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We consider a fragmentation of discrete trees where the internal vertices
are deleted independently at a rate proportional to their degree. Informally,
the associated cut-tree represents the genealogy of the nested connected com-
ponents created by this process. We essentially work in the setting of Galton—
Watson trees with offspring distribution belonging to the domain of attraction
of a stable law of index « € (1, 2). Our main result is that, for a sequence of
such trees 7, conditioned to have size n, the corresponding rescaled cut-trees
converge in distribution to the stable tree of index «, in the sense induced by
the Gromov—Prokhorov topology. This gives an analogue of a result obtained
by Bertoin and Miermont in the case of Galton—Watson trees with finite vari-
ance.

1. Introduction and main result. Fragmentations of random trees were first
introduced in the work of case of Meir and Moon [23] as a recursive random edge-
deletion process on discrete trees. Since then, it has been recognized that fragmen-
tations of discrete and continuous trees appear in several natural contexts; see, for
example, [11, 15] for a connection with forest fire models, [6, 8] for fragmentations
of the Brownian tree [5] and its relation to the additive coalescent, and [3, 24, 25]
for fragmentations of the stable tree of index « € (1,2) [17]. The fragmentations
considered in the two last cases, which arise naturally in the setting of Brownian
and stable trees, are self-similar fragmentations as studied by Bertoin [9], whose
characteristics are explicitly known.

Several recent articles investigated the question of the asymptotic distribution
of the number of cuts needed to isolate a specific vertex, for various classes of
random trees. In specific cases, Panholzer [26] showed that the Rayleigh distri-
bution arises naturally as a limit in this context, and Janson [21] showed that this
limiting result holds for general Galton—Watson trees with a finite variance off-
spring distribution, using a method of moments. He also established a connection
to the Brownian tree, which is natural since the Rayleigh distribution is the law of
the distance between two uniformly chosen vertices in the CRT. Later, Addario-
Berry, Broutin and Holmgren [4] provided a different proof giving a more concrete
connection to the Brownian tree. Bertoin and Miermont [12] then studied the ge-
nealogy of the cutting procedure in itself, which is related to the problem of the
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isolation of several vertices rather than just the root (certain of these ideas were
implicitly present in former papers, including [4, 11]). This allows to code the dis-
crete cutting procedure in terms of a “cut-tree,” whose scaling limit is shown to be
a Brownian tree that describes in some sense the genealogy of the Aldous—Pitman
fragmentation [6].

Note that the results of [4], by introducing a reversible transformation of the
Brownian tree, can be understood as building the “first branch” of the limiting
cut-tree, the latter being a kind of iteration ad libitum of this transformation. This
transformation was extended in [2] in the context of a fragmentation of stable
trees. The main goal of the present work is to show that the approach of Bertoin
and Miermont [12] can also be adapted to Galton—Watson trees with offspring
distribution in the domain of attraction of a non-Gaussian stable law, showing the
convergence of the whole discrete cut-tree to a limiting stable tree. This gives in
passing a natural definition of the continuum cut-tree for the fragmentation studied
in [25].

Let us describe more precisely the result of [12] we are interested in. Consider
a sequence of Galton—Watson trees 7, conditioned to have exactly n edges, with
critical offspring distribution having finite variance o2. The associated cut-trees
Cut(7,) describe the genealogy of the fragments obtained by deleting the edges
in a uniform random order. It is well known that the rescaled trees (o//n) - Ty
converge in distribution to the Brownian tree 7; see [5] for the convergence of
the associated contour functions, which implies that this convergence holds for
the commonly used Gromov—Hausdorff topology, and for the Gromov—Prokhorov
topology. In the present work, we will mainly use the latter. Bertoin and Miermont
showed that there is in fact the joint convergence

Cut Cut
(ST 5oz Cum) 22 (7. o).
where Cut(7) is the so-called cut-tree of 7. Informally, Cut(7") describes the
genealogy of the fragments obtained by cutting 7 at points chosen according to
a Poisson point process on its skeleton. Moreover, Cut(7") has the same law as 7.
Our goal is to show an analogue result in the case where the 7, are Galton—
Watson trees with offspring distribution belonging to the domain of attraction
of a stable law of index « € (1,2), and T is the stable tree of index «. For the
stable tree, a self-similar fragmentation arises naturally by splitting at branching
points with a rate proportional to their “width,” as shown in [25]. This will lead
us to modify the edge-deletion mechanism for the discrete trees, so that the rate at
which internal vertices are removed increases with their degree. Therefore, we call
edge-fragmentation the fragmentation studied in [12], and vertex-fragmentation
our model. Note that more general fragmentations of the stable tree can be con-
structed by splitting both at branching points and at uniform points of the skeleton,
as in [3]. However, these fragmentations are not self-similar (see [25]), and will
not be studied here.
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In the rest of the Introduction, we will describe our setting more precisely and
give the exact definition of the cut-trees, both in the discrete and the continuous
cases. This will enable us to state our main results in Section 1.4.

1.1. Vertex-fragmentation of a discrete tree. We begin with some notation.
Let T be the set of all finite plane rooted trees. For every T € T, we call E(T)
the set of edges of T, V(T) the set of vertices of T, and p(T) the root-vertex
of T. For each vertex v € V(T), deg(v, T) denotes the number of children of v
in T (or degv, if this notation is not ambiguous), and for each edge e € E(T),
e~ (resp., eT) denotes the extremity of e which is closest to (resp., furthest away
from) the root.

For any tree T with n edges, we label the vertices of T by vg, vy, ..., v,, and
the edges of T by ey, ..., e, in the depth-first order. Note that the planar structure
of T gives an order on the offspring of each vertex, say “from left to right,” hence
the depth-first order is well defined. With this notation, we have v; = e}L for all
je{l,...,n}

Welet T € T be a finite tree with n edges. We consider a discrete-time fragmen-
tation on 7', which can be described as follows:

e at each step, we mark a vertex of 7' at random, in such a way that the probability
of marking a given vertex v is proportional to deg v;
e when a vertex v is marked, we delete all the edges e such that e~ = v.

Note that the total number of steps N is at most n. To keep track of the genealogy
induced by this edge-deletion process, we introduce a new structure called the cut-
tree of 7', denoted by Cut, (7).

Forallr € {1,..., N}, we let v(r) be the vertex which receives a mark at step r,
E, ={e € E(T):e” =v(r)} be the set of the edges which are deleted at step r,
kr =|E,|,and D, ={i € {1,...,n}:¢; € U, ~, E,»}. We say that j ~, j’ if and
only if e; and e are still connected in the forest obtained from T by deleting the
edges in D,. Thus, ~;, is an equivalence relation on {1, ...,n} \ D,. The family
of the equivalence classes (without repetition) of the relations ~, forr =1,..., N
forms the set of internal nodes of Cut, (7). The initial block {1,...,n} is seen
as the root, and the leaves of Cut,(7T) are given by 1,...,n. We stress that we
distinguish the leaves i and the internal nodes {i}.

We now build the cut-tree Cut,(7") inductively. At the rth step, we let B be the
equivalence class for ~,_1 containing the indices i such that ¢; € E,. Deleting the
edges in E, splits the block B into k. equivalence classes By, ..., By, for ~, with
k. <k, + 1. We draw k. edges between B and the sets By, ..., By, and k, edges
between B and the leaves i such that ¢; € E,. Thus, the graph-distance between
the leaf i and the root in Cut,(7') is the number of cuts in the component of T
containing the edge e; before ¢; itself is removed. Note that Cut,(7") does not have
a natural planar structure, but that the actual embedding does not intervene in our
work. Figure 1 gives an example of this construction for a tree 7 with 16 edges.



2218 D. DIEULEVEUT

T Cutv(T) 5 4 12 13 14 16

FI1G. 1. The cut-tree Cuty(T) of a tree T. The order of deletion of the internal vertices of T is
indicated in Roman numerals. The correspondence between the edges of T and the leaves of Cuty (T')
is indicated in Arabic numerals.

If T is a random tree, the fragmentation of 7 and the cut-tree Cut,(7T) are
defined similarly, by conditioning on 7' and performing the above construction.

Note that, equivalently, we could mark the edges of 7 in a uniform random
order, and delete all the edges e such that e~ = ¢, as soon as ¢; is marked. The
cut-tree Cuty (7") would then be obtained by performing the same construction with
E,={ecE(T):e” = ei: }. This procedure sometimes adds “neutral steps,” which
have no effect on the fragmentation, but this does not change the cut-tree. It will
sometimes be more convenient to work with this point of view, for example, in
Sections 2.1 and 4.

1.2. Fragmentation and cut-tree of the stable tree of index o € (1,2). Follow-
ing Duquesne and Le Gall (see, e.g., [18]), we see stable trees as random rooted
R-trees.

DEFINITION 1.1. A metric space (T, d) is an R-tree if, for every u,v € T

e There exists a unique isometric map f, , from [0, d(u, v)] into T such that
Suw(0) =u and f, ,(d(u,v)) =v.

e For any continuous injective map f from [0, 1] into T, such that f(0) = u and
f(1) =v, we have

f([ov 1]) = fu,v([O, d(u’ U)]) = [Iuv U]].
A rooted R-tree is an R-tree (7', d, p) with a distinguished point p called the root.

The trees we will work with can be seen as R-trees coded by continuous func-
tions from [0, 1] into R, as in [18]. In particular, the stable tree (7, d) of index
« is the R-tree coded by the excursion of length 1 of the height process H®, de-
fined as follows in [17]. Let X® be a stable spectrally positive Lévy process with
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parameter «, whose normalization will be prescribed in Section 2.2.1. For every
t >0, let X@" be the process defined by

(@) (@) .
/X\(Ol,f) — Xf - X([—S)_’ lfo S s <t,
s X @ .
t ) lfS = t,
and write §{*" = su X @D for all
s = SUPo<r<s A7 or all r € [0, ¢].

DEFINITION 1.2. The height process H® is the real-valued process such
that Hy =0 and, Afor every t > 0, H; is the local time at level O at time ¢ of the
process X @1 — g

The normalization of local time, and the proof of the existence of a continuous
modification of this process, are given in [17], Section 1.2. This definition of T
allows us to introduce the canonical projection p:[0, 1] — 7. We endow 7T with
a probability mass-measure p defined as the image of the Lebesgue measure on
[0, 1] under p, and say that the rot of T is the unique point which has height 0.

For the fragmentation of the stable tree, we will use a process introduced and
studied by Miermont in [25], which consists in deleting the nodes of 7 in such a
way that the fragmentation is self-similar. We first recall that the multiplicity of a
point v in an R-tree 7' can be defined as the number of connected components of
T \ {v}. To be consistent with the definitions of Section 1.1, we define the degree of
a point as its multiplicity minus 1, and say that a branching point of T is a point v
such that deg(v, T') > 2. Duquesne and Le Gall have shown in [18], Theorem 4.6,
that a.s. the branching points in 7 form a countable set, and that these branching
points have infinite degree. We let B denote the set of these branching points. For
any b € 3, one can define the local time, or width of b as the almost sure limit

L(b) = lir61+e_1,u{v eT:belp,vl.db,v) <e},
E—>

where p is the root of the stable tree 7. The existence of this quantity is justified
in [25], Proposition 2, (see also [18]).

We can now describe the fragmentation we are interested in. Conditionally
on T, welet (t;, b;);cs be the family (indexed by a countable set /) of the atoms of
a Poisson point process with intensity dt ® Y .5 L(b)dp(dv) on Ry x B. Seeing
these atoms as marks on the branching points of 7, we let 7 (t) = T \ {b; :1; <1}.

Forevery x € T, we let 7 (¢) be the connected component of T (1) containing x,
with the convention that 7;(r) = @ if x ¢ T (f). We also let u,(f) = u(7x(1)).
Adding a distinguished point 0 to 7, we define a function § from (7 U {0})? into
R U {oo}, such that forall x, y € T,

8(0,0) =0, 8(0,x):8(x,0):[oo,ux(t)dt,
0

5(x.y) = /t(x e+ @)
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where #(x, y) :=inf{t € Ry : 7 (t) # T,(¢)} is a.s. finite. We think of § as our new
“distance” in the cut-tree. This definition might seem surprising, but the results of
Section 2.1 will show that it provides an analogue of the distance we defined in
the discrete case, in terms of number of cuts; as will be explained in Section 3.1,
it also has a natural interpretation as a time-change between two fragmentation
processes of the stable tree, studied in [24] and [25]. The role of the extra point 0
in our (time-changed) fragmentation will be similar to the role played by the root
of 7 in the “fragmentation at heights” which will be introduced in Section 3.1.

A first idea would be to build the vertex-cut-tree Cut,(7) as a completion of
(7 u {0}, 8). However, making this idea rigorous is difficult, since it is not clear
whether § is a.s. finite, and defines a distance on 7 LI {0}. We will instead use an
approach introduced by Aldous, which consists in building a continuous random
tree such that the subtrees determined by k randomly chosen leaves have the right
distribution. To this end, we use the conditions given by Aldous in [5], Theorem 3.

Set £(0) =0, and let (£(i));en be an i.i.d. sequence distributed according to u,
conditionally on 7. The key argument of our construction is the identity in law

(BED.EUD)); w0 2 (dEG+ 1.5 + D)), o,

which will be proven in Section 3.1. In particular, it implies that almost surely, for
alli, j >0,8(&£(@), £())) is finite, and that § is a.s. a distance on {£(i), i > 0}. This
allows us to see the spaces R(k) := ({§(i),0 <i <k}, ), for all k € N, as random
rooted trees with k leaves. Using the terminology of Aldous, (R(k), k € N) forms
a consistent family of random rooted trees which satisfies the leaf-tight condition:

min 8(5(0).£(/)) > 0.

Indeed, the second part of Theorem 3 of [5] shows that these conditions hold
for the reduced trees ({£(i),1 <i < k + 1},d). As a consequence, the family
(R(k), k € N) can be represented as a continuous random tree Cut,(7), and
(86(6@),&(j)))i,j=0 is the matrix of mutual distances between the points of an
i.i.d. sample of Cut, (7). This tree Cut,(7) is called the cut-tree of 7. Note that
Cuty (7") depends on 7 and on the extra randomness of the Poisson process.

1.3. Fragmentation and cut-tree of the Brownian tree. We will also work on
the Brownian tree (77, d", pP"), which was defined by Aldous (see [5]) as the
R-tree coded by (H;)o<r<1 = (2B;)o<:<1, where B denotes the standard Brownian
excursion of length 1. This tree can be seen as the stable tree of index o = 2
(up to a scale factor, with the normalization we will use). In particular, we have
a probability mass-measure P on T, defined as the image of the Lebesgue
measure on [0, 1] under the canonical projection. We also define a length-measure /
on 7P, which is the sigma-finite measure such that, for all u, v € Tor ] (Tu, v]) =
d® (u, v).
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The fragmentation of the Brownian tree we consider is the same as in [12]:
conditionally on TP we let (ti, bi)ier be the family of the atoms of a Poisson
point process with intensity dr ® [(dv) on R x TP, As for the stable tree, we let
7;br(t) be the connected component of 7P\ {b; : #; <1}, and ,ugr )= ,ubr(7;br ),
for every x € 7. Adding a distinguished point 0 to 7°", we define a function 8"
on (7P L {0})? such that for all x, y € TP,

0
8°7(0,0) =0, 870, x) = 8" (x,0) = /O ub () dt,

o0
e = [ (o + @),
17(x,y)

where 1 (x, y) :=inf{t € Ry : 7" (¢) # 7;!”(1‘)} is a.s. finite. As shown in [12], we
can define a new tree Cut(7°") for which the matrix of mutual distances between
the points of an i.i.d. sample of Cut(7°") is (8(£(i), §(j)))i, j=0, where §(0) =

0 and (£(i))ien is an i.i.d. sequence distributed according to ubr, conditionally
on 7. Moreover, Cut(7 ™) has the same law as 7.

1.4. Main results. As stated in the Introduction, we mainly work in the setting
of Galton—Watson trees with critical offspring distribution v, where v is a prob-
ability distribution belonging to the domain of attraction of a stable law of index
a € (1,2). We shall also assume that v is aperiodic. Finally, for a technical reason,
we will need the additional hypothesis

" " (@) e
rzrl) P(Z > r) ’

where Z is a random variable such that P(Z =r) =rv({r}). For example, this is
the case if v({r}) is equivalent to c/r"”‘1 as n — oo, for a constant ¢ € (0, 00).
In all our work, we shall implicitly work for values of n such that, for a Galton—
Watson tree T with offspring distribution v, P(|E(T)| = n) # 0. We let 7, be a
v-Galton—Watson tree, conditioned to have exactly n edges. We let §,, denote the
graph-distance on {0, 1, ..., n} induced by Cut,(7,). We will use the notation pj,
for the root of 7, and u, for the uniform distribution on E(7,) (by slight abuse,
i, will also sometimes be used for the uniform distribution on {1, ..., n}).

Our main goal is to study the asymptotic behavior of Cuty(7,) as n — oo. To
this end, it will be convenient to see trees as pointed metric measure spaces, and
work with the Gromov—Prokhorov topology on the set of (equivalence classes of)
such spaces. Let us recall a few definitions and facts on these objects (see, e.g.,
[19] for details).

A pointed metric measure space is a quadruple (X, D, m, x), where m is a Borel
probability measure on the metric space (X, D), and x is a point of X. These
objects are considered up to a natural notion of isometry-equivalence. One says
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that a sequence (X,, D,, m,, x,) of pointed measure metric spaces converges in
the Gromov—Prokhorov sense t0o (X0, Doo, Moo, Xoo) if and only if the following
holds: for n € N U {00}, set &,(0) = x, and let &,(1),&,(2),... be a sequence
of i.i.d. random variables with law m,,, then the vector (D, (&,(i),&,(j)):0 <,
Jj < k) converges in distribution to (Do (00 (i); €x0(j)):0 < i, j < k) for every
k > 1. The space M of (isometry-equivalence classes of) pointed measure metric
spaces, endowed with the Gromov—Prokhorov topology, is a Polish space.

In this setting, the stable tree 7 with index « can be seen as a scaling limit
of the Galton—Watson trees 7,,n € N. More precisely, we endow the discrete
trees 7, with the associated graph-distance d,, and the uniform distribution m,
on V(T,) \ {px}. Note that m,, is uniform on {v{(7,), ..., v,(7,)}; by slight abuse,
it will sometimes be identified with the uniform distribution on {1, ..., n}. For
any pointed metric measure space X = (X, D, m, x) and any a € (0, 00), we let
aX = (X,aD,m, x). With this formalism, there exists a sequence (a,),eN such
that

2 LT AT,
in the sense of the Gromov—Prokhorov topology, and a, = n'/* f (n) for a slowly-
varying function f. This is a consequence of the convergence of the contour func-
tions associated with the trees 7,, shown in [16], Theorem 3.1. We will give a
slightly more precise version of this result in Section 2.2.2.

We can now state our main result.

THEOREM 1.3. Let (ay)neN be a sequence such that (2) holds. Then we have
the following joint convergence in distribution:

n—

(7. % cur(T) —, (. Caty (7).

where M is endowed with the Gromov—Prokhorov topology and M x M has the
associated product topology. Furthermore, the cut-tree Cuty(7T) has the same dis-
tribution as T .

Note that this generalizes Proposition 1.4 of [1], which gave the scaling limit of
the number of cuts needed to isolate the root in a stable Galton—Watson tree.

In the following sections, we fix the sequence (a,). For some of the preliminary
results, we will use a particular choice of this sequence, detailed in Section 2.2.1.
Nevertheless, it is easy to check that the theorem holds for any equivalent se-
quence.

To complete this result, we will study the limit of the cut-tree obtained for the
vertex-fragmentation, in the case where the offspring distribution v has finite vari-
ance (still assuming that v is critical and aperiodic). More precisely, we will show
the following.
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THEOREM 1.4. If the offspring distribution v has finite variance o2, then we
have the joint convergence in distribution

(%7},, %(0 + %) Cutv(’ﬁ,)) — (7%, Cut(77))

in Ml x M.

Let us explain informally why we get a factor o + 1/0, instead of the 1/0 we
had in the case of the edge-fragmentation. In the vertex-fragmentation, the average
number of deleted edges at each step is roughly 3, kv(k) x k = o> + 1. Thus, the
edge-deletions happen o2 + 1 times faster than for the edge-fragmentation. As a
consequence, (1/4/n) - Cuty(7,) behaves approximatively like (1/ (02 + 1)/n) -
Cut(7y), that is, (o + 1/0) " (1/0/n) - Cut(Ty).

Also note that we would need additional hypotheses to extend this result to the
more general case of an offspring distribution belonging to the domain of attraction
of a Gaussian distribution. Indeed, as will be seen in the Section 4, the proof of this
result relies on the convergence of the coefficients n/a>: if v has finite variance,
we may and will take a, = o 4/n, but in the general case, this convergence is not
granted.

For both of these theorems, it is known that the first component converges in
the stronger sense of the Gromov—Hausdorff—Prokhorov topology. However, as
in the case studied by Bertoin and Miermont, the question of whether the joint
convergences hold in this sense remains open.

In the following sections, we will first work on the proof of Theorem 1.3: pre-
liminary results will be given in Section 2, and the proof will be completed in
Section 3. The global structure of this proof is close to that of [12], although the
technical arguments differ, especially in Section 2. Section 4 will be devoted to the
study of the finite variance case.

2. Preliminary results.

2.1. Modified distance on Cuty(T,). We begin by introducing a new distance
8/ on Cuty(7,), defined in a similar way as the distance § for a continuous tree.
We show that this distance is “close” enough to (a,/n) - §,, which will enable us
to work on the modified cut-tree Cut/,(7,) := (Cuty(7,), ).

Recall the fragmentation of 7, introduced in Section 1.1. We now turn this pro-
cess into a continuous-time fragmentation, by saying that each vertex v € V(T') is
marked independently, with rate deg v/a, . Equivalently, this can be seen as mark-
ing each edge of T independently with rate 1/a,, and deleting all the edges e such
that e™ =e; as soon as ¢; is marked. Thus, we obtain a forest T, (¢) at time ¢. For
every i € {1,...,n}, we let 7, ;(t) denote the component of ’7_;,(t) containing the
edge e;, with the convention 7, ; (1) = @ if ¢; ¢ 7_71(t), and i (1) = wn (Tn.i(1)).
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Note that nu, ;(t) is the number of edges in 7, ;(¢). For all i, j € {1, ...,n}, we
now define

o0
8,(0,0) =0, 8,/1(0,i)=8;(i,0)=/ Wi (1) dt,
0

o0
53, j) = /, i O F @)

where 1, (i, j) denotes the first time when the components 7, ; (t) and 7, ;(t) be-
come disjoint.

LEMMA 2.1. Foralli, je{l,...,n}, we have
5|

an 2 dp
EH;SH(Z,]) —3;1(i, ])‘ :| < ;E[S;(O,l’)—*—(s;(o,j)].

2 an /7 B
] = “5[5,0,1]

a}’l . /7 B
—38,(0,1) —6,(0,1)
n

and

PROOF. We work conditionally on 7,. Fix i € {1,...,n}. For all t € R, we
let N;(¢) be the number of cuts happening in the component containing ¢; up to
time 7. Since each edge of 7, is marked independently with rate 1/a,, the process
(M;(1))r>0, Where

an !
Mi(0) = 2 Ny(r) /0 wi(s)ds,

is a purely discontinuous martingale. Its predictable quadratic variation can be
written as

a, (!
)= [ i) ds.
n Jo
As a consequence, we have E[|M; (co) 121 = E[(M;)so]. Since

t
lim N;(t) =46,(0,i) and lim / wi(s)ds =6,(0,i),
t—00 t—00 Jo

(|

For the second part, we use similar arguments. We fix i # j € {1,...,n}, and
we write #;; instead of #, (i, j). For all # > 0, let /; denote the o -algebra generated
by 7, and the atoms {(¢, ¢; ) : #, <t} of the Poisson point process of marks on the

edges introduced in Section 1.1. Conditionally on F4,

M;j(t) :=M;(@;; +1) — M;(t;;) + M;(t;j +1) — M;(t;)

we get

2
ay , .

O 50 (0, 1) — 8,0, 1)
n
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defines a purely discontinuous martingale such that

. a . . 0 o0
Jim M0 = (8 by 1)+ 0By ) — [ mirds = [ ajo)ds
- n lij lij

a .. ..
= 8, (i, J) = 8,0, ),
n
where b;; denotes the most recent common ancestor of the leaves i and j in
Cuty(7,). Besides, since the edges of 7, ; and 7, ; are marked independently after

time #;;, the predictable quadratic variation of M;; is

tij+t
<Mij>t:c;—nE|:/ (Mi(s)‘FMj(s))ds]'

tij

Since 8/ (i, j) = 8}, (0,i) + 8, (0, j) — 28, (0, b;), this yields

(|
2.2. A first joint convergence. In this section, we first state precisely the con-
vergence theorems we will rely on to prove the following lemmas. To this end, we
work in the setting of sums of i.i.d. random variable S, = Z; + --- + Z,,, where
the laws of the Z; are in the domain of attraction of a stable law. Under additional
hypotheses, Theorem 2.2 below gives a choice of scaling constants a, for which
Sn/an converges in law to a stable variable, and a formulation of Gnedenko’s lo-
cal limit theorem in this setting. Next, we will recall a result of Duquesne which
shows, in particular, the convergence (2). The version we will use is a joint con-
vergence of three functions encoding the trees 7, and 7. These results will allow
us to prove a first joint convergence for the fragmented trees in Proposition 2.5.

2
ap .. .. ap . .
©5066.) = 8,00, | = E[B,0.0)+5,0.)] .

2.2.1. Local limit theorem. We say that a measure 7 on 7 is lattice if there
exists integers b € Z, d > 2 such that supp(w) C b + dZ. We know from our hy-
potheses that v is critical, aperiodic, and v({0}) > 0, and these three conditions
imply that v is nonlattice.

For any B € (1, 2), we let X be a stable spectrally positive Lévy process with

parameter 8, and p,(ﬂ )(x) the density of the law of X ,(’3 ), Similarly, for 8 € (0, 1),
we let X be a stable subordinator with parameter 8, and q{,(’S ) (x) be the density

of the law of X ,(’3 ). We fix the normalization of these processes by setting, for all
A>0,

B)
E[e % 1= ifpe,2),

B)
E[e %" 1= ifge(0,1).

We also introduce the set R, of regularly varying functions with index p.
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THEOREM 2.2. Let (Z;,i € N) be an i.i.d. sequence of random variables in
N U {—1,0}. We denote by Z a random variable having the same law as the Z;.
Suppose that the law of Z belongs to the domain of attraction of a stable law of
index B € (0,2) \ {1}, and is nonlattice. If B € (1, 2), we also suppose that Z is
centered. We introduce

n
So=>Zi, n>=0.
i=l1

Then there exists an increasing function A € Rg and a constant ¢ such that:.

(1) It holds that
c

3) P(Z>r)~m asr — oo.
(ii) Letting a be the inverse function of A, and a, = a(n) for all n € N, we have
: ® (K )
4 1 P(S, =k) — — ]| =0.
4 nggolfggan (Sn=k) — p; (an

PROOF. Theorem 8.3.1 of [13] shows that, since Z > —1 a.s., the law of Z
belongs to the domain of attraction of a stable law of index g if and only if P(Z >
r) € R_g. Using Theorem 1.5.3 of [13], we can take a monotone equivalent of
P(Z > r), hence the existence of A such that (3) holds with a constant ¢ which
will be chosen hereafter.

The remarks following Theorem 8.3.1 in [13] give a characterization of the a,
such that S, /a, converges in law to a stable variable of index 8. In particular, it is
enough to take a, such that n/A(a,) converges, so a = A~ is a suitable choice.

We now choose the constant ¢ such that S, /a,, converges to X iﬁ ). The second point
of the theorem is given by Gnedenko’s local limit theorem (see, e.g., Theorem 4.2.1
of [20]). O

2.2.2. Coding the trees T,, and T. We now recall three classical ways of cod-
ing a tree 7 € T, namely the associated contour function, height function and
Lukasiewicz path. Detailed descriptions and properties of these objects can be
found, for example, in [16].

To define the contour function C"! of 7, we see 7T, as the embedded tree in
the oriented half-plane, with each edge having length 1. We consider a particle
that visits continuously all edges at unit speed, from the left to the right, starting
from the root. Then, for every ¢ € [0, 2n], we let C t["] be the height of the particle
at time ¢, that is, its distance to the root. The height function is defined by letting

H" be the height of the vertex v;. Finally, forall i € {0, ..., n}, we let Zl.['jrll be the
number of offspring of the vertex v;. Then the Lukasiewicz path of 7, is defined by

J
witl=3"zM—j  j=0....n+1
i=1
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Tn
Ctn]
4
37
27
17
T
2n + 2
[n] [n]
H; W;
4 e 4
3 — _— = 34 — —
2 — _— = — 24 — - = — —
1 — — — 14 _- - — —
T -1
n+1 n—+1

FI1G. 2. The contour function (Ct[”], 0<t<2n+2), height function (Hj[."],j =0,..., n+1) and
Lukasiewicz path (Wj[n], j=0,....,n+1) coding a realization of Tp,.

With this definition, we have deg(v;, 7,) = Wj[.'ill — Wj["] + 1. We extend C"]

and H!" by setting C;"! = 0 for all 7 € [2n, 2n + 2] and H"}, = 0 (this will allow
us to keep similar scaling factors for the rescaled functions we introduce in The-
orem 2.3). Figure 2 gives the contour function, height function and Lukasiewicz
path associated to the tree we used in Figure 1.

We also use a random walk (W) j>¢ with jump distribution v(k + 1):
i
Wi=>Zi—j, j=0
i=1

where (Z;);enN are i.i.d. variables having law v. Note that (W[-"], j=0,....,n4+1)
has the same law as (W;, j =0,...,n + 1) conditionally on W, ; = —1 and
W; >0 forall j <n.Inother terms, (W,),>0 has the same law as the Lukasiewicz
path associated with a sequence of Galton—Watson trees with offspring distribu-
tion v. From now on, we let A and a be functions given by Theorem 2.2 for the
sequence of i.i.d. variables (Z; — 1);en. Thus, we have the convergence

1w
(5) —w, & x@,
a n— 00

Finally, let (X;)o</<1 be the excursion of length 1 of the Lévy process X (@),
and (H;)o<s<1 be the excursion of length 1 of the process H @ defined in Sec-
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tion 1.2. We will use the following adaptation of the results shown by Duquesne
in [16]:

THEOREM 2.3 (Duquesne). Consider the rescaled functions C m g
and X", defined by
() _ 9 n] (n) _ 91 yn] w _ 1
G = 7C(2n+2)t» H =" H g1y X =Wy
n
forall t €0, 1]. If v is aperiodic and hypothesis (5) holds, then we have the joint
convergence

€™ =B, XM 020 ni—dl’o (H:, Hy, Xt)o<i<1-

Proposition 4.3 of [16] shows the convergence of the corresponding bridges
(with a change of index which comes from the fact that we are working on trees
conditioned to have n edges instead of n vertices). Using the continuity of the
Vervaat transform as in the proof of [16], Theorem 3.1, then gives the result.

The fact that these convergences hold jointly will be used in the proof of
Lemma 2.4 below. Apart from this, we will mainly use the convergence of
the rescaled Lukasiewicz paths X, because of the following link between the
rates of our fragmentation and the jumps of X . Recall from Section 1.2 that
p:[0,1] — T denotes the canonical projection from [0, 1] onto 7. Now, the set
of the branching points of 7 is {p(¢):t € [0, 1] s.t. AX; > 0}, and the associated
local times are L(p(t)) = AX; (see [18], proof of Theorem 4.7, and [25], Propo-
sition 2). Similarly, we introduce the projection p, from K,, :={1/(n +1),..., 1}
onto V(7,), such that p,(j/(n+ 1)) is the vertex vj_1 of 7,. Thus, for all t € K,,,
we have

(6) Ax™ = ai(deg(p,,(t), Ta) —1).
n

We conclude this part by showing another result of joint convergence, for the
Lukasiewicz paths of two symmetric sequences of trees. For all n € N, we in-
troduce the symmetrized tree 7,, obtained by reversing the order of the children
of each vertex of 7,,. We let Wl denote the Lukasiewicz path of ’7~71 (We would
obtain the same process by visiting the vertices of 7, “from right to left” in the
depth-first search.) Finally, we define the rescaled process X by

~ 1 ~
(n) (]
XI ZEWL("'H)ZJ VIE[O, 1].

LEMMA 2.4. There exists a process (}?[)OS[S 1 such that there is the joint
convergence

7 (x™, gmy D (x %)

n—oo
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Moreover:

e The processes X and X have the same law.
e For every jump-time t of X,

A}?l—t—l(t) = AX; a.s.,
where [(t) =inf{s > t: X; = X,;-} — ¢.

PROOF. Since 7, and 7~71 have the same law, X converges in distribution
to an excursion of the Lévy process X (¥ in the Skorokhod space . Thus the se-
quence of the laws of the processes (X W X ™Y is tight in D x . Up to extraction,
we can assume that (X () X ™Y converges in distribution to a couple of processes
(X, X).

Foralln e N, j €{0, ..., n}, asimple computation shows that the vertex v;(7,)
corresponds to v Jf('ﬁl), where

j=n—j+H"-D.
and DE-"] is the number of strict descendants of v; (7). Note that DE-"] is the largest
integer such that Wi[”] > Wj[.n] foralli e[}, j+ D;n]]. Then (6) shows that we have
v _ (n)
®) AX(n—j+H_/[~"]—DE-’”+1)/(n+1> = AX G e

For all n € NU{oo}, we let (si(")) ieN be the sequence of the times where X ™) has

a positive jump, ranked in such a way that the sequence of the jumps (AX ('(% ieN 18
Si

nonincreasing. We define the (§i(”)),-eN in a similar way for the X®™ neNU {o0]}.
Fix i € N. Then (8) can be translated into

1
) _ 4 _ () [n] _ plnl
) 57 =1—s5;"+ o 1(1 + H(n+1)sl.(”)—1 D(n+1)s‘”)—1)'

i

Using the Skorokhod representation theorem, we now work under the hypothesis
(Hl(n)’ Xt(n))OE[flnjo)o (Hl‘v X[)Offfl a.s.

Then the following convergences hold a.s., for all i > 1:

(n) .
s, —> i,
n—oo

AXY) — AX,,
Si

n—00
1

H[”] " -

n+1 @@+Ds; —1n—>00

L pw — I(s;)
n—+1 (n—i-l)si(")—l n—oo -
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The first two convergences hold because the AXj, are distinct, and the last one
uses the fact that a.s.

OSHL}sz X51+I(Sz)+“ < X(él) £>0

~(n
As a consequence, Sl~( )

a.s., and AX 5, = AXj; a.s. (Since the discontinuity points are countable, this holds
jointly for all i.)

The Lévy-Itd representation theorem shows that X can be written as a mea-
surable function of (5;, A)N(g[)ieN. This identifies uniquely the law of (X, X),
hence (7). U

converges a.s. to 1 —s; — [(s;). Thus, §; =1 —s; — [(s;)

2.2.3. Joint convergence of the subtree sizes. Recall from Section 1.2 that
(£(i),i € N) is a sequence of i.i.d. variables in 7, with distribution the mass-
measure U, and £(0) = 0. For all n € N, we introduce independent sequences
(&,(i),1 € N) of i.i.d. uniform integers in {1, ..., n}, and set &,(0) = 0. Recall-
ing the notation of Section 2.1, we let 1,,(i, j) = ,(£,(i), &,(j)) be the first time
when the components 7, ,)(t) and 7T, ¢, (j)(t) become disjoint. Similarly, 7 (i, j)
will denote the first time when the components containing £ (i) and £(j) become
disjoint in the fragmentation of 7. Our goal is to prove the following result.

PROPOSITION 2.5. As n — 00, we have the following weak convergences

a d
LT T,

o ) .
(r,,(z, J))i,jeN - (T(l, ]))i,jeN’

(d)
(:“n,én(i)(t))ieN,tzo - (/"E(i)(t))ieN,tzO’

where the three hold jointly.

For the proof of this proposition, it will be convenient to identify the &, (i) with
vertices of 7, instead of edges. As noted in [12], proof of Lemma 2, this makes no
difference for the result we seek.

We let

[ _ En(i) +1

! n+1
so that p, (tl.(”)) = Vg, (i) (7). Furthermore, we may and will take £ (i) = p(#;), with
a sequence (#;,1 € N) of independent uniform variables in [0, 1]. The sequence

(ti("), i € N) converges in distribution to (#;, i € N). Since these sequences are in-
dependent of the trees 7, and T, the Skorokhod representation theorem allows us
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to assume

(XM, XMy — (X,X) as.,
n—oo
(10) ™ . .
(t,",i eN) — (t;,i € N) a.s.
n—oo
We will sometimes write X ,(OO) and tl-(oo) for X; and #;, when it makes notation
easier.
For any two vertices u, v of a discrete tree T, we introduce the notation

[u, vl =[u, vINV(T) and u,vllyv=I[u,viv \ {u, v},

where [[u, v]] is the segment between u and v in T (seen as an R-tree).

DEFINITION 2.6. Fix T € T. The shape of T is the discrete tree S(7") such
that

V(S(T)) = [ve V(T):degv # 11,
E(S(T)) ={{u,v} € V(S(T))Z:Vw €llu, v[ly,degw = 1}.

Note that this definition can easily be extended to the case of an R-tree
(T, d) having a finite number of leaves, by using the “convention” V(T') = {v €
T :degv # 1} in the previous definition.

For all n, k € N, we let R, (k) denote the shape of the subtree of 7, spanned by
the vertices &,(1), ..., &, (k) and the root. Similarly, R (k) will denote the shape
of the subtree of 7 spanned by £(1), ..., £(k) and the root. For all n € NU {00}, we
let V, (k) be the set of the vertices of R, (k), and we identify the edges of R, (k)
with the corresponding segments in 7,. In particular, for any edge e = {u, v} of
R, (k), we write w € e if w € [lu, v[[y. We let L,,(v) denote the rate at which a
vertex v is deleted in 7. Recall from Section 2.1 that L, (v) = deg(v, 7,)/an.

LEMMA 2.7. Fix k € N. Under (10), R, (k) is a.s. constant for all n large
enough (say n > N). Identifying V, (k) with Vs (k) for all n > N, we have

(Ly(v),v eV, (k) —> (L(v),v € Voo(k)) a.s.
n—oQ
The above convergence can be written more rigorously by numbering the ver-

tices of R, (k) and R (k), and indexing on i € {1, ..., |V (k)|}, but we keep this
form to make the notation easier.

PROOF OF LEMMA 2.7. Foralln e NU{o0}, s <t € [0, 1], we let

1= inf x®,

s<u<t
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and forall i, j e N,

[ m)

PPN B A ) (m
i N E I =1 }

_ (n
=sup{s € [0, ; o =1l
.1

Note that p, (t(")) is the most recent common ancestor of the vertices &, (i) and

™ <, m

&€,(j) in T,. If, for example, f; we can rewrite L

sup{s € [0, 1 (n)] X(n) = 1(33 <n)}
Besides, for n = oo, we can replace the inequality in the broad sense by a strict
inequality:
lij = sup{s e[0,1]: X- < Iti,l‘j }
With this notation, it is elementary to show that the following properties hold a.s.
foralli, j,i’, j' > 0:
(1) X is continuous at ¢;, and X (<n) converges to X, as n — 00.

(>i1) L () converges to #;; as n — oQ.
(iii) Xz((”)) converges to X, and X ( (2,)) converges to X .y~ as n — 0.

ij
(iv) If t;; =ty js, then t(") = t(,"), for all n large enough.

We now fix k € N. We introduce the set
By(k) = {1 i e {1.... .k} Ui je {1, k}} U0}

of the times coding the vertices of R, (k). We let N, (k) be the number of ele-

ments of B, (k), and bi("’k) be the ith element of B, (k). Properties (i)—(iv) can be
translated into the a.s. properties:

(i)’ For n large enough, N, (k) is constant.
(1) Foralli € {1,..., Noo(k)},
bl_(n,k) EACE0)

n—oo

X(”)

b(n K XbeOO,k) s

X(n), =2 X(b(oo 0y

Moreover, R, (k) and the L,(v), v € V,(k), can be recovered in a simple way
using B, (k) and the X\", b € B, (k):

e Construct a graph with vertices labeled by B, (k), the root having label 0.
e For every b € B, (k) \ {0}, let b’ denote the largest b” < b such that b” € B, (k)

and X l(f/’/) <X, (n) , then draw an edge between the vertices labelled b and b’.
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e For each vertex v labeled by b € B, (k), let L,,(v) = AXlgn) +1/ay,.

This entails the lemma. O

This first lemma allows us to control the rate at which fragmentations happen
at the vertices of R, (k). We now need another quantity for the fragmentations
happening “on the branches” of R, (k), that is, at vertices v € V (7T,) \ V;,,(k). For
every n € NU {00}, we let

o)=Y, AX"  Vvielo,1].
O<s<t
x"W <

If n € N, the quantity a,0,(t) is the sum of the quantities degv — 1 over all strict

ancestors v #£ p, of p,(t) in T,. Similarly, o (¢) is the (infinite) sum of the L(v)
for all branching points v of 7 that are on the path [p(z), p]l.

LEMMA 2.8. With the preceding notation, in the setting of (10), for all i €
1,..., N(k), we have the convergence

on (bi(n’k)) =2, 000 (bi(oo’k)) a.s.

PROOF. We fix i € N, and let b, = b}"’k) to simplify the notation. For all
n € NU {oo}, we write 0, (t) = o, (t) + o, (), where

ofmy= > (X" -1,

O<s<t
X" <1y

o= Y (I -x").
O<s<t
x™ <1
For any s, ¢ such that 0 < s < ¢ and Xéri) < Ifﬁ), the term an(x‘ﬁ”) — Is(z)) cor-
responds to the number of children of p,(s) that are visited before p,(¢) in the
depth-first search, and a,, (/. S(”t) — Xi'i)) is the number of children of p, (s) that are
visited after p, (¢). Writing the same decomposition 6, (¢) = 6, (1) + 6,7 () for the
trees 7, and recalling (9), we thus get

o, (by) = &, (by),

where

1
(n] [n]
bn =1- bn + l’l—-f-l(l + H(:Jrl)bn*l - D(ZJrl)b"il)‘
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Now we note that for all # > 0, we have o, (t) = Xt(i’) and o (t) = X,-. As a
consequence, using (10), we get

o, (by) =2 Xp- a.s.

The same relation for ¢, and X and the fact that b, converges a.s. to b :=
1 —5b —[(b), show that

of(by) :65(’5"),1?50 X;-  as

Thus, 0, (b,) converges a.s. to o, (b) + 6, (15). To show that this quantity is equal
to 00 (D), we introduce the “truncated” sums oy, ¢(t), Jnf (), Oy e (t), obtained by
taking into account only the s € (0, ¢) such that X§n_) <1 S(nt) and AX s(”) > ¢. For all
n € NU {oo}, these quantities are finite sums. Therefore, the a.s. convergence (10)
implies that for all € > 0,

0550 (b) = lim o, (by) = lim &, (by) =G5 . ().

Thus, 0oc,¢(b) = 05 , (D) + G5, . (b). By letting £ — 0, we get 000 (b) = 055 (D) +
(). O
We now come back to the proof of Proposition 2.5.

PROOF OF PROPOSITION 2.5. For all n € NU {00}, we add edge-lengths to
the discrete tree R, (k) by letting

ol v) =du(u,v)  ifneN,
loo({u, v}) =d(u,v),

for every edge {u, v}. Let R, (t) denote the resulting tree with edge-lengths. We
now write R, (k, t) for the tree R}, () endowed with point processes of marks on
its edges and vertices, defined as follows:

e The marks on the vertices of R, (k) appear at the same time as the marks on the
corresponding vertices of 7;,.

e Each edge receives a mark at its midpoint at the first time when a vertex v of 7,
such that v € e is marked in 7,,.

For each n, these two point processes are independent, and their rates are the fol-
lowing:

e Each vertex v € V,,(k) is marked at rate L, (v), independently of the other ver-
tices.
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e For each edge e of R, (k), letting b, b’ denote the points of B, (k) corresponding
to e, e (as explained in the proof of Lemma 2.7), the edge e is marked at rate
Y.L, (e), independently of the other edges, with

SLie)= Y, Ly

veV(T,)Ne

=on(t) —on®) + (H((b”,))_ H") = Ly(e7)

if n e N, and
TLoo(e)=ZL(e)= Y  L(v)=0c(b') —00o(b) — L(e").
veV(T)Ne

Now Lemmas 2.7 and 2.8 show that L, (v) and XL, (e) converge to L(v) and
Y. L(e) (resp.) as n — oo. Therefore, we have the convergence

(d)

(11) ( R (k. 1), z>0) > (Roo(k, 1),10),

where (a,/n) - R, (k,t) and Reo(k,t) can be seen as random variables in T x
(R4 U {—1DHN x {=1,0, 1}, for example,

(an/n) - Rn(k, 1) = (Ru(k), Ui)iz1, (8v (G, 1));0> BEG, 1));21),
where
[ — (an/n) - L(ei(Ru(k))), if i < N, (k),
-, if i > N, (k),

1, if i < N, (k) and the vertex v; (R, (k))
has been marked before time ¢,

Sy(@i,t)=10, if i < N, (k) and the vertex v; (R, (k))
has not been marked before time ¢,
-1, ifi > N, (k),
1, ifi < N, (k) and the edge ¢; (R, (k))
has been marked before time ¢,
Sp(i,t)=10, if i < Ny(k) and the edge ¢; (R, (k))

has not been marked before time ¢,
-1, if i > N, (k)

[recall that N, (k) is the number of vertices of R, (k)]. Note that we could keep
working under (10) to get an a.s. convergence, but this is no longer necessary.
The rest of the proof goes as in [12]. For every i € N, we let n, (k, i, t) denote
the number of vertices among &, (1), ..., &, (k) in the component of R,, (k) contain-
ing &, (i) at time ¢. Similarly, denote by 1 (k, i, t) the number of vertices among
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E(1),...,&E(k) in the component of R (k) containing £(i) at time ¢. It follows
from (11) that we have the joint convergences

a
_"771&
n

,7-5

. (d) .
(7711 (kv L, t))tZO,iEN — (nOO(k’ Z t))tZO,iEN’

(1 iy 1) jen ~> (206, 1) e

Besides, the law of large numbers gives that for each i € N and r > 0,

1 .
z’?oo(k,l,f)n:;oug(i)(l‘) a.s.

Thus, for every fixed integer [ and times 0 < f; < --- < f;, we can construct a
sequence k, — oo sufficiently slowly, such that

1 )
Ltk ,i,r->) D er @i sep e
(kn i) (keirED);i ey

or equivalently (see [6], Lemma 11)

.....

both holding jointly with the preceding convergences. This entails the proposition.
O

2.3. Upper bound for the expected component mass. To get the convergence
of (T,, Cuty(7,)), we will finally need to control the quantities

Bl [ e 0t

where &, is a uniform random integer in {1,...,n}. Our main goal is to show
that these quantities converge to 0 as / tends to oo, uniformly in #n, as stated in
Corollary 2.15.

To this end, we will sometimes work under the size-biased measure GW*, de-
fined as follows. We recall that a pointed tree is a pair (7, v), where T is a rooted
planar tree and v is a vertex of 7. The measure GW™ is the sigma-finite measure
such that, for every pointed tree (7', v),

GW*(T,v) =P(T=T),

where T is a Galton—Watson tree with offspring distribution v. We let E* denote
the expectation under this “law.” In particular, the conditional law GW™* given
|V(T)| =n+1is well-defined, and corresponds to the distribution of a pair (7, v)
where given 7,, v is a uniform random vertex of 7,. Hereafter, T will denote a
v-Galton—Watson tree, whose expectation will either be taken under the unbiased
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law or under a conditioned version of the law GW™*. Recall that we only consider
values of n such that P, =P(|V(T)|=n+1) #0.
For all m, n € N such that m <n and P, #0, for all t € R, we define

1
(12) Em’n<f>=;ﬂ*3[ 2 exp(— > deg(u,maiﬂ,

ecE(Tn) u€llom,e"llv

and E, (t) = E;, ,(¢). Equivalently, we can write

Em,n(t)ziE*[ 3 exp(— 3 deg(u,T)ai)‘|V(T)|=m+1].

ecE(T) uellp(T),e~ v

For all m < n, we also use the notation
Py =P (|V(T)|=m+1||V(D)|=n+1),

where T, denotes the tree formed by v and its descendants. Our first step is to show
the following.

LEMMA 2.9. Let &, be a uniform random edge of T,. Using the previous
notation, we have

n—1

| m
(13 B, 0] e n+2(En<z>+ 3 P;;,,,L;Em,n(z)).
=1
Ir”:ﬁéo

The proof of this lemma will use Proposition 2.10 below. Let us first introduce
some notation. For all v € V(T'), we let TV be the subtree obtained by deleting all
the strict descendants of v in 7', and as before, T, be the tree formed by v and its
descendants. We define a new tree 77, constructed by taking 7V and modifying it
as follows:

e we remove the edge e(v) between v and p(v);

e we add a new child 9 to the root, and let ¢; denote the edge between v and the
root;

e we reroot the tree at p(v).

An example of this construction is given in Figure 3. Note that we have natural bi-
jective correspondences between V (T), (V(T?)\ {v})u V(T,) and (V(f"ﬁ) \{opHu
V(Ty), and between E(T), E(T")uU E(T,) and E(fﬁ) U E(T,). Furthermore, one
can easily check that for all u € V(f"ﬁ) \ {0}, we have deg(u, f"ﬁ) =deg(u, T), and
forall u € V(Ty), deg(u, T,)) =deg(u, T).

This transformation is the same as in [12], page 21, except that we work with
rooted trees instead of planted trees. In our case, adding the edge ¢; and deleting
e(v) mimics the existence of a base edge. Thus, we can use Proposition 2 of [12].
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TV T{)

FIG. 3. The trees Ty, TV and 70 obtained from a pointed tree (T, v).

PROPOSITION 2.10. Under GW*, (f”ﬁ, T,) and (TY,T,) have the same
“law,” and the trees T" and T, are independent, with T, being a Galton—Watson
tree.

PROOF OF LEMMA 2.9. In this proof, we identify &, with the edge eg,, to
make notation easier. We first note that for each edge e € E(7,), e belongs to
the component 7y, g, (¢) if and only if no vertex on the path [[e™, &, [lv has been
removed at time ¢. Given 7, and &,, this happens with probability

exp(— Z degu - L)

uelle=,& Tv n

[for any vertex u, at time ¢, u has been deleted from the initial tree with probability
1 —exp(—degu - t/a,)]. Thus,

E[n,un,gn]:E[ Z 166771,5,,(!)}

ecE(T,)
t
=E - degu - — ) |.
|2 o= ¥ )
ecE(Ty) uelle & llv

Since the edge &, is chosen uniformly in E(7},), this yields

E[”Mn,én]Z%E[ Z exp(— Z deguL)}

e.£€E(Ty) uelle— &y Gn

:%E[ > Lok D exP(‘ 2 deg”L)}’

veV (o) ecE(Ty) uelle=.p()ly Gn
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where p(v) denotes the parent of vertex v. Hence, calling A,(T) the event
{IV(Dl=n+1}

n+1
Elnpng,] = ——E" [ﬂv;Ep(T) 2 eXP(- ) degu—) }
n ecE(T) uelle=,p(v)lly An
Distinguishing the cases for which e € E(T,),e € E(T") \ {e(v)} and e = e(v)
we split this quantity into three terms:
1
(14) Bl )= (14 ) (2, + 20+ o).
where

, =FE* |:Ilv;£,0(T) Z exp<_ Z (deg(u’ Ty) + deg p(v))f)

ecE(Ty) uelle=,v]y

}

and

i ¥ (- ¥ asert)h
% 1
gy =E"| Lyxp(r) eXp —degp(v)a—

e€E(TV)\{e(v)} uelle=, p() v
, ]
For the first term, we have

ecE(Ty) uellp(Ty),e" Iy
Since |V(T)| = |V (Ty)| + |V(T?)| — 1, this gives

X_: P, ,E |:Z exp(— Z deg(u,Tv)i)‘
:#

ecE(Ty) uellp(Ty),e~ v

\V(TY)|=n—m+1
[m = n would correspond to the case where v = p(T'), and m = 0 to the case where
) =

E(T,) = &]. Proposition 2.10 gives that the trees T, and TV are independent, with
T, being a Galton—Watson tree. Hence,

\V(Ty)|=m+1, }

v < X_: mnE*[ Z exp(— Z deg(u,T)i)‘Am(T)}

ecE(T) uellp(T),elly
(15)

= P,:,nmEm,n(t)-
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For the second term, we use thAeAcorrespondence between E(TV) \ {e(v)} and
E(T"Y)\ {e;}, and the fact that p(T") = p(v):

NV |* [1#0(7) Z exp(— Z deg(u, f"ﬁ)aL) ‘A”(T)}.

ecE(T7)\(8) uelp(1?),e~ 1y
This gives
As T
U< IE*|: > exp(— > deg(u, T”)—)‘A”(T)].
ecE(T) uellp(T%),e~ Iy an

Using the fact that 7V and 77 have the same law under GW*, we get
t
xV <E* - ) — :
< [ Z exp< Z 7 deg(u, T )an)‘An(T)}
ecE(TV) uellp(TV),e~ 1y
Seeing E(T") as a subset of E(T), we can write
t
(16) x'< E*[ 3 exp(— Y deg, T)—)‘An(T)} —nE, ().
_ dn
ecE(T) uellp(T),e~ v

For the third term, we simply notice that
n

17 < ——¢t/an,
{17 fv= n+ le
Putting together (15), (16) and (17) into (14), we finally get
1 n—1
E[npng, ()] < e~tan 4 <1 + ;) (nEn () + Z P,;';,nmEm,n(t)).
=1
gﬁéO

Thus,

1 1 n! m
El[mn.g, ()] < e tan 4 (1 + ;) (En(t) + Z P,;‘;’n;Em,n(t))
=1
Put0 O
Next, we compute E,, ,(t). To this end, we introduce two new independent
sequences of i.i.d. variables:

o (Z)) i>1 with law D, where ¥ is the size-biased version of v;
e (N;);>1, with same law as the number of vertices of a Galton—Watson tree with
offspring distribution v.

For all k, h € N, we also write

h k
5;,:22 and Yk=ZNi-
i=1 i=1
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LEMMA 2.11. For every m,n € N such that m <n and P,, # 0, one has

1 n
(18)  Enn()=—0n S e MaP(S, = P (Yipr1 =m —h +1).

m 1<h<k<m

PROOF. We first note that relation (12) can be written otherwise, using the
one-to-one correspondence e — e™ between E(T) and V(T) \ {p(T)}:

1
Em,nU):;E[ ) eXP<— > deg(u,T)é)“E(Tﬂ:m].

veV(T)\p(T) u€llp(T),p()lly

We thus have
1 t

Enn() = WE[ Z exp(— Z deg(u, T)a—), E(T)| = m}
M SveV(T\p(T) uellp(T),p()1y n
1 t

=——FE*1 (— d ,T—),ET = ]
P [ v#p(T) EXP > eg. T) - ). |[E(D)|=m

u€llp(T), p()llv

We now use the following description of a typical pointed tree (7', v) under GW*
(see the proof of Proposition 2 of [12] and [22]):

e The “law” under GW* of the distance /(v) of the pointed vertex v to the root is
the counting measure on N U {0}.

e Conditionally on h(v) = h, the subtrees T, and TV are independent, with T},
being a Galton—Watson tree with offspring distribution v, and 7" having GW7,
law, which can be described as follows. TV has a distinguished branch B =
{ur =p(TY), us,...,up+1 = v}oflength h. Every vertex of TV has an offspring
that is distributed independently of the other vertices, with offspring distribution
v for the vertices in V(TV) \ B, v for the vertices uy, ..., uy, and u; 41 having no
descendants. The tree TV can thus be constructed inductively from the root u,
by choosing the ith vertex u; of the distinguished branch uniformly at random
from the children of u;_1.

In this representation, conditionally on having h(v) = h, [p(T), p(v)]ly equals
{uy,...,up}and, foreveryi € {1, ..., h},

deg(u;, T) = Z;.

Besides, the total number of vertices of 7 is the sum of the number of vertices s of
B\ {v}, of |V (T,)|, and of the |V (T,)| for u such that p(u) € B\ {v} and u ¢ B.
There are Zf‘zl (Z; — 1) such trees T,,. Hence, under GW*:

d)

[ED[= V(D=1 Yy 5y +h— 1.
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Thus,

h
~ 1
Epn(t) = m—ZE[eXp< Zzia), YZL]Zi—h-H =m-—h+ 1:|
i=1

P 1<h

1 N
=—— Y IS =P ipsr =m —h+1).
m

M 1<h<k<m

We now compute upper bounds for the terms P(Yx_p11 =m—h+1), P(S), = k)
and (mP,,) .

Upper bound for P(Yy_p+1 = m — h + 1). Recalling the notation of Sec-
tion 2.2.2, we have

P(Yy=n)=P(W, =—kand,Vp <n, W, > —k)
k
= -P(W, =—k).
n

The second equality is given by the cyclic lemma (see [27], Lemma 6.1). We will
now use the fact, given by Theorem 2.2, that

(19) hm sup
keN

k
WP (W — k) — p%‘”(—a—)‘ _o.

n

For all 5, x € (0, 00), we have
ap® (=x) = sq ¥ (s)
(see, e.g., [7], Corollary VII.1.3). Taking s = 1 and x = k/ay,, this gives
k k
() (1/a)
() =i o

dp
Thus,

o o k
nB(Y, =K) — il (1) = — (anP(W =0 - (-2)),

n

and we get

P(Y=n) < — (|nIP’(Y = k) — gk (D] + g0 (1)

k k k
nay an an

Since p ) is bounded and (19) holds, there exists a constant M € (0, co) such that,
forallk,neN,

=

k
M.
nay

P(Yx=n) <
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Thus, we have the following upper bound:

k—h+1
D)<
(m —h+ Dam—n+1

20) P(Yipp1=m—h+

_Upper bound for P(S, = k). We use Theorem 2.2 for the ii.d. variables
(Zi)ien- Let A € R,_1 be an increasing function given by (i), such that

A 1
P(Z >r)~——,
A(r)

and 4 be the inverse function of A. Then

lim sup
h—00 kN

. [k
anP(Sp =k) — q{* 1)<5)‘ = 0.

Using the fact that qla_l) is bounded, and writing

R ~ _ k _ k
B =0 -0 (5 )+ (5))

we get the existence of a constant M’ € (0, co) such that, for all &,k € N,

~ 1
M&Z@Sr(
ap

N M’
21 P(Sp =k) = —.
an

Furthermore, when 4 is small enough, we have a better bound for IF’(S‘h =k):

LEMMA 2.12.  Using the previous notation, if hypothesis (1) holds, then there
exist constants B, C such that for all k € N, for all h such that k/ay, > B,

A h
P(Sp=k) <C——.
kA (k)

This result is an adaptation of a theorem by Doney [14]. The main ideas of the
proof, which is rather technical, will be given in the Appendix.

Besides, using the fact that A is regularly varying and an Abel transformation
of ]P’(z > r), we get that

1 or
22) — ~ as r — o0.
A(ry A®)
Upper bound for (mP,,)~'. We have
1" (0)

P =B(E(T)] =m) ~

may,
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(this is a straightforward consequence of the cyclic lemma and the local limit the-
orem). This gives the existence of a constant K € (0, oo) which verifies, for all m
such that P, # 0,

1
(23) m < Kay,.

Before coming back to the proof of Corollary 2.15, we give another useful result
on regularly varying functions.

LEMMA 2.13.  Fix B € (0,00). Let f be a positive increasing function in Rg
on Ry, and x¢ a positive constant. For every § € (0, B), there exists a constant
Cs € (0, 00) such that, for all x' > x > xo,

I\ B—46 / N\ B+6
C;(x_) Sf<x>§C6(x_> |
X f(x) x
This result is a consequence of the Potter bounds (see, e.g., Theorem 1.5.6 of

Bingham et al. [13]). In particular, it implies that for all x bounded away from O,
forall z>1,

1 g5 _ f(x2) +5
(24) Cy P8 < =20 < 5P,
’ £(x)
and likewise, for all x € (0, 00), z < 1 such that xz is bounded away from 0,

T f) flzzh T
We can finally state the following.

LEMMA 2.14. We have

o
(26) lim sup E,(t)dt=0
=00, eNJ2!
and
' m
lim sup sup —E,,()dt =0.
>0 peN1<m<n /2! N

P70
PROOF. Forevery n,l € N, we let
o
I :/ En () dt.
21

Putting together (18) and (23), we have

n k
E () <Kap Y > e MP(§, = )P(Yi—ps1 =n —h + 1).
k=1h=1
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This yields

n k
1 N
Ing < Kaﬁ;}; ce 2kfanip (S, = VP (Yepyr =n — h + 1).
Writing h(n, k) = A(k/B) A |n/2] and h'(n, k) =k A [n/2], we split this sum
into three parts:
n h(n,k)1 ) .
Ly=ay;) > %e—z Kanp(Sy = YP(Ye—pp1 =n—h+ 1),
k=1 h=1
n h (n,k) 1 ) A
2=y Y e MBS, = PY g =n—h+ 1),
k=1h=h(n,k)+1
L& 1y 3
Li=ayd Y e MNP, =PYiper=n—h+1).
k=1h=H(n,k)+1

Our first goal is to show that, fori =1, 2, 3,

lim sup Ir‘; ;1 =0.
l—00yeN

Let us first examine I,}’ ;- Since a 18 increasing, the upper bound (20) gives, for
n—h+1>n/2,
k—h+1
(n—k+ Dan—k+1

P(Yk—n+1=n—h+1) <M

(27)
<2M .
nap 2
Thus, we have
2 hwd
Iy <2M—2%" e 2K N (S, = k).
nan/2 1 24 h=1

Turning the first sum into an integral, and using the substitution y’ = y/a,, we get

a2 ) ) h(n,lyD)
Ir} <oM-n / a’ye_2 Lyl/an Z P(ShZLyJ)
’ 1

nay 2

h=1
B3 oo , honlany))
— 2M n dy €_2 LﬂnyJ/an Z P(Sh = LanyJ) .
nap/2 J1/ay h=1

Since a is increasing, for all h < h(n,k), we have a, < k/B. Therefore,
Lemma 2.12 gives

P(Sy=k) <C—n.
kA (k)
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This yields
3 0 ! h(n,layy]) h
I}, <2CM dye™? W"W”’"( —)
nanp/2 J1/ay h=1 anyA(any)
3 A 2
SZCM a}’l o0 dye—zl\ﬂn)d/an (M)'
nap;2 J1/a, lany]A(Llany])

We fix § € (0, (@ — 1) A (2 — «)). Since Ais regularly varying with index o — 1,
for all y > 1/a,, we have
Allany)/B) _ G5!
A(lay) — B

[we can use (24) because |a,y]/B > 1/B forall y € (1/a,, 00), n € N]. As a con-
sequence, there exists a positive constant K| such that

3 00 A
Il <K dy ¢~ 2 lany)/an (LL“”“)) = K1Jn.
nany2 Jijay Lany]

Therefore, it suffices to show that

(28) lim sup J,; =0.

=00, eN

To this end, we use the upper bounds (24) and (25), with x = a,, and y = |a,y]/a,
(x and xy being, resp., greater than ag and 1):

e ()
Thus,

9 2—a—3 2—a+s
Jog< anA(an) o dy e2lLanyJ/an(<a—n> * v ( An > ot >
T nap /2 1/ay lany] lany]

Using the fact that |a,y] > a,y — 1, and the change of variable y' =y — 1/a,,, we

get
2A
oA 1 1
= (an)/ dy < == ¥ 2 a)'
nap /> L

Now (22) gives that A(an)/n = A(an)/A(an) ~ 1/aay, so we have

aAla,)  ay

nay /2 ady)2
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Since a is regularly varying with index 1/c, the right-hand term has a finite limit
as n goes to infinity. Therefore, a A(an) /nay 2 is bounded uniformly in 7. Hence,
there exists a constant K € (0, oo) such that

1 1
sup J, 1<K dye < —— V —— )
aen y2—a=b " y2—a+s

This yields (28) by taking the limit as / goes to infinity.
For the second part, we can still use (27). As in the first step, we get

) B oo ) W (n,lany)) )
I;,<2M dy e~ % lanyl/an Z P(Sy = lany]) |-
Ndny2 J1/an h=h(n, |any])+1

Since the sum is null if A(Lanyj /B) > |n/2], we have

3 o0

o .
12, <2M -2 dye‘zlLa"yJ/an< 2 P(Stha"yJ))
nan;2 J1/ay h=A(lany]/B)+1

We now turn the remaining sum into an integral:

3

2 a o d _ZlLanyJ/an * dx P Q —
IZ,<2M ve i X P(Sey1) = Lany)).
nap2 J1/ay A(lanyl/B)

Using the change of variable x’ = A(Lan yv]/B)x and the upper bound (21), this
gives

a d o2 lanyl/an d AA(Lan)’J/B) .
Ndn/2 J1/an 1 a(lA(lanyl/B)x + 1))

Since a is increasing, for all x, y, we have
a(|A(Lanyl/B)x + 1)) = a(A(lany]/B)x).
Fix § € (0, 1/(@¢ — 1) — 1). Inequality (24) then gives, forall x > 1, y > 1/a,,

a(Lfﬁi(LﬁlnyJ/B)x-l-lJ)>c(S ( (LanyJ/B)) 1/(a—1)—8
c(s—l@xl/(a—l)_s‘

12, <2MM’

Thus, there exist constants K>, Ké € (0, co) such that

ay [ —ZILa,,yJ/anAA(l_anyJ/B) ©  dx

dye /@)=

I < K>
nanp2 J1/ay lany] 1

/
= szl’l,l7

and (28) also gives the conclusion.
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For the third part, since the terms with indices k < |n/2] are null, we simply
use the bounds P(Yy_p41=n—h+1)<land P(S, =k) <1:

13,<a2 Z Z 72lk/an

k={n/2]+1 h= 1k

n

_ 0l
Sarzle n2 /2an Z 1

k=|n/2]+1

2 —n2')2a,

This quantity tends to O as / goes to infinity, uniformly in n. Indeed, for any « > 0,
the function g, : x > x“e™" is bounded by a constant G, hence
K a2+K ‘ 2—l/<

3
I, <G

For any ¢ > 0, there exists a constant C, such that a, < Con'/**e for all n € N.
Therefore, the quantity a,%“ /n*~1 is bounded as soon as k > (2 + a)/(a — 1).
This completes the proof of (26).

For the second limit, we note that (18) yields

o0 an o0
[ Enawyar="" [ " By a,
2l am 2!l

for all m < n such that P,, # 0. Thus,

®m may,
sup sup —Em n(@)dt =sup sup — Iy .
neNl<m<nJ2 neNl<m<n Ndm
Pu#0 Py#0

As a consequence, it is enough to show that ma, /na,, is bounded over {(m, n) €
N2:m < n}. Now,

may mdym
sup{—:m,n eN,m Sn} < sup{

nay, may,

meN,ke(l,oo)}

< sup{;m meN, e (l,oo)}.
a

m
Fix § € (0,1 —1/a). Since a is a positive increasing function in Rj /,, Lemma 2.13
shows the existence of a constant such that, for all m e N, A € (1, 00),
Aym < Csal/ets,
am
Hence, for all A € (1, 00),

a _
sup A < Ca)\l/a—M 1 <Cs.
meN Aldm
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Key estimates for the proof of Theorem 1.3.  'We conclude this section by giving
two consequences of Lemma 2.14 which will be used in the proof of Theorem 1.3.

COROLLARY 2.15. It holds that

o0
lim supE|:/ Mg, (1) dt] =0.
2l

=00, eN

PROOF. Using (13), we get

supE|:/ Mg, (t)dt:| <sup n o2 an +2sup/ E,(t)dt
neN 2! neN 1 neN

+ 2sup sup E,.)dt.
n

neNl<m<n/2

Lemma 2.14 shows that the last two terms tend to 0 as / goes to infinity. For the
first term, we use again the fact that for any « > 0, the function g, : x — x*e™" is
bounded by a constant G . Hence, for all n € N,

k+1
n 2! fay <G G p—xl
n n

Taking k < a — 1, we get that a,, *1 /1 is bounded, which completes the proof. [J

COROLLARY 2.16. There exists a constant C such that, for alln € N,
E[5,(0,6)] <C

PROOF. Recalling the definition of §),, we get

o0
E[6,(0,&,)] = E[ fo () dt]
Now the upper bound (13) gives

E[8,(0, &)] < 1 +E[ /1 ~ e (1) dt]

an —1/a *© > m
§]+7e ni 1 En(l)dt+2 sup ;Em,n(t)dt'

l<m<n/1

The second term is bounded as n — o0. Recall from the proof of Lemma 2.14 that
o0
/1 Ent)dt =Ino <l o+ 170+ 10 < (K1 + K3)Jno+ 1.

Moreover, we have seen that for any § > 0, there exists a constant K such that

supJ,OSKf dye_y< —— A —— )<oo,
i 0 y2—a=3 " y2-a+s
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and
3 2 _—nj/a
In,O <2nae "

is bounded as n — oo. Since we have seen at the end of the proof of Lemma 2.9
that there exists a constant K’ such that for all n € N, m < n such that P,, #0,

OOm o0
/ —Epn(t)dt < K’f En(t)dt,
1 n 1

this implies the corollary. [
3. Proof of Theorem 1.3.

3.1. Identity in law between Cuty(T) and T. In this section, we show that the
semi-infinite matrices of the mutual distance of uniformly sampled points in 7 and
Cuty (7)) have the same law. This justifies the existence of Cut,(7), as explained in
Section 1.2, and shows the identity in law between 7 and Cut, (7). The structure
of the proof will be similar to that of Lemma 4 in [12]. Precise descriptions of the
fragmentation processes we consider can be found in [24] and [25].

Recall that (£(i));en is a sequence of i.i.d. random variables in 7, with law p,
and £(0) = 0. Since the law of 7T is invariant under uniform rerooting (see, e.g.,
[18], Proposition 4.8), and the definition of § does not depend on the choice of the
root of 7', we may assume that £(1) = p.

PROPOSITION 3.1. It holds that

(BED.£()); o0 L (@(EG+D.EG + D)), 120

PROOF. Here, it is convenient to work on fragmentation processes taking val-
ues in the set of the partitions of N.

First, we introduce a process IT which corresponds to our fragmentation of 7
by saying that i, j € N belong to the same block of I1(¢) if and only if the path
[£@), £(j)]lv does not intersect the set {by:k € I, #; <t} of the points marked
before time ¢. For every i € N, we let B;(¢) be the block of the partition IT(#)
containing i. Note that the partitions [1(¢) are exchangeable, which justifies the
existence of the asymptotic frequencies A(B;(¢)) of the blocks B;(t), where

1
A(B)= lim —|BN{l,...,n}|.
n—-oopn
Then we define
u
ai(t)zinf{uZO:f A(Bi(s))ds>t}.
0

We use o; as a time-change, letting IT'(¢) be the partition whose blocks are the sets
B;(0; (1)) for i € N. Note that this is possible because B;(o; (7)) and B;(0;()) are
either equal or disjoint.
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We define a second fragmentation I", which results from cutting the stable tree
T at its heights. For every x, y € T, we let x A y denote the branch-point between
x and y, that is, the unique point such that [[p, x A ylly = [[p, xIlv N e, ylv.
With this notation, we say that i, j € N belong to the same block of I'(¢) if and
only if d(p,EG+ 1) AE(+1)) >1t.

Then we have the following link between the two fragmentations.

LEMMA 3.2. The fragmentation processes I1' and T have the same law.

PROOF. Miermont has shown in [25], Theorem 1, that the process IT is a
self-similar fragmentation with index 1/«, erosion coefficient 0 and dislocation
measure A, known explicitly. Applying Theorem 3.3 in [10], we get that the
time-changed fragmentation IT’ is still self-similar, with index 1/a — 1, erosion
coefficient O and the same dislocation measure A,. Now the process I is also self-
similar, with the same characteristics as I1" (see [24], Proposition 1, Theorem 1).
Thus, I' and T’ have the same law. [J

Using the law of large numbers, we note that A(B; (s)) = g (;)(s) almost surely.
As a consequence, o;(t) = oo for t = fOOOA(Bi (s))ds = 5(0,&(i)), which means
that §(0, £(i)) can be seen as the first time when the singleton {i} is a block of IT'.
Recalling that d(p,&(i + 1)) =d(E(1),&(@{ + 1)) is the first time when {i} is a
block of T", we get

(29) (5(0,£1))i2y L (d(EM), &G + 1)),y

Similarly, for any i # j € N,
1
8(0,£() AE(N) = 5(8(0,6()) +8(0,5()) = 8(5@), £(N))

(i, ])
:/0 L(Bi(s))ds,

where t(i, j) denotes the first time when a mark appears on the segment
[@G), E(j)Ilv. Thus, §(0,&(i) A&E())) is the first time when the blocks containing
i and j are separated in IT". In terms of the fragmentation I", this corresponds to

d(p,§@( +1) A&(j +1)). Hence,

(305D AEN)); o1 L (d(EM.EG+ D AEG + D)), 1oy

and this holds jointly with (29). This entails the proposition. [

3.2. Weak convergence. We first establish the convergence for the cut-tree
Cut;, (7,) endowed with the modified distance §,,, as defined in Section 2.1.
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PROPOSITION 3.3. There is the joint convergence

(7. cut 7)) 2% (7. Cur7)

(
in M x M.

PROOF. Proposition 2.5 shows that for every fixed integer /, there is the joint
convergence

an - @)
=2
4 4 4
_ o @ (- .
(2 ' g ()2 l)) = (2 ' e ()2 1))
j=1 ieN j=1 ieN

Let

41
0
Ap (i) = EH/O M g,y (D) dt =271 Mn,snu)(ﬂl)u«

Jj=1

For any nonincreasing function f:R; — [0, 1], we have the upper bound

<2 +/;O f(t)dt.

41
o0
(30) ‘/O f@yde—27"%" (27
j=1
Applying this inequality to w, g,) yields

o0
Awi() <27+ E[ [ i@ dt]
2

Corollary 2.15 now shows that

lim sup A, ;(i) =0,

—XneN

and A, ;(i) does not depend on i. Besides, Proposition 3.1 shows that

0
50.60) = [~ e 01 ds
has the same law as d (0, £ (7)) and, therefore, has finite mean. As a consequence,
o 4l
EH/O pew@)dr =271 M%’(i)(jz_l)l]

j=1

I o )
<274+ E ; Mg(,)(l)dl‘

— 0,
[— o0
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and the left-hand side does not depend on i. We conclude that

(d)
(81(0:62());erv =2, (6(0.6®)) ey
(d)
jointly with (a,/n) - T, —> T.
Using in addition the convergence of the t,(i, j) shown in Proposition 2.5,
a similar argument shows that the preceding convergences also hold jointly with

((&0)§AD»LKN (@0>sunhﬁm

This entails the proposition. [J

The convergence stated in Theorem 1.3 now follows immediately. Indeed,
Lemma 2.1 and Corollary 2.16 show that

IE[ dn

n
for all i, j > O [recalling that &, (0) = 0]. Thus, the preceding proposition gives the
joint convergence

n(i J) = 8. J)

2
i|§ 2Cay,

( 7. o cumﬂ L (7. Cuty(T)).

4. The finite variance case. In this section, we assume that the offspring dis-
tribution v of the Galton—Watson trees 7,, has finite variance o 2. Theorem 23 of [5]
shows that (o/+/n) - T, converges to the Brownian tree 7°". More precisely, still
using the three processes described in Section 2.2.2 to encode the trees 7, the
joint convergence stated in Theorem 2.3 holds with a, = o4/n, and limit pro-
cesses defined by X; = B; and H; = 2B, for all ¢ € [0, 1]. (Recall that B denotes
the excursion of length 1 of the standard Brownian motion.) Note that the normal-
ization of X is not exactly the same as the one we used for the stable tree, since
the Laplace transform of a standard Brownian motion B’ is E[e~*B/] = ¢**//2. The
fact that the height process H is equal to 2X can be seen from the definition of H
as a local time, as explained in [17], Section 1.2.

Given these results, the proof of Theorem 1.4 follows the same structure as
that of the main theorem. We first note that the results on the modified distance,
introduced in Section 2.1, still hold. In the next two sections, we will see that we
also have analogues for Proposition 2.5, and Corollaries 2.15 and 2.16.

4.1. Convergence of the component masses. We use the same notation as in
Section 2.2. Recall in particular that w, g, ;) denotes the mass of the component
T, (¢), and that 7, (i, j) denotes the first time when the components 7, ¢, ) (¢)
and 7, ,(j)(t) become disjoint. To simplify, we drop the superscript br for the
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quantities associated to the Brownian tree (e.g., the mass-measure, the mass of a
component, etc.), keeping the notation we used in the case of the stable tree. Our
first step is to prove the following result.

PROPOSITION 4.1.  As n — 00, we have the following weak convergences:

o d
—7 @, Tor
Jn

N @ I\t
(Tn(l’J))i,jzo_>((l+;) T(I’J)>i,j20’

) 1
(Mn,%‘n(i)(t))i>0,t>0 - (Mf(i) <<1 + _2>t)> ’
== (e} i>0,t>0

where the three hold jointly.

We begin by showing the same kind of property as in Lemma 2.4. For all n € N,
we let X and C™ denote the rescaled Lukasiewicz path and contour function
of the symmetrized tree 7,,.

LEMMA 4.2.  We have the joint convergence

n—oo

where I-I, =H|_; and )?, = I-I,/2f0r allt €10, 1].

PROOF. Since 7, and 7~71 have the same law, ()? OR C D)) converges in distri-
bution to a couple of processes having the same law as (X, H) in D x D. Thus, the
sequence of the laws of the processes (X, C™, X Ccm)yis tight in D*. Up to
extraction, we can assume that (X™, C™ X® C®) converges in distribution to
(X,H, X, H).

Fix t € [0, 1]. The definition of the contour function shows that for all n € N,
we have C t(") =C {"Jt Since H and H are a.s. continuous, taking the limit yields
ﬁt = Hj_; almost surely. Besides, since (X, H) and ()? , H ) have the same law,
we have )~(t = ﬁt/2 as. forallr € [0, 1].

These equalities also hold a.s., simultaneously for a countable number of
times ¢, and the continuity of H, X, H and X give that a.s., they hold for all
t € [0, 1]. This identifies uniquely the law of (X, H, X , H ), hence the lemma. [

This lemma shows that we can still work in the setting of

(X("), )~(<”)) — X, X) a.s.,

(ti(”),i eN) — (#,i €N) a.s.,
n—>oo
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where ti(n) =@+ 1) /(n+1)foralln eN,i >0, and (#, i € N) is a sequence
of independent uniform variables in [0, 1] such that £(i) = p(#;).

Recall the notation R, (k) for the shape of the subtree of 7;, (or 7 if n = 00)
spanned by the root and the vertices &,(1), ..., &, (k) [or (1), ..., &(k) if n = oo].
We also keep the notation L, (v) = deg(v, 7,,)/a, for the rate at which a vertex v
is deleted in 7, (if n € N), and

o= Y. AX"  vielo,1],
O<s<t
xM <1

where Is(’",) =inf,_, ., X,Sn), and X(®) = X.
As in Section 2.2, we state two lemmas which allow us two control the rates at
which the fragmentations happen on the vertices and the edges of R, (k).

LEMMA 4.3. Fix k € N. Under (31), R, (k) is a.s. constant for all n large
enough (say n > N). ldentifying the vertices of Ry (k) with Reo (k) for alln > N,
we have the a.s. convergence

Ly(v) =5 0 VveV(Ruo(k)).

PROOF. The proof is the same as that of Lemma 2.7. In particular, we get that
if the ™% are the times encoding the “same” vertex v of R, (k), for n > N, then
we have the a.s. convergences

pk) o p(00k)
n— oo ’

(n)
Xb(n,k) g X oo,

X(n) —> X(b(oo,k))— .

bR~ psbo

Since X is now continuous, this yields

_ (n) i _
Ln(U) = AXb(”sk) + a njo)o AXb(oo.k) =0. 0

LEMMA 4.4. Let (by)n>1 € [0, 1N bea converging sequence in [0, 1], and let
b denote its limit. Then

0, (by) = H, a.s.

PROOF. As in the proof of Lemma 2.8, for all n € NU {00}, we write o, () =
o, (t) + o, (1), where

ofm= Y X" 1) and oy )= Y (1 -x").

O<s<t O<s<t
Xﬁ"_) <I s(",) X 5"_) <I S(",)
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Forallt >0,n € N, we have 0, () = Xt(f). As a consequence, (31) gives

o, (by) = Xp a.s.
Besides, we still have o, (b,) = &, (b,), with

by=1—b,+ n;-l—l(l + Hig 1y, 1 = Dineiyp,—1)-
Now
by —> 1—=b—1(b),
where [(b) = inf{s > b: X; = X} — b. Using (31) again, we get
U,f(bn)njgo Xi—p—16) = Xbr1) = X a.s.
Thus, we have the a.s. convergence

Gn(bn)njgoZXb:Hb. ]
We can now give the proof of Proposition 4.1.

PROOF OF PROPOSITION 4.1. Fix n € NU {oc}. As in the proof of Proposi-
tion 2.5, we write R, (k, t) for the reduced tree with edge-lengths, endowed with
point processes of marks on its edges and vertices such that:

e The marks on the vertices of R, (k) appear at the same time as the marks on the
corresponding vertices of 7,,.

e Each edge receives a mark at its midpoint at the first time when a vertex v of 7,
such that v € e is marked in 7,,.

These two point processes are independent, and their rates are the following:

e If n e N, each vertex v of R,, (k) is marked at rate L,(v), independently of the
other vertices. If n = 0o, there are no marks on the vertices.

e For each edge e of R, (k), letting b, b’ denote the points of B, (k) corresponding
toe™, e™, the edge e is marked at rate X L, (e), independently of the other edges,
with

SLi@)= Y, Luy(v)
veV (Ty)Ne
n —
=0, (b)) — 0u(b) + a_z(H((bn/))- — H™) = Ly(e)

if n e N, and
Y.Loo(e) = Hy — Hp.



VERTEX-CUT-TREE 2257

We see from Lemmas 4.3 and 4.4 that L, (v) converges to 0 as n — oo, and that

YXL,(e) — <1 + %)ELOO(e).
n—oo o

As a consequence, we have the convergence

an (d) 1
(32) (—Rn(k,t),t 20> — <Roo<k, (1 + —2>t>,t 20).
n n—oo o

[As in the case o € (1,2), (a,/n) - R,(k,t) and R (k, t) can be seen as random
variables in T x (R; U {—1DN x {—1,0, )7 ]

For all i € N, we let n,,(k, i, ) denote the number of vertices among &, (1), ...,
&,(k) in the component of R,(k) containing &,(i) at time ¢, and similarly
Noo(k,i,t) the number of vertices among &(1),...,&(k) in the component
of Roo(k) containing £(i) at time ¢. It follows from (32) that we have the joint
convergences

a_”ﬁﬂTbr,

n

k’ s t . k7 ) 1 t ’
(Un( l ))tZO,zeN <7700< ! < + o2 t>0,ieN

-1
. () 1 .
(nti- Dijer = (14 52) f(””)i,,-eN'
The end of the proof is the same as for Proposition 2.5. [

4.2. Upper bound for the expected component mass. The second step is to
show that, as in Section 2.3, the following properties hold.

LEMMA 4.5. It holds that

o0
lim supE[/l Mg, () dt:| =0.
2/

[—o00 neN
Besides, there exists a constant C such that, for alln € N,

E[6,(0,&,)] < C.

PROOF. We use the fact that there exists a natural coupling between the edge-
fragmentation and the vertex-fragmentation of 7,. Indeed, both can be obtained
by a deterministic procedure, given 7, and a uniform permutation (iy,..., ;)
of {1,...,n}. More precisely, in the edge-fragmentation, we delete the edge
ei, at each step k, thus splitting 7, into at most two connected components,
whereas in the vertex fragmentation, we delete all the edges such that e™ = ¢, .
Thus, at each step, the connected component containing a given edge e for the
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vertex-fragmentation is included in the component containing e for the edge-
fragmentation.

Now consider the continuous-time versions of these fragmentations: each edge
is marked independently with rate a,/n = o//n in our case, and 1//n in [12].
We let 7:ZEI (t) and 7:1‘/1 (t) denote the connected components containing the edge
e; at time 7, respectively, for the edge-fragmentation and the vertex-fragmentation.
Then the preceding remark shows that there exists a coupling such that 7;‘/1 ) C
7;lEl (ot) a.s., and thus (7;‘/1 (1) < un (’7;1El (ot)) almost surely.

Lemma 3 and Corollary 1 of [12] show that the two announced properties hold
for the case of the edge-fragmentation. Therefore, they also hold for the vertex-
fragmentation. [

4.3. Proof of Theorem 1.4. As before, the proof of Theorem 1.4 now relies
on showing a joint convergence for the rescaled versions of 7, and the modified
cut-tree Cuty(7,):

(33) (%T(l : )C { (7;)) D (7, Cuy(T7)

in Ml x M. Indeed, Lemma 2.1 and the second part of Lemma 4.5 show that

Can

H—a i, J)— 8., J)‘ ]

for all i, j > 0. Thus, (33) entails the joint convergence

a a
(—”7;,, . ( ) Cuty (7, )) > (T, Cuty(T)).
n n
Since a, = o +/n, this gives Theorem 1.4.

Let us finally justify why (33) holds. Proposition 4.1 shows that for every fixed
integer [, there is the joint convergence

(d)

—)OO

—7' 7o,

4l 4

B j - (d) - . —
<2 'Y g (72 ')) o (2 "> ne(Co 2 l)) ,
ieN ieN

j=l1 j=1

where C, = 1 + 1 /0. Using the upper bound (30) and the first part of Lemma 4.5,
we get that

41
00
lim SUPEH/(; Mn,fn(i)(t) dt — 2_l Z ;,Lngn(i)(j2_l)‘:| =0,

=00, eN =
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and these expectations do not depend on i. Proposition 3.1 of [12] shows that
8(0, £(1)) has the same law as d (0, £(i)) and, therefore, has finite mean. Thus,

41
o0 o0
‘ | reo(Canydr =27 Y o (€ai27) 52—1+E[f21 Mg(i)(cat)dl‘],

j=1

— 0
[—o0

and the left-hand side does not depend on i. Since

[e.e] o0
| e Canar=c [ peo0dr = ;15(0.66)).

we conclude that

(d)

(Co8,(0,8:(D))jen =2, (6(0.6@)) ey

jointly with (a, /n) - —> T. Using in addition the convergence of the t,(i, j)
shown in Proposition 2.5, we see that the preceding convergences also hold jointly
with

(Co 8, (En (D), En(J))),,eN ( (E@.ED)); jens

n—oo

and this gives the convergence (33).

APPENDIX: ADAPTATION OF DONEY’S RESULT
We rephrase Lemma 2.12 using the notation of [14].
LEMMA A.1. Let (X;)ieN be a sequence of i.i.d. variables in N U {0}, whose

law belongs to the domain of attraction of a stable law of index a € (0, 1), and
Sp=X1+---+ X,,. Wealso let A € Ry be a positive increasing function such that

1
34) P(X >r)~ m
and a the inverse function of A. Besides, we suppose that the additional hypothesis
35) sup(w> <00
r>1 \ P(X >7r)

holds. Then there exist constants B, C such that for all r € N, for all n such that
r/al’l Z B9

P(S, =r) <C

n
rA(r)
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This result is an adaptation of a theorem shown by Doney in [14], which gives
an equivalent for P(S, = r) as n — oo, uniformly in #n such that r/a, — 0o, using
the slightly stronger hypothesis

1
PX=r)~—— asr — 0o
rA(r)

instead of (35).

SKETCH OF THE PROOF. The main idea is to split up P(S,, = r) into four
terms, depending upon the values taken by M,, = max{X;:i=1,...,n}and N,, =
|[{m <n:X,, > z}|. More precisely, letting n and y be constantsin (0, 1), w =r/ay,
and z = a,w?, we have

3
P(Sy=r) =Y P({Sy =r}NA4;),
i=0
where A; = {M,, <nr,N, =i} fori =0,1, A, ={M, <nr,N, =2} and A3 =
{M,, > nr}. For our purposes, it is enough to show that there exist constants c;
such that
n .
gi =P{Sh=r}NA;) ECim Vi €{0,1,2,3}.

The constants y and 7 are fixed, with conditions that will be given later (see
the detailed version of the proof for explicit conditions). In the whole proof, we
suppose that w > B, for B large enough (possibly depending on the values of 5
and y). Note that hypotheses (34) and (35) imply the existence of a constant ¢ such
that

¢ = c
(36) pr:P(X:F)Sm and F(r):P(X>r)§m

The first calculations of [14] show that we have the following inequalities:

q3 = nsup py,

I>nr

1 A
q < EnzF(Z) sup py,

1>z

g1 <nP(My—1 <z,8,-1> (1 —nr) sup pi.
>z

We now use (36), and apply Lemma 2.13 for the regularly varying function A. The
first inequality thus yields the existence of a constant ¢3 which only depends on the
value of 7. Similarly, the second inequality gives the existence of c;, provided y
is large enough (independently of B) and B > 1.

To get the existence of ¢y, we first apply Lemma 2 of [14], which gives an upper
bound for the quantity P(M,,_1 <z, S,—1 > (1 — n)r) provided z is large enough



VERTEX-CUT-TREE 2261

and (1 —n)r > z. Since ajw? <z < r/wl_y, these conditions can be achieved by
taking B large enough. The lemma gives

n 'z (I=mr/z
q1=c : ( ) )
zA(z) \(I—mnr

where ¢’ is a constant. Now, applying Lemma 2.13, we get the existence of a
constant ¢} such that

where « depends on the values of 7, y and B. For a given choice of  and y, and
for B large enough, « is negative, hence the existence of c;.

For g, getting the upper bound goes by first showing that we can work un-
der the hypotheses r < nz and r < na, /2 (instead of the hypotheses n — oo and
r/na, — 0 of [14]). Indeed, if r > nz, then go = 0, and if r > na, /2, another ap-
plication of Lemma 2 of [14] and of Lemma 2.13 yields the result. The rest of the
proof relies on replacing the X; by truncated variables X;, and using an exponen-
tially biased probability law. This last part is long and technical, but it is rather
easy to check that each step still holds with our hypotheses, for B large enough
and with an appropriate choice of 7 (independently of B). [
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