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INTERMITTENCY FOR THE WAVE AND HEAT EQUATIONS
WITH FRACTIONAL NOISE IN TIME

BY RALUCA M. BALAN 1 AND DANIEL CONUS
University of Ottawa and Lehigh University

In this article, we consider the stochastic wave and heat equations driven
by a Gaussian noise which is spatially homogeneous and behaves in time
like a fractional Brownian motion with Hurst index H > 1/2. The solutions
of these equations are interpreted in the Skorohod sense. Using Malliavin
calculus techniques, we obtain an upper bound for the moments of order p >
2 of the solution. In the case of the wave equation, we derive a Feynman—Kac-
type formula for the second moment of the solution, based on the points of a
planar Poisson process. This is an extension of the formula given by Dalang,
Mueller and Tribe [Trans. Amer. Math. Soc. 360 (2008) 4681-4703], in the
case H = 1/2, and allows us to obtain a lower bound for the second moment
of the solution. These results suggest that the moments of the solution grow
much faster in the case of the fractional noise in time than in the case of the
white noise in time.

1. Introduction. In this article, we consider the stochastic wave equation
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and the stochastic heat equation

O o3 = S ault ) +ut, W x), (> 0,x eRY
(SHE) Y X =5 u(t,x)+u(t,x LX), >0,x¢€ ,
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where A stands for the Laplacian operator on R?, and W denotes the formal
derivative of a Gaussian noise W (whose rigorous definition is given below). The
definition of the solution to equations (SWE) and (SHE) is given in Section 3 be-
low, using the Skorohod integral with respect to W. Intuitively, the noise W is
homogeneous in space (with spatial covariance kernel f) and behaves in time like
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a fractional Brownian motion (fBm) with Hurst index H > 1/2. The initial condi-
tions ug and vg are nonnegative constants. In the case of the wave equation (SWE),
we assume that d < 3, while for the heat equation (SHE), d > 1 can be arbitrary.

There is a large amount of literature dedicated to the case H = 1/2, when the
noise behaves in time like the Brownian motion. In this case, we say that the noise
is white in time. We refer the reader to the lecture notes [23] for an introduction to
the subject, as well as [16, 21, 22, 27, 29, 41, 44, 45, 48] for a sample of relevant
references. The case H # 1/2 has to be treated by different methods, since the
noise is not a semi-martingale in time. In recent years, there has been a growing
interest in studying equations with general Gaussian noise, and in particular equa-
tions driven by a noise which behaves in time like a fBm with Hurst parameter
H #1/2;see[4,6,7, 13, 14, 32-36].

In the present article, the noise is introduced by a zero-mean Gaussian process
W ={W(p); ¢ € H} with covariance

(D E(W(@W®)) = (¢, ¥)n

Here H is a Hilbert space defined as the completion of the space CJ°(R x R?) of
infinitely differentiable functions with compact support on Ry x R, with respect
to the inner product (-, -)3 defined by

@ . vyu=an [ oWl =PI =y didrdsdy,
+X

where oy = H(2H — 1). We assume that H € (5, 1), and f is the Fourier trans-

form in S'(R?) of a tempered measure @ on R4, where S’(R?) is the dual of the

space S(RY) of rapidly decreasing infinitely differentiable functions on R,
Using the fact that

[, [e@vmra-ydsdy= [ FoeFr@nae  vo.peS®Y,
Re JRA R4
we arrive at the following alternative expression for the inner product (-, -)3:

(@, V)n
(3)

_“H/ / /Rd sPH=2 Fo(t, )€ FY (s, Y E)u(dE) di ds,

where F denotes the Fourier transform in the x-variable.
In the present article, we consider the following four cases:

(i) f(0) < oo (i.e., u is a finite measure);
(i) f(x)=|x|7 for some 0 < @ < d [i.e., u(d&) = cq.ql&|~ @~ dE];
(i) f(x) = H‘;Zl |xj|~% for some «; € (0,1) [ie., pn(d§) = c@); X
[19_; 1&1% 7 d&];
(iv) d =1and f = §p (i.e., u is the Lebesgue measure).
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Here we denote by |x| the Euclidean norm of x € R?.

Case (i) corresponds to a spatially smooth noise W. In case (ii), f is called the
Riesz kernel with exponent . Case (iii) with the parametrization «j =2 —2H; for
some H; € (%, 1) leads to a noise W which is called a fractional Brownian sheet
with indices (H, Hy, ..., Hy). Finally, case (iv) corresponds to a (rougher) noise
W which is “white in space.” This describes the spatial behavior of the noise in
the four cases. On the other hand, in time, the noise is smoother than the white
noise (the Brownian motion), since H > 1/2. We note in passing that the results
of the present article can be extended to H = 1/2, recovering results which are
already known for equations (SHE) and (SWE) with white noise in time. To ease
the exposition, we discuss only the case H > 1/2.

The stochastic heat equation (SHE) driven by space—time white noise W arises
in different contexts and has been studied by many authors. This equation is
the continuous form of the parabolic Anderson model studied by Carmona and
Molchanov in [11], and plays a major role in the study of the KPZ equation in
physics; see [38]. The connection between the stochastic heat equation and the
KPZ equation (via the Hopf—Cole transformation) was known informally by physi-
cists for quite some time; see, for example, [9]. Recently, this connection has been
made rigorous by Hairer in [31], using the theory of rough paths; see also [8].
Equation (SHE) with fractional noise in time has been studied in [6, 32, 35]. Ref-
erences [3, 10, 46] are dedicated to the wave equation with fractional noise.

In this article, we consider the Malliavin calculus approach for defining a so-
lution to equations (SWE) and (SHE), as in [3], respectively [6]. In particular, we
introduce the following assumption, known as Dalang’s condition:

wu(d§)
(DC) /Rd1+|§|2<oo.

This condition is necessary and sufficient for the existence of the solution to equa-
tions (SHE) and (SWE), when the noise is white in time; see [21]. It is also suf-
ficient for the existence of the solution to these equations, when the noise is frac-
tional in time and has spatial covariance given by the Riesz kernel; see [3, 6]. The
necessity of (DC) in the case of (SHE) has been proved in [5].

Note that (DC) is satisfied in cases (i) and (iv). In cases (ii) and (iii), it holds if
and only if a < 2, where a is defined by (9) below.

The purpose of this paper is to study intermittency properties for the solutions
to equations (SHE) and (SWE). Intuitively, a space—time random field is called
physically intermittent if it develops very high peaks concentrated on small spatial
islands, as time becomes large. To give a formal mathematical definition of inter-
mittency for a random-field u = {u(t, x);t > 0,x € R4 }, we consider the upper
Lyapunov exponent

1
“4) y(p) :=limsup —log E|u(t, x)|"
t—oo I
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for any p > 1 [assuming that y(p) does not depend on x]. Traditionally, in the
literature, the random-field u is called weakly intermittent if

5) y(2)>0 and y(p)<oo for all p > 2.

If y(1) =0, and u(¢, x) > 0, then weak intermittency implies full intermittency.
Recall that a random field u is fully intermittent if p — y (p)/p is strictly increas-
ing; see [11]. Intuitively, full intermittency shows that for p > ¢q,

t
(6) lim sup llu@ 0y _
t—oo |lu(t, x)llq

’

where || - ||, denotes the norm in L”(£2). In other words, asymptotically, the pth
moment of u(¢, x) is significantly larger than its gth moment. This suggests that
the random variable u(¢, x) may take very large values with small (but significant)
probabilities, and therefore it develops high peaks, when ¢ is large. We refer to [9],
Section 2.4, for a detailed explanation of this phenomenon.

Intermittency for the spatially-discrete heat equation was studied in [11].
In [28], Foondun and Khoshnevisan proved weak intermittency for the solution
to equation (SHE) driven by space—time white noise, assuming that the initial con-
dition uq is bounded away from 0. Similar investigations have been carried out in
[9, 12, 20]. In the recent article [15], Chen, Hu, Song and Xing have given the
exact asymptotics for the moments of the solution to equation (SHE) driven by
a fractional noise in time, with spatial covariance kernel given by cases (ii)—(iv)
above. Intermittency for the solution of the stochastic wave equation driven by a
Gaussian noise which is white in time was studied in [18, 25].

The fractional aspect of the noise in time leads to a different notion of weak
intermittency, which is obtained by a slight modification of the Lyapunov expo-
nent. More precisely, for p > 0 and p > 1, we define the modified upper Lyapunov
exponent (of index p) by

1
(7 ¥p(p) :=limsup — log Eu(t, x)|”.
t—oo tP
By analogy with (5), we say that the random-field u is weakly p-intermittent if

Yp(2)>0 and y,(p) <oo forall p > 2.

Also, we say that u is fully p-intermittent if p — y,(p)/p is strictly increasing.
These definitions guarantee that for a fully p-intermittent random-field u, rela-
tion (6) still holds, and so the intuitive (physical) notion of intermittency remains
valid. A similar argument as the one developed in [9] still applies to explain the
existence of the high peaks and the islands. Moreover, it remains true that weak
p-intermittency of u implies its full p-intermittency, provided that u(z, x) > 0 and
¥p(1) = 0. (This can be proved by convexity arguments which do not depend on
the exponent of # used in the definition of p-intermittency.)
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This article is organized as follows. In Section 2, we describe our main results
and introduce the exponents p for equations (SWE) and (SHE). Section 3 contains
areview of some Malliavin calculus techniques which are needed for the definition
of the solution. In Section 4, we prove the existence of the solution to equation
(SWE) in any spatial dimension d > 1, and we give an upper bound for its second
moment. An upper bound for its pth moment is given in Section 5. In Section 6, we
obtain a Feynman—Kac-type representation for the second moment of the solution
of (SWE) with d < 3, based on the points of a planar Poisson process. This result
is used in Section 7 to obtain a lower bound for the second moment of the solution
to (SWE). Section 8 is dedicated to the equation (SHE). An elementary estimate
is given in Appendix A. Appendix B contains the proof of an inequality which is
used in Section 4.

2. Mainresults. In this section, we discuss the two main results of this article.
The following exponents are used for the weak p-intermittency of the solutions
to equations (SWE), respectively (SHE):

®) py=Hr2za o, _Hoa
3—a 2—a

where

0, in case (i),

o, in case (i),

d

©) 4= Z aj, in case (iii),

j=1

1, in case (iv).

We are now ready to state the first result about equation (SWE). We refer to (22)
below for the definition of the solution.

THEOREM 2.1. Let f be a kernel of cases (1)—(iv). Let pyw and a be the con-
stants given by (8), respectively (9). Assume that condition (DC) holds.

(a) For any d > 1, equation (SWE) has a solution {u(t,x);t > 0,x € ]Rd},
given by relation (28) below. If d < 2, the solution is unique.
(b) Foranyd>1,p>2,x eR4 and for any t > 0,

(10) Elu(t, x)|P < cf(uo + tvg)? exp(czp(4_“)/(3_“)t”w),

where c1 > 0 is a constant depending on a, and c; > 0 is a constant depending on
H and a.
(c) Suppose that d < 3. Then for any x € R¢ and for any t > 0,

(11) Elu(t, x)|* > caud exp(cqt™),

where c3 > 0 and c4 > 0 are constants depending on H and a.
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A similar result holds for the parabolic equation (SHE).

THEOREM 2.2. Let [ be a kernel of cases (i)—(iv). Let py and a be the con-
stants given by (8), respectively (9). Assume that condition (DC) holds. Let d > 1
be arbitrary.

(a) Equation (SHE) has a unique solution {u(t,x);t >0, x € Rd}.
(b) Forany p > 2, for any x € R? and for any t > 0,

(12) Elu(t,x)|” <cful exp(cy pa)/ G a)pon),

where c1 > 0 is a constant depending on a, and ¢y > 0 is a constant depending on
H anda.
(c) Forany x € R¢ and for any t > 0,

(13) E]u(t,x)]2 ZC3u(2)exp(C4tph),

where c3 > 0 and c4 > 0 are constants depending on H and a.

Most moment estimates for solutions to s.p.d.e.’s with white noise in time rely
on martingale properties of stochastic integrals. Since the fBm is not a semi-
martingale, different techniques have to be used when the noise is fractional in
time. In the case of equations (SWE) and (SHE), one can give explicitly the Wiener
chaos representation of the solution. The upper bounds (10) and (12) are obtained
directly using the equivalence of L?(£2)- and L”(2)-norms on each Wiener chaos.
The lower bounds require more work. For this, we follow the approach of Dalang
and Mueller [25], which consists of using a Feynman—Kac (FK) type represen-
tation for the second moment of the solution, based on a Poisson process. Such a
representation was originally developed in [26] for equations driven by a noise that
is white in time. It was extended to the heat equation driven by fractional noise in
time by the first author of this article in [2]. The extension to the wave equation
with fractional noise in time is given in Section 6 below.

Article [26] contains also a FK representation for the nth moment of the solution
of the wave (or heat) equation, for any integer n > 2 (Theorem 5.1 of [26]). The
proof of this result uses the fact that the stochastic integral with respect to the noise
W is a martingale in time, which allows the authors of [26] to apply 1t6’s formula.
In the case of the fractional noise in time, the stochastic integral is not a semi-
martingale. There exists an It6’s formula for the Skorohod integral with respect
to the classical fBm (Theorem 8 of [1]), which could probably be generalized to
the case of the noise W. However, this formula contains an extra correction term
involving the Malliavin derivative of the integrand process, which is difficult to
handle. For this reason, we could not apply the method of Dalang, Mueller and
Tribe [26] to obtain an FK representation (and an exponential lower bound) for the
moment of order n > 2 of the solution to either wave of heat equation. We note
that a lower bound for the nth moment of the solution to the heat equation has
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been recently obtained in [33], using an FK representation for the moments which
is specific to the parabolic case (see Theorem 3.6 of [33]), and is different than the
one used in the present paper. The lower bound for the nth moment of the solution
to the wave equation remains an open problem.

As in [25], we focus mainly on the hyperbolic case (Theorem 2.1). The proof
of Theorem 2.2 is very similar, and we only point out the differences in compari-
son to the hyperbolic case in Section 8. We made this choice since the results for
the wave equation are completely new, in particular the second moment FK type
representation.

In [15], Chen, Hu, Song and Xing obtained stronger results than our Theo-
rem 2.2, by computing the exact Lyapunov exponent for the solution of equation
(SHE), defined as the limit when ¢ — oo, instead of the limsup in (7); see The-
orem 6.1 of [15]. In [15], the solution is defined in the weak sense (i.e., using
multiplication against test functions), and the stochastic integral is interpreted in
the Stratonivich sense, according to Definition 4.2 of [36]. However, their method
requires the additional assumptions a < 4H — 2 in cases (ii)—(iii), and H > 3/4 in
case (iv), which are not needed in the present article. The proofs of [15] rely on a
Feynman—Kac representation for the weak solution and its moments (due to [36]),
which can only be proved under the above-mentioned additional assumptions. By
Theorem 7.2 of [36], a similar Feynman—Kac representation exists for the mild
solution (defined using the Skorohod integral, as in the present work), under the
same assumptions mentioned above. Using this representation and under the same
assumptions, it may be possible to compute the exact Lyapunov exponent for the
mild solution, although this is not proved in [15]. We believe that in the absence
of these assumptions, the methods of [36] and [15] cannot be applied for equa-
tion (SHE), even when it is interpreted in the Shorohod sense. These assumptions
appear also in the recent preprint [33] for the Feynman—Kac representation for
the solution of equation (SHE) interpreted in the Stratonovich sense (see Hypoth-
esis 4.1 of [33]), but are not needed for obtaining exponential upper and lower
bounds for the moments of the solution of (SHE), interpreted in the Stratonovich
or Skorohod sense, as shown by Theorem 6.4 of [33]. In the case of the heat equa-
tion with noise as in case (iii) above, some exponential upper and lower bounds for
the first moment of the solution (interpreted in the Stratonovich sense) have been
obtained in [49].

The appropriate exponents p are different in the hyperbolic and parabolic cases.
Nevertheless, since H > 1/2, pp > pw > 1. Therefore, the lower bounds in Theo-
rems 2.1 and 2.2 imply that y(2) = oo, which shows that the solutions to (SWE)
and (SHE) are not weakly intermittent in the classical sense. However, these solu-
tions are weakly p-intermittent (in the sense defined in Section 1) with p = py,
for the wave equation and p = pp for the heat equation. The results of Theo-
rems 2.1 and 2.2 do not provide full p-intermittency. When the noise is white in
time, one typically obtains full p-intermittency by proving that y (1) = 0. Accord-
ing to Song [49] (using the Stratonovitch integral), it appears that this may not be



INTERMITTENCY FOR WAVE AND HEAT EQUATIONS 1495

true in the case of the fractional noise in time. In this case, an alternative method
is to obtain a sharp lower bound on the moments of order p > 2 of the solution, as
in [25]. This is subject of ongoing research.

In the case when H = 1/2, pw = pn = 1, and we recover some of the known
results of intermittency for the heat and wave equations with white noise in time.
For instance, intermittency for the heat equation was studied in [28]. For the wave
equation, full intermittency was obtained in [25] with the spatial covariance of
case (i). Some upper bounds were obtained in [18].

As mentioned before, when H > 1/2, p, > pw > 1. A consequence of this is
that the moments of the solution at some fixed time ¢ are typically larger in the case
of the fractional noise in time compared to the white-noise case. This would imply
that the size of the peaks would be larger in the fractional case. Since H > 1/2,
the noise is positively correlated in time, which explains why peaks build up larger
values. Indeed, the fractional noise, when large, tends to remain large for a longer
period of time, which then results in a higher build-up for the random-field u.

The upper and lower bounds given by Theorems 2.1 and 2.2 show that the ex-
ponents py, and py are sharp. A lower bound result on the moments of order p > 2
would be needed in order to get the sharp behavior of the exponent y,(p) as a
function of p. This remains an open problem in the case of the wave equation. (In
the case of the heat equation, this has been recently proved in the preprint [33].) We
note that in our results, the behavior of y,(p) as a function of p does not depend
on H. For the wave equation, we obtain that y,,, (p) < Cp4/ 3 in case (i) (spatially
smooth noise), and y,,, (p) < Cp3/ 2 in case (iv) (spatial white-noise), where C > 0
denotes a constant which does not depend on p. These confirm the behavior in the
order p obtained in [25] for case (i) and in [18] for case (iv). For the heat equation,
we obtain that y,, (p) < sz in case (i) and y,, (p) < Cp3 in case (iv), for a con-
stant C > 0 which does not depend on p, which correspond to the sharp order for
white noise in time.

Finally, we would like to point out that Theorems 2.1 and 2.2 constitute a first
step toward a more careful study of the intermittent behavior of the solution to
the stochastic heat and wave equations. Indeed, following the program developed
in [17, 19], sharp Lyapunov exponents for the moments of solutions to SPDEs
(in particular their behavior as a function of p) are key ingredients for obtaining
quantitative results regarding some physical properties of the solution, such as the
height of the peaks, the size of the peak-islands and some space—time scaling re-
sults for the behavior of the peaks. These could lead to a careful understanding
of the impact of the temporal (and spatial) correlation of the noise on the physi-
cal behavior of the solution. In particular, observing how the modified Lyapunov
exponents impact the physical properties would be an important step in the under-
standing of mathematical intermittency. In the case of the white-noise in time, the
existence of the sharp Lyapunov exponents has allowed the authors of [17, 19] to
obtain KPZ-type scaling exponents for the solution to the stochastic heat equation.
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3. Framework. In this section, we introduce the framework, and we give a
brief summary of the results of Balan [3], which are needed in the present article.

We denote by G, respectively Gy, the fundamental solution of the wave equa-
tion, respectively the heat equation. In the case of the wave equation, recall that
when d <2, Gy(¢, -) is a function given by

1
Gu(t.x)=Zljj=y  ifd=1 and
(14)
Vi) ifd=2.

In both cases, [pa Gw(t, x)dx =t. Whend =3, Gy(t, -) is a finite measure on R3
given by

1
Gywl(t,-) = 4—7”(71,

where o; is the surface measure on dB(0, ), and Gy (t, R3) =¢. When d > 4,
G(t,-) is a distribution. For any d > 1, the Fourier transform of G, (z, -) is given
by

Sin(tlél)’ £ cRY
3

In the case of the heat equation, for any dimension d > 1, Gy(¢, -) is a function,
known as the heat kernel. More precisely,

(15) FGw(t,)(E) =

! P (g
Gh(f,x)=WeXp<—2—t> and th(z,-)(§)=exP(—T),

Below, we write G when the results apply for both G, or Gy,.
We denote by wy, (resp., wy) the solution of the homogeneous wave (resp., heat)
equation with the same initial condition as (SWE) [resp., (SHE)], that is,

(16) ww(t,x) =ug+tvg and wy(t,x)=uop.

We write w when the results apply for both w,, and wy. Note that w(¢, x) does not
depend on x in either case, and w(¢, x) > ug >0 forallt > 0and x € R4,

We now discuss the concept of solution. Informally, a (mild) solution of (SWE)
or (SHE) should be a process {u(t,x);t >0, x € R?} which satisfies

t
17) u(t,x)=w(,x) +/0 ./I;{d Gt —s,x—yu(s,y)W(ds,dy),

provided the stochastic integral on the right-hand side is well defined (in a cer-
tain sense). Still informally, replacing u(s, y) on the right-hand side of (17) by its
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definition and iterating this procedure, we conclude that the solution of (SWE) or
(SHE) should be given by the following series of iterated integrals:

ult,x)=w,x)+ /Ol A&d Gt —s,x—y)W(ds,dy)

(18) —I—/Ot/Rd/Os RdG(t—s,x—y)

xG(s—r,y—2)W(dr,d))W(ds,dy) +---.

To give a rigorous meaning to this procedure, we use an approach based
on Malliavin calculus with respect to the isonormal Gaussian process W =
{W(p); ¢ € H} with covariance specified by (1), where 7 is the Hilbert space de-
fined as the completion of C§° (R x R?) with respect to the inner product (-, -)7
given by (2).

We recall the basic elements of Malliavin calculus; see [43] for more details.
It is known that every square-integrable random variable F which is measurable
with respect to W, has the Wiener chaos expansion

F=EWF)+) F with F,, € H,,
n>1

where H,, is the nth Wiener chaos space associated to W. Moreover, each F;, can
be represented as F,, = I,(f,) for some f, € H®", where H®" is the nth tensor
product of #, and I, : H®" — H,, is the multiple Wiener integral with respect
to W. By the orthogonality of the Wiener chaos spaces and an isometry-type prop-
erty of I,,, we obtain that

EIFP=EFP*+ Y ElL(f)] = EF?+ Y nll filen.

n>1 n>1

where f;, is the symmetrization of f;, in all n variables

~ 1
Sa(tt, X1, .00ty X0) = T Z Tno)s Xo(1)s -+ -5 Lo)> Xp@n))

" pESh
where S, is the set of all permutations of {1, ..., n}.
Let S be the class of smooth random variables of the form

where f € C;°(R"), ¢; € H, n > 1 and C;°(R") is the class of bounded C°-
functions on R”, whose partial derivatives are bounded. The Malliavin derivative
of F of the form (19) is an H-valued random variable given by

"9
i=1"""
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We endow S with the norm || F||IZD)1,2 = E|F|*+ E||DF||%{. The operator D can

be extended to the space D2, the completion of S with respect to || - [|p1.2.
The divergence operator § is defined as the adjoint of the operator D. The do-
main of §, denoted by Dom §, is the set of u € L2(2; M) such that

172

|E(DF,u)y| < c(E|F|?) VF eD!?,

where c is a constant depending on u. If u € Dom§, then §(u) is the element of
L?(2) characterized by the following duality relation:

(20) E(F8(u))=E(DF,u)y  VFeD"?

In particular, E[6(u)] = 0. If u € Dom §, we use the notation

S(u) :/0 fRdu(I,x)W(St,Sx),

and we say that § («) is the Skorohod integral of u with respect to W.
We recall the following criterion for Skorohod integrability; see also Proposi-
tion 1.3.7 of [43].

PROPOSITION 3.1 (Proposition 2.5 of [3]). Assume that u € L>(Q; H) has
the Wiener chaos expansion

1) ut,x) =y Li(fuC.1,%),
n>0

where fo(t,x) = Eu(t, x)), Io(x) =x and f,(-,t,x) € H®" for any n > 1. Then
u € Dom$é if and only if the series 3 _,~o In+1(fn) converges in L%(Q), and in this
case §(u) =3 ;>0 Int1(fn)-

We are now ready to give the rigorous definition of the solution to equa-
tions (SHE) and (SWE). Let F; be the o-field generated by W(ljps)xa) for
se€[0,t],AebBy (Rd ), where By, (]Rd) is the class of all bounded Borel sets in RY.

DEFINITION 3.2. An (F;);-adapted square-integrable process u = {u(z, x);
t > 0,x € RY} is called a (mild) solution of (SWE) or (SHE) if it satisfies the
following integral equation:

t
(22) u(t,x)=w(, x) —l—fo /]Rd G(t—s,x—yu(s,y)W(Ss,dy),

that is, v € Dom$ and u(z, x) = w(t, x) + (") for all (r,x) e Ry x R?,
where

(23) 00 (s, = 110.(8) Gt — 5, x — u(s, -), s>0

and - denotes the missing y-variable.
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In the case of equation (SWE) in dimension d < 2 or equation (SHE) in any
dimension d, G(t, -) is a function, and the existence and uniqueness of the solution
can be proved similar to page 303 of [35]. We recall this argument here. Assume
that a solution u(¢, x) exists and has the Wiener chaos expansion (21) for some
functions f, (-, t,x) € H®". Since G is a deterministic function, it follows that
the process v'~*) given by (23) has the Wiener chaos expansion v*¥) (s, y) =

2n>01In (g(t x)( s, y)), with kernels
24 (t x)( 5, ) =1l1on)G({t =5, x —y) ful,5,¥).

By Proposition 3.1, v**) € Dom$§ if and only if 210 In+1(g,(,t’x)) converges in
L2(2). In this case, § (v Y)) = > n>0 In+1 (g,(f’x)), and relation u (¢, x) = w(t, x) +
(™)) becomes

S L(faCot, ) =wt, x) + Y L1 (g).

n>0 n>0
By the uniqueness of the Wiener chaos expansion, we infer that fo(f, x) = w(z, x)
and f,,+1(,t,x)= g,(,t’x) for any n > 0. This allows us to find f;, recursively:

fn(tl,xl,---,tn,xnst,x)
(25) =Gt —ty,x —x2)G(ty —th—1,Xn — Xp—1) -~
X G(ty — 11, x2 — xp)w(ty, x1) Ljo<s <<t <1}

Therefore, if the series Y20 In+1(85 ™) = Yz Int1(fut1(, 1, X)) converges
in L2(2), then the solution u exists and is unique, with the Wiener chaos expan-
sion (21) with kernels f,, (-, ¢, x) given by (25). This coincides with the informal
interpretation (18).

In the case of equation (SWE) with d > 3, the procedure for constructing a
solution is more complicated, since G (¢, -) is a distribution in R?. We describe
below the steps of this procedure, following [3].

Step 1. Define the kernel f,(-, 7, x) as a distribution in S’'(R"), identifying its
action on a test function, as in Section 2.1 of [3]. By Proposition 2.1 of [3], for any
O<ti<---<ty,<t, fult1, ..., ty,, t,x)is adistribution in R" whose Fourier
transform [in S’ (R"9)] is the function

Fht, ooty t,x) &, .0 8n)

(26) = (uo + tvo)e "G FEINFG (1 — 11, ) (E1)
X FGw(t3 —12,)(E1+82) - FGw(t —tn, )(E1+ -+ + &)
fa(tl, ... ty, -, t,x) is defined to be O for (¢,...,t,) € [0,¢]" \ T,(¢) where

T,(t) ={0 <ty <--- <t, <t}. Note that in Proposition 2.1 of [3], it is assumed
that ug = 1 and vg = 0, so that wy = 1. This result continues to hold when the
function wy, is given by (16), since wy, does not depend on x.
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Step 2. Let f:,(-, t, x) be the symmetrization of f, (-, t, x). By Remark 2.3 of [3],
if ||fn(-, t, x)||§_[®,l < 00, then f,,(-, t,x) € H®" and the multiple Wiener integral
Li(fn (.1, )) = Li(fn (-, 1, x)) is a well-defined element of 7,,.

Step 3. Suppose that the series } > I, (f, (-, 7, x)) converges in L?(Q), that is,

Q27) S nl Fu oty 0|3 jen < 00
n>1
Let
(28) u(t, x) = wt, x)+ Y L(fu1,x)).
n>1

Step 4. Define v (s, ) by relation (23). This is a product between the distri-
bution Gy (t — s, x — -) and the function u(s, -). The process v®¥) has the Wiener
chaos expansion v (o) = > >0 In(fu+1(-, @, £, x)), where o denotes the miss-
ing (s, y) variable; see the proof of Theorem 2.8 in [3]. By Proposition 3.1, v ¢
Dom§ and §('")) = 3,20 Ing1(fu+1(, 1, X)) = u(t,x) — w(t, x). Hence the
process u = {u(t,x);t > 0,x € R?} with the Wiener chaos expansion (28) is a
solution of (SWE). Moreover,

2 1
(29) Elu(t, x)| =w(t,x)2+zﬁan(t),

n>1"""

where a, (1) = n!E| Ly (fu (-, 1, X)) [> = D2 fu (-, £, 0113 00

Step 5. It remains to prove (27). When the spatial covariance function f is given
by case (ii) above, this follows by Proposition 3.4 of [3]. A similar argument can
be used for cases (i), (iii) and (iv); see Proposition 4.2 below.

Summarizing, to prove that a solution of (SWE) exists in the case d > 3, we
only need to show that the series ) _,~1 I, (f, (-, £, X)) converges in LQ(Q); that is,
(27) holds. In this case, one such solution is given by (28).

REMARK 3.3. The uniqueness of the solution of (SHE) for d > 3 was not
treated in [3]. It may be possible to show that the solution is unique in this case
too. This would require significant modifications to the method described above
for the case d < 2, since both terms G(t — s, x — y) and f,(-,s, y) encountered
in definition (24) of g,gf’x)(-, s, y) are distributions in y. We do not investigate this
problem here. We note in passing that the classical method for proving unique-
ness does not seem to work for equations (SWE) or (SHE) when the solution is
interpreted in the sense of Definition 3.2. To see this, assume that there are two

solutions u# and v, and let d = u — v. Then

t
d(t,x):/o A;d G(t—s,x—y)d(s,y)W(s, dy).



INTERMITTENCY FOR WAVE AND HEAT EQUATIONS 1501

The L2(§2)-norm of the Skorohod integral above is a sum of two terms, the second
one involving the Malliavin derivative of d; see [42], relation (1.11). This second
term vanishes when the noise is white in time, but when the noise is fractional in
time, it is not clear how to treat this term.

REMARK 3.4. After examining (26), we infer that in the case of equation
(SWE) withd =3, f,(t1,-, ..., 1, , t,x) is a finite measure on R3" given by
fn(tl, *y "'7tna 'st$x)
=G —ty,x —dx))G({ty —th—1,Xp —dxp_1) -~
x G(ty — 11, x2 —dxp)w(ty, x1) Ljo<s <---<t, <t}
where for fixed a € R3, we denote by G(r,a — -) the measure defined by
G(t,a—)(A)=G(t,a— A) forall A € B(R?).

REMARK 3.5. Notice that in both the hyperbolic and parabolic cases, the

function (or distribution) f;, is stationary in the sense that, for all 71, ..., t, € [0, t]
andforanyxl,...,xn,xeRd,
fn(tl,xl, LI ) t}’laxl’ls t5x) = fn(tlvxl _x5 e »tn»xn _x7 t,O)-

This remains valid for f;, A direct consequence is that || fn (-,1,x) ||§{®,1, and hence
o, (1), do not depend on x. Since the initial conditions are constant, w does not
depend on x either and the moments of u are independent of x. This justifies the
definition of Lyapunov exponent independent of x. Also, notice that it is possible to
show that the law of u(¢, x) is independent of x; see, for instance, [21] in the white
noise case. These remarks are not true if the initial conditions are not constant.

We return now to series (27), which is also related to the second moment of
the solution u(, x); see (29). An important role in the present paper is played by
the nth term of this series, which depends on «,(¢). First, note that an expression
similar to (3) exists for the n-fold inner product (-, -)er. Using this expression,
we have

n
(30) o, (1) = a'}_]/ i [T1 — 5512 2y (t, ) dtds,
[0,£]2"
j=l1
where we denote t = (71, ...,¢,) and s = (s1, ..., $,), and we define

)= [ Fe 0 )
31) -

x Fed (.1, x)(E1, ..., E)p(dEr) - u(dEn)

with gt(")(-, t,x)= n!ﬁ,(tl, ..y Iy, 1, x). Note that ¥, (t, s) depends also on ¢,
so that the correct notation should be v, (t, s, ¢). To simplify the notation, we omit
writing ¢ in Y, (t, S, 1).
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An alternative calculation of the function v, (t, s) is needed in Section 6 below,
for equation (SWE) with d < 3. For this, let p, o € §,, be such that

0<tp(1)<~‘<l‘p(n)<l‘ and O<SG(1)<~-<SU(”)<Z‘,

and denote #,(;,+1) = So(n+1) =t. Then if d <2, we have

n
Yn(t,s) = /RW [T G@oi+1) = 1pGiys Xp(j+1) = Xp(GDW (1), Xp(1))
j=1

n
(32) X [T GGo(j+1) = S0()s Yo(j+1) = Yo (WG (1) Yo (1))
j=1

n
x [ f&j —yj)dxdy,
j=1

with the notation X = (x1,...,X,),y= (V1,..., Yn) € R whereas if d = 3,

n
Yalt,s) = /RM [T G0 = 1oty Xpij+1) = dXp ()W 1), Xo(1)
j=1

n
(33) X H G(So(j+1) = So(j)» Yo(j+1) — AYo ()NW(Sa(1)s Yo (1))
j=1

x [T f&xj—vp-
j=1

(In both integrals above, we use the notation X, (,41) = Yo (n+1) = X.)
This concludes the summary of the results of [3] which are needed here.

4. Hyperbolic case: Existence of the solution. In this section, we prove the
existence of a solution of equation (SWE) [given by (28)] in any space dimension
d > 1, when f is a kernel of cases (i)—(iv). This yields the conclusion of Theo-
rem 2.1(a) and (b) (with p =2).

We let G = Gy and w = wy. We introduce the following constant:

1
4 K = —_— .
Y (= S0 Jeo T1g — 2" ®)

Note that K (i) < oo if and only if (DC) holds; see the proof of Lemma 8 in [24].
Note that (DC) is satisfied in cases (i) and (iv). In cases (i1) and (iii), (DC) holds
if and only if

(35) a<?2.
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We define a constant K, by

wn(RY), in case (i),
(36) Ky = 14K (w), in cases (ii) and (iii),
T, in case (iv).

We have the following preliminary result.

LEMMA 4.1. Let f be a kernels of cases (1)—(iv). Assume that (DC) holds.
Forany t > 0 and for any t = (t1,...,t,) in [0, t]",

Yt 1) < (uo + 1v0) 2 K™ (uy, ..., up)*

where a is given by (9), uj =tyj+1) —tpjy for j=1,....n,tp01) < - <lpw)
for some p € Sy, ty(ny1) =t, and Ky, is the constant defined in (36).

PROOF. Asin the proof of Lemma 3.2 of [3], by (31), (26) and (15), we obtain

2
= (uo + tp(1yv0)° AW — |(;}2|$1I)
sin? (uy €1 + -+ + &)
dg€)) - - u(dg,).
T p(déy) - - u(déy)

We consider separately the four cases:

e Case (i). Using the fact that |x~sinx| < 1, we have

Un(t, 1) < (uo + 1v0)*[L(RD]" (ur, ... ., un)*.

e Case (ii). This case was treated in Lemma 3.2 of [3].
e Case (ii1). Let ¢ = Claj);- Using the change of variables n; =& +--- +§;,

sin (u1|771|) _
Ya (t, 1) = ¢ (uo + ty(1)v0)° fRd dm H In1,51%7!

sin (uzlnzl)
X/I‘Rddn Hm 1—771]|a’

sin? iy 1] —
X/ dnn n2 - 1_[ (70 . 77n—1,j|a] ls
R4 |7
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where n; = (n;,j) j=1,...a With n; ; € R. Note that for any > 0 and 1 € R4,

in?(1]£]) Y
[t Ty =yl e

j=1

s 2 d
=ct2_“/d sin“(|&]) l—[ E; —tnj|aj_ld‘§

ROOJEP
s 2
_ 2—a [ SI°(E 11D
—e [ P
d
<427 fR ) % <4r7K (),

since (sin(x)/x)% <4/(1 + x?) for all x > 0. Hence

Y (L, 1) < (uo + 100)* (4K (1)) (1, ., un)* ™,
e Case (iv). Using the change of variables n; =& + --- + &;, we have

sin’(u|nil)  sin (up |na)

Vn(t, t) = (uo +1 1v0)2/ - dny--- dnp.
" PO S 2 a2 "
Using (14), (15) and Plancherel’s theorem, we obtain that for any ¢ > 0,
)
sin“ (¢
[ D e,
R €]
Hence
Yn (L, ) = (o + tvo) 7"y, ...ty 0

The following result is an extension of Proposition 3.1 of [25] to the case of the
fractional noise in time.

PROPOSITION 4.2. Let f be a kernel of cases (1)—(iv), and py, a, Ky be the
constants given by (8), (9), respectively (36). Assume that (DC) holds. Then:

(a) for anyt > 0 and for any integer n > 1,

t(2H +2—a)n
(n!)2-a

where o, (t) is given by (30) and c is a constant depending on H and a;

(b) forany d > 1, equation (SWE) has a solution u(t, x) [given by (28)] which
has the following property: for any x € R¢ and for any t > 0,

(37) an (1) < (ug + tvo) 2" K"

’

Elu(t,x)|* < c1(ug + 1vo)? exp(ca K Y/ C~01w),

where ¢ > 0 is a constant depending on a, and ¢y > 0 is a constant depending on
H anda.
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PROOF. (a) We proceed as in the proof of Proposition 3.3 of [3].

For any t = (#1,...,1,) € [0,¢]*, we define B(t) = ]_[’;Zluj, where u; =
Lo(i+1) — to(j)> and p € §,, is chosen such that oy < - <lpm), and to(n+1) =1.

By the Cauchy—Schwarz inequality, v, (t, s) < v, (t, t)/ 2@//,, (s, s)/2. By Lem-

ma 4.1, it follows that

(33) Yn(t, ) < (uo + tvo) K2 [B(t)B(5)]
Using definition (30) of «;,(¢) and (38), we obtain

@2-a)/2

n
an(t) < (uo + tvo) Ko, /[O . [Tl — ;P2 B8]V dtas.
z n N
s j=I1
We now use the fact that for any ¢ € L'/ (R"),
- 2H-2 1/H 2H
(39) ozH/R T — s, |<p(t)||<p(s)|dtds§b’},(/Rn|go(t)| a’t)
j=1

for some constant by > 0; see Lemma B.3, Appendix B. We obtain

n 2H
a, (1) < (up + tvo)zK"Z,b;’I (/[0 | l_[ ﬁ(t)(Z—a)/(ZH) dt)
s
e

2H
= (uo + tvo) Kbl (n'/ [t = t0) - (1p — 1)] &4/ D dt) ,
Ta ()
where T,,(t) = {0 <t; <--- <t, <t}. By Lemma 3.5 of [6], for any A > —1,
1+ h)"t! [(+mn.
C((1+hn+1)

By Stirling’s formula, I'((1 +A)n + 1) ~ C, (n")!*" where C,, is such that 1" <
C, < \" for some constant A > 1 depending on #; see the proof of Lemma A.1,
Appendix A. Hence

f [(t = 1) (tn — ta1) -+~ (02 — 11)]"dt =
T, (1)

PA+M) (14mn

h
fw[(r—tnxrn—rn_l)---(tz—n)] dt=— i

for some cp > 0. In our case, h = (2 — a)/(2H). We obtain:

I'(l+ h)nc?t(l-l—h)n)ZH

an(t) < (uo + tvo)> K1 b, (n! T

1
= (up + tv0)2K\')’vcn Wt(ﬂl“—a)",

where c =byT'(1 + h)ZHc(Z)H depends on H and a.
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(b) We use (29) and the result from part (a). We obtain that for any ¢ > 0,
MK t(2H+2—u)n
w

Flut, 0 = o+ g 3 R

n>0

Since this series is convergent for any fixed ¢ > 0, this proves the existence result.
Now, using Lemma A.1 (Appendix A), we have that for all # > 0

Elu(t, x)[* < c1(uo + 1v9)? exp(ch (c K1 H+2-0) /G-y
where ¢ > 0 and ¢ > 0 are some constants depending on a. The conclusion fol-
lows taking ¢ = chc!/G=9. O

5. Hyperbolic case: Upper bound on the moments. In this section, we give
an upper bound for the moments of order p > 2 of a solution of equation (SWE)
[given by (28)]. This yields the conclusion of Theorem 2.1(b).

Recall that this solution of (SWE) has the Wiener chaos expansion given
by (28). This means that u(t,x) = > ,- Ja(t,x) where J,(¢,x) is in the nth
Wiener chaos H,, associated to the noise W, and

2 2 1
Elut, 0 = E[Ja(t,0)[" =3 —an(®),
n>0 n>0
where o, (¢) is defined in (29) and is estimated by (37).
The following result is an extension of Theorem 3.2 of [25] to the case of the
fractional noise in time.

PROPOSITION 5.1. Let f be one of the kernels (1)—(iv), and pw, a, K+ be the
constants given by (8), (9), respectively (36). Assume that (DC) holds. Let u(t, x)
be a solution of (SWE), given by (28). Then for any p > 2, for any x € R? and for
anyt >0,

Elu(t, x)|” < cf (o + tvo)? exp(ca K /GO~ p=a)/G=a)pow)

where c1 > 0 is a constant depending on a, and c» > 0 is a constant depending on
H and a.

PROOF. When p =2, the result is given by Propostion 4.2.

When p > 2, we use the same idea as in the proof of Theorem 4.1 of [3]. We
denote by || - ||, the L?(£2)-norm. We use the fact that for elements in a fixed
Wiener chaos H,, the || - || ,-norms are equivalent; see the last line of page 62
of [43] with ¢ = p and p = 2. More precisely,

1 1/2
|92, 0], < (p = D2 |Jue, 0], = (p = 1)"/2(n—!an<r>) :
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Using (37), we obtain

1
n n(2H+2—a)/2
where C), g, = (p — l)l/zcl/zl(\,lv/2 and ¢ depends on H and a.

Recall Minkowski’s inequality for integrals (see Appendix A.1 of [50]),

[[([reuan) van] " = [ ([1renrvan)  wo.

We use this inequality for (X, X) = (N,2Y) with u the counting measure,
Y, Y,v)y=(Q,F,P)and F(n,w) = J,(w, t, x). We have

Z-In(t»x) fZH‘I’l(I’x)Hp

n>0 P n>0
n n2H+2—a)/2
C" ot

< (uo +1vg) y_ —=>

3—a)/2
= (n!)B-a)/

Jut. 0, =

Using Lemma A.1 (Appendix A), we infer that for any ¢ > 0,

ucz, x)Hp < c1(ug + tvg) exp{c/z(Cp,Kwt(ZH”*a)/z)z/G_a)},

where ¢; > 0 and ¢} > 0 are some constants depending on a. The conclusion fol-

lows taking ¢, = c’zcl/(3_”), since % . % = pw and
pci{gwfa) — p(p _ 1)1/(37a)cl/(3fa)KJv/(3fa)' 0

6. Hyperbolic case: FK representation for the second moment. In this sec-
tion, we develop a Feynman—Kac (FK) representation for the second moment of
a solution u(¢, x) of the wave equation (SWE) [given by (28)], similar to the one
obtained in [26] in the case of white noise in time. Due to the fractional compo-
nent of the noise, our representation is based on a Poisson random measure on R2 ,
rather than a simple Poisson process. This extension follows the approach of [2]
for the parabolic case.

The following theorem is the main result of this section. This theorem is valid
for any function f for which covariance (2) of the noise W is well defined, but
may not be valid in case (iv) (since in this case, f is a distribution). Theorem 6.1
will be used in Section 7 to obtain a lower bound for the second moment of a
solution to (SWE) in cases (i)—(iii). Case (iv) will be treated differently using an
approximation based on case (ii).

THEOREM 6.1. Suppose that equation (SWE) with d < 3 has a solution
u(t, x) [given by (28)], where W = {W (¢); ¢ € H} is a zero-mean Gaussian pro-
cess with covariance specified by (1) and (2), and f is a nonnegative function on
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R?, which is the Fourier transform of a tempered measure jx on R¢. Then for any
t>0,xeRY,

E|u(t,x)|2

S Y M N na,—r, )

n>0iy,..., in
distinct

< [11T, = 8i,1" 1, mo}’

where, by convention, the term for n = 0 is taken to be wy(t, x)2, and wy is defined
by (16). Here:

o N =3 ,.,8p is a Poisson random measure on Ri of intensity the Lebesgue
measure, with P; = (T;, S;);

e Bj, i (t)isthe eventthat N has pomts Py,....,P, in|0, %
° T 5 <o < 1, and 71 < ... < tn are the points T;, ..., T; , respectively
Siy» -+, Si, arranged in increasing order;

e the processes X! = (Xsl)se[O,t] and X?* = (st)se[o,t] are defined by (41)
and (42) below, and we denote by Py a probability measure under which
X(l) = X(z) = x. (E, stands for the expectation with respect to Py.)

The processes X' and X? are constructed as in [26], using the coordinates of
the points of N on the two axes. We explain this construction below. On the event

Bi,....i,(t), we arrange the two sets of points {Tm ....T; }and {S;, ..., S;,} in
1ncreasmg order as 71 < --- < 1y, respectively rl <...< r,’l. More precisely, if we
denote U; = Tij and V; = S,-j forj=1,...,n, then there exist some permutations

pand o of {1, ..., n} such that
Up) =Upi—-1) <--- <= Up) and Vo) < Vom—1) < - = Vo).

We let t; = Up(u41—j) and rJ’- =Vou1—j forany j=1,...,n.

We let (®,~1)iz 1 and (@iz)izl be two independent i.i.d. collections of random
variables with the same law as ®(, where ® is a random variable with values
in R? such that if d < 2, ®9 has density function G (1, -), and if d = 3, ©¢ has
distribution G (1, -). The importance of the variable ®¢ stems from the fact that
for any ¢ > 0,

Gw(t,)

(40) ;

is the density/distribution of 1®y.
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Using the points 71 < --- < 1, and the variables (@il),-z 1, we construct the pro-
cess X! = (XS1 )seo,r] by setting

(41) X;=X.+ (-0}, ifn<s<tp

for any 1 <i <n, where 1p =0, 7,41 = and X(l) = 0. We use a similar con-
struction for the process X 2= (X?) se[0,] using the points rl’ <.-- <7, and the
variables (@%)[21, that is, 7y =0, T}’/l-‘rl =t, X(% =0andforany 1 <i <n,
(42) X2 = Xfl, +(s—1)07%, ifr<s<t,.

We now give some remarks about the statement of Theorem 6.1.

REMARK 6.2. A similar formula can be obtained for E[u(z, x)u(s, y)] using
the points of N in [0, 7] x [0, s] and assuming that X(l) =x and X2 = y.

REMARK 6.3. Note that |T;; — S;;|*~% = oo if the point (T;;, ;,) falls on
the diagonal D = {(s,s); 0 < s <t} of the square [0, t]2. This is not a problem
since with probability 1, N has no points in D: P(N(D) =0) = e~ LebD) — 1,

REMARK 6.4. Without loss of generality we may assume that 71 < --- < 1,
and 7{ < --- < 1, since the event for which 7; = 7;_; (or Tj/- = rJ/-_l) for some
j =1,...,n has probability zero: with probability 1, no vertical (or horizontal)
line contains two distinct points of N; see page 223 of [47].

REMARK 6.5. Theorem 6.1 is valid for any function f, not necessarily as in
one of the cases (i)—(iii). In fact, this representation remains valid if we replace
aylt —s|?"~2 in (2) by a function 7(z, s), provided that (-, -)3 defines an inner
product. We only need to assume that a solution of (SWE) [given by (28)] exists.
In the new representation, aH|T,~j — Sij |2H*2 is replaced by n(t — Tij, t— Sij).

We now introduce the necessary ingredients for the proof of Theorem 6.1.

Recall first that if (V;);>0 is a Poisson process on R of rate 1 with jump times
7] < T» < ---, then the conditional distribution of (zy, ..., 7,) given N; = n co-
incides with the distribution of the order statistics of a sample of size n from the
uniform distribution on [0, ¢]. This property lies at the core of the FK formula
obtained in [26] and can be seen very easily as follows. For any 7 > 0 fixed, the
process (Ny)sefo,,] can be constructed as Ny = Zlyzl lix,<s}, where (X;);>1 are
i.i.d. random variables with a uniform distribution on [0, ¢], and Y is an indepen-
dent Poisson random variable with mean ¢. If N; = n, the jump times of N in [0, 7]
coincide with the order statistics X (1) < -+ < X ().
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A similar property holds for the planar Poisson process. This basic observation
has enabled the first author to obtain in [2] an FK formula similar to that of [26]
in the case of the heat equation with fractional noise in time. In this section, we
develop a similar formula for the wave equation with d < 3.

More precisely, let N be a Poisson random measure as in Theorem 6.1. Since the
Lebesgue measure does not have any atoms, N is a.s. simple, that is, N({t}) <1
forallt=(t1,5) € R%_ a.s. (see Exercise 2.4 of [37]). This means that with proba-
bility 1, the points (P;);>; are distinct. For any ¢ > O fixed, we consider the event
B, ....i, (t) for distinct indices iy, ..., i, > 1.

The following result plays an important role in the present paper; see also Prob-
lem 5.2, page 162 of [47].

LEMMA 6.6. Let N =3 ;- 8p, be a Poisson random measure on R%L of in-
tensity the Lebesque measure, ‘with P, = (S;, T;). For t > 0 and distinct indices
i1,...,1p, let B ., (t) be the event that N has points P;, ..., P;, in |0, 11%. Given
Bi, .., (), both vectors (P, ..., P;,)) and (t — P;,...,t — P; ) have a uniform
distribution on [0, t]*", where t = (1, 1) € R%r.

PROOF. The restriction of N to [0, 7]* can be constructed as N = Z,'Y:1 dx;,
where (X;);>1 are i.i.d. random variables with a uniform distribution on [0, 112,
and Y is an independent Poisson random variable with mean ¢2. If N' has points
Pi,..., P, in [0, 1%, the vector (P, ..., P;,) of the n points coincides with a
vector (X, ..., X;,) for some distinct indices ji, ..., ju, which clearly has a uni-
form distribution on [0, #]*". The argument for the vector (t — P;,...,t— P; ) is
similar; see Lemma 2.1 of [2] for an alternative proof. [J

n

As a consequence of the previous lemma, any n-fold integral over ([0, 1]%)" of a
deterministic function F has a stochastic representation based on the points of N;
see page 257 of [2] for the proof.

COROLLARY 6.7. For any measurable function F :[0,t]*" — R which is ei-
ther bounded or nonnegative, we have

/[0 ° F(ti,s1,...,t,,8,)dtds
1"

2
=nle .Z. E[F(t =Tyt = Siy, .-t = Tiy st = Si)lg, o o),
i1, in
distinct
where t = (t1,...,t,) ands = (s1,...,sy) with t; €0, t] and s; € [0, t].

The next result gives a stochastic representation for the nth term of series (29).
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LEMMA 6.8. For any t > 0 and for any integer n > 1, we have

2
o, (1) = nlale’

n
x ) E[H ITi, — 83,1272
j=1

(2T
distinct

X ’(//I’l(t - T}]a L) r— T}ny t— Silv .. 9t - Sin)lBil,A..,in(t)}’
where Y, (t, s) is given by (31).

PROOF. The integral on the right-hand side of (30) can be represented in the
desired form by applying Corollary 6.7 to the function

n
2H-2
F(tlaslaatn5sn):anH1_[|tj_SJ| 1)lll’l(t’s) D
j=1

The next result will be used to evaluate the term V,(t — T;,,...,t — T;,, t —
Siy, ..., t —8;,) which appears in Lemma 6.8. For simplicity, we work first with
some nonrandom points (¢, s1), ..., (t;, sy) in [0, t]%. These points will be re-
placed later by (7;,, Si,), ..., (T;,, Si,)-

LEMMA 6.9. Let (t1,51), ..., (tn, sx) € [0,11%. Let p, o € S, be such that
0<l‘p(n) <<ty <t and 0<Sg(n)<---<sg(1)<l‘.

Ifd <2, then

Yn(t—1t, ...t —ty, t —581,...,1 —Sy)
n n+1—p~1(j) n+1-o-1(j)
=/RW dzdw[] f( Y - Y wk)
j=1 k=1 k=1

X Gw(tpm)» 2)Gw(tp(n—1) — tom)» 22) - Gw(tp(1) — tp(2)s Zn)
X Gw(Somn), W) Gw(So(n—1) = Somn), W2) - - Gw(So (1) — So(2), Wn)
n n
X w(t — o), X + sz)w(t —So(1), X + Zwk>,
k=1 k=1

where 7 = (21, ...,2n) and W = (wy, ..., w,) With z; € RY, w; € RY. A similar
relation holds for d = 3, replacing Gw(tp(n), 21) dz1 by Gw(tyn), dz1), etc.
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PROOF. Assume first that d < 2. We use the alternative definition (32) of
Yn(t,s). We proceed as in the first part of the proof of Lemma 2.2 of [2]. Denote
Lo(n+1) = So(n+1) = 0 and Xp(m+1) = Yo (n+1) = X. Note that

O<t—tyy<---<t—tym<t and 0<t—So(1)<--<t—Som) <t

and Gy (t, x) = Gw(t, —x). By definition, ¥, (t — 11, ..., t —ty,,t —S1, ..., 1 —Sp)
is equal to

n
fRW dxdy [T Gultoiy = tpij+1) Xp(j) = Xp( )W = tpa1), Xp1)
j=1

n
X [T Gwso() = So(+1): Yo i) = Yo(+)W( = So(1); Yo (1)
j=1

n
x [T f&;—yp.
j=1

The result follows by the change of variables x,(j) — Xp(j+1) = Zn+1—; and
Yo(j) = Yo (j+1) = Wn41—j fOl‘j =1,...,n.

The same argument works also for d = 3, using the alternative definition (33)
of Y, (t,s). To see this, assume for simplicity that n =2, 0 <t <t <t and
0 < 52 <51 < t. (The same argument applies in the general case.) Then vy (¢ —
H,t—1t,t —s1,t—s2)is equal to

fRM h(x1,x2, 1, y2)Gw(t1,dx1 —x)Gw(ta — t1,dx2 — x1)

X Gw(s2,dyr — x)Gw(s1 — s2,dy1 — y2),

where h(x1, x2, y1, y2) = f(x1 — y1) f(x2 — y2)w(t — 12, x2)w(f — 51, y1) and we
used the fact that Gy (¢,a — dx) = Gy (t,dx — a). We claim that for any nonneg-
ative measurable function ¢ : R* — R,

/R‘*d ©(x1,x2, y1, y2)Gw(t1,dx1 — x)Gw(tr — t1,dx2 — x1)

X Gw(s2,dys —x)Gw(s1 — s2,dy1 — y2)
(43)

=/R4d<ﬂ(X+Z1,x+Z1+zz,x+w1+w2,x+w1)

X Gw(t1,dz1)Gw(ty — t1,dz22)Gw(s2, dw1)Gw (st — 52, dwy).

(This means that we can apply informally the change of variables x; — x =
Z1,X2—x1 =z and yp —x = wy, y1 — y2 = wy.) Assuming that ¢ (x1, X2, y1, y2) =
P1(x1)P2(x2) Y1 (y1)¥2(32), relation (43) follows using the fact that for any non-
negative measurable function ¢ : R — R,

[o@Gutdr—a= [ $@+nGutr.dy).



INTERMITTENCY FOR WAVE AND HEAT EQUATIONS 1513

The case of an arbitrary function ¢ follows by approximation. The conclusion
follows applying (43) to the function ¢ =h. U

REMARK 6.10. In the case of the heat equation, Gy (¢ — s, -) is the density of
B! — B!, where (B});>0 is a d-dimensional Brownian motion, and the product
Gn(tomy» 21)Gultp(n—1) — tpm)» 22) - Gultp(1) — tp(2)» Zn)»
which appears in Lemma 6.9 is the density of the random vector
B! B! B! Bl — Bl ).

Ipm)’ “Tp(n—1) Ton)’ Ip(1) Ip(2)

Applying a similar argument for the other n-term product (depending on s) and
using an independent Brownian motion (Btz) >0, we infer that

Y (te —t, te —s)
n
1 2
:E|: (t —to(1)s x—i—B,(])) w(t — s1), x+Bs () 1_[ B — B; j|

wheree=(1,..., 1) eR", t=(t,...,t;) ands = (sq, ..., sn). Something similar
will happen in the case of the wave equation, conditionally on N.

REMARK 6.11. Due to (40), when d < 2, the product
Gw(t,z1) Gw(nz—11,22)  Gw(th — Tu—1,2n)
71 . T2 — 11 Tn — Tn—1
is the conditional density of Y! = (Xrl, Xl — X%l, ey X%ﬂ — X%VH) given N.
Let Y2 = (Xz,, X2 Xfl,, e X%’,l Xfé_l). Since X! and X? are conditionally
independent glven N

n

Gw(tj —Tj-1,2j) 1~
[T L——LT]

j=1 Tj—Tj-1

/ /
j=1 = Ti-1

is the conditional density of (Y!, Y?) given N. A similar thing happens when
d = 3. Therefore, for the wave equation, the processes X I x2 play the same role
(conditionally on N), as the Brownian motions B!, B? for the heat equation; see
Remark 6.10.

PROOF OF THEOREM 6.1. By applying Lemma 6.9 to the points (7;,s;) =
(T; i ,-j) we obtain that on the event B;, . ; (¢),

vfn(t l1’--’vt_T‘l'n’t_Sl'lv""t_Sin)

n+1—-p7'(j) n+l—o=1(j)

nd
:/RWdzdwnf< Y oa- Y
j:l

k=1 k=1
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X Gw(t1,21)Gw(t2 — 71, 22) - - Gw(Th — Tu—1, Zn)

X Gw(t{, w1)Gw(ty — 7{, w2) -+ Gw(T, — Ty, W)
n n
X ww<t — Ty, X + sz>ww<t — T, X+ Zwk),
k=1 k=1

assuming that d < 2. A similar identity holds for d = 3 replacing G (71, 21) d71
by Gw(t1,dz1), and so on. Inside this integral, we multiply and divide by
oty —tj-D [T (7 — 7.
We assume that X(l) = X% = 0. Using Remark 6.11, we infer that on the event
Bi i, @), Yt =T, ...t =T;,,t —S;,...,t —8§;,) is equal to the conditional
expectation of

n+1—p=1(j) n+1-p='(j)

(T8 w3 o)

k=1 k=1

wa< Tn’HZ fkl) ( X+ZXZ tk1>
n n

X l_[(rj —Tj_1) H(t]’ ~Ti_y)
j=1 j=1

given N. Note that

n+1-p=1(j)

1 1 _ vyl _ vyl
Z (X _ka 1) X Ttl— »~1(j) and Z fk l an

k=1
(these are telescopic sums whose first term is X %0 = 0). Recall that 7y = U, n41-4)
forany k=1,...,n (where U; = T,-j). Hence
Tut1-p=1() = Upri—n—14p-1G» = Upo-1gn = Uj = Tij-

A similar argument applies to the terms depending on X?. We obtain that on the
event B;,, ; (t),

.....

Y (t — ,1,... Z—Tin,l‘—Sil,...,l‘—Sin)

n
B E|:1_[ f(X%wlj N thj)ww(t — T, X + X%n)ww(t - Tr/l’x + X%;)
j=1

n n
X l_[(rj —Tj_1) H(rj/ — r.;fl) N
j=1 j=1
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Looking now back at the representation of ¢, (¢) (Lemma 6.8), we obtain

1
_'an(t)
n:

distinct

n
><E|: F(XT — X5 Jww(t — T x + X7
j=1 J J

X wy(f — 1, x +X%é)

x[[@—u-0 ][] - r}_l)‘NH.
j=1 j=1

Note that 1, o) [Tj=(1Ti; — Si; 12#=2 is measurable with respect to N, and
so, this term goes inside the conditional expectation with respect to N. The result
follows using the fact that E[E[-|N]] = E[-] and taking the sum over n > 1. In the
final step, the values x + X %n and x + X %/1 are replaced by X %n, respectively X f’;,
under the probability measure P,. [J

7. Hyperbolic case: Lower bound on the moment of order 2. In this sec-
tion, we give a lower bound for the second moment of a solution u# to (SWE)
[given by (28)], when f is a kernel of cases (i)—(iv). This yields the conclusion of
Theorem 2.1(c).

For cases (i)-(iii), we follow the approach of Dalang and Mueller [25]. This
means that for any x, y € R? with x # y, we consider the solid (infinite) cone
C(x,y) in R4, with vertex y, axis oriented in the direction of the vector x — y and
an angle of v /4 between the axis and any lateral side. This cone has the following
properties:

() ifjlz—y| <é,|y—x|<dand z € C(x, y), then |z — x| < 3;
(i) y+zeC(x,y)ifandonly if y +rz € C(x, y) for any r > 0;
(i) C(x,y)+z=C(x+2z,y+72).

7.1. Case (i): Spatially smooth noise. In this case, since f is continuous at 0,
limy—o f(x) = f(0) = M(]Rd) = Ky,. Letting a9 = K /2, we infer that there ex-
ists § > 0 such that

44) f(x)>ap  forallx e RY, |x| < 26;

that is, f satisfies Assumption C of [25]. We assume that § is a rational number.
The next result corresponds to Theorem 2.1(c), in case (i). Its proof relies on the
Feynman—Kac formula developed in Section 6.
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THEOREM 7.1. Let f be a kernel of case (i). Then, for any x € R¢ and for
anyt >0,

Elu(t, x)|* = caudexp(cs K13 1Pv),

where c3 > 0 and c5 > 0 are some constants depending on H, and the constants
pw and Ky, are given by (8), respectively (36).

PROOF. We proceed as in the proof of Theorem 4.1 of [25]. To facilitate the
comparison with the proof of these authors, we use the same notation; that is, we
denote n by k in the statement of Theorem 6.1 above. We let N; = N ([0, 3.

Step 1. First step for the lower bound of E|u(t, x)|.

Let k € Z4 be a large enough value (depending on ¢) such that

(45) m:=ké ey,

where ¢ is given by (44). (The precise value of k will be given in step 8 below.)
Notice that for all # > 0 and x € R, ww (£, x) = ug + vot > ug, since vy > 0.
Hence, by Theorem 6.1,

Eu(t, x)| >uoe otlfq

k k
(46) x Y E{H(w 70 [ (7 = 7j20)

Jj=1 Jj=1
distinct

k k
X 1_[ f(XlTij - Xgij) 1_[ |le - Sij|2H7213i1 ..... ik(l)i|'
j=1

j=1
Step 2. The event D(t).
We consider the event D(7) = D!(r) N D2(t), where
D' (1) = {x1 +0j,,eC(x. X] ) forall j=1,....k=1}N By, (1),
D*(t)={X2 +©3,, €C(x, X)) forall j=1,....k— 1} N B;, _;, (1)
J J

On the event D! (¢), if we assume that Tj—t1j—1 <dforall j=1,...,k, then
(47) Xz, —x| <8 forall j=1,....k.

We first prove (47) by induction on j, using the properties of the cone. The
argument is the same as in [25]. We include it for the sake of completeness. If
j =1, then X%l =x+ ‘L'1®% and |X%I —x|= ‘(1|®%| < § since |®%| < 1. Assume
now that |X I x| < 8. We use property (i) of the cone for points x’ =0, y’ =

1 1 L) — (.
X, —x and 7 =X, T We note that |7/ — y'| = |er+1 — thl = (Tj41 —

)|®1+1| <é§,and |y —x'| = |X%j — x| < § by the induction hypothesis. We
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1
Tj+1

x! eco, Xij —x)+x=C(x, X%j), using property (iii) of the cone for the last

Tj+1
equality, which is in turn equivalent to X%j +(tj41 — t.,-)®}+1 e C(x, X%j), using

also have 7/ € C(x’, '), thatis, X; —x € C(0, X%j — x). [This is equivalent to

the definition of X %Hl . By property (ii) of the cone, this last property is equivalent
to X %j + @} 1 €CH, X %j), which holds true on the event D' (¢).] By property (i)

of the cone, it follows that |z’ — x’| < §, that is, |XijJrl — x| < 8. This completes
the proof of (47).

Recall that t; = U, 41— j) for some permutation p of {1,...,k}, where U; =
T;;. As j runs through the set {1, ..., k}, so does the value p (k + 1 — j). Therefore,
on the event D!(¢), if we assume that Tj—tj—1 <dforall j=1,...,k, then

|X1T} —x|<é8forall j=1,...,k, by (47). A similar property holds for X on
i

the event Dz(t). Hence, on the event D(¢), if we assume that 7; — 7;_; < § and

rj/. —‘L’j/._l <éforall j=1,..., k, then

|X1Tij—X§ij|§25 forall j=1,....k
and so
(43) f(X}ij —xgij) >ay  forall j=1,... k.

Step 3. The islands (1 )1<j,i<k-
The idea of the proof is to build some small islands around the k points of the
process N in the region [0, t]>. Figure 1 shows these islands for k = 4. To define

t=by "
I14 Iag I34 144
a4
bs
L]
I3 Io3 I33 Is3
as
b2
[ ]
I12 Iao I32 Iy2
az
b1
[ ]
11y I I3: Iy
aj
0 ar by az b az b3 as byg=1t
FIG. 1. The islands 1 (for k = 4) with points situated on the islands 11, Ip4, I3, 143 corre-

sponding to the permutation (I1, 1>, 13,14) = (1,4, 2, 3).
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these islands, we let ¢ = m‘s—frl and t; = je forany j =1,..., k. Due to (45), we
have
m ) .
ty =ke = txt if m is large.
m+1
We consider the intervals I; =[a;, b;j] with j =1, ..., k, where aj =t; — ¢/4 for

Jj=1...k,bj=tj+¢e/4if j <k—1,and by =t.Forany j,l=1,...,k, we
define
Iig=1; x1.

The area of each square island [;; is greater than (& /4)2. In both the horizontal
and vertical directions, the islands are separated by intervals of length ¢/2.
Step 4. The event C;,, i, (1).

Let C;, ... i, (¢t) be the event that N has points P;,, ..., P;, in [0, £1* located on
the islands 1y 4, ..., It , for some permutation (/1, ..., ) of {1, ..., k}.
Clearly, C;,...;, (¢t) isincluded in B;, . ;, (t). Notice that on the event C;, .. ;, (¢),

it is not possible to have two points (Tip, Sip) and (Tiq, Siq) of N in [0, #]? such
that T; P T; , are in the same interval /; or §; e S; , are in the same interval ;. There-

fore, on the event C;, . ; (¢), forany j=1,...,k, we have 7; € [, rj/. € 1;, and
hence

49 £ 2% and S<ti—7_, <2

(49) Efrj—rj_lf & an E—Tj_fj—lf &.

In particular, if

(50) m > mo(f) :=[2t — 1],

then t; — 7;_; <48 and rj/. — r}_l <éforall j=1,...,k. It follows that

(&2)) inequality (48) holds on the event D(¥) N C;,,.. ;, (2),

provided that m > mg = mo(¢).
Step 5. Second step for the lower bound of E|u(t, x)|2.

.....

Using (46) and (51), we obtain

E|u(t,)c)|2

k
2 ~
>uge ol Y E{Ztl_[f(XlTii—Xzii)
W b _ _

distinct

k
<117, - Sij|2H_211J(r)1C,-1,.4.4,,-,{(r)]
j=l1
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2

> uge' aog Y Ex| Z l_ll 7 s VY8 PR Mz)}
Iyl L
distinct

r k

_”(Q)e[ o Z Ex fl_[ ITi; — Sij|2H721Ci| ..... ik(t)Px[D(t)|N]:|‘
[T iy L j=I
distinct

Since the events D' (r) and D?(¢) are conditionally independent given N,
P.[D(®)|N] = P,[D'(t)|N]P[D*()|N].

Using the properties of the cone and the independence of (® :] )i>1, it can be shown
that P,[D'(1)|N] = yN—!, where y = P(y + ®g € C(0, y)) € (0, 1) does not
depend on y € R?. Note that y depends on d. A similar property holds for D?(r).
Hence,

P[D@)|N] =y NmD > 2N
Combining this with the previous lower bound for E|u(t, x) |2, we obtain

Elu(t, x){ > uje! ozHak)/Zk

.....

dlstmct

We define the conditional expectation of a random variable X with respect to an
event Bby E[X|B] = E[X1p]/P(B). (This is not the same as E[X|G], where G =
o({B}) ={@, B, B¢, Q} since E[X|G] = E[X|B]lg + E[X|B]1pc.) In our case,
X is the random variable appearing in the expectation above and B = B;, ., (1).
We obtain

Eu(t, x)| > uje! aﬁlaoy

.....

dlstmct

X Py ( ..... lk(t))

Note that by (49), on the event C;, . ;, (t), we have Z > (g/ 2)2k, Using the fact
that § = m/k [by the definition (45) of m], we see that
€ ot m t ct
>

(52) - - >
2 2m+1) m+1 2k~ k
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with ¢ = 1/8. Hence Z; > (ct/k)* and

2k
ct
E|u(t,x)| > e aHaky2k( )

k
x Z E, [H| ;=S e, o|Bir. m]
..... ik
dlstmct
x Pe(Bi,...ix (1)

Since both T,-_]. and S,-_/. are in [0, ¢], we obviously have |T,-j — Sij| < t. Thus since
2H -2 <0,

1—[ IT;, — Si,|2H_2 - QH-Dk
j=1
This turns out to be enough for our purposes. With this bound, we have

2k
ct
Eu(t, x)| >u0e aHaOy (k) A2k
(53)
X Y Pe(Ciy.iy DI Biy..iy () Pe(Biy....i, 1))

distinct

Step 6. The conditional probability Py (Cj, .. i (t)|Bi,,. i (1)).
Let Sy be the set of all permutations (/1, ..., ;) of {1, ..., k}. By the definition
of the event C;, . ;, (1),

.....

Px(Ci] ..... ik(t)lBil ..... ik(t))z Z Px(All ,,,,, ( (ll’---alk))lBil ..... ik(t))v

(y,....Ix)ESk
where A;, i, (¢, (l1,...,l)) is the event that N has points P;,, ..., P; in [0, 12
located on the islands I, ..., I ;.. Note that
All ,,,,, ( (l],...,lk))z U {Pi1 EIlel,...,P,'kGIjk,lk}.
(J1sees JK)ESK
Given B;, .., (1), (P;, ..., P;) has a uniform distribution on [0, 11%*. Hence
PX(Pi1EIjl,lls---7Pikeljk,lk|Bi| ,,,,, ik(t))

_ Leb(lle1 X oo+ X Ijk,lk)
Leb([0, 1]%%)

1 e 2k
Zm(z) '
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Since the last quantity does not depend on the permutations (ji, ..., jr) and
(1, ...,1r), we obtain that

1 2k 2k
54 PCii B ,-k<t>)=<k!>2ﬁ(§) z(k!)z(%) ,

using (52) for the inequality. Relation (54) is the analogue of (4.7) of [25] (with
n = 2) for the fractional noise.

Step 7. Third step for the lower bound of E|u(t, x)|?.

Combining (53) and (54), we get

t 2k c 2k

X Z Px(Bil ..... ik(t))'

distinct
We now use the fact that {N; = k} is the disjoint union of all events B;, i (1) for
all sets {i1, ..., ig} of cardinality k. Moreover, N; has a Poisson dlstrlbutlon with
mean 72. Hence P(N, = k) = e"2t2k/k! and

12k

E‘M(f _x)| >Moe o[ll{_lao)/ ( t>2kt(2H—2)k(k!)2(£>2k6—1‘2_
k k k!

k 1
= uf(aoagy>c?) t(2H+2)ka!.

By Stirling’s formula, there exists some kg > 1 such that k! > e KKk for all k > ko.
It follows that if k > kg, then

(2H+2 >k

(55) E|u(t’x)‘2 > u%(OIOCH 3

where cy = ay )/2c4e—1 depends on H. (cy depends also on d, through y.)
Step 8. The choice of k.
Let

k= [e—l/3aé/3cg3t(2H+2)/3],

where [x] =k € Z if k < x <k + 1. Since k < e~ Pay cl>1HD3 it follows
that e < agc g2+ / k3. On the other hand, letting

/3 1/3
)/ =0‘0/ ‘l(

2.4 -n1/3 | 1/3
slagy“cie™) " =t q

1/ —1
ki =3(e  aocH cf,

we have k > 2kt GH+2D/3 _ | > 1 CHFD/3 §f 11 CHF2)/3 > 1, Using (55), we
infer that

E|u(t, x)| > ugel > ubexp(kyr 21 273) if aot* 2 > 1 = (CT)_3'
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Note that k > ko if aot?172 > 1 := kjecy. We take t; =] v 1.

Let ¢4 = ci‘ozé/3 = c’l“2_1/3K\i/3. This proves that for any ¢ > 0 such that

agpt?*2 > 1 (i.e., for all t >ty for some t > 0),
Elu(t,)|* = udexp(car™).

Step 9. Extension to all t > 0.
Using (29) and the fact that ug > 0 and vy > 0, we infer that for any 0 < ¢ < 1o,

Elu(t, x)]2 > w(t, x)* = (uo + tvo)? > ciud exp(cat{™) > ciuj exp(cat™),
where 3 = exp(—04t6)‘”). Finally, we let c3 =min(l1, c3) and ¢s5 = CTZ*I/Z’. O
7.2. Cases (ii) and (iii): Fractional noise in space. These cases are treated

similar to case (i), using Theorem 6.1. The difference is that instead of (44), we
use the fact that for any § > 0,

(56) f(x)>ap(8) =28 for all x € R?, x| <26,
where a is given by (9).

The next result corresponds to Theorem 2.1(c), in cases (ii)—(iii).

THEOREM 7.2. Let f be a kernel of either case (ii) or (iii). If (35) holds, then
for any x € R? and for any t > 0,

Elu(t, x)|* > caud exp(cqt™),

where c3 > 0 and cq4 > 0 are some constants depending on H and a, and the
constants py and a are given by (8), respectively (9).

PROOF. We use the same argument as in the proof of Theorem 7.1, but with a
different method of specifying the parameters.

More precisely, we let k € Z be a large enough value (depending on ¢) which
will be chosen later. We choose § = m/k where m = [2¢t]. This ensures that (45)
and (50) are satisfied. Note that § depends on ¢/ k.

Letcy = aHy2c4e_1. Relation (55) says that if k > kg, then

2 9 _PPHRINE L (m\ O RHA K
Elut 0P 2 b (en 5= ) =id(enr(3) )

) 2t —at2H+2 k 5 t2H+2—a k
o (2) P .

where ¢, = cy4™. We let

k= [(eflcal;t2H+2fa)1/(3—a)].
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(This choice will ensure that § is small since § ~ 2t/ k ~ Ct'=Pv and py > 1.)
Then e < c’;IIZH +2-a/k3=4_On the other hand, letting

(57) c4 = %(e_lc’};)l/e_a),
we have k > 2¢4tP" — 1 > ¢4tV if c4tP > 1. Hence
Elu(t, x)}2 > u%ek > u% exp(cat™) for all # > to,
where
(58) to = (ecy,'23+e) !/ GH 2

For 0 < t < t9, we argue as in step 9 of the proof of Theorem 7.1. [

7.3. Case (iv): White noise in space. In this case, we cannot apply directly
Theorem 6.1 since f is not a function. Instead of this, we will use an approximation
technique based on case (ii).

The fact that we use this approximation may be surprising, since in many in-
stances, it is easier to deal with the white noise than a correlated noise. This is due
to the fact that our method for proving the lower bound relies on the representa-
tion given by Theorem 6.1. Obtaining a similar representation in the case f = &g
is more delicate. (The Dirac distribution would have to be approximated in some
sense, so that the representation make sense.) Instead of this, we decided to use an
approximation directly for obtaining the lower bound.

Our procedure can be viewed as another method to smoothen the noise, par-
alleling the method used in [35] and [33]. The fact that we approximate &gy
by a Riesz kernel allows us to use the result that we proved for case (ii).
A more standard procedure in the literature is to approximate 8o by the heat ker-
nel p,(x) = 2me)~?exp(—|x|*>/(2¢)) as ¢ | 0. This is a kernel of case (i),
with limy_,¢ pe(x) = Qme)~ V2, Denoting by u. (¢, x) the solution of (SWE)
driven by a noise W, with spatial covariance p., one infers by Theorem 7.1
that Elue(t, x)|* > udexp(cion(e)t?A+D/3), with ag(e) = (2me)~1/2/2. How-
ever, this approximation is not suitable for our purposes, since lim; o ap(¢) = o0.

We begin to explain this approximation technique. For any a € (0, 1), let W, =
{Wa.(p); ¢ € Hy} be an isonormal Gaussian noise with covariance E[W,(¢) x
Wo ()] = (@, ¥)3, where (-, -)3, is given by (2) with f(x) replaced by f,(x) =
|x|~%. Note that f = Fu, where pq (&) = 2n)~1E|4 1 d&. Let u,(t, x) be the
solution of the equation

8%u . R

W-Au—i—uWu (t>0,xeR)
with initial conditions u(0, x) = ug and %—?(O,x) = vg. This solution has the
Wiener chaos expansion u,(t, x) = ano Ly o(fu(-, t,x)) where I, , denotes the
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multiple Wiener integral with respect to W,. Hence

1
E|ua(t, X)|2 = Z ;an,a(l‘)’

n>0""
where
n
(59) Oln,a(t) :O[nH /[‘O . 1_[ |l/ _S‘I'IZH_ZWn,a(t, S) dtds
t]en
0 R
and
Wn,a(t’ S)
(60) ,,
= /Rzn gt(")(XI,...,Xn,l‘,X)gs(”)(yl,,,,,yn,t,x) 1_[ fa(xj —yj)dxdy
j=1
and g, (e1, ..o 2, 1.3) = TTjoy Gullp(in) = Loy Xp(i+1) — Xo())W o).

Xpy) i tpy <o <tp@).-
LEMMA 7.3.  For any integer n > 1 and for any t, s € [0, t]",
llm Wn,a(ta S) = I//(tv S)’
atl

where Y, (t, s) is given by (32) withd = 1 and [ = &9, that is,

n
Yn(t, s) = /R [T Gwltoii+1y = 1oty Xo(i+1) = Xp())Ww (Eo(1ys Xp(1))
j=1
n

X 1_[ Gw(So(j+1) = So(j)» Xo(j+1) — Xo () Ww (S (1)» Xo (1)) dX,
j=1

where the permutations p,o € S, are chosen such that t,) < -+ < tpu) and
So(1) < <Som)s lp(n+1) =So(+1) =1 and Xp(m+1) = Xo(n+1) = X.

PROOF. Note that for any g, & € L'(R) N LA(R),

tim [ [ sh) futx =) dxdy
—tim [ Fe@ FR@le
_al%rllzj'[ R & %-

= ! F Fh(&)dE = h(x)d
—gjﬂg (&) Fh(E) 5—/Rg(x> (x)dx,
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by the dominated convergence theorem. To justify the application of this theorem,
we note that for a > 1/2, the integrand |Fg(§)||Fh(§)| |f;‘|“_1 is bounded by the
integrable function

lglillislEl™" 2 Lyei<ny + [Fe || FAE)[1er=1)-
From here we infer that for any g, h € LY(R™) N L3R,

tim [ [ ko [ fute) =3 dxdy = [, sndx,

with x = (x1,...,x,) and y = (31, ..., yn). We apply this to g = gt(")(-, t,x) and
h =g (.t x), using the fact that

Un(t,s) = /R ) g (x, 1, %)™ (x, 1, x) dx. 0

LEMMA 7.4. For any t > 0 and for any integer n > 1,

limoy, o () = o, ().
atl

PROOF. This follows by Lemma 7.3 and the dominated convergence theo-
rem. It remains to justify the application of this theorem. For this, we note that
Yn.at,s) < ¥n.alt, t)l/zlﬁn’a(s, s)1/2. Let Uj=1tp(j+1) — tp(j)- As in the proof of
Lemma 4.1, it follows that for any ¢ > 1,

Yn.a(t, t) < (o + 1v9)? (AK)" (1, ... uy)>"°

2m)"

< (uo + tvo)? AK)" "Dy g,

Q)"

n

Q2m)"
where K, := K (1) is given by (34). We now prove that

S(MO+IUO)2 (4Ka)nul,~~~’una

1
61) Ko=Lg= /R TrER @)

To see this, note first that L, < K,. On the other hand, for any 5 € R,

1 inx —a
fﬂ@mua(dshfﬂ%e" p)lx| ™ dx,

where p(x) = (4m)~1/? 1o ety /2= X1/ () du; see (3.4) of [24]. Taking the
modulus on both sides and using (3.5) of [24], we obtain that for any 1 € R,

1 » -
/Rm“a(‘l‘f)S/IRP(X)IXI dx =L,.
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Taking the supremum over n € R, we obtain that K, < L,. This proves (61).

By considering separately the regions {|§| < 1} and {|&| > 1}, we see that L, <
2@ '+ @2 —a)"1).Hence L, <6ifa > 1/2.

Denote S(t) = ]_[’Jl-:l(tp(jH) —1p(j)- It follows that for any a € (1/2, 1),
1" 1/2

(62) Vn.a(t,s) < (uo + tvo)* Pt [BM®A(s)]

The claim is justified since fj ;20 [T}y [t; — s, 1?7 “2[B(H)B(s)]'/? dtds < oo; see
the proof of Theorem 4.2.

LEMMA 7.5. Foranyt > 0 and for any x € R¢,
lim E |ug (1, x)|* = E|u(t, x)|*.
atl
PROOF. The result follows by Lemma 7.4 and the dominated convergence
theorem. We justify the application of this theorem. By (59) and (62),

172 dtdsdtds

.o (1) < (10 + 100)? ——24" /[ 11 = s; P2 [B®BO)]

(27[)}1 0,1‘]2" =1

1
< (ug + tvg)*c" — B,
n

for any a € (1/2, 1), where the last inequality follows as in the proof of Theo-
rem 4.2. Since Y, "t H+D1 /(n1)2 < oo, the proof is complete. [

The next result corresponds to Theorem 2.1(c), in case (iv).

THEOREM 7.6. Let f be the kernel of case (iv). Then, for any x € R and for
any t > 0, we have

E|u(t, x)\2 > c3ul exp(cat™),

where c3 > 0 and cq4 > 0 are some constants depending on H, and py is given

by (8).
PROOF. By Theorem 7.2, for any x € R¢ and for any 7 > t,,
(63) E|ua(t,x)|2 > u% exp(cat(2H+2_a)/(3_”)),
where the constants ¢, > 0 and #, > 0 are given by (57) and (58), that is,

Ca = %(eich4*“)]/(3_a) and 1, = (ecy;' 23+a)//GH T2
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Let c4 = limgq1 ¢4 and 1y = limg41 #4. Then 1, < 2t; =: 1y for all a € (ap, 1). Fix
t >1ty. We leta 1 1 in (63). Using Lemma 7.5, we infer that

E|u(t, x)|2 > u% exp(cat”™) for all > 1.

For 0 <t < g, we argue as in step 9 of the proof of Theorem 7.1. [J

Summarizing the results of this section, we can say that Theorems 7.1 and 7.2
generalize Theorem 4.1 of [25] (with p = 2) to the case of the fractional noise in
time. However, reference [25] does not contain a result analogous to Theorem 7.6
for the case H = 1/2, that is, when W is a space—time white noise.

8. Parabolic case: Proof of Theorem 2.2. In this section, we examine equa-
tion (SHE). We state and sketch the proof of two results, which together give the
conclusion of Theorem 2.2. The proofs are similar to those presented above in
the hyperbolic case, taking G = Gy, and w = wy. For the lower bound, we use a
FK representation similar to the one given in [2], except that here we work with
proceszses X!, X2 defined by (65) and (66) below, instead of Brownian motions
B!, B>.

We define a different constant K}, than in the hyperbolic case, namely

n(RY), in case (i),
(64) Kn=1K(u), in cases (ii) and (iii),
V7T, in case (iv).

We recall that in the parabolic case, the spatial dimension d > 1 is arbitrary. The
first result gives the existence of the solution and an upper bound for its moments
of order p > 2.

PROPOSITION 8.1. Let f be a kernel of cases (i)—(iv), and py, a, Ky be the
constants given by (8), (9), respectively (64). Assume that (DC) holds. Then:

(@) foranyt >0 and for any integer n = 1,
o (£) < uB K" (nl)H/ 2 HH =an /2

where c is a constant depending on H and a;
(b) equation (SHE) has a unique solution u(t, x) which has the following prop-
erty: for any p > 2, for any x € R? and for any t > 0,

Elu(t, x)|? < cfug exp(cng/(z_a)p(4_“)/(2_“)tph),

where c1 > 0 is a constant depending on a, and ¢y > 0 is a constant depending on
H and a.
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PROOF. (a) Similar to Lemma 4.1, it can be shown that

Yalt, 1)
:”5fRn exp(—u1l§11%) - exp(—unl§1 + - - + &%) u(dED) - - - u(dEy)

< uOKh (Ui, uy) "2

To prove this in cases (ii) and (iii), one uses the following inequality:

[ exp(=rle —nPus) < K or .
The conclusion follows as in the proof of Proposition 4.2(a). Note that

Ya(t,s) <udK[B®B(s)] /"

(b) The conclusion follows as in the proof of Proposition 4.2(b) (case p = 2),
respectively Proposition 5.1 (case p > 2). U

For the lower bound, we use the following representation for the second moment
of the solution to (SHE), which can be obtained as in Section 6, assuming that f
is a function:

Elu(t, x)|*

2
= ”02 Z Ex |:l_[fXT X2 OlHl_[| j — Sijl [~ 213:1 ,n(;)}.
n>0iy,..., in
distinct

i, () and the points (7; It S; j) are defined as in Section 6, but
the processes X! and X? are given by

Here, the event B;,

.....

(65) X{=XL+s—10l, ift<s<ti,
(66) X2_X2+ s—T07,,  ift <s<t,

where (@il) i>1 and (®i )i>1 are two independent collections of i.i.d. random vari-

ables with values in R? with the same law as ©g, and © has a d-dimensional
standard normal distribution. Note that in this case,

(67) Gn(t,-)  is the density of +/7Oy.
(Alternatively, X 1 X2 can be two independent d-dimensional standard Brownian
motions; see Remark 6.11 and [2].)
PROPOSITION 8.2. Let f be a kernel of cases (1)—(iv), and py, be the constant
given by (8). Then for any x € R? and for any t > 0,
Elu(t, x)|* = caud exp(cat?),

where c3 > 0 and c4 > 0 are some constants depending on H and a.
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PROOF. In case (i), the argument is similar to the one used in Theorem 7.1.
One difference is that we replace § by 82. This is essentially due to the use of a
parabolic rather than hyperbolic scaling; compare (67) with (40). In addition, in the
events D!(¢), D*(t), we add the condition |®}+1| < 1, respectively |®§+1| <1,
for all j =1,...,k — 1. Note that the variable Z (in step 5) is replaced by 1.
Instead of (55), we obtain that for all k > ko,

2H\ k
2 2 4
Elu(t,x)| Zuo(OlOCHT> )

The argument for cases (ii)—(iii) is similar to the proof of Theorem 7.2, leading to
the following lower bound: there exists kg > 0 such that for all £ > kg,

) 5 2H—a/2\ k
E’M(I,X)| Zuo(CZW> .

Choosing k appropriately completes the proof. The argument for case (iv) is similar
to the proof of Theorem 7.6. In all cases, the argument is extended to all ¢ > 0, as
in step 9 of the proof of Theorem 7.1. [

APPENDIX A: AN ELEMENTARY RESULT

LEMMA A.1. Foranya > 0, we have

n
E (x')a <ci exp(cle/“) forall x > 0,
n!
n>0

where c1 > 0 and cy > 0 are some constants depending on a.

PROOF. Note that for any a > 0, we have

I F'an+1) .
00 (n)ag@n 172 2 n)1—a/2 —

(68) L;
see also (3.19) of [35]. To see this, we use Stirling’s formula in the following
format:

. rx+1

lim —— =1

X—>00 xxe—x 27Tx
(see, e.g., Corollary 3 of [39]), from which we infer that
T(an+ 1) ~ (an)e " Q2man)'/* and n!'=Tm+ 1) ~n"e " Q2an)'/?.

Here we use the notation a,, ~ b, to indicate that a, /b,, — 1 as n — o0.
From (68), it follows that there exists a constant C; > 0 depending on a, such
that
r 1
Tan+ 1) _

C. (D) <Cj foralln >0,
n(n!
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where C,, = a®n1=®/2_ Clearly, we can choose a constant A > 1 (depending
on a) such that A= < C,, < A" for all n. Therefore,

n

(69) 3 (’f!)a < C1E4(Ax),

n>0

where E,(x) =3_,50x"/'(an + 1) denotes the Mittag—Leffler function.
We now use the asymptotic behavior of E,(x) for x > 0:

Eq.(x)

im ———— = foralla >0
x>ocoexp(xl/®) a

(see Theorem 1 of [30]). Hence there exist some constants C, > 0 and xg > 0
depending on a such that

E,(x) < Cyexp(x'/%) for all x > xo.

If 0 < x < xq, then x" < x{ and E,(x) < C3 < Czexp(x!/%), where C3 = E4(x0)
depends only on a. Taking C4 = max(C3, C3), it follows that

(70) E,(x) < Cgexp(x'/?) for all x > 0.

The conclusion follows from (69) and (70). O

APPENDIX B: A FUNDAMENTAL INEQUALITY

In this section, we prove inequality (39) which is used in the proof of Proposi-
tion 4.2. Note that this inequality is a simplified form of (2.5) of [35].
We first recall the Hardy—Littlewood—Sobolev theorem.

THEOREM B.1 (Theorem 1, page 119 of [50]). LetO<a <nand1 < p <
oo. Let ¢ > p be such that 1/p — 1/q = a/n. For any ¢ € LP(R"), the integral

L)) i= [ oO)lx =51 dy
converges absolutely for almost all x € R"*, and
(71) I la@llLa®r) < Cna,pll@liLr @,

where Cy o, p > 0 is a constant depending on n,a and p.

The following inequality is due to [40]. We include its proof for the sake of
completeness.
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LEMMA B.2. Let H € (1/2,1) and oy = HQ2H — 1). For any f,g €
LA (®),

/R/Qf(t)llg(S)llt — s/ 2t ds

< cH(fR|f<t><””dr)H(/R}g(r)|‘/”dr)H,

where Cgy > 0 is the constant from (7T1) withn =1, =2H — 1 and p=1/H.

(72)

PROOF. Using Holder’s inequality with p = 1/H and ¢ = 1/(1 — H), we
infer that the left-hand side of (72) is smaller than

</R|f(t)}w dt>H[/R (/R lg()|[t —s|*H 2 ds>1/(1_H) dt]l_H

1-H
= Il - { JACYRITIIO K dt}

= fllpim gl 12H—l|g|||L1/(1—H)(R)-

The conclusion now follows by (71) withn =1,a =2H — 1, p=1/H and q =
1/0—-H). O

LEMMA B.3. Forany ¢ € LV/H(R"),

! 2H-2 A
73) /Rn/w‘p(‘””(s)ﬂ'”‘s"' atas =y ([ low"" ar) .

where Cy > 0 is the constant from Lemma B.2, and we denote t = (t1, ..., t,) and
S=(51,...,51).

PROOF. We proceed by induction on n. For n = 1, the result holds by
Lemma B.2. Suppose that (73) holds for n — 1. By applying Lemma B.2 to
the functions f(-) = ¢(t1,...,t:—1,+) and g(-) = @(s1,...,8,—1,-) for fixed
(t1, ... ta—1) € R"Vand (sq,...,5,—1) € R"1, we obtain that

2H-2
A;Ag(p(tl, ---stn—htn)H(p(Sl, e Sn—1, sn)“tn — Snl dt, dsy

=< CH”(P(tl, ceesIn—1, )HI/H”()D(SI’ s Sn—1, )||1/Ha
where || - ||1/1 denotes the L!/# (R)-norm. [By Fubini’s theorem, the functions
f and g are in LI/H(R) for almost all (¢1,...,t,—1) € R* Land (sq,...,5,—1) €

R”~1.] Hence, the left-hand side of (73) is less that

CH‘/HA%\/H;”()O(tl’ ceesIn—1, )||1/H||(p(sla <o Sn—1, )||1/H
(74) |
n—

2H-2
x [ It —sil dt,_1dsp—1,
i=1
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where t,_1=(1,...,t,—1) and Sy_1 = (51, ..., Su—1)-
By the induction hypothesis, (74) is less than

2H
c?,(/Rn,Hw(n,...,tn_l, .)H}jﬁ,’dn,...,dtn_l)

_ C”H</R/R|<p(t)|l/Hdt>2H,

where t = (¢, ..., t,). This proves (73). U
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