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We propose new nonparametric estimators of the integrated volatility of
an [t0 semimartingale observed at discrete times on a fixed time interval
with mesh of the observation grid shrinking to zero. The proposed estima-
tors achieve the optimal rate and variance of estimating integrated volatility
even in the presence of infinite variation jumps when the latter are stochastic
integrals with respect to locally “stable” Lévy processes, that is, processes
whose Lévy measure around zero behaves like that of a stable process. On a
first step, we estimate locally volatility from the empirical characteristic func-
tion of the increments of the process over blocks of shrinking length and then
we sum these estimates to form initial estimators of the integrated volatil-
ity. The estimators contain bias when jumps of infinite variation are present,
and on a second step we estimate and remove this bias by using integrated
volatility estimators formed from the empirical characteristic function of the
high-frequency increments for different values of its argument. The second
step debiased estimators achieve efficiency and we derive a feasible central
limit theorem for them.

1. Introduction. In this paper, we consider the problem of estimating the con-
tinuous part of the quadratic variation (henceforth referred to as integrated volatil-
ity) of a discretely-observed one-dimensional It6 semimartingale over a finite inter-
val with mesh of the observation grid going to zero in the case when the observed
process can contain jumps of infinite variation. Separating jumps from diffusive
volatility is of central interest in finance due to the distinct role played by diffusive
volatility and jumps in financial decision making, which is also reflected in the dis-
tinct risk premium demanded by investors for each of them; see, for example, [6].
Until now, this problem has been well studied when jumps are of finite variation;
see, for example, [2, 3, 8, 11, 12]. However, empirical results in [1] suggest that
for some financial data sets jumps can be of infinite variation. This is the case we
study in this paper.

In particular, we consider a one-dimensional Itd semimartingale X which is de-
fined on some probability space (2, F, (F;)r>0, P) and can always be represented
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as

t t t
xt=x0+f bsds+f asdws+/ f8<s,z)1{|a<s,z>|sl}(g—cg(ds,dm
0 0 0 JR
(1.1) t
+/ /5(87Z)l{|a(s,z)|>1}g(ds,dZ),
0 JR

where W is a standard Brownian motion and p a Poisson random measure on
R4 x R with compensator (intensity measure) ¢ (df, dz) = dt ® dz. This is the
Grigelionis representation, and the specific choice of the Poisson measure p is in
no way a restriction (see, e.g., Theorem 2.1.2 in [8]). Here, b and ¢ are progres-
sively measurable processes and § is a predictable function on 2 x R, x R, with
appropriate integrability assumptions.

The process X is observed at regularly spaced times i A, fori =0, 1, ..., within
a finite time interval [0, T'], and without microstructure noise. Our goal is to es-
timate, on the basis of these observations, the so-called integrated volatility, that
is,

t
(1.2) C = fo csds  where ¢y =02,

for t = T or more generally for all ¢ € (0, T], with the rate 1/,/A,,, when X con-
tains jumps of infinite variation.

When jumps are absent, that is, when § = 0 [so the last two terms in (1.1) disap-
pear], the best estimator of C; is the realized volatility, or approximate quadratic
variation:

[1/An]
(1.3) Cr= 3" (ATX)>  where A"X = X;a, — X(—1a,-
i=1

Under very weak assumptions on b and ¢ (namely when fé bs2 ds and fé cf ds are

finite for all ¢), we have a central limit theorem (CLT) with rate —L_.the processes

VA

\/% (C i — C;) converge in the sense of stable convergence in law for processes, to
a limit Z which is defined on an extension of the space, and which conditionally
on F is a centered Gaussian martingale whose conditional law is characterized by
its (conditional) variance

(1.4) V, :=E((Z,)* | F) =2/0t c2ds,

or equivalently, we have Z; = V2 fé ced WS(D, where W is a Brownian motion
independent of F. Furthermore, when c;(w) = c is a constant, or more generally
when ¢; (w) = c(t, X;(w)) for a smooth enough function c on R x R, the estima-
tors 6{’ are efficient for any fixed time ¢, because in this case we have the LAN or
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LAMN property and V; above is the inverse of the F-conditional Fisher informa-
tion, normalized by A,,. Therefore, in the general case (1.1) with § = 0 we qualify
the estimator C: 1 as being efficient.

When jumps are present, so far there are essentially two types of results, hinging
on a specification of the so-called degree of jump activity. To keep things simple
in this Introduction, and although substantial extensions can be made, we will sup-
pose that for some r € [0, 2],

8(w,t,2)|" A1 <J(2)
(1.5)
where J is a Lebesgue-integrable function on R.

The smaller » above is, the stronger the assumption is, and it is (slightly) stronger
than assuming Y ., |AX|" < oo for all ¢, where AX; = Xy — X_ is the size of
the jump at time s. When (1.5) holds with » = 0, the jumps have finite activity;
when (1.5) holds with r = 1, the jumps are (locally) summable. In the latter case,
we can rewrite (1.1) (up to modifying b;) as

t t t
(1.6) Xz=X0+/ bsds+f osdws+/ /6(s,z)g(ds,dz).
0 0 0 JR

The supremum of all r for which (1.5) holds is the degree of jump activity, or
Blumenthal-Getoor index. Then we have two cases:

1. When r < 1. In this case, we have two major types of volatility estimators
that enjoy a feasible CLT. The first is the truncated realized volatility (cf. [8, 11,
12])

[t/An]
(1.7) TCwa)! = Y. (AIX)ljarxi<u).  vn =< AT
i=1

[the last statement means that % <wv,/A7 < A for some A € (1,00)]. TC(v,)}
has exactly the same limiting properties as C" does in the continuous case provided
(1.5) holds with some r € [0, 1) and & € [ﬁ, .

The second type of jump-robust volatility estimators are the multipower varia-
tions (cf. [2, 3, 8]), which we do not explicitly recall here. These estimators also
satisfy a CLT with rate \/_ but with a conditional variance bigger than in (1.4)

(so they are rate-efficient but not variance-efficient).

2. When r > 1. In this case, the above two types of estimators are still consis-
tent, but when centered around C; and appropriately scaled, they are only bounded
in probability with no CLT in general and rate of convergence that is much slower
than 1/4/A,. For example, when r > 1, the sequence w(z =5 (TC(vp)} — Cy) is

bounded in probability (when r = 1, the multipower Varlatlons enjoy a CLT with
a bias term, see [18]).

On a more general level, we have the following general result from [9]: If
we have estimators 6{” such that, for some sequence w, — oo of numbers, the
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variables w;, (6,’” — C;) are bounded in probability in n and also when X ranges
through all semimartingales of type (1.1) satisfying (1.5) with a fixed function J
and also |b;| 4+ ¢; < A for some constant A (so w, is a kind of “minimax” rate),
we necessarily have for some constant K :

K/VBy ifo<r<l,
2—r)/2
n

In this paper, we exhibit new estimators for C; which converge with rate S

A
and which are even variance-efficient in the sense that they satisfy the same gT
as C i does in the continuous case, when r defined in (1.5) above, that is, the jump
activity, is bigger than 1. Of course, given the result in [9], discussed in point (2)
above, this is only possible under some additional assumption, namely that the
“small” jumps behave like those of a stable process, or of the integral with respect
to a stable-like process, with some index S € (1,2) [recall that in this case (1.5)
holds for all » > 8, but not for » < g8]. Hence, here we are working in a kind of
semiparametric setting, with the (unknown) parameter 8. We should point out that
this “semiparametric” setting is still quite general and covers many jump models
used in empirical applications, particularly those in finance. Similar assumptions
about the jumps have been also made when estimating the Blumenthal-Getoor
index of jump activity in [1] and [15] among others.

The estimation method proposed in the current paper is based on estimating lo-
cally the volatility (diffusion coefficient) from the empirical characteristic function
of the increments of the process over blocks of decreasing length but containing
an increasing number of observations, and then summing the local volatility esti-
mates. The separation of volatility from jumps in our method is due to the dominant
role of the diffusion component of X in (the real part of) the characteristic function
of the high frequency increments of the process for values of the argument that are
going to infinity at the rate 1/4/A,,, or at a slightly slower rate.

When infinite variation jumps are present, the proposed volatility estimators
contain a bias which determines their rate of convergence. The bias scales differ-
ently for different values of the argument of the empirical characteristic function,
used in forming our nonparametric volatility estimators, and we use this prop-
erty to debias our initial volatility estimators. The debiased volatility estimators
achieve the efficient rate of convergence and some of them reach the same (effi-
cient) asymptotic variance as in (1.4).

The empirical characteristic function of high-frequency increments has been
previously used in nonparametric estimation of the empirical Laplace transform of
volatility in [16] as well as in [17] for estimation of the empirical Laplace trans-
form of the stochastic scale for pure-jump semimartingales. There are two major
differences between these papers and our study. First, we are interested in estimat-
ing the integrated volatility while the above cited papers consider estimation of the
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empirical Laplace transform of the stochastic volatility. Second, and more impor-
tantly, [16] consider jump-diffusion setting with jumps of finite variation only and
[17] consider pure-jump semimartingales (i.e., processes with no diffusion). Our
main contribution is rate and variance efficient estimators of integrated volatility
in jump-diffusion setting with jumps of infinite variation. Finally, the empirical
characteristic function in low frequency setting has been used in [10, 13] and [14]
for estimating the diffusion coefficient of a Lévy process, in [7] for nonparametric
estimation for a Lévy process which is a sum of a drift, a symmetric stable process
and a compound Poisson process, as well as in [4] and [5] for estimation of Lévy
density and jump activity in affine models.

The paper is organized as follows. In Section 2, we present the setting and
state our assumptions. In Section 3, we propose our initial estimators of integrated
volatility and derive a CLT for them when a bias due to the infinite variation jumps
is removed from the estimators. In Section 4, we propose a way to estimate this
bias and derive a feasible CLT for our debiased estimators. Section 5 contains a
Monte Carlo study. Proofs are given in Section 6.

2. The setting. As mentioned before, the underlying process X is a one-
dimensional Itd semimartingale on the space (2, F, (F7):=0,P), and observed
without noise at the times iA,: i =0, 1,.... We restrict the general form (1.1)
by assuming that the jumps are a mixture of (essentially unspecified) jumps with
finite variation, plus the jumps of a stochastic integral with respect to a Lévy pro-
cess whose small jumps are “stable-like.”

We have two versions, the simplest one being as follows:

t t t t
@.1) x,:xo+/0 bsds+/0 adeer/O ys_dYs—I—/O /Ré(s,z)g(ds,dz)

with Y a symmetric pure jump Lévy process with Blumenthal-Getoor index § €
[0, 2) and the last integral being with finite variation (the precise assumptions are
given below). In this version, the jumps due to Y are “symmetric” in the sense
that fot ys—dYs and — fé ys— d Y, have the same law, as processes. To deal with the
nonsymmetric case, one could use a process ¥ which is nonsymmetric. However,
it is more convenient and also more general to use the following version:

t t t
X,:Xo—i—/ bsa’s—l-/ adeS—l-/ (v dy; +y_dy,)
2.2) 0 0 0

—I—/OZ/RS(s,z)g(ds,dz)

with Y* and Y~ two independent Lévy processes with the same index B and
positive jumps.
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We will also require the volatility o; to be an Itd6 semimartingale, and it can thus
be represented as

t t t
Ut=0’0+/ b?ds—i—/ H;’dWs-i-f H dW,
0 0 0
t
2.3) + fo /R 57 (5, )57 s.0<1y (2 — )(ds, d2)

t
+ [ 8760 pds. da).

Most volatility models used in empirical applications satisfy (2.3), in particular,
models in the popular affine class.

As is well known, the jumps of o; can, without restriction, be driven by the
same Poisson measure p as X, but we need a second Brownian motion W’: in the
case of “pure leverage,” we would have H'” =0 and W' is not needed; in the case
of “no leverage,” we rather have H° = 0 and in the mixed case we need both W
and W',

Note that (2.1) is a special case of (2.2): indeed, if Y is a pure jump symmetric
Lévy process, it can always be written as Y = YT — Y~ with Y and Y~ being
independent identically distributed and with positive jumps, so (2.2) with y T =y
and y~ = —y is the same as (2.1) with y. Therefore, we only give the assumptions
for (2.2). The first assumption is a structural assumption describing the driving
terms W, W/, p, Y*, the second one being a set of conditions on the coefficients
implying in particular the existence of the various stochastic integrals involved
above. Both assumptions involve a number r in [0, 1) (the same in both) and, the
smaller r is, the stronger the two assumptions are.

ASSUMPTION (A). The processes W and W’ are two independent Brownian
motions, independent of (p, Y+, Y7); the measure p is a Poisson random measure
on R x R with intensity ¢ (dt, dz) = dt ® dz; the processes Y+ are two indepen-
dent Lévy processes with characteristics (0,0, FT) and positive jumps [i.e., each
F¥* is supported by (0, c0)]. Moreover, there is a number § € [1, 2) such that the
tail functions F*(x) = F*((x, 00)) satisfy

— 1
(2.4) xe 0,1 = ‘Fi(x) — —ﬁ' <g(),
X
where g is a decreasing function such that fol x " lg(x)dx < 0.

ASSUMPTION (B). We have a sequence 1, of stopping times increasing to
infinity, a sequence a, of numbers, and a nonnegative Lebesgue-integrable func-
tion J on IR, such that the processes b, H%, y* are cadlag adapted, the coefficients
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8,87 are predictable, the processes b, H'? are progressively measurable, and

t<tn = 8| Al<a @, |87 ) Al <and(2),

t<T,, V=bbl,H° H?,yT, vy~ = |Vi|<ap,
2.5
V=bH’y"t y~

= [EMVutonn, — Ving, | FOl +E(Vissng, — Vian |* | Fr) < ans.

Note that we do not require the processes Y+ to be independent from the mea-
sure p, thus allowing any kind of dependence between the jumps of X and those
of o. Intuitively, the number r in Assumptions (A) and (B) control the activity of
the finite jump variation component of X as well as the degree of deviation from
the stable process of ¥+ which drive the infinite jump variation component of X.
Our condition in (2.4) is similar to condition AN1 on the Lévy measure around
zero in [5]. Assumptions (A) and (B) are satisfied by many parametric models for
the jump component used in applications as illustrated by the following example.

EXAMPLE. Suppose the jump component of X is given by a time-changed
Lévy process with absolute continuous time-change, that is, Ly, where L, is a
pure-jump Lévy process with Lévy measure F satisfying (2.4) and time-change
T = f(f ag ds for a; being strictly positive Itd6 semimartingale. A popular paramet-
ric example for F is that of a tempered stable process with corresponding Lévy
density of the form

+ ,—ATx — =27 x|
A|XTTK31{X>O}+A|;T1{X<O}’ Aizo, Ai>0,ﬁ€(0, 2).

In this case, it is not hard to show (using Theorem 2.1.2 of [8] which links integrals
of random functions with respect to Poisson measure and random integer-valued
measures) that Assumptions (A) and (B) (regarding the jump part of X') hold with
B in Assumption (A) being the corresponding parameter in the above parametric
model when g8 € [1,2) and further r = 8§ — 1 + ¢ for ¢ > 0 arbitrary small and
y,+ = (%)l/ P and vy, = —(%)1/ A [and nonzero § in (2.2) which depends on
Y*]. When B € (0, 1) in the above parametric model, Assumptions (A) and (B)
hold trivially with = = 0.

We end this section with a few comments:

1. In (2.4), there is an implicit standardization of the processes ¥ . One could
replace it by

(2.6) xe(0,1 = ‘fi(x) - Z—ﬂ <g(x)
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for positive constants a.+. However, in this case the processes ¥'* = Y+ /ai/ P sat-

isfy (2.4) as stated, and (2.2) holds with Y'* and y'* = ali/ﬁyjE as well. It is more
convenient in the sequel, and not a restriction, to use the standardized form (2.4).

2. By Assumption (B) and the fact that r < 1, the last integral in (2.2) defines
a process with finite variation which is the sum of its jumps. On the other hand,
fé ()/SJQ de’ + y,_dY;") has a Blumenthal-Getoor (BG) index 8 > 1 and is of
infinite variation (even when B = 1, and unless ¥ ™ and y ~ identically vanish, of
course), although still a (compensated) “pure jump” process.

3. Concerning the regularity assumptions in (B), the last part of (2.5) could
be somewhat weakened (e.g., we could drop it in the case of V = H?), but at
the expense of a nontrivial complication of the proofs. Since these are satisfied
in virtually all models used in practice, we decided to impose these assumptions
here. Note also that this last part of (2.5) is satisfied as soon as the processes
b, H’ ,y™t, y~ are themselves Itd semimartingales with locally bounded charac-
teristics.

3. First estimators of C;. In this section, we construct our initial estimators
of C;. These estimators are not efficient in general, but they will be used to con-
struct efficient estimators later on.

We use the real part of the “local” (in time) empirical characteristic functions of
increments, taken at point u,/+/A, for some sequence u, > 0 going to 0 slowly
enough. Here, “local” means that the empirical characteristic function is con-
structed on windows of time length v, or 2v,, where v, = k, A, and k, > 1 is
a suitable sequence of integers going to infinity, to be specified later. We will in
fact use two different versions:

Symmetrized version:

ky—1
L)} = Ty > cos(u(AS v 1iuX — A5k v X)/V A,
3.1) =0
Nonsymmetrized version:
1 kn—1
L' = . ,X(:) cos(uA'l’JrjanX/\/A_n)

for j > 1 some integer, u > 0 some real and recall A7 X = X;a, — Xi—-1)a,- L(u);?
and L’ (u)’} are not bigger than 1, and the variables

1 1
E(u)’} =—— log<L(u);? % )
3.2) ! Vi

2 1
~ n__ I n
c (u)j = —ﬁlog(L (u)j \% m),
satisfy 0 < ’c\(u);% < % and 0 < E’(u);? < lof—zk”, and serve as local estimators of
the volatility (of the average of ¢; over the interval (2jv,, 2(j + Dv,] or (ju,, (j+
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1)v,], to be more precise). The associated estimators for integrated volatility are
thus (recall v,, =k, A,,):

. [7/2v,]-1 1
Cw)=2v, Y, (5@)'} pers (sinh(u?2(w)})) )
(3.3) =0
R [t/vn1=1 5 .
Fwl=u Y (zﬂ(u)y — o Sinh (7 (w)?/2)) )
j=0 n

where recall sinh(x) = % On an intuitive level, C (u)} and C’ (u)} sepa-
rate volatility (of the diffusive part of X) from jumps in X by utilizing the fact
that the diffusive component of X dominates the behavior of the real part of
the empirical characteristic function at high-frequencies for values of the argu-
ment that are “sufficiently” away from zero. Indeed, in the simple case when
X; = Xo+ bt + o W; + yY; for Y; a symmetric B-stable process with unit scale,

we have log R(E (441 X/VEn)) = log(cos(ubAy'?)) — & — |y |Bub Ay P2,

The terms W(smh(u c(u)j))2 and 2 (s1nh(z42’5’(u)”/2))2 remove biases of
higher asymptotic order in ?(u)” and ¢ (u)” respectively, which arise due to the
nonlinear transformation of L(u)" and L' (u)" in forming c(u)” and ¢ (u)”

We note that for any fixed n, hmuw C’ (u)" = Z[I/A”](A”X)2 is the reahzed
volatility (which in presence of jumps does not estimate the integrated volatility).
The robustness of our estimator C’(u)} with respect to jumps in X will result from
using u = u, that is “sufficiently” far from zero, and the variance-efficiency of the
corrected second-step estimators will come from the fact that #, — 0 (we make
this formal in the theorems below).

For stating the asymptotic behavior of the estimators in (3.3), we need some
additional notation. First, for 8 € (0, 2) we set

=1 =~ B[

1 —cosy

dy,
yb

(3.4) < siny

>0 x(ﬂ)=—ﬁx’(ﬁ+l)=/ S dy

(the last integral is convergent for all 8 > 0, but absolutely convergent when 8 > 1
only). Next, with the notation (x}f = |x|# sign(x) for any x € R, we associate with
the processes y* the following [when x’(8) appears below we implicitly suppose

B>1]
a=xB 1+ ). a=x®UnT + ).

t
(3.5) A(u);’=2uﬁ_2A,11_ﬂ/2/ ay ds,
0

2 t
Alu)! = ﬁ/o (ALP12yPag —log(cos(ALP2uPal))) ds.
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Under appropriate assumptions on the sequence u,, we will see that Cun)r
and C’(u,)r converge to C7, and there is an associated central limit theorem with
the convergence rate 1/4/A,. However, in the CLT there is typically a nonnegli-
gible bias due to the infinite variation jumps in X, and to account for this bias we
consider the following normalized error processes:

1~
Zw) = —=(CW) - C; — Aw)!)
v Ap
(3.6) o
2wy = —=(C'wy = €~ A'wy).

A(u)} and A'(u)} are easiest to understand in the Lévy case, that is, when yti
are constants. In this case, A'(u)! is —u% times the logarithm of the real part of
the characteristic function of A?L/\/A,, where L=y*Lt +y~L~ and L™ and
L~ are two independent one-sided stable processes with Lévy density )% Lix>0},

and A(u)] = A’(u)'| when y~ = —y . In this case of constant yt , taking the dif-
ference A}, | X — A7 X makes the contribution of the stochastic integrals w.r.t. ¥ +
globally symmetric: the characteristic function of A}, ;L — A} L above becomes
real, and this is why we put A(u)} instead of A’(u)} in the first case of (3.6). Now,
A(u)? has a much simpler form than A’(u)?, regarding its dependence upon u,
which makes its estimation from the data, as conducted in the next section, rather
easy. On the other hand, differencing increments results in a loss of information,
since in the definition of C(u), we have twice less summands than in the defini-
tion of C’ (u)7. [Note that the form (2.1) for X corresponds to having ¥y~ = -y,
hence in this case A'(u)! = A(u)!.]

In order to give a simple version of the limits below, we consider an extension
(Q, F, (.7-",)t>0,IP’) of the original space (2, F, (F;):=0, P), which supports two
independent Brownian motions W and W®, independent of the o -field F, and
on this extension we introduce the two processes

t o 1 t
1 2 2
(3.7) thﬁ/O csdWD, z,:%fo dw®.

An equivalent characterization of the pair (Z, Z) is as follows: they are defined
on an extension (S~2, F, (Ft)i=0,P) of (2, F, (F1)t=0, P) and, conditionally on F,
they are centered continuous Gaussian martingales characterized by their (condi-
tional) variances—covariances, as given by

~ t _ 1 rt
E((Zt)2|]-")=2/ c2ds, E(lel}")=6f ctds,
0 0

E(Z,Z,| F) =0

In view of the debiasing procedure later on, we need a multidimensional version of
the CLT, namely the convergence for all Ou,,, where 6 runs through a finite subset
O of (0, o0). We are now ready to state the main results of this section.

(3.8)
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THEOREM 1. Assume (A) and (B) with r < 1, and choose k,, and u, in such
a way that

kov A, — 0, knArl/z_g — 00 Ve > 0,
koA

ut
l’l

(3.9

u, — 0, sup < 00.

(a) We have the (functional) stable convergence in law
n 1 n n
(2. (@@ - zay)) )
uy )

= (V2Z. (V207 - 1) D)geo).
(b) If further B > 1, we also have

(3.10)

1 -5 =
3.11) <Z/(Ltn)n, (M—Z(Z/(Qun)n - Z/(”n)”)>9 ®> £:> (Z’ ((92 - I)Z)Qe(—))‘

This exhibits a kind of degeneracy. Indeed, (3.10) and (3.11) imply the fol-
lowing convergence (g means convergence in probability, uniformly on each
compact time interval):

(312)  ZOun)" - Zy) =50, Z'Ou)" - Z () =50

REMARK 2. A possible choice for &k, and u, is k, < 1//A,(log(1/A,))*
and u, < 1/(log(1/A,))*, which satisfies (3.9) as soon as the reals x, x” are such
that 0 <x' < 7.

4. Efficient estimators of C;. In general, the bias terms A(u)” or A’ (u)” i
(3.6) determine the second-order behavior of the estimators C (u)} and C’ ),
thus preventing rate efficiency. In one important case, though, Theorem 1 implies
that C’ (u)} will be both rate and variance efficient and C (u)} will be rate efficient
but with asymptotic variance somewhat larger. This is the case when the jumps in
X are of finite variation, that is, when y* and y ~ are identically 0. Then (3.6)
reduces to

Zw); =VA(Cw) —C).  Zw)=VAa,(C' W) —Ch).
and Theorem 1 implies:
THEOREM 3. Assume (A) and (B) with yi =0andr < 1, and choose k,, and

uy satisfying (3.9). Then the processes Z(u,)" and Z'(u,)" converge stably in law
to N2Z and Z, respectively.
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This means, in particular, that the estimators C'(uyn); are asymptotically equiv-
alent to the truncated realized volatility TC(v,); of (1.7) with v, < AY and
w € (ﬁ%), and hence are rate and variance efficient. Thus, we provide an
alternative to the truncated realized volatility which is important in applications
due to the presence of tuning parameters in the construction of both jump-robust
volatility estimators (ours and the truncated realized volatility).

REMARK 4. Whereas the above is a special case of Theorem 1, it is possible
[although far from trivial when one allows the process o to jump, as in (2.3)]
to show that when again yjE = 0 and when r = 1, and if we fix u > 0, then the
sequence Z'(u)" stably converges in law to a process Z(u) which has the same
description as Z above, except that the conditional variance is now

(smh(u cs/2) ) ds

4.1 (Z(u), | F) _8/
[when u,, — 0 we do not know the behavior of Z’(u,)"]. Hence, the estimators
C’ (u)7} are still rate efficient, but no longer variance efficient. However, the right-
hand side of (4.1) goes to 2 fot c2ds as u — 0: so, upon choosing u small enough,
one can approach variance efficiency as close as one wants to.

Note that, even without variance efficiency, the rate efficiency above plus the
fact that the limit is conditionally unbiased seems to be a new result when r = 1.

When the term f(f (yst dy s+ + y,_dY;) in (2.2) is present, the estimators
C (un)} and C (un)} converge to C; at a rate arbitrarily close to 1/ A,(f_ﬁ )/ 2, which
up to a logarithmic term is in accordance with the minimax rate given in (1.8)
(see [9]). However, this does not give us a feasible limit theorem. In this situation,
one can find a way of eliminating the bias term and come up with estimators with
rate 1/4/A,, and which are even variance efficient [of course this is possible under
Assumptions (A) and (B) only].

To do this, we fix the time horizon 7 > 0, and we set

_ (Cewi—Cwp)?

C(2u)t —2C¢uwt + Cw)t’
(C'Cu)t — C'(u)h)?

C'(¢2u)h —2C"(Cu)t + C'(u)}

Cu, )% =Cu)h —
4.2)

C'(u, o)t =C'w) —

The new estimators above are biased-corrected analogues of C (u)7 and C’ ()7
Our estimation of the bias is very intuitive. It utilizes the fact that the only differ-
ence (asymptotically) in C (u)7 and C (u)7 for different values of u stems from
the presence of A(u)" and A’ (u);. This suggests an easy way to estimate these
biases from the differences of C (u)7 and C’ (u)" over dlfferent values of u. The
next theorem derives the asymptotic behavior of C(u ¢)T and C’ (u, )g.
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THEOREM 5. Assume (A) and B) withr < 1 and Ct > 0 a.s. Choose k,, and
u, satisfying (3.9) and any ¢ > 1.

(a) The variables ﬁ(é (un, $)7 — Cr) converge stably in law to the variable

V271, which conditionally on F is centered Gaussian with (conditional) variance
45 2as.

(b) Assume further that either 1 < 8 < %, orthat B > % andy™ = —y~ identi-
cally. The variables \/LA—"(C "(un, )’y — Cr) converge stably in law to the variable

Z1, which conditionally on F is centered Gaussian with (conditional) variance
2 [ 2 ds.

In particular, this applies when (2.2) reduces to (2.1), under the only condition
1<pB <2

The estimator C (un, &)’ applies in all cases of Assumptions (A) and (B) and
is rate efficient but not variance efficient. C'(u,,, ¢)T is both variance and rate
efficient and no prior knowledge of g is needed (except that 8 = 1 is excluded)
whenever y T = —y~ which is the case in many models. When y T # —y~, then
we can use C’(up, ¢)’ only when g < 3/2.

Alternatively, we could iterate the debiasing procedure and achieve rate and
variance efficiency even in the asymmetric case ¥+ # —y ~. Such an iteration also
permits to replace the fourth term on the right-hand side of (2.2) by a sum of M
terms [§(y"t Y™ + 9" dY™™), with Y% having Blumenthal-Getoor indices
Bm with 1 < By < --- < B1 < 2, and under appropriate conditions. We leave such
extensions for future work.

REMARK 6. When P(Cr > 0) < 1, the result as stated may fail. However, a
classical argument shows that it still holds in restriction to the set {Ct > 0}.

S. Monte Carlo study. We test the performance of our new method of es-
timating integrated volatility and compare it with that of the truncated realized
volatility on simulated data from the following stochastic volatility model:

t
X, =Xo+f0 J& dW, + Y,
5.1

t t
ct:co+/ 0.03(1.0—cs)ds+0.15f JesdWl,n >0,
0 0

where W; and W, are two independent Brownian motions and Y; is a symmetric
B-stable process independent from W, and W,. The volatility ¢; is a square-root
diffusion process, which is widely used to model stochastic volatility in financial
applications. The parameters of the volatility specification are set so that the mean
and persistence of volatility is similar to that in actual financial data. In particular,
its mean is 1 in the stationary case. Since the key advantage of our estimation pro-
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cedure is its ability to recover integrated volatility in presence of infinite variation
jumps, in the Monte Carlo we experiment with values of the stability parameter of
Y; of B =1.25, 8 =1.50 and 1.75. We further vary the constant 7 (in the interval
[0, 2]) which controls the relative contribution of Y; in the total variation of X;.

In the Monte Carlo, we fix the time span to 1 day (our unit of time is a day) and
we consider 1/A, = 2400 and 1/A,, = 4800, which corresponds to sampling at 10
and 5 seconds, respectively, in a 6.5-hour trading day. We set k,, =240 for 1/A,, =
2400 and we increase it to k, = 320 when 1/A, = 4800, which correspond to 10
and 15, respectively, blocks per unit of time. Experiments with more blocks per
day led to very similar results.

We test in the Monte Carlo the performance of the bias-corrected estimator
C (u, )" defined in (4.2), whose implementation we now discuss. The choice of
the tuning parameter u, = u in C'(u, o) plays a nontrivial role. From the asymp-
totic variance in (4.1), it is clear that a big or small value of u is always with respect
to the level of volatility c. For this reason, for each time interval [¢, t + 1] we set

1
u for that day to u! = (log(l/A,,))l/30 NOT= , where
T [t/An]
(5.2) BViy-1.1=7 > Al X||ArX|
=[t=1D/An]+2

is the bipower variation on the unit interval [ — 1,¢) which is a consistent es-
timator of f,’_l ¢s ds that does not require any choice of tuning parameters. Our
time-varying u} is analogous to the selection of a time-varying threshold for the
truncated realized volatility that is typically done (and we implement as well here).

1 : n
The scale factor Tog(1/ A1/ 18 chosen so that u} converges to zero very slowly

as A, — 0. R
The bias correction term in C’(u, ¢ )’ can be split into the product of two terms,
as (@({u)” — 6’(u)”) X (©Gu7—Cw7) . The first term is an estimator

C'(¢2u)—2C" (Cw) - +C )k

for A’(u)’}., which is time-varying and the second is an estimator of ] - T which
depends only on the parameter 8. To reduce the noise in our estimate of the bias,
therefore, we use a horizon of 132 days (6 months) to estimate the second term,
similar to earlier studies on estimation of the Blumenthal-Getoor index ([1] and
[15]), and daily data to estimate the first term (as the limit of this term is time-
varying). Also for the calculation of the second term, we use a smaller value of
u as this allows to capture the slope of C'(u, ) better. Overall, for a period of
T = 132 days, our daily estimator is

6/(u?’c)'[lzf,t+l] =C'(u )[z 1] S((C'(¢uf )[t 1] a(”?)ﬁ,z“])AO)’
t=1,...,T —1,
T
(5.3) St = (C'(0.3¢u} )iria1] C'(0.3u} Diretn)

t=1
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T
7 2. n\n
/Z(C (0387 )y 1111
=1

- 26/(0'3§M?)?I,t+1] + 6/(0'3”?)?11—1—1]) AO0.

The restrictions on the sign above are finite sample restrictions with no asymptotic
effect. In the calculation of the bias correction term, we set { = 1.5. Finally, if
C’ (uy, f)ﬁ—l,t] is negative we repeat the calculation in (5.3) with 2u} /3 (this again
has no asymptotic effect).

For the truncation realized volatility estimator TC(v,)", which we compare be-
low to our estimator, we set v, = 4./BV|;_1.;A%%, as typically done in existing
work.

The results from the Monte Carlo are summarized in Figures 1 and 2. Not sur-
prisingly, the activity of the jump component (controlled by £) and its relative
share in total return variation (controlled by n) have clear impact on the abil-
ity to separate integrated variance from the jumps in X. Our volatility estimator
C’ (u}, {)f’[_l, ;1 performs significantly better than the truncated variance in pres-
ence of infinite variation jumps (recall that both estimators are consistent regard-
less of the activity of the jumps). The superior performance of C’ (uy, {)’[1,_1’” is
largely due to the removal of the bias in the volatility estimation that is due to the
infinite variation jumps. As a result C’ uy, ¢ )?t—l,t]’ unlike TC(v,)", is essentially
unbiased in all considered cases. Increasing the sampling frequency improves the
performance of both estimators in all cases. We note, however, that the reduction
of bias and MAD for TC(v,)" for the higher jump activity case (8 = 1.75) is sig-
nificantly slower and this is unlike our estimator. This is consistent with the slow
rate of convergence of TC(v,)" in the case of infinite variation jumps discussed
in the Introduction. Overall, we conclude that our estimator provides a nontrivial
improvement over existing methods for the nonparametric estimation of integrated
volatility in presence of infinite variation jumps.

6. Proofs.

6.1. Preliminaries. By a standard localization procedure, we may and will as-
sume that in (B) we have 71 = oo and J is bounded, and also that X and o are
themselves bounded, as well as the jumps of ¥*. Up to modifying 5%, we can thus
rewrite (2.3) as

t t t
cr,:cro—i-/ b‘s’ds—i-/ Hs"dWs—i-/ H dW,
0 0 0
(6.1) ,
—i—/ /SU(S,z)(g—@)(ds,dz).
o JrR
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Case = 1.25: Median Bias Case 3 =1.25: MAD

0.4 0.4
« T o T
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*
* *
0.2 *** 1 02 ***
* ¥ % *
0.1 *%* 1 01 * ¥ |
* ¥ ' * ¥ n
* 1
O G O**sk**‘$+++*f++++f+++
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Case § = 1.50: Median Bias Case # =1.50: MAD
* *
* *
! * * ! * *
* * " * * *
0.5 « ¥ * 1 05 . * *
*x* ¥
o x* + o+ T
07N S S S S S SR 4 o o o e AL ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Case 8 =1.75: Median Bias Case 3 =1.75: MAD
* *
3 * 3 *
* *
x ¥ *
2 * * 2 * *
* *
* *
1 * ¥ 11 * ¥
* %
* + 1 ** + 4
0 b a4+ + + T ] Tttt b A+t
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

FIG. 1. Median bias and Median Absolute Deviation (MAD) around the true value, ftt +1 csds, for
sampling frequency 1/ A, = 2400. + corresponds to C'(u, {)" and x to TC(vy)".

It6’s formula gives us
t t t
c,=co—|—/ b;‘ds+/ H;'dWs+/ H dW,
0 0 0
t
(6.2) +/0 /R(SC(S,Z)(Q—@)(ds,dZ),

b =20,b¢ + (H?)? + (H°)* + A;S"(t,z)zdz,
Hf =20,H?, H/*=20,H),
8¢(1,2) =20,-8° (1, 2) + 8°(1, 2)*,

and we can thus strengthen and complement (2.5) as follows:

where

63) 3¢t <J@, |G <@, 5@ <),
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Case 3 =1.25: Median Bias Case 8 =1.25: MAD
0.4 0.4
0.3 0.3} |
**96 **96
0.2 **** 0.2} **** |
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*ii‘++++++++++++++++ﬁ Gee****if+++++++++++++——
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Case 3 = 1.50: Median Bias Case 8 =1.50: MAD
1 % 17 %
. ¥ . *
* * * *
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* * * *
* *
** *
* ML
0&+++++‘+++‘++ 4+ + ﬁdﬂé—k++++++++++ + + 7T
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Case = 1.75: Median Bias Case 8 =1.75: MAD
* L
3 * 3 x *
x X *
2 % * or * *
* ¥ * ¥
1t * % * ¥
* 17 * 1
* *
¥ % s
O#ﬁi++++++++++++ + 7T Oﬁeﬁ’f+++++‘+++‘++‘+ +
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

FIG. 2. Median bias and Median Absolute Deviation (MAD) around the true value, ft’+] csds, for
sampling frequency 1/ A, = 4800. + corresponds to C'(u, £)"* and * to TC(vy)".

X1+ lot] + ¢t + |be| + b7 | + [HT | + |H[ |
+ B¢ + [HE| + |HC| + |yE| + |AYE| < K,
V=X,co0by",y ,H’ HC
= |[E(Vits = Vi | FO| +E(|Vigs — Vil? | F1) < K.

Here, K is a constant, and below K and ¢, will denote a constant and a sequence
of (nonrandom) numbers going to 0 as n — oo, all these changing from line to
line. They may depend on the characteristics of X and on the powers for which
the forthcoming estimates are stated. Moreover, in the theorem to be proven, the
arguments u in f(u);’ or @(u)’; are u = Ou, — 0, where 0 varies in a fixed set
® C (0, 00): hence in the sequel we implicitly assume u € (0, 1].

Upon replacing g(x) by g(1) + 1 when x > 1, we get (2.4) for all x € (0, c0).
We lose the fact that g is decreasing, but it is still decreasing on (0, 1], hence
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x""1g(x) as well because r < 1, and the property fol x""lg(x)dx < oo implies

x"g(x) — 0 as x — 0. Summarizing and recalling § > 1, we have

x>0 = |F (X)——ﬂ < gx), F*(x)<—, and
(6.4) x x
lim x" g(x) = 0.
x—0

Below we unify the proofs of the claims (a) and (b). This is at the expense of
somewhat cumbersome notation, but it saves a lot of space because the proofs are
totally similar. To this end, we introduce a number ¥ which takes the value 1 if
we deal with the nonsymmetrized version and the value 2 when we consider the
symmetrized version. We set

L1, u);! = L/(u)gf, L2, u)'}- = L(u);!,
65 a0wi=2w" 2w =2cw,

[t /kvnl—1

6(K,u)f:/cvn Z (’c\(/c,u)?—

J=0
[so 6(1, u)lf = @(u)? and 6(2, u)f = é(u);’], and also (recall that when « =1
we suppose 8 > 1, so the quantities below are well defined)

A(L,u)l = A'(w)}, AR, u)! =AWy,

e (sinh(ku’C(k, u)" /2))2>

(6.6)

1 ~
Z(k,u)) = \/T(C(K, u)p —Cr — Ak, u)y).

Next, recalling the notation (3.5), we set

2 — _ AL=B/2 8
Uk, uyy =e ™ "2 Tle,u)f =e 00,

(6.7) U, u)! =cos(ASPPubd),  UQuwr=1,
Ui, ) = U (i, ), U (e, u)! U (ie, u)?.

Since 0 <¢; < K and 0 < a; < K and |a/| < K, and assuming n large enough to
have A}fﬁuma” < % for all r and u € (0, 1], we see that, for some x € (0, 1),
x<Uwu, <1, x=Ukw=<l,
(6.8) _
x <U(k,u)} <1, x <Uk,u)} <1

Moreover, It6’s formula yields

t t t
Uk, u); = U(K,u)0+/ pY ) ds—i—/ HSU("’”)dWS—i—/ HY & qw!
0 0 0

t
69  + fo /R sV (5, 2)(p — @) (ds, dz).
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2 2.4

KU K~U
pUten ——5 Uk, ), b¢ + — Uk w) (HS)*+ (H)?)

2
+ U(K’ u)l‘/ (e_Kuzac(t7Z)/2_ 1 + %8L(t5 Z)) dZ’
R
2

where U u
HY®0 = — Ul w) Hy,
2
Ul KU
HVE0 = ——Ule,u) Y,

sUwW (¢ 7y = Uk, u)l,(e_’”‘z‘sc(t’Z)/2 —1).
Therefore, we have for all u € (0, 1]:

|btU(K,u)‘ + ’HZU(K,M)’ + ‘Ht/U(K,u)| < KMZ,
(6.10)
8V ¢ ) < KuT(2).

Since ||x|# —|y|# = B{y}~ (x —y)| < K|x—y|# forx,y e Rwhen 1 < B <2,
and a similar estimate for {x}? — {y}#, and since |y,i| < K, the last part of (6.3)
implies for s € [0, 1] and g > 2:

[E(arss — ar | F)| + |E(aj, —a, | F1)| < KsP/2,

6.11) o
E(larrs —arl? + |aj s —aj|” | F;) < Ks'MaP/D,

Using |¢¥ —eY —e¥(x — )| < (x — y)? for x, y < 0 and a similar estimate for the
cosine function when « = 1, we deduce for all # > 0 and g > 2:

[E(U (i, u)45 — Uic, u), | )| < Ku?s,
E(|U (i, u)45 — U (e, u),|? | Fr) < Ku?ds,
612 BT (c, )} — U, ) | F)| + [E(O (e, )] — U, )} | F)|
< KA},_ﬂ/zuﬁsﬂ/z,
E(|U G, )y — T, w)!|? + 0 (e, u)f g — U e, w)?|? | Fr)
< KAZ(l_ﬁ/Z)uq’Ss.
In turn, since xy — zw = (x — 2)(y — w) + z(y — w) + w(x — z), this yields
EU, 0}, — UM, u)} | Fr)| < K(uzs + A,ll_ﬂﬂuﬁsﬁ/z),
613 PGl — Ui F) < K@+ ARy,
E(lU (e, w)} s — UGk, u)} — (U, u)is — Uk, u))U (k, M)?ﬁ(/(, || F)
< KSAZ(liﬂ/z)uq'B.
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We end this preliminary subsection with another set of notation, with again
k=1,2.
p'(D] =

oGi-1A, AW, 0’} = —==0i-1a, (AW — AT W),

1 1
Nz VA,

1
" = ——(y, T AYT 4y AMY ),
P (D); \/A—n(y(z—l)A,, i Yi-1na, B )

1 _ _ _
pr@ = \/A_(V(z a, (A} y* A:l+1Y+)J”’(i—l)An(A?Y — AL YY),
_ 1
PG =p' ()7 +p" )}, P} = T,,A?X’
1
ﬁ(z):}: \/A—(AHX A?-HX)’
| ko=l
o Y (cos(up (o) yjktat) = UG W Gk sy a,)
n =0
ifw=1,
kn—1
g:(K u)u_h” — k_ Z (Cos(uﬁ(’c)?—kxjk,ﬁkl) - COS(M'O(K)’il-i-Kjkn—l-Kl))
’ n =0
ﬁw—l
| o
k Z UK, 1) Gy a, — U 1,
1=0
if w=23,
3
(6.14) &(«, u)” = (x, u)w "
Uk, )Z]v X::

1
Q@ un, = { sup &, )| < 5}.

Jj=0,...,[t/kv,]—1
Note that, by virtue of (6.8),
(6.15) |EGe, )" | < K, e, u)| < K.

Finally, let us mention that below we assume (3.9). This implies the following
properties, which will be used many times below for various values of the reals w ;
below:
. w] — w2
KUy AW either w3 > ——
(6.16) 74—>o if 2 wi — Wy
Un or w4 <4(wy + w), w3 > ——=
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6.2. The scheme of the proof. We have the sequence u, and 8 € [1, 2) with
further 8 > 1 when we deal with (b) of Theorem 1, hence when x = 1. Below,
6 always belongs to a finite set ® C (0, co) which, without loss of generality,
contains 1. We set

Qs = () R, Ounns,  a = AP ay,

0e®
R VN A T P
! 0 ifg=1,

Seux) = (sinh(/cuzx/Z))z, hiu(x, x") = %(uﬁx — log(cos(uﬂx'))),

hou(x, x") = 2uP2x.

Because ¢, a;, a; are bounded, we have the estimates (with f” and f” the first two
derivatives of f):

fK,u(Ct) + ’f/(/u(ct)} + ‘f;éiu(ct)’ = Ku4,

(6.17) wix| <K = |u L+ || < Kut,
Ap<Ku® = |heu(a, a")| < Kuf=20,7P% <k
and also
_iz logU (k,u)} = c; + heulal, a"),
(6.18) el

t
Ak, u)! =/ hieu(al,al")ds.
0
(1) The key step of the proof is as follows. By construction, we have L («, u)’} =
Uk, u)’}vn(l + &(«, u)’}). Moreover, we have U (x, 6u,)? > x > 0 by (6.8) and
there is a nonrandom integer ng such that k, > 4/x? for n > ng, implying

L(k, Ouy); > 1/4/k, for all j < [t/v,] — 1 such that 1 + £(x, Oun)’ > % Hence,
we deduce from (6.18) that

n > no, ® € Q(K)n,;

(6.19) = <, Qun);% = Cyjv, T hic.0u,, (agjvn, a )

Kjup

Another key point is as such: on the set €2, ; and again for n > ng, we can
expand log(1 + x) around O and f , around ¢, to obtain

—~, /
(i, Oun)'i — cijv, = Mic.ou, (- Oi,)

L2
K (Oun)?

1
G, )} — o sl Oun)|*
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MM

fK,@u” (’C\(K, Qun);!) - f@un (CKjv,,) + flé,@u,, (CKjUn)g(Ka Hun)?

2
K (Qup)?
< K@l AP+ gk, 0un) ),

where for the last estimate we have used (6.17) and the fact that |c(«, Gun)’}l <
K/u2 [by the first estimate, plus again (6.17) and (6.15)], hence |u2f,§ ou, x)] +

| £/ . 9u x)] < Ku for all x between c(«, Gun)” and ¢y jy,. In turn, this and (6.16)
yield on the set Q (€)n,r and for n > ng again:

~ 2 5
(C(Ka Qun);% — Cxju, — hk,@un( Z]Un s al/(’;v,,) fo,@un (C(Ka gun)’;))

2 2 ) )
" k(Oup)? <Kkn(9un)2 Jie.ou, Ccjvn) = 1)5(/(, Oun)’;

(6.20)
T e (u )2(|€( 9un)| — fK@un(CK]yn)>‘
<K<|-§(K,9Mn)?|2 |§(K70”n);!|3 ALP2
= knu% u% knu%_ﬁ .

(2) Recalling (6.6) and (6.18), we can write

(6.21) Z(K, Gun)n — VK,n,@ + V/K,n,9 + V//K,n,G’
where
K,n,0 1 !
V[ - \/A_ kv, ([t /kv,] 1)(Cs + hl{,0un (as ’ as )) as,
n n nl—
et [t/Kvn] 1 K(J-H)vn
VvV, = — — Cri
t = O /—” jvn KJ]Un
+ (heou, (@, a")
— N bu (@ > A ,))) S
) [7/kvn]l—1 v
1ni,n, n [~
Vi = ZE) N (C(K’ Qun);! - CKjvnhK,@un( ;rcl]unv al/(r;vn)
J:

= C n
— Wﬁc,eun (C(K, Qun)j))
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Let us also introduce the following processes:

g UKulml gy, 2
vitt= < / ' —1) Oun)",
’ 2 Gt i ko @y e i) = 1 JE G, O

Jj=0
0 [I/Kvn]_l Uy 5 2
y//k.n,0 n _~ .
Vi - ;) (Gu,,)z\/A_n<|g(K’ Gun)J| k, f/c,@un(clc]vn)>,

[t /v ]—1

g 25 (|s</<, Ounjl® | 6.0 A};ﬂ_ﬂ)
=0 VA, knu, u; knu% b
By virtue of (6.20), we then obtain

|Z(K, 9un)?’l _ VSK,n,G _ Vs/x,n,e _ ang _ V;K,n,0| < KR;(’"’G

on Q(k),, forall s <t.
Therefore, Theorem 1 follows from the next four lemmas, where Z and Z are
as in (3.7):
LEMMA 7.  We have P((2(k)n.1)¢) — O.

LEMMA 8. Wehave V’”’9£>Oand yrend 22k

l‘l

ML u.c
LEMMA 9. We have MLZ Re™? Oand V”‘” 0 LR (.
n

LEMMA 10. The processes (V™! ( 1 (V" 0 _yenlyy o) converge sta-

bly in law to the limit 27, (k3202 - 1)Z)Qeo) provided > 1 when k = 1.

6.3. Proofs of Lemmas 7-10. We begin with Lemma 8, which is simple to
prove.

PROOF OF LEMMA 8. By the boundedness of ¢; and the property A, < K u
we deduce from (6.17) that | V"] < KJL which is o(u2) by (3 9), hence the
B/2

first claim. Next, we have h gy, (a3 cal) — hogu, (aw, a,) = (fm(as — ay)

and also, as soon as (Qu,)? lalt| < 3 (hence for all n large enough),

1 .ou, (@, ag') = B gu, (aw, ay,)

ZA}fﬁ/z
B (9un>2—ﬁ(

< KAy P a) —al, .

as — ay — (a, — a,)) tan(ASP2Ou,)P )



1052 J. JACOD AND V. TODOROV

Hence, (6.3) for V = ¢ and (6.11) imply that the jth summand g“ in the definition
of V/*™? satisfies in all cases

K
(v + v, P2 AP = ooy,

25

Kv
]E((é-]n)2 | ‘/_-.Kj.vn) ~— A

where the last two estimates follow from (6.16). Then a classical argument yields
the second claim. [J

L (14 AZPu2P=4) = o(vul),

n

The other lemmas need quite many preliminary results. Below, to ease notation
we simply write u,, instead of fu,,.

LEMMA 11. Recalling (6.14), we have for all g > 2:
6.22) |E(cos(unp(k)}) — cos(unp()}') | Fiimtya,)| < upy/Dnthn,
E(|cos(uap()}) = cos(unp ()| | Fi-1)a,) < tny/Buéhn.

PROOF. (1) We begin the proof with the case x = 1. Letting X; = [; J 8(s,
z)p(ds,dz), we have u,p(1)! = Zi:l 6 (k)?, where

o) =unp (17,

iAn
02 = \/_ i—ha (05 —0(i—1)a,) AW +uny/ Apbi—1ya,,
1= n
o(3)" = = by — bi_a)ds
\/— (DA, N (i—1)A, P
g (g [ dy+
04); = A\ + (i_l)An(Vs —Yi-1a,) dY;

ine ~
+/(. (vs —V(iq)An)dYs )

i—)A,
We also write 8 (k)" = Yk _, 6(m)", so
(6.23)  cos(upp (1)) = cos(0(1)}), cos(uyp(1)?) = cos(@(HT).

(2) In this step, we prove the following estimates, for any w > 2 and € > 0:

Ku?Ay "7 ifk=1,

(6.24) E(|0(!" | Fiz1a,) < Ku;fAn if k=2,
Ku? Ay ifk=3,
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E(0@)?F AL Fi-na,) < upy/Budn.
E((Junp” (| A1) | Fiziya,) < KAYEP2,

We classically have E(JAT?W|Y | Fi_1ya,) < KAW?, whereas E(|APYEY |
Fi-1a,) < KA, by Lemma 2.1.5 of [8] (because Y* has bounded jumps), yield-
ing case k = 1. Cases k = 2, 3 follow from (6.3).

For case k = 4, it is enough to prove the result for each of the three sum-
mands in the definition of 6(4). For the first summand A;"Y, we observe that

|unAl'.’Y/«/An| Al < K(lA?Y/«/A,J A 1). Then we apply Corollary 2.1.9-(c) of
[8] with g = % and s = A, and r as in (A) and (B) and p = 1, to obtain
lup AT X|
VA,
The other two summands are treated analogously, and we consider only one of
them, say o = |, (’iAjl) A, (y;h — y(il) A d Y. We observe that the jump measure
of Y%, say p’, is Poisson with compensator ¢'(dt,dz) =dr ® F*(dz), and o =
AT *(p' —q)) if we take 8(1, 2) = (vt - V(T—l)An)Zl{b(i—l)An}- The notation
(2.1.35) of [8] for § * (p’ — ¢) becomes

(6.25) IE( Al ]-'(il)An> < AN,

R 1 it a/lvt =vi_ 1y,

§(p,a)q— A = — T pds/ "ZPFt(d?),
(P @)Dy = 5 (l,_l)Anh’s Vi-na,l ds | (dz)
8'(P)i-1)anin, =d(p, D—1)An,j Ay

Lo[io lyt =yt | > +
— Yo =y dsf ZF7(d2),
Al’l i—-DA, ’ =D 1/|V;L_V(T,])An|

G N | e + +

8" (P)i-nanin, =0, Di—na,.ja,+—— [ FY(1/lys" = vi_na,l) s,
Ap Ji-1A,

and we observe that, since K+ is bounded and F~ * is supported by [0, A] for
some finite A, necessarily 8'(p)i—na,.in, < K8"(P)i-1a,.in,- (6.4) yields

Ji 2P F*(dz) < KxP~# when p > B, hence

- .1 iAy
S(p.a)i-a,.ia, < Ka? - lym — V(T,l)An\ﬁds,
Ay Ji-DA,
(6.26) .
< o K [ihn + + B
8 (P)i-Danin, <K& (P)i-vanin, <— [ lys — V(i_l)An} ds.
Ay Ji-1)A,

Since 1 < B < 2, we then use Lemma 2.1.6 of [8] with g = % andr = p € (B, 2]
and s = A,. Since E(1Y{_1)a, 45 = Yi—na, P | Fi-na,) < KsP by (6.3), we
obtain for p > f:

LA(S r p
(6.27) E(('” i¢ *f ) /\l) ‘f(,-_lmn) < KAL-r=P/,
n




1054 J. JACOD AND V. TODOROV

We then apply Holder’s inequality to get

lunatl'| 1/p—1/4+B/4
E AT F )<KA/P [4+B/4p
<m ‘ (i-DA, ) = n

Under (6.16), both this and (6.25) are smaller than u?./A, ¢,, upon choosing p
close enough to 8 above. Hence, (6.24) holds for k = 4.

Finally, the last estimate in (6.24) is obtained exactly as above, upon taking
y(;r_l) A, instead of y,t — y(’l.L_l) A, SO the bounds in (6.26) become Ka?~# and

K, and the one in (6.27) is K A,ll_(p TA/% We then apply the latter with p close
enough to B, and the result follows.

(3) Since |cos(x + y) —cos(x)| <1 A |y| A (Jxy| + y2) and |cos(x + y) —
cos(x) — ysin(x)| < K y2, we deduce from (6.24) and the Cauchy—Schwarz in-
equality that

w>1 = E(cos(@@7) —cos(@)|" | Fiiziya,) < tp/Dny,
E(|cos@(3)}) = cos@@)I* | Fi-na,)
+ E(|cos(0(2)7) — cos(@(l)?){2 | Fi—1)a,)
<Ku’A,,
E(|cos(0(3)F) — cos(@)})| | Fii-1a,) < Kuz A,
E(|cos((2)") — cos(8(1)?) — 8(2) sin(@(D?)] | Fii—1ya,) < Ku2A,.

This with w = 2 and (6.23) and \/A,, = o(ufl) yield the second estimate (6.22) for
q = 2, hence for all g > 2 because |cosx| < 1, and also (with w = 1 above) that,
for the first estimate, it only remains to prove that

[E@Q)] sin(0@(1)}) | Fi-1ya,)| < tiys/ Dupn.
Now, we have |sin(0(1)}) — sin(u, 0" (D! < K (Junp” (1) A 1), and thus
E(|0@)} (sin(0 (D) = sin(unp' (D)) | Fi-nya,) < Kun A, =27
=g/ Dupn

by the Cauchy—Schwarz inequality and (6.24), and where the last equality comes

from (6.16), upon choosing & < #. Hence, it remains to prove that

IE( ()7 sin(un 0 (1)7) | Fi—tya,)| < utv/Angpn.
(4) Recalling (6.2), we set

t t
V,:/O Hs’“dWs’+f0 /ESU(s,z)(g—@)(ds,dz).
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We have the decomposition 6(2)! = — Z;Zl w(j)i, where
w(D)i = upv/ Aubi—1)a,,
u iA, K
n@)! = ( /( b dt)dWs,

n
Ay Ji-DAa, \Ji-DaA,

n Un o iAn
n3)i = —==Hi_ya, ( (Ws — Wi—pa,) dWs,

\/A_n i—1A,
Un iAy N
K ([0, 07 = sy aws )
M( l An (i—DAy (i—l)An( ? @ I)An) t K
iA,
/’L(S)? = Un (VS — V(i—l)A,l)dWS,
Ap Ji-1A,

and it thus suffices to prove that, for j =1, 2, 3,4, 5:

(6.28) IE(u ()} sin(unp'(DF) | Ficia,)| < Kusv/Aun.

First, E(u (/)7 sin(u, p' (1)) | Fi=1)a,) =0 for j =1, 3 follows from the fact
that in these cases the variable whose conditional expectation is taken is a function
of (w, (Wi-1ya,+: —Wi-1)a,)=0) Whichis F;_1)a,-measurable in w and odd in
the second argument. Second, we have IE((M(j)?)2 | Fi-1)a,) < KuﬁA% for j =
2,4 [use (6.3)], implying (6.28) for j = 2,4 by the Cauchy—Schwarz inequality
and (6.16).

For analyzing the case j =5, we use the representation theorem for martingales
of the Brownian filtration. This implies that the variable sin(u,p’ (D?), whose
F(i—1)a,-conditional expectation vanishes, has the form fi(lAjl)A” L7 dWj for some
process L", adapted to the filtration (-7:,W)z30 generated by the process W, hence

E(u5)! sin(u, 0 (D}) | Fi-1)a,)
w, [idn

n
VAL Ji-na,
Since further the martingale V is orthogonal to W, and by using once more the
representation theorem [so L] =E(L} | FI' ) + f(si—nA,, L dW; for s > iA,],
we deduce E((Vy — Vi—i)a, )L} | Fi-1a,) = 0, hence E(u(5)! sin(u,p") |
Fi-1a,) =0 and (6.28) holds for j = 5. This completes the proof for the case
Kk=1.
(5) When « =2, we do as above, with a few changes: First u,0(2)] =
Y ¢_ 00", where

o) =unp(2)7,

E((Vy = Vi—na) LY | Fi-1a,)ds.

. iy iA, (+D)A,
0(2); = \/A—n</(i_lm”(0s —0i-1A,) AW — /iAn (05 — U(i—l)An)dWs),



1056 J. JACOD AND V. TODOROV

oy [ fi% (+1)A,
6(3)" = (f( by ~bysads = [ (bs—bs+An>ds),

VA \Ji-1)A, iAg
oy = (g —an X+ [ (i — vyt )avd
i = A, i i+1 (—DA, Vs —Yi-1pa,) 4L

+DHA, + " n
- /iAA (ys - y(i—l)A,,)dYs

iA, B _ _
+/( (Vs —Yi-1ya,) dYs

i—1)Ay
(+DA, _ _
—/iAn (Vs = Vi-1a,) dY; )

The estimates (6.24) remain trivially valid, as well as Step 3. In Step 4, we use the
decomposition 0 (2)} = — ?-:2 wu(j);, where

= ([ ([ sea)awo— [TV bra )dW)
. = t - t ’
w2 VA, (/(i—l)A,,(f(i—l)An ! ) : [iAn (/(i—l)An ! g

" iAn
3= o (/ Wy — Wa_1)a)dW.
n(3); JA, Ti-na, (i_l)An( 5 (i—1)A,) d Wy

(i+1)Ay
- fA (Wy — W(i—l)A,l)dWs>,
[ZAV)

u iA, K
4'?:_"(/ (/ H° —HS_ dW)dW
OT= 78 omna, s, B~ Hiina, ) 4W JdWs

(i+1)An N o "
- /iA </(i1)A (H = Hi ) dWr) dWs>,

5y = M (/mn (Vs — Vi YdW. /(mmn(v Ve )dW)
192 i m (i—DA, s (i—DA, N in, N (i—DA, s

[the term 1(1)} no longer shows up]. The rest of proof carries over without modi-
fication. [

LEMMA 12.  We have for all g > 2, and if u, < uy:
(6.29) |E(COS(”nP(K),r'l) | ]:(i—l)A,,) —U(k, Mn)?i_l)A”’ = ¢n“i\/ Ay,
630, [E(cos(unp (k)}') cos(uy, p()7) | Fi-1)a,)
— 3 (U, up + ) (i_1ya, UM [un = uy])i 1ya,)| < Putiny/An,

631 E(lcos(unp (o)) —Ulc, un)li_yya |7 | Fi-na,) < Kus.
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PROOF. (1) The variables A?W//A,, ATYT /A, and A'Y~//A, are
independent one from another and from F(;_1)a,, with characteristic functions
exp(—u?/2) and exp(—GE(u) — i HE (u)), where

+ : Xy
Gn(y)zAn/O l—cos\/A_
n

Hi(y>=Anf()l(F J_>Fi(dx)'

Analogously, the characteristic functions of (A} W — A}, W)/{/Ay and (A}Y +_
Al Y +) /A, are exp(—u?) and exp(— 2Gi(u)) Therefore, by the definition of
p(«)?, and since o(;_1)a, and y(ifl) A, are Fi—1)a,-measurable, we have

)Fi(dxx

+ — —
E(cos(np (D) | F-18,) = UL tn) g 1ya,e” Ot 0i-nan)=0r (rricnay)
(6.32) x cos(H, (unyy_1ya,) + Hy n¥i_1ya,)):
+ _ _
E(cos(unp(Z);’) | Jr(i—l)An) U, un)(l._l)Ane—ZG,J{(unV(,q)A,,)_ZGn Un¥i—1ya,)

(2) In this step, we analyze the behavior of G,ﬂf (y) when y € (0, A] for some
A>0.Let ¢, = A; for some n € (0, %), to be chosen later, so that ¢, — 0 and
) =Cny//An — 00. Using (6.4), we first see that

1 Xy I —y K
Of/n(l—cosm>F (dx) < 2F (;,,)gg—ﬁ.

n

Next, Fubini’s theorem and a change of variable yield

n B Xy +
/0 (1 cosm)F (dx)

_/{n_ < )sm(z)dz—/ FE(¢y) sin(z) dz,

and the absolute value of the last term above is again smaller than K/ {f because
| Jo sinzdz| <2 for all x. To evaluate the first term, we use (6.4) again to get

/tn —:|:<Z\/_
0

) sinz) dz - e x(ﬁ)‘

B oo gin & VA
5‘—yﬁ/2/ —;dz +/ g(Z ")d
Ay h < 0 y
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We hgve [ Siz%dz =X B[ “fir dz by integration by parts, yielding
| [ Sz% dz| <2/xP. We also have

o)

1—r g(Z)

_ 1—r

because ¢, — 0. Putting all these together yields

KA
G =2,y x(B)] < g—ﬁnJr\/Any;nl—’(pn < KA Ly A2y

n

for all y > 0, and also (trivially) when y = 0. Now, we take n = 2(1++ﬂ) and use
(6.16) to deduce

|G2L(“n7(j—1mn) + G;(“n)’(?—lm,,) - A;_'B/z“ga(i—l)AJ = ”i\/ Anén.

Using once more |[¢* —e”| < |x — y[ Al if x, y <0, and recalling the definition
of U(u)}, we deduce

el CGF (T - - —
(6.33) |e K (G Uni_1)a,) TG Wn¥_1ya,) _ Uk, un)?i—l)An| < ui\/ Aoy

(3) Next, we analyze Hf(y): this is for the case when x =1, hence 8 > 1. The
following estimates are easy consequences of (6.4):

z 1
O0<z<l = / x3Fi(dx)§Kz3fﬂ, / xFi(dx)SKzlfﬂ.
0 z

With ¢, and ¢, as in the previous step, and we have

0< l( —sin )Fi(dx)< Y ——FE(,) < Ky
& \V Ay J_ NS R NG we

nf xy _ Xy +
/0 (m sin m)F (dx)
_f{" _i<zd_)(l —cosz)dz—/ FE(,)(1 = cosz)dz,

and the absolute value of the last term above is smaller than Ky¢, / ;,1 . We also

have
& Z+ (/A v,
/0 ( )(l—cosz)dz Ag/zx(ﬁ)’

B oo 1 —cos Sn JA
< yﬂﬂ/ - Zdz+/ g(Z ")d
Ay H 2 0 y
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As seen before, the last term above is less than ﬁ{#"q&m whereas fx"o(l —

cosz)/zP dz < K /xP~!. Putting all these together, plus ¢, = y&,/+/Ay, yields for
y>0:

Ky A,
B

n

|HE(y) — ALPPyP ' (B)] < < KyA}* P,

The same holds with —|y|# and |y| instead of y# and y when y < 0, and it trivially
holds for y = 0. Since |cosx — cosy| <2|x — y|(]Jx — y| + |y|) for all x, y, we
obtain

|cos(H, (unvi_1ya,) + Hy n¥i_1ya,)) — uq, Un)i—1ya, |
< K(u2AL20 4y 146 A3/2-P/2=Fny
In view of (6.16), and upon choosing n > 0 small enough, we deduce that
|cos(H," (unyi_1ya,) + Hy (n¥i_1ya,)) — uq, Un)(i—1ya, |

<utyAnn.

(4) At this stage, (6.29) is an easy consequence of (6.7), (6.32), (6.33)
and (6.34). Since

(6.34)

cos(unp (ic)") cos(ul, p (1)7) = A (cos((un + u) p(k)}) + cos(|un — uly | p()})),
(6.30) follows from (6.29).
Finally, since |cosx| <1 and |/ (x,u)}| <1, it is enough to prove (6.31) for
q = 2. Since (cos x)? = %(1 + cos(2x)), an application of (6.29) and (6.30) shows
that the left-hand side of (6.31) is, up to a remainder term of size smaller than

¢nui«/An, equal to
2
SUG. 2un) iy, = 22U u)_pya,)” + 1)
An expansion near 0 of the function u — U (x, u)" in (6.7) yields that the above

is smaller than K(uﬁ + A,l,_ﬁ/zuf), which in turn is smaller than Kui by (6.16).

This yields (6.31).

Below, we use the simplifying notation:
(6.35) V(c,u,u'); =U(k,u+u')] +U(k,

w—u'l)) —2UG, u)f UKk, u'); .
LEMMA 13. Forall g > 2, and if u), < u,, we have
|E(.§(K, “n)l"n | f/cjv,,)| =< Mi\/ Apn,
J

n 4
VK, un, ”;)Kjvn < puty/ An,

(6.36) [E(§ e, un) "8 ()™ | Fio,) = 5,

E([& (e ) "7 | Fieju,) < Kuy/ ki1,
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E(E (. un)3" | Fieju,)| < g/ Duchn,

(6.37)
E(|& G un) 7" | Ficjun) < g/ D/ K12,
EE . un) " | Feju,)| < g/ Ducpn,
(6.38) '

E(|S(Ka ”n):;’n‘q | chjv,,) < Kv, (”;%q + AZ(I_ﬂ/Z)”Zﬂ)‘

PROOF. In the proof, and for simplicity, we denote by ¢ (I, w), the /th sum-
mand in the definition of & («, un)l;)’”, forw=1,2,3.

Upon expanding the product £ (k, un)}’"é(/c, u;)}’", (6.29) and (6.30) and suc-
cessive conditioning yield

E(§(c, un) "8 (s up) ;™ | Fiju,)

1 kn—1

_ 2—](,21 I_ZO E(V(K, Mn,u;l)Z(jkn_H)An |~FKjvn) §¢nu2\/A_n

The first part of (6.16) and (6.13) also yield for [ <k,:

[E(V (i, tn, u;l)Z(jk,,—H)A,, — V(k, up, u;z)Zjvn | Fiejun)]

< K(u%vn + qu}l_ﬂ/zv,‘f/z) < (}5,,uf1t Ap,
the last estimate coming from (6.16). We deduce the second part of (6.36). Next,
(6.29) and (6.31) yields |E(¢(, 1), | f;’kn+l)| < ¢,,ui«/An and E(|¢(, 1,9 |

.7-"}1,(” =K ui, so we have the first part of (6.36), and also the last part by the

Burkholder—Gundy and Hélder inequalities.
(6.37) is a simple consequence of (6.22), plus the Burkholder—-Gundy inequality
again. Finally, (6.13) yields

B 3)n | Fejo,)| < K (20, + ALF2uByE2),

E(|§'(l, 3)n|q | ]:Kjv,,) = KUn(M,zlq + Az(l—ﬁ/Z)uzﬂ).
Then (6.16) yields (6.38). [

LEMMA 14. Forall g > 2, and if u), < u,, we have
|E($(K» ”n)r; | JT"KjU,,)| =< ui\/ Apdp,

E(& e, un)j& (i, un) | Ficju,)
(6.39)

1 V(K’unvu;«l)Zjvn

2k U, un)™ . U, u

Kjup

= M4v Apn,

;)Zjvn
iy 2 1-8/2

Bl 17 Fagn) = K (4 i + 3072y ).
n
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PROOF. In view of (6.8) and of the previous lemma, the first and last parts of
(6.39) are obvious. For the second part, by virtue of the second estimate in (6.36),
it is enough to prove that

(& G )58 (e, 1) 1" | Fagu, )| < v/ Bty
for all z, w = 1,2,3 but z = w = 1. This property follows from the Cauchy-
Schwarz inequality and all estimates in the previous lemma with ¢ = 2, except
whenz=1landw=3orz=3and w=1.
We will examine the case z = 1 and w = 3, the other one being analogous. We
have

& (e, u )] = k, lZo(k —1=DU(k, u )K(jkn—|—1+l)An — Uk, u )K(]k +DA, ).
yielding
1 kn—1k,—2
&(k, un)lné( Uy, jn_kz Z Z (kn —l/—l)a”/,
n =0 I'=0
where

no__ n n
af' = (cos(unp () 4 jky i) — UG Un) ik 11)A,)

< Uk )iy a14y8, — UK UGl a,)
and it is thus enough to prove that al r= E(%, y | Frju,) satisfies
TR ¢n ifl 410,
(6.40) lafy| < ky
URVIINCN ifl=1.
If | <, and since |U(k,u,)}| <1, (6.13) with s = A, and the first part of
(6.16) give us
[E(] ) | Freikurtnyan) | < K Aputh [cos(unp ()4 ja 1) — UG wn)eip vy, |-

Then (6.31) and the Cauchy—Schwarz inequality yield |al I = KAy u2+ﬂ , SO

(6.16) again implies (6.40). If [ > I’ (6.29) yields

4
|E(0‘ln,l' | Feeikntyan)| = Gntty s/ B [U (i, u;)Z(jkn—H—l—l/)An — Uk, u )K(Jkn—}—l/)An{
and (6.13) with s = kA, and the Cauchy-Schwarz inequality yield |a}';| <

ut Apy, hence (6.40).

For [ = I’, upon using (6.8) and the last part of (6.13), plus (6.31) and the
Cauchy—Schwarz inequality and (6.16), we see that it is enough to prove (6.40)
with o', replaced by

)y = (cos(unp ()] e jkytict) — U n ) Gt 1y A, Sk oo )

where £/ = U (i, uy,) ;) n, — UKo up)i s -
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The same type of argument, now based on the first part of (6.12) and (6.24), plus
the property | cos(u, o (k)!) —cos(unp' (k)| < lunp” ()} | A1, shows that we can
even replace ;' by

Observe that /' = Y B(w)!, where

(l""K)An U ’ U ’
B = / b ds, BT = HL" Wi, — Wia,),

[ZAV]

(i+K)Ap / ’
BB = f (B — g5y aw,

LQp

(i+6) A, : (i+6)A, ,
B! = fA H S W +A /R‘SU(K’”")<s,z)<g — ¢)(ds., d2).
1Ay LAQp

By (6.10), we have |B(1)7] < KAnu,?. Combining (6.3), (6.9) and (6.12), we eas-
ily check that E(I8(3)?| | Fi—1)a,) < Ku/?A,, hence

w=13  0<I<k,—1 = E(y/'BW}||F)<Kup/Anén.
A parity argument (as in Step 4 of the proof of Lemma 11) shows that E(y//' 8(2)7 |
Fi-1a,) =0 for all i. Finally, with G W —=06(Ws:s>0), the independence be-
tween W and (W', p) implies that EB@®! | Fi-na, V G") = 0, whereas v
is Fi—na, V GW -measurable, hence EW]B@A?! | Fi-1a,) =0. All these par-
tial results give us the needed estimate for |E(al’” 1 | Fe(ka+1)A,) |, and the proof is
complete. [

LEMMA 15. For any square-integrable martingale M and any random vari-
ables ;1’? such that |§j’~’| < K and each g“j'? is Ficjv,-measurable, and for all t > 0,
we have

n _1
[t /icv] .

Un n n
(641) uf}l— ,A—n /2:;) E((Mx(j—l—l)vn - MKjvn)é‘j S(K’ Mn)] | ‘7:Kjvn) — 0.

PRrROOF. It suffices to prove the result if we replace &(k, un);? above by
E(k, un)lf’", for w =1, 2,3, and in this case we denote by R,w’" the normalized
sum in (6.41).

When w = 2, 3, we use the following argument: the properties of ¢ ]" and the
Cauchy-Schwarz inequality yield

w,n Ky =t w,n|2
E(|R, ) < —— E E .
(} t |) = ui /_An < = (|§(K, Mn)j | )

(6.42)

[t/kcvn]

172
X Z E((Mx(j—i-l)vn_MKjv”)z)) )
j=0
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and the last sum is equal to E((Mkvn([t/,(vn] 1 — Mp)?), which is bounded. Then

it is enough to show that Z[Z/K””] 1IE(|§(K, u,,)';”"|2) — 0, which follows
from Lemma 13 and (6.16).

When w = 1, we write &(k, un)}’" = Y + ¢i", where ¥y = é X
Z,”ol M i (jlogtt) @0 107 = c08(up p(6)]) — E(cos(unp(€)}) | Fi-1)a,), and we
are left to prove that (6.41) holds with &(k, u,)’} replaced by W " and by W M In

both cases, we denote by R, 7 and R "7 the correspondlng normahzed sums. For
'

8A

proving R, RN 0, we proceed as above, that is, we have (6.42) with ;" instead
of £(k, un)f " whereas [y "] < nu 4 A, by (6.29), hence the result holds.

/1 . e .
For R,", we observe that, by successive conditioning,

Un [t/kvy]—1 kn—1

R/l,n ___n n E —n .
' utkn /Ay > D Bt | Feiv)

=0 1=0

where 77} = M cos(u,p(k)}), M = Mi—14)a, — Mi—1)A, -
As above, Y1/ SE((M™)?2) < K and | cos(unp (k)" — o8y o' ())] < K (Juy X
PO AT, Hence, if

[t/kval—1  ky—1

-1, Un
R’n:7u4kJA_ > ¢ Z (11 hy0) | Ficsva)
n™n n

j=0

where 77" = M]" cos(u, 0’ (k)7),

by (6.24) and the Cauchy—Schwarz inequality and |§}1| < K, we have for all ¢ > 0
arbitrarily small:

1, o1,
E(R" - R ") < TN > E((M7)7)
n i=l1
_ KTy

- 4
u,

1/2
K/tu, A; —&/2—B/4 ([I/An] 2) /

—0

[use (6.16) again]. Now, by classical arguments, it suffices to show that R/1 N 0

when M is orthogonal to W, or is equal to W itself. In the second case, we clearly

have E(77]" | F'_;) = 0. In the first case, we have the same by an application of

-/l,n

It6’s formula. So R; " = 0 in all cases, and the proof is complete. [

At this stage, we can prove Lemmas 7, 9 and 10.
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PROOF OF LEMMA 7. Using (6.39) with ¢ > 2 and u, — 0 and (6.16) and
Markov inequality yields

[t/Kva]-1 1
B bun)) = Y P(J60c 0w 5)

j=0
[I/Kvn]

Z (|& G, Bun)f|?)

S Kt¢nv

hence the claim because €2 (k), ; is a finite union of sets Q («, Ouy), . U

K,n,0

PROOF OF LEMMA 9. The clalm = R; LD) 0 readily follows from (6.16)

and from the last part of (6.39) with ¢ = °2 and q =3.
For the second claim, we set

<(E(K Oun)’i )

n 2 m n
Cj _fk,eu,,(cfcjv,,))’ fj :E(é‘j |~7:Kjv,,)-

4/— k,

By a standard martingale argument, and since ¢ ]” is Fi(j+1)v,-measurable, it is
enough to show that

[t/kvy]—1 [t/kv,]—1 5 P
u.
(6.43) Z =} > E(g[)—o0.
j=0

Recall that fi g, (x) < Ku* when |x| < K, hence (6.39) yields

K U2 1 4-28 4B—8
() = " (s + 0w+ vebl ),

The right-hand side above is easily seen to be o(v,) by (6.16), hence the second
part of (6.43). For the first part, we use (6.39) again and also (6.35) and U (k, 0)} =
1 to observe that it suffices to prove that

iy T 1= 20k, Buy), )

wn/Bn 2(U(K Qun)ﬁjv)
- 2fK,9u,, (CKjv”)) lg 0.

Now we recall that |U (i, 0u,)" — U (i, Oun)| < Kub Ay and 1/U (e, Ou,)? <
K: since we have A,l,_ﬁ/zuf_‘t/km/A,1 — 0 by (6.16), we can thus substitute
U(k,Oup)" in (6.44) with U (k, 6u,). But in this case, and by definition of f ,,
each summand is identically 0, hence (6.44) is proved. [l

" [t/kv,]— 1(2/[(/( 20”;1)”

(6.44)
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PROOF OF LEMMA 10. Set ® =0\ {1} and

O[K-’n’g = 21),, ( 2 f/ (C ) )_ 1>
/ (Qun)zm Kkn(eun)z K79un KJUn
and
[t/kv,]—1
Sin.0 "o
YIK " = Z ;;C " )
j=0
af,n,ls(;(, un);l if @ = 1’
é.l{,n,e _ 1
j — (" E G, )} — o e wn)}) 0 €O
n

The claim of the lemma is then equivalent to saying that (}7"’"’9)96@ converges
stably in law to (k'/2Z, (k'3 (6% — 1) Z)gpcer).

We observe that the variable g“}(’"’e is Fi(j+1)v,-measurable, whereas (6.39) and
(6.16) and Lemma 15 imply, for all # > 0 and all square-integrable martingale M:

[t/kv] -1 .
> E@™ | Fagu,) — 0.
=0

[t /icvn]—1 , .
> B Fiu,) — 0,
j=0

[t/kvy]—1 P
> B (Mg, — Micju,) | Fjv,) — 0.
=0

Hence, Theorem 2.2.15 of [8] shows that it remains to prove the following conver-
gences:

[t /icvn]—1 /
Z E(é_}c,n,@é.}c,n,@ | fkjvn)
Jj=0
(6.45) ,
2/</ cszds ife=0"=1,
0
ot _ 1o ifo=1%0
3

t
g(92—1)(9/2—1)/ crds  if0,0' €@
0
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kn,0,00 P «,0,0’

Recalling |f/</,9u,, (c1)] < Ku it is enough to show that I} ",

where

4U2 [t/kv,]—1
T 2 E(Ew ) | Fgu,)
n—n j=0
ifo6=60"=1,
42 [t/kvp]—1 E(k,0 n)n
6 Z E(é(’(vun);l<7_é( un)'; ) ‘]:K]vn)
upAn 2 62
FKJZ,@,@/ _ I=
! - ifo=1+#£0,
S TR
g Vet
us Ay i 62
&, 0'un)’;
X (Tj —&(k, un);l) ’ Fl(jvn)
if,6' € @',

We then apply (6.39) again, plus v, =k, A, and the fact that v, /uﬁ«/An — 0 by

(3.9), and conclude that it is enough to show ;™ 0.0 L, Ff’e’e,, where
2v, [t/scvn 1= IV(K Up, un),(]v
ut = Ul un)g,,)?
ifo=0"=1,
20, [t/'fi:n]_l< Vi, uy,, 9/un)zjvn V(K Uy, ”n)/c]v,,>
ub pars 02U (k, Un)g o, UK, 0'tn)y s, Uk, Un)igju, )2
ifo=1#£60,
ne,n,0,0" _
F[ = zvn [I/Ki:”] ]( V(K eun,e un)ZJv V(K Up, un)ﬁjvn
ud ) 62021 (k, un)Z]v Uk, Q/MH)ZJU U (k, un)Z]v )2
Vik, up, eu”)Z]v,,
02Uk, Un)igju, UG, O'un)g s,
Vi, un, 0'un)y;,, )
9/22/{(/{ un)z]v Uk, Q/Mn),'(’]v
if0,0 € ®.
1mc,n,0,60"

If we denote I, the same as above, with U (x, u)" and V (x, u, u’)" sub-
stituted with U («, u) and U (k,u +u’) + Uk, |u — u'|) — 2U (k, u)U (k, u’), and
upon using (6.8) and |U(k,u)! — U(k,u)| < KuﬂA,l,_’S/2 and the same argu-
ment as in the proof of the previous lemma, we see that it remains to prove
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F;/K’"’g’e/ B 6, ? The form (6.7) of U(k, u) allows us to check that indeed

8 [t/kcvp]—1
_4 Z fK,u,,(CKjv,l) ifo=60"= 1,
no =0
[t/kva]—1 )
8y, f 7(c n)
_6 ("”n*/g——/z”v — feu, (Clcjv,,)) ifo=1+£60
F//K,n,@,@’ _ “n j=0
! - [t /icvn ]~
8vy J, n@( Kjv,,)
—8 (KMGT + fK,Mn (CKjv,,)
Uy j=0

fK’unﬁ(CKjvn) fK’un\/@(cl{jvn)
- 62 - 02

if6,0' € @'.

Observing that | fi y(x) — %y“x2 4 8x4] < Ky'? for all x, y within an ar-

P / .
bitrary compact set, we readily obtain F//K n0.0" L, %% from a Riemann sum

approximation and u,, — 0. This completes the proof. [

6.4. Proof of Theorem 5. At this stage, Theorem 5 is the only result left to be
proven. In view of (3.5) and by expanding x +— log(cos x) near O and using the
boundedness of the process a;, we get the following bound, uniform in u € (0, 1]:

A" )" — A)"| < Ktu?P72A27FP,
implying

(A'(Bup)" — ABu,)") =20

1
u,%«/ Ay,
if B < % because of (6.16). Recall also that A’(u)" = A(u)" when y ™ +y~ =0
identically. Henceforth, if we put

Z(x, u)f = (6(/(, u)f —Cr — A7),

1
=75
we have the following consequence of Theorem 1: Under the assumptions of this
theorem, then

(Z(K, )", (%(Z(K, Ouy) — Z(x, u,,)")> )
u, 0e®
(6.46)
=62, (P07 1) 2)geo)

for k =2, and also for x = 1 when either 1 < 8 < % or f > % and yt+y~ =0
identically, that is, under the conditions of Theorem 5.
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We choose a number ¢ > 1, and observe that C(u O = 6(2,u, ¢)r and
C'(u, O =C(1,u, £)%., where

(C (i, Cu)t — C (i, u)k)?

Cle,u, o) =Ck, ) — = = C )
Ge,u, O = Cle,u)r C (i, £2u) —2C (i, Lu)p + Clic, u)y

By the definition of A(u)", we have A(¢u)} = g“ﬂ_ZA(u)?. Hence, with n =
P2 — 1, we get
(ﬂA(Mn)’% + ”%\/ Anq)n)2

2 A@un)t + u2/A, @),
(6.47) where ®,, = u—z(i(x, cu)t — Z (i, u)h),

n

C(k,ttn, O) = Cr 4+ Aln)b + VA Z (i, up)t —

CI>;1:—( (k, ¢ u) — 27k, §u)T+Z(/< u)7p).

Now, (6.46) applied with ® = {1, ¢, £2} yields
6.48)  (Z(k,up)h, B, @) 53 (1227, k32 (¢ = ) Zr, 32 (2 = 1)*Z1).

Recall also that A(u)} = uﬂ_zA,ll_ﬁ/zAt, where A; = 2[5 as ds. We then single
out two cases:
First, on the set {A7 = 0}, we have

2

| PN " , @1
\/A_n(C(K’ u}’hg)T - ) Z(K un)T+Mn q)/
and (6.48) shows that the ratio ®2/®/, converges in law to k*/?Z 7 (F-condition-
ally Gaussian with positive variance, hence nonvanishing almost surely). Since
un — 0, another application of (6.48) readily yields that, in restriction to the

set {A7 = 0}, the variables \/—(C(K Uy, )y — Cr) converge stably in law to

K127
Second, we look at what happens on the set {A7 > 0}, on which we have by a
simple calculation:

(6(K7 Up, ;)’72’ - CT)

5-
=

u2(®, — 2P A7 +uy P ALV 02
2AT+un ﬁA(/S 1)/2q)/

Then (6.48) again yields that, in restriction to the set {A7 > 0}, the variables
\/%(C(K, Uy, $)r — Cr) converge stably in law to k27,

So, indeed \/%(é(ic, up, $)p — Cr) £ «'2Z7 on Q, which completes the
proof of Theorem 5.
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