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Abstract. We consider a nonparametric regression estimator of conditional tails introduced by Goegebeur, Y., Guillou, A., Schor-
gen, G. (2013). Nonparametric regression estimation of conditional tails — the random covariate case. It is shown that this estimator
is uniformly strongly consistent on compact sets and its rate of convergence is given.

Résumé. Nous considérons I’estimateur a noyau de I’indice des valeurs extrémes conditionnel présenté dans Goegebeur, Y.,
Guillou, A., Schorgen, G. (2013). Nonparametric regression estimation of conditional tails — the random covariate case. Nous
montrons la consistance uniforme presque siire de cet estimateur sur les compacts et nous calculons sa vitesse de convergence
presque sire.
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1. Introduction

Extreme value analysis has attracted considerable attention in many fields of application, such as hydrology, biology
and finance, for instance. The main result of extreme value theory asserts that the asymptotic distribution of the — prop-
erly rescaled — maximum of a sequence (Y7, ..., ¥;) of independent copies of a random variable Y with distribution
function F is a distribution having the form

Gy (x) =exp(—(1 + yx)il/y), where y4 = max (0, y)

for some y € R, with Go(x) = exp(—e™). The distribution function F is then said to belong to the maximum domain
of attraction of G, and the parameter y is called the extreme value index. Many applications in the areas of finance,
insurance and geology, to name a few, can be found in the case when y > 0, where F is a heavy-tailed distribution
i.e. the associated survival function F := 1 — F satisfies F(x) = x~ /7 L(x), where y shall now be referred to as the
tail-index and L is a slowly varying function at infinity: namely, L satisfies, for all A > 0, L(Ax)/L(x) — 1 as x goes
to infinity. In this case, the parameter y clearly drives the tail behavior of F; its estimation is in general a first step
of extreme value analysis. For instance, if the idea is to estimate extreme quantiles — namely, quantiles with order
an > 1 — 1/n, where n is the sample size — then one has to extrapolate beyond the available data using an extreme
value model which depends on the tail-index. For this reason, the problem of estimating y has been extensively studied
in the literature. Recent overviews on univariate tail-index estimation can be found in the monographs of [2] and [17].
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In practice, it is often useful to link the variable of interest Y to a covariate X. In this situation, the tail-index
depends on the observed value x of the covariate X and shall be referred to, in the following, as the conditional
tail-index. Its estimation has been addressed in the recent extreme value literature, albeit mostly when the covariates
are nonrandom. In [31] and [10] a parametric regression model was considered while [19] used a semi-parametric
approach to estimate the conditional tail-index. Fully nonparametric methods have been considered using splines
(see [4]), local polynomials (see [9]), a moving window approach (see [12]), or a nearest neighbor approach (see [13]),
among others.

Less attention though has been paid to the random covariate case, despite its practical interest. One can recall
the works of [33], based on a maximum likelihood approach in the Hall class of distribution functions (see [18]),
[7] who use a fixed number of nonparametric conditional quantile estimators to estimate the conditional tail-index,
later generalized in [6] to a regression context with response distributions belonging to the general max-domain of
attraction, and [16] and [14] who both provide adaptations of Hill’s estimator, [22], the latter also studying an average
of Hill-type statistics to improve the finite sample performance of the method.

In this paper, we focus on a nonparametric regression estimator of conditional tails introduced by [16]. The par-
ticular structure of this estimator makes it possible to study its uniform properties. Note that uniform properties of
estimators of the conditional tail-index are seldom considered in the literature. One can think of the work of [14], who
study the uniform weak consistency of their estimator. Outside the field of conditional tail-index estimation, uniform
convergence of the Parzen—Rosenblatt density estimator ([28] and [29]) was first considered by [27]. His results were
then improved by [30] and [32], the latter proving a law of the iterated logarithm in this context. Analogous results on
kernel regression estimators were obtained by, among others, [26], [20] and [11]. Uniform consistency of isotonized
versions of order-a quantile estimators introduced in [1] was shown in [8]. The case of estimators of the left-truncated
quantiles is considered in [25]. Finally, the uniform strong consistency of a frontier estimator using kernel regression
on high order moments was shown in [15].

The paper is organised as follows. Our main results are stated in Section 2. The estimator is shown to be uniformly
strongly consistent on compact sets in a semiparametric framework. The rate of convergence is provided when a
further condition on the bias is satisfied. The rate of uniform convergence is closely linked to the rate of pointwise
convergence in distribution established in [16]. The proofs of the main results are given in Section 3. Auxiliary results
are postponed to the Appendix.

2. Main results

We assume that the covariate X takes its values in R for some d > 1. We shall work in the following semiparametric
framework:

(SP) X has a probability density function f with support S C R having nonempty interior and the conditional
survival function of ¥ given X = x is such that

VxeS,Vy>1, F(ylx)=y YO L(yx),

where y (x) > 0 and L(-|x) is a slowly varying function at infinity.

The estimator of the conditional tail-index we shall study in this paper is defined as

Zz"lzl Kp(x — X,’)(IOg Y, — 1Og(/Un,x)+:ﬂ-{Y,->a),l_)c}
Yict Kn(x = X)Ly, >w,.) '

Yu(x) := (D
Here Kj,(u) := h~%K (u/h) where K is a probability density function on R¢ and & := h,, is a positive sequence
tending to O while for all x, (wy, ) is a positive sequence tending to infinity. Note that ¥, (x) = Tn(l)(x) / Tn(o) (x)
where, for all > 0,

1 n
7O (x) := - Z Kn(x — X;)(log Yi —logwn o)y L{v;>wp .-

i=1
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The estimator (1) is an element of the family of estimators introduced in [16], which can be seen as an adaptation of
the classical Hill estimator of the tail-index for univariate distributions (see [22]). Note that the threshold w,  is local,
i.e. it depends on the point x where the estimation is to be made, while the bandwidth / is global.

We first wish to state the uniform strong consistency of our estimator on an arbitrary compact subset £2 of RY
contained in the interior of S. To this end, we first assume that for every x € S the slowly varying function L(-|x)
appearing in F(-|x) is normalised (see [3]):

(A1) Forallx € Sand y > 1,
y
a(v|x) dv),
v

L()’|x)=CL(x)eXP</1

where ¢z (x) > 0 and «(-|x) is a function converging to O at infinity.

Let || - || be a norm on R? and for r > 0, let £2" be the set of those points in R? whose distance to §2 is not more
than r:

2" ={xeRYI e 2,

X —x/” Sr}.

Remark that since §2 is contained in the interior of the closed set S, the distance of £2 to the boundary of S must be
positive. As a consequence, the set £2” is contained in S for all » > 0 small enough. We can therefore introduce some
classical regularity assumptions:

(A2) For some r > 0, on £2”, the functions f and y are positive Holder continuous functions, logcy, is a Holder
continuous function and «(y|-) is a Holder continuous function uniformly in y > 1: for all x, x’ € £2",

[f) = F&)] = Myl =],
[y ) =y (&) = My | =]

[loger (x) —loger (x')] < Me, [|x —x

Ney,
9

supla(ylx) — ()| < My ||x — x| ™.
=l

Let moreover 1 := 1, A n¢, A 1y. We introduce the oscillation of x — logwy x at a point x € R4 over the ball
B(x,¢):

Ve >0, A(ogw,x)(e):= sup |logw,—logw, |
zeB(x,¢)

and the quantity o(y|x) := sup, |a(7|x)| for all y > 1. Our results are established under the following classical
regularity condition on the kernel:

(K) K is a probability density function which is Holder continuous with Holder exponent nx > 0: for all
x,x' eRY,

K@) = K ()| = Mk [« =] ™

and its support is included in the unit ball B of R¢.

Especially, if (K) holds then K is bounded with compact support. Let

d

nhd _
v (x) = @F(wn’ﬂx)

and introduce the hypothesis

(C) For some b > 0, it holds that limsup,, _, ., sup,c o Vs (x) A(log w,,,x)(n_b) < 0.



Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 1193

Our uniform strong consistency result may now be stated:

Theorem 1. Assume that (SP), (K), (A1) and (A,) hold and that:

infyco v, (x) = o0;

infyeo wp x = 00;

h"sup, o logw, » — 0;
SUPye A(logwn,x)(h) — 0;
SUp,co @ (y|x) = 0asy — oo.

Assume moreover that condition (C) is satisfied. Then it holds that

sup |57n(x) - y(x)| — 0 almost surely as n — 00.
xXes

Note that the hypotheses infye@ @, x — 00 and sup, .o &(y|x) — 0 as y — oo imply the convergence

sup &(wy, «|x) = 0
xeN

which shall frequently be used in the proofs of our results. Besides, using the mean value theorem, it holds that |e" —
1] < 2|u| for u € R such that |u] is sufficiently small. As a consequence, using the condition sup, .o A(logw, ) (h) —
0, this inequality implies that for n large enough

Wn, x
sup sup -1

x€f2 zeB(x,h)

<2 sup A(logw, x)(h) — 0. 2)
xXeR

Wn,z
Finally, the conditions

sup A(logwy ,)(h) — 0 and limsup sup vn(x)A(logwn,x)(n*b) <00

x€eR n—oo xef2

are satisfied if for instance w, , = n¢™) where g:S — R is a positive Holder continuous function whose Holder
exponent is not less than 7. In other words, Theorem 1 requires that a continuity property on x — log w, , be satisfied.
Our second aim is to compute the rate of uniform strong consistency of the estimator (1):

Theorem 2. Assume that the conditions of Theorem 1 are satisfied. If moreover

lim sup(sup Un (O {@ (@1 1) V AV R Tog g v A(logwn’x)(h)}> <00 3)

n—-o0 “xef2

then it holds that

sup vn(x)|)7,,(x) — y(x)| =0(1) almost surely as n — oo.
xesf

Let us highlight that condition (3) controls the bias of the estimator 3,. The terms A"/ and A" log @,  correspond to
the bias which stems from the use of a kernel regression, while the presence of the other terms is due to the particular
structure of the semiparametric model (SP). Besides, as pointed out in [16], the rate of pointwise convergence of 7, (x)
to y(x) is [nhdf(wn’ x |x)]1/ 2, Up to the term [log n]'/2, the rate of uniform convergence of 7, to y is therefore the
infimum (over §2) of the rate of pointwise convergence of 7, (x) to y (x).
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3. Proofs of the main results
Before starting the proof of Theorem 1, let us note that assuming that (SP), (A1) and (A») hold then it is easy to show

that there exists a positive constant M such that the function (x, y) — log F(y|x) has the following property: for all
x,x" € 2" suchthat |[x —x'|| < 1and y, y’ >e,

‘1 F(ylx)
0 ==
F(Q'lx")

sMFHx—X/H"lOgH( +5(yAy’IX’)>|10gy—logy/|- @)

y(x)
Moreover, if (A2) holds then one may take a positive number r such that the four conditions of the hypothesis hold
on 2. Since £2” is compact, f :=supgr f < 0o and J i=infer f > 0. As a consequence, the uniform relative
oscillation of f over the ball B(x, /) can be controlled as

sup  sup f@ 1|=0(r") — 0. Q)

xe2r 7By | f (%)

Second, y :=supgr ¥ <00 and y :=infer y > 0 and we thus have

v(2)
sup sup -

1| =o@™) > o. ©)
XE€R" ze€B(x,h) y(x) ( )

Third, we can write for all x, x" € 2" and ¢ > 1
a(tlx) <a(tlx’) + |a|x) — a(t)x')|

and the roles of x and x’ are symmetric in the above inequality, so that taking the supremum over ¢ > y on both sides
yields

Vy= 1, [@h) —@(ylx')] < Mafx - x| (7

We may now prove the key result for the proof of Theorem 1, which is a uniform law of large numbers for T”(O) (x)
and T,V (x). In what follows, we let 1\ (x) := E(T,” (x)).

Proposition 1. Assume that the conditions of Theorem 1 are satisfied. Then for every t € {0, 1} it holds that

7," (x)
sup vy, (x) —
xXeS

SOVEN l‘ =0(1) almost surely as n — oo.
Mn (x)

Proof. The proof is based on that of Lemma 1 in [21]: we shall in fact show complete convergence in the sense
of [24]. Since 2 is a compact subset of RY, we may, for every n € N\ {0}, find a finite subset £2,, of £2 such that:

VxeR,x(x) €2y, [x—x@|<n? and >0, [2,/=0(n°),

where b, which we may take to be not less than 1/d + 1/2ng, is given by condition (C) and |£2,| stands for the
cardinality of £2,. Notice that, since nh? — oo, one has n=? /h — 0, so that one can assume that eventually x (x) €
B(x, h) for all x € £2. Next, remark that ||x — x (x)|| < n~? <h <1 and that since n=% < h the convergences

n~P" sup log wy x < h" sup logw, » — 0 and  sup A(logw, ) (n~?) < sup A(logwy, ) (h) — 0
xX€enR X€eNR xeN X€eNR

hold. Consequently, Lemma 1 entails

sup /M—I‘AO. )
F(a)n,x(x)|X(x))

xef

vy (x) _ 1‘
v (x (x))

xesf?
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Pick ¢ > 0 and an arbitrary sequence of positive numbers (§,) converging to 0; using together (8) and the triangular
inequality thus shows that for »n large enough

7" (x)
P(S sup vn(x) - -1 >8) <Riun+ Ry,
xef n(x)
where
(1)
T, (2) €
Rl,,::z (8 v, (2) 1’>—>
’ (t)
= () 4
and

70w T (x(x) s)
> — ).

Ry = IP’((S,, sup vy, (x)
1O 1Pl 2

xesf?

The goal of the proof is now to show that the series >, Ry , and ), Ra , converge. The result of Proposition 1 shall
then be an easy consequence of Borel-Cantelli’s lemma and Lemma 6.

We start by controlling R ,. To this end, apply Lemma 3 to get that there exists a positive constant x such that for
n large enough,

(t) )

—1
1)

Vz € £2,, <8 v, (2)

. <2exp —iszinh Flon.:[2) )
4 16 82v2(z)

Use now the definition of v, (z) to get

Kk ,logn
Rln—O(n expl:—ﬁ 2 5% i|>

Hence ), Ry, converges.
We now turn to R ,. Using the triangular inequality gives

Ryp < P(‘S Sup vy, (x)S81,,(x) > ) +P<8n sup Un(x)S2 n(x) > ) =:R3,, + R4,
xefR 4 xef 4

where

S1.a(x) :=%Z

i=1

Kp(x = Xi)  Kn(x(x) — Xi)
s (x) 1 ()

(log Y, — 10g wn,)((x))g»]l{yi>wnix(x)}y

1 Kp(x — X;)
Sz,,,(x) = ; Z T)l‘(k)g Y — Ingn,x)ijl{Yi>w,,,x} - (10g Y — 1Ogwn,)((x))tJrﬂ{Y,->cz)n’x()[)} s
i=1 Mn X

and it is enough to show that the series ), R3 , and ), R4 , converge.
To deal with ), R3 , use once again the triangular inequality to obtain

K — X; K —X;
<’>(x<>)‘ = Xi) K@) = XD | e X — K (xw) - X0

o 10

‘Mff)(x (x))

— I'Kh(x — X).
1 (x)
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Using hypothesis (K) and Lemma 4, there exists a positive constant M such that for n large enough:

n—b K b
hd”: h:| \/A(loga),,,x)(n )}

Kp(x —Xi)  Kp(x(x) —
1 (x) s )(X(x))

Vx € £2, ,uﬁf)(x(x))'

Besides

~ 1 ¢
(@)1= Y Kaule = Xp)(log V; = logen, A=,
i=1

is the empirical analogue of m,, )(z) defined before Lemma 4; since the support of the random variable K, (x — X;) is
included in B(x (x), 2h), one has for n large enough

& ()

—b Nk
Vx €2, v,(x)Spn(x)< ZdVMv,,(x){ ["—] v A(logwn,x)(n—b)} o )
h i (X (x))

Moreover, since m,, )(z) is a kernel estimator of m,, ® (z, z) for which the conditions of Lemma 2 are satisfied, we get
for n large enough:

VZ € ‘Q}‘lv 8 Un (Z) (t)
i (2)

r (t)
<268,v,(2) 1+‘ )(Z) IH
n (2)

The fact that b > 1/d + 1/2ng gives

n—b K nbMk 1 1 Uk/d
— < — <| == 0.
R I ol A P
Using first this convergence together with hypothesis (C) and (8) and then Lemma 3 entails for n large enough:
Q)
(2) logn
R3n< ) <8nvn(z) ?t)(z) 1|>¢e)=0(nexp| —«'e* =)

€82,
where k' is a positive constant. Hence ), R3 , converges.
To control ), R4 , first use Lemmas 2(iv) and 4 to get, for n large enough

my (x (x)) Su{ )(x(x))u(’)(x(X))}<2
2w e lp ) w7

Therefore, since the support of the random variable K, (x — X;) is included in B(x (x), 2k), one has for n large enough
andall x € 2

S2.0(x) < 29T V|K [0 3,0 (%),

where || K || :=supp K and

Kan (x (x) —
S3 n(x) Z (t)— |(10g Yi - 1Ogwn,x)fg.:ﬂ-{Y,->(u,l_x} - (10g Yi - logwn,x(x)):_]]-{Yi>w,,_X(X)} .
i1 my (X (x)
We then get

£
R4 <P 6, sup v, (x)S3,,(x) > 7> =:Rs,
" <9 " " 29H3V|1K |loo "
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and it is enough to control Zn Rs . We start by considering the case ¢t = 0. In this case, S3_,(x) reduces to

1 o Kon(x (x) — X))
Ssn(r) = = S B2 = %)
’ ; 1 (x (1))

n {wn,x/\wn.x(x)<Y[Swn,win.x(x)}'

Letting p, x :=2A(log wn,x)(n_h) and using (2), we have sup, .o ps,x — 0 and for n large enough

Vxef2, (- pn,x(x))a)n,)((x) Swpx < 1+ pn,x(x))a)n,x(x)~

As a consequence, for n large enough it holds that

1 Z Ko (x (x) — X;)

Vx € Q’ S3’"(‘x) = ; m(()) (X (x)) {(l_ﬂn,x(x))wn,x(x)<Yi§(l+Pn,x(x))wn,x(x)}'
i=1 n

Similarly to Lemma 5, let

Mn (X) = E(ICZh (x - X)jl{(lfpn,x)wn,x <Y<(1+pn,x)wn‘x})

and

l n
Un(x) =~ D Kon (= XD L{(1—pp ) <V <(+p0.0 )01

i=1

Write

Vx €2, 8,0,(x)S83,,(x) < 8pvu(x)

M, (x(x)) [1 Un(x(x)) IH
m (4 (x)) M, (x (x)) '

Use together Lemmas 2(iv) and 5 along with (8) to get for n large enough

Un(x (%)) 1H

Vx €2, 8,v,(x)S3,(x) < m -

4 [1 +
V(X ) nUn (X (x))pn,x(x)

Recall that p, , =2A(logw, x)(n —b) and that condition (C) is satisfied to obtain

8p sup v, (2)pn,; — 0.
7€82,

Therefore, since 0 < y < y(x(x)), the triangular inequality implies that

Rs, < Z P<5nvn(z)pn,z

zE82,

Un@) 1‘ & )
M, (2) 2956V [1K oo

for n large enough. Lemma 5 now makes it clear that

. ey logn , logn
Rs , = O n¢ sup exp| —«” — v =o| nexp| —«"e——
> ( ey T < VKOS, )) ( P ( s ))

which proves that > Rs , converges in this case.
If now t = 1, we recall (45) in the proof of Lemma 4 to get for n large enough and for all x € £2

my” (x () 1 = Kan(x @) = Xi)
m e S my ()

Wp x

83,n(x) = |log

{Yi>wy x A(Un.)(()c)} .

@n, x (x)

1197



1198 Y. Goegebeur, A. Guillou and G. Stupfler
Use (2) and Lemma 2(iv) to get for n large enough

Vre 2, S0 < 2 Alogan ) (n?) L Y KD = X0)

4 e wO oy e

2 _m Vn(x(x)) [ Va(x (x)) }

ZAlogwy ) (n? -1/, 9
< v (logwy,x) (n )mf,o)(x(x)) (@) )

where

1 n
v () :=E(Kon(x — X)L{ysw,,2) and V,(x):= - Z’CZh (x — X)Ly, 5w, ./2)-

i=1

The family of sequences (wy x/2) clearly satisfies the hypotheses of Lemmas 2 and 3: in particular

(10)

vy () f(wn,xlx) _ 1‘ N

xef m,(zo) (x) Flon,x/2|x)
and there exists a positive constant " such that for n large enough

Vi (x)

V()

Vx € $2, IP( -1

> 8) < 2exp(—/c’”52nhdf(a),,7x|x)), (11)

where the inequality F(wn, x/2]x) > f(a)n’ x|x) was used. We conclude by noting that according to (4),

1 f(wn,xlx)
0g =
F(wp,x/2|x)

F
= 0 <limsup sup M
14 n—>00 xef2 F(wn,x/2|x)

log?2
<0g <0

lim sup sup
n—>oo xef?

This property together with (10) entails the convergences

dp sup L(x) — 0 and sup A(logwn’x)(n_b) Vi () -0 (12)

re2 m (x) vef2 mP)

Reporting (10) along with (12) into (9), recalling condition (C) and using the triangular inequality together with (8)

shows that for n large enough,
1
> 8) = O(nc exp(—fc”’azﬂ>>,
5

RS,n =< Z P<8nvn(z)
7€,

where (11) was used in the last step. As a consequence, ), Rs , converges in this case as well. This completes the

proof of Proposition 1. O

Vi (x)
v (X)

-1

With Proposition 1 at hand, we can now prove Theorems 1 and 2.

Proof of Theorem 1. Notice that

1 1 0
18 () TV () ()

Yn(x) = . 13)
() () 1,7 ()
Applying Proposition 1 twice yields
(1 (0)
T,
n (0 pn ) 1| = 0 almost surely as n — oo. (14)

sup | —~——=—
re2l i (x) 170 (x)
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Moreover, recalling that y is continuous and therefore bounded on the compact set §2, using Lemma 2(i) and (iv)
twice entails

(¢Y)
sup M?T(x)—y(x)‘—>0 asn — Q. (15)
xel py (x)
The result follows by reporting (14) and (15) into (13). O

Proof of Theorem 2. Note that because nh? — 0o, the hypothesis

lim sup sup v, (x) A(logwy,,x)(h) < oo

n—>oo0 xesf?

entails condition (C). Besides, Proposition 1 yields

0) (1)
T,
sup vy, (x) “’(’T(x) — 1’ =0(1) and sup v,(x) T(x) — 1‘ =0(1) (16)
xen T, (x) xef Un (x)
almost surely as n — oco. Moreover, Lemma 2(iv) gives
()
1 tn (x) t
sup — — —y' (0| =0()
veb F(@nx ) V1T W08 wny | f)F (@nalt)
for ¢ € {0, 1}, so that using condition (3),
(H
M (X)
SUp vy (1)~ — —y(x)' =0(D). a7
xeQ M (x)
The result follows by reporting (16) and (17) into (13). O

Appendix: Auxiliary results and proofs

The first lemma of this section is a technical result that gives an upper bound for the oscillation of the log-conditional
survival function.

Lemma 1. Assume that (SP), (A1) and (Az) hold. Let moreover ¢ := g,, &' := ¢, and €" := g be three positive
sequences tending to 0 and assume that:

infyeo wp x = 00;

e sup,.c logw, x — 0;
SUPyxen A(logwn,x)(é‘,) — 0;
SUp, e @(¥|x) = 0asy — oo.

Then it holds that, for n large enough,
V(x,x/) €N x Qg,V(z,z/) IS5 B(x, s/) X B(x/, s”),

‘ F(wn,z 1z")
log ———=——

2
< Mze""logwy,; + ;A(logwn,x)(s/).

F(U)n,ﬂx/)
In particular,
1 F(wn|7
sup sup  sup sup ~ - _( n.zl2) - 1’ =0(1).
xR x'€N¢ zeB(x,e') 7 €B(x’,&") e loga)n,x \% A(logwn,x)(g ) F(a),,,xlx’)
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Proof. Pick (x,x") € 2 x 2° and (z,7') € B(x,¢') x B(x', ¢”). Use (4) to get for n large enough

‘1 F(wn,217)
o —_—

F(wn,x |x")

/ 7||n 1 — /
<Mg|]x" =2/ |"logw, . + <—y(x’) + @ (wn,z A wnxlx )>|logwn,x —logwy.;|.

For every y > 1, inequality (7) entails

sup @(y|x) < sup a(ylx) + Mye™. (18)

xef2¢ xef
Using then (2) with ¢ instead of i, we get infyc o inf e px e Wn,z A Wn x = infre@ Wy x (1 + 0(1)) — 00, so that

sup sup  sup @(wp,z Awpylx’) = 0.
xef2 x'€2¢ zeB(x,¢’)

Especially, since 0 < y < y (x"), we obtain for n large enough:
V(x,x') € 2 x 2°V(z,2) € B(x,&') x B(x', ¢"),

‘1 f(wn,z|z/)
O =
F((Un,x|x/)

2
< Mfé‘//n 1()ga)n’Z + ;A(logwn,x)(g/)

which is the first part of the result. To prove the second part, note that because sup, .o A(logw, x)(¢’) — 0 it holds
that for n large enough

V(x,x’) €N x QS,V(z,z’) € B(x,s’) X B(x’, s”),

F(w, 217) " 2
log ———" =" | <2M—=¢""logw, » + —A(logw, ) (g').
‘ Flonalry| = MFe " logonc + 5 Alogn)(e)
Consequently
1 f(wn,z|z/)
sup sup  sup sup 7 ~(log = = Oo(1).
xeQ x'e2F zeB(x.e') 7 eB( ey €M 10g Wy x V A(log wy 1) (&) F(wy x|x")
Using the equivalent e — 1 = u(1 + o(1)) therefore completes the proof of Lemma 1. ]

The second lemma examines the behavior of the conditional moment
m,(f) (x,z2) = E((log Y —logwn, )y Liysw, )1 X = z)

and that of its smoothed version M,(,t) ) =EKx—X )mf,t)(x, X)). Let I" be Euler’s Gamma function:
+00
V>0, T(@t):= / v le ™ dv.
0

Lemma 2. Assume that (SP), (A1) and (A>) hold. Pick t > 0 and assume that K is a bounded probability density
function on R with support included in B. If moreover:

o inficow, x — 00;
o hsup,cqologw, x — 0;
® sup,co@(ylx)—>0asy— o0

then, as n — 00, the following estimations hold:

(i) sup sup 1 | ’”'(’”("f) —1]1=0(01)
xe2 PIHREB) wen DOVAT Ly )P (t+1)F (@nx12) ’



Uniform asymptotic properties of a nonparametric regression estimator of conditional tails 1201

.. 1 n (X,2) —
(i) SUPxeg SUPzeB(x.h) ey TViTIogan | m(r)((x = —11=0(),

)
(iii) sup,cp = 1 |t 1| =0(D),

A(wn 2 |X)VA VAT logwnx ' £ (xym (x, x)

(1)
. 1 Ma (x) 1 =
(V) SUPree Zro —Tovi Vimlogans | Fr R+ D@m= O

Proof. (i) When t = 0, there is nothing to prove, since m,, )(x 7) = F(wn,x|z) and I'(1) = 1. In the case r > 0, an
integration by parts yields

+ (logy —logwy ) ™1 — _ +00 Foron |z
m,i’)(x,z)zf  oey yg n.x) F(ylz)dyzzF(wn,m)/1 (log )"~ lir;(w“:zi
“nx n,x

From (SP) and (A1), one has

F(’"C‘)n,x|z) _ vt

- =, /r@-1
rF(wn,x|Z)

exp(/rwpl.x a(1l))|Z) dv> _ 1' (19)

For all y € R, the mean value theorem yields |e¥ — 1| < |y|e”!. Meanwhile,

rwp, x
/ a(v|2) d
Wp, x v

Choosing n so large that sup, ¢ SUP, e gy i) ®(@n,x|2) < 1/2Y, (18), (19) and (20) together imply that, for all x € £2
and z € B(x, h),

+oo F(rwn x12) _ _ :|
1 t—1 I/y@-114
'/ (logr) I:"F(a)nx|z) '

v| <a(wp x|z) logr. (20)

+0o0 .
< (@(wn,x|x) +Mah’7°‘)/ (logr) r=Y27=1qr
1

which, since the integral on the right-hand side of this inequality converges, gives

N _
f oo(logr)l_1 [—F_(rw”’x 12) - r_l/V(Z)_l} dr

=0(1
VF(wn,x|Z) ()

1
sup sup —— ———
X€82 zeB(x,h) a(wn x|x) v e

as n — 00. An elementary change of variables and the well-known equality tI"(r) = I'(t + 1) thus entail

(T)(x 2)
F(a)n x|2)

1
sup  sup
X€82 zeB(x,h) A(wp,x|x) V e

—y' (I + 1)‘ =0(1)

as n — oo and (i) is proven.
(ii) Since for all x € £2, 0 <y < y(x) <¥ < 00, applying (i) entails

(t) t
1 I+ 1F
sup  sup (x,2) y @+ DF@nsdx) =0(1). Q1)
xeQ zeB(x,h) A(@n x |X) V I [y ()T (t + 1) F (wy.|2) m (x, x)

Moreover, hypothesis (A;) and the mean value theorem yield

‘J/t(x)
Y (2)

1
-1 §|:—t sup |tr'” |:| sup sup |y(x) —y(2)|=0(r"). (22)
Y Y=r=<y x€S82 zeB(x,h)

Besides, using Lemma 1 gives

f(wn x|x)
F(wn x12)

1
sup sup
xe2 zeB(x,h) M1logwy «

1‘ — o), (23)
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Note finally that since n < 1,, A 7y and infyep w, x — 00 one has

hly v h'le
sup ——
xe hlogwy x

Using then (22) and (23) together with (21) yields (ii).
(iii) Let us remark that for all x € £2:

e £ —huymy (x, x = hu)
D = Ku) ) du.

fem (x,x) B fx) my (x, x)

From (5) and (ii) it follows that
1 f(@ m(x,2)

sup sup — —1]—->0

xe02 zeB(x,h) A(@n x|X) V h' v ' log wy x | f (x) m,(f)(x, Xx)
as n — oo, which yields (iii).

(iv) This is a straightforward consequence of (i) and (iii). O

The third lemma is essential to prove Proposition 1. It gives a uniform exponential bound for large deviations of
(0) (1
T, and T, .

Lemma 3. Assume that (SP), (A1) and (A3) hold. Assume that K is a bounded probability density function on R4
with support included in B. If moreover:

o infico wy x — 00;
e h'sup, .o logw, , — 0;
e sup o a@(ylx) > 0asy— oo

then there exists a positive constant k such that for all n large enough, one has for t € {0, 1} and every ¢ > 0 small
enough:

7 (x)
1 (x)

Vx € £2, ]P’( —1

> 8) < 2exp(—fc82nhdf(a)n,x x)).

Proof. For every x € £2:
7.9 (x) d(0) d, (0 d, (0
P T()—l > ¢ :P(|h T,”7(x) —h%u, (x)|>8h 7 (x)).
MUn (X

Notice now that if W, ; (x) := h¢ K, (x — X;)1{y,>a, .} then

n

WO )~ Kl 0 = 3 Wi ) — B(Wai0)]

i=1
is a mean of bounded, centered, independent and identically distributed random variables. Define
K lloh? 1
T,(x) 1= thdﬂﬁ,o)(x) and  A,(x):= M
1K lloo Var(Wy,, 1 (x))
Bernstein’s inequality (see [23]) yields, for all € > O:

IP’( >s> §Zexp(—M>.

2(1+ 2, (x)/3)

0
7.9 (x)

L S |
13 (x)
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Applying Lemma 2(iii) yields for n large enough:

&
nf — 2oL 24)
x€2 nhdF (wp x|x) ~ 21K leo
Moreover, since W, 1(x) is bounded by | K ||cc, it follows from the inequality Wr%‘l (x) < | K |loo Wi, 1(x) that
1 E(W? | (x)) 1
sup < sup "—’1(0) <-. (25)
xe2 (X)) T xe || K ||aohdpy (x) €

Finally, it holds that

Ty (X) Ay (X) < { inf Ty (x) }{ . 1

_— > — inf —}nhdf(a)n,ﬂx).
201+ 2, (0)/3) = |x€2 nhdF (wp 5 |x) | |¥e2 21 /30 (x) + 1/3)

Using (24), (25) and the fact that the function # — 1/[2(¢ + 1/3)] is decreasing on R, it is then clear that for all n
large enough, if ¢ > 0 is small enough, there exists a positive constant ; that is independent of ¢ such that

0
77 (x)

A |
0
1 (x)

Vx € 82, ]P’(

> 8) < Zexp[—fqeznhdf(wn,ﬁx)].

We now turn to Tn(l) (x). For every x € £2, it holds that
(D O] 6))
T, T, T,
P( B @) 1‘ >8)=IP’("—(X) 1>g>+113><"—(x) 1<—g> = U1 (x) + 2 ().

1 - 1 - 1 B
s (x) i (x) s (x)

We shall then give a uniform Chernoff-type exponential bound (see [S]) for both terms on the right-hand side of the
above inequality. We start by considering u1 ,(x). Let

®n (s, x) :ZE(GXP(SKh(X —X)(logY — 10ga)rz,x)+:ﬂ-{Y>wn1X}))

be the moment generating function of the random variable K (x — X)(log Y —log @y x)+1(y>w, }- Markov’s inequal-
ity entails, for every g > 0,

(1)
T, (x) q

w1 (x) =P exp| ¢~ > exp(gle + 1]) | <exp| —qle + 1] +nlogg, —a X)) (26)
M (X) Nty (X)

Our goal is now to use inequality (26) with a suitable value ¢* (e, x) for ¢g. To this end, notice that

@n (s, x) =/ f(z)dz +/ Y (sKn(x —2)|x,2) f(2) dz,
R\ B(x,h) B(x,h)

where

Yn(slx,z) :=E(exp(sogY —logwp )+ L{y>w, )| X =2)

is the conditional moment generating function of the random variable (logY —logwy, x)+1{y>w, ) given X = z. In
particular, since f is a probability density function on R?,

@n(s,x) =1 +/ [V (sKn(x = 2)Ix,2) — 1] f(2) dz. 27

B(x,h)

This equality makes it clear that it is enough to study the behavior of v, (-|x, z). One has

x=z).

Yn(slx,2) = 1 = F(wn,x]2) +]E<[ !

Wp, x

S
} Ly >wp )
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From this we deduce that

F(t
s Ftwpx|2) dr.

_ +00
Y (slx,z) =1+ F(wy, Iz)/ st*—
! N 1F (n x2)

A use of (19) and (20) therefore entails, for all s < 1/,
_ 1 -1
Yn(slx,z) =1+ SF(wrz,x|Z)<[_ - S} + Ry (slx, Z)), (28)
v(2)
where R, (s|x, z) satisfies, for all § > 0, if n is large enough,
+o00

sup sup |R,,(s|x,z)|§sup sup a(wp x|z) vs_1/7_1+610gvdv.
x€82 zeB(x,h) x€82 zeB(x,h) 1

Since by (18) it holds that sup,.c ; SUP ¢ p(x 4y & (@n,x|2) = O we get, for all § > 0:

sup sup sup |Rn(s|x,z)|—>0 (29)
s<1/y—8xe82 ze B(x,h)

as n — co. We shall now derive a suitable value for the parameter g. Given X = x, if the remainder term R, were
identically 0, then one would have mfll) (x,x)= y(x)f(wn, +|x) and thus an optimal value of g would be obtained by
minimizing the function

—1
g —qll +£]+n10g|:1 ¥ 1[1 - _L} }
n nF(wn,x|x)

Straightforward but cuambersome computations lead to the optimal value

12— F(@nc 0] — /12 = Fl@nx 0P — (e /(e + D)1~ F(@y11x)]
2[1 — F(@nx1%)] '

qc*,+(€) = nf(wn,xlx) (30)

Since we are mostly interested in what happens in the limit # — oo and ¢ — 0, we may examine the behavior of
gz 4 (¢) in this case. Using (30), we get the following asymptotic equivalent

— e
q; (&) =nF(wnx |X)m~
Note that since q;“’+(s)/[nm§ll)(x, x)]=¢/[2y (x)(e + 1)] is positive and converges to 0 as ¢ — 0, the moment gen-

erating function ¥, (-|x, x) at ., (¢)/ [nm,(ll)(x, x)] is well-defined and finite for ¢ small enough and therefore this
choice of ¢ is valid. Back to our original context, taking into account the presence of the covariate X motivates the
following value for ¢:

LX) =
qn’ e+1

nhdf(x)f(wn,x |x),

where M is a positive constant to be chosen later. For ¢ small enough and for n so large that the quantity

On (q;f’+(8,x)/(nu£ll)(x)),x) is well-defined and finite for all x € £2, replacing g by g, , (¢, x) in the right-hand
side of (26) gives

P G
Vx €82, uin(x)<exp| —Menh® f(x)F(wy x|x)+nlogep, —o %) 31
Nty (X)
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Using the classical inequality log(1 4 r) < r for all r > 0 together with (27) and (28), we obtain
togg, 6,00 = [ [nlsKitr = 2lr.z) = 1] @)
B(x,h)
_ 1 -1
< / sKpn(x — Z)F(wn,xlz)<|:— —sKp(x — z)i| + R, (sKh(x —2)x, z))f(z) dz.
B(x,h) Y ()

According to Lemma 2(iv),

Q;Lk‘+(‘9’x) o Me d

F(wpx|x) eh
Ot 5 =
npy (x) €+

WDy T r@E+D

[14r.(x)], (32)

where 1, (x) — 0 as n goes to infinity, uniformly in x € §2. As a consequence, using an elementary Taylor expansion,
we get, for all z € B(x, h),

1 griex) ]‘1_ [ y(@) Me ~
[y(z) Do) Kiix—2)| =y 1+—y(x)—8+1h [1+r1a@)]Kn(x —2)
y(@) Me , B
k(—y(x) —8+1h [1+ 712 (0)]Kn(x Z))},
where k(r)/r — 0 as r goes to 0. Letting
pn(x,2) = &[1 + 71 ()] Ky (x = 2)
y (x)

and using (6), the uniform convergence of r; ,, to 0 and the fact that K is bounded yields

Pu(x,2) =h*Kp(x — 2) +r24(x,2), Wwhere sup sup |r2,(x,2)| =0
xe82 zeB(x,h)

as n goes to infinity. Especially,

|: 1 _ qrf,+(87x)
7 (2) n,u,gl)(x)

-1
Me
Kp(x — z)] = J/(Z)[l + mthh (x —2) +er3n(e, x, z)}, (33)
where 73 (g, x,z) = 0 as & goes to 0 and n goes to infinity, uniformly in x € £2 and z € B(x, h). Besides, since for
every &g > 0

v (e, Me hiK)(x —
Qn,-i-( x) Kn(x —7) — & n(x —2)
e+l yx)

sup sup  sup
e<éeoxes2 zeB(x,h)

1
nig (x)
as n goes to infinity and

Me hKp(x —2)
e+l yx)

sup sup  sup
neNxes2 zeB(x,h)

as ¢ goes to 0, (29) yields for & small enough

sup sup
xef2 zeB(x,h)

R,,(WK;,()C —z)‘x,z)‘ -0 (34)
npy - (x)

as n goes to infinity. Using together (6), (32), (33) and (34) entails that there exist functions 4, = r4,,(x, z) and
rs, =15,(€, x, z) satisfying

sup sup |r4’n(x,z)| —0 asn— o0
X€82 zeB(x,h)
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and
sup sup |r5,n(s,x,z)| —0 ase—>0andn— ©
x€82 zeB(x,h)

such that

* (e, x) Me M —
10g§0n<qn+14) X> =< / hd[l + K (x - Z):|F(U)n,x|Z)Kh(x —2)f(2)dz
I’l,bLn (x) B(x,h) €+ 1 e+1

Me 4 —
+ h F(wnx|2)[ran(x,2) +ersn(e, x, 2)|Kn(x —2) f(2) dz.
B(x,h)

e+1
Recalling (5) and (23), we get, for n large enough and ¢ small enough, the inequality

612+(8x) - Me
Te+1

Vx € £2, 10g<ﬂn< [1+2 IIKllz]hdf(x)F(wnXIX)

()
Using this result together with (31) and recalling that 0 < f* < f(x) entails, for n large enough and & small enough,
Me =
Vx €82, up,(x)<exp f —Me + ? 1 +2—||K||2 nh® F(wy x|x) ).

A straightforward computation shows that M} := (e +1)/(4[|K ||§) is the optimal value for M in the above inequality;
this value yields

Vxe R, up,(x)< exp( fnh F(wn,x|x)> = exp(—k26?nh? F (0, 1 |x)),

8IIK 13~

where k> is a positive constant independent of ¢.
Providing a uniform exponential bound for u3 , (x) starts by noticing that, for all g > 0,

”2’"()‘)56"19(—61[8— 1]+nlog<pn< ‘1]) ))
nﬂn (x)

Recall (27) and use the inequality log(1 — r) < —r for all r € (0, 1) to get

1ogson(—s,x)s/ [Wn (=sKnx — 2)lx. 2) — 1] £ (@) dz.

B(x,h)

We choose ¢ as

nh? f(X)F (wn x|x)

4y, (8, %) :=
" 4||K||2

which, using the ideas developed to control u1 , (x), yields
Vxe R, upn(x)< exp(—xzsznhdf(wn,xlx))

for some constant x > 0. Setting k = k1 A kp completes the proof of Lemma 3. (|

The fourth lemma of this section establishes a uniform control of the relative oscillation of x u(t)(x). Before
stating this result, we let

mP (x) 1= E(Kan (x — X)m{ (x, X)),

where K := 13 /V is the uniform kernel on R?, with V being the volume of the unit ball of R?; let further Cp, () :=
h= 4K u/h).
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Lemma 4. Assume that (SP), (K), (A1) and (A3) hold. Pick t € {0, 1} and let € := &,, be a sequence of positive real
numbers such that ¢ < h. If moreover:

o infco w, x — 00;
e hlsup,.ologw, x — 0;
o sup,co A(logwy x)(e) = 0;
e sup, .oa(ylx) > 0asy— oo
then
(1)
1
sup sup pn_(2) - 1‘ =0(1).
xe zeB(x,e) [/ ] V A(log wp x ) (€) ;L,(lt)(x)

Proof. For all x € £2 and z € B(x, ¢), we have
Q) = 1P @) < E(|Kn(x — X) — Kn(z = X) [ Lysw,) + E(Kn @ = X Liy=w,.) — Lyson))
0 0
= R\ (x,2) + RS ) (x.2) (35)

and we shall handle both terms in the right-hand side separately. Hypothesis (K) and the inclusion B(z, h) C B(x,2h)
entail that

MK e nK
|Kn(x — X) — Kp(z — X)| < |7 L{xeB(x,2h)}- (36)
From (36), we get
K
sup Rgoi(x, 7)< ZdMKVm,(P)(x)[E} ) 37
z€B(x,e) h

Because K is a probability density function on R¢ with support included in B, applying Lemma 2(iii) implies that

0
m{” (x)

1 (x)

—1'—)0 asn — oo (38)
xesf

which, together with (37), yields

sup sup =0(1). (39)

x€f2 zeB(x,¢e)

e 77K R (x.2)
H s (x)
We now turn to the second term. One has

RY) (x,2) = E(Kn(z — X)|F(@n x| X) = F(@n:1X)|). (40)
Furthermore, using Lemma 1 with ¢” = 0 entails

f(wn,zu/) _

f(wn,x |x”)

1
sup sup  sup
x€2 x'eB(x,2h) z€B(x,¢) A(logwy,x)(e)

1‘ =0(). 1)

Besides, hypothesis (K) and the inclusion B(z, h) C B(x, 2h) imply that
E(Kn(z — X)m (x, X)) <2 MgVm{? (x). (42)

Using the obvious identity

(43)

F 7 F(wn.-|X)
|F (@ x| X) = F(@n X)) =m,S°>(x,x>’L - 1‘
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and recalling that the support of the random variable K (z — X) is contained in B(z, h) C B(x,2h), (40) and (41)
yield:

T
sup  sup ) =0(D),
xe$2 zeB(x.e) Alogwy ) (&) m,(l (x)
and (38) entails
0)
1 Ry, (x,2)
sup  sup 2 =0(1). (44)

xe2 zeB(r.e) Alogwn 1)) p1l9(x)

Applying (35) together with (39) and (44) gives

! ' (2)
sup sup o - 1‘ =0()
xe2 zeB(x,e) L€/ ] v A(log wp x ) (€) ;,Lﬁ, )(x)

which shows Lemma 4 in this case.
We now turn to the case t = 1. Note that for all real numbers a, b > 1 such that a # b one has

Vy>1, |(ogy—1loga);ljys=a, — (logy —logh);Liy=py| < |logh —logalliysanp)- (45)
Inequality (45) then implies, for all x € £2 and z € B(x, ¢):

) — M@ < E(|Kn(x — X) — Kn(z — X)|(log Y —1ogwy, o)+ L{y>w,.})

Wn,x

+ |log

]E(Kh (Z - X)]l{y>wn,x/\wn,z})

n,
Wp,z
=: Rglr)l (x,2) + Ré’l,)l(x, 2) (46)

and we shall once again take care of both terms in the right-hand side of this inequality. Start by using (36) to get

nK
sup R(l)(x,z)SZdMKVm;])(x)[%} ) 47

1,n
z€B(x,¢e)

We now use the same idea developed to control Rf?i (x, z): applying Lemma 2(iii) entails

1

my ()
1

i ()

which, together with (47), yields

1'—)0 asn — oo
xXeR

[e:|_”K R (x.2)

Z LT 01, (48)
h 1 (x)

sup sup
x€82 zeB(x,e)

To control the second term, write

sup Ry (x,2) < Allogwn.) (&) sup E(Kn(z — X)L(y>a, ro,.))-

z€B(x,¢) z€B(x,¢)
Note that since wy x A @, is either equal to w, x or wy, ;, we can write, for all z € B(x, €)

E(Kn(z = X)L {yswp nons)) < E(Kn(z — X)m? (x, X)) VE(Ki(z — X)m¥ (z, X)).
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Recall now (41) and (43) to obtain, for n large enough, uniformly in x € £2 and z € B(x, ¢),
E(Kn(z = X)1{y >0,  nwn2)) < 2E(Kn(z — X)m (x, X)). (49)

Finally, using (42) and (49) yields:

1 RS (x,2)
sup sup ) =0(),
xeR zeB(x,¢) A(logwy,x)(g) m, (x)
and (38) entails
1 Rél,), (x,2)
sup sup ) =0(1)
x€R zeB(x,¢) A(logwy,x)(e) u,,g (x)
so that Lemma 2(iv) gives
(1)
1 Ry, (x,2)
sup  sup 2 —O(1). (50)

xef2 zeB(x,e) Alogwn x)(€) p(,,gl) (x)

Applying (46) together with (48) and (50) implies that

1 15 (2)
sup sup : _1'20(1)
ve@ zeBre) [6/ MKV AQlogwn ) (@) | 1D ()
which completes the proof of Lemma 4. 0

The fifth lemma of this section provides a uniform control of both the difference of two versions of /L;O) (x) for two

families of thresholds that are uniformly asymptotically equivalent and the empirical analogue of this quantity.
Lemma 5. Assume that (SP), (A1) and (A3) hold. Assume that K is a bounded probability density function on R?
with support included in B and that:

o infrco wyx — 00;
e hlsup,cqologw, x — 0;
® sup,coa(ylx) = 0asy— oco.

For an arbitrary family of positive sequences (pp, ) such that sup, cq pn x — 0 asn — 0o, let
My (x) := E(Kn(x = X)L{(1-p, )0 <Y <4 p.0)e0n.1))
and
12
Un(x) = — ; Kn(x = X)L{(1=pyc)on <Y <1400}
Then

yOM)
2f(x);0n,xf(wn,x [x)

1‘—>0
xesf

and there exists a positive constant k such that for all n large enough, one has for every ¢ > 0 small enough:

Un(x)
M, (x)

Vx € 2, P(pn,x —1

> 8> < 2exp(—/c8nhdf(wn,x|x)).
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Proof. We start by noting that

F((l — Pn,x)Wn x| X) . F((l + ,On,x)wn,x|X):|>

M (x):E(Kh(x — X)pp.x F (o, |X)|: = =
" b b Pnx F(wy x| X) Pnx F(wy x| X)

Use then (SP) and (A1) to get, for an arbitrary z € B(x, h),

f((] + pp)onclz) (1% p, x)*l/y(z) (1% pn,x)n x a(v|z)
. . = : exp dv ). (G20
w,

pn,xf(wn,x [z) Pn,x v

n,x

Since 0 < y < y(z) and sup,cg pn,x — 0, a Taylor expansion of the exponential function in a neighborhood of 0
yields

(1£pn, y—1/r@ 1 1
L: :F—(l‘f‘rl,i,n(xvz))’ Y
Pn,x Prn,x v (@)

where r1 4 ,(x,z) and rq _ ,(x, z) converge to 0 as n — oo, uniformly in x € £2 and z € B(x, ). Besides, for all
ue (_1’ 1)’

(1+M)a)n,x v :
/ a(v]2) dv‘ < {a(wn,xlz)l log(1 4 u)| ifu>0, (53)
w,

v a((1 4+ u)wn x|z)[log(I +w)|  ifu <0

n,x

so that, because infyc W, x — 00, SUP, ¢ Pn.x — 0 and sup, .o @(y|x) = 0 as y — oo:

(lipn,x)wn.x a(v|z (lipn.x)wn,x a(v|z
GXP(/ vl )dv> =1+/ @] )dv(1+r2¢,n(x,z)),

n,x

n,x

where r2 4 ,(x,z) and rp _ ,(x, z) converge to 0 as n — oo, uniformly in x € £2 and z € B(x, h). Moreover, (53)
yields

1
sup sup

x€R zeB(x,h) Pn,x v

/(1ip,,,x)wn-x a(v]z)
w;

dv‘—>0 asn — oo.

n,x

Plugging this together with (52) into (51) and recalling that 0 < y <y (z) entails

y@) [7«1 — pndonsls) _ F((1+ pn,xm,xiz)} _ 1‘ —0 asn— oo

sup sup — —
x€82 zeB(x,h) 2 Pn,xF((Un,x|Z) pn,xF(CUn,x|Z)
Consequently,
M, (x)
sup — —1|—>0 asn— oo. (54)
x| 2E(Kp(x = X) pn x F(0n x| X) /7 (X))
Recalling (5) and (6), we get
E(Kn(x — X)F(wnx1X) /7 (X))
sup 0) —1{—0.
xef pn” (x)/y (x)

It only remains to recall (54) and to apply Lemma 2(iv) to obtain

yOM )
2f(x)pn,xf(0)n,x |x)

1‘ — 0. (55)
XER
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We proceed by controlling U, (x). For every x € £2,

IEJJ(:On,x

Notice now that if Z, ; (x) := thh (x — Xi)]l{(lfpn,x)ww<Y,-§(1+pn_x)wn,x}’ then

Un(x)
My (x)

d
— 1' > s) =P<|hdU,,(x) — M, (x)] > gw).

n,x

n

1
d _d _ ! Z () — 4
h*Up(x) — h" My (x) = n [Zl’l,l(x) E(Zn,z(x))]

i=1
is a mean of bounded, centered, independent and identically distributed random variables. Define

e nh?M,(x) M, (x) 1
Ty(x)  =———— and A,(x) :=¢€||K|lco .
1K lloo Pn,x Pnx  Var(Zy1(x))

Bernstein’s inequality (see [23]) yields, for all ¢ > 0,

P(,On,x > s) < Zexp<—M).

2(1 4 An(x)/3)
Applying (55) yields, for n large enough,

Un(x)

S|
My (x)

&
1GNNS (56)
xeﬂnhdF(a)n,ﬂx) VKo

Moreover, since Z,ZL 1(X) 1K looZn,1(x), it follows that

B E(Z; | (x)) 1 0 7
sup SSUp P x——————— = —SUp py,x —>
ve2 () T e T elK loohdMy(x) T £ peq T

as n — oo. Finally, it holds that

Ty (X) Ay (X) > { inf Tu(X) }{ inf 1
2(1 4+ 2y (x)/3) = [xe2 nhd F (wy 1 |x) | |x€2 2(1/An(x) 4 1/3)

}nh"f(wn,x ).
Using (56) and (57) it is then clear that, for all n large enough, if ¢ > 0 is small enough, there exists a positive constant
k that is independent of ¢ such that

Un(x) _
My (x)

1

Vx € $2, P(pn,x

> s> < 2exp[—fc£nhdf(wn,x |x)].
This completes the proof of Lemma 5. O

The final lemma is the last step in the proof of Theorem 2.

Lemma 6. Let (X)) be a sequence of positive real-valued random variables such that for every positive nonrandom
sequence (8,) converging to 0, the random sequence (5, X,) converges to 0 almost surely. Then

P(lim sup X, = +oo) =0 ie. X,=0() almostsurely.

n—o0

Proof. Assume that there exists &€ > 0 such that P(limsup,,_, ., X, = +00) > ¢. Since by definition limsup,_, ., X, =
limy, oo SUP >, X is the limit of a nonincreasing sequence, one has

n/
VkeN,Vn eN, ]P’(U{X,,zk})ze = VkeN,VneN,3n' >n, P(U{szk}>zs/2.

p=n p=n
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It is thus easy to build an increasing sequence of integers (Ny) such that

Nig1—1
Vk>1, P U (X, >k}]|>e/2.
p=Ni

Let §, = 1/k if Ny <n < Niyq. It is clear that (§,) is a positive sequence which converges to 0. Besides, for all
k € N\ {0} it holds that

N1 —1 Ni1—-1
IP’( sup 8,X, > 1) =19>< U 6px, > 1}) >P( |J 6Xx,=1)) =P |J (X,2k)=e/2.
p>Ni p>Ni p=Nj p=Ny
Hence (6, X,,) does not converge almost surely to 0, from which the result follows. O
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