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In our previous paper [Ekren, Touzi and Zhang (2015)], we introduced
a notion of viscosity solutions for fully nonlinear path-dependent PDEs, ex-
tending the semilinear case of Ekren et al. [Ann. Probab. 42 (2014) 204—
236], which satisfies a partial comparison result under standard Lipshitz-type
assumptions. The main result of this paper provides a full, well-posedness
result under an additional assumption, formulated on some partial differen-
tial equation, defined locally by freezing the path. Namely, assuming further
that such path-frozen standard PDEs satisty the comparison principle and the
Perron approach for existence, we prove that the nonlinear path-dependent
PDE has a unique viscosity solution. Uniqueness is implied by a comparison
result.

1. Introduction. This paper is the continuation of our accompanying papers
[7, 8]. The main objective of this series of three papers is the following, fully
nonlinear parabolic path-dependent partial differential equation:

(1.1) {—8tu—G(-,u,awu,af)wu)}(t,a))zQ (t,w)e[0,T) x Q.

Here 2 consists of continuous paths @ on [0, T] starting from the origin, G is
a progressively measurable generator and the path derivatives d;u, d,u, af)wu are
defined through a functional It6 formula, initiated by Dupire [5]; see also Cont
and Fournie [3]. Such equations were first proposed by Peng [16], and they pro-
vide a convenient language for many problems arising in non-Markovian, or say
path dependent framework, with typical examples, including martingales, back-
ward stochastic differential equations, second-order BSDEs and backward stochas-
tic PDEs. In particular, the value functions of stochastic controls and stochastic
differential games with both drift and diffusion controls can be characterized as
the solution of the corresponding path dependent PDEs. This extends the classical
results in Markovian framework to non-Markovian ones. We refer to [8] and [17]
for these connections.
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A path dependent PDE can rarely have a classical solution. We thus turn to the
notion of viscosity solutions, which had great success in the finite dimensional
case. There have been numerous publications on viscosity solutions of PDEs, both
in theory and in applications, and we refer to the classical references [4] and [9]. In
our infinite dimensional case, the major difficulty is that the underlying state space
Q2 is not locally compact, and thus many tools from the standard PDE viscosity
theory do not apply to the present context. In our earlier paper [6], which stud-
ies semilinear path-dependent PDEs, we replace the pointwise extremality in the
standard definition of viscosity solution in PDE literature with the corresponding
extremality in the context of an optimal stopping problem under a nonlinear ex-
pectation £. More precisely, we introduce a set of smooth test processes ¢, which
are tangent from above or from below, to the processes of interest u in the sense of
the following nonlinear optimal stopping problems:

sup E[ (¢ — u)<], inf€[(p — u):]

(12) ' .

where £ := sup EF, £ := inf EF.

PeP Pep

Here t ranges over a convenient set of stopping times, and P is an appropriate
set of probability measures. The replacement of the pointwise tangency by the
tangency in the sense of the last optimal stopping problem is the key ingredient
needed to bypass the local compactness of the underlying space in the standard
viscosity solution theory (or the Hilbert structure, which allows us to access local
compactness by finite realization approximation of the space). Indeed, the Snell
envelope characterization of the solution of the optimal stopping problem allows
us to find a “point of tangency.” Interestingly, the structure of the underlying space
does not play any role, and the standard first and second-order conditions of max-
imality in the standard optimization theory has the following beautiful counterpart
in the optimal stopping problem: the supermartingale property (negative drift; no-
tice that drift is related to the second derivative) of the Snell envelope and the
martingale property (zero drift) up the optimal stopping time (first hitting of the
obstacle/reward process).

In [6], we proved existence and uniqueness of viscosity solutions for semilinear
path-dependent PDEs. In particular, the unique viscosity solution is consistent with
the solution to the corresponding backward SDE.

In [6], all probability measures in the class P are equivalent, and consequently
‘P is dominated by one measure. In our fully nonlinear context, the class P be-
comes nondominated, consisting of mutually singular measures induced by certain
linearization of the nonlinear generator G. This causes another major difficulty of

the project: the dominated convergence theorem fails under £” . To overcome this,
we need some strong regularity for the involved processes, and thus we require
some rather sophisticated estimates. In particular, the corresponding optimal stop-
ping problem becomes very technical and is established in a separate paper [7].
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We remark that the weak compactness of the class P plays a very important role
in these arguments.

In [8], we introduced the appropriate class P for fully nonlinear path dependent
PDEs (1.1) and the corresponding notion of viscosity solutions. We investigated
the connection between our new notion and many other equations in the existing
literature of stochastic analysis, for example, backward SDEs, second-order BS-
DEs and backward SPDEs. Moreover, we proved some basic properties of viscos-
ity solutions, including the partial comparison principle; that is, for a viscosity sub-
solution u! and a classical supersolution u?, if ulT < uZT, then ul(r, w) < u(t, w)
for all (¢, w) € [0, T] x 2.

In this paper we prove our main result, the comparison principle of viscosity
solutions. That is, for a viscosity subsolution ! and a viscosity supersolution u2,
if ul < u?, then ul(t,w) < u?(t, w) for all (t,w) € [0, T] x Q. Again, due to
the lack of local compactness and now also due to our new definition of viscosity
solutions, the standard approach in PDE literature, namely the doubling variable
technique combined with Ishii’s lemma, does not seem to work here. Our strategy
is as follows: We start from the above partial comparison established in [8], but
we slightly weaken the smooth requirement of the classical (semi-)solutions. Let u
denote the infimum of the classical supersolution and u, the supremum of classical
subrsolutions, satisfying appropriate terminal conditions. Then the partial compar-
ison implies ' <# and u < u?. Thus the comparison will be a direct consequence
of the following claim:

(1.3) U=u.

Then clearly our focus is (1.3). We first remark that due to the failure of the

dominated convergence theorem under our new EP, the approach in [6] does not
work here. In this paper, we shall follow the alternative approach proposed in [8],
Section 7, which is also devoted to semilinear path-dependent PDEs. However,
as explained in [8], Remark 7.7, there are several major difficulties in the fully
nonlinear context, and novel ideas are needed.

Note that (1.3) is more or less equivalent to constructing some classical superso-
lution u? and classical subsolution u®, for any & > 0, such that lim,_,o[u® — u°] =
0. Our main tool is the following local path-frozen PDE: for any (¢, w) € [0, T) x
Q,

—dv(s, x) — g"(s, v, Dv, Dzv) =0,
(1.4) s et t+¢], x € R such that |x| <e,
Where gt’w(sv ya <, V) = G(S’ a)~/\l7 yv Z, V)

Here D and D? denote the gradient and Hessian of v with respect to x, respectively,
and we emphasize that g"*® is a deterministic function, and thus (1.4) is a standard
PDE. We shall assume that the above PDE has a unique viscosity solution (in
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standard sense), which can be approximated by classical subsolutions and classical
supersolutions. One sufficient condition is that after certain smooth mollification of
g"®, the above local PDE with smooth boundary condition has a classical solution.
We then use this classical solution to construct the desired u® and u®.

We remark that this approach is very much like Perron’s approach in standard
PDE viscosity theory. However, there are two major differences: First, in the stan-
dard Perron approach, u and u are the extremality of viscosity semi-solutions,
while here they are the extremality of classical semi-solutions. This requires the
smoothness of the above u® and u* and thus makes their construction harder. More
importantly, the standard Perron approach assumes the comparison principle and
uses it to obtain the existence of viscosity solutions, while we use (1.3) to prove
the comparison principle. Thus the required techniques are quite different.

Once we have the comparison principle, then following the idea of the standard
Perron approach, we see # = u is indeed the unique viscosity solution of the path-
dependent PDE, so we have both existence and uniqueness. Our result covers quite
general classes of path-dependent PDEs, including those not accessible in the ex-
isting literature of stochastic analysis. One particular application is the existence
of the game value for a path-dependent zero sum stochastic differential game, due
to our well-posedness result of the path-dependent Bellman—Isaacs equation; see
Pham and Zhang [17]. We also refer to Henry-Labordere, Tan and Touzi [12] and
Zhang and Zhuo [18] for applications of our results to numerical methods for path-
dependent PDEs.

We also note that there is potentially an alternative way to prove the compar-
ison principle. Roughly speaking, given a viscosity subsolution u' and a viscos-
ity supersolution u2, if we could find certain smooth approximations u*¢, close
to u’, such that u'¢ is a classical subsolution and u>? is a classical supersolu-
tion, then it follows from partial comparison (actually classical comparison) that
ul¢ < u?¢ which leads to the desired comparison immediately by passing € to 0.
Indeed, in PDE literature the convex/concave convolution plays this role. How-
ever, in the path-dependent setting, we did not succeed in finding appropriate ap-
proximations "¢ which satisfy the desired semi-solution property. In our current
approach, instead of approximating the (semi-)solution directly, we approximate
the path-frozen PDE by mollifying its generator g"*®. The advantage of our ap-
proach is that provided the mollified path-frozen PDE has a classical solution, it
will be straightforward to check that the constructed u® and u® are classical semi-
solutions.

The price of our approach, however, is that we need classical solutions of fully
nonlinear PDEs. Partially for this purpose, in the present paper we assume that G
is uniformly nondegenerate, which is undesirable in viscosity theory, and for path-
dependent Bellman—Isaacs equations, we can only deal with the lower dimensional
(d =1 or 2) problems. We shall investigate these important problems and explore
further possible direct approximations of u’ as mentioned above, in our future
research.
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The rest of the paper is organized as follows. Section 2 introduces the general
framework and recalls the definition of viscosity solutions introduced in our ac-
companying paper [8]. Section 3 collects all assumptions needed throughout the
paper. The main results are stated in Section 4, where we also outline strategy of
proof. In particular, the existence and comparison results follow from the partial
comparison principle, the consistency of the Perron approach and the viscosity
property of the postulated solution of the PPDE. These crucial results are proved
in Sections 5, 6 and 7, respectively. Finally, Section 8 provides some sufficient
conditions for our main assumption, under which our well-posedness result is es-
tablished, together with some concluding remarks.

2. Preliminaries. In this section, we recall the setup and the notation of [8].

2.1. The canonical spaces. Let Q2 :={w € C([0,T], R9):wy = 0} be the set
of continuous paths starting from the origin, B, the canonical process, IF, the nat-
ural filtration generated by B, Py, the Wiener measure and A := [0, T] x Q2. Here
and in the sequel, for notational simplicity, we use 0 to denote vectors, matrices
or paths with appropriate dimensions whose components are all equal to 0. Let S¢
denote the set of d x d symmetric matrices, and

d
x-x' :=le-xi/ for any x,x eRY,
=1

1=
vy =u[yy'] for any y, y’ € .
We define a semi-norm on 2 and a pseudometric on A as follows: for any
(t,w), (t', o) € A,

2.1) ol :== sup |wsl, doo((t, @), (', @) ==t = 1'| + |@.nr — & 5| -
O<s<t
Then (€2, || - ||7) is a Banach space, and (A, d) is a complete pseudometric space.

We shall denote by LO(F7) and LO(A) the collection of all Fr-measurable ran-
dom variables and F-progressively measurable processes, respectively. Let CO(A)
[resp., UC(A)] be the subset of L2(A) whose elements are continuous (resp., uni-
formly continuous) in (¢, w) under do.. The corresponding subsets of bounded pro-
cesses are denoted by C?(A) and UCy (A). Finally, LO%A, R?) denote the space of
R?-valued processes with entries in L%(A), and we define similar notation for the
spaces Co, Cl()), UC and UG,
We next introduce the shifted spaces. Let 0 <s <t <T.

— Let Q' :={w € C([t, T],R?) : w; = 0} be the shifted canonical space; B’ the
shifted canonical process on Q'; F’ the shifted filtration generated by B’, P,
the Wiener measure on €/, and A’ :=[¢, T] x Q.

— Define || - ||f on ©* and d¥, on A’ in the spirit of (2.1), and the sets LO(AY) etc.
in an obvious way.
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— For w € Q* and o’ € Q', define the concatenation path v ®; o’ € Q° by
(0 ®; &) (r) = 1i5.0(r) + (0 + 0. )1.71(r) forall r € [s, T].

— Let & e LO(F%) and X € LO(A®). For (1, w) € A®, define £ € LO(F}) and
xhe e LO(A") by

() =€ (0 ® &), X)) = X (0 @ o), for all o’ € Q'.

It is clear that for any (f, ) € A and any u € CO(A), we have u"® € CO(A").
The other spaces introduced before enjoy the same property.

We denote by T the set of F-stopping times, and by H C 7T, the subset of those
hitting times H of the form

(2.2) H:=inf{t: B; ¢ O} Ato,

for some 0 < 79 < T, and some open and convex set O C R? containing 0. The
set H will be important for our optimal stopping problem, which is crucial for the
comparison and the stability results. We note that H = fo when O = R¢, and for
any H e H,

(2.3) 0 <H, <H for & small enough, where H, :=inf{t > 0:|B,| = ¢} A e.

Define 7" and H! in the same spirit. For any t € T (resp., H € H) and any (¢, w) €
A such that r < t(w) [resp., t < H(w)], it is clear that T € T (resp., H"® € H").
Finally, the following types of regularity will be important in our framework:

DEFINITION 2.1. Letu € LO(A).

(i) We say u is right continuous in (¢, w) under do, if for any (¢,w) € A
and any & > 0, there exists § > 0 such that for any (s,®) € A’ satisfying
doo ((s, @), (1,0)) < 8, we have [u"?(s, ®) —u(t, w)| <.

(i) We say u € U if u is bounded from above, right continuous in (¢, ) un-
der do and there exists a modulus of continuity function p such that for any
(t,w), ([, o) €A,

24)  u(t,0)—u(t', o) < p(deo((r, ), (t', ') whenever ¢ <t'.
(iii) We say u e if —u e U.
The progressive measurability of u implies that u (¢, ®) = u(t, w.ns), and it is

clear that U NU = UCp(A). We also recall from [7] Remark 3.2 that condition (2.4)
implies that u has left-limits and positive jumps.
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2.2. Capacity and nonlinear expectation. For every constant L > 0, we de-
note by Py, the collection of all continuous semimartingale measures [P on €2 whose
drift and diffusion characteristics are bounded by L and +/2L, respectively. To be
precise, let Q:=Q3bean enlarged canonical space, B := (B, A, M) be the canon-
ical processes and & = (w, a, m) € 2 be the paths. A probability measure P € Py,
means that there exists an extension Q of P on €2 such that

B=A+M A is absolutely continuous, M is a martingale,
1 2 dA; d(M),
25) |f|<L, Zu((5))<L here of := L pP.— [TXNE
(25) |a'| < 2r((,B))_ where o o B, o
Q-a.s.

Similarly, for any ¢ € [0, T), we may define P} on €' and P. :=J; .o P} .
The set P} induces the following capacity:
(2.6) CF[A]:= sup P[A],  forall A e Fb.
PeP)
We denote by L!(FL,P!) the set of all Fh-measurable rv. & with

SUPpep; EP[|£]] < co. The following nonlinear expectation will play a crucial
role:

/€)= sup E°[£] and E£F[E]= inf EP[£] = —&/[-£]
PeP) Pery
2.7)
forall & e L' (F%., P1).

DEFINITION 2.2. Let X € LO(A) satisfy X; e LI(F;, Py) forall 0 <t < T.
We say that X is an EL—supermartingale (resp., submartingale, martingale) if, for
any (f,w) € A and any T € T, EZL[X;’“’] < (resp., >, =) X;(w).

We now state the Snell envelope characterization of optimal stopping under
the above nonlinear expectation operators. Given a bounded process X € LO(A),
consider the nonlinear optimal stopping problem

SHIX1(w) == sup £/ [X2°] and SE[X](w):= inf EF[X1®],
reT! TeT!
(2.8)
(t,w) e A.

By definition, we have S"[X]> X and Sy[X] = Xr.

THEOREM 2.3 ([7]). Let X € U be bounded, H € H and set 5(} =X 1yom +
Xu—1{;>n). Define

Y :=S"[X] and t*:=inf{t>0:Y, = X,).



2514 I. EKREN, N. TOUZI AND J. ZHANG

Then Yy« = X+, Y is an ?L-supermam'ngale on [0, H], and an gt -martingale on
[0, T*]. Consequently, T* is an optimal stopping time.

We remark that the nonlinear Snell envelope Y is continuous in [0, H) and has
left limit at H. However, in general Y may have a negative left jump at H.

2.3. The path derivatives. We define the path derivatives via the functional 1t6
formula, initiated by Dupire [5].

DEFINITION 2.4. We say u e CL2(A) if u € CO(A), and there exist d,u €
CO%A), d,u € COA,RY), 32 u € CO(A,S?) such that for any P e P, u is a
P-semimartingale satisfying

(2.9)  du=0dudt+ dyu-dB, + 19> u:d(B),, 0<t<T,P-as.

2(1)(1)

We remark that the above 9;u, d,u and aiwu, if they exist, are unique, and thus
are called the time derivative, first-order and second-order space derivatives of u,
respectively. In particular, it holds that

(2.10) u(t,w) = 1111(‘)1 ! [u(t +h, w.r) —u(t,w)].

We refer to [8], Remark 2.9, and [2], Remarks 2.3, 2.4, for various discussions
on these path derivatives, especially on their comparison with Dupire’s original
definition. See also Remark 4.5 below. We define C12(A?) similarly. It is clear
that, for any (t,w) and u € C12(A), we have u"® € C12(AY), and 3, (u"?) =
(Bou)"®, 02, ") = (32,u)"*.

For technical reasons, we shall extend the space C l’2([\) slightly as follows.

DEFINITION 2.5. Let 7 € [0, T1, u: A’ — R. We say u € C'"(A") if there
exist an increasing sequence of {H;,i > 1} C 7', a partition {E’,, j > 1} C ]:{{l, of
Q! for each i, a constant n; > 1 for each i, and (p;k e UCy(A), w;k eClh2(A)N
UC,(A) for each (i, j) and 1 < k < n;, such that, denoting Hg := 1, E(l) = Q"

(i) foreachi and w, H' +1 e HHi(@) Whenever H;(w) < T, the set {i : H; (w) <

T} is finite for each w and hm,_)ooCL[ ? < T]=0 for any (s,w) € A’ and
L >0; _
(ii) foreach (i, j), w, 0 € E; such that H; (w) < H; ("), it holds for all @ € €2,

(2.11) 0 <Hj41(0 ®u; () @) — Hi1(® ;) @) < Hj (') — H;j (w);

here we abuse the notatlon that (a) Ry @)y 1= a), [t s)(r) + (w5 + @r—s) 115, 171(r);
(iii) for each i, (pjk, wjk, B,w]k, wwjk, waw;k are uniformly bounded, and

@' ko Wl K are uniformly continuous, uniformly in (j, k) (but may depend on i);
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(iv) u is continuous in ¢ on [0, T'], and for each i, w € 2 and H;(w) < s <
Hi+1(w)’

u(s, w)
(2.12)

nj

=2 D [¢h (Hi (@), @) (s — Hi (@), O )45 — On; ()L -

j>1k=1

The main idea of the above space is that the processes in 61’2(A’ ) are piece-
wise smooth. However, purely for technical reasons, we require rather technical
conditions. For example, (2.11) and (2.12) are mainly needed for Proposition 4.2
below. We remark that these technical requirements may vary from time to time.
In particular, the space here requires a more specific structure than the correspond-
ing space in [6] and that in [8] Section 7, both dealing with semilinear PPDEs.
Nevertheless, by abusing the notation slightly, we still denote it as 61’2(A’ ).

Let u € C>(A"). One may easily check that u*® € C"*(A®) for any (s, ») €
A'. For any P € PL_, it is clear that the process u is a local P-semimartingale on
[#, T] and a P-semimartingale on [¢, H;] for all i, and

(2.13)  dug = dusds + 532, us:d(B"), + dous - dBl,  t<s5<T,P-as.
By setting Hy := T, ng := 1, (p?l =1 and w?l = u, we see that CI*Z(A’) -

¢ an.

2.4. Fully nonlinear path dependent PDEs. Following the accompanying pa-
per [8], we continue our study of the following fully nonlinear parabolic path-
dependent partial differential equation (PPDE, for short):

(2.14)  Lu(t,w):={—0u — G(-, u, dyu, Bf)wu)}(t, w) =0, (t,w) € A,

where the generator G: A x R x R? x S¢ — R satisfies the conditions reported in
Section 3.
For any u € LO(A), (t, w) € [0, T) x  and L > 0, define

Alu(t, 0) :={p e C1*(A"): (¢ —u"®), =0=SE[(p — u"*)

for some H € Ht},

-l

@15)_ N
A ut,w):={peC?(A"): (¢ —u"?), =0=5,(p —u"?)

for some H € Ht},

-l

where EL and ST are the nonlinear Snell envelopes defined in (2.8).
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DEFINITION 2.6. (i) Let L > 0. We say u € U (resp., U) is a viscosity L-
subsolution (resp., L-supersolution) of PPDE (2.14) if, for any (¢, w) € [0, T) x 2

and any ¢ € Alu(t, w) [resp., ¢ € ZLu(t, w)],

{890 — G (-, ¢, dp, 32,9)} (£, 0) < (resp., >) 0.

(i) We say u € U (resp., U) is a viscosity subsolution (resp., supersolu-
tion) of PPDE (2.14) if u is viscosity L-subsolution (resp., L-supersolution) of
PPDE (2.14) for some L > 0.

(iii) We say u € UCp(A) is a viscosity solution of PPDE (2.14) if it is both a
viscosity subsolution and a viscosity supersolution.

As pointed out in [8] Remark 3.11(i), without loss of generality in (2.15), we
may always set H = H’, for some small & > 0,

(2.16) H. :=inf{s > 1:|Bl| > e} A (t +¢).

3. Assumptions. This section collects all of our assumptions on the nonlin-
earity G, the terminal condition & and the underlying path-frozen PDE.

3.1. Assumptions on the nonlinearity and terminal conditions. We first need
the conditions on the nonlinearity G as assumed in [8].

ASSUMPTION 3.1. The nonlinearity G satisfies:

() for fixed (v,z,y), G(-,y,z,¥) € L%A) and |G(-, 0,0, 0)| < Co;
(i) G is uniformly Lipschitz continuous in (y, z, y), with a Lipschitz con-
stant Lg;
(iii) for any (v, z,y), G(-, y, z, y) is right continuous in (¢, w) under do;
(iv) G is elliptic, that is, nondecreasing in y.

Our main well-posedness result requires the following strengthening of (iii) and
(iv) above:

ASSUMPTION 3.2. (i) G is uniformly continuous in (¢, @) under do, with a
modulus of continuity function pq.

(i1) For each w, G is uniformly elliptic. That is, there exits a constant ¢y > 0
such that G(-, y1) — G (-, y2) = cotr(y1 — y2) for any y1 > y».

Condition (i) is needed for our uniform approximation of G below; in particular
it is used (only) in the proof of Lemma 6.4. We should point out though, for the
semi-linear PPDE and the path-dependent HJB considered in [8], Section 4, this
condition is violated when o depends on (¢, w). However, this is a technical con-
dition due to our current approach for uniqueness. Condition (ii) is used to ensure
the existence of the viscosity solution for the path-frozen PDE (3.3) below. See
also Example 4.7.

Our first condition on the terminal condition £ is the following:
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ASSUMPTION 3.3. £ € LO(Fr) is bounded and uniformly continuous in w
under || - ||z, with the same modulus of continuity function pg as in Assump-
tion 3.2(i).

REMARK 3.4. The continuity of a random variable in terms of w seems less
natural in stochastic analysis literature. However, since by nature we are in the
weak formulation setting, such continuity is in fact natural in many applications.
This is emphasized in the two following examples:

— Let Vp := EFo [g(X?)], for some bounded function g:Q2 —> R, and some
bounded progressively measurable process o, with

dX{ =o,dB;, Poy-a.s.

In the weak formulation, we define P as the probability measure induced by
the process X, and we re-write V := EF’ [g(B.)]. Thus the uniform continuity
requirement reduces to that of the function g.

— Similarly, the stochastic control problem in strong formulation Vy :=
SUDy <5 <5 EFo [g(X?)] for some constants 0 < g < &, may be expressed in the

weak formulation as Vo = sup, ., -5 EP” [g(B.)], thus reducing the uniform

continuity requirement of the terminal data to that of the function g.

Our next assumption is a purely technical condition needed in our proof of
uniqueness. To be precise, it will be used only in the proof of Lemma 6.3 be-
low to ensure the function 6, constructed there is continuous in its parameter .
When we have a representation for the viscosity solution, for example, in the semi-
linear case in [8], Section 7, we may construct the 6, explicitly and thus avoid the
following assumption:

Foralle >0,n>0and 0 < Ty < T; <T, denote

GD) I, (To, T1) := {mp = (ti, xi)1<i<n:To <11 < -+~ <1, <T1,
. lxi| <eforall 1 <i <n}.

For all r, € I (Tp, T1), we denote by o™ € Q70 the linear interpolation of (T, 0),
(liv ZlJ:l xj)]fifl’l’ and (Tv Z?:l -xj)

ASSUMPTION 3.5. Thereexist0=7Ty <--- < Ty =T such that for each i =
0,...,N—1,forany ¢ small,any n and any w € 2, @ € QTi+1 | the functions 7, —
E(w ®71; @™ @1, @) and 7, > G(t, 0 ®7; @™ 713, @, Y, 2, y) are uniformly
continuous in I1%(7;, T;41), uniformly on t > T; 11, (y,z,¥) € R x R x S? and
» e Qi

We note that the uniform continuity of £ and G implies that the above mappings
are continuous in m, € I1¢ (T}, T;41), but not necessarily uniformly continuous. In
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particular, they may not have limits on the boundary of IT,(7;, 7;+1), namely when
t; = ti+1 but x; # x;4+1. We conclude this subsection with a sufficient condition
for Assumption 3.5, where for @ € 2, we use the notation w; := max;<; ws and
, := ming<; wy, defined componentwise.

LEMMA 3.6. Leté(w) =g(or,, ..., 01y, 0T, s DTy, O, - .,QTN,a))for
some0=Ty < T <---<Tn =T, and some bounded uniformly continuous func-
tion (0, w) € R¥N x Q> g0, w) € R. Assume further that for all 6, i and
w € Q, there exists a modulus of continuity function p and p > 0 (Which may
depend on the above parameters), such that

Tit1
80,087,001, 6) - g0.0 81 07 91,,0)| <p( [ o}~ o}V ar)

forall o', w* € QTi, & € QTi+1. Then & satisfies Assumptions 3.3 and 3.5.

PROOF. Clearly £ satisfies Assumption 3.3. For w € Q, @ € Q7+ and
Tp, Ty € I (T3, Tiy1), denote 0™ = 0 ®7; 0™ ®7,,, @ and O™ = 0 7,
o™ ®1,,, ®. Then

£(6™) — 6™ < po 3 10—l ) + p(me o — | dr)
>~ = T t t ’

where pg is the modulus of continuity function of g with respect to (6, w).
Then one can easily check that the 7, —> &(@™) is uniformly continuous in
05(7;, Ti+1). O

3.2. Path-frozen PDEs. Our main tool for proving the comparison principle
for viscosity solutions, or, more precisely, for constructing the #® and u®, men-
tioned in the Introduction, so as to prove (1.3), is some path-frozen PDE. Define
the following deterministic function on [, 00) x R X RY x §4:

8", v, 2,7) =G AT, 0pn1, Y, 2, V), (t,w) € A.
For any ¢ > 0 and n > 0, we denote T;; := (1 + )T, &, := (1 +n)e and
05:={xeRd:|x|<8}, 58:={xeRd:|x|§8},
30: :={x eR?:|x| = ¢},
(3.2) o e o
t, :=[thr})X08,]a t :=[I7T17]X08,]5
307" = ([t, Tyl x 30,,) U ({Ty)} x Og,).

and we further simplify the notation for n = 0 as

—& _ —e0
0::=0"  07:=0", 090 :=00"
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Our additional assumption is formulated on the following localized and path-
frozen PDE defined for every (¢, ) € A:

(3.3) By L'y :=—3,v— g"“(s,v, Dv, D*v) =0 on Q;'".

Notice that for fixed (¢, w), this is a standard deterministic partial differential equa-
tion.

LEMMA 3.7. Under Assumptions 3.1 and 3.2(ii), PDE (3.3) satisfies the com-
parison principle for bounded viscosity solutions (in standard sense, as in [4]).
Moreover, for any h € Cc%o Qf’"), PDE (3.3) with the boundary condition h has a
(unique) bounded viscosity solution v.

PROOF. The comparison principle follows from standard theory; see, for ex-
ample, [4]. Moreover, as we will see later, the v and v defined in (4.11) are vis-
cosity supersolution and subsolution, respectively, of the PDE (3.3) and satisfy
T=v=~hon dQ;". Then the existence follows from the standard Perron ap-
proach in the spirit of [4], Theorem 4.1. [

We will use the following additional assumption:

ASSUMPTION 3.8. Forany ¢ >0,7>0, (t,w) € A and h € C°(0Q;"), we
have v = v = v, where v is the unique viscosity solution of PDE (3.3) with bound-
ary condition /, and

v(s, x) = inf{w(s, x) :w classical supersolution of (E)fg’f,‘;

and w>hondQ;"},
3.4)
v(s, x) := sup{w(s, x) : w classical subsolution of (E ’8‘;]’

andw <hondQ;"}.

We first note that the above sets of w are not empty. Indeed, one can check
straightforwardly that for any § > 0 and denoting A5 := % + Lo,

(3.5) W(t,x) = ||hlloc + 8™ T w(t, x) i= —||hlog — SeMTnD

satisfy the requirement for v(s, x) and v(s, x), respectively. We also observe that
our definition (3.4) of v and v is different from the corresponding definition in
the standard Perron approach [13], in which the w is a viscosity supersolution
or subsolution. It is also different from the recent development of Bayraktar and
Sirbu [1], in which the w is a so called stochastic supersolution or subsolution.
Loosely speaking, our Assumption 3.8 requires that the viscosity solution of (E ’8‘,?
can be approximated by a sequence of classical supersolutions and a sequence of
classical subsolutions. We shall discuss further this issue in Section 8 below. In
particular, we will provide some sufficient conditions for Assumption 3.8 to hold.
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4. Main results. The following theorem is the main result of this paper:

THEOREM 4.1. Let Assumptions 3.1, 3.2, 3.3, 3.5 and 3.8 hold true:

() Let u' € U be a viscosity subsolution and u*> € U a viscosity supersolution
of PPDE (2.14) with u' (T, -) <& <u®(T, ). Then u' < u® on A.

(i) PPDE (2.14) with terminal condition & has a unique viscosity solution u €
UCy(A).

4.1. Strategy of the proof. There are two key ingredients for the proof of this
main result. The first is the following partial comparison, proved in Section 5,

which extends the corresponding result in Proposition 5.3 of [8] to the set fl’z(A).
The reason for extending C12(A) to 61’2(A) is that typically we can construct
the approximations u® and u®, mentioned in the Introduction, only in the space
61’2(A), and not in C2(A).

PROPOSITION 4.2.  Assume Assumption 3.1 holds true. Let u* € U be a vis-

cosity supersolution of PPDE (2.14) and u' € 61’2(1\) bounded from above sat-
isfying Lu'(t,w) <0 for all (t,w) € A witht < T.If u'(T,-) <u?(T, "), then
ul < u?on A.

A similar result holds if we switch the roles of u' and u®.

The second key ingredient follows the spirit of the Perron approach as in [6].
Let

(t, ) = inf{y; 1 € Dy (t, )},

(4.1)
u(t, ) :=sup{y; 1 ¥ € D (1, )},
where
Dip(t.w) = { € C"*(A’): ¥~ bounded,
(LY)">0o0n[r,T) x Q' yr > "},
(4.2)

Qé;(t, w):={y e 61’2(At) ;T bounded,
(Ly)®<0on[t,T) x Q, yr <&}

By using the functional Itd6 formula (2.13), and following the arguments in [8],
Theorem 3.16, we obtain a similar result as the partial comparison of Proposi-
tion 4.2, implying that

(4.3) u <.

Moreover, these processes satisfy naturally a partial dynamic programming prin-
ciple which implies the following viscosity properties.
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PROPOSITION 4.3. Let Assumptions 3.1, 3.2 and 3.3 hold true. Then the pro-
cesses u and u are bounded, uniformly continuous viscosity super solutions and
subsolutions, respectively, of PPDE (2.14).

This result will be proved in Section 7. A crucial step for our proof is to show
the consistency of the Perron approach in the sense that equality holds in the last
inequality, under our additional assumptions.

PROPOSITION 4.4. Under the conditions of Theorem 4.1, with N =1 in As-
sumption 3.5, we have u = u.

The proof of this proposition is reported in Section 6. Given Propositions 4.2,
4.3 and 4.4, Theorem 4.1 follows immediately.

PROOF OF THEOREM 4.1. We prove the theorem in three steps:

Step 1. We first consider the case N = 1 in Assumption 3.5. By Proposition 4.2,
we have u! < u and u< u?. Then Proposition 4.4 implies ul <u? immediately,
which implies (i) and the uniqueness of the viscosity solution. Finally, by Proposi-
tions 4.4 and 4.3, u :=u = u is a viscosity solution of (2.14).

Step 2. For general N, it follows from step 1 that the comparison, existence
and uniqueness of the viscosity solution holds on [Tx_1, Tx]. Let u denote the
unique viscosity solution on [Ty_1, Ty ] with terminal condition &, constructed by
the Perron approach. Now consider PPDE (2.14) on [Ty —», Ty—1] with terminal
condition u(Ty—_1, ). We shall prove below that u(Tn_1, -) satisfies the require-
ment of step 1. Then we may extend the comparison, existence and uniqueness
of the viscosity solution to the interval [Ty_», Tn]. By repeating the arguments
backwardly, we complete the proof of Theorem 4.1.

Step 3. It remains to verify Assumptions 3.3 and 3.5 with N =1 for u(Ty—1, -)
on [Ty_>, Ty—1]. First, by Proposition 4.3 it is clear that u(Tx_1, -) is bounded.
Given w € €2, note that PPDE (2.14) on [Ty _1, Tn] can be viewed as a PPDE with
generator G¥-1:“ and terminal condition £7¥-1:©_ Then, following the arguments
in Lemma 7.3(i) below, one can easily show that u(7Tny_1, w) is uniformly con-
tinuous in w, and it follows from Assumption 3.5 that u(Tn—_1, ® ®7,_, @™) is
uniformly continuous in 7, € IT;, (Ty—2, Ty—1). U

4.2. Heuristic analysis on Proposition 4.4. While highly technical, Proposi-
tion 4.2 follows along the same lines as the partial comparison of [8], Proposi-
tion 5.3. Proposition 4.3 has a corresponding result in PDE literature, and is proved
in the spirit of the stability result of [8], Theorem 5.1. In this subsection, we pro-
vide some heuristic discussions on Proposition 4.4, focusing on the case g = u,
and the rigorous arguments will be carried out in Section 6 below.

We shall follow [8], Section 7, where Proposition 4.4 is proved in a much sim-

pler, semi-linear setting. The idea is to construct u® € 5? (0,0) and u® € Q; 0,0)
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such that lim,_, o[ug — ugy] = 0. To be precise, modulus some technical properties,
the approximations u®, u® should satisfy:

e they are piecewise smooth and Lu® > 0 > Lu®;
e they are continuous in ¢;
e u7 and uf are close to &.

To achieve this, we shall discretize the path w so that we can utilize the path-
frozen PDE (3.3). We note that such discretization of @ will not induce big errors,
thanks to the uniform continuity of the involved processes. Fix ¢ > 0, and set
Hp :=0,

Hjy1 = {tZHiZ|Bz—B;i|:8}/\T.

Denote 7, := {(H;, By,),0 <i <n}. Let m, = {(t;,x;),0 <i < n} be a typical
value of 77, (w), and @™ € 2 be the linear interpolation of 7,,. The main idea is to
construct a sequence of deterministic functions v}, (7,; t, x) so that we may con-
struct the desired #° and u® from a common process u; := v (%,;t, B, — By,),
H, <t < Hp41. For this purpose, we require v;,, and hence u°, satisfying the fol-
lowing three corresponding properties:

e For each ,, the function v}, (7,; -) isin C 1’Z(an) and is a classical solution
of a certain mollified path-frozen PDE,

(4.4) — 9,08 — g7 (1, vE, DvE, D*vf) =0,

where g7 = g?‘"‘)ﬂ". Consequently, the process u® is approximately a classical

solution of PPDE (2.14) on [H,, H,+1], thanks to the fact that g? n(@) (t,-) is a good
approximation of G (t, w, -).
® vy (7Tn; Hyt 15 By, — Bu,) = vy, (Tn+1; Hy1, 0) so that u® is continuous in

t and is more or less in ZI’Z(A).

o v (y; T, x) is constructed from &, so that u? is close to &.

Now by the uniform continuity of & and G, we will see that u® := u® + pg(2¢)
and u® :=u® — po(2¢) satisfy the desired classical semi-solution property. Clearly
u® — u® <2pp(2¢), implying the result.

In [8], Section 7, the functions v, can be constructed explicitly via approximat-
ing backward SDE:s. In the present setting, since we do not have a representation
for the candidate solution, we cannot construct v;, directly. By some limiting pro-
cedure, in Lemma 6.3 below, we shall construct certain deterministic functions 6,
which satisfy all the above three properties, except that 67 is only a viscosity solu-
tion of PDE (4.4). Now to construct smooth v;, from 6,;, we apply Assumption 3.8.
In fact, given the viscosity solution 6, Assumption 3.8 allows us to construct the
classical supersolution v’, and the classical subsolution v, rather than one single
smooth function v}, such that vi, <6° <v?, and v}, — v, is small. This procedure
is carried out in Lemma 6.4 below, and the construction is done piece by piece,
forwardly on each random interval [H;,, H,11].
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REMARK 4.5. As we see in the above discussion, the processes we will use to
prove the comparison takes the form v(Il,; ¢, B; — By,), H, <t < H,41, for some
deterministic function v, which is smooth in (¢, x). Then it suffices to apply the
standard It6 formula on v, rather than the functional It6 formula. Indeed, under our
assumptions, we can prove rigorously the well-posedness of viscosity solutions,
including existence, stability and comparison and uniqueness, without using the
functional It6 formula. In other words, technically speaking, we can establish our
theory without involving the path derivatives. However, we do feel that the path
derivatives and the functional Itd formula are the natural and convenient language
in this path-dependent framework. In particular, it is much more natural to talk
about classical solutions of PPDEs by using the path derivatives. Moreover, the
current proof relies heavily on the discretization of the underlying path w, with
the help of the path-frozen PDEs. This discretization induces the above piecewise
Markovian structure. The functional It6 formula allows us to explore in future
research other approaches without using such discretization.

4.3. The bounding equations. The proof of Proposition 4.4 requires some es-
timates, which involve the following particular example analyzed in [8]. Recall the
constants Lo Cp, and c¢o from Assumptions 3.1 and 3.2, and consider the operators

_ 1
8oz, y) = sup [a 2+ 56211/],
el <Lo,+/2c0<|B1<+/2Lo

g(y,z,v) =8z, v) + Lolyl + Co,
4.5)

. 1,
g,(z,y) = inf [a-z+—ﬂ :V],
=0 le| <Lo,~/2c0=<|BI=+/2Lo 2

8(y,z,v) :=g,(z,¥) — Loly| — Co,
which clearly satisfy Assumptions 3.1 and 3.2, and
(4.6) g<G<3g.
These operators induce the PPDEs

Lu = —du —g(u, dp, dpou) =0 and
“4.7)
Lu = —0u — g(u, dptt, dpeut) = 0.

Let B} :={b e L(A"):|b| < Lo} and

oo .| gP zLo.co , P
Ploco =1PL,: 18| = v2c0}, E "= sup E,
Pepioﬁo
4.8) .
£ = inf E.
IP’ePLO'CO
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Following the arguments in our accompanying paper ([8], Proposition 4), we see
that for a bounded, uniformly continuous F7-measurable r.v. &,

e T
w(t,w) ;= sup E,LO’LO [ét’weﬁTb"dr +C0/ el brdr ds],
beB; !
0
(4.9)

T
. T s

w(t, w) := inf §f°’co[ghwe£ by dr —Co/ ) brdrds:|
beB; p

are viscosity solutions of the PPDE Lw := 0 and Lw := 0, respectively.
By Lemma 3.7, the PDE version of (4.7),

Lv:=—8,v — g(v, Dv, Dzv) =0 and
(4.10)
Lv:=—9,v — g(v, Dv, Dzv) =0 in 07",

satisfies the comparison principle. Moreover, we have the following:

LEMMA 4.6. Under Assumptions 3.1 and 3.2(i), for any h € C°(dQ7"), the
following functions are the unique viscosity solutions of PDEs (4.10) with bound-
ary condition h:

- sLoco| [Hb, dr ' T Sbedr
u(t,x):= sup &, elt r"h(H,x 4+ B) +Co [ el ds |,
beB, !
4.11) "
v(t, x) = 1nf élLO,CO |:ef,Hbr drh(H, x4 BII—I) _ CO/ ef; by dr ds]’
t

beBLO
where H:=H'"* ;= {s > t:(s,x + B!) ¢ Q;""}.

PROOF. First, by the arguments in [7], one may easily check that v and v are
continuous and satisfy dynamic programing principle for # < H, which implies the
viscosity property immediately. Then it remains to check the boundary conditions.
For x € 55,,, since r < H"** < T and h is uniformly continuous with certain mod-
ulus of continuity function py,, it is clear that

}ﬁ(t,x) — h(T, x)|

Lo | [Hb, ar ‘ T bedr
< sup &7 |er T h(H,x+BH)+CO/ et rids — h(T, x)
beB; t
— sup Ef"[ [/ 2 dr _ 1Jn(11, x + BL) + [A(H, x + BL) — h(T, x)]
beB’LO
H S
(4.12) +C0/ el brdr ds]
t
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<CE[H —t+ pu(T —H+|BL))]
< CE[T 1+ ou(T — 1+ |B'| ;)]
— 0,

as t 1 T. Furthermore, let 1 <7 and 0 # x € O,,. Note that for any a > 0 and
PePL oo

P(H”x—tza)§P< sup L-Béfen—m)

t<s<t+a |X|

X P P
<P sup — B, dW, <&, —|x|+ Loa ).

t<s<t+adt |X|

Let A, = ts%(ﬁ?)zidr and 1y ;= inf{r > t:A, > s}. Then M, :=

|x]
ff“ %Tlﬁf» d er is a P-Brownian motion, and Ag > 2co(s — t). Thus

P(H" —t >a) SP( sup My < ey — |x] +L0a>

t<s<t+4+2cpa
= PO(”BHZCOLI =< &p — |x| + LOa)
= PO(lBZC()aI =& — lx| + LOa)

1
=Pyl |B1| < — L
0<| 1= ey = Il + oa]>
C
Sﬁ[sn—|x|+Loa].

Seta :=¢, — |x]|, and we get

PH" —1>¢6,— |x|) < C /ey — |x].

Following similar arguments to those in (4.12), one can easily show that for some
modulus of continuity function p,

[v(t, x) — h(z, X)| < p(ey — |x]) where ¥ 1= mx €00,
€y

Then, fortg < T, x¢ € 00¢,, t <T and x € O, noting that
lx —X| <&y — x| = |xo| — |x| < [x — xol,
we have, as (¢, x) — (fg, x0),
[u(t, x) — h(to, x0)| < [v(t,x) — h(t,%)| + |h(t, X) — h(to, x0)|
< p(ey — Ix1) + o (It — 10l + |x0 — %)
< p(lxo — x1) + pn (It — tol + 2|x0 — x|) = 0.
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This implies that v is continuous on [ Similarly one can prove the result for v.
|

We remark that (4.9) provides representation for viscosity solutions of
PPDEs (4.7), even in the degenerate case co = 0. However, this is not true for
the PDEs (4.10), due to the boundedness of the domain Q;", which induces the
hitting time H and ruins the required regularity, as we will see in next example.

EXAMPLE 4.7. Assume Assumption 3.1 holds, but G is degenerate, and thus
co=0.Letd =1, and set h(s, x) :=s on BQf’n. Then the v defined by (4.11) is
discontinuous in [0, T3)) x 0 Og,] ca Qg’n and thus is not a viscosity solution of the
PDE (4.10).

PROOF. Itis clear that
_ H
v(t,x) = 5,LO [eLO(H_t)H + Cof eLols=n ds},
t

where the integrand is increasing in H which takes values on [z, T;]. Then, by
taking the IP corresponding to @ = 8 =0, we have H = T;,, P-a.s. and thus

T,
v(t, x) = eLO(Tﬂ_’)T,, + Cof ! elots=0 ds, (t,x) e QS’".
t

However, we have v(f,x) =t on BQS’", so v is discontinuous in [0, T;)) x 808,7.
O

4.4. A change of variables formula. We conclude this section with a change
of variables formula, which is interesting in its own right. We have previously
observed in [8], Remark 3.15, that the classical change of variables formula is not
known to hold true for our notion of viscosity solutions under Assumption 3.1. We
now show that it holds true under the additional Assumption 3.8.

Letu e C;’Z(A) and ® € C2([0, T]1 xR). Assume ® is strictly increasing in x,
and let W denote its inverse function. Note that W is increasing in x and ¥, > 0.
Define

4.13)  a(t, w):= (1, u(t, w)) and thus u(t, w) =V (¢, i (t, w)).
Then direct calculation shows that
Lu(t,w) = W, (1, d(t, ) Lii(t,w) and

4.14) _ 5
Lii := =it — G(t, 0, @1, pil, 32,01,
where
G(t,w,y,2, )

. \I'll‘(ty y>+G(ta a)a"Ij(t, y)v qjx(t» y)Zv lI")C)C(t’ y)ZZJ’_\IJX(t’ y)y)
. qjx(t,)’) )
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Then the following result is obvious:

PROPOSITION 4.8. Under the above assumptions on V, u is classical solu-
tion (resp., supersolution, subsolution) of Lu =0 if and only if i := ®(t,u) is a
classical solution (resp., supersolution, subsolution) of Lii = 0.

Moreover, we have the following:

THEOREM 4.9. Assume both (G, &) and (G, (T, &)) satisfy the conditions
of Theorem 4.1. Then u is the viscosity solution of PPDE (2.14) with terminal
condition & if and only if u := ®(t,u) is the viscosity solution of PPDE (4.14)
with terminal condition & ;= ® (T, &).

PROOF. One may easily check that w = & (¢, u), w = & (¢, u), where
w(t, w) = inf{wt e 61,2(At), ¥~ bounded, /:‘w >0,v7r > <I>(T, gt,w)};
w(t, ) = sup{y:y € El’z(f\t)’ ¥ bounded, Ly <0, 7 < ®(T, £"?)}.

Then the result follows immediately from Proposition 4.4 and the arguments in the
proof of Theorem 4.1. [J

We observe that the above operator G is quadratic in the z-variable, so we need
somewhat stronger conditions to ensure the well-posedness.

5. Partial comparison of viscosity solutions. In this section, we prove
Proposition 4.2. The proof is crucially based on the optimal stopping problem
reported in Theorem 2.3.

We first prove a lemma. Recall the partition {E ; Jj = 1} C Fy,, the constant

n; and the uniform continuous mappings (p; « and 1/f§  1n (2.12) corresponding to

ul GEI’Z(A).For8>O, letO=19 <t <--- <ty =T suchthatf; 1 —1t; <8 for
k=0,...,N —1,and define ty1 :=T + .

LEMMA 5.1. Foralli, j > 1, there is a partition (E;."k)kzl C Fy; of E; and

a sequence (py)ik>1 taking values O, ..., N, such that
i /
H;i € [ty tp+1) on E'; sup |- ns; (@) — O pionl <8 and
a),a)/eE’iqk

min 1 (@) = n; () =:15,  forsome o, € E,.
wek’,
J.k

PROOF. Since i, j are fixed, we simply denote E := E’ and H := H;. De-
note E; := EN{ty <H < tx+1}, kK <n. Then {Er}; C Fy forms a partition of E.



2528 I. EKREN, N. TOUZI AND J. ZHANG

Since €2 is separable, there exists a finer partition {Ex ;}x; C Fu such that, for any
/ /
w, @ € Ep 1, |oanw) = @ sy | <6
Next, for each Ej;, there is a sequence w € Ei; such that #,, =
H(a)k’l’m) N il’lfweEkJH(a)). Denote # ;0 := tk+1. Define Egjm = Ex; N
{tc.1,m+1 < H <ty 1 m} € Fu,, and renumerate them as (Ek)kz]- We then verify

directly that (Ey) k>1 defines a partition of E satisfying the required conditions.
O

k,l,m

PROOF OF PROPOSITION 4.2. We only prove u(l) < u(z). The inequality for
general 7 can be proved similarly. Assume u? is a viscosity L-supersolution and
ul € 61’2(1\) with corresponding hitting times H;, i > 0. By Proposition 3.14
of [8], we may assume without loss of generality that
S.1) Gt,w,y1,2,y)— G, 0, 2,2,7) = Y2 — V1 for all y; < y;.

We now prove the proposition in three steps. Throughout the proof, denote
he=u'—u®.

Since u! is bounded from above and u? bounded from below, we see that 4t is
bounded.
Step 1. We first show that for all i > 0 and w € 2,

N =L N ;
(5.2) i (@) < Ey oL@, )]

. —1.2 . . .
Since (u")"® e C " (AY), clearly it suffices to consider i = 0. Assume on the con-
trary that

(5.3) 2Tc:=ig (0) — & [af; _] > 0.
Recall (2.12). Notice that E? = Q and that w?k (0, 0) are constants, and we may
assume without loss of generality that ngp = 1 and

ul =yt B), 0<t<H,
where v € C L.2(A) NUC,(A) with bounded derivatives. Denote

X = —u?) +er, 0<t<T.
Since u? is bounded from below, by the definition of I/, one may easily check that
X is a bounded process in U, and X; := ﬁ;r +ct,0<t <Hj.

Define
X = X104y + Xu, 1, 715 Y:=§L[)?], ™ :=inf{t > 0:Y, = X,}.
Applying Theorem 2.3 and by (5.3), we have

Eo[X el =Yy > Xo =g (0) = 2Tc + &g [af _] = Te + &g [Xu, 1.
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Then there exists w* € Q such that * := 7*(0™) < Hj(w™). Next, by the ?L—
supermartingale property of ¥ of Theorem 2.3, we have

i (1%, ") + e = X () = Yir(0%) 2 E[XT 20 12 Epen ] > or*,

1

implying that 0 < 471 (t*, w*) = 4 (1*, w*). Since u? € U, by (2.3) there exists H €
H'" such that

(5.4) H<u and 4“ >0  forallse[r* H].

Then X! = ¢, — ) forall t € [+*, H], where (t, ) := ¥ " (¢, w) +ct.
Observe that ¢ € C12(A"). Using again the EL—supermartingale property of Y of
Theorem 2.3, we see that forall T € 77,
* % —L * % —L * %k
(0= @) ) = Xiw(0%) = Y (0%) = En[YINH ] = €[ X0i0 ]

=E:lle = W)™ ) )
That is, ¢ € ./TlLuz(t*, w*), and by the viscosity L-supersolution property of u?,
0 < (=39 — G- 1, B, %u,) } (1*, ")
=—Cc— {8,141 +G(-, u?, du', 0> ul)}(t*, w*)

? Yww

< —c—|du' + G- u', d,u’, 82, u")}(t*, w*),

’ Yow

where the last inequality follows from (5.4) and (5.1). Since ¢ > 0, this is in contra-
diction with the subsolution property of u' and thus completes the proof of (5.2).

REMARK 5.2. The rest of the proof is only needed in the case where u' €
C"2(A)\ C12(A). Indeed, if u' € C12(A), then Hy = T, and it follows from
step 1 that ﬁar < gé[ﬁT_] < Eé[ﬁ}“] =0, and then u(l) < u(z). In fact, this is the
partial comparison principle proved in [8], Proposition 5.3.

Step 2. We continue by using the following result which will be proved in step 3:

Fori > 1,P e Py and P (P, H;) := {P' € P : P’ =P on Fy, }, we have
(5.5
Ai=ig - ess?sup E” [

H,—+|—|~7:Hi] <0, P-a.s.
PePr (P,H;)

Then by standard arguments, we have

~ N =LA
Efad 1= sw B[, < Eola, -]
JACEE]

Since P € Py, is arbitrary, this leads to gé lay, ] < ?é i, .,—], and by induction,

atr < EL[ﬁ+._], for all i. Notice that 47T is bounded, lim;_, o, C¥[H; < T]=0b
0 0Ly, 0 y
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Definition 2.5(i) and uzT_ > uzT by the definition of U. Then, sending i — 00, we
obtain ﬁg < Eg [ﬁ;_] < Eé [ﬁJTr] = 0, which completes the proof of u(l) < u(z).

Step 3. It remains to prove (5.5). Clearly it suffices to prove it on each E ; As
in the proof of Lemma 5.1, we omit the dependence on the fixed pair (i, j), thus
writing E := E., n = n;, H:= H;, Hy := Hi 11, ¢k _<pj o Yk = 1//J o A=A
and let C denote the common bound of i, ¥, and p, the common modulus of

continuity function of ¢, ¥, 1 < k < n. We also denote Ek =Et ik @ o = o' ik

and ;= t_],k’ as defined in Lemma 5.1.

Fix an arbitrary P € Py and ¢ > 0. Since u? € U, we have ”%17 > u%[. Then, for
each k, it follows from (5.2) that

iy () < i (o*) < ]Elpk[(ﬁ;;_)tk’wk] +e  forsome Py € 732‘.

Define P € P, (P, H) such that for P-ae we Ej., the PH®@-©_distribution of BH(@)
is equal to the Px-distribution of Bk, where P"(®)-@ denotes the r.c.p.d. Then P-a.s.
on Eg,

EP[ﬁQ_IJFH](a))
— g [a" (H1 (0 ®uw) B")—, © ®u(w) BM)]
= EP]‘ [ﬁ+(H1 (Cl) ®H(w) g.fk)_v w ®H(a)) Bfk)]’

where Bt" = B;k @i S 2 H(w). Recalling that i is bounded, IP-a.s. this pro-

vides
A@) < (@) — B[l _1Fu](@)

<o+ Y 1 (@) (@) — i (o))
k>1

~ k ~ ~ 7 ~Z
+ D 1 @EX[(, )" — it (11 (0 @) BY)—,  ®n(wy BY)]

k>1
(5.6) A A o
<e+ Z 1z, () (- (@) — ty— ("))
k>1
N A - ~ -
+> 1z, (@)EF[((fg,-)*" — (1 (0 ®pw) B¥)—, © @newy B*))"
k>1

AC].

We now estimate the above error for fixed w € E k-
(1) To estimate: the terms of the first sum, we recall that do((H(w), w),
(fx, %)) < 28 on Ej, by Lemma 5.1. Then since u! is continuous, it follows from
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(2.12) that on Eg,

ty, (@) = ity (@) = g, (©) =y, ()

=Y [oi(H(@). ©) — @1(ir. ") ]42(0, 0)
=1

< Cnp(25).

Moreover, denoting by p, the modulus of continuity of —u? € I{ in (2.4), we see
that

up_ (") —uy_ (@)
=u* (i —, ") — U (B —, ) + U (G —, ) — u*(H(®)—, ®)

<@+ sup  [u(t—, ) —u’(Hw)-, 0)].

H(w)—38<t<H(w)
By the last two estimates, we see that the first sum in (5.6)
(5.7) Y 1z (@) (in- (@) — iy ()T — 0 as8\0.
k>1
(2) Recall from Lemma 5.1 that 0 < H(w) — #x <. Then (2.11) leads to
0 < [H; (" ®;, E.f") — 1] — [Hi(® Qu(w) E’.f") —H(w)] <H(w) — i <6,
and therefore, denoting ns(w) ;=8 + sup{lws —w;| : 0 <t <T,t <s<(t+6) A

T},

(5.8) doo ((H1 (0" ®;, B*) — i, BY), (H1 (0 ®uw) B*) — H(w), B*))
| < ns(B%) < ns(BM).

Then, by using (2.12) again, we see that

=k - .
(ul)zfmk —u! (H1 (@ ®nw) B*)~ © Ouw) BY)
ok

=u! () (0" ®;, BY), o ®; B) — u' (H1 (0 @ 0) B"). © @y () BY)
n

59 = Z[(pl (fk, a)k)l/fl (Hl (a) On(w) éfk) — H(w), B[k)
=1

), o) (oF @ BY) — i, )]

< Cn[p(28) + p(ns(B*))].
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We now similarly estimate the corresponding term with u?. Since 7 < H(w),
by (2.4) and (5.9) we have

12 (H1 (@ @uw) BY)—, 0 @uwy BY) — (uf, )"
= (—u?)(H (o ®; BY)—, " @7, BY) — (—u?)(H1 (0 @uwy B*)—,
© Ou(w) B;k)
< p(doo (H1 (0 @rwy BY), 0 @iy BY), (11 (* ®; BY), o ®; B')))
p(doo((H(@), ®), (i, "))
+doo (1 (o ®7, BY) — it BY), (H1 (0 @u(w) B*) — H(w), BY)))
< p(28 + ns(B™)).

Combining the above with (5.9), this implies that the second summation in (5.6)
satisfies

~ 7wk ~ ~z ~z
Y1 @EH[ (A, )" — i(H1 (0 @u(w) B*)—, © Quw B*))" A C]
k>1

< S EP(Cnip + p2)(28 + 15(B¥)) A C]1 (@)
k>1

< Cn€5[(p + p2)(26 + 15(B)) A C].

One can easily check that lims_.¢ Eg[(p + 02)(28 + ns(B)) A C] = 0. Then by
sending § — 0 and ¢ — 0 in (5.6), we complete the proof of (5.5). [

6. Consistency of the Perron approach. This section is dedicated to the
proof of Proposition 4.4. We follow the strategy outlined in Section 4.2, which
is based on the idea in [8], Proposition 7.5. However, as pointed out in [8], Re-
mark 7.7, due to fully nonlinearity, the arguments here are much more involved.
We shall divide the proof into several lemmas. As in the previous section, we may
assume without loss of generality that G satisfies the monotonity (5.1).

We start with some estimates for viscosity solutions of PDE (3.3).

LEMMA 6.1. Let Assumptions 3.1 and 3.2(ii) hold true. Let hi:an - R
be continuous and v' be the viscosity solution of the PDE (E)i’fg with boundary
condition h', i = 1,2. Then, denoting §v = vl — 2, 8h:=h! — h2, on Q7 we
have

<Lo.co

Su(s, x) <&/ °[(Sh) T (1, x + BY)],
(6.1)
where H:=T Ainf{r > s:|x + B}| = ¢}.



VISCOSITY SOLUTIONS OF FULLY NONLINEAR PDES II 2533

PROOF. Let w denote the right-hand side of (6.1). Following the arguments in
Lemma 4.6, it is clear that w is the unique viscosity solution of PDE with boundary
condition (8h) T,

(6.2) —dw —go(Dw, D*w)=0  on OF,

Let K be a smooth nonnegative kernel with unit total mass. For all > 0, we define
the mollification w” := w * K" of w. Then w" is smooth, and it follows from a
convexity argument of Krylov [14] that w” is a classical supersolution of

—9;w" — go(Dw", Dzw") >0 on 05,

6.3)
w?=(@n"xK"  ondO;.

We claim that

(6.4) " + v? supersolution of the PDE (E)tg”‘(‘;,

where w" 1= w" 4 ||w" — (5h)+”L°°(6Q?)‘

Then, noting that w" + v? = w" + h? + |w” — (§h) Tl|Le s = h' =v! on I QF,
we deduce from the comparison result of Lemma 3.7 that %" 4+ v?> > v! on @f
Sending 1 \ 0, this implies that w + v> > v!, which is the required result.

It remains to prove that @" 4 v? is a supersolution of the PDE (E);’fg. Let
(to, x0) € OF, ¢ € C12(0F) be such that 0 = (¢ — " — v?)(t9, x0) = max(¢ —
" — v?). Then it follows from the viscosity supersolution property of v? that
L"“(¢ — w") (19, xo) > 0. Hence, at the point (79, xo), by (5.1) and (6.3), we have

L"“¢ > L"“¢ —L"*(¢ — 0"
= -9 w" —g"“(-. ¢, Dp, D*¢)
(0 — 0, D — uT), D(p — ")
> —ow" — g"?(-, ¢, Do, D*¢) + g"“(-. ¢, D(¢p — w"), D*(¢ — w"))
> go(Dw", D*w") —a - Dw" —y : D*w" > 0,
where |a| < Lo and |y| < Lo, thanks to Assumption 3.1. This proves (6.4). [

6.1. Viscosity solutions of a discretized path-frozen PDE. Denote Il :=
I15(0, T) in (3.1), and by TI; its closure. Under Assumption 3.5 (with N = 1),

n
clearly one may extend the mapping m, € I1{ — &(w™) continuously to the
compact set ﬁz, and we shall still denote it as & (w™) for all 7, € ﬁz.

We first construct some stopping times, in light of Definition 2.5. For 7, € II;,

and (1, x) € Qf , define the sequence H,, ™% .= H,, as follows: First, Hy := 7, and
Hy:=inf{s >7:|x + Bl|=¢} A T,

(6.5) Hypt1 :={s>Hm:|B;—Bf{m}=s}/\T, m>1;
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(¢, x, B) := (7, (H1, x + By,), (H2, Bfy, — By, .-,
t t
(Hu, By, — By, _,))-
It is clear that 7" (¢, x, B") € 1}, ,,, whenever H,, < T.

LEMMA 6.2. {H5™"*

(i), with ET' = Q! in (ii).

,m > 0} satisfies the requirements of Definition 2.5(1)—

PROOF. For notational simplicity, we omit the superscripts 7" Tt is clear
that HH’" @ e H{Hm (@) whenever H,,(w) < T. Next, if H,,(w) < T for all m, then
|BHm+ = B’ |(w) = ¢ for all m. This contradicts the fact that w is (left) continuous
at hmm_)oo Hm (w), and thus H,,(w) = T when m is large enough. Moreover, for
each m,

(Hy <T)C{|B, — B |=ei=1,...,m—1)

Hj4+1

{Z|BHZ+1—B’ } > (m — 1)e }

Then, for any L > 0,

C,L[Hm<T] = 1)2 [Z‘BH,H—Bt ]

CL?
< - @0
= (m—1)&2

Similarly one can show that limm_woCsL [H),“ < T]1=0 for any (s, w) € A’. Fi-
nally, for w, ® € Q and using the notation in Definition 2.5(ii), we have

Hm+1((,() ®Hm(a)) CT)) =TA il’lf{l’ > H; ((,()) : |67)t—H,n(w)| = 8}
=T A [Hn () +A(@)],

where H(®) := inf{z : |@;| = ¢} is independent of w. Then, given H,(w) < Hy ('),
(2.11) follows immediately. [

(6.6)

—0 as m — o0.

We next prove the existence of the functions 6/, as mentioned in Section 4.2,
which allows us to construct classical super and subsolutions in Lemma 6.4 below.

LEMMA 6.3.  Let Assumptions 3.1, 3.2(ii), 3.3 and 3.5 with N = 1 hold true.
Then there exists a sequence of continuous functions 6 : (m,, (t, x)) € 1'[; R,
bounded uniformly in (g, n), such that

05 (7a; -) is a viscosity solution of (E)]'” .

(6.7) 0F (s 1, x) =E(0™ ) ifr=T

Oy (ns t,x) =05 (0, (£,%):1,0)  if|x|=e.
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PROOF.  Step 1. We first prove the lemma in the cases G =g and G = g, as
introduced in (4.5). For any n, denote

Ory (T 1, 0) := & (™),

which is continuous for 7w, € ﬁfl, thanks to Assumption 3.5 (with N = 1). For
m:=n—1,...,0,let 6 := §fl’m(7rm; -) be the unique viscosity solution of the
PDE
Lo :=—3,60—3(0,D0,D*0)=0  in Qf
(6.8) .
0(t,x) =0, i 1(Tm, (t,%);1,0) ondQy .

Applying Lemma 6.1 repeatedly and recalling Assumption 3.5 (with N = 1) again,
we see that §Z,m(nm; t, x) are uniformly bounded and continuous in all variables

(7T, t, x). Now for any 7, € TT,,, and (7, x) € @fm, define
—g . Lol (Tb.dr 77— 7'M (¢,x,B") T [ b, dr
0,y (7T, 1, x) 1= sup E e nlgrgos(a) m )+ Co t el ds |.
beBLO

Then, by (6.6),

_ _ B c
|9i1(7'[m, t,x)— 9:‘,7,”(77711, f, x)’ = CCtmO[Hn—m <T]= (n—m— 1)82 -

asn — oQ.

0

This implies that §fn (7T t, x) are uniformly bounded, uniform in (e, m) and are
continuous in all variables (i, t, x). Moreover, by stability of the viscosity solu-
tions, we see that

0, (7Tms -) is the viscosity solution of PDE (6.8) in Qf
with the boundary condition

O tms T, ) =E (@™ T0), x| <,

Oy, (s 1, X) =0y 1 (T, (2, %); 1, 0), x| =e.

Similarly we may define from g the following 8, satisfying the corresponding
properties:

T

. T -— - ! s

0: (T, t,x) := inf §,L°|:eff brdr Tim S(a)”":’ ".x. B )) - CO/ eli brdr ds]
bEBtLO n—oo t

Step 2. We now prove the lemma for G. Given the construction of step 1, define

0" (ms t, %) i =0y (s 1, %), 05" (s 1, %) =05, (T3 £,%); m > 1.
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Fori=m —1,...,0, by Lemma 3.7 we may define gf’m and Qig’m as the unique
viscosity solution of the PDE (E); " with boundary conditions 8;"" =877} and

6;™ =67} on 9 Q; . Note that for (1, x) € Q] ,

—&,m . _—8,m+1 f,x. &,m 3 _pem+1/_tx.
em (nlnatax)_9m+1 (nm 9t90)5 Qm (nm’t’x)_QmJ,_] (nm ,t,O).

Since g < g"“ <g, it follows from the comparison result of the PDEs defined by
the operators g and g that

0" G ) = 8, ) = 05" () 2 05" () in O
Then, by an immediate backward induction, the comparison result of Lemma 3.7
implies

—&,m+

0" (i) = 00" i) = 05" s ) = 05 ()

(6.9)
in QZ, foralli <m.

Denote 86, := 6" — ;™. For any 7r; and any (z, x) € Qf,, recall the notation
in (6.5). Applying Lemma 6.1 repeatedly, and following similar but much easier
arguments as those in Lemma 5.5, we see that

1865 (s 1, x)| < EXO[[865™ (" (¢, x, B'): Hyn—i, 0)].

]

Note that 89f’m(m; t,x) =0 when ¢t =T. Then, by (6.6) again,

1865 (3 1, x)| < CCFO[Hp_; < T] <

m—i—1)e

Together with (6.9), this implies the existence of 6 such that 8;" \ 6¢, 8"
67, as m — oo. Clearly 67 are uniformly bounded and continuous. Finally, it fol-
lows from the stability of the viscosity solutions that 67 satisfies (6.7). [

6.2. Approximating classical super and subsolutions of the PPDE. We now

apply Assumption 3.8 to 67 to construct smooth approximations of u and u,
e O0-OC0 hat

namely the #° and u® mentioned in Section 4.2. Define Hf :=
is,

Hy:=0 and Hy ,:=T Ainf{r > H}:|B; — By:| =¢} for all n > 0.
Let 7, denote the sequence (Hf , BH;:)lfifn, and ° ;= lim,— o w’n Tt is clear that

6.10) o—of|; <2 and |0l —of, <2  forallno.

Recall the common modulus of continuity function pg of G in Assumption 3.2,
and let 6 be given as in Lemma 6.3. We then approximate 65 by a piecewise

)
smooth processes in C "~ (A).
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LEMMA 6.4. Under the conditions of Theorem 4.1, with N = 1 in Assump-

tion 3.5, there exists ¥ € 61’2(A) bounded from below with corresponding stop-
ping times H, such that

. ¥°(0,0) =6;5(0,0) + & + Tpo(2e),
6.11)
VT, w) > (o), LYy® >0 on [0, T).

PROOF. For notational simplicity, in this proof we omit the superscript & and
denote 6, := 67, ¥ = ¢® etc. Moreover, we extend the domain of 6, (m,; -) to
[tl’la OO) X Rd7

On(7Tns t,x) =0 (mp; t AT, projg, (x)),

where projg, is the orthogonal projection on O, the closed centered ball with
radius e. We shall construct ¥ on each [H,,, H,1) forwardly, by induction on n.
Step 1. First, let n > 0, A > 0 be small numbers which will be decided later. Con-

sider PDEs (3.3) and (4.10) on Qg’n, and recall the operators L and L at (4.10).

Thanks to Lemma 3.7, let vg’k, Ug’}“ and yg’k denote the unique viscosity solu-

tions of PDEs (E)g:g, Lv =0 and Lv = 0, respectively, with the same boundary
condition 6y + A on d QS"’.

By comparison, we have v," < vg’A < ig’k. Then, by using the estimate in
Lemma 6.1, one can easily show that there exist ng(A) and Co(A), which may
depend on Lo, A and the regularity of 6y, such that, for all n < ng(1),

n,4

0< vg’A — 60y < Co(A) on @8’" \ Q(S) with Cop(A) (0, as A (0.

In particular, the above inequalities hold on d Q. Then, by the comparison princi-
ple, Lemmas 3.7 and 6.1, we have

0<vl —6y<Cox)  inQy".

Fix Ag such that Co(Ao) < %, and set 19 := no(ro). Then vgo’ko <6+ . On the
other hand, by Assumption 3.8, there exists vp € C 1’Z(Qg’ 10y satisfying

v0(0,0) < v1*(0, 0) + Z <60(0,0) + %

0,0 . £,10 10,20 £,10
L% vg>0 in Qy", Vo > v ondQy".

By the comparison principle and Lemma 3.7, the last inequality on 9 QS’ " implies
that

A o
vy > vgo %> 0o on Q, "



2538 I. EKREN, N. TOUZI AND J. ZHANG

By modifying vg outside of QS’”O/ % and by the monotonicity (5.1), without loss

of generality we may assume vg € C1-2(10, T1, R?) with bounded derivatives such
that

v0(0, 0) = 6(0, 0) + % L%%0>0 inQ5 w=6 ondQ;
We now define
(6.12) Yt w) = vo(t,a),)+§+po(28)(T—t), t €10, Hy].
Note that (¢, ;) € Q( for t < Hy, (H, wy,) € 30y, and 6 is bounded. Then

¥ (0,0) =60(0,0) + & + Tpo(2¢),
(6.13)
vo(Hy, w) > Op(Hy, wy,) =01 (7115 Hy, 0), ¥ > —C on [0, H{].

Moreover, by monotonicity (5.1) again, and by Assumption 3.2 and (6.10),
‘Cw(ta a)) = 100(28) - alvO(t7 wl) - G(tv w, lﬁ’ DUO(I’ a)l)’ DZUO(L wl))

(6 14) Z p0(28) - atUO(t, (,()[) - G(t’ , UO(t, wf)s DUO(ts Cl)t), DZUO(t, a)l))

0,0(

> —dv0(t, ;) — g20(r, vo(t, @), Duo(t, w;), D*vo(t, @;))

=L 0) =0 for0<t<H(@).

Here we use the fact that d,,[vg (¢, w;)] = (Dvg) (¢, w;); see [8], Remark 2.9(1).
Step 2. Let n, A, § be small positive numbers which will be decided later. Set
si = (1— 5)iT, i > 0. Since O, is compact, there exists a partition Dy, ..., D,
suchthat [y —y| < Té forany y,y € Dj, j=1,...,n.Foreach j, fixapoint y; €
D;. Now for each (i, j), let v?j’X denote the unique viscosity solution of the PDE

(5i:¥j . ..
(E)gh’” gk with the boundary condition vfj’l(t, x)=61(si,yj;t,x)+Aon agi;".
Here wi-¥/) denotes the linear interpolation of (0, 0), (s;, y;), (T, y;). Then, by
the same arguments as in step 1, there exist 19(A) and Co(A), which may depend
on Lo, A and the regularity of 1, but independent of 6 and (i, j), such that for all

n < no(A),
0 < vl (t.x) = O1(si. yjit.x) <Co(x)  on 0"\ QF and
Co(A) O as A N\ 0.

Following the arguments in step 1, we may fix Ag, 1o, independently of 6 and (i, j),

and there exists v;; € C l’2([s,', T1, R4 ) with bounded derivatives such that
& Si5Yj)
Z,

vij > 01(si,yj; ) on 3 Q5 .

K .
v;j(5i,0) = 01(si, yj; 5, 0) + L@ ;>0 in OF.,
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Denote
El;:={sit1 <H1 <5} N {By, € D;} € Fy,.

Here we are using (7, j) instead of j as the index, and clearly Eilj form a partition
of 2. We then define ¥ on [H{, Hz] in the form of (2.12) with n] = 2,

I
Y = Z[UO(HI» By,) +v;j(si +t —Hy, By — By;) — v (si, 0) + 5:|1Eilj

(6.15) "
+ poe)(T —1), t € [Hy, Ha].

We show that i satisfies all the requirements on [Hy, Hz] when & is small enough.
e First, by (6.15), we have

&
w}h = Z[UO(HL BHL) + §i|1Ef1i + po(2e)(T — Hy)
i,j ’
&
=vo(Hy, Bu,) + 2 + po(2e)(T — Hy),

which is consistent with (6.12), and thus v is continuous at r = Hj.
e We next check, similar to (6.14), that

(6.16) Ly (t,w) >0, H; <t < Hj.

Note that (Hj, By,) € 9Qf and 0 <s; — Hj <s; — 5i41 =8s; <87 on E}j, then
& &
vo(H1, By) — v;j(si, 0) + 3 > 01(Hy, By,; Hy, 0) — 01(si, yj5 86, 0) + 1

€ 1
= 1_101(3T8) on E,’j,

where p; is the modulus of continuity function of 8;. In particular, p;(373) < fT
when § is small enough. Now on Eilj, denoting #| := Hy, X 1= wy,, f:=s; —H|+1,
by (5.1), Assumption 3.2(i) and (6.10) again, we have

(si5¥7) ~
LY(t,w) > LY (t, 0) — L5y, x)
= po(2¢) — G(t, @, ¥ (1, w), Dvj; (7, x), D*v;j (f, x))
617 + G AT, w.(i{c’,vyj), vij (T, x), Dv;j(f, x), D*v;j (7, x))
(6.17) . . L
Z Z - /01(3T5) - G(tva)-/\[la vij(ta-x)a Dvij(tax)a D Uij(t,.x))
+ G(lr/\ T, a).(iis’l.yj), Vij (f, x), Dvij (f, x), Dzv,-j(f, X))

e g 7 e
= 2= pIGT8) — po(doc((t. 7). (A T 057).
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Without loss of generality, assume & < T. Then

doo (1, &0y), AT, 0557))

S AH S AS;

<|t—1f]+ sup X — N
0<s<T! 1 S
S AT S AT S AT S A S;
<8T + sup X — yj|+ sup yj— Vj
0<s<T! h 151 0<s<T! 1 S;
SNt NVAR
<28T 4+ ¢ sup L_ :
0<s<T!| 11 Si
! Si+1
=26T +e|1—— | <28T +¢|1— =35T.
Si Si

Then Ly (t,w) = § — [po + p11(3T8). By choosing § small enough, we ob-
tain (6.16).

o Finally, we emphasize that the bound of v;; and its derivatives depend only
on the properties of 81 (and the ng which again depends on 6), but not on (i, j).
Then 1 satisfies Definition 2.5(iii) on [H], H>]. Moreover, since 61 is bounded, by
comparison we see that i > —C on [Hy, Hp].

Step 3. Repeating the arguments, we may define i on [H,,, H,,+] for all n. From

the construction and recalling Lemma 6.2, we see that ¢ € EI’Z(A) bounded from
below, ¥ (0, 0) = 6p(0, 0) 4+ + T po(2¢) and L1 > 0 on [0, T). Finally, since H,, =
T when n is large enough, we see that ¥ (T, w) = ¥ (H, (w), ) > 6, () = E(0®).

O

Now we are ready to prove the main result of this section.

PROOF OF PROPOSITION 4.4. For any ¢ > 0, let H, n > 0 and ° be as in

Lemma 6.4, and define %8 = ¥® + po(2¢). Then clearly Js € EI’Z(A), JE is
bounded from below, and

YT, 0) — E(@) = Y° (T, 0) + po(26) — £(@) = §(0°) — E() + po(2¢) = 0,

where the last inequality follows from (6.10). Moreover, for ¢ € [H,, Hyt1),
by (5.1) again,

LY (1, 0) = =3, 0° (1, 0) — G (1, 0, Y& + po(28), du¥®, 92, ¥°)
> Y (t, w) — G(t, w, ¥¥, du¥®, 32, 0) = LYE(t, @) > 0.
Then by the definition of u we see that

1(0,0) <Y (0,0) =¥°(0,0) + po(2¢) < 65(0,0) + & + (T + 1)po(2¢).
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Similarly, #(0, 0) > 6;5(0, 0) — & — (T + 1)po(2¢). This implies that
(0, 0) — u(0, 0) <2(e + (T + Dpo(2e)).

Since ¢ > 0 is arbitrary, this shows that (0, 0) = «(0, 0). Similarly we can show
that u(¢f, w) = u(t, w) forall (r,w) e A. O

Fo later use, we conclude this section with a complete well-posedness result for
a special PPDE.

COROLLARY 6.5. Let G(t,w,y,z,y) = g(y,z,y) satisfy Assumptions 3.1
and 3.2, and assume that § satisfies Assumptions 3.3 and 3.5 with N = 1. Then
u = u and is the unique viscosity solution of the PPDE (2.14).

PROOF. We first observe that g satisfies Assumption 3.2(i). We shall prove in
Proposition 8.2 below that it also satisfies Assumption 3.8. Then it follows from
the last proof that u = u. Moreover, the process w introduced in (4.9) is a viscosity
solution of PPDE (2.14) with terminal condition &. Then it follows from the partial
comparison of Proposition 4.2 that u < w <u, hence equality. [

7. Viscosity properties of # and u. This section is devoted to the proof of
Proposition 4.3. The idea is similar to the corresponding result in the PDE liter-
ature, and in spirit is similar to the stability of the viscosity solutions as in [8],
Theorem 5.1. However, we shall first establish the required regularities of & and u.

LEMMA 7.1. Under Assumptions 3.1 and 3.3, the processes u, u are bounded.
PROOF. We shall only prove the result for &, the proof for u being similar. Fix
(t, w), and set
Y (s, @) := Co(Lo + 1)etotDIT=),

Then ¥ € C'2(A") € T (A", ¥ > 0, Y > Co(Lo+ 1) = Co > £, and we
compute that
(LY)® = (Lo + D¢s — G, ¥5,0,0) > ¢s — G"(-,0,0,0)
= Co(Lo+1)—Co=0.
This implies that ¢ € 5? (t, w), and thus u (¢, w) < ¥ (¢, 0).
On the other hand, by similar arguments one can show that —i is a classi-
cal subsolution of PPDE (2.14) satisfying —7 < £"“. Then by partial compar-

ison Proposition 4.2, u(t, w) > —(¢,0). Hence |[u(t, w)| < ¥ (¢,0) < Co(Lo +
DeLotHT 7

We next prove that  and u satisfy a partial dynamic programming principle.
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LEMMA 7.2. Under Assumptions 3.1 and 3.3, for 0 <t; <t, < T, we have

ﬁ(tl’a)) 2 inf{th 3W €§ZZ(II’ Cl))}, l(tla Cl)) 5 SUP{WZI 3W € Qitz(tlaw)}

PROOF. We only prove the result for u. For any arbitrary ¢ € 5? (11, w),
notice that 2@ ¢ 61’2(1\’2) and Y, (o) > ﬁg’“’(a)/) for any o’ € Q. Then
(= 5?;2 (t1, w), and the result follows. [J

The next result shows that the functions u, ¥ are uniformly continuous. We ob-
serve that with this regularity in hand, and following standard techniques, we may
prove that the equality holds in Lemma 7.2, so that &, u satisfy a dynamic program-

ming principle. However, this is not needed for the present analysis. Moreover, the
result is true in degenerate case co = 0 as well.

LEMMA 7.3. Under Assumptions 3.1, 3.2(ii) and 3.3, we have u, u € UCp(A).

PROOF. We only prove the result for u.
(i) We first prove that u is uniformly continuous in w, uniformly in ¢. For ¢ €

[0, T] and o', w? € Q, denote 8§ := ||w' — @?|;. For ¢! € 5?(;, w'), define

W25, @) =Yl (s,@) +Y(s)  where Y (s) := e LTI p0(8) + 8].

Notice that ¢~ (Lot Ds — g=(Lo+DHi p=(Lo+D(s=Hi) "and one can easily check that

Wz € fl’z(A’ ) with the same H; as those of Iﬂl. Moreover, wz is bounded from
below, and

Y2 =+ U = E8Y 4 po(8) = £
(Cy)e = () — (ew)”
= (Lo+ D5 — G* (s, ¥, do¥ ', 92,¥")
+ G (s, 0oy, 32,0
> (Lo + D¥s — po(8) — Loy =Yg — po(8) > 8 > 0.
Then wz € 5? (t, a)z), and therefore u/(z, wz) < 1//2(t, 0), implying that
u(t, ) =y (1,00 < Y2, 0) — ¥l (1, 0) = Lty (8) 4 6]
< C[po(8) +6].

Since wl € fST (t, ") is arbitrary, we obtain u(z, w?) —u(t, o) < Clpo(8) +4].
By symmetry, this shows the required uniform continuity of # in w, uniformly in ¢.
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(ii)) We now prove that —u satisfies (2.4). Fix t; <, < T, and consider the
process

53 -5
w(t, a)) — inf élLO,CO[ ft brdr (12, a)®[ ) CO/ 6/’ brd}’ ds]’
t

beBLO
(7.1)
(t,w) €[0,n] x Q.

By (4.9), w is a viscosity solution of the PPDE

Lw:=—dw — g(w, d,w 92,w) =0,

— Y ww

(7.2)
€l0,h),weQ,w(t,w) =u(t),w).

Recalling (4.6) and applying partial comparison principle Proposition 4.2 on

PPDE (7.2), we see that v, > w(#1, w) for any ¢ € 5,”;2 (11, w). Then u(ty, w) >
w(t], w), and thus

u(tr, w) —u(t, o)

=u(n,w) —w(r, w)

= sup g:;()’c() I:ﬁ(lz,a)) jtl brdrg (tg,a)®,1 Bt') + Co

5] s

effl brdr ds].
7] 1
heBLO

Then it follows from (i) and Lemma 7.1 that
u(n, w) —u(t, )
< Ctr — 1) + C& " [[ultz, w) — u(t2, » @y, B")|]
< C(t2 — 1)+ CE"[p(doo (11, @), (12, @) + | B ],))].

where p is the modulus of continuity of u(#;, -). Now it is straightforward to check
that —u satisfies (2.4).
(iii) We finally prove that u satisfies (2.4). This, together with Lemma 7.1

and (ii), implies that € UC,(A). For ¢t < tr, w € Q2 and 1[r2 € DT (t2, w), define

£ (@) = Y2 (12,0) + L0772 oy (doo (11, ), (12, @) + |@l,), @ € Q2

and

w(t, ®) := sup SLO CO[ 12 br d’é (tr, ® ®; B’ +C0/ eli brdr ds]
beBy
(7.3)
(t,®) €[t1, ] x Q.
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By Lemma 7.1, we may assume without loss of generality that |1//2(t2, 0 <C.
Then

[w(t1,0) — ¥ (12, 0)]
(7.4) < C(t2 — 1) + CE"[po(dso (11, @), (12, ) + | B )]
< Cp(doo((t1, ), (12, ))),

for some modulus of continuity p.
By (4.9), the process w is a viscosity solution of the PPDE

W= —0,w — g(w, d,w 92 w) =0,

(1.5) e
(t, @) €lt1, ) x Q" and w(tp, -) = &, .

Notice that &, satisfies the conditions of Corollary 6.5, and therefore w = ),
where (w) is defined for PPDE (7.5) in the spirit of (4.1). Then for any ¢ > 0,

there exists 1//0 € 61’2(A’1) bounded from below such that
¥O11,0) < w11, 0) + &,

(7.6) Vo1, &) > W(tr,») and

—0y° —3(v°, 8,¥°, 85,9°) = 0.
Therefore, for ¢ € [t, f2), by (4.5) and (4.6), we have

Ly = -3,y — G (-, v°, 8,90, 82,
200, 0¥°, 90, ¥°) — G (-, ¥°, 39", 02,¥°) = 0.
Now define 1//1 on A"l by
(7'8):#10, @) ==Yt @) jyy 1) (1)
+ ¥ (1, 07) + (¥ 12, @) — ¥ (12, 0) 01y, 10,

where @2 1= @& — @y, for @ € Q" and s € [1p, T]. Since V0, w2 and —y2(1, 0)
are bounded from below, then so is wl. We shall prove in (iv) below that
' e T2 (A™). Then it follows from (7.5) and (7.6) that ¥°(t2, @) > W(ts, @) >
¥2(12,0), and thus ¥ ! (t, @) > ¥2(t, ®2) for t > 1r. Then, for t € [, T,

Lyl ==0y? + Loy —v2(1, @) = G( ¥, ¥, 0,07)
> Lo(¥' —v2(1,07) + G (-, ¥2, 0097, 05,97
G(. v 92, 02,07)

(7.7)

(7.9)

> 0.
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Moreover, by (7.8), (7.6) and (7.5),
YT, &) = (T, &) + (W(ta, @) — ¥ (12, 0))elo2=D
> E29(0"7) + po(dos (11, @), (12, ) + @) = §"°(@).

This, together with (7.7) and (7.9), implies that vle 53 (11, w). Then it follows
from (7.6) and (7.4) that

u(ty, w) <Y (t,0) =9y 1,0 <W(t;,0) +¢
< ¥2(12,0) + Cp(doo((t1, ®), (12, w))) + &.

Since wz € 5%} (2, w) and ¢ > 0 are arbitrary, this provides.(2.4).
(iv) It remains to verify that ! € 61’2(A’ 1. Let HY, E?” correspond to ¥ and

Hl.z, EJZ’ correspond to 2 in Definition 2.5. Define a random index
[:=infli:H) > 1)

Set Hll = H? fori < I and Hll (w) = Hiz_l(a)t?) for i > I. Moreover, set Ezl.}l_l =

E}'n{I>i}and By} = E7"" ' n{I <i}, j> 1.
Noting that Hl1 = H? 1 /A2 whenever H? < By, itis clear that Hl1 are [F-stopping
Hl1 (w),w
- i+1 )
E;’l one can easily see that {Ejl-”, j =1} C F,;1 and form a partition of Q. More-
over, since on each E Jl-’i, either H! = HY or H! = H? ,, Definitions 2.5(ii)—(iv) are
obvious.
It remains to prove
[i:n] <T}isfinite and lim C/[(H))"” <T]=0

i— 00

. 1 .
times and (H') € HHi @ whenever H} (w) < T. From the construction of

(7.10)
for any (f, w) € A".

Notice that, denoting by [%] the largest integer below %,

1=l <ra- [ ot rr<[]

C {H?i/z] <nlU{we :H[Zi/z](a)tz) <T}.
Then {i : H; (w) < T} is finite for all w. Furthermore, for any L >0 and P € P,
IP’[H,1 <T]< P[H([)i/Z] <n]+P[{loeQ" :H[zi/z](a)’z) <T}]
< CtLl[H([)i/z] <T]+ IEP[IP”z"”[H[Zi/z] <T]]

< CtLl[H([)i/Z] <T] +C{;[Hﬁ./z] <T],
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and thus
lim C/[H] < T] < lim [C/[H) 5y < T]+CL[Hf )5y < T]] =0.
1—00

1—> 00

Similarly one can show (7.10) for any (¢, w) € A"'. [

PROOF OF PROPOSITION 4.3. In view of Lemmas 7.1 and 7.3, it remains to
prove that u and u are the viscosity Lg-supersolution and subsolution, respectively,
of PPDE (2.14). Without loss of generality, we may assume that the generator G
satisfies (5.1), and we prove only that i is a viscosity Lg-supersolution at (0, 0).

Assume to the contrary that there exists ¢ € JTlLoﬁ(O, 0) such that —c :=
L¢(0,0) < 0. Following the proof of the partial dynamic programming principle

of Lemma 7.2, we observe that for any ¢ € 53 (0,0) and any (¢, w) € A, itis clear
that "% € ﬁsT(t, ) and then (¢, w) > u(t, ). By the definition of u in (4.1),
there exist " € 61’2(A) such that

8, :=v"(0,0) —u(0,0) | 0 asn — 00,

(7.11)
(Ly"), =0 and v >u, se[0,T].

Let H be the hitting time required in ZLOE(O, 0), and since ¢ € C L2(A) and 7 €
UC,(A) C U, without loss of generality, we may assume

c o c
Lot,w)<—= and |¢ — ol +u; —up < —,
2 6L
(7.12)
forall t <H.

We emphasize that the above H is independent of . Now let {H}', i > 1} correspond
to " € C2(A). Since ¢ € A" (0, 0), this implies for all P € Py, and n, i that

(7.13) 0= E*[(¢ —Dunmy] = E (¢ —¥")y ]

Recall the processes of, ,B]P> in the definition of P € Py [see (2.5)], and denote
GP¢ =al 9,0 + %(;‘J’P)2 : 83)0)(;5. Then, applying functional Itd formula in (7.13)
and recalling that ¥" is a semi-martingale on [0, H}], it follows from (7.11) that

Op > EP[W{)I - WﬁAH? + Punn? — 900]

2 [ 4670 - vy

v

P H/\H:—" c 2 n n 2 n
E [/O <§ _G(’ w,aa)(/)aaa)w@)—'_G("w ’8601# ’8www )

+G"(p— w”)) dS]
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P HAH} /o
>E /0 (E_G( (p’aww’aa)w(p) ( u, o 1// ’ a)a)l// )

+G (- w")) ds],

where the last inequality follows from (5.1) and the fact that u < ¢" by (7.11).
Since @9 = ugp, by (7.12) and (5.1), we get

B[ [P (€ - 2 n
anZE /0 g—G(',MOaanDvawww)‘FG( M(), w‘l’ ) ww‘//)

+G%(p— ¢”)> ds]
Now let n > 0 be a small number. For each n, define rél =0, and
o= H AR 2 T po(doo (1,0, (2], ) + 001, ) — (). o)
+ 00,0t @) — 32,0(t], )| + [0.Y" (1, ) — aww"(r;?, )|
+ 05, 9" (1. @) = 95, ¥" (] o) = 1},

Recalling Definitions 2.5(iii)—(iv), we see the uniform regularity of " on [0, H]
for each i. Then, together with the smoothness of G and ¢, one can easily check
that rj’.‘ 2 Has j — oo. Thus

b= |§ - CnlEF I aw]
+ Y BF[(t]y AH] — T AH])
Jj=0
X(G( uOs a)w ) www”)_G(’ﬁOaaw(p’ aiw(p)
+G" (0= v")y]

— [g - Cn:IEP[H AH?]

+ ZEP[(T7+1 AH} — T} AH])
j=0

x<ar;z-aw(w —¢) + ﬂn % (‘ﬁ”—prgP“"“”")ff)]

for some appropriate ety ,Br Now choose P, € Pr,, such that a?" = agrs /SEP "=

o forall o <t < r Then oo 2[5 — CnlEP[H A HY]. Set n : send
Jj J

C
= 5C>
i — oo and recall from Deﬁnmon 2.5 that lim; —, o0 C, O(Hi < T)=0.This leads to
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8y > %EP" [H] > §80[H], and by sending n — oo, we obtain §SO[H] = 0. However,
since H € H, by [8], Lemma 2.4, we have £ Lo[H] > 0. This is a contradiction. [J

8. On Assumptions 3.8 and 3.2(i).

8.1. Sufficient conditions for Assumption 3.8. In this subsection we discuss
the validity of our Assumption 3.8 which is clearly related to the classical Perron
approach, the key argument for the existence in the theory of viscosity solutions,
as shown by Ishii [13]. However, our definition of v and v involves classical su-
persolutions and subsolutions, while the classical definition in [13] involves vis-
cosity solutions. We remark that Fleming and Vermes [10, 11] have some stud-
ies in this respect. The main issue here is to approximate viscosity solutions by
classical supersolutions or subsolutions. This is a difficult problem which requires
some restrictions on the nonlinearity. In this section, we provide some sufficient
conditions, and we hope to address this issue in a more systematic way in future
research.

For ease of presentation, we first simplify the notation in Assumption 3.8. Let

0:={xeR:|x| <1}, 0:=[xeR!:|x| <1},
90 :={x eR?:|x| =1};
8.1) _ _
0:=10,T)x 0, 0:=[0,T] x 0O,
90 :=([0,T]1xd0)U ({T} x 0).
We shall consider the following (deterministic) PDE on Q:

Lv:= —Btv—g(s,x,v,Dv,Dzv)zo inQ and
(8.2)
v=nh ondQ.

We remark that in (3.3) the generator g is independent of x.

ASSUMPTION 8.1. (i) g and A& are continuous in (¢, x);
(ii) g is uniformly Lipschitz continuous in (y, z, ) and uniformly elliptic in y.

As in Lemma 3.7, under the above assumption, we see that PDE (8.2) has a
unique viscosity solution v, and the comparison principle holds in the sense of
viscosity solutions within the class of bounded functions. Define

v(t, x) :=inf{w(z, x) : w classical supersolution of PDE (8.2)},
v(t, x):= sup{w(t, x) :w classical subsolution of PDE (8.2)}.

By the comparison principle we have v < v <7v.
Denote Sﬂlr :={y €S?:y > 0}. The following proposition is the main result of
this section:
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PROPOSITION 8.2. Under Assumption 8.1, we have v = v if g is either convex
in y or the dimension d <?2.

PROOF. For the case d < 2 we refer to Pham and Zhang [17]. Below, we prove
the result only for the case when g is convex in y. As in (5.1), we assume without
loss of generality that

(8.3) gt,y1,) —8C,y2,) <y2— for all y; > y».

For any « > 0, we define 0% :={x e RY: |x| < 1 +a}, Q% :=[0, (1 +a)T) x
0%, and similar to (8.1), define their closures and boundaries. Let 1, n be smooth
mollifiers on Q and Q! x R x R? x S¢, and define for any o’ > 0,

ha(z,x>:=<h*ua>(t * ) (t.x) € 07,

l+a’ (14a)
gott. %y, 2 y)i= min {g(t', 'y, 2, 7) +20(jt = + [ =)},
o= (0¥ M), (tx,y.z,9) € Q' x Rx R x &%
By the uniform continuity of g, we have c(a@’) := ||lg — go/lloo = 0 as &’ \( 0. Set

g, =8y —c(@) and g, :=gy+c(d).

Sy

By our assumptions on g and #, it follows from Theorem 14.15 of Lieberman [15]
that there exist v, o/, Vg,o’ € CI’Z(Q"‘) N C(Qa) solutions of the equations

(Ea,a,):—atv—ga,(-,v, DU,D2U)=O in 0% and v=h, on 4 0%,
(Eqo):—0v — 8o (s v, Dv, Dzv) =0 in Q% and v=h, on 0 0%,

respectively. In particular, their restriction to Q are in C'-2(Q). By the comparison
principle 1+ < Vy.o- Moreover, it follows from (8.3) that

» Yoo
Sy +2¢(@), ) <Zw(y,) = 2c(@) =g, (. ¥, )

This shows that vy o +2c(e’) is a classical supersolution of (Fa,a/), and therefore

Vg T 2¢(0) 2 Vg0 > Voo

Additionally, notice that the solutions v, ., Vg o are bounded uniformly in «, o
for a, @’ small enough. The generators 8, 8 have the same uniform elliptic-
ity constants as g, and they verify the hypothesis of Theorem 14.13 of Lieber-
mann [15] uniformly in «'. Therefore v, ,/, Uy o are Lipschitz continuous with

the same Lipshitz constant for all o, . Then, denoting Ky o = Uy o/lso and
hy o' = Vg o'l00, this implies that

c(a, o) :=max{|lhgo — hlloos Iy o = hlloc} —> 0

as @ — 0, uniformly in o’.
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Now for fixed & > 0, choose o, oy, > 0 so that c(a, o) < &/4 for all &’ > 0, and
c(ag) < &/4. Then Wy, of = V.o + (a0, ) and Weyy o) = Varg ey — €000, o)
are respectively the classical supersolution and subsolution of (8.2) on Q. Thus

Wey g SV and Weg,ay = V- Therefore,

V- < agafy — Lag,af = Vag,a) — yao,a{) + 26‘(0!0, Olé) = 26(“6) + 26‘(0[(), Olé)
<e&.

Then it follows from the arbitrariness of € thatv =v. [

8.2. A weaker version of Assumption 3.2(1). We remark that, while seemingly
reasonable, the uniform continuity of G in (¢, w) is violated even for semilinear
PPDEs when the diffusion coefficient o depends on (z, w). In this subsection we
weaken the uniform regularity in Assumption 3.2 slightly so as to fit into the frame-
work of Pham and Zhang [17], which deals with path-dependent Bellman—Isaacs
equations associated to stochastic differential games.

ASSUMPTION 8.3. There exist a modulus of continuity functions pg, oo such
that, for any (¢, w), (f, ®) € A and any (y, z, y),

Gt,w,y,2,y)—G({,d,y,2,7)|
< po(lt = 2)[lzl + Iy [] + po(deo ((7, @), (, @))).

Recall the parameters ¢, 8, o and the functions v;; introduced in the proof of
Lemma 6.4. Notice that Assumption 3.2 is used only in the proof of Lemma 6.4,
more precisely in (6.14) and (6.17). We also note that the smooth functions v;; are
typically constructed as the classical solution to some PDE, as in Section 8 and
in [17], and thus satisfy certain estimates. Assume the following:

There exists a constant C;,, > 0, which may depend on 79 (and ¢), but
(8.4) isindependent of 8, such that | Dv;; (¢, x)| < Cy,, | D?v;j(t,x)| < Cp,
for all (, x) € Q.

We claim that Lemma 6.4, hence our main result, Theorem 4.1, still holds true if
we replace Assumption 3.2 by (8.4) and Assumption 8.3.
Indeed, in (6.14), note that

G(t, w, (vo, Dvo, D*vo)(t, w;)) — go’o(t, (vo, Dvg, D*vo)(z, @)
= G(t, w, (vo, Dvo, D*vo)(t, @) — G(t, 0, (vo, Dvg, D>vo)(z, ) < po(e),

thanks to Assumption 8.3. Thus we still have (6.14).
To see (6.17) under our new assumption, we first note that as in (6.17) and
by (5.1),

Ly (1, ) > po(2e) + 2 — p13T8) — G(t, w, vi; (. x), Dvi; (T, x), D*vi; (7. x))

+G( AT, w,(f\"s’iyj), vij(f, x), Dvjj(t, x), Dzvij(f,x)).
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Now by Assumption 8.3 and (8.4) we have, at (f,x) e @8,
G(t,w,vij, Dvjj, Dzvij) —G(f AT, a),(f\’;;iy’.), vij, Dvij, Dzvij)
=G (1, w, vjj, Dvjj, Dzv,-j) - G(t, a).ﬁ,\ltl, vij, Dvjj, Dzv,-j)
+ G(t, a)i\ltl, vij, Dvij, D*v;j) — G(f A T, w_(iis’iyj), vij, Dvij, D*v;)
< po(lo = T [,) + Aollt =7 A TI[IDvijl + [D?vi; ]
+ po(deo((1.07). (7 AT 01357)
< p0(26) + Cyo50(T8) + po(deo((t. 7). (T A T, 0507)).
Thus
(si.y))

LU (t, w) > Z — p1BT8) — Coypo(T8) — poldoo((t. &7, ). (F A T, 0577)).

Substituting this inequality to (6.17), we see that the rest of the proof of Lemma 6.4
remains the same.

8.3. Concluding remarks. We now summarize the conditions under which we
have the complete wellposedness result.

THEOREM 8.4. Assume the following hold true:

Assumptions 3.1 and 3.2(ii);

Assumptions 3.3 and 3.5 or, more specifically, the sufficient conditions of
Lemma 3.6;

G is either convex in y or the dimension d < 2;

Assumption 3.2(1), or more generally, Assumption 8.3 and (8.4).

Then the results of Theorem 4.1 hold true.

We conclude with some final remarks on our assumptions. We first note that the

highly technical requirements of the space fl’z(A) are needed only in the proofs,
and are not part of our assumptions. Assumptions 3.1 and 3.3 are more or less
standard, and are in fact the conditions used in [8]. In particular, due to the failure

of the dominated convergence theorem under EPL, the regularity of the involved
processes become crucial, and some assumptions on regularity of data are more or
less necessary.

Assumption 3.5 on the additional structure of £ is purely technical, due to our
current approach. Indeed, in situations where we have a representation for the vis-
cosity solution, for example, in the semilinear case, as in [8], Section 7, this as-
sumption is not needed. We believe this assumption can also be removed if we



2552 I. EKREN, N. TOUZI AND J. ZHANG

consider path-dependent HJB equations where the function 6¢ in Lemma 6.3 can
be constructed directly via second-order BSDEs.

The uniform continuity of G in (¢, ) in Assumption 3.2(i) excludes the depen-
dence of the diffusion coefficient o on (¢, w) for stochastic control or stochastic
differential game problems (see [8], Section 4 and [17]) and thus is not desirable.
This is due to our approach of approximating PPDEs by path-frozen PDEs. This
assumption may not be needed if we do not use this approximation.

The uniform nondegeneracy of G in Assumption 3.2(ii) is of course serious, as
in PDE literature.

Finally, Assumption 3.8 is crucial in our current approach. For path-dependent
HJB equations, namely when G is convex in y, we have, more or less, complete
results in the uniformly nondegenerate case. However, in the present paper we
verify this assumption by the existence of classical solutions of the mollified path-
frozen PDE. Unfortunately, for Bellman-Isaacs equations, we are able to obtain
classical solutions only when d < 2; see [17]. It will be very interesting to explore
more PDE estimates to see if we can verify Assumption 3.8 directly without getting
into classical solutions of high-dimensional Bellman—Isaacs equations.

We note that the essential point of our whole argument is to find approxima-

tions u¢, u® € EI’Z(A) such that Lu® > 0 > Lu®. Assumptions 3.2, 3.5 and 3.8
all serve this purpose. There is potentially an alternative way to prove the com-
parison principle directly. Let u! be a viscosity subsolution and u? a viscosity
supersolution such that ulT < uzT. Instead of mollifying the PDE to obtain classical
solutions, we may try to mollify u' directly so that the corresponding u'-¢ will be
automatically smooth (in some appropriate sense). In fact, in the PDE literature,
the convex/concave convolution exactly serves this purpose. However, in this case,
the main challenge is that we need to check that u"¢ is a classical subsolution, and
u”* a classical supersolution, which, if true, will imply the comparison immedi-
ately. It will be interesting to explore this approach as well in future research.
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