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ON THE RANGE OF A RANDOM WALK IN A TORUS AND
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Let a simple random walk run inside a torus of dimension three or higher
for a number of steps which is a constant proportion of the volume. We ex-
amine geometric properties of the range, the random subgraph induced by the
set of vertices visited by the walk. Distance and mixing bounds for the typical
range are proven that are a k-iterated log factor from those on the full torus
for arbitrary k. The proof uses hierarchical renormalization and techniques
that can possibly be applied to other random processes in the Euclidean lat-
tice. We use the same technique to bound the heat kernel of a random walk
on random interlacements.

1. Introduction. Consider a discrete torus of side length N in dimension
d > 3. Let a simple random walk run in the torus until it fills a constant proportion
of the torus and examine the range, the random subgraph induced by the set of
vertices visited by the walk. How well does this range capture the geometry of the
torus? Viewing the range as a random perturbation of the torus, we can draw hope
that at least some geometric properties of the torus are retained, by considering
results on a more elementary random perturbation, Bernoulli percolation.

It is now known that various properties of the Euclidean lattice “survive”
Bernoulli percolation with density p > p. (Z%). In [1], Antal and Pisztora proved
that there is a finite C(p, d) such that the graph distance between any two vertices
in the infinite cluster is more than C times their /> distance, with probability expo-
nentially low in this distance. Isoperimetric bounds for the largest connected clus-
ter in a fixed box of side n were given by Benjamini and Mossel for p sufficiently
close to 1 in [2], and by Mathieu and Remy for p > p. in [12]. A consequence is
that the mixing time for a random walk on this cluster has the same order bound,
6(n?), as on the full box. In [14], Pete extends this result to more general graphs.

Returning to our process, in Figure 1 simulation pictures are shown that give
heuristical support to the view that although the range for d > 3 has long range
dependence, it bears some similarities to i.i.d. site percolation. Indeed, one can
see that the middle picture, a 2d slice of the range of a walk that filled 30% of
a 3d torus, is “in between,” dependence-wise, the i.i.d. picture on the right and
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F1G. 1. From left to right, the range in 2 dimensions, a slice in 3 dimensions and Bernoulli perco-
lation, all of density 0.3.

the highly dependent picture on the left where the effect of two-dimensional re-
currence is evident. Thus, one might expect analogous geometric behavior of the
range for d > 3 and i.i.d. percolation. This partially turns out to be the case.

In [3], the complement of the range, called the vacant set, is investigated by
Benjamini and Sznitman. For positive u, it is shown uN? is indeed the proper
timescale to generate percolative behavior of the vacant set. Starting at the uniform
distribution, it is easily shown that for some c(u, d) > 0, the probability a given
vertex in the torus is visited by the walk is between ¢ and 1 — ¢, independently
of N. A more difficult result is that for small u, the vacant set typically contains
a connected component that is larger than some constant proportion of the torus.
Indeed, simulations support the existence of a phase transition in u of the vacant set
geometry, where below some critical u. > 0, a unique giant component appears,
and above it all clusters are microscopic.

The range, unlike the vacant set, does not display an obvious phase transition
in u. It is connected for all positive u, and fills a ¢’(u, d) > 0 proportion of the
torus with high probability. Despite the analogy to percolation being flawed in
this respect, the range does display some percolative behavior due to the Markov
property and uniform transience of a random walk in d > 2. Roughly, condition-
ing on the vertices by which the walk enters and exits a small box makes the
path in between them independent from the walk outside this box. Using this
idea and facts from percolation theory gathered in Section 4, we prove the range
does capture the distance and isoperimetric bounds of the torus, though our meth-
ods require an iterated logarithmic correction to the bounds of the full torus. In
Section 6, it is shown that for arbitrarily small # > 0, the range asymptotically
dominates a recursive structure, defined in Section 2, which can roughly be de-
scribed as a finite-level supercritical fractal percolation. From this structure, we
extract distance bounds (Appendix B) and mixing bounds (Section 3) that are a
log(") (N) =log(log(--- (log(N)---k---))) factor from those on the torus.

Let us expand a bit on the heuristics presented in the previous paragraph. Since
the holes in the range are larger than those in i.i.d. percolation (see the last com-
ment in [3]), one can never hope to dominate it. Instead, we formulate a notion of
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density of a box of side n, which essentially means that it is crossed top to bottom
(traversed) by the random walk an order of n¢~2 times. A union bound then gives
that w.h.p. all log4 N-sided “first-level” boxes in the torus possess this property.
Next, given this condition, for each fixed first-level box, all internal “second-level”
boxes of side ¢ log*(log N) are dense w.h.p., and independently from other disjoint
first-level boxes. The probability for the denseness of the second-level boxes is not
high enough for a union bound on all of them, however, it is enough such that first-
level boxes whose second-level boxes are all dense dominate p-percolation for
arbitrarily high p < 1. This is the basis of the hierarchical renormalization used
below to prove the same fact for “k-level” boxes with arbitrary k. A drawback
of this method is that the density of boxes becomes diluted by a constant factor
from level to level, preventing us from continuing this rescaling to reach boxes of
a bounded size. This dilution is the main source of the log(k)(N ) correction. We
believe this correction is an artifact of the method and that the true bounds should
be the same as those on the torus.

A central technical concept introduced in the paper is the recursively defined
k-goodness of a box, which is roughly that the (k — 1)-good smaller scale boxes
inside satisfy some typical supercritical Percolation properties. The main demand
from 0-good boxes is that the range is connected in their interior. This provides
a useful way to analyze the range but perhaps a better formulated notion will
get sharper bounds. A second technique worth mentioning is the propagation
of isoperimetric bounds through multiple scales in Lemma 3.3. This has been
done for one level in [12], but it is not clear how to extend the method there
to more than one level. Last, getting rid of dependence on time in the random
walk when moving to smaller scale boxes is not trivial. To do this, we prove
the domination of the k-good recursive structure mentioned above simultane-
ously for all {Rn(#)},~,n¢, where Ry (¢) is the range of the walk up to time ¢.
This is facilitated by results on conditioned random walks from Section 5, in
particular by Lemma 5.11. The lemma shows that given any fixed “boundary-
connected-path” f(¢) in a dense box (see definition above Lemma 5.3), the ran-
dom walk traversals will merge it w.h.p. into a single connected component, for all
t>0.

Using the results proved for the random walk on the torus, we prove a bound
on the Heat kernal of random walk on Random Interlacements. In Appendix C,
we write a short introduction on Random Interlacements where one can find the
notation used in Section 7.

It should be mentioned that while all sections ahead require the terminology
introduced in Section 2, all remaining sections apart from Section 6 may be read
quite independently from one another. Section 6 also relies on random walk defi-
nitions from Section 5. For reading convenience, one can find an index of symbols
in Appendix D.



RANGE OF A RANDOM WALK IN A TORUS 1593

2. Result and notation. Let 7(N,d) be the discrete d-dimensional torus
with side length N, for d > 3. Fixing d, 7 (V, E) is a graph with

VIN)={xezZ!:0<x; <N,1<i<d)
and
EN)={{x,y} C V(T(N)):Tixy(x —y) € {*ey, ..., +es}},

where Ty :Z4 — V(N) for x € Z4 is TIy(x) = (xymod N, ..., x;mod N) and
{ei}f: | is the standard basis of Vil

Note that if S(-) is a simple random walk (SRW) in Z4, Sn() =TIy o S(°)
is a SRW in T (N). Let R(t1, 1) = {S(s):t; <s < tr} and call R(t) = R(0,1)
the range (until time ¢) of the walk. We consider Ry (), the random connected
subgraph of 7 induced by Iy o R(t), where we include only edges traversed by
the random walk. Throughout the paper, when no ambiguity is present, we identify
a graph with its vertices.

Let Px[-] be the law that makes S(-) an independent SRW starting at x € Vi
Below are the main three results of the paper.

THEOREM 2.1. Set u > 0 and for a graph G, let dg(-, -) denote graph dis-
tance. Then for any k,

d ,
[max { Ry () (X, Y)

lim Py :
r>uNe | d7(n)(X,Y)

N—o0

%,y € Ry (1), dyvy (%, y) > (log N)Sd}

> log® N]
=0,

where 10g® N is log(-) iterated k-times of N.

Since this paper was uploaded to the arXiv on 2010, the distance bounds where
improved in [5] by Cerny and Popov. They managed to get a tight result without
the log correction. Due to the improvement, the proof of Theorem 2.1 is postponed
to Appendix B. Note that since distance bounds require finding one good path and
isoperimetric bounds require a uniform bound on all subsets, the rest of the results
in this paper do not follow the techniques of [5].

THEOREM 2.2. Setu > 0 and let T©(G) be the (e.g., uniform) mixing time of a
simple random walk on a graph G. Then for any k,

lim Po[ max M >
N2

N—oo t>uN4

log(k) N] =0.
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The two theorems are a direct consequence of Theorem 6.1 and Theorems B.1,
3.1, respectively.

Using the same techniques for proving Theorem 2.1 and Theorem 2.2, we can
show the next result for a random walk on the range of random interlacements (see
Appendix C for notation).

THEOREM 2.3. Let u > 0 and k € N. Then there exists a constant C(u, k)
such that for Py almost every I", and for all n large enough

C -log® (n)

P4[0,n] <
0l0.n] = /2

This theorem quantifies the result of Rath and Sapozhnikov in [16]. Rath and
Sapozhnikov proved the graph of random interlacements is transient a.s.

The main purpose of the remainder of the section is to define a k-good configu-
ration, and to establish notation used throughout the paper.

2.1. Graph notation. Given a graph G, we identify a subset of vertices V
with its induced subgraph in G. We denote G \ V, the complement of V relative
to G, by V§. Writing dg (-, -) for the graph distance in G, we let dg(v,V) =
inf{dg (v, x) : x € V}. For the outer and inner boundary, we respectively write

dIc(V)={veG:ds(v,V)=1},
(VY =06(VE)={veG:d(v,VE) =1).

We often omit G from the notation when the ambient graph is clear. We say V
is connected in G if any two vertices in V have a path in G connecting them.
Vi, Vo C G are connected in G if Vi U V; is connected in G. Given V C G, we
call a set that is connected in V and is maximal to inclusion a component of V.

As noted above, we identify graphs and their vertices. Thus, Z¢ denotes the d-
dimensional integers as well as the graph on these vertices in which two vertices
are connected if they differ by a unit vector.

Last,if VCcZ9 zeZ% hen V +z={x+z:x€ V}.

2.2. Box notation. ForxeZ% n >0, let
B(x,n) = {y e74:vi,1<i<d, —n/2<x(i)—y@i) < n/2}.

We write B(n) if x is the origin, and when length and center are unambiguous we
often just write B. Occasionally, we use lowercase b for a smaller instance of a
box. We denote the side length of a box by || B||, that is,

|B] =1B]"".

Let sp{B(x,n)} = {B(x + >_;ejkin,n):(ki,...,kg) € 74} where e, ..., e  are
the unit vectors in Z4, that is, all the nonintersecting translations of B in 74. We
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attach a graph structure to sp{B(x, n)} by defining the neighbors of a box B(x, n)
as B(x*e;n,n), 1 <i <d. Henceforth, any graph operators on a subset of some
sp{B} refer to this graph structure. Observe that sp{B(x, n)} is isomorphic as a
graph to Z¢. We fix an isomorphism A :sp{B} — 74, A(B(x + > ;eikin,n)) =
X+ Y ; eik;. Using A, we extend the definitions of a box to boxes as well. Thus,
for a box b = b(n) and an integer m > 0, BA(b, m) is a set of m? boxes. We use
a big union symbol to denote internal union, that is, [ JA ={x € A: A € A}. So in
the preceding example, we have | Ba (b, m) = B(mn).

To ease the reading, we often refer to boxes that are neighbors under the above
relationship as A-neighbors, a connected set of boxes as A-connected, and a com-
ponent under A-neighbor relationship a A-component.

DEFINITION 2.4. Given a box B(x,n), and a > 0, we write B for B(x, an).
Let

s(n) = [logn]*.

We write s (n) to denote s(-) iterated i times.

DEFINITION 2.5. Let
o (B(x,n)) =sp{b(x, s(n))} N {b(y,s(n)):y € B(x,5n +3[logn1°)}

be the subboxes of B(x,n). Note that B> C (Jo(B). o(B) is a collection of sub-
boxes of side length s(n) covering B; see Figure 2 for visualization.

We write 24 for the power set of a set A, that is, the collection of subsets of A.
We refer to finite subsets of Z¢ as configurations.

2.3. Percolating configurations. Let c,, cp be fixed positive constants depen-
dent only on dimension (c4, ¢p are determined in Lemma 4.8 and Corollary 4.6,
resp.). w € 28 is a percolating configuration, denoted by w € P(n), if there ex-
ists a subset which we call a good cluster C = C(w) C w, connected in w (not
necessarily maximal) for which the following properties hold:

b7
L [logn]*

(Bl

B?

FI1G. 2. 0-good configuration.
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1. |IC| > (1 —10~%)|B(n)|.

2. The largest component in B(n) \ C is of size less than (logn)?.

3. Forany v,we CN B(n —c,logn) we have de (v, w) < cq,(dp(v, w) Vlogn).
Moreover, a configuration w € P(n) admits an isoperimetry property:

4. Let T C B(n) satisfy n'/3? < |T| <n?/2, and assume both T and B(n) \ T
are connected in B(n). Then |[0pT Nw|, [05T Nw| > cp|T|@-D/d,

The following claim is easy to check.

CLAIM 2.1.  P(n) is a monotone set, that is, if w € P(n) and v C ' C B(n)
then ™ € P(n).

2.4. k-good configurations. Let cj, be a fixed positive constant dependent only
on dimension (cj is determined in Theorem 5.12 below). For n € N, p > 0, and
setting B = B(n), a configuration @ C B’ belongs to g{; (n) if and only if the
following properties hold:

1. Foreach b € 6(B), |wNb| > (pcy A 3)1b].
2. For each b € 0(B), w N b° is connected in w N b”.

REMARK 2.6. If ® € G (n), then for all n > (pcp)~1/: (i) o intersects all
b € o (B) (property 1), and (ii) for any two A-neighbors by, by € o (B), since by C
bf, o N by and w N by are connected in w N bz (property 2). In particular, w N B>
is connected in w N B”. See Figure 2 for a graphical explanation.

Let A be a fixed positive constant dependent only on dimension (A is deter-
mined in Theorem 5.8). For k£ > 0, g,f (n) is defined recursively. Given w C Z4,
i € Nand a box b(x,m), we say b is (w, i, p)-good if (v N by —xe g;’(m). Let

S={beo(B):bis (w,k—1, pA)-good},
and let o = | A(o(B))|| = |o(B)|/. Then w € G{ (n) if w € G (n) and A(S) €
‘P(op). See Figure 3 for a graphical explanation.
2.5. k-good torus. LetT =T (N)andfix w CT.Letk >0, p > 0. We define
(w, k, p)-goodness of a torus. Let n = [N /107. We call
T =sp{B(n)} N{B(y,n):y € B(N)}

the rop-level boxes for 7. Then T is a (w, k, p)-good torus if all boxes in T are
(l'[;,la), k, p)-good.
Remark 2.6 therefore implies the following.

REMARK 2.7. If T(N) is a (w, k, p)-good torus, then w is connected for all
N > C(p).
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Mlogn]*

B7

FiG. 3. k-good configuration. All the grey subboxes are k — 1-good, that is, w N b €
g,fj‘l ([log n1*). The configuration on the right is in P(op).

2.6. Constants. All constants are dependent on dimension by default and in-
dependent of any other parameter not appearing in their definition. Constants
like ¢, C may change their value from use to use. Numbered constants (e.g., c1, C2)
retain their value in a proof but no more than that, and constants tagged by a letter
(cq, cp) represent the same value throughout the paper.

3. Mixing bound. Given a finite connected graph G, let X (¢) be a lazy ran-
dom walk on G. That is, denoting the walk’s transition matrix by p(-, -), for any
v € G of degree m, p(v,v) =1/2 and p(v, w) = 1/2m for any neighbor w € d{v}.
We write 7(G) for the mixing time of X (#) on G, that is,

7(G) =min{n : ‘p"(x, ») —70) < l Vx,ye V(G)},

7(y) 4
where 7 is the stationary measure of the random walk on G. See [13] a thorough
introduction on mixing times.

THEOREM 3.1. Letwg CT(N), p >0,k > 1. There is a C(k, p) such that if
T(N) is a (wg, k, p)-good torus then

T(wp) < CN? log(k_l) N,

where log"™ N is log(-) iterated m times of N.

We begin by stating and proving propositions required for Corollary 3.4, then
using the corollary we prove Theorem 3.1.

Recall the definition of g[’ (n) from Section 2.4. Let ¢, = (pcp A %) /3. We
assume 7 is large enough such that le (n) is nonempty, and that for any w € le (n),
w N B>(n) is connected in w and satisfies |w N B> (n)| > 3cpnd (see property 1 of
g{; in Section 2.4 and Remark 2.6). In particular, there exists a set S C w, |S N
B ()| Al(@\ )N B (n)] = c,on.

Since w N B3 (n) is connected in w, we have the following.
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PROPOSITION 3.2. Foranyl > 0 and all large n,and S C w € le (n)

[0pS| > 1.

Next, we bound |d.S| more accurately. The next theorem is one of the main re-
sults and techniques introduced in this paper. The theorem proves an almost tight
isoperimetric inequality (up to an iterated log). The main idea of the proof is in-
duction on the number of iterations (which provide the iterated log) and analyzing
the geometry of renormalized subsets, that is, use the geometrical properties of the
percolation configuration of good subboxes.

THEOREM 3.3. Let! >0, p>0,w e G/ and S C w such that |S N B> (n)| A
[(w\ S)N Bs(n)| =r > n'/3. There exists a constant ¢, (1, p) > 0, such that

(1) 10,8 > c1(1, p)r @D/ (5D ()=,

PROOF. The proof is by induction on [. For [ = 0, since s@(n) = n,
|Bs(n)|(d_1)/ds(0)(n)l_d is less than some C; for any r < |BS(n)|. Thus, the
base case of [ = 0 is given in Proposition 3.2 and the connectedness of w with
c1(0) = Cl_l. Now fix [ > 0, p > 0 and assume (1) is true for / — 1 with constant
c1(l =1, pA) > 0, for all large n and n'/3 < r < |B(n)|.

Our default ambient graph for S is w. Thus, for S C w, S =w\ S and 9.5 = 9,,S.
Note that as | S| > r, if [3S] > |S|“~1/? we are done. W.1.0.g. assume |S¢ N B7| >
|S N B?| since 3, S| ~ |9,S].

Let B=B(n)andletm =s(n). ForO<a < 1, let

F=F(w,S,a)={beo(B):|bNS|>albNwl|},

be the «-filled subboxes. By the pigeon hole principle, there are «(p) < 1, c2(p) >
0, such that

2 [F| < (1 —c2)|o(B)].

Let T=T(w,S) ={beo(B):bN S # I}, then |T| > |S|m~. The proof is
separated into cases depending on the size of F. We begin with the case that |F| is
small.

If [F| < 3|S|m~“ then by the trivial lower bound on T, |T \ F| > J|S|m~.
For any box b € T \ F, we have x,y € b such that x € S,y € S§¢. Since x,y are
connected in w N b’ (property 2 of g{; ), 3S N b7 # @. For any box b € o (B), there
are at most 50d boxes b’ € o (B) such that b’ N b7 # ¢. Since |S| > n'/3 and m¢
is o(n'/*) we have for all large n,

1 1
9S|> — T\ F|> —[S|m—4 > |§|1-3/@d) o | g|@d=D/d
| |_50d| \ l_IOOdl lm=" > |S] > |S]

and are done with this case.
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Our default ambient graph for sets of subboxes is o (B) with the box (A)
neighbor relationship (see Section 2.2). Thus, for A C 0(B), A =0 (B) \ A,
0A = 05(3)A, 0"MA = 8(‘7“( B)A. We introduce edge boundary notation

0°(Q) = {{b,b'}:b~1',beQ,b €Q°}.

In the case that remains, |F| > %|S|m_d. Note that any box b € 9F satisfies |b° N

S| A B> N S| > ¢'(p)m?. Hence, if we knew that F was a single A-connected
component with a connected complement, we could lower bound |0F| and use the
fact that JF is a typical set (Percolation property 4) to get that a constant proportion
of OF are (w,l — 1, pA)-good boxes. Together with our induction hypothesis, this
would complete the proof.

1y 1-d
0S| > [3S NIF mbeg}fl(m) {b}| > c|aF|m? l(sl 1(m))

(3) > C|F|(d—1)/dmd—] (Sl(l’l))l_d > §|S|(d—1)/dml—dmd—l (Sl—] (m))l_d
- §|S|(d_1)/d(sl_1(m))l_d.
F is not in general so nice. However, being of size greater than %|S lm~¢ implies

there is a ¢3(p) > 0 and a set K = K(F) ¢ 2°®) with the following properties for
all large n, allowing us to make a similar isoperimetric statement:

4) > (f1 A JF]) = e31SIm™,
feK
(3) vfeK, of C F¢, d"f CF,
(6) vE, £ e K, f14£f = fiNHh=0,
(7 vf e K, f, £ are A-connected,
(8) n'S < |f A | < |o(B)|/2.

First, we show how the proof follows from the existence of K. Let G =
G(w, 1, p) be the set of (w,! — 1, pA)-good subboxes in o (B). By (7), (8) and
Percolation property 4 (see Section 2.3), for all large enough #n, for any f € K,
10f NG| > cp(If] A FNE@=D/ Let K = (3f:f € K}. By (6), for any b € o(B),
l{f e K?:b e f}| <2d. Thus,

UK NG| = 1 > (Il A JE) 4V
2d feK

By subadditivity of x# where B < 1 and (4) this gives

5 d-1/d |S|(d71)/d
©) UK ng| zc[2(|f|A|ff|)} A

>c
feK

md—1
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Let A ¢ [JK? NG, be a subset of size |A| > ¢||JK? N G|, satisfying that for
any distinct by, by € A, b] Nbj = @, for example, A = (UK? NG)NA~1(20-Z9).
By (5), for any b € A, b € F€ but has a A-neighbor b’ € F, implying |S N 53| A
1S¢ N B3| > c(@, p)m? = ém?. Since A C G, using our induction assumption and
that | S| > r,

d-1)/d
19S] > ‘as n UF‘ D asnaS /med—‘ (s"(m))' ¢
(10)
=¢8] @=1/d (5 () =4

and we are done.

We return to proving the existence of K.

Recall, a A-component of a set Q C o(B) is a maximal connected compo-
nent in Q according to the box neighbor relationship (see Section 2.2). Let F
be the set of A-components of F. Since F # o (B), for any f € F, there exists
b e f with a A-neighbor b’ € f°, such that b’ C b°. As before, by property 2
of G§ (see Section 2.4), b’ N 3S # @. Letting F? = (b € F:b" N 3S # 2}, we
then have |F?| > |F|. Since we can extract a subset A C F? where |A| > c|F?|,
and for any distinct by, by € A, bz N bz = ¢, we only need deal with the case
IF| < S|}~/ Let H be the set of A-components of F¢. In the same way, we
may assume |H| < |S|'~1/@) By (2), |F¢| > c2|o (B)| > 2¢3|S|m ™. We also as-
sumed |F| > %|S|m_d, sow.l.o.g. c3 < 1/4 and

(In |F],

Let F = {f e F:lfl > c3|S1V®m™?) and let H = {h € H:|h| >
¢3SV 2D m=4) . We assumed |F|, [H| < |S|'~1/D and thus U(F \ F), U \
H) < c3|S|m™¢. So, from (11), we get

(12) H| > c3|S|/m™

Let
= [fC o(B):fisa A-component of h®, h € HL, [f| A [£] > ¢c3]8|//CDm=),

Let U:K — H where for f € K, U(f) is the unique element in H for which f
is a A-component of U(f). For each f € K, of C U(f) C F and because U (f)
is a component of F¢, 3""f C F, giving us (5). Let h € H. For any f e F, f C h¢
and thus f is contained in some A-component of h® which we denote f. Since
hcf and fC fwe get fe K and in particular, fe U~!(h). Thus, for any h € ]ﬁl,
U Fc U U~ (h). In Figure 4, we give an example of some F and the resulting K.

We regroup terms in the sum and use the fact that for any h € H, f € U~ (h),
we have h C f° to get:

DAAIED=3 >0 (D=3 > (fih).

feK heH teU~1(h) hel feU~!(h)




RANGE OF A RANDOM WALK IN A TORUS 1601

b- n

FIG. 4. Example of F and resulting K = {f{, 15, f3, f4}. |:F lﬁ; g :ﬂ where the sets are in black

andh; =U(f;) =U(f), hy =U3) = U {y).

If there exists h* € H such that for any f € U~!(h*), |h*| > |f|, we have

SalE)= Y m=|Ju )| = |UF.

fekK feU~1(h*)

If none such exists, then

So(f A ) = 3 i = U]

feK heH

Thus, from (12), we get (4). Next, for f; € K, any edge {b, b} € 0°f; satisfies
w.Lo.g. be U(f)) and b € fy. Thus, if f> € K shares the edge {b, b} with f;, then
U(f)) = U(f,) and since b € f; N f, and both are A-components of U (f])¢, we
have f; = f5, giving us (6). To get (7), let h € H, and let h* =f; U - - - U f,, where
f; are the A-components of h®. Then Vi, of; C h, and since h is connected, f;, f;
are connected in f; Uf; Uh for any i, j. This implies f{f =hUf; U..- Uf, \ f; is
A-connected for any i. Last, since |f| A [f] > 63|S|1/(2d)m_d and m? is o(n1/299)
we get (8). [

In the below corollary, we transfer the isoperimetric bounds on ¢ from the set-
ting of a box to a torus. The main idea of the proof is to show that given any large
set S in a (w, k, p)-good torus, there are two neighboring top-level boxes which
have a large intersection with S and w \ S.

COROLLARY 3.4. Letw CT(N).If T(N) is a (w, k, p)-good torus then for
all large enough N, andr > N

308 1
é(r) =in f{' 5 ': a),Nl/3§|S|§r/\<1—@>|w|}

o—1/d

~ POy

PROOF. Leto™ = H;l (w) N B3(N). Recall from Section 2.5 that all top-level
boxes for T(N) are (o™, k, p)-good, so by property 1 of gg , for any top-level box
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B, there is a ¢{(p) > 0 such that
(13) IBNw™|>c N9,

Fix r > N. By construction, %|a)+| = |w| > |B Nw™| for any top-level box B.
We assume that N is large enough so that c; NY~! > 44, and |[BNw*| > 4dN.
In particular, this implies that the infimum is not on an empty set. Let S satisfy
the conditions to be a candidate for the infimum in qg(r) and extend it to ST =
1'[;,1 ()N B3(N). Let 7 = |S| Al \ S|. Again by (13), for each top-level box B,
IBNST|VIBN(wT\ST)| > %clNd > ¢oF. On the other hand, since there are 10¢
top-level boxes whose union covers B(/V), by the pigeonhole principle, there must
be some box B for which |[B N S| > 107¢|S| and likewise a box B’ for which
|IB' N (wt\ ST = 107¢|(w \ S)|. Let c3 = c» A 107¢. Since the top-level boxes
are A-connected, there are two A-neighboring top-level boxes Bj, B, such that
|BINSt|, [BaN (@ \ ST)| > c37. This implies | B} NST|A|B N (0t \ST)| > e37.
By construction, |8Bl70w+S+| < 19,S|. Since By is (w™, k, p)-good, we can use
Theorem 3.3 to lower bound |833%+ St by cr@=D/d (&) (N 1= for all large N.
Note that as || > 4dN, implying |w \ S| > N, we have 7 > N. Since |w \ S| >
ﬁ lw| > ﬁ |S|, we can bound |S|, the denominator in the infimum, from above by

4dF, giving us % > cr~Vd(s® (N))1=4_ Since 7 < r we are done. [

We now proceed to prove the main theorem of this section.

PROOF OF THEOREM 3.1. The following proof makes assumptions which are
valid for all but a finite number of N, and those are resolved by the large constant
above. Note that w is viewed as a subgraph of 7 (N) as far as connectivity is
concerned. We present an upper bound to the mixing time t of X (¢) using average
conductance, a method developed in [11] and refined in subsequent papers.

We follow notation of [13]. Let m(-) be the stationary distribution of X (¢)
and for X,y € wg let Q(x,y) = n(x)p(X,y). For S,A C wy let Q(S,A) =
Yses.aca O(,a). Let dg = 2559 and let & (u) = inf{ds:0 < 7(S) <u A L.

7(S)
Let 7y = minyeg, 7 (X).
By [13],
1 16 44y
14 = ,— ) =1 / —5 -
(14) T r(a)o 4>_ + e, 002 ()

Recall the notation from Section 2.1. In this proof, our ambient graph is wg and
thus S =awp \ S and 9§ = 9,,,S. To simplify notation in the proof, we restate (14)
in terms of internal volume and boundary size.

For S C wo, if w(S) < u, then we have by definition u > ) ,.¢deg(v) x
[> vewo deg(v)]~!. Using the bound on degree and connectedness of wg, we get
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|S| < 2ud|wgl|. In the same way, 2q 150 5 (S > 1 — u which gives |S| <

|wol
a-— ﬁ(l — u))|wol, and thus for u < %,
1
as) 151 = 2udloo] A (1= 4 lonl
Let ¢s = %3], Since wy is a bounded degree graph and x ~y <= & <

px,y) < %, for some C(d) and all § C wg we have ¢g < CDg. Let ¢p(r) =
inflgs:0 < |S|<rA(l— ﬁ)la)(ﬂ}. Then by (15) the infimum in ¢ Qud|wy|) is
on a larger set than the infimum in ® («) giving us ¢ 2ud|wg|) < C P (u). Thus, by
the change of variables r = 2ud|wyp| in (14), we get

32dNY gy
! ré=(r)
We continue by showing that for our purposes, a rough estimate of ¢g for suffi-
ciently small sets S is enough. Let

by =intlos: N <151 <7 A (1= 4 il .
where the infimum of an empty set is co. Since wq is connected (see Remark 2.7),
¢(r) > 1/r for any 1 <r < |wg|. For large N, by property 1 of gg (see Sec-
tion 2.4), N < (1 — 75)|wo|. Thus,

¢ (r) =inflgs:|S| <r AN} Ad(r)
> [r_1 v N_1/3] A G(r).
By Corollary 3.4 below, ¢(r) > c(k, p)(s®© (N))!=4r~1/4 Integrating (16) with
the above lower bound for ¢ (r), we thus get

32N dr 2N gy
o Y
R s T S ré2(r)

<o(N?) + C(s® ) 2N? = o((log* D N))N?

as required. [J

4. High density percolation percolates. This section presents results used in
the renormalization arguments of Section 6. See Section 2.3 for the properties of
percolating configuration. Note that many of the lemmas in this section deal with
i.i.d. Bernoulli percolation.

LEMMA 4.1. Forn € N, let {Y(2)}epn) be i.i.d. {0, 1} rv.s, and write S(n) =
{z € B(n):Y(z) = 1} for the random support of Y. Then there are dimensional
dependent constants, C > 0 and pp < 1, such that if Pr[Y (0) = 1] = pp,
C(logn)?—!

Pr[S(n) e P(n)]>1— v
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PROOF. Lemmas 4.3, 4.7, 4.8 and Corollary 4.6 prove Percolation proper-
ties 14, respectively. [

The next lemma assures a percolation configuration given a finite range depen-
dance requirement.

COROLLARY 4.2. Forn €N, let {Y(z)}zepn) be {0, 1} rv.s, not necessarily
i.id.,and write S(n) = {z € B(n): Y (z) = 1} for the random support of Y . Assume
the r.v.’s have the property that for any x € B(n) and any A C B(n) \ b(x, 20),

Pr[Y (x) = 1|S N B(n) \ b(x,20) = A] > pa.

where pg < 1 is a fixed constant dependent only on pp (from Lemma 4.1) and
dimension.
Then for all p < 1, there is a C(p) < oo such that for alln > C,

Pr[S(n) € P(n)] > p.

PROOF. The domination of product measures result of Liggett, Schonmann
and Stacey [10], implies there is a pg < 1 for which S(n) stochastically dominates
an i.i.d. product field with density p, on B(n). Lemma 4.1 tells us that the prob-
ability such an i.i.d. field belongs to P(n) approaches one as n tends to infinity.
Since Percolation properties are monotone (Claim 2.1), we are done. [J

Write P),[-] for the law that makes {Y (z)},c7q 1.i.d. {0, 1} r.v.’s where Y (z) = 1
w.p. p. Let B = B(n) and write § = Y~1(1) N B for the random set of open sites
in B. Denote by C the largest connected component in S.

We write a consequence of Theorem 1.1 of [6]. One can find the proof in the
appendix of [15].

LEMMA 4.3. There is a po(d) < 1 such that for every p > po, there exists a
¢ > 0 such that
P,[IC| < (1 —107%)|B(n)|] < ce™".
DEFINITION 4.4. Let B* be the graph of B(n) where we add edges between

any two vertices in B of [/, distance one. We call a set A in B *-connected, if it is
connected in B*.

LEMMA 4.5. Thereis a By, B2, ca(d) > 0, B3, p1(d) < 1 and C(d) < 0o such
that for any p > p

(17)  P,[3A, x-connected, |A| > Clogn,|ANS| < cq|Al] < Bre— P’
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PROOF. Fix a vertex v € B and let A be *-connected such that v € A and
|A| = k. The number of such components is bounded by (3¢ — 1) < ek To see
this, fix a spanning tree for each such set and explore the tree starting at v using a
depth first search. Each edge is crossed at most twice and at each step the number
of directions is bounded by the degree. Using Cramér’s theorem for i.i.d. (large
deviations), for large enough p;(d) < 1 and small enough p;(d) > c4(d) > O,
P,[|ANS]| < cqlAll < exp(—2¢|Al). To bound the probability of the event in (17),
we union bound over %-connected components larger than 1!/ that contain a fixed
vertex in B to get

I’ld Z ecke—ch’

k>nl/3

which is smaller than 1e_'32"ﬁ3 for appropriate constants. [

COROLLARY 4.6. There is a cp > 0, Cp < 00 such that for all p > p1(d),

with probability greater than 1 — ,316_52”/33 , any connected set A C B such that
B\ A is also connected and Cy, logd/(d_l) n<|Al <n?)2.

10pANS|, [0BANS| > cplA| @D/,

PROOF. By Lemma 2.1(ii) in [6], 03 A, 03 A are x-connected. By well-known
isoperimetric inequalities for the grid; see, for example, Proposition 2.2 in [6],
there is a ¢; > 0 such that for |A| < n?/2, |3 Al, |05A] > ¢/|A|“~D/4. For ap-
propriate Cp, ¢;|A|“~D/4 > C,logn, and thus Lemma 4.5 gives the result with
cp=cjeq. O

LEMMA 4.7. Let K denote the largest connected component in B \ C. There
arec >0,y <1 and p>(d) < 1 such that for all p > p»,

P,[IK| > log?n] <e .

PROOF. Choose a component K of B\ C. Since C is connected and C is max-
imal, B \ K is also connected. This easy fact is proved in Theorem 3.3. From
Lemma 4.3, we have for p > pg, k = |K| < |B|/2. It is not true in general that
Y (K) = 0 but since 8gllC separates KC from C, Y (ag‘IC) = 0. Thus, from Corol-

lary 4.6, for p» > p1, w.hp., [K| < Cp logd/(d_l) n. O

LEMMA 4.8. Thereis a c, > 0 such that for p > p1 > pc

d—1
< C(logn) .

P,[3v,weCNB(n —cqlogn), dec(v,w) > cq(dp(v, w) vlogn)] y
n
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PROOF. Recall Y (z) are defined for all z € Z?. Let Co, be the infinite compo-
nent of ¥ ~!(1). We start by showing that w.h.p., C, the largest clusterin Y "' (1)N B
is contained in Coo. By Lemma 4.3, the diameter of C is of order n w.h.p. If in this
case C ;(_ Coo, then C is a finite cluster in ¥ ~!(1) of diameter 7. In the supercritical
phase (p > p.), the probability for such a cluster at a fixed vertex decays exponen-
tially in n (see, e.g., 8.4 in [7]). Thus we may union bound over the vertices of B
to get that w.h.p.

(18) C CCoo.

We assume henceforth that this is the case.
Next, by Theorem 1.1 of [1], we have that for some 0 < k, K¢, K < 00, depen-
dent on dimension and p1,

P,[dc. (x,y) > Kom|X,y € Coo, d(X,y) =m] < K exp(—km).

We use this to show that for appropriate K; < oo, the probability of the following
event decays to 0. Let

A={3x,y € BNCx, Kilogn <d(x,y) < Ko_ldcoc(x, .
Using a union bound,
o0
P,[A] < n? Z cm?! exp(—km) < Cnd(logn)d_ln_z‘l.
m=Klogn

Let B~ = B(n —4d KoK logn). We now show that .4 not occurring implies the
event B.

de(X,y)
Kilogn

B={Vx,yeCﬂB_ st. 1 < <4d,dc(x,y)<4dKoK110gn}.

From A not occurring and (18), we get that for any X, y satisfying the condition
in B, dec (X,y) <4dKoKlogn. Since X,y € B™, a path connecting X to y in Co
realizing this distance is too short to reach 8" B, and thus by (18) is contained in C.

Next, for any x,y € B™, there is a sequence of boxes by, ..., b, where x €
b1,y € by, and the following conditions hold. For all i for which it is defined,
Ib; || = [ K1logn], the diameter of b; U b; 4 is less than 4d K logn, d(b;, bi+1) >
Kilogn and for some Ky < oo, m < Kpd(x,y)/logn + 2. The left term in the
bound for m can be achieved for example by placing boxes with order log n spacing
in lines parallel to the coordinate axes. The constant 2 appears for the case where
d(x,y) < K1logn and we use an intermediary box.

Lemma 4.7 tells us that for all large n, w.h.p. every box b with ||b|| > logn
intersects C. Assuming that this and the high probability 53 event occur, we have
that for X,y as in B™, de(x,y) <4d KoK (K2d(x, y) + 2logn), and we are done.

O
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5. Goodness of random walk range.

5.1. Random walk definitions and notation. Given a box B, consider the two
faces of 9B’ for which the first coordinate is constant. We call the one for which
this coordinate is larger the fop face and call the other one the bottom face. Let
Top™ (B), Bot(B) be the projection of B3 on the top and bottom faces, respectively.
Let Top(B) be the neighbors of Top™ (B) inside B’. Thus, Top(B) C dnB7 is a
translation along the first coordinate of Bot(B) C dB’.

Let Px[-] be the law that makes S(-) an independent SRW starting at x € 74,
Foraset A C Z4, let 74 = inf{t > 0:S5(¢) € A} be the first hitting time of A, and
for a single vertex v, we write Ty = t(y}. For a € Top(B), z € Bot(B), we call the
ordered pair n = (a, z) a B-traversal. We write P[-] = Py[-|7557 = T2].

Let H = (91, 12, - .., nx) be an ordered sequence of B-traversals. We call H a
B-itinerary and write Py = P! x - .. x P for the product probability space. For
each n € H, we denote the associated independent conditioned random walk by
Sy (), write Ry (t1,12) = {Sy(s) : 1 < s < o} and simply R,, for R, (0, t557). We
say H is p-dense if |H| > ol B|I42.

For a B(x, n)-itinerary H, we abbreviate notation inside Py[-] by writing Q,f
instead of g,f (n) +x.

For a SRW S(-), we write S(¢1, t2) for the sequence (S(t1), ..., S(%2)).

For Q C H a set (subsequence) of B-traversals, let Rp = UUGQ Ry. When in
use under the law Py, we write R for Ry.

5.2. Independence of a random walk traversing a box. Let Iy(-) = I"[;,1 o
Ty (-) and for b =b([N/101) let Z};(-) = b" NIy (-). Since ||b|| < N, Iy (b") is
an infinite disconnected union of translated copies of b’. Thus, we have that for
any x € Zy (b'), T%; is a graph isomorphism between b’ and By, the component of
x in Zy (b7).

Given S(-), a simple random walk in Z¢, we define the following random set of
triplets.

Tv={(y.y".B):0<y <y™, Babox, B’ is a component of Zy (b'),
Sty =1 edp’,
S(y) € Top(B), R(y,y* — 1) c 7, S(y™) e Bot(B)}.

For any two distinct copies of b’ in Zy (b”) — B, ,3 we have 987 N 8,37 = . Thus,
for any two distinct triplets (v, y T, B), (¥, 7+, B) either y > pT or p > yT. Or-
dering the triplets by increasing first coordinate, we write (y;, yi+, Bi) for the ith
triplet by this order.

Since T may be defined in terms of the finite state Markov process Sy (-),
Px[|Tn| = o0] = 1. Thus, for p > 0, VF;nd—ﬁ is well defined.

DEFINITION 5.1.  Let 7,(b) = y;md,z].
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} T B7
\ BIO

F1G. 5. Traversal and Top, Bot definition.

The next lemma claims the following: Run a SRW up to time #N¢ from a point
x € B'0. There exists a constant p(u) such that with high probability there are at
least p N9~ traversals from Top to Bot. See Figure 5 for graphical representation.

LEMMA 5.2. Forany u > 0, there is a p(u) > 0 such that

Py[7,(D) < uNd] X 1,

uniformly for any x € Z¢.

PROOF. Let n = [N/10] and let b = b(n). By the central limit theorem,
there is a ¢y > O such that Px[t7, ) < N2/2] > c1 uniformly in x. For y =
(V1 ..., va) € Z4, define B(y) to be the event that in N2/2 steps the first coor-
dinate of a d-dimensional random walk hits y; 4 4n and then hits y; — 8n, while
the maximal change in the other coordinates is less than n. By the invariance prin-
ciple, there is a ¢ > 0 such that for all large N, Py[B(y)] > c».

Let 77 =inf{t > iN?:5(t) € Iy (b)}, let A; = {t? < (i + J)N?} and let x; be
the indicators of .A; occurring for S(¢) and B(S (rib)) occurring for § (rib +1). Note
that y; implies thereis a (y, y+, 8) € Ty, iN> <y <yt < (i + 1)N2.

By the Markov property, x; dominates i.i.d. Bernoulli r.v.’s that are 1 w.p. c¢3 > 0
for all large N. Thus, by the law of large numbers, Z}i[;/d ’ xi > c3uN?2/2,

w.h.p. This event implies that 7,(b) <uN 4 for p < c3u/2, which completes the
proof. [

Given a box b, and a set w C b, we call w b-boundary-connected if any x €
wNb’ is connected in w to 37, We call F: 720 — 20" a b-boundary-connected-
pathif F(t) C F(t+ 1) and F(¢) is b-boundary-connected for all # > 0.

We write S for the set of all finite paths in Z¢. That is,

S={s=(vo,....Vn) :Py,[S(0,n) = 5] > 0}.

For s = (vg,...,Vv,) €S, we let s; = v; and write ||s|| for n, the number of edges
traversed by the path s. The next lemma attains stochastic domination between the
range of the random walk and a p-dense b-itinerary.
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LEMMA 5.3. For N > 0, fix a box b=b([N/10]), p > 0 and x € Z¢. Then
for any A C 2% there is a p-dense b-itinerary H = H(A) and a b-boundary-
connected-path F(t) = F (X, t) such that

Py[{Zx o R(1):1 > 1,(b)} CA]=Py[{RUF():1 >0} C Al

PROOF. Letn=[N/10]andlet M = [pn?=%].For 1 <i <M + 1 fix s5; €8.
Let
o= inf{t =T :T(N) = RN(Tp, l‘)}

that is, the first time after 7,,, the random walk (starting at time 7,,) covers the torus.
Since Ry takes values in the finite state space T (N), Px[tg < oo] = 1. With the
convention that y0+ = 0, we partition the probability space of S(-) to events

M
B=DB(s1,....5m+1) = {ﬂ S(yt ) :Si} N S(vy7, t0) = Sm+1
i=1

satisfying Px[B(s1,...,spy+1)] > 0. Fori=1,..., M let a(i) = s; (||si|), ¢ (@) =
si+1(0), that is, the end point of the path s; and the starting point of the
path s;+1. By the Markov property (see Proposition A.1), {S(y;, yf)}f‘i | under
Py[-|B] are independent random vectors with the distribution of S(0, taﬂl?) un-
der Pa(i)['ha/j,? = 17 Let a(i) = Iy (a(i)), z(i) = Zy (¢ (i) and let H be a b-
itinerary, H = (11, ..., nyu) where n; = (a(i), z(i)). Since Zy is an isomorphism
between /31-4' and b, Ty o S(0, ‘L’aﬁly) under Pa(i)['“aﬂl? = T¢(;)] is distributed the
same as S(0, t;,7) under P"[-]. Thus, Uf‘il{Ij(, o R(yi, yl.+)} under Px[-|B] is dis-
tributed like R y under Py[-]. Let

M
F@ =R ) URWa (vag +1) A ).

i=1
Since 7, = y;7, we have R(z, + 1) = F(t) U UM (R, ;")) for all 1 > 0.
Given B, F (t) is uniquely determined. Let F (1) =Zy o F (t). Since Iy, is ei-
ther a local isomorphism to b’ or else gives the empty set, F(¢) is a b-boundary-
connected-path. Thus, for any .A C 20’

Py[{ZN o R(1t):1 > 1,(b)} CAIB] =Pu)[{RU F)(t):t > 0} C A,
which proves the lemma (see Proposition A.2). [J
For a box B and a B-itinerary H, we proceed to define the event Df =

D7 (H, B). Roughly, D7 is the event that all subboxes are crossed a correct or-

der of times by B-traversals. First, given a box B and b € o (B), let us define for a
random walk S(-) the event Jg[b]

Tplbl={3t,t7:0 <t <1t <1yp7:5(t — 1) € 3b’, S(t) € Top(h),
R(t,tT —1)cb’, S(tT) € Bot(h))}.
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Given H a B-itinerary, n € H, and a subbox b € o (B), we write [J,[b] for the
event Jg[b] occurring on the random walk S, (-).

Next, we would like to assign each box b € o(B) a subset H[b] C H with the
property that if two distinct subboxes intersect, they have disjoint H[-] sets. Let us
do this by first fixing a function (-)50:Z¢ — {0, 1,...,50¢ — 1} with the property
that any distinct X,y € 74 with (x)50 = (y)50 are a distance of at least 50 in the [
norm. This can be induced by any bijection from (Z/50Z)¢ to {0, 1, ...,50¢ — 1}.

Recall that A is the isomorphism mapping o (B) into Z¢, and that H =
(71, ..., nk) 1s an ordered sequence. We write

H[b] = {n; € H:i = (Ab)so(mod 50%)}.

Next, for each b € o(B) define the random set of B-traversals ¥y[b] = {n €
H[b]: J,[b]}. Since 2||b7|| < 507||b]|, we get the following desired property.

CLAIM 5.4. For any distinct by, b1 € o(B) satisfying bg N b? + & we have
Vulbol N Yulb1]l=9.

DEFINITION 5.5. Let Dg be the event that for each b € o(B), |Yy[b]| >
P42,

The next lemma identifies, given some set, an itinerary which minimizes the
probability to be contained in the set. The sets in mind are non good sets.

LEMMA 5.6. Fix a box B, a B-itinerary H, a B-boundary-connected-path
F(t), and a subbox b € o(B). Let H = H(E) = D7, Ru \ b’ € & where £ is a
fixed subset of 28" Assume P g[H] > 0. Then for any A C 2b7, there is a p-dense
b-itinerary h = h(A) and a b-boundary-connected-path f(t) = f(A, F)(t) C b’
satisfying

Pu[{(RUF®))Nb":t >0} C AIH] = P4[{RU f(t):1 >0} C AJ.

PROOF. If for n € H the event J,[b] occurs, then we know there exists at least
one time pair (¢,77), 0 <1 < t1 < 1p7 satisfying the requirements of 7, [b]—
roughly that b’ is crossed top to bottom by Sy. Since these time pairs must be
disjoint, we can consider the first, which we shall denote by (t,, t,‘f ).

Fix Q C H[b], s,%,s% € S for each n € Q and s,(; e S foreach n e H\ Q and
define the event

B=B(Q.s))={¥ulbl= 0} N ({800, 1) =, (1. 19p7) =57}
negQ

N () {850,197 =57}
neH\Q
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We partition {S,,(-) :n € H} to such B(Q, sﬁl) events satisfying Py [B(Q, sf7)] > 0.
Any two distinct B(Q, s,’7), B(O, §,‘7) have an empty intersection because either
0 # Q orif Q= 0 then si, # §! for some n € Q. Observe that Ry \ b’ is de-
termined by 3, and that by our construction (Claim 5.4), so is ¥ y[-]. Since H is

Ry \ b7, ¥y[-]) measurable, and the BB events are a partition of the entire prob-
ability space, those for which Py [, H] > 0 form a partition of H. H C Dg SO
any positive probability B(Q,SZ) C M has |Q| > p||b||“"2. For each n € Q let
a(n) = s, (Isy 1), () = s7(0) and let  be a b-itinerary, h = (a(n), 2(n))yep With
order inherited from H. Since S, are independent and B is a product of events on
{Sy}nen (Y u[b] = O} can be factored to each {S,},cx), we have by the Markov
property (see Proposition A.1), that {S,(t,, t,f )ineo under Py[-|B] are indepen-
dent random vectors with the distribution of S(0, t;,7) under Pagy)[-[75,7 = T2 ]-
Thus U, co Ry(ty, t,j’ ) under Pg[-|B] is distributed like Rj; under P,[-]. Let
F=Upemos0UUyeo st UU e s2 and let () = (f U F()) Nb. Since all el-
ements in the union are B-boundary-connected, f(¢) is a b’-boundary-connected-
path. As (Rg UF ()Nb7 = f (1) UU,co{Ry (ty. 1;)}, we have for any A C P(b7)

Pu[{(RUF®)Nb":t >0} C AIB]=P4[{RU f(t):t >0} C Al.

Since |h| = | Q| = p||b||?2, h is p-dense, and as B is an arbitrary partition element
of H, this proves the lemma by Proposition A.2. [

5.3. Properties of the range of a random walk. We will require the following
large deviation estimate for sums of independent indicators, a weak version of
Lemma 4.3 from [4].

LEMMA 5.7. Let Q be a finite sum of independent indicator ({0, 1}-valued)
random variables with mean p > 0. There is a 0 < ¢y < 1 such that

Pr[Q < 11/2], Pr{Q > 2u] < exp(—c 1)
Recall Dg from Definition 5.5.

THEOREM 5.8. There is a A(d) > 0 such that for any g > 0, 0 > 0 there is a
C(q,0) < oo such thatifn > C and H is a o-dense B(n)-itinerary,

]P)H[DZQ] > 1 —q.

PROOF. Fix b € 6(B) and let m = ||b|| = s(n). Lemma A.3 tells us that for
any B-traversal n € H,

d-2
P[7,[b]] > CAG) .
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Let O =3, cpp L, p)- For all large enough n, |H[b]| > 60~%on?=2, so by lin-
earity,

Eu[|¥ubl]] =Ex[Q] > 060 cpam?2.

Since the random walks §;, are mutually independent, by Lemma 5.7 there is a ¢ ¢
such that

Pu[Q < E[Q]/2] < exp(—c/BIQ)) < e~

Let A = 60_ch/2. For m > [c,\cf#dg logn]l/(d_z) we have

(19) Py[Q <oAm?™?] < n=4d=2),

If b =b(x,m) € o(B) then x € B® and m = s(n) = [log4n] which is
w(logl/(d_z) n) but o(n). Thus, for all large n, a union bound on o (B) gives the
result. [

REMARK 5.9. One can obtain any polynomial decay in (19) by taking m =
logX n, for large enough k.

The below lemma shows that w.h.p., the union of those ranges of a dense
itinerary which intersect an interior set of low density, has size of greater order
than the size of the set itself.

LEMMA 5.10. Letb=bn), and let M C b® where M| > Bn®* witha, B > 0.
Let h be a o-dense b-itinerary, 0 > 0. Then for y =1 +2(a~! —d ™), cg(d) >0
and all large n,

nd

Ph|:|R({7’] €h: R NM #S})Nb| < cgofn’ A 7} < eXp(—chﬂn“(l_z/d)),

PROOF. Fix n = (a,z) € h and Q C b. Let B(n, Q) = {|Q] < n?/2} U
{IR(n N Q| > con?}, co > 0 determined below. Let Ty (n) be the first hitting time
of M by S, and let 75(n) =inf{r > 0:S,(0,7) C B} be the first time the occur-
rence of 3 is implied by S, (¢). By Proposition A.5 for some x € M

Palty, 18 < Typ71|T557 = T2l = Palty < Typ717557 = wlPxlt8 < 7357|1557 = T2l
By Lemma A.4 and Corollary A.11,
Palty < Typ7|Typ = Ta] > c| M| 72424 > ¢ gpe(172/D+Q=d)

Since M C b® and assuming |Q| > n?/2 for the nontrivial case, again by
Lemma A.4 and Corollary A.11, we get for some cg, ¢z > 0,

Py[R(0, 1y57) N Q > con’|typ7 = 14] > 2.
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Recall, h = (01, m2,...). Let R =R{n; e h:1 <i <k, R(n;) N M # 2}), let
x (n, Q) be the indicator variable for the event {ta)(n), T8(17) < T5357(n)} and let
Sy = Zf‘zl x(mi, b\ ’R%l). Then |R£’I| stochastically dominates con’Si A % By
above bounds, and independence of traversals, the sequence x (1;, b\ le"i 1) dom-

inates i.i.d. Bernoulli r.v.’s that are 1 w.p. cjcy fn®(1=2/D+C=d Thys, by concen-
tration of i.i.d. Bernoulli r.v.’s, for example, as stated in Lemma 5.7,

C nd
Ph|:|7?,|ﬂ;{|| < EOnZEh[S]M] A 7i| < exp(—cfEn[Sin])-

Since
Eg, [S|h\] = Qnd_203,8n0’(1—2/d)+(2—d)’

we get

d
—1_ -1 n _
Ph[!R%! < cqofn@UF2@=d7)) | = ] < exp(—cpezopn®1=2/9),
which proves the lemma. [

LEMMA 5.11. Let b(n) be a box, let F(t) be a b-boundary-connected-path,
and let H be a p-dense b-itinerary, p > 0. There is a c(p) > 0 such that for all
large n

Pu[Vi>0,(RUF@))N b’ is connected in R U Fi)]>1- exp(—cnl_z/d).

PROOF. Forany h C H, F(t) URy, is also a b-boundary-connected-path and
is independent from the traversals in H \ &. Thus, we may assume w.l.o.g. that
|H| = [pn?~2]. Let H>> = {n € H:R(n) N b>> # &}. We show that R(H>")
is connected in R =Ry w.h.p. Set D = [log(;;4-1) %1. If |[H>| <1 we are
done. Otherwise given distinct traversals ¢, ¢ € H>-, partition H \ {¢, ¢} into sets
Hf, le, e, ng, Hg and H,, where each of the 2D + 1 sets has size at least
|H|/3D > cp(p, d)nd_z. Set Mé =R(E)N poandfori=1,...,D recursively
define

M! = U R(n) NbO.

l
neH; : M{_,"R(n)#o

Define Mi(p analogously. Thus, the event M = {3n € H,:|R(n) N Mlg|, IR(n) N
Ml";| > (0} implies that R(¢) is connected to R(p) in 712,’ an event we denote by
<@ . Fori=0,...,D,let Mf = {|Mf| > cfon(”d_ )"} where ¢, = cgp A %,
with ¢, from Lemma 5.10. Define ./\/l? analogously. By independence of /\/li)
and M%,,

20)  Pyl¢ <> 9] = Py[M] =Py MM, MO Py [ M ]PL[MS)].
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By Proposition A.2, for some Fg(H*), Fg(H*) C b® with |Ff)|, |Fg| > cf))nz‘w,
Q1) Py[MIMS, MD] = Pu[M|M}, = Fp, MY = F5]=1—gp.

Given n = (a,z) € Hy, let 7 (n), 7,(n) be the first hitting times of FC, Fg by n,
respectively. By Proposition A.5, for some x € F ¢

Palt;, 7y < Typ7|Typ7 = T2l = Paltr < Typ717557 = T|Px[7ty < Typ71T557 = Tal.

Since FE), Fg C b® and |F[§)|, |Fg| > c/l))nz‘l/3, by Lemma A.4 and Corollary A.11
each term in the product above is at least

D 2d/3)1—2/dcn2—d @-d)/3

c1(cpn =con

Let x(n) be the indicator for the event {1 (1), 7,(n) < Ty57(n)}, and write S =
Zne m, x(m). Then gp <Py [S = 0]. By concentration of independent indicators
in Lemma 5.7, we get

d=2 2. 202—d)/3 d—2)/3
can 2-d)/ ) d-2)/ )

(22) gp <exp(—cycpn < exp(—c3(p)n

We now lower bound Py [M%] and Py [M‘g] from (20). Since the bound is the
same for both terms, we drop ¢, ¢ from the notation. Note that by connectedness
of each traversal in H>-, M) is of probability one, thus by chaining conditions

D-1
(23) Pu[Mpl= [] PulMitiIMi, ..., Mol.
i=0

By Proposition A.2, for some F;(H; 1) C b® with |Fi| > c;n(1+d71)i we have
Pu[Mip1IM;, ..., Mol = Py[M;11|M; = F;].

By Lemma 5.10, forO0<i <D — 1,if F; C b0 and |F;| > c;n(1+d71)i, then for all
large n and some c¢; (p) > 0,

(24) qi(F)) =1 —Py[M;1|M; = F;] < exp(—cin'~%%).

Letgi=1— p; fori =0,..., D. Writing ¢ < ¢ for the event that R(¢) is not
connected to R(p) in R, and plugging (21), (23), (24) into (20) and using the
bounds from (22), (24) we have for large n and c4(p)

D D
Pulg »el=1- H(l —gi)* < 2Zqi < 2Dexp(—64n1_2/d),

Since we assumed |H| < and_z, we union bound the probability for {{ «+» ¢}
over any two traversals in H>-, to get

(25) Py [R(H®) is connected in R] > 1 — exp(—csn' ~2/%).
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Let F be the event that forany r > 0, any x € F(t) N b’ is connected to R(H>")
in RU F(t). By (25), to prove the lemma it remains to show that F occurs w.h.p.
Let tx = inf{t > 0:x € F(¢)} and denote by My the component of X in F(tx).
If for fixed t > 0 x € F(¢), then tx <t and Mx C F(t). Thus, F is implied by
{(Vx € b : My N'R(H?>?) # @}, which is in turn implied by {¥x € b> : My N b N
Ru # J}. Since F(t) is b-boundary-connected for all r, Mx N b33 is of size at
least n/2 for all x € b>. By Lemma 5.10, the probability none of the traversals in

H hit My N b decays exponentially in n. Thus, by union bound for some cg(p)
Py[ax e b>: My N> NR =] < |[b°|exp(—cn'~2?) < exp(—c'n'~2/4),
and we are done. [J

THEOREM 5.12. Fix p > 0. Let H be a B(n)-itinerary and let F(t) be a B-
boundary-connected-path. There is a C(p), D such that for n > C

Pu[{RUF(1):t =0} C G§(m)|D},] > 1 — i

PROOF. See Section 2.4 for the properties each subbox must possess relative
to R U F(t) for the above to hold. Using Lemma 5.6 and a union bound on o (B),
it suffices to show that for any fixed b € o (B), any Ap-dense b-itinerary & and any
b-boundary-connected-path f(¢),

1
(26) ]P’h[|72 Nb| > (,Och A E)uﬂ >1-—n"24,

(27) Pu[Vt =0, (RU f(r)) Nb is connected in (RU f(1))Nb'] > 1 —n",

Let m = ||b]|. Using Lemma 5.10 with M = b, =d, B =1 and ¢, = Acg, we
get that the LHS of (26) is greater than 1 — exp(—pc,m?~2). By Lemma 5.11, the
LHS of (27) is greater than 1 — exp(—cm(d_z)/ dy,

Since m = [log* n is w(log?/ =2 1), we are done. [J

6. Renormalization. Referto Sections 5.1, 5.2 and Definition 5.5 for the defi-
nitions of 7,, an itinerary, a boundary-connected-path and D¢, used in this section.

THEOREM 6.1. For any u > 0, there is a p(u) > 0 such that for any k > 0,

Po[Vt > uN®, T(N)isa (R (1), k, p)-good torus| o

PROOF. Let F (b, k, p) be the event that a box b is (ITy' o Ry (1), k, p)-
good for all # > T. Since the number of top-level boxes for 7 (N) is bounded, the
theorem follows by definition of a good torus if we show that for some p > 0,

PolF I’QN ! (b)] X uniformly for an arbitrary top-level box b.
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By translation invariance the above follows from showing that for B =
B(0, [N/101)

P [N (B &1,

uniformly for x € 74 . For p > 0,7, =1,(N) is arandom function of Sy (-) defined
in Section 5.2. Roughly, 7, is the time it takes Sy(-) to make ol B||4—2 top to
bottom crossings of ITy(B”). In Lemma 5.2, we show there is a p(u) > 0 for

which Py[7, > uN9] % 0 uniformly for x € Z¢. Since
FNYB) > F (B)\ {1, > uN‘},

it is thus enough to show Py []-",T\,p (B)] X uniformly for x € Z¢.
A p-dense B-itinerary (defined in Section 5.1) is essentially a product space
of p||B||4~2 SRWs conditioned to cross B from top to bottom. A B-boundary-

connected-path F(z) is a map from Z=° to 28" with certain properties (defined
before Lemma 5.3). By Lemma 5.3 there is a p-dense B-itinerary H (inde-
pendent of x) and a B-boundary-connected-path F(¢) (dependent on x) such
that

Py[Fy (B)] = Pu[{RUF(t):t >0} c G{].
By Corollary 6.3 below, the RHS approaches one as N tends to infinity uniformly
for p-dense B([N/107)-itineraries [and independently of F'(t)]. [

In the below lemma, we use a dimensional constant py < 1 from Corollary 4.2.

LEMMA 6.2. Let B= B(n), fix j >0and p > 0. Let C((p, j) be such that
for any pA-dense B-itinerary h, B-boundary-connected-path f(t), and n > Cy
we have

Py[{RU f(1):t =0} CGF ] > pa.

Then for all p < 1 there is a Co(p, p) such that for any p-dense B-itinerary H,
any B-boundary-connected-path F(t) and all n > C;

Pu[{RUF(1):t >0} CG7]> p.
PROOF. Fix a p-dense B(n)-itinerary H and a B-boundary-connected-path
F(t).Leto; =|o(B)|"/4 and let
S={beo(B):Vt>0,bis (RUF(t),j—1, pA)-good}.

Observe that if AS € P(0;) and {R U F(t):t > 0} C G, this implies that {R U
F(t):1=0}Cgf.
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See Definition 5.5 for the definition of DY y which is roughly, the event that

each b € o(B) is traversed top to bottom at least Ap|b)|192 times. By Theo-
rem 5.8, for any ¢ > O there is a C1(q, p) such that for all n > Cy,

IP’H[DZP] >1—gq.
By Theorem 5.12, for any ¢ > 0 and all n > C»(q, p),
Pu[{RUF():t =0} CGfIDY,] > 1—q.
Thus, if we also prove that for all n > C3(q)
(28) Pu[AS € P(aj)|D‘1’\p] >1—gq,
then for g < (1 — p)/4and n > Ci(q, p) Vv Ca(q, p) vV C3(q)
Pu[{RUF(t):t =0} CG7]>p>1-4q,

and we are done.

Let F; C B(oj) and let b € o(B). Write F;(F;, b) for the event that A(S \
Ba(b,20)) = F;. By Corollary 4.2 (a consequence of the main theorem in [10]),
to prove (28) for all n > C(p), it is enough to show that for any such F’; for which
IP’H[DZP, Fil>0,

29) IP)H[b€5|D7\p,]:j]>pd.

Since {b € S} is a function of (R U F(¢)) Nb’, by Lemma 5.6, (29) follows from
our assumption. [

COROLLARY 6.3. Fixk >0and p < 1. Let B= B(n), let H be a g-dense
B-itinerary, ¢ > 0 and let F(t) be a B-boundary-connected-path. Then for all
n>C(o.k, p)

Pu[{RU f(t):t >0} C GZ] > p.

PROOF. W.lo.g. p > pg. Let b =b(s® (n)). By Theorem 5.12 for any o AX-
dense b-itinerary h, b-boundary-connected-path f(r), and whenever s® (n) >

C(—p,p)
PA[[RU £(t):1 =0} €68 ] > p.

Iterate Lemma 6.2 with above p from j =1, p = oA* ' to j =k, p = o to finish.
O
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7. Random interlacements. In this section, we prove Theorem 2.3. Notation
and definition of random interlacements appear in Appendix C.

DEFINITION 7.1. Denote by w, ,(Top — Bot) the set of trajectories w €
Supp(w,, M(Wfop)) such that the first exit position of w from B” isin Bot C 9B’.

DEFINITION 7.2. Letu, = inf{u > 0:|w, (Top — Bot)| > pN972}.
LEMMA 7.3.  u, is finite P a.s.

PROOF. Denote by p(N) = P[|wi(Top — Bot)| > 1]. Then for every N,
p(N) > 0. By independence between w, ,» and w, v for u <u’ <v <v’, we ob-
tain by the Borel-Cantelli lemma that

P[3k, |wk (Top — Bot)| > ,oNd_z]

> ]P’[limsup|a),-,,-+1(T0p — Bot)| > 1] =1.

i—00
We now prove the equivalent of Lemma 5.2.

LEMMA 7.4. Forevery u > 0, there is a p(u) > 0 such that

lim Plu, <u]=1.
N—o0

PROOF. First, |wu(W}‘0p)| is Poisson(uCap(Top)) distributed. There exists a

dimension dependent constant c/d such that, cap(Top) = célN d=2 (see [9] Propo-
sition 6.5.2). By the invariance principle, there is a dimension dependent con-
stant ¢4 > 0, such that minyeop P* [szﬂ € Bot] > ¢4, for large enough N.

Thus, |w,(Top — Bot)| stochastically dominates a Poisson(uchd_z) distri-
bution. Now take any p < ucy, and by Chebyshev’s inequality we obtain
that

P[|w, (Top — Bot)| < pN972] e 0,
—00

which concludes the lemma. [

LEMMA 7.5. For N > 0 large enough fix a box b =b([N/10]), p >0, u >
up,. Then for any A C 25" there is a p-dense b-itinerary H = H(A) and a b-
boundary-connected-path F(t) = F (X, t) such that

P[Z"Nb" € A] > Py[{RUF(t):t > 0} € AJ.
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PROOF. Since u > u, we know |w,(Top — Bot)| > pN?=2, Order the tra-
jectories in w,(Top — Bot) by some arbitrary but fixed method. For every 1 <
i <pN 4=2 and trajectory w; € w,(Top — Bot) denote by a(i) € Top, the start-
ing point of w; and by z(i) € Bot, the exit point. For every 1 <i < pN9~?
let n; = (a(i),z()), and H = (771,---,77[de721)- For all + > 0, let F(t) =

7 de—z
UweSupp(wu(W:7)) range(w) Nb"\ U;Z, range(w;). Then
Plrange(w(W;5)) b’ C A]=Pu[{RUF(t):t >0} C AJ. O

THEOREM 7.6. Forevery k € Nand u, p > 0, there exists a constant a(k, p)
such that

P[T" ¢ G/ ()] < :—2

PROOF. The proof follows Theorem 6.1 without the union on top level boxes.
O

We now prove the bound on the heat kernel of random interlacements.

THEOREM 7.7. Letu > 0 and let X, be a random walk on the graph T". For
large enough N, if T" € Q,f (N) and 0 € T", there exists a constant C(k, p) such
that

C(k, p)log* "D (N)
Nd/2

P4[Xy =0] <

PROOF. Let ¢ > 0. By [13] (Theorem 2), there exists a constant ¢ such that if
for some ¢ > 0

30 [
<
(30) Cfl ) = n,

then Po[X;, = 0] < ¢. In order to bound Py[X,, = 0] it is enough to consider the
isoperimetric constant of sets inside B(n). Indeed consider a new graph 7" which
is the same as 7" inside B(n) but all the edges are open outside B(n). Since a
random walk cannot leave B(n) before time n, it is enough to prove the theorem
for the graph 7. Next, we prove an isoperimetric inequality for the graph 7. For
every set A C Z4, such that |A| > n'/3, if AN B(n) = ¢ then by the isoperimetric
inequality of Z¢, [dA| > |A|“~D/4 If AN B(n) # ¢ and |A N B(n)°| > 3| A, by
the triangle inequality and isoperimetric inequality of Z¢,

c en@—nsd _ (1, 4D
10A] = [3(ANBm))| = (|AN B®n))) > (§|A|> .
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If ANB(n)#¢ and |AN B(n)| > %|A|, since |0A N B¢| > |A N 9B (a straight
line between two points is the shortest path)

10A] > [3(ANB)| > ctk, p) (AN (5D m))!~ "

If ¢(r) is realized by a set of size smaller than N1/3, then ¢(r) = N3, By
Theorem 3.3,

de dr  4e o dr 4ls  dr
/1 r¢2(l’) N /; W T ./1‘V1/3 rqu(r)

A\ LA etk P N )M dr
— N2/3 _ ’
(31) =N log(g) +/N1/3 2/
/(o (k) 2d—-2
= N?1log 4 + &
e ed/2

/1

. 1 ¢ (k) 2d—-2 11 ¢ (k) 2d-2 k—1
Thus, if > “E— D= po[xy =0] < “E- G < Sl () -

The proof of Theorem 2.3 follows from Theorems 7.7 and 7.6.

APPENDIX A

Recall the notation from Section 5.2 and let 79 = 0, and for z(i) € G, m; € N
where i > 1 recursively define

T = ‘L’,‘({Z(i)}, {m,}) = inf{t >Ti_1+mi_1:5@) =Z(i)}.

PROPOSITION A.1. FixneN, so,...,5,81,...,8 €S(G) and Cy,...,
C, C S(G). Set z(i) = 5;(0),m; = ||s;|l,a(i) = s;(m;). Define the events A =

lr_z:() S(ti, ti +mj)=si, B(A1,..., Ay) = ﬂ?:] S(ti—1+mi_1, 1) € A;. Writing
B, for B({g1}, ..., {gx}) and B¢ for B(Cy, ..., Cy) and assuming Py)[ A, Bcl >
0 we have

n
Pyo)[A, Byl A, Bel = Pai[S0, 7)) = 8i1S(0, 7)) € Ci].-
i=1

PROOF. See Figure 6 for an illustration. Observe that if for some i, g; ¢ C;,
then both sides are 0, thus we assume g; € C;.

P,0)[A, Bgl A, Bcl =Py)[ A, Bel/Pzo)[ A, Bcel.

Let Wyi,..., W, C S(G) be with the property that for each 1 <i < n and
we W, w=(@@)),vy,..., vk, 2(i)) € S(G), v; #z(i) Y1 < j < k. For each
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C

to So ttmo C t, % . t. tim,
z(0) a(l)é% j;l(l) a(ni Qz(n) s:

t, So t #+mo g1 t, S gn t. t +m,
2(0) a(l) < : Z(l) a(n) \_ z(n) s

FIG. 6. Scheme of A, B¢ on top and of A, Bg on bottom.

(wy,...,wy) € Wy x -+ x W, we decompose A, B({{w}, ..., {w,}) according
to the Markov property and sum to get

Pz(())[.A, B(Wy,..., Wn)]

(32) = <1_[ Pui—1y[SO0, mi—1) = si—1]Pa[S(0, 12¢i)) € Wi])

i=1
X PZ(}’l) [S(Oa my) = Sn]-
Since we assume Py)[ A, Bc] > 0, we have that each C; consists of paths with
the constraints above. Using (32) with W; = C; and W; = {g;} we get
n
P,o)[A, BglA, Bel= [ [(Pai) [SO. T2) = 8i]/Pa [ SO, 721y € Ci).
i=1

and are done. [J

PROPOSITION A.2. Let X,) be events in some probability space, and let
{Valaer be a partition of Y where Vo € I, Pr[V,] > 0. Then for some y, " € I,

Pr[X]Y) ] = Pr{X|YV] < Pr{X|Dr].

PROOF. Follows from the identity,

Pr(X|YV] = Pr{X|Vy] Pr{Y,]/ Pr{Y]. -
ael

Recall Jg[b] from Definition 5.5.
LEMMA A.3. Let B= B(n), let b € 6(B), where we write m = ||b||. There

is a ca(d) > 0, independent of n, such that for any a € A(B),z € Z(B) and all
large n,

m d—2
Pa[jB[b]|TaB7=Tz] >CA<;> .
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PROOF. Fory=(y1,...,Y4) € 74, define B(y) to be the event S(-) hits b at
y and then the first coordinate of S(-) hits y; + 4m and then hits y; — 8m, while
the maximal change in the other coordinates is less than m. Let t5(y) = inf{t >
0:5(0,t) C B(y)} be the first time the occurrence of B(y) is implied by S(¢). By
Proposition A.5 for some x € b,

Pa[th, 18(S(1p)) < Typ71Typ7 = T2
> Palty < Typ7|T5p7 = 2IPx[1B(X) < Typ71Ty57 = Tz]-

Using Lemma A .4 together with Corollary A.11, we have

d-2
Pa['L'b <TBB7|T337 =Tz] >Cl<;> .
Since {t5(X) < 7357} C JB[P], we are done if we show for some c(d) > 0
(33) Py[15(x) < 7yp71Typ7 = 2] > 2.

Partitioning over S(t3(x)) € b'? and using the Markov property, we have for some
yeb',
Py[t8(X) < Typ71Typ7 = T2 PxlTyp7 = T2l
(34)
= Px[TB(X) < TBB7]Py[TaB7 = T,].
By the invariance principle, Px[t5(X) < t;57] is bounded away from zero by a

dimensional constant independent of x. Since X,y from (34) are contained in B
for all large n, we use Lemma A.10 to get (33). O

In the lemma below, we look at the number vertices hit in an interior set M C B®
by a B-traversal, and lower bound the probability for this number to be small in
terms of |M|.

LEMMA A.4. Let B = B(n), let M C B®, set ac B’ and z € Z(B). Let
XM)=|{ve M:ty <typr}| and let px = pux(@,z) = Eo[ X (M)|t557 = 1]
There is a c1(d) > 0, independent of n, a and z,, such that for all large n

Pa[X(M) = 3ux|typr =1, > cipx| M|~

Thus, if Palty < Typ7|Typ7 = Tz] > f(n) for every v € M, then since X (M) =
> vem Lizy<z, 7}, we have

Pa[X (M) > Lix|typ = ] > c1lM|' 2/ f (n).

PROOF. Write iy for Ea[X?|7y7 = 7,]. By the Paley—Zygmund inequality,
P, X > %,ux] > %M%/MXZ, so enough to show

Mx2 < sz,UvX,



RANGE OF A RANDOM WALK IN A TORUS 1623

where m = |M |4,

By linearity,

Hx2 = Z Z Paltw, v < Typ71Typ7 = T2l
veM weM

For two vertices X, y, let ty w = inf{t > 5 : S(¢) = y}. By a union bound
Paltw, tv < Typ71|Ty57 = 2] < Paltw < tw.y < T3571Ty57 = Tzl
+Palty < tv.w < Typ7|Typ7 = T2l
By Bayes theorem and the Markov property,
Paltw < twv < Typ71T5p7 = T2l

B Paltw < 7557|7557 = T2]Paltw < Tw.v < Typ7 = Tz|Tw < T3p7]

Paltyp7 = wltw < T5yp57]
=Paltw < 1yp717557 = TIPwlty < 735717557 = T2l

Again by the Markov property,

PV[TaB7 = TZ]PW[TV < T337]
Pywlty < 1yp7|T5p7 = 1] = .
Pyltyp7 = 2]

So by Lemma A.10, since v,we M C B,
Pwlty < 75p7|T5p7 = T2] < CPy[ty < T5p57] < CPy[1y < 00].
Thus, by symmetry,
tx2 <2 > Paltw < Typ1lTapr =14 Y CPy[1y < 00].
weM veM
By Markov’s inequality, Py[7y < 0o] < G(w, v) where G (-, -) is the Green’s func-

tion of a simple random walk on 74 . Standard estimates for G(.,-) (see, e.g., The-
orem 1.5.4 in [8]) give that Py [ty < 00] < C(d)||w — v||57¢, and thus

2—d
Y Pylty<ool< Y w—v[37%
veM veM

For some ¢(d) < 0o, and all » > 0, a ball of radius ¢r around the origin contains
at least < vertices in Z¢. Since the RHS above can only be increased by moving a
vertex in M closer to w, we have

cm
Y Pylty <00l <C Y ri 1y < cm? = C|M|P.
veM r=1
Since px =Y wem Paltw < 7557|7557 = 72], we are done. [

Let 7o : (Z4 )ZEO — 7ZZ%be a stopping time for the random walk S(¢). We denote
by 1 the stopping time on the ¢-time shifted sequences, that is, tjj(ag, ay, ...) =
o0(ar, ar41, ...) +t. We call tg a simple stopping time if ‘Eé > 19 for every ¢ > 0.
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PROPOSITION A.5. Let B = B(n), set ac B’ and z € Z(B). Let 11, T2 be
simple stopping times (see above). Then there exists a X satisfying Py[S(11) =
X, T| < Typ7|Typ7 = Tz] > O such that

Palt1, 72 < typ71T557 = T2l = Palt1 < 735717557 = w]Px[12 < Typ7|Ty57 = T2l

PROOF. Let
my =Pa[S(t1) =y, 11 < Typ71Typ7 = Ta).
For y satisfying wy > 0, we have by Bayes

5) Pa["fl, ) < Typ7, S(T1) =Y|Ty7 = TZ]
_ myPalt1, 1 < 11 = 1,|S(1) =Y, 11 < Typ7]
Paltyp7 = w|S(11) =y, 11 < 1yp7] '

Since 17 is a simple stopping time,

Pyft1, 12 < 1yp7 = wlS(r) =y, 11 < Typ7]
> P11 <7, <Typ =lS(T) =Y, T < Typ7)-
Plugging the above into (35) and using the strong Markov property, we get
Pa[fla T < Typ7, S(T1) =Y|Typ7 = Tz] > nyPy[12 < Typ71Typ7 = T4l

Let x € {y:my > 0} be the vertex for which Px[12 < 7457|7557 = 7,] is minimal.
Summing both sides over {y : 7y > 0}, we are done. []

We quote the Harnack principle for Z¢ from Theorem 1.7.6 in [8].

PROPOSITION A.6. Let U be a compact subset of R? contained in a con-
nected open set V. Then there exists a ¢ = c(U,V) < oo such that if A, =
nUNZ4 D,=nVNZ, and f:D,UdD, — [0, 00) is harmonic in D,,, then

fx)<cf(y).x,y €A

LEMMA A.7. Let B = B(n) and let F be the union of all hyperplanes in 7¢
that intersect B® and are parallel to Z(B). There is a C > 0 such that for any
ye Z(B)UAY(B) and anyve FNB’,

Py[typ7 = 1yl < Cn'™%.

PROOF. We prove for y € Z(B). The proof A™(B) is the same so we omit it.
Let H be the infinite hyperplane in Z¢ that contains Z(B), and let Hy a parallel
hyperplane, which is the component of 07 F closer to Z(B). Let h(y) be the /;-

closest vertex to y in Hy. By vertex transitivity, there is a function g (n) such that for
any y € Z(B), Py [ty = 1y] = g(n). Observe that P()[ty = ty] is a nonnegative



RANGE OF A RANDOM WALK IN A TORUS 1625

harmonic function in the component of Z¢ \ H containing Hy, so by the Harnack
principle for Z¢ (Proposition A.6), for some ¢ > 0, any ve F N B’,y € Z(B)
satisfies

cPy[ty = 19] > Ph(y)[TH =1yl =g0n).
Summing both sides over y € Z(B), we get
gn) < cn' .

Since {typ7 = Ty} C {ty = 1y}, another application of the Harnack principle fin-
ishes the proof. [J

COROLLARY A.8. Let B = B(n). There is a C > 0 such that for any a €
A(B),ze€ Z(B)

Pat, = 15571 < Cn 9.

PROOF. Using the notation of Lemma A.7, by the Markov property F

Pi[t; =171 = ZPa[rF < Typ7, S(tF) =x|Px[17, = T557].
X
The right term is uniformly bounded by Cn'~¢ by Lemma A.7. Summing over X,
the event {tr < 7,57} implies that a one dimensional random walk starting at 1
hits n before hitting 0, an event of probability n~!. [

PROPOSITION A.9. Let B = B(n). There is a c(d) > 0 such that for any A C
74 andv,w e 79\ A

Py[tw < 74] 1

C< ——mm8m8M8M8M8M8M@M <
Pylty < Al

PROOF. Write G 4(v, w) for the Green’s function of a random walk killed on
hitting A, that is, the expected number of visits to w for a walk starting at v before
it hits A. By elementary Markov theory, we have symmetry of Green’s function,
G A(v,w) = G 4(w, v) and the following identity:

Pylty < T5571G A(W, W) = Py [ty < T5571G A (V, V).

For any v € 74 \ A, G4(v,v) > 1, and is bounded above by the reciprocal of the
probability a simple random walk never returns to v, which by transience in d > 2,
is a finite dimensional constant. [

LEMMA A.10. Let B= B(n). Thereisac > 0 such that foranyae A(B),z €
Z(B) and any x € B,

(36) en'™ < Pylty < typrl, Plmy=Typ7] < nl 7.
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PROOF. Let Dy(r) ={veZ:||v—x|» <r}. Lemma 1.7.4 in [8] tells us there
is a c1(d) > 0 such that for any r € d Dy(r),

(37) Poltpy(r) = ol > cin' ™.

Fix y € AT (B). Then there is a v € B® such that y € dDy(n), Dy(n) C B”. Since
{tap,(n) = Ty} implies {Typ7 = Ty}, We get that

(38) Pyltyp = 1y] > cin' %

The probability to exit B’ at y is a nonnegative harmonic function in B”. Thus, by
the Harnack principle for Z¢ (Proposition A.6), and since c; is independent of y,
the above is true for any v € B® and any y € AT (B) with an appropriate constant
¢ > O replacing c.

The same argument proves the lower bound in (36) for Px[t, = 7;57].

Next, by Proposition A.9 we have Py[tx < 7557] > cPx[ta < Ty57]. Let a™ be
a’s neighbor in AT (B). Since {1, < Typ7) D {Ta+ = T5p57} and by (38), we get

Px[ta < 75571 = Px[ta+ = T5p57] > cnl_d,

which proves the lower bound in (36) for Py[tx < 7557] as well.
The upper bound for Py[7, = 75p7] is immediate from Lemma A.7. To prove
for Pa[tx < 74571, we first use the lemma to get

Pylta+ = Ty57] < Cn' 4,
which implies the bound for Px[ta < 7557], since by the Markov property, the
probability for exiting B’ one step after hitting a for the first time is

Px[ta < 75571 - 2 < Pxlta+ =1yp7]-

Using Proposition A.9 again, we get the bound with a new factor for Py[tx < 757].

COROLLARY A.11. Let B = B(n). There is a ¢ > 0 such that for any a €
A(B)U B® z e Z(B) and any x € B®,
39) Pa[tx < 755717557 = T2l > cn?~4,

PROOF. By the Markov property,
Paltx < 15p7|T5p7 = 12]Paltyp7 = T2l = Paltyp7 = t2ltx < Typ7]Paltx < 75p7]
== PX[T8B7 = Tz]Pa[TX < 1837]-

If a € A(B), then Lemma A.10 and Corollary A.8 give the bound. If a € B, then
Lemma A.10 gives us the LHS is greater than cPy[7x < 7557].

For r >0, let b" ={x € R:vi, 1 <i <d, |xi| < r/2} and for y € RY let
oy, r)={xe€ RY:||x — yll2 < r}. Choose K (d) points yi,...,yx € 6% such that
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6% ¢ UK, 2(y:,0.1) € b1, Let D¥(n) = d(ny;, an) N Z%. Then for o > 0.1 and
alln

K
B®c | J D¥ c B®™.
i=1
Let pa(x) = Pa[1x < 7557]. To show p,(x) > cn?d uniformly in x, a € B, it is
enough to show, w.l.o.g., that there is a ¢; > 0 such that for any x € D(l)'l, ac B,
pa(x) > c1n®>~?. Since pa(X) is harmonic as a function of a in B’ \ {x}, by the
maximum (minimum) principle,
min = pa(X) > min - pa(X).
aeD?'z\{x} aeBD?'ZU{x}
Since px(x) =1, and E)D?'2 C B%, it is thus enough to lower bound p,(x) for
ac B9\ D?'Z. Since pa(x) is harmonic and positive in B” \ D?'l , by the Harnack
principle for Z¢ (Proposition A.6), there is a c3(d) > 0 such that for any a, b €
B6.5 \ D?.Z

Pbr(X) > 2 pa(X).

Thus, it is enough to bound for some fixed a € E)D?'2 N B®. Let D, =0(a, 0.6n) N
7@ and note that x € D, C B’, implying pa(x) > Pa[tx < Typ,]. By Proposi-
tion 1.5.9 in [8], since x € d(a, 0.4n) N Z4, Py[1a < 9D, 1> en*4 and by Propo-
sition A.9 we are done. [J

APPENDIX B: DISTANCE BOUND
In this section, we prove the following theorem.
THEOREM B.1. Let wg C T(N). If wg C T(N) is (N, k, p)-good (see Sec-

tion 2.5) where k > 1, p > 0, then there is a C(k, p) < 0o such that for all large N
and any two vertices X,y € wo

duy (X, y) < Cdr(x,y)log® "V N + C(log N)**2,
where 10g"™ N is log(-) iterated m times of N.
We start by reducing from the torus to top-level.boxes. To prove the theorem,

it is enough to show that there exists a C(k, p) < oo such that for all large n, any
w € Q,f(n) and any X,y € w N b’ (n) satisfy

40) dp(X,y) < Cdy1 () (X,Y) log(k*” n + C(log n)*d+2,

Note that while wy is a subgraph of T as far as graph distance, we require (40) to
hold for  as a subgraph of Z¢ (no wrap around). To see why this is enough, let
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-
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FIG. 7. On the left is a schematic example of B’ (n) where the black boxes represent
Bx = Ci—_1(B(n)) and the gray ones S(B, k — 1) \ Bi. On the right is a blowup of the framed region
on the left where the small black boxes are a part of B _1 .

X,y € T(N) and set n = [N/10]. First assume there is a top-level box b,(a, n)
and %, § € b} such that x = Iy (X),y = Ty @). Let w = l'[;,l(a)o) N b]. Note
dy(X, §) = duwy (X, y) butsince b3 || < N/2,dy7(X,§) = d7(x,y). By (40), since b

is (l'[;,l (w0), k, p)-good by definition, we are done. If no such b, exists, then by
our construction of top-level boxes, d7(x,y) > n. Let by, by be the top-level boxes
such that x € by, y € by. We can make a A-connected path of top-level boxes from
x to y of length at most 10d. Since by, b, that are A-neighbors satisfy that by C bg,
by Remark 2.6, (40) implies the theorem.

To simplify notation, we fix k, p,n and w € Q,f (n) for the remainder of the

section. We write G; (resp., i-good) for Ql.pAk l [resp., (w, i, pA¥~)-good].

We now utilize the recursive goodness properties of @ to extract a single con-
nected cluster of @ which is a power of log w-distance from its complement in @
and is “nicely” embedded in Z4. Given an (i + 1)-good box B where 0 <i <k,
we write

S(B,i)={beo(B):bisi-good},

and let og = ||A(c(B))|| = |U(B)|1/d. Since B is (i + 1)-good, by definition we
have that AS(B,i) € P(op). Thus, there exists a good cluster C(A(S(B,i)))
satisfying Percolation properties 1, 2, 3 (see Section 2.3). Let C;(B) C a(B)
be the set for which (AC;(B)) = C(A(S(B,i))). For i =0,...,k let us de-
fine B; = Bi(w,n). Set B = {B(n)} and for i =k — 1,...,0 recursively define
Bi ={beC;(B):B < Bi+1}. See Figure 7 for a schematic illustration.

Let nj = s*=/)(n). Thus, for b € B; we have ||b|| = n; and also |o (b)|'/ <
6n;/n;_y for all large n. Note that by Percolation property 1, {B; (n)}’;-:0 are
nonempty for all large n. Roughly, [ Bo is the nicely embedded cluster referred to
above. Its precise properties follow.

Given an (i + 1)-good box B, let C,.S(B) ={beCi(B):bN B> +&)}.
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LEMMA B.2. Set by = B(n). There is a C (k) such that for any X € bi Nw,
there are boxes {bi}f-:é satisfying: (i) b; € C? (bi+1) C Bi, and (ii) there is a Xg €
w N by such that

dyy(Xk, X0) < C(k)(logn)*¥+2.

PROOF. We use backward induction. For 1 < j < k, we prove that if x; €
B]5. Nw where B € B, thenthereisab; ;| € C;_I(Bj) CBj-1andax;_1€bj_
satisfying

(41) do(xj.xj-1) < c(d)n?_; (logn;)>.

Since the conditions of the lemma provide us with an initial x; € B>(n) where
by definition B(n) € Bk, the bound on d,(xk,Xp) is proved by connecting
Xk, Xk—15 .-, X0-

We assumed B; € B, so in particular, B; is j-good. Let by € o(B;) be the
subbox of B; containing X; and assume b, ¢ C?_l (Bj) as otherwise we are done.
Consider

B ={b € Ba(bx. log|o(B))]):bN B # @}.

Since by N BJS- # @ by assumption, [B| > log? |0 (B;)|, and thus by Percolation
property 2 (see Section 2.3), thereisab;j_1 € BN C?_I(Bj). Thus, there is a A-
path p C o(B;) of length at most d log |0 (B})| starting at b, and ending at b;_;.
By Remark 2.6 on Q{; (see Section 2.4), for any A-neighboring boxes by, bg in the
path, @ N by is connected to w N bg in w N b;f. Choosing some X;_1 € w Nbj_4
and using the volume of ¢ b’ as a trivial distance bound, we get (41). [

For 0 < j < k, note that although ||b; || = ||b2|| for any by, by € B;, since they
can be subboxes of different By, By, b is not in general an element of sp{b,}.
Thus, for each 0 < j < k, we add a graph structure to B; by defining a neighbor

relation (i) between boxes by, by € B;. We define that by 2 by if and only if by C
bg and by C b?. Note this relation is reflexive, and that for (j 4+ 1)-good B and
by,by € C;(B), d,gj (b1, b2) < da (b1, by). For the remainder of the section, any
graph properties of B; referred to, such as connectivity or distance, use the graph

5
structure created by ~.

LEMMA B.3. There is a Cy such that for each 0 < j <k, if By, B, € B; are
i-connected, and we have by € C;_I(Bl), by € C?_I(Bz), then dﬁj_l(bl,bg) <

5
Cd(d,gj (B1,B2) v Dnj/nj_y. In particular, by, by are ~-connected in Bj_.
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PROOF. We prove the lemma for the special case of Bj 2 B; [ie., dﬂj(Bl,
B>) < 1]. The general lemma follows by applying the neighbor case over a path

in B; realizing the fsv—distance between two fixed boxes. By definition, C;_(By)

and C;_1(By) are each A-connected sets, and thus i—connected. By Percolation
property 3, for i = 1,2 and any b, b’ € C?_I(Bi), dc;_ ) (D, by < Cynj/nj_1.

Since C;_1(B;) C Bj—1 and i—distance is at most A-distance, to complete the
proof it is enough to show existence of b € C?_I(Bl) and b, € C?_I(Bz) such
that 131 C 133 and 132 C 13? Fori=1,2,letD; ={beo(B;):bC By} and let E; =
D; NC;_1(B;). Let D; =(JD; and let E; = JE,;. Since E; C D;, we have B, \
E;i = (By\ D;) U (D; \ E;). By a volume bound, |B; \ D;| <2dn; _1n9~" and by
Percolation property 1, |D; \ E;| < lO_dlcr(B,-)|. Since |G(B,~)|1/”" <6nj/nj_i,
this implies |D; \ E;| < (0.6nj)d. As |By| = n;{ and d > 2, we have by the bound
on |By \ E;| fori = 1,2 that there is a x € £1 N E3. The containing boxes x € l;i €
C;_1(B;) fori =1, 2 are thus i—neighbors. ]

We now prove the theorem by showing there exists a C(k, p) < oo such that for
any X,y €cwn B> (n), (40) holds for all large n.

PROOF OF THEOREM B.1. We demonstrate there is a path from x to y in @
shorter than the RHS of (40). Let bx x = B(n) and apply Lemma B.2 to x to get
boxes {bx;}\—, satisfying: (i) bx; € C;(bx,i+1) C Bi, and (ii) there is a X € @ N
by such that d,(x, x0) < C(k)(log n)*+2 Observe that (i) implies xg € bg’ k—1
for all large n. Set by y = B(n) and apply the lemma to y as well to get by ; and yo
with analogous properties.

By Lemma B.3, f;_1 is i-connected, and more specifically,

Ng—1
nk—2

dp, »(bx k-2, by k—2) < Ca(dp,_,(bx k1, by ix—1) V 1)
Iterating the lemma, we get

k—1 Nk—1
(42) dg, (bx,0, by0) < C, (dﬂk4(bxk—labyk—l)\/1)_;6_-
Since by x—1, by k-1 € C/5<—1 (B(n)), by Percolation property 3

ng
43) dc,_,(Bn) (bx.k=1, by k—1) < Cads(B()) (bx,k—1, by k—1) V cqlog I

Where both are defined, fsv-distance is at most A-distance, and thus we may replace
de_l(B(n))(', ) n (43) by dﬁk—l (-, ) Since Nk—1 - da'(B(n))(', ) and dB7(n)(" ) are
comparable, and using that xg € bg, k—1:Yo € bg, x—1 We have

ni—1dg,_, (bx k-1, by x—1) < ¢, (dp7 () (X0, Yo) V nx—1logny).



RANGE OF A RANDOM WALK IN A TORUS 1631

Plugging this into (42), we get
dpy (bx.0, by.0) < C(k)(dp7 (s (X0, Y0) V log” ) /mo.
By properties of g{; (see Section 2.4), vertices in Asf—neighboring boxes in By are

connected in w in a path which is at most twice the volume of one box, and thus
we get

dw(X0, ¥0) < C(k)(d g7y (X0, Yo) V log” 1) (ng) .

We pay a C(logn)*¥+2 term to connect X, y to Xo, yo, respectively. This terms also
absorbs the (no)d_llogsn factor above. Since (19)¢~! is o(log(k_l)n), we are
done. [

APPENDIX C: RANDOM INTERLACEMENTS NOTATION

We try to follow as much as possible the canonical notation of Alain-Sol Sznit-
man [17]. Let W and W_. be the spaces of doubly infinite and infinite trajectories
in Z< that spend only a finite amount of time in finite subsets of Z¢:

W:!y:Z—>Zd;

y(m)—ym+1)|=1,YneZ; lim |y :oo},
n—=+o00

W+:!y:N—>Zd;

y() =y +D|=1,¥neZ; lim |y(n)]|=oo}.

The canonical coordinates on W and W, will be denoted by X,,,n € Z and X,,, n €
N, respectively. Here, we use the convention that N includes 0. We endow W and
W_ with the sigma-algebras VW and W, respectively, which are generated by the
canonical coordinates. For y € W, let range (y) = y (Z). Furthermore, consider
the space W* of trajectories in W modulo time shift:

W =W/~ where w ~ w’ <= w(-) = w'(- + k) for some k € Z.

Let w* be the canonical projection from W to W*, and let YW* be the sigma-
algebra on W* given by {A C W*: (*) "1 (A) e W)}. Given K c Z% and y € W,
let Hx (y) denote the hitting time of K by y:

(44) Hg (y) =inf{n > 1:X,(y) € K}.

For x € Z4, let P, be the law on (W, W) corresponding to simple random walk
started at x, and for K C Z9, let PXK be the law of simple random walk, conditioned
on not hitting K. Define the equilibrium measure of K:

PX[FIKzoo], x ek,
45 =
(45) ek (x) 0 P K.

Define the capacity of a set K C Z¢ as
(46) cap(K) = ) ek (x).

xeZd
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Next, we define a Poisson point process on W* x R . The intensity measure of
the Poisson point process is given by the product of a certain measure v and the
Lebesque measure on R . The measure v was constructed by Sznitman in [17],
and now we characterize it. For K C Z4, let Wk denote the set of trajectories in W
that enter K. Let Wi = m*(Wk) be the set of trajectories in W* that intersect K.
Define Qk to be the finite measure on W such that for A, B € W, and x € 74,

47 Qk[(X_wnz0€ A, Xo=x,(Xn)nz0 € B] = P [Alek (x) Px[B].
The measure v is the unique o -finite measure such that
(48) lyzv=m*0Qx VK CZfinite.

The existence and uniqueness of the measure was proved in Theorem 1.1 of [17].
Consider the set of point measures in W* x R :

o
Q= {a) = Z(S(wl{k’u[); wl* S W*, u; € R+,
i=1

(49)
(W} x [0, u]) < oo, for every finite K € Z¢ and u € R+}.

Also consider the space of point measures on W*:

[o.¢]
(50) Q= {a = Zéw?; wi € W*, o(Wg) < oo, for every finite K C Zd}.
i=1

For u > u’ > 0, we define the mapping w, , from € into Q by

oo oo
(51) o=y Sy lfu <uj<u}  foro=3 Suru €

i=1 i=1
If u' = 0, we write w,. On Q we let P be the law of a Poisson point process with
intensity measure given by v(dw™)dx. Observe that under P, the point process
wy ., 1s a Poisson point process on €2 with intensity measure (u — u’)v(dw*).
Given o € Q, we define
(52) Z(e)= |J range(w®).

w*esupp(o)
For 0 <u’ <u, we define
(53) T = T(ww ).

which we call the random interlacement set between levels u’ and u. In case u’ =0,
we write 7H.

Finally, we can define the measure of the random walk described in Theo-
rem 2.3. Let Pj[-] = IP[-|0 € Z"]. For every 7" distributed according to IPj, let
P; be the law of a SRW on Z" starting from 0.
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APPENDIX D: INDEX OF SYMBOLS BY ORDER OF APPEARANCE

Symbol Page Definition

T(N,d) 1593  d-dimensional torus.

My 1593  Forx € Z4, Oy(x) = (xymod N, ..., xgmod N).
R(t) 1593  The range of SRW on the torus.

ad 1594  Outer vertex boundary.

ain 1594 Inner vertex boundary.

B(x,n) 1594 {yezZ¢:Vi,1<i<d,—n/2<x()—y(@i) <n/2}.
sp{B(x,n)} 1595 {B(x+ Y eikin,n):(ki,..., kq) € Z4).

A 1595  The isomorphism, A: sp{B} — 74,

B“ 1595 Forabox B = B(x,n), B* = B(x, an).

s(n) 1595  [logn]®.

s (n) 1595  s(-) iterated i times.

o(B(x,n)) 1595  sp{b(x,s(n)}N{b(y,s(n)):y € B(x,5n+ 3[logn] 6)}.
P(n) 1595  Percolation configurations.

Q,f (n) 1596  k-good configurations.

é(r) 1601  inf{®g: N3 <7(S) <r A (1 —1/4d)|wol}.

@ 1602 2830,

(1) 1602 inf{ds:0 <7(S) <uA L}

Top, Bot 1607  Top and bottom projections of B3 on B’.

B-traversal 1607  An ordered pair n = (a, z), a € Top, z € Bot.

B-itinerary = 1607  An ordered sequence of B-traversals.

7,(b) 1607 75(b) = ¥} a2

Dﬁ 0 1610, Each b € o(B) is traversed top to bottom at least
1617 Ap||b||?~2 times.

fI\T,(b,k, p) 1615 The event {bﬂO;,l o Ry (1) eg,f(n):\?’tz T}
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