quasi-
potential V (x) associated with (1.2), and we want to show that for any closed
set N C L%(D), it holds that

" .
(L fim of Vo) = fim fnf, i, V" (600 = Jnf v 0
In the above formulas, x and y are functions of &, and the quasi-potential V#(x, y)
denotes the infimum value of the large-deviation rate function over all L*(D)-
valued paths satisfying appropriate boundary conditions; for details, see page 4
and Section 5.

This means that taking first the limit as ¢ | O (large deviation) and then taking
the limit as u | 0 (Smoluchowski—Kramers approximation) is the same as first tak-
ing the limit as p | 0 and then as ¢ |, 0. In particular, this result provides a rigorous
mathematical justification of what is done in applications, when, in order to study
rare events and transitions between metastable states for the more complicated sys-
tem (1.1), as well as exit times from basins of attraction and the corresponding exit
places, the relevant quantities associated with the large deviations for system (1.2)
are considered.

In our previous paper [7], we addressed this problem in the particular case when
system (1.1) is of gradient type, that is,

(1.5) B(x)=—Q%F.(x), xelL*D),

where Fy(x) denotes the Frechet derivative for some F:L%(D) — R, where Q2
is the covariance of the Gaussian random perturbation. This applies, for example,
to the linear case (i.e., B = 0) in any space dimension or to the case

B(x)(§) =b(§, x(8)), §eD,
when D =[0, L] and Q = I. In [7] we showed that if (1.5) holds, then for any
>0,

(1L6) VA, ) =|(=A)207 %2y +2F @) + 1|07y 12 )
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for any (x, y) € Dom((—A)l/zQ_l) x Dom(Q~1). Therefore, as
V) =|(=a)"207 x5, +2F(x),  x eDom((-A)/2Q71),
from (1.6) we have concluded that for any p > 0,

Vux):= inf VH(x,y)=VH(x,0)=V(x),
yeH~1(D)
(1.7)
x € Dom((—A)/2071).

In particular, this means that ‘_/u (x) does not just coincide with V (x) at the limit,
as in (1.4), but for any fixed u > 0.

In the general nongradient case that we are considering in the present paper, the
situation is considerably more delicate, and we cannot expect anything explicit, as
in (1.6). The lack of an explicit expression for V#(x, y) and V (x) makes the proof
of (1.4) much more difficult and requires the introduction of new arguments and
techniques.

The first key idea in order to prove (1.4) is to characterize V*(x, y) as the min-
imum value for a suitable functional. We recall that the quasi-potential V*(x, y)
is defined as the minimum energy required to the system to go from the asymptot-
ically stable equilibrium O to the point (x, y) € H, in any time interval. Namely,

V”’(x’ )’) :lnf{l(';f’[‘(z)v Z(O) = 07 Z(T) = (x7 y)7 T > O}v

where
n 1 2 ) 1
Iy (@) = 2 inf{[¥ 172 0.7y ) 2= Ty )

is the large deviation action functional, and zg = (ufZ, Bufz /0t) is a mild solu-
tion of the skeleton equation associated with equation (1.1), with control i €
L*((0,T); H),

8214’1; M 814% M
(1.8) W(t) = Auy, (1) — W(t) + B(Ltv/(l‘)) + Oy (1), te[0,T].
By working thoroughly with the skeleton equation (1.8), we show that, for small
enough u > 0,

(19 Vi y =min{l” (@ lim [2(0)], =0,2(00 = (x, )},

where the minimum is taken over all z € C((—o0, 0]; H). In particular, we get that
the level sets of V# and \7“ are compact in H and L?(D), respectively. Moreover,
we show that both V# and V,, are well defined and continuous in suitable Sobolev
spaces of functions. We would like to stress that in [5] a result analogous to (1.9)
has been proved for equation (1.2) and V (x), in terms of the corresponding func-
tional /_ ¢. In both cases, the proof is highly nontrivial, due to the degeneracy
of the associated control problems, and requires a detailed analysis of the optimal
regularity of the solution of the skeleton equation (1.8).
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The second key idea is based on the fact that as in [8], where the finite-
dimensional case is studied, for all functions z € C((—o0, 0]; H) that are regular
enough,

') = Ioo(@) + 25 / Q‘ dr

(1.10) +u/ <Q— %% 1.0 (af<r>—Ago(t)—B(w(z)))>ﬂdr

= I_oo(p) + I (2),

where ¢(t) = I11z(¢). Thus if z# is the minimizer of VM (x), whose existence is
guaranteed by (1.9), and if z* has enough regularity to guarantee that all terms
in (1.10) are meaningful, we obtain

(1.11) V() = I-oo (@) + JE o (2) = V(x) + TE L (ZH).
In the same way, if ¢ is a minimizer for V (x) and is regular enough, then
(1.12) V,(x) < 1" (¢, 35/3t) = V (x) + I (@, 35/ d1)).
If we could prove that
(1.13) liminf J” (z*) = limsup J” (¢, 3¢/01)) = 0,
n—0 u—0

from (1.11) and (1.12) we could conclude that (1.4) holds true. But unfortunately,
neither z* nor ¢ have the required regularity to justify (1.13). Thus we have to
proceed with suitable approximations, which among other things, require us to
prove the continuity of the mappings Vu :Dom((—A)/?2Q~1) — R, uniformly
with respect to u € (0, 1].

In the second part of the paper we want to apply (1.4) to the study of the exit
time and of the exit place of u- from a given domain in L?(D). For any open and
bounded domain G C L?(D), containing the asymptotically stable equilibrium 0,
and forany zo € G x H —1(D), we define the exit time

the i=inf{r > 0:ull (1) € 3G}.
Our first goal is to show that for fixed & > 0 and zp € G,

1.14 lim ¢ log Bt/ = f V,(x),
(1.14) Iim &log Kz, l%c 1w (x)

and

(1.15) lim elog(e/y ) = inf V,(x)  in probability.

We also want to prove that if N C dG has the property that infycy VM (x) >
infyeps Vi (x), then

(1.16) lim P(u eN)=0.

EZ()( Z() )



2596 S. CERRAI AND M. SALINS

We would like to stress that the method we are using here in our infinite-
dimensional setting has several considerable differences compared to the classical
finite-dimensional argument developed in [17]; see also [13]. The most fundamen-
tal difference between the two settings is that unlike the finite-dimensional case, in
the infinite-dimensional case the quasi-potentials ‘_/u are not continuous in L2(D).
Nevertheless, we show here that the lower-semi-continuity of Vu« in L%(D), along
with a convex type regularity assumption for the domain G, are sufficient to prove
our results. Another important difference is that u ¥ is not a Markov process, but the
pair (ut', dut /dt) in the phase space H is. For this reason, the exit time problem
should be considered as the exit from the cylinder G x H~! c #. Unfortunately,
this is an unbounded domain, and as we show in Section 3, the unperturbed trajec-
tories are not uniformly attracted to zero from this cylinder. The methods we use
to prove the exit time and exit place results should be applicable to most stochastic
equations with second-order time derivatives.

In a similar manner, one can show that if

7y, =inf{r > 0:u.(t) ¢ G}

is the exit time from G for the solution of (1.2), and V (x) is the quasi-potential
associated with this system, the exit time and exit place results for the first-order
system are analogous to (1.14), (1.15) and (1.16).

As a consequence of (1.7), in the gradient case, (1.14) and (1.15) imply that
for any fixed u > 0, the exit time and exit place asymptotics of (1.1) match those
of (1.2). In particular, for any p > 0,

(1.17) alii%elog Et)* = XIGI%)fG Vix)= alii%slog Ezy,,
and
(1.18) giirz)e logz)* = xle%fG V(x)= giirz)s log 7, in probability.

Additionally, if there exists a unique x* € dG such that V(x*) = inf,cyc V(x),
(1.16) implies that

lim w! (t#%) = x* = lim u,(°) in probability.
e—0 e—0

In the general nongradient case, we cannot have (1.17) and (1.18). Nevertheless,
in view of (1.4), the exit time and exit place asymptotics of (1.1) can be approxi-
mated by V. Namely,

o me _ . e
l}l_r)nogh_r)l})slogIErzo _xleréf(;V(x)_;gl})glogEruo,

and

1 1 Mm.e __ . & . oge
plLl_)III() EIE)% elogt; * = xler})f(; Vx)= gh_r)no elogt,, in probability.
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Furthermore, if there exists a unique x* € G such that V(x*) = infycyg V (),
then

lim lim u®(7#*) =x* = lim u,(¢®)  in probability.

nu—>0e—0 e—0

The paper is organized as follows. In Section 2, we introduce the main notation
and assumptions. In Section 3, we prove results about the equation in the absence
of random forcing. In Section 4, we consider the skeleton equation, where the
random forcing has been replaced by a deterministic control. In Section 5, we in-
troduce the functionals 7" 0.0 @0d I_o0 0, Which act on trajectories on the negative
half-line, and we show that the level sets of these functionals are compact. We then
characterize the quasi-potentials V* and V in terms of 1" 00,0 and 0 0. The com-
pactness results of Section 5 are essential for the proofs in the remaining sections.
In Section 6, we prove that the quasi-potentials are continuous on certain Sobolev
spaces. Sections 7 and 8 contain the proofs of the convergence of V# — V as
@ — 0. In Section 9, we prove that the limit of the exit place and the exponential
rate of divergence for exit time from a region in L?(D) are characterized by the
quasi-potentials.

In what follows we shall denote by ¢ (without any index) any positive constant
appearing in inequalities, whose dependence on some parameters is not important.
Such a constant may change, even in the same chain of inequalities. When we want
to emphasize the dependence of the constant ¢ on some parameters py, ..., p,, we
will denote it by ¢, ... p,-

2. Preliminaries and assumptions. Let D be an open, bounded, regular do-
main in RY, with d > 1, and let H denote the Hilbert space L?(D). In what
follows, we shall denote by A the realization in H of the Laplace operator, en-
dowed with Dirichlet boundary conditions, and we shall denote by {e}ren and
{—ak}ken the corresponding sequence of eigenfunctions and eigenvalues, with
O<oa; <---<ar <---, for any k € N. Here, we assume that the domain D is
regular enough so that

2.1 o ~ k24, k € N.

This happens, for example, in the case of the Laplace operator A in strongly
regular open sets, both with Dirichlet and with Neumann boundary conditions;
see [10], Theorem 1.9.6.

For any 8 € R, we shall define the fractional Sobolev space H? as the comple-
tion of C§°(D) with respect to the norm

+00 00
2 8 2 5.2
IX|H§ = Zak(x,ek)H = Zakxi .
k=1 k=1
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H? is a Hilbert space, endowed with the scalar product
400
(Vs =y ofxy,  x,y € H (D).
k=1

Finally, we shall denote by #3 the Hilbert space H® x H®~!, and in the case § =0
we shall set H = Ho. Moreover, we shall denote the projections

Hl:H5—>H‘S, (u,v) = u, 1'12:7-[5—>H5_1, (u,v) = v.

Sometimes, for the sake of simplicity, we will denote for any ;« > 0 and § € R, the
scaling

2.2) T, (u,v) = (u, /1v), (u,v) € Hs.

The stochastic perturbation is given by a cylindrical Wiener process w€(z, £),
for t > 0 and & € O, which is assumed to be white in time and colored in space, in
the case of space dimension d > 1. Formally, it is defined as the infinite sum

+00
(2.3) wl(t,8) =" Qer(®)Be(0),

k=1
where {eg}ren is the complete orthonormal basis in LZ(D) which diagonalizes A
and {Bx(¢)}ren is a sequence of mutually independent standard Brownian motions
defined on the same complete stochastic basis (€2, F, F;, P).

HYPOTHESIS 1. The linear operator Q is bounded in H and diagonal with
respect to the basis {ey}ren which diagonalizes A. Moreover, if {Ax}ren is the
corresponding sequence of eigenvalues, we have

1 -8 —p

2.4) —o " S M =<ca keN,
c

for some c >0and B > (d —2)/4.

REMARK 2.1. (1) Ifd =1, according to Hypothesis 1 we can consider space—
time white noise (Q = 1).

(2) Thanks to (2.1), condition (2.4) implies that if d > 2, then there exists y <
2d/(d — 2) such that

o0
ZA}C/ < 00.
k=1

Moreover,

o 12
A

Sk oo

=1 %k
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(3) As aconsequence of (2.4), for any é € R,
Dom((_A)B/ZQ—l) — H6+2'B,

and there exists c¢s > 0 such that for any x € H §+28
1 _ _
APy < Ixlaap < ol ()2 Q7 .
Concerning the nonlinearity B, we shall assume the following conditions:

HYPOTHESIS 2. For any 8 € [0, 1 4 28], the mapping B: H> — H? is Lips-
chitz continuous, with

[B]Lip(H’S) =1Ys < Ay.

Moreover, B(0) = 0. We also assume that B is differentiable in the space H?P,
with

sup | B-(z) ”L(HZﬁ) =V2p-
ze€H

REMARK 2.2. (1) The assumption that B is differentiable is made for con-
venience to simplify the proof of lower bounds in Theorem 8.2. We believe that
by approximating the Lipschitz continuous B with a sequence of differentiable
functions whose C! semi-norm is controlled by the Lipschitz semi-norm of B, the
results proved in Theorem 8.2 should remain true.

(2) If we define for any x € H,

B(x)(§)=0b(£,x(8), &e€D,
and we assume that b(&, -) € C**(R), fork € [f +8/2 —5/4, B +8/2 — 1/4], and

b eo| =0 eeb
aO'] 70 ] ’

o=0

then B maps H® into itself, for any § € [0, 1 +28]. The Lipschitz continuity of B
in H® and the bound on the Lipschitz norm are satisfied if the derivatives of b(£, -)
are small enough.

With this notation, equation (1.2) can be written as the following abstract evo-
lution equation in H:

(2.5)  dug(t) =[Auc(t) + B(ue(0))]dt + Vedw?(),  u(0) = uo.

DEFINITION 2.3. A predictable process u, € L?(Q2; C([0, T1; H)) is a mild
solution to equation (2.5) if

t t
ug (t) = euy —i—/ U™9AB (ue(s)) ds + «/5/ ™94 g (s).
0 0
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Now, for each i > 0 and § € R, we define A, : Dom(A,) C Hs — Hs by set-
ting

1 1
(2.6) Au(u,v) = (v, —Au — —v), (u,v) e Dom(A,) =Hiys,
5 %

and we denote by S, (¢) the semigroup on Hs generated by A,. In [2], Propo-
sition 2.4, it is proved that for each u > 0O there exist w;, > 0 and M, > 0 such
that

(2.7) IS @ £z < Mye™ ", t>0.
Notice that since for any § € R and (u, v) € Hs,
(AT S, (), v), (A TS, (1) (U, V) = S (O ((—A)u, (—A)°v),
t>0,
(2.7) implies that for any § € R,
(2.8) [ S £,y < Mue™"", t>0.

Next, for any > 0 we denote

By (u,v) =—(0, B(w)), (u,v) €H,

1
"
and

Quuzl(o, Qu), ueH.
u

With this notation, equation (1.1) can be written as the following abstract evolution
equation in the space H:

(29)  dz(t) =[Auz(t) + Bu(z(®))]dt + Ve Qu dw(t), 2(0) = (uo, vo).

DEFINITION 2.4. A predictable process ut is a mild solution of (2.9) if

w2 dulk
utt € L*(2; C([0, T1; H)), vl =:

ey e L*(Q;C([0,T]; H™Y),

forany 7 > 0, and

L) = 8,020 + [ 'S4t — $)By (2 (s)) ds
(2.10) 0

t
#VE [ 8,0 =9)Qudus).

where z(0) = (uo, vo) and z&' = (ut', v¥).
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In view of Hypothesis 1 and of the fact that B: H — H is Lipschitz continuous,
for any i > 0 and any initial condition zg = (ug, vg) € H, there exists a unique
mild solution u% for equation (1.1); for a proof, see, for example, [2]. In [2],
Theorem 4.6, we proved that for any fixed ¢ > 0 and T > 0, the solution u% of
equation (1.1) converges in C([0, T']; H), in probability sense, to the solution u,
of equation (1.2), as i | 0. Namely, for any 1 > 0,

lim P( su R(t) — ug (2 =0.
lim, <ze[o,pn|”s() ue ()| > n)

3. The unperturbed equation. We consider here equation (2.9) with ¢ = 0.
Namely,

d
(3.1 d—j(t)ZAuz(t)JFBu(z(t)), 2(0) = zo = (uo, vo)-

The solution to (3.1) will be denoted by ZZ) (t). We recall here that yy denotes the
Lipschitz constant of B in H; see Hypothesis 2.

LEMMA 3.1. Ifu < (o) — )/0))/0_2 there exists a constant c¢1 (i) > 0 such that

(3.2) sup|z L O gy + 125 1200, 100y 20 = €10 [20134, z0 € H.

PROOF. If ¢(t) = 124, (t), then
2
o

By taking the inner product of (3.3) with 8<p in H™ ", and by using the Lipschitz
continuity of B in H, we see that

dp
3.3) (t) + —(t) = Ap(t) + B(p(1)).

P 2
‘ (t )‘ +2‘—(p<t)‘
ot H-
3.4
)’02 2
+ a—1|</’(f)|H~

d 2
<——|op
< d;|‘p()|H+

By integrating this expression in time, we see that

ds

H-1

L+l

(3.5) 2
Y 2
< plvol?,—i + luolg; + a—‘ifo |o(s) [y ds.

Next, by taking the inner product of (3.3) with ¢(r) in H~!, since

3%¢ 1 d? ) o
— (1), p(t =——=e)|y-1 —
(F2000) | =3 slowl - 3
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we have

dt2|<p(t)}H o |<p<t)|H 1 < 2|<p(t)|H+ |<p(t)|H+2M‘ Y

By (3.4), this yields
d? 2 d 2
“WW(I”H—I + E{@(f)hq—l
1) d
(3.6) < 2|<p(t)|H + }sﬂ(ﬂ!H —2u? ’ (¢ )‘ —2M |<p(t)|H

VoM

1% (t)‘H

Now, if u < (@] — y())yo_ , it follows

Then, by integrating both sides in (3.6), we see

WL 0O+ o0+ o [ oo ds
(3.7
< 2o, uo) -1 + |uol7,—1 + 20 |vol7,-1 + 2uluolF;,

and this implies that

o 2

lo(0)|3; ds

0

(3.8)

1
< p—(zmvo, o) g1 + |uol3,—1 + 23 vol3,-1 + 2luolg).
W

Actually, if there exists 7y > 0 and § > O such that
fo 2 1
[} oL ds > - antuo. o)1 + ol 4200l -1+ 2uluoly) +
"
then, in view of (3.7), for any ¢ > 1y,
d 2
ME}@(I){H,l < —4.
This would imply that for any ¢ > #o,

0|31 < @to)| 31 — (& —10)8,

and in particular, that for large values of 7,

lo(0)]3,-1 <0,
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which is impossible.
We conclude the proof by combining (3.5) and (3.8), to see that

dp | ) t‘aso 2
M‘at()|H1+|§0()\H+/O aS(S) .

LEMMA 3.2. Assume pu < (o] — yo)yo_z. Then for any R > 0,
(3.9) lim  sup |z ()], =0.

1=+ 50l <R

PROOF. Letus fix R, p > 0 and for any p > 0 let us define

(c1(w)*R?

T =
02

Let |zo|% < R. Since
|25 200,70 = Tm1n|z NOIPE

according to (3.2) there must exist #yp < T such that

2k (o) |y < .
| 0 | cr(p)
By using again (3.2), this implies

SuP|Z <’)|H—SUP|ZM(,)( —10)|y < p-

Notice that T is independent of our choice of zg, so we can conclude that

sup sup |z£ (1], < p.
t>T |zo|l <R

t
lds+/0 lp(s)|, ds < clzol3,.

2603

g

Now that we have shown that the unperturbed system is uniformly attracted to O
from any bounded set in H, we show that if the initial velocity is large enough,

I, z%, will leave any bounded set.

LEMMA 3.3. Forany u > 0 and t > 0, there exists co(u, t) > 0 such that

(3.10) sup|T11 S, (5)(0, vo)| 5 = c2(i, D)lvol -1, voe H L.
s<t

PROOF. Let () =T11S,(1)(0, vo). Then

32 3 3
H )+ 5o =Ap(),  p(0)=0. —‘”<0)=vo.

By taking the inner product of this equatlon with 22 (t) in H™*, we see that

__“ 2
o dt |¢(I)|H'
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Therefore, by standard calculations,
a(p 2 _ 1 t _ . d 2
_ ,—Q@2t) 2 (2(t—s))
'Bt (t)‘Hl_e /M|U|H_l_ﬁ/0 ¢ S /"ds|go(s)}Hds

—e (2t)/u|v0|%1_1 —;“P(f)}H"'?/(; Py 5>>//‘]¢(s)}HdS’

so that
g |2 _ 1
(3.11) ‘E(I)‘Hl <e My |+ ;igw(s)!i,.
Next, since
d 920
‘w()m—(r)} - <<p(t)+u—(t) Yot (r>>
(3.12) - 2<<p(r) 4 ua—%), A¢<z>>
t H—l

5 d
= =2lp®)|y — ua\w(t)\H,

if we integrate in time we get

2 t
L 2/0 o(5) |5 ds + | ()3,

2 2
1% |v0|H—1 = ‘

For any a > 0 to be chosen later, we have

P 2
_‘p(t)‘
ot H-1

‘so(t)Jru—(t)‘ (14+a” )a—llw(t)|H+u (14+a)

and therefore,

ap 2
E(t)‘y—l

i 1 2
1 lvoly—1 < (u+2t+ (1+a ‘)a—1> suple(s)|3; + 1> (1 +a)
S<t

Thanks to (3.11), this yields
w1 = (1 +a)e” @) yol7,

1
<(rt2t (a4 au) suplo)
(0753 s<t
and our conclusion follows if we pick a < ¢®)/* — 1. O

As a consequence of the previous lemma, we can conclude that the following
lower bound estimate holds for the solution of (3.1):
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LEMMA 3.4. Forany u > 0 andt > 0, there exists c(u, t) > 0 such that

(3.13) sup|TT1z¥ (s)] ;= c(u, 1)|Tazol g1, z0 € H.

s<t
PROOF. Let zg = (ug, vo). Since
t
Iy z4, (t) = TSy () (uo, 0) + 115, (£)(0, vo) + IT; /0 Su(t — ) By (zh, () ds,

from the Hypothesis 2 and (2.7), for any s > 0,

YoM,
[T11S,(5)(0, vo) |y < <2MM + “) sup|TT122 ()| -
a)/,c/»l/ r<s

According to (3.10), this implies that for any ¢ > 0,

VOM/L m
c2 (i, 1)|vol -1 < sup| 1S, (£)(0, vo) |y < (2M, + sup|TT1z2 ()] -
s<t Wy J s<t
Therefore, the result follows with
-1
YoM,
ce. )y = en(uon) (20, L2 ) -
Wyl

4. The skeleton equation. For any © > 0 and s < ¢t and for any ¢ €
L%((s, t); H), we define

t
Lé‘,zw=/ S, (t — ) Q¥ () dr.

Clearly Li,f . is a continuous bounded linear operator from L% ([s, t]; H) into H. If
we define the pseudo-inverse of Léf , as

—1 . —1
(Léf,) (x) = argm1n{|(Lf:t) ({x})‘Lz([s,t];H)}’ x eIm(Ly,),
we have the following bounds.
THEOREM 4.1. Forany i > 0 and s < t, it holds that
- —-1/2
(L) 1Z|L2((s,t);H) =V2|(Cp — St — $)CuS,,(t —5)) Y zlyy5

zeIm(LY,),

.1

where
2 N N -1
“4.2) Cu(u,v) = (Q (—A)" 'u, ;Q (—A) v), (u,v) e H.

Moreover, for every u > 0 there exists T,, > 0 such that

(4.3) Im(LY,) =Im((C)'"?) = Hi42p, t—s>T,
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and

1
4.4) |(L§L,t) |L2((s 1) H) = <c(u,t— S)|Z|’H]+2ﬂ, Z€ HH—Z,Ba

for some constant c(ju,r) > 0, withr > T),.

PROOF. It is immediate to check that for any z € H,

2 1 t—s _ N 2
(4.5) I(L5.0) 225,010y = 2 /0 |0(—A) T8} (r)z|, dr
Now, if we expand S; (t)(u, v) in Fourier series, we have (see [2], Proposition 2.3)
CX) A
St W, v) =Y (fl e, & (Der),
k=1

where fAk“ and g,’j solve the system

4.6) ) 0 ==go. A0 = ug,
1@ 0 = por flA0) — g0, &1 0) = .
In particular,

p,ockd

) wd .
4.7) ERO 5 dt!fk @) E!g,’:(t)\z.

Due to (4.5), we get

2
’ (Lifft)*z |L2([s,t];H)

:%2./01_(_04_5”" Gl ———\ (r)|2>dr

1 & A Y A A2
48 =- ( k|f,§‘(r—s>| = Zhjg =P + Ll + S )
2 =1 oL o o L

2 * 2
- §(|C,‘/2z|ﬂ —|Cl2S(t — 9)zl3,)

1 *
= 5((Cu — St —5)Cu S (t — )2, 2}y
This implies that
Im(L,) =1m((Cp — Su(t = 9)C,u St = 9)'?),

and (4.1) follows.
Next, in order to prove (4.3), we notice that

1/2

(4.9) St =5,10C?, 120
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and that
1/2
(A YD|CY 2], <€)%z, < A+ y|Cl2,,
so that, due to (2.7), we have
C2S%(Dz]y, < cuMye™ ' |C %2, >0,
According to (4.8), this implies
2 1122 112
(L5) 2l = 31C, %2l = 31C2 St = )2y,

> L(1 = A M2e7 209 |C V23
Therefore, if we pick T, > 0 large enough so that ciM Me_“’HTﬂ < 1, we obtain
that

Im(L{.,) = Im((C) %),
and

~1/2

(L8 ™ 2l iy = V20 = eMpe )T () el

Now, for any u > 0, we have Im((C,,)'/?) = H1424, and

(+-10) an M)|Z|Hl+2ﬂ = |(Cﬂ)_l/2Z|H <+ M)|Z|H1+2ﬂ,
(4.3) and (4.4) follow immediately, with
c(p,ry=(1 +M)\/§(1 _C,ZLM,%e_Z“””)_I/z. 0

REMARK 4.2. (1) In fact, it is possible to show that Im(L%,) =Im((C,,)/?),
for all 7 — 5 > 0, by using the explicit representation of S}, (7).
(2) From (2.7) and (4.1), it easily follows that

1 —
@11 (L") 2l pacoonyn = V21C 22l zeIm(LE ).

LEMMA 4.3. Let us fix ¥ € L>((—o00,0); H**), with o € [0, 1/2] and jn > 0,
and let zg € C((—o00,0); H) solve the equation

t t
zﬁ(z):/_w Su(t—s)BM(zg(s))der/_oo S, (t — ) Qv (s)ds,

4.12
( ) teR.
Then if

(4.13) t_l>ir_noo|z$(t)|H =0,

we have zg € C((—00,0); Hit2(a+p)) and

(4.14) t in_noo}z,p(z)mww) =0.



2608 S. CERRAI AND M. SALINS

PROOF. According to (2.8), for any § > 0, we have

M t
< £ sup|B(le’:Z (S))|H5—1 / e @n(t=5) g
—0o0

Hs W s<t

’/_t S, (t —s)BM(zg(s)) ds

Mu«
< £ B(I1z4 iy
= S E My O

Therefore, due to Hypothesis 2, if we take § =1,

M, yo
— SUP{lei(SHH-
Hy MWy s<t

(4.15) ‘/t Su(t —5)Bu(2y (5)) ds

For the second term in (4.12), if ¢ € L?(—o0, 0; H?¥), then Q¢ € L*((—00, 0);
Hi+2a+p))> With

C
|Q/LW|L2((—OQ,[);H1+2(Q+&) =< ;“ﬁle((—OO,l‘);Hz“)’ t < 0.

Due to (2.8), this yields

t
‘/_OO St —s)Quv(s)ds

Hit2(a+8)

Ml/« </oo 2w, s )1/2

< — Tl K _ 172y
= 0 |W|L2(( 0o,t); H2)
Therefore, from (4.12), (4.15) and (4.16), we get

(4.16)

2 Oy, = e (SpIM2 9)gy + 1¥|22—ocnm)).
In particular, we have zﬁ € L°°((—00,0); H1) and
. M _
im |z, (0], =0.

Now, by repeating the same arguments, we can prove that for any n € N, with
n<[1428],if

then

2y € L%((=00,0); Hut1) and z—ljl—noo{zl‘z(t)m"“ =0

Since there exists 7 € N such that H42+p) D Hi, we can conclude that sz
belongs to L*°((—00, 0); H142(«+p)), and (4.14) holds. Continuity follows easily
by standard arguments; for continuity of convolutions, see [12], Appendix A. [
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REMARK 4.4. (1) From the previous lemma, we have that if z’IZ € C((—00,0);
‘H) solves equation (4.12) and limit (4.13) holds, then zfz (t) € Hi42p, for any
t <0. In particular zg (0) € Hi428.

(2) In [5], Lemma 3.5, it has been proven that the same holds for equation (2.5).
Actually, if ¢y, € C((—00, 0); H) is the solution to

t t
oy (1) = / "4 B(py (5))ds + f eIy (5)ds,
—00 —0o0
for ¥ € L2((—00,0); H), and
,ilr}loohpw(t)’H =0,

then ¢y, € C((—00,0); H 1428 ), and there exists a constant such that for all # <0,

(4.17) 0y ()| grvap < V| 12((—00.0: 1)
Moreover,
(4.18) im |y ()] 1126 =0.

LEMMA 4.5. Let a € [0, 1/2], and let Y1, Y, € L*((—00,0); H>*). In cor-
respondence of each ;, let zf;i € C((—00,0); Hi42(a+p)) be a solution of equa-
tion (4.12), verifying (4.13). Then zf/ii € L%((—o00, 0); Hir2+p), fori =1,2,
and there exist pug > 0 and ¢ > 0 such that for any u < o and t <0,

H no2 U Iz 2
1201 — T 12 (oo Hsaasy T fﬂ?m (2, ) = 25, O) 3, o)
4.19) 5 B
S C|1ﬁ1 - 1pz|112((_00’.{);1_[20:)7

where 1, is defined in (2.2).

PROOF. If we define

u(t) = (AP () —2p,®),  1<0,

and
Y ()= (AP Oy (1) — v2(1)), 1 <0,
we have
M@(f) + 8—M(t)
4.20) 912 ot

= Au(t) + (—=A)* TP (B(Miz};, (1)) — B(12}), (1)) + ¥ (1)
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According to Hypothesis 2, B: H2@+8) s H2@+h) ig Lipschitz-continuous, and
then

|(—A)°‘+/3(B(lef;1 (1) — B(Iizy, M)
= |B(M12l, (1) — B(Tizy, ()| o
< yz(a+ﬂ)|l'll(z$] (1)) — Z% ()| gersy = Vatarp) @) .-

Therefore, by taking the scalar product of both sides with du/dt, we get

1d 2 g2
+§E|(_A) u(®)|y

ar 2dt
4.21) )
u u
5yz<a+,s>|u<r>|H‘§<z>‘H+|w<r>|H‘§<r>‘H
Now, since
ou Ju
V2(a+ﬂ)|”(t)|H‘_(I)‘ +|W(I)IH‘—(t)'
_2‘ (l)‘ +y2(a+ﬂ)|u(t)‘H+‘w(t)|Ha
(4.21) implies
‘ ()‘ +u—‘ ()‘ t|<—A>“2u<r>|§1
(4.22)

< 2 pasp O3 + 2/ O]

Therefore, integrating this expression with respect to ¢t € (—oo, ), we obtain
T lu |? 2 u |?
f a—(t) dt + |u()|; + 1 —(t)
—oo| Ot H
< 2y2(a+ﬂ)/ \u(r)!Hdt +2/ ]w(t)\Hdt
since, due to Lemma 4.3,
T d ou 2 2
(| — A 2u( )a’t
[ (5] +learnr,

2 2 : du 2 2
@l = tim (5| +uf)
——00 t H

(4.23)

ou
=u‘—(f)

+ |“(f){H1

—u‘—(f)
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Next we take the inner product of each side of (4.20) with u(¢) and use the fact
that

<82—”<r) u(t)> _Leop
a2’ 2dr? H—

and again the Lipschitz-continuity of B in H>@*P) to get
ld 2 | 4 2
2dt2|u( )|H EW(I){H"‘VW(I){HI
u |2
<m0+ (v, u®)y
t IH

du |? 4
< M‘E(t)‘H + §|”(t)|§1' + Cw(t)ﬁf’

where y :=1 — y2@+p))/a1 > 0. This yields

42 1wl + Lo+ plue P < 20|20 2
@24 plu Ol + SO+ 7o <230 ol

Combining together (4.22) and (4.24), we get
d2 2 d 2 ~ 2 2 d |ou 2 d 2
— |\u(t —u(t t 2u°—|—(t 2u— u(t
n gzl + O+ P+ 22 5 50|+ 20 )

< cruu@® |5 + 21+ @),
If we take

VOtl
26‘1

and integrate both sides with respect to € (—00, 7), as a consequence of (4.14),
we get

1t 9 g
(4.25) Ef_oo}u(z)ﬁ,l dt < —2,u<u(‘r), a—bt’(r)>H + (1 + ) /_w}w(t)ﬁ,dz.

Substituting this back into (4.23), we have

T 2 2
(‘2—”(:)' +yu(z)\§,,)dz+u‘a—”(z) + |u()|}) di
—00 t H ot

)
5—cu<u(r),—u(f)> +C/ Y ()], dt

<cvii(n \—(r)

+ |u(r){H1) +c/ |zp(t)|Hdt
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Therefore, since

V(D] < c|lvi(®) — Y20 o,

and

T (2, (0 = 2, )y gy = 1 +u(0)?,

‘—(f)

if we choose (g small enough, this yields (4.19). 0O

REMARK 4.6. (1) Notice that since B(0) = 0, we have zg = 0, so that
from (4.19), we get

(4.26) 12|12 oorry HHz(am)+S“P|IMZ1//(”‘H1+2< wopy = VL2 oo 20y

forany p < pp and v <0.
(2) By proceeding as in the proof of Lemma 4.5, we can prove that

M no2 H H 2
1251 = 222 o0urritag 5PN T2y, (O = 24, 0) iy
4.27) 5 B
E Chﬁl - 1p2|LZ((7OO’.,_-);H—l)

and

w2 1% 2 2
|Z1//|L2((—oo,1):7'12ﬁ) + §1<113|qu¢,0)|%213 = eVl (ooryen1y:

5. A characterization of the quasi-potential. For any 7; < #;, u > 0 and
z€ C((t1,1); H), we define

(5.1) I () = sz{thz((z1 b)) E = zwo},

where zg 2 18 @ mild solution of the skeleton equation associated with equa-

tion (2.9), with deterministic control i € L2((11, 12); H) and initial conditions zo,
namely

dz,
(52) =70 = Auzly O+ Bu(@) o, (0) + Qu (). n<t=n.

As in Definition 2.4, for €, 1 > 0 and zg € H, we denote by sz,m € LQ(Q; C([0,T1;
H)) the mild solution of equation (2.9). Since the mapping B, :H — H is
Lipschitz-continuous and the noisy perturbation in (2.9) is of additive type, as an
immediate consequence of the contraction lemma, for any fixed p > 0, the fam-
ily {L(zt 20)}e>0 satisfies a large deviation principle in C([t1, 2]; H), with action
functional Iflb 1,- In particular, for any § > 0 and T > 0,

(5.3) liminfslo(inf Pz, —z4 | <6))>—llwl2
: St etosl M, Rez T Zyzolcqo. T = 2" .ryHy
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and if K\ ;(r) ={z € C([0, T;; 1) : I () <7},

(5.4) lim supslog( sup P(disty (z} . Ko 7 (r)) > 3)) <-r

e—0 20€H

Analogously, if for any ¢ > 0, u, denotes the mild solution of equation (2.5),
the family {£(u.)}s~0 satisfies a large deviation principle in C([¢1, 2]; H) with
action functional

(5.5) I (@) = inf {31 (3o, oy @ =90 )

where ¢y, is a mild solution of the skeleton equation associated with equation (2.5)
du
5 O =AuO+Bu®)+ 0y, n<t=n.

In particular, the functionals I,’f 1, and Iy, ;, are lower semi-continuous and have
compact level sets. Moreover, it is not difficult to show that for any compact sets
E C H and £ C H, the level sets

Kgnn(r)={peC([n,nl; H); Iy (@) <r o) € E}
and
Kg, o ={zeC([t1, i H); I ,(2) <r,z(n) € £}

are compact.

In what follows, for the sake of brevity, for any © > 0 and ¢ € (0, +o00], we shall
define 1} := I(’)ft and 1", := Iﬁt’o, and analogously, for any ¢ € (0, +00], we shall
define I; := Iy, and I_; := I_; ¢. In particular, we shall set

1% (z) =sup I%,(2), I_oo(@) =sup I_; ().

t>0 t>0

Moreover, for any r > 0 we shall set
K! o) ={z € C((—00, 01 H): lim [a(0)]yy = 0.1 o(2) <r|
and

K—oo(r) = {9 € C((=00,01; H); lim [p(D)]; =0, Ioo(p) =7}.

Once we have introduced the action functionals I/ ,, and I, ;,, we can introduce
the corresponding qguasi-potentials, by setting for any > 0 and (x, y) € H,

VH(x, y) =inf{1g1(2); 2(0) = 0,2(T) = (x, y), T > 0},
and for any x € H,

V(x) =inf{lo,7(¢); 9(0) =0, (T) =x, T > 0}.
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Moreover, for any i > 0 and x € H, we shall define

(5.6) V,(x)= inf VH(x,y).
yeH1

In [5], Proposition 5.1, it has been proved that the level set K_.,(r) is compact
in the space C((—o0, 0]; H), endowed with the uniform convergence on bounded
sets, and in [5], Proposition 5.4, it has been proven that

V(o) =min{l_ce(@); ¢ € C((—00,01: H), lim_[p(0)],; =0,9(0) =x}.

In what follows we want to prove an analogous result for K K or VH(x,y) and
Vi(x).

THEOREM 5.1. For small enough 1 > 0, the level sets Kﬁoo (r) are compact
in the topology of uniform convergence on bounded intervals.

PROOF. Suppose that z, is a sequence in K" (r) where u < po and po is
the constant introduced in Lemma 4.5. Let ¢ be the constant from that lemma, and
let

E:={zeH: ]C;1/22|H <+2cr}.

By Lemma 4.5, z, € K?,—N,o(r)’ for any N € N. Since £ is compact in H, in
view of what we have seen above, Kg’_N’O(r) C C([—N,0]; H) is compact, for
each N € N. Then, by using a diagonalization procedure, we can find a subse-
quence of {z,} that converges uniformly to a limit z/* € C((—o0, 0]; ), uni-
formly on [—N, 0] for all N. This means that there exist controls ¥ such that
fort € [—N, 0],

() = S, (1 + N)Z*(—N) + /_ZN S, (t — $)Byu (2" (s)) ds

[ st -90um)ds
and
SNy o ST
All of these 1y ’s coincide because if ¢ = Iz satisfies the above equation,
Y= Q! (u%‘f(r) + 220 - Ap() - Be() )
weakly. Therefore, we can let ¢ = iy and notice that

1 2
§|¢|L2((—OO,O);H) =r
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This implies that for each Ng € N,

t
Z“(t)ZSM(t—i-No)Z“(—No)—l-/N S, (t —s)B,(z"(s))ds
—Np

t
+ /_NO Su(t —s5)Qu¥(s)ds.

Thus, by taking the limit as No — +o00, we conclude that

t t
z“(t):/_OOSM(I—S)BM(ZM(S))ds+/_OO St —5)Qu¥(s)ds,

Finally, we need to show that

: © _
im |z#(6)],, =0.

By (4.26), each z,, has the property that

120l 12((—00,0:20) < VT

Since z;, — z* uniformly in C((—N, 0); H) for each N,

| L2 (o000 = NETOO|ZM|L2((—N,0);H) <cvr.

Next, by (4.16) and Hypothesis 2,

t
Ol =| [ 00— 9B ) + Qv ) s

H)

< el (coonian T VI (oon: 28

Because z4 € L2((—00, 0); H), and ¢ € L%((—o0, 0); H),

COROLLARY 5.2.

; 1 _
im [z (1)]5, =0.

and p < g there exists zg € C((—o00, 0]; H) such that

(5.7)

t t
zg(t)=/_oosﬂ(r—s)BM(z’I;(s))ds+/_oo Syt —5)Qur(s)ds,

Moreover,

. /,L _
t_1>11_noo|z¢,(t)|ﬂ =0.

2615

t<0.

O

There exists jLo > 0 such that for any W € L?((—00,0); H)

t<0.
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PROOF. A standard fixed point argument shows that for any « > 0 and N € N,
there exists z% € C([—N, 0]; H) satisfying

t t
z’,@(l):/_N Su(t—s)BM(z’,f,(s))ds—i—/_N Syt —$)Q ¥ (s)ds.

Each z% can be seen as an element of C((—oo,0]; H), just by extending it to
z’]f,(t) =0, for all t < —N. According to Theorem 5.1, there exists a subsequence

L . w12
{z)y,} converging to some z/* € K_OO(§|I’”|L2((—OO,O);H)

sets. We notice that for any fixed No € N and ¢ > — N,

), uniformly on compact

!
Zh (1) = S, (t + No)zhy (—No) +/N Su(t — $)Byu (2 (s)) ds
— VO

t
+ /—No Sut—s)Quy(s)ds.

Therefore, by taking the limit as N — 400, we obtain

() = S,.(t + No)z"' (—No) + /tN S, (t —s)By(z"(s))ds
—No

t
+/ Sut —8)0u(s)ds.
—No
Finally, if we let No — +o00, we see that z#* solves equation (5.7). [

As K_o(r) is compact in C((—o0, 0]; H) with respect to the uniform conver-
gence on bounded intervals, we have analogously that for any ¢ € L?((—o0, 0),
there exists ¢y € C((—00, 0]; H) such that

t t
Py (1) :/ e(’*S)AB(go(s))ds -i—/ "4 0y (s)ds,
—00 —00
and

im_Jgy (0] =0.
In [5], it has been proved that the V (x) can be characterized as
V(x) =inf[1_oo(<p): lim ¢(f) =0, p(0) :x}.

——00

Here, we want to prove that an analogous result holds for V#(x, y) and ‘_/u (x), at
least for p sufficiently small.

THEOREM 5.3. For small enough u > 0, we have the following representation
for the quasi-potentials V*(x, y):

(58) Vi =min[lfe@: lim [2(0)], =020 = (x, )},
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and for Vu (%),
7, — inl 7® T _ _
(59) V() =min{ 1%, (2): 1im_|z(1)], =0, T12(0) = x},
whenever these quantities are finite.

PROOF. From the definitions of It/f 1,» it is clear that
VH(x, y) =inf{1] 1(2) :2(t1) =0, 2(0) = (x, y), 11 < O}.

Now, if we define
(5100 MM, y) =inf{ 2 (p): lim [2(t)], = 0,2(0) = (v, »)},

it is immediate to check that M*(x, y) < V#*(x, y), for any (x, y) € H. To see this,
we observe that if z € C([t1, 0]; H), with z(#;) = 0 and z(0) = (x, y), then

0, t<t,
z(1), n<t=<0

(5.11) z2(t) = {
has the property that z(0) = (x, y), and |Z(¢)|y — 0, as t — —o0. Moreover,
1" 2= It‘f’o(z).

Therefore, we need to show that V#(x, y) < M*(x, y), for all (x, y) € H.

If M*(x,y) = 400, there is nothing to prove. So, assume that M*(x,y) <
+00. In view of Theorem 5.1, there is a minimizer z#* € C((—00, 0]; H1424), with
zZH(0) = (x, y) such that

M*(x, y) = I ().
Moreover, thanks to (4.14),
: u _
tl”_“oo|z (D3,,,, =0.
This means that for ¢ > 0O fixed, there exists 7, < 0 such that
w
| Olgyyy0y <8 1=t
Now, let us denote z, = z*(¢,), and let us define
-1
Ve = (LZ—TMJS) Ze;
where T), > 0 is the time introduced in Theorem 4.1. Then, by Theorem 4.1,

(5.12) |W8|L2((z€_TMJ€);H) < (s Ty lzelpty 4oy < €c(e, Tp).
Next, for t € [te — Ty, t¢], we define

t
;“‘(r)=/ St — $)0, e (s) ds.
te—

T,
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Clearly we have ¢ (t. — T),) = 0 and ¢/'(t:) = z¢. Moreover, thanks to (2.8), we
have

M, [t o (f—s
|C8u(t)|7'l1+2ﬂ = ﬁ/t T, et 5)|QW8(S)|HZ/3 ds
et

cM t
< M / == |y (5)p ds,
w1,

so that, due to (5.12),

fe o2
/\_TM|§8 (t)|H]+2’3 dt

le

2 2
(5.13) <(CM") /ts (/t Mue=@n0=9) [y (s)] ds) dt
. =< m I3 H
M tg—Tu lg—TpL
MyN\? o My \? 2.2
=< (C()M—/L) |w8|L2((l£—TM,l5);H) =< (a)u—ﬂ> C(/’L» TH) e,
Since

t
¢k =/I_T S, (t —s)B,(z(s))ds

T, g, Se =90 - Q™' B(I 2 (5))) ds,
we have
Izl;—TM,zg (¢¥) < 2|‘/’e|%2((¢8_Tﬂ,zs);H) + 2|Q_IB(leg)|i2((ts—Tu,t8);H)‘
Then, due to Hypothesis 2,
|07 B(T1¢l ()| < | B(TL1EL(9))] s < cvap|TLEL ()] s
< cyap|tt (9)gy,,

and thanks to (5.12) and (5.13), we can conclude

(5.14) Ifl:—TM,tg (¢ < cﬂgz_
Finally, we define
IL —_—
(5.15) Eh(r) = g (1),  te—Ty<t<t,
(1), t>t,.

It is immediate to check that £ € C ([t — Ty, 01; H), & = 0 and Z£(0) = (x, y).
Moreover, thanks to (5.14),

Itlj—Tu,O(géL) = II—LOO(ZM) + Itl:—T,L,zg (é‘#)

(5.16) 5
=MH*(x,y)+ I’:_T’tg(g“é’“) <MH(x,y) +cpe”.
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Due to the arbitrariness of ¢ > 0, this implies
VE(x,y) < M¥(x,y),

and then (5.8) follows.
Finally, in order to prove (5.9), we just notice that there exists {y,} C H —1 such
that

_ L "
V()= lim VI(x, y)
and
VM(xv }’n) = Il—Loo(Zn)v
for some {z,} C C((—o00, 0]; H) such that z,,(0) = (x, y,) and

z—ljlllook” (t)|?-l =0.

sup 1" (z,) < o0,
neN

due to Theorem 5.1, we have that there exists a subsequence {z,,} which is uni-
formly convergent on bounded sets to some z € C((—o0, 0]; H). In particular,
IM;z(0) =x and |z(¢)|y — 0, as t — —o0. Since Ifboo is lower semi-continuous,
we have

1" (2) <liminf I (z,,) = V. (x),
k— 00
and then \_/M x)=1" 00 (2), so that (5.9) holds true. [

The characterization of V#(x, y) and VM (x) given in Theorem 5.3, implies that
VH and V,, have compact level sets.

THEOREM 5.4. Forany u > 0 and r > 0, the level sets

K*ry={(x,y) e H:V*(x,y) <r}
and
Ky(r)={xeH:V,(x)<r}

are compact, in H and H, respectively.

PROOF. We prove this result for V# and K", as the proof for ‘_/M and K,
is completely analogous. Let {(x,, y4)}neny C K#(r). In view of Theorem 5.3,
for each n € N there exists 7" € C((—o0,0]; H), with z*(0) = (x,, y»), and

|z"()|g — 0, as ¢ | —oo, such that VH*(x,, y,) = 1¥(z"). As I¥(z") <r, and
the level sets of I oo are compact in C((—oo0, 0]; H), as shown in Theorem 5.1,
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there exists a subsequence {7} C {z”"} converging to some Z € C((—o0, 0]; H),
with 1" (%) <r. Since
lim (x,,, yn,) = lim 2% (0) = 2(0) =: (%, y) in H,
k— 00 k— 00
due to Theorem 5.3, we have
VEE, ) <12 @) <r,
so that (x,y) € K*(r). O
6. Continuity of V# and ‘_/,L. As a consequence of Theorem 5.4, the map-

pings V#:H — [0, +oc] and VM :H — [0, +o00] are lower semicontinuous. Our
purpose here is to prove that the mappings

VH:Hiyop — [0, +00),  Vu:H'P [0, +o0)
are well defined and continuous, uniformly in 0 < u < 1.

LEMMA 6.1.  Let us fix (x,y) € Hiyop and > 0, and let z(t) = S, (—1)(x,
—y), t <0. Then if we denote ¢(t) = I11z(t), we have that ¢ is a weak solution to

9% dg
pn—— ) = Ap(t) + —(1), t <0,
(6.1) ot 5 ot
0=x. ZLo)y=
90)=x az() y
and
1 (0 ./ 92 9 2
2o (w50 + 2w - a00))| a
62 2 ) e Py Py .
= |(=A)'20 7 x4 0 [,
Moreover, ¢ € L*>((—00, 0); H'*?P) and
0
63) [ lofndr <+t i) )y

PROOF. The weak formulation (6.1) is clear because for t < 0,

92 = _A,S —(-m LA 'n
S =—Ay M(—r)(x,—y)—(— 220, — A0 + zz<r>),

so that

i dp
MW(I) = Ap() + E(t)'

Moreover,

ap _ .
E(O) = —I1z(0) =y.
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Now, property (6.2) can be proven by noticing that
1 [0 [ %0 B
= - — @)+ —@) — Ap(t
e (uatz()+ 0 - Ap0)|
1o .
=- B t ——t — Ap(t t
et (s W0~ 24 o)

+2f <Q—1 %1, 0 (u <r>—A¢(z>)>Hdr

=07 =) 2xlyy +ulQ 7Y, — lim [C 2200

Then (6.2) follows from (2.8), as

2
dt

—-1/2 —wy
ICp 22|y < |z(t)|H1+2ﬂ < Mye |(x, y)|7_£1+2ﬂ -0 ast | —oo.
Finally, to obtain estimate (6.3), we notice that if

p@) =I1Su(=0)(x, —y),
then by (3.12),

o) —ld‘m a%‘z MLAP:
O g12s =5 g |9 T R WD)y T g g 19 s

Integrating, we obtain
0 1
2 W
| o dt = Sk -+ y s + Sl
—o0
which yields (6.3). [

As a consequence of the previous lemma, we obtain the following bounds for
VH(x,y) and V,(x):

COROLLARY 6.2. There exists ¢ > 0 such that for any u > 0 and (x,y) €
Hiy2p, we have

(6.4) VA y) < e+t 1) 01, L,
and
(6.5) V(@) < (14 w)|x[3 1506

PROOF. The proof is based on the fact that

VH(x,y) < IE (T Su(—) (x, —))
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and
Viu(x) < 1" o (T3S, (=) (x, 0)).

Now, if we set z(1) = S, (—1)(x, —y) and ¢(t) = I[11z(¢), due to Hypothesis 2, we
have

1 0 _ 8%¢ g 2
Iz _ _ o, =2+ ) — _
@ =5 f_oo'Q (“ gz ¥ 5 ()= Ae®) B((p(t))ﬂgdt

0 52 P 2 0
-1 % % 2 2
<[ |0 (5E0+ 3w —aem)| drvery [ ol ar

From (6.2) and (6.3), this gives (6.4). Finally, (6.5) is a consequence of (6.4) and
because of the way V), (x) has been defined. [J

Now, we can prove the continuity of V# and \_/M.

_ THEOREM 6.3.  For each p > 0, the mappings V" : Hi12p — [0, +00) and
Vi H't28 — [0, 400) are well defined and continuous. Moreover,

lim I(x,y) - (xn,yn)|7.[ =
6.6) e o
= lim sup [V*(x,y) = V" (xn, y)[ =0
Po<u<l

and

(6.7) nll)ngo X —xplgi+2s =0 — nll)ngo()iz[ilwu(x) — Vyu(xn)| =0.

PROOF. In view of Corollary 6.2, if (x, y) € Hi42p, then V#(x, y) < +00,
and if x € H!128 then V. (x) < +00. On the other hand, if V#(x,y) < +o00,
thanks to Theorem 5.3, there exists z# € C((—o0, 0]; H) such that

VR, y) =15, (2"), 2(0) = (x, y).

According to Lemma 4.3, this implies that z# € C((—00,0]; H1424), so that
(x,y) = z"*(0) € H142p. Analogously, if V (x) < 400, we can prove that x €
H't2P 50 that we can conclude that the mappings V* and V are well defined in
Hiv28 and H'*2P respectively.

Now, in order to prove (6.6), by using again Theorem 5.3, for each n € N we
can find z € C((—o0, 0]; H) such that

V'u(xn, yn)=Il—Loo(ZZL)’ Zﬁ(o)z(xn,Yn)-
Then if we define

2#(1‘) =Su (=) (X —Xn, y — ¥n)
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and
o (1) =Tzl (1), @) =TIz (1), t <0,
we have 25, (0) = (x — x,,, y — yu), and for any ¢ > 0,

VR, y) < 1E (2 +28)

_2f ‘Q( tz(t”

o %on
+0 1(M82"

a(pn

(1) — Al () + B(le,’f(t)))

ol

Aglt (t))

2
i

+ 07 (B(ol + it (1) — (#(t)))H

<A +eIt (z)

() e (o - sz

1 o 5
+C<1+—)/ i(p#(l‘)‘Hzﬁdt.
& —00
Now, by (6.2) and (6.3), we see that for 0 < u < 1,
Vll(x’ y) < 1+ S)VM(XH, Yn)

1 2
+C(1 + —)|(X —Xn, Y — yn)‘H]+2ﬁ

2
dt
H

+c (1 + )\(x Xns Y = Yn)lagy,
If we follow the same procedure with z/* as the minimizer of V#(x, y) and
2y () = Su (=) (xn — X,y — yn),
we see that for 0 < u < 1,
VEQ, yn) =1+ ) VF(x, y)

+e(l+e M|(x—xn,y — y”)|§{1+2,3
+e(l+e™ D)0 =2y = )y,

From these two estimates and Corollary 6.2, we see that

sup ’VM()C, y) - Vu(xna yn)‘
O<p<l1

<ce|r, 5, H e+ =xy =y,
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so that

. 2
limsup sup |[V*(x,y) — V*(xu, yn)| < cgl(x, y)|H1+25‘
n—o0 O<pu<l
Due to the arbitrariness of ¢ > 0, (6.6) follows. The proof of (6.7) is completely
analogous to the proof of (6.6), and for this reason we omit it. [J

7. Upper bound. In this section we show that for any closed set N C H,

7.1 li inf V,(x) < inf V (x).
(7.1) nglp;?zv M(x)_xlgN (x)

First of all, we notice that if /_,,(¢) < oo, then

0
(72) g eL?(—00,0); H2TP), 8—‘: € L*((—o00, 0); H),

and
2

1 [0 9
(7.3) I_oo(p) = —/ ‘Ql <a_(f(t) — Ap(t) — B(w(t))) de-

2 /-

Actually, if ¢ solves
t t
o) = / "B (p(s))ds + / U0y (s) ds,
—00 —00
then we can check that (7.2) holds and
(9
v =0 gw(f) — Ap(t) — B(p(®)) |,

so that (7.3) follows. Moreover, if

dp 02
¢ € L*((—00,0); HX1+P)), a—‘f 8—;5 e L2((—00,0); H?),
then
i ()—lfO Q‘l( Py (t)+8 (1) — Ap(t) — B( (t)))zdt
where

dp
)=o), —=@)).
2(0) (go() o)
Actually, if 1" (z) < oo, then z solves

t t
(1) = /_OO S, (t —s)B,(z(s)) ds + /_OO St —$)0u Y (s)ds
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so that
i %9 dg
Yv()=0 1(Mﬁ(t) + 5(” —Agp(t) — B(ﬁﬂ(t))>

weakly.
In particular, as in [8], where the finite-dimensional case is studied, this means

Q— dt

”ﬂ@—hﬂ@+—/
(7.4)

vuf <Q 0. 0 (%%n—Aan—B@m»»Hdn

where ¢(t) = [11z(¢), as long as all of these terms are finite.
Now, for any u > 0, let us define

(7.5) (t)—L <L> telR
N IOM _/,l,ap ;,L‘X ’ )

for some « > 0 to be chosen later, where p € C®°(R) is the usual mollifier function
such that

supp(p) CC [0, 21, ‘émwm=L 0<p<l.

This scaling ensures that

ds =1.
[ putrds

Next, we define ¢, as the convolution
0

(7.6) o= [ pult = $)p)ds.
—00

LEMMA 7.1. Assume that

¢ € L*((—00,0): X)) N C((~o00, 00 H'*?), ?Tf € L2 ((—c0, 0); H?)
with
9(0)=xe H'P, im Jo(6)] 1425 =0.
Then
. o € L2((—00,0); H24P) 0 C (=00, 0]; H'+2P),

00,

vl L?((—o0,0); H?),
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and
(7.8) im ili% |0 ()] 1425 = 0.
Moreover,
32(/’u 2 2
€ L*((—o0, 0); H*P),
52 (¢ ); H)

and for all u > 0,

82<pM
912

00,
ot

c
<

(7.9)

L2((—c0,00:H2P) — ¥ L2((~00,0);H26)

PROOF. Recall that supp(p) CC [0, 2]. Therefore,
t
o= [ pult =)0 ds,
t—2u%
and it follows by Cauchy—Schwarz that

.

2

dt
H2(+P)

0 2% t
L )] i

2u® 2
2
s)ds < —,
JRAC <

t
| ot =99ds
t—2u%

Therefore, as

we get
5 2 0 pt 5
|¢#|L2((—oo,0);H2(1+5>)dt = E/;oo /t‘_zua|(ﬂ(s)|H2(1+ﬁ) dsdt
2p* (0 2
(7.10) < f_oo|<p(s)|Hz<1+ﬂ> ds

2
= 2|¢|L2((—OO,O);H2(H'/3))'
Next, since

Aim o()] e =0,

we have that ¢ : (—00,0] - H 1426 g uniformly continuous. Therefore, as

I3l 5]
’ | putn=sr0wds = [ putnr—spds|

= ‘/0 P () (@t —s) — @ty — 5)) ds

1428
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we can conclude that ¢, is uniformly continuous too, with values in H 1428 Fj-
nally, since

RIom 0 dp
8t() fo ,O;L(S)at( s)ds,
by proceeding as above we get

2
ot

so that, thanks to (7.10), we can conclude that (7.7) holds true.
Concerning (7.8), let us fix € > 0. Then there exists 7T, > 0 such that

e L*((—o00,0); H*),

()| 1428 <&, t <—T.

Then, for t < —T,, we have

! t
‘/;oo Pull =$)p(s) ds H1+28 = /—oo Pt — S)|§0(S)|H1+2ﬁ ds

o0
e[ pusds=e,
0

and this yields (7.8).
Finally, let us prove (7.9). As

7 0 17
a—f(r)=/_wpu<r—s)g<s)ds,

we have

1 0 —s\0d
8t2 ()_/ 7 —put —s) f(s)ds=ﬁ/_wp(t“as)a—?(s)ds.

This yields

0 192
dt
f—oo‘ a2 ( H2B
L 0t (t—s) 0 2
= — — d dt
pie /—oo /t—zpﬂp(u"’ >8s¢(s) * e
1 [0 /gt r—s\\° tod 2
e L[ ) [ 0] )
p J—oo \Jr—2pe e t—2p%| ds H#
2 019
Iploo/ / —(s) dsdt < C/ L) ds. o
1—2u H28 u? 8s H28

The following approximation results hold:
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LEMMA 7.2. Under the same assumptions of Lemma 7.1, we have

1 li - =
(7.11) Mlino{x @M(O)|H1+2ﬂ 0
and
(7.12) lim sup|e,, (1) — ()] 1125 = 0.
u=>0 <0
Moreover,
(7.13) ;}1310 |§0/L - §0|L2((—oo,0);H2(1+/3)) =0,
and
B B

(7.14) lim | 262 _ 2% —0.

u—0| ot 01 [12((—00,0): H2P)

PROOF. We have
0
Gu(0) —x = /_ Pu(=9)(9(s) — 9(0)) ds.

so that, by the continuity of ¢ in H!*28_(7.11) follows.
In order to prove (7.12), we have

t
|0 () — @(@)] 42 < /_ pu(t —$)|@(s) — @) yri2p ds.

Now, as ¢ : (—00,0] > H 1428 g uniformly continuous, for any fixed ¢ > 0, there
exists 8; > 0 such that

&
lt —s|<d — |(P(S) _‘/’(t)|H1+2/3 < E

Then if we pick p small enough so that u% < §./2,
! le
—ope p¥ 2

t
19 (1) — (1) ysas < / Pt — )| (8) — ()] yre2p ds < / :,
oo t

uniformly in ¢. This proves (7.12).
Limit (7.13) can be proved using the fact that

lPu — @1 12((—00,0); H20+))

0
= wp f (=A™ () (1) — (1)), h(1)),, dt

V112 (o001 =172

_ 0 OB
= | [ a0 (o = 5) = (0). b)) ds s

112 ((—co.0): 1)

2u”
= /0 Pu®)|@C =) = 0O 12((_oo.0): 20481y d5-
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Because translation is continuous in L2, this converges to 0 as u | 0. The same
argument will show that (7.14) holds true. [J

Using these estimates we can prove the main result of this section.

THEOREM 7.3. Forany x € H'*?# we have

(7.15) limsup V,, (x) < V(x).
wul0

PROOF. Let ¢ be the minimizer of V (x). This means ¢(0) = x, (7.3) holds
and /_o(¢) = V(x). For each u > 0, let ¢, be the convolution given by (7.6),
and let x;, = ¢, (0).

It is clear that

(7.16) Viu(x) < I (zp),

where
d

According to Lemma 7.1, we can apply (7.4), and we have

2 50 2
cr
Iﬁoo(zﬂ) =< 7/
—00

82<p
w o dt +1_oo (o)

at2

()

0 92 9
s OO<Q_1 ). 0 (%(r)  Agu () — B("’“(”))>H dr

at2

0 8290#
+M(/—oo' ot? (t)

By (7.9), this implies

2 0 2 2
2 %
=7 f ‘ “(r)‘ + oo (gp)
—00 H?2B

2

12 U
a’t) (oo (0,0) /2.

H?28

8(,02

1" o (2) < Too(@p) + e o

L%((—00,0); H?P)
dg
ot

1/2
I_oo(pp)) s
L2<<—oo,0>;H2ﬁ>( oo(0w)

1—«

+cu

and by (7.13) and (7.14),
lim I oo (pp) = [—oo(p) =V (x).
ui0

Therefore, if we pick o« < 1 in (7.5), we get

(7.17) limsup V,,(x,) <limsup I* (z,) < V(x).
ul0 ul0
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Since, in view of (7.11) and Theorem 6.3,

lim sup Vu (x,) =limsup VM (x),
ui0 ui0

we can conclude that (7.15) holds. [

COROLLARY 7.4. For any closed set N C H,

7.18 li inf V. < inf V(x).
(7.18) imsup inf u(x)_xlgN (x)

u—0 xXe

PROOF. If infycpn V(x) = 400, then the theorem is trivially true, so we as-
sume that this is not the case. Then by the compactness of the level sets of V and
the closedness of N, there exists xg € N such that V (xg) = infyeny V (x). By (7.15),
we can conclude, as

limsup inf V,,(x) <limsup V,(xo) < V(xo) = inf V (x).
eN xeN

u—0 X ul0 O

8. Lower bound. Let N C H be aclosed set with N N H 1428 £ &. In partic-
ular, by Theorem 6.3 we have infyen V) (x) < +00. Due to (5.9) and Theorem 5.1,
there exists z* € C((—o0, 0]; H) such that

x*:=T1;z*(0) € N, " (") =V, (x") = inf. V().
xe
Now, let y* € L?((—00, 0); H) be the minimal control such that

Z“(l)=/joo S,L(t—s)B,L(Z”(s))ds4—‘/_;o St —s5)Quy*(s)ds,

and

_ _ 1 .5
; — B — Z |
8.1 xlg]{, Vi(x) =V (x#) = ZW |L2((—000): 1)
In what follows, we shall denote y* = I1,z*(0). For any § > 0, we define the
approximate control

YrA() =T —8A) 2yt @), <0,

and in view of Corollary 5.2 we can define z/% to be the solution to the corre-
sponding control problem

t t
(1) =/ St — s)BM(z”’S(s))ds +/ Spu(t — s)QMw“"S(s)ds.
—00 —00
Notice that, according to (4.14),

. ,8 _
t_l)lI_noo|ZM ‘HHZB =0
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Moreover, as " € L2((—00,0); H'), thanks to (4.14) we have
; ) _
t—1>u—noo}z ’Hzmm -

In what follows, we shall denote (x*?, y#%) = z13(0).

LEMMA 8.1. There exists o > 0 such that

(8.2) lim sup |x* — x*?[2,, =0.
=0 pu=<pug

PROOF. By (4.27), there exists po > 0 such that for u < wo,

|t — x| g < |yt — W“’ahzq—oo,oxﬂ”)'

Now, since for any h € H,

o0 1 1 2
A V21 —sA) V2 — (=AY 12 2:_< 7> h2,
|( ) ( ) ( ) |H o (1+8ak)1/2 k

and

1 2

we have
[(—A) 21 —8A) 2R — (—A) V2R, < 8113,

This implies

0 -
|t — xt0)2 5, < 08/ [WH (s) |3 ds = c8 inf V().

) XeEN

In Corollary 7.4 we have proved

limsup inf Vﬂ(x) < 1nf V(x),

w0 xeN

and then we obtain

(8.3) sup [x# — x| as < ev/3,
H=10

which implies (8.2). [
Now we can prove the main result of this section.

THEOREM 8.2. For any closed N C H, we have

8.4 inf V(x) < liminf inf V,,(x).
8.4) reN x) = ‘,‘?fo“ reN )
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PROOF. If the right-hand side of (8.4) is infinite, the theorem is trivially true.
Therefore, in what follows we can assume that

(8.5) liminf inf V,(x) < +oo.

nu—>0 xeN

We first observe that if we define
PPy =" @),  1<0,

in view of (7.4),

0
V(x0) < Ioo(9™?) = 1" (") 2/ ‘Q_ (pM (t)‘ dt
0 92 pH-8
(3.6) ~uf {0t .
1 90”

0 (1)~ 0 aphA () — Q"B(w“"s(t))> dr.
H

Since
8.7 |y, =T -84 Py, < v 0], <0,

we have

I (2?) < 12 () = inf V,(x),
xXeN
so that
,8 inf V
V(x )legN Vi (x)

0 82 w,8
—u/_oo<Q_1 Y0,

ot?

s “)u (0) = 0~ Ag (1) - Q_IB(w“"S(t))>Hdt-

Thanks to (4.14) and Hypothems 2, by integrating by parts,
V(x*?%) < inf V,
(%) < fnf Vo

w, _ _ _
=107 —ul= A0 e 07 )

(8.8) +u{Q 7' B(x%), 07Ty,
0 (p;uS 0 3¢u,5 2
vau [ |22 <>‘ Jdrergn [ |2l ar
S —co| Ot H2B

= 1an (x)—l—X:I’“S
i=1
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First, we note that
(8.9) - <o.
Next, by (4.26) we see that

12‘“S 1M8<C\/_(| 6|i]25+2+/x|y |H2ﬂ+l)+CM/ |ZM m‘?ﬂﬂﬂdt

< C(M+f)/ [y ()| 3 dit.

Since for any h € H, we have (I — 8§A)~Y2h e Dom(—A)'/? and
(=) 21 =54)"2h|y <5721kl y,
we have
YWl Ol <87 POy, 10
Therefore, by (8.1),

s s _ ! 2
B+ 1 <57 Pty [ vl

(8.10) )
=2c8"12(u+ 1) inf V,(x).
xe

By the same arguments, (4.26) and (8.7) give

(8.11) B+ 157 < et /) inf V().
Combining together (8.9), (8.10) and (8.11) with (8.8), we obtain
8.12)  V(x*?) < inf V() + el + /) (1 + 5—1/2);25 V. (x).

From this, choosing § = ,/u, and due to (8.5), we see that

hmlan( Ho ~/—) <11m1nf 1nf V. (x).
n—

u—0

Since we are assuming (8.5), and since by [5], Proposition 5.1, the level sets of V
are compact, there is a sequence i, — 0 and x° € H such that

n—oo

lim [x#vin — 0, =0,  V(x%) <liminf V (x"vVF).

u—0
By (8.2), we have that x*» converges to x° in H, so that xo € N. This means that
we can conclude, as

inf V(x) < V(x°) < liminf V (x**v#) <liminf inf V,
inf (x) < (x) 1m1n (x ) 132{)1 inf (). 0
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9. Application to the exit problem. In this section we study the problem
of the exit of the solution uX of equation (1.1) from a domain G C H, for any
w > 0 fixed. Then we apply the limiting results proved in Theorems 7.3 and 8.2 to
show that, when p is small, the relevant quantities in the exit problem from G for
the solution ut of equation (1.1) can be approximated by the corresponding ones
arising for equation (1.2).

First, let us give some assumptions on the set G.

HYPOTHESIS 3. The domain G C H is an open, bounded, connected set, such
that 0 € G. Moreover, for any x € 3G N H'2P  there exists a sequence {x,}pen C
G N HY28 such that

9.1) lim |x, — X|34y,,, =0.

n—+00

Assume now that G is an open, bounded and connected set such that, for any
x €3G N H'T2B there exists a y € G N H'*2# such that

(9.2) {ty+(1—-tx:0<t<1}cG"

Then it is immediate to check that (9.1) is satisfied. Condition (9.2) is true, for
example, if G is convex, because of the Hahn—Banach separation theorem and the
density of H'72f in H.

LEMMA 9.1. Under Hypothesis 3,
9.3) V,.(3G) = inf V,(x) = V,(xG.u) <0,
x€dG

for some xG , € 0G N Hipop.

PROOF. Since G€ is an open set, there exists X € G°NH'*28 Because 0 € G,
and the path 7 — ¢X is continuous, there must exist 0 < 7y < 1 such that 7ox € 9G.
Clearly, 10X € H'*?# 5o that, as 8G N H'1?# = & according to Theorem 6.3,

inf V .
xler})G M(X)<OO

Moreover, thanks to Theorem 5.4, the first equality in (9.3) implies that there exists
XG,u €9G N 7‘[1+25 such that

(9.4) V,(x6.0) = Vu(3G). O

Now, if we denote by z& ;, = (uk ¢,, Vb ,) the mild solution of (2.9), with initial
position and velocity zo = (1o, vo) € H, we define the exit time

9.5) thf =inf{t > 0:ul' (1) ¢ G}.

£,20

Here is the main result of this section:
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THEOREM 9.2. There exists o > 0 such that for u < o, the following con-
ditions are verified. For any zo = (1o, vo) € H such that uy € G and M(lizo (t) e G,
fort > 0:

(1) The exit time has the following asymptotic growth:

9.6 lim glog E(z/¢) = inf V,(x),
(9.6) lim elog E(zy) = inf V. (x)

20

and for any n > 0,
1,- 1 -
(9.7)  lim P(exp(—(vﬂ(aG) - n)) <th®< exp(—(Vﬂ(aG) + n))) =1.
e—0 £ 0 &
(2) For any closed N C 3G such that infyen V,,(x) > infyeac V. (x), it holds
that

9.8) SIER)IP’(MQZO (zh*)eN)=0.
REMARK 9.3. The requirement that uf{ () € G forall 1 > 0 is necessary be-

cause in Lemma 3.4, we show that there exist zo € G x H —1 such that ug 2 leaves
G in finite time. Of course, for these initial conditions, the stochastic processes
ug -, will also exit in finite time for small ¢.

In [4] it has been proven that an analogous result to Theorem 9.2 holds for
equation (2.5). If we denote by u, ,, the mild solutions of equation (2.5), with
initial condition ug € H, we define the exit time

T, = inf{t > 0:ue 4y (1) ¢ G}

In [4] it has been proven that for any uo € G such that ug ,,(¢) € G, for any r > 0,
it holds that

: e
(glg%s logE(z; ) = xle%fG V(x).
Similarly, as we would expect, it also holds that

: e . e
glgn% elogr, = xle%fc V(x) in probability,

and if N C G is closed and inf,cy V(x) > inf, ey V(x),
Sli_r)% P(”i()(rlf()) € N)=0.

The proof of these facts is analogous to the proof of Theorem 9.2.

In view of what we have proven in Sections 7 and 8 and of Theorem 9.2, this
implies that the following Smoluchowski—Kramers approximations holds for the
exit time:
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THEOREM 9.4. (1) For any initial conditions zo = (ug, vo),
N a1 e
(9.9) I}ll)noglg%slogE(rz’g )= SIE)I%)E logE(z; ) = x1€%fG V(x).
(2) For any n > 0, there exists o > 0 such that for i < o,

(9.10) ah_%p(el/S(V—n) <t < el/e(VJrn)) -1

(3) For any N C 0G such that infy ey V (x) < infyeyg V (x), there exits o > 0
such that for all u < 1o,

lim P, (u®(t"¢) € N) = 0.

e—>0

We recall that in [7] we have proved that, in the case of gradient systems, for
any u > 0,

Vu(x)zV(x), x€eH.
This means that in this case for any zg = (ug, vo) € H and u > 0,
. LEY _ 1 e
(sll_r)r(l)elogIE(rzo )= elg%slogE(ruo) = xle%fG V(x),
and (9.10) holds for any u > 0.

9.1. Proof to Theorem 9.2. In order to prove Theorem 9.2, we will need some
preliminary lemmas, whose proofs are postponed to the next subsection.

LEMMA 9.5. For u < (a1 — yo)yo_z, there exists a constant c(u) > 0 such
thatz1,z2 € H

(9.11) sup suplzy, . (1) =2y, , (D]y, < cG)lz1 — 22l
Y eL2((0,400); H) t>0

LEMMA 9.6. For any closed set N C H, and any A < VM(N), there exists
po > 0 such that if z € C((0,T); H), with |2z(0)|x < po and IéfT(z) < A, then it
holds

tig disty (M1z(1), N) > [2(0)]4,.

LEMMA 9.7. Forany u,e >0 and zg € H, let
e =inf{r > 0: Tz, (1) ¢ G or |28, |, < P}

where p > 0 is small enough so that By(p) C G x H™'. Then

9.12) lim limsupelog< sup  P(¢/° >t)> = —o00.

20,0 —
=400+ 50 20eGx H™!



SMOLUCHOWSKI-KRAMERS APPROXIMATION AND LARGE DEVIATIONS 2637

LEMMA 9.8. Let th" be the exit time from Lemma 9.7, and let N C 3G be a
closed set. Then

(9.13)  lim limsup e log sup  P(Myzt, (e )eN))f—VM(N),
p=0 -0 20€ By ((1+M ) p)

where \_/M(N) =inf, ey Vﬂ(x).
LEMMA 9.9. For fixed p > 0,

lim limsupelog( sup P(sup|z8 0@y =0+ M,Q,o)) —00.

=0 ¢>0 20€By(p) 5=t

PROOF OF THEOREM 9.2. As G C H is a bounded set, there exists R > 0
such that G C Bg(R — 1). If c(u, 1) is the constant from Lemma 3.4, for any
zo0 = (ug, vg) € H such that

uo € G, lvol -1 > Re(u, 1)~! =ik,

we have that leé‘o leaves Bg (and therefore G) before time ¢ = 1. Since for any
T >0,

(9.14) lim sup Blz{ — £ |cqo.71:20 = 0-

e—0 20€H
this yields

. e o .
lim - inf - P(zy® <1)z lim - inf o P(2f,, — 25 leqo.rym < 1)

[vol y—1>K lvol y—1>k
(9.15) " "
=1.
Now, fix n > 0. According to (9.4), there exists xg,, € 3G N H 1426 guch that
V (xG,pn) = V (8G) Now if {x,} C G°N H12 s a sequence from (9.1) such

t[lat Xp —> XG,pu 1N H't2B asn — oo, due to Theorem 6.3 we have that Vi(xn) —
V.. (xG,;.)- This means that there exists n such that

V(i) < Va(xg.) + % =V, (3G) + %.

In particular, there existﬁ T > 0 and zz’o € C([0, T1]; H) such that z’IZ,O(O) =0
and Iz}, o(T1) = x;z € G¢ with
> Ui = Ui
157, (2 o) < Viu(xa) + 7 < V@O + 3.
According to (9.11), the mapping zg € H — zg’zo € C([0, T1]; H) is continu-
ous, and therefore, we can find p > 0 such that

lzoln < p
= dist(z}, . (T1), (G x H™")) > dist(z}, o(T1), (G x H™')) =1 > 0.
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In view of (5.3), we can see that there exists £; > 0 such that for all ¢ < ¢1, and all
lzoln < ps

9.16)  P(th® < Ty) = P(|2, — 2 oo <@) = e /0@,

Now, by Lemma 3.2 we can find 75 > 0 such that
0
sup |z (T2, < 5.

upeG 2
|UO|H71 <K

Therefore, thanks to (9.14), there exists 0 < & < g1 such that ug € G, and
|’UO|[-I_1 S K,

P(jzt. (T <p)>3.  e<e.
Thanks to (9.16), by the Markov property, this implies that for ug € G and

|v0|H71 iK’

P(clo® < +T2) > %e_l/g(V“(G)J“"), &€ <é&.

Hence, if we combine this with (9.15), we see that there exists 0 < g9 < & such
that for all ¢ < g,

1 _
(9.17) inf Pt <1+ Ty +Tp) > —e /EVu@Fm,
20eGx H™1 0 2

By using again the Markov property, for any k € N and zg € G x H™!, this
gives

k
zo0eGXd™

1 _ k
- <1 _ Ee—l/sm(o‘m)) ,

so that
o0
E(t/) < (1 + T+ T2) Y Pl > k(1 + Ti + T»))
k=0
<2(1 4T 4 T)e!/#Vu(@+n)
Thus the upper bound of (9.6) follows as  was chosen arbitrarily small, and the

upper bound of (9.7), follows from this by using the Chebyshev inequality. [J

The proofs of the lower bound for the exit time and of the exit place follow from
Lemmas 9.5 to 9.9, by using the same arguments used in the finite-dimensional
case; see [13] and [17]. For this reason, we omit them.



SMOLUCHOWSKI-KRAMERS APPROXIMATION AND LARGE DEVIATIONS 2639

9.2. Proofs of Lemmas 9.5-9.9.

PROOF OF LEMMA 9.5. If we let (1) =TI 1(zf;,m (t) — ziz’zz (1)), then it is a
weak solution to

8% dg n 7
(9.18) Mﬁ(f) + a(f) = Ap(t) + B(lem’w(t)) — B(lezz,¢(t))~

Therefore, we can conclude as in Lemma 3.1. [

PROOF OF LEMMA 9.6. Fix A < VM(N ). Suppose by contradiction that there
exist {z,} C H, {T,} C (0, +00) and {v,} C L?((0, T;,); H) such that
: L5
nll)ngo|zn|7'l =O7 §|Wn|L2((O’Tn);H) < A7
and
disty (T2, (Ta). N) < |zal.
Now, if we set x,, 1= legmo(Tn), for any n € N we have, by (9.11),
|xn - lein,Zn (Tn)|H <c(Wlznln,
so that
9.19) disty (xn, N) < c()lznln + 12nln, neN.
Recalling how ‘_/u is defined, we have
‘_/M(xn) S %lwnliZ((o’Tn);H) < A

Now, as proven in Theorem 5.4, Vu has compact level sets. Therefore, there is a
sequence {xp, }x C H such that x,, — x, so that V,(x) < A. However, by (9.19),
x € N, and then V,(N) <V, (x) < V,(N), a contradiction. []

PROOF OF LEMMA 9.7. Fix R > sup, . |x|y + p, and by Lemma 3.4, let us
take « > O such that if vy € B-1(k), then zéf) leaves Bg x H ! before time 7 = 1.
By Lemma 3.2, we can find 77 > 0 such that

0
sup |2k (T, < =
uoEG @ H 2

|UO|H—15K

and then for any z9 € G X H !, zé‘o (¢) leaves (G x H™1) \ Bx(p/2) in less than
time T = T; + 1. This means that

(9.20) inf{léfT(z):z(t) € (Bu(R) x H ')\ By(p/2) fort €[0,T]} =a >0



2640 S. CERRAI AND M. SALINS

because the set above contains no unperturbed trajectories. By (5.4)

limsupelog( sup IP’(IOZT)>

e—0 20eGxH™!
< limsupslog( sup P(distc([oyr];;{)(zgzo, K(’)‘T(a)) > B)) < —a.
e—>0 20eGx H™1 ' 2
By the Markov property, for any k € N,
k
sup  P(rg=kT)<( sup P(zp=T))
70eGx H™1 70eGx H™1

and therefore,
lim slog( sup  P(r1 > Tk)) < —ka.
£=>0 z0eGx H™1 0

PROOF OF LEMMA 9.8. LetT'y, := By ((1 + My)p). Forany T > 0, we have
sup P(TTzk, (/%) € N)
z0€l,

9.21)
< sup P(‘L’Z/é’j) >T)+ sup P(leff,zg(t) € N forsomet <T).

zOer ZOEFp

Next, thanks to Lemma 9.6, for any A < \_/M (N) fixed, we can find pg > 0 such
that for p < pg and any T > 0, the set

{z:2(0) € Ty, distco, 713 (2, Ko 7 (A) < (1 + M) p}

contains no trajectories that reach N by time 7. Then by (5.4), for any 1 > 0, for
small enough ¢ > 0,

sup P(IT;z*

£,20
z0€l,

< sup P(disteqo, 710 (2 10 Ko7 (A) > (1+ My)p) < e /oA,

z0€ly

(t) € N for some t <T)

Now, according to (9.12), we pick T > 0 so that, for small enough ¢ > 0,

sup P(¢f? > T) < e~ /o),
z0€ly

Due to (9.21), this implies our result, as A < \7“ (N) and 1 > 0 were arbitrary. [J

PROOF OF LEMMA 9.9.  If z(r) =z, _ (1), then

t t
z2(t) = S, (H)z0 —I—/O Su(t — s)B,L(z(s)) ds —l—/o Su(t—s)Qu¥(s)ds,
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so that, if zg € By (p),

/»'l/\/a s<t

M/
Therefore, if sup,, [z(s)| = (M, + 1/2)p, then we get
1 ()IM M/
E,(t) = ,0( >

5~ <1l
NG M\/ L2(0.1): H)-

ililt)|z(s)|7_[ <M,p+ «/;|W|L2((0,;);H)-

This means that

limsupslog< sup P(sup}zé‘zo(s)}ﬂ >+ M,L),o))
e—>0 20€By(p) S=t

- P
§hmsupslog< sup P<dIStC([Ot]H)<Z“0,KO,( (E.(0) )) 2))

e—0 z20€By (p)
_(Eu()?
J— 2 b
and our result follows as
lim E,,(t) = .
lim £, (1) = +00 0
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