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We here investigate the well-posedness of a networked integrate-and-fire
model describing an infinite population of neurons which interact with one
another through their common statistical distribution. The interaction is of
the self-excitatory type as, at any time, the potential of a neuron increases
when some of the others fire: precisely, the kick it receives is proportional
to the instantaneous proportion of firing neurons at the same time. From a
mathematical point of view, the coefficient of proportionality, denoted by «,
is of great importance as the resulting system is known to blow-up for large
values of «. In the current paper, we focus on the complementary regime and
prove that existence and uniqueness hold for all time when « is small enough.

1. Introduction. The stochastic integrate-and-fire model for the membrane
potential V across a neuron in the brain has received a huge amount of attention
since its introduction [see Sacerdote and Giraudo (2013) for a comprehensive re-
view]. The central idea is to model V by threshold dynamics, in which the potential
is described by a simple linear (stochastic) differential equation up until it reaches
a fixed threshold value Vg, when the neuron emits a “spike”. Experimentally, at
this point an action potential is observed, whereby the potential increases very
rapidly to a peak (hyperpolarization phase) before decreasing quickly to a reset
value (depolarization phase).

Since spikes are stereotyped events, they are fully characterized by the times
at which they occur. The integrate-and-fire model is part of a family of spiking
neuron models which take advantage of this by modeling only the spiking times
and disregarding the nature of the spike itself. Specifically, in the integrate-and-fire
model we observe jumps in the action potential as the voltage is immediately reset
to a value VR whenever it reaches the threshold Vg. Despite its simplicity, versions
of the integrate-and-fire model have been able to predict the spiking times of a
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neuron with a reasonable degree of accuracy [Jolivet, Lewis and Gerstner (2004),
Kistler, Gerstner and van Hemmen (1997)].

Many extensions of the basic integrate-and-fire model have been studied in the
neuroscientific literature, including ones in which attempts are made to include
noise and to describe the situation when many integrate-and-fire neurons are placed
in a network and interact with each other. In Lewis and Rinzel (2003), Ostojic,
Brunel and Hakim (2009), the following equation describing how the potential V;
of the ith neuron in a network of N behaves in time is proposed:

Lyty = v+ £ Y ol — 1))
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for V;(t) < Vg and where V;(¢) is immediately reset to Vg when it reaches Vg.
Here, Iie’“(t) represents the external input current to the neuron, n; (¢) is the noise
(a white noise) which is importantly supposed to be independent from neuron to
neuron, and the constants A, B, & and o are chosen according to experimental data.
Moreover, the interaction term is described in terms of r,‘! , which is the time of the
kth spike of neuron j, and the Dirac function §¢. Precisely, it says that whenever
one of the other neurons in the network spikes, the potential across neuron i re-
ceives a “kick” of size «/N. The Dirac mass interactions give rise to the same
kind of instantaneous behavior as the integrate-and-fire model. Although it is a
simplification of reality, it produces some interesting phenomena from a biologi-
cal perspective [see Ostojic, Brunel and Hakim (2009)].

In the case of a large network, that is, when N is large, many authors ap-
proximate the interaction term by an instantaneous rate v(t), the so-called mean-
firing rate [see, e.g., Brunel (2000), Brunel and Hakim (1999), Ostojic, Brunel and
Hakim (2009), Renart, Brunel and Wang (2004)]. However, in the neuroscience lit-
erature, little attention is paid to how this convergence is achieved. Mathematically,
the mean-field limit as N — oo must be taken, but as a first step, this requires a
careful analysis of the asymptotic well-posedness. This is precisely the purpose of
the paper: to focus on the unique solvability of the resulting nonlinear limit equa-
tion (the analysis of the convergence being left to further investigations). At first
glance such a question may seem classical, given the volume of results available
that guarantee the existence of a solution to distribution dependent SDEs. How-
ever, as quickly became apparent in our analysis, in the excitatory case (o > 0) the
problem is in fact a delicate one, for which, to our knowledge, there are no existing
results available. This difficulty is due to the nature of the interactions, which intro-
duce the strong possibility of a solution that “blows up” in finite time. The validity
of the study of this question, and its nontrivial nature, is further justified by the fact
that several authors have recently been interested in exactly the same problem from
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a PDE perspective [Céceres, Carrillo and Perthame (2011), Carrillo et al. (2013)].
Despite some serious effort and very interesting related results on their part, we
understand that they were not able to prove the existence and uniqueness of global
solutions to the limit equation, which is the main result of the present paper.

1.1. Precisions. We now make precise the nonlinear equation of interest. First,
since the mathematical difficulties lie within the jump interaction term, we suppose
that there is no external input current [Il.e’“(t) = (], and that the interaction term
is composed solely of the jump or reset part (8 = 0). Although this is a nontrivial
simplification from a neuroscience perspective, it still captures all the mathemati-
cal complexity of the resulting mean-field equation.

Without loss of generality, we also take the firing threshold Vg =1 and the
reset value VR = O for notational simplicity. The nonlinear stochastic mean-field
equation under study here is then

t
(2) X[ =X0+/ b(Xs)dS+aE(M[)+UW[ —M[, IZO,
0

where Xo < 1 almost surely, « € R, 0 > 0, (W;);>0 is a standard Brownian motion
in R and »:R — R is Lipschitz continuous. In comparison with (1), » must be
thought of as b(x) = —Ax. Equation (2) is then intended to describe the potential
of one typical neuron in the infinite network, its jumps (or resets) being given by

M=) 10,0(0),
k>1
where (74 )r>1 stands for the sequence of hitting times of 1 by the process (X;):>0.
That is, (M;);>o counts the number of times X; hits the threshold before time ¢,
so that [E(M;) denotes the theoretical expected number of times the threshold is
reached before 7. Such a theoretical expectation corresponds to what we would
envisage as the limit of the integral form of the interaction term

- | !
[ TTu- e En

in (1) when N — oo, assuming that neurons become asymptotically independent
[as is observed in more classical particle systems—see Sznitman (1991)].

1.2. PDE viewpoint and “blow-up” phenomenon. As mentioned above, equa-
tion (2) has been rigorously studied from the PDE viewpoint before. When o =1,
the Fokker—Planck equation for the density p(¢, y) dy = P(X; € dy) is given by

ap(t,y) + 0y[(b(Y) +ae' (0)) pt, )] — 305, pt, y) =8 (Me'@®),  y<]1,
where e(t) = E(M,), subject to p(t,1) =0, p(t, —o0) =0, p(0, y)dy =P(Xo €
dy). Moreover, the condition that p(z, y) must remain a probability density trans-
lates into the fact that
d

1
EM,) =—=09,p(t,1 vVt > 0,
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which describes the nonlinearity of the problem. In the case when b(x) = —Ax,
this nonlinear Fokker—Planck equation is exactly the one studied in Cé4ceres, Car-
rillo and Perthame (2011) and Carrillo et al. (2013). Therein, the authors conclude
that for some choices of parameters, no global-in-time solutions exist. The term
“blow-up” is then used to describe the situation where the solution (defined in a
weak sense) ceases to exist after some finite time. With our formulation, since e’(¢)
corresponds to the mean firing rate of the infinite network, it is very natural to de-
fine a “blow-up” time as a time when ¢’(¢) becomes infinite. Intuitively, this can
be understood as a point in time at which a large proportion of the neurons in the
network all spike at exactly the same time, that is, the network synchronizes.

In Caceres, Carrillo and Perthame (2011) and Carrillo et al. (2013), it is shown
that, in the cases « = 0 and o < O (the latter one being referred to as “self-
inhibitory” in neuroscience), the nonlinear Fokker—Planck equation has a unique
solution that does not blow-up in finite time. However, in the so-called “self-
excitatory” framework, that is, for a > 0, existence of a solution for all time is
left open. Instead, a negative result is established [Caceres, Carrillo and Perthame
(2011), Theorem 2.2], stating that, for any o > 0, it is possible to find an initial
probability distribution P(Xo € dy) such that any solution must blow-up in finite
time, that is, such that €’(¢) = oo for some ¢ > 0.

1.3. Present contribution. In this paper, we thus investigate the case « €
(0, 1). Our main contribution is to show that, given a starting point Xo = xg, we
can find an explicit & small enough so that there does indeed exist a unique global-
in-time solution to (2) (and hence to the associated Fokker—Planck equation) which
does not blow-up (see Theorem 2.4). In view of the above discussions, our result
complements and goes further than those found in Céceres, Carrillo and Perthame
(2011) and Carrillo et al. (2013), and the surprising difficulty of the problem is
reflected in the rather involved nature of our proofs.

As already said, equation (2) can be thought of as of McKean—Vlasov-type,
since the process (X;);>o depends on the distribution of the solution itself. How-
ever, it is highly nonstandard, since it actually depends on the distribution of the
first hitting times of the threshold by the solution. This renders the traditional ap-
proaches to McKean—Vlasov equations and propagation of chaos, such as those
presented in Sznitman (1991), inapplicable, because we have no a priori smooth-
ness on the law of the first hitting times. Thus, our results are also new in this
context.

The general structure of the proof is at the intersection between probability and
PDEs, the deep core of the strategy being probabilistic. The main ideas are inspired
from the methods used to investigate the well-posedness of Markovian stochas-
tic differential equations involving some nontrivial nonlinearity. Precisely, the first
point is to tackle unique solvability in small time: when the parameter « is (strictly)
less than 1 and the density of the initial condition decays linearly at the threshold,
it is proved that the system induces a natural contraction in a well-chosen space
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provided the time duration is small enough. In this framework, the specific notion
of a solution plays a crucial role as it defines the right space for the contraction.
Below, solutions are sought in such a way that the mapping e: ¢ — E(M;) is con-
tinuously differentiable: this is a crucial point as it permits to handle the process
(X:)r>0 as a drifted Brownian motion. The second stage is then to extend exis-
tence and uniqueness from short to long times. The point is to prove that some
key quantity is preserved as time goes by. Here, we prove that the system cannot
accumulate too much mass in the vicinity of 1. Equivalently, this amounts to show-
ing that the Lipschitz constant of the mapping e : ¢ — E(M;) cannot blow-up in a
finite time. This is where the condition « small enough comes in: when « is small
enough, we manage to give some estimates for the density of X; in the neighbor-
hood of 1, the critical value of « explicitly depending upon the available bound of
the density. Generally speaking, we make use of standard Gaussian estimates of
Aronson type for the density. Unfortunately, the estimates we use are rather poor
as they mostly neglect the right behavior of the density of X; at the boundary, thus
yielding a nonoptimal value. Anyhow, they serve as a starting point for proving a
refined estimate of the gradient of the density at the boundary: this is the required
ingredient for proving that, at any time ¢, the mass of X; decays linearly in the
neighborhood of 1, uniformly in # in compact sets, and thus to apply iteratively
the existence and uniqueness argument in small time. In this way, we prove by
induction that existence and uniqueness hold on any finite interval and thus on the
whole of [0, 00).

It is worth mentioning that the main lines for proving the a priori estimate on the
Lipschitz constant of e: ¢ +—> [E(M;) are probabilistic, thus justifying the use of a
stochastic approach to handle the model. Indeed, the key step in the control of the
Lipschitz constant of e is an intermediate estimate of Holder type, the proof of
which is inspired from the probabilistic arguments used in Krylov and Safonov
(1979) for establishing the Holder regularity of solutions to nonsmooth PDEs.

1.4. Prospects. Our result is for a general Lipschitz function b, but there
are two important specific cases that we keep in mind: the Brownian case when
b = 0 and the Ornstein—Uhlenbeck case when b(x) = —Ax, A > 0. The Ornstein—
Uhlenbeck case is most relevant to neuroscience, but surprising difficulties remain
in the purely Brownian case. In both of these cases, we are able to give an explicit
o depending on the deterministic starting point xg such that (2) has a global so-
lution for all @ < ag. However, our explicit values do not appear to be optimal:
simulations suggest that for a given x¢ there exist solutions that do not blow-up for
o bigger than our explicit «g, while there exist solutions that blow-up that do not
satisfy the conditions of Céceres, Carrillo and Perthame (2011). Thus, an interest-
ing question is to determine for a given initial condition the critical value o, such
that for & < a (2) does not exhibit blow-up.

Another point is to relax the notion of solution in order to allow the mapping
e:t — E(M;) to be nondifferentiable (and thus to blow-up). From the modeling
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point of view, this would permit the description of synchronization in the network.
Actually, based on our understanding of the problem and numerical simulations,
our guess is that, in full generality, the mapping e may be decomposed into a se-
quence of continuously differentiable pieces separated by isolated discontinuities.
In that perspective, we feel that our work could serve as a basis for investigating the
unique solvability of solutions that blow-up. In order to design a proper uniqueness
theory, it seems indeed quite mandatory to understand how general solutions be-
have in the continuously differentiable regime (which is the precise purpose of the
present paper), and then how discontinuities can emerge (which is left to further
works).

The layout of the paper is as follows. We present the main results in Section 2.
Solutions are defined in Section 3 while Section 4 is devoted to proving the exis-
tence and uniqueness in small time. The proof of Theorem 2.3 is given in Section 5.

2. Main results.

2.1. Set-up. As stated in the Introduction, we are interested in solutions to the
nonlinear McKean—Vlasov-type SDE

t
(3) X;=X0+/ b(Xs)dS+OlE(Mt)+Wt—Mt, tZO,
0

where X¢ < 1 almost surely, o € (0, 1) and (W;),;>0 is a standard Brownian motion
with respect to a filtration (F;);>¢ satisfying the usual conditions. The jumps, or
resets, of the system are described by (7o = 0)

4) My = "1j0,(t%) with 7 =inf{t > 1 : X;— > 1}, k > 1.
k>1

We assume that b: (—o0, 1] — R is Lipschitz continuous such that

|b(x)| §A(|x|+1), }b(x)—b(y)| <Kl|x —y| Vx,y € (—oo,1].

REMARK 2.1. By the time change u =t /o2, we could handle more general
cases when the intensity of the noise in (3) is o > 0 instead of 1.

As discussed in the Introduction, the key point is to look for a solution for which
t = E(M;) is continuously differentiable, which would correspond to a solution
that does not exhibit a finite time blow-up. This leads to the following definition
of a solution to (3), where as usual C'[0, T'] denotes the space of continuously
differentiable functions on [0, T'].

DEFINITION 2.2 [Solution to (3)]. The process (X;, M;)o<:<7 Will be said to
be a solution to (3) up until time 7T if (M;)o<;<r satisfies (4), the map ([0, T] >
t+— E(M,)) € C'[0, T] and (Xt)o<s<T 1s a strong solution of (3) up until time 7.
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2.2. Statements. Our main result is given by the following two theorems. The
first guarantees that, when « is small enough, if there exists a solution to (3) on
some finite time interval, then the solution does not blow-up on this interval.

THEOREM 2.3. For a given ¢ € (0, 1), there exists a positive constant «g €
(0, 1], depending only upon ¢, K and A, such that, for any o € (0, og) and any
positive time T > 0, there exists a constant M, only dependingon T, e, K and A,
such that, for any initial condition Xo = xo < 1 — &, any solution to (3) according
to Definition 2.2 satisfies (d/dt)E(M;) < Mr, forallt € [0, T].

The second theorem is the main global existence and uniqueness result.

THEOREM 2.4. For any initial condition Xo = xg9 < 1 and « € (0, «g), where
oo = ag(xo) is as in Theorem 2.3 (taking € = 1 — xq), there exists a unique solution
to the nonlinear equation (3) on any [0, T], T > 0, according to Definition 2.2.

The size of the parameter ¢ in Theorem 2.3 is found explicitly in terms of ¢, K
and A (Proposition 5.3), but more precisely it derives from the fact that in the
course of our proof we must first show that, a priori, any solution on [0, T] to the
nonlinear equation (3) with Xo=x¢9 <1 —¢ satisfies?

1 1
5) —P(X; edx) < —, tel0,T],
dx o

in a neighborhood of the threshold 1 (see Lemma 5.2). It is this restriction that
determines the o in Theorem 2.3, so that it depends only on the best a priori
estimates available for the density on the left-hand side of (5). The stated explicit
choice for g in Proposition 5.3 merely ensures that (5) holds for all ¢ < «q for
any potential solution.

2.3. Illustration: The Brownian case. To further highlight the criticality of the
system, we here illustrate the blow-up phenomenon in the Brownian case. Consider
equation (3) with b = 0, set e(t) = E(M,;) and fix X9 = xo < 1. Then the conditions
of Theorem 2.4 are trivially satisfied, and so we know that there exists a global-in-
time solution for all @ € (0, ag(xp)).

One may then ask if we ever observe a blow-up phenomenon in this case. The
affirmative answer can be seen by adapting the strategy in Céceres, Carrillo and
Perthame (2011) [note that the result in Céaceres, Carrillo and Perthame (2011) is
written for an Ornstein—Uhlenbeck type drift but a similar argument applies when
there is no drift]. For instance, choosing xo = 0.8, computations show that global in
time solvability must fail for o« > 0.539. Moreover, tracking all the constants in the

2In the whole paper, we use the very convenient notation %]P’(X € dx) to denote the density at
point x of the random variable X (whenever it exists).
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FI1G. 1. Plot of t = e(t) for x9g =0.8, b(x) =0, @ = 0.38 (red) and o = 0.39 (green).

proof of Theorem 2.3 below, we can find that «¢(0.8) =~ 0.104, which suggests that
the system’s behavior changes radically between these two values. Such a radical
change can be observed numerically by investigating the graphs of e(#) = E(M,)
for different values of « in order to detect the emergence of some discontinuity.
Using a particle method to solve the nonlinear equation with » = 0, we numerically
observe in Figure 1 that the graph of e is regular for o« = 0.38 but has a jump for
a = 0.39. From the observations we have for other values of «, it seems that global
solvability fails for « > 0.39 and holds for o < 0.38.

As a summary, we present in Figure 2 the various regions of the «-parameter
space (0, 1) for xo = 0.8. The region D stands for the set of «’s for which global
solvability fails. By the numerical experiments, it seems that global solvability also
fails in region C, while by the same experiments it seems that global solutions do
exist for o in region B. In this article, we prove that global solutions exist for o € A.

3. Solution as a fixed point. In this section, we identify a solution to the
nonlinear equation (3) as a fixed point of an appropriate map on an appropriate
space. This will reduce the problem of finding a solution to identifying a fixed
point of this map.

0 «(0.8) 0.38 039 0.54 1
— H | |
A B (¢ D

FI1G. 2. Critical regions of a € (0, 1), for xo = 0.8 and b(x) =0.
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Let T > 0. For a general function e € C'10, T, consider the linear SDE
t
6) X/ =Xo +/ b(X{)ds + ae(t) + W, — M;, te[0,T], Xo<1as.,
0

where (W;);>0 is a standard Brownian motion, « € (0, 1),

(7) Mf = "10.(tf)
k>1

and t7 =inf{t > ty_,:X{_> 1} fork > 1, 7§ = 0. The drift function b is assumed
to be Lipschitz as above. Note that the solution to this SDE is well defined (by
solving (6) iteratively from any 7} to the next t;’, | and by noticing that the jumping
times (7;)x>0 cannot accumulate in finite time as the variations of (X7);>0 on any
[t{. T441), k > 0, are controlled in probability). We then define the map I" by
setting

®) [(e)(®) :=E(M;).

We note that any fixed point of I" that is continuously differentiable provides a
solution to the nonlinear equation according to Definition 2.2 and vice versa. Thus,
it is natural to look for a fixed point of I in a subspace of C'[0, T] where we are
careful to uniformly control the size of the derivative. Moreover, since it is clear
from the definition that I'(¢)(0) = 0 and ¢ +— I'(e)(#) is nondecreasing for any
ec(C! [0, T'], we in fact restrict the domain of I" to the closed subspace L(T, A) of
C'[0, T defined by

L(T, A) = {e €C'0,T]:e(0) =0, e(s) <e(t) Vs <t, sup €' (t) < A}
0<t<T

for some A > 0. The map I is thus defined as a map from L£(T, A) into the set of
nondecreasing functions on [0, T']. It in fact depends on A as its domain of defini-
tion depends on A; for this reason, it should be denoted by I'. Anyhow, since the
family (FA) A>0 18 consistent in the sense that, for any A’ < A, the restriction of
I'4 to L(T, A) coincides with FA/, we can use the simpler notation I'.

The following a priori stability result provides further information about where
to look for fixed points, the proof of which we leave until the end of the section.

PROPOSITION 3.1. Given T > 0,a > 0and e € L(T, A) it holds that
(V1 €0, T1, e(t) < ga(1)) and (E[(X0)+] < a))
= (V1 €[0, T1,T(e)(t) < ga(1)),
where (x)y denotes the positive part of x € R, with

a+ 4+ ATYV?)l/2 < 2At )
exp .

9 8a(t) := I
—

l—«o
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Letting g(¢) := g1(¢), t > 0, since Xg < 1 a.s., it thus makes sense to look for
fixed points of I in the space

(10) H(T,A):={ee L(T,A):e(t) <g®)}.

We equip (T, A) with the norm |le||7(T, ) = llellco.7 + |l€’|lco,r inherited from
C'[0, T]. Here and throughout the paper, || - [lc.7 denotes the supremum norm
on [0, T]. H(T, A) is then a complete metric space, since it is a closed subspace
of C1[0, T1.

For e € H(T, A) Proposition 3.1 implies that I'(e) is finite and cannot grow
faster that g, though it remains to show that I'(e) is differentiable and that its
derivative is bounded by A in order to check that I' indeed maps H (7T, A) into
itself, for a suitable value of A and T'. The stability of H (T, A) by I' is discussed
in Section 4.3.

3.1. Proof of Proposition 3.1. Fix T > 0. We first note that we may write

Mze = sup|_(Zse)+J,
s<t

(11) ‘
Z{ = X{ + M{ =Xy +/ b(X¢)ds + ae(t) + Wy, te[0,T],
0

where |x| denotes the floor part of x € R. Indeed, one can see that for ¢ €
[rke’ T]f_l’_])’ k 2 0’

supl (25, =max(| max (sup (X5 +),]). sup (XS +K),])

0=j=k=13se[r¢ ¢, ) seltf 1)
:max( max (j+1 ,k):Me,
Osjsk—l(J ) !

using the fact that X7 < 1 forall r > 0.

Then, given ¢ € [0, T'] such that Zf > 0, let p¢ := sup{s € [0, ]: Z{ < 0}
(sup @ = 0). Pay attention that p° is not a stopping time and that it depends on .
Then, for s € [p¢, 1],

(12) [p(X9)[ = A+ [XF]) = A+ [ 28] + M) = A1+ (Z5) ;. + M).

By (11), we know that M{ < supg.,,(Z;)+. Therefore,

[b(x¢)] < A(1+2 sup (29),).
0<r<s
By (11), we obtain
t
13)  Zi<Z%+ A/ (142 sup (27), ) ds + ae() + Wy — We.
0

0<r<s
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If p¢ > 0, then Z;g = 0 as, obviously, (Z{)o<s<7 is a continuous process. If
p¢ =0, then Xog= Zf)e > 0 since Z;e is nonnegative. Therefore,

t
(14 (Z7), < Xo)++ Afo (1 +2 sup (Zf)+> ds +ae(t)+2 sup |Ws|.

O<r=s 0<s<t

Obviously, the above inequality still holds if Z{ < 0. We then notice that the pro-
cess (Supy<,<,(Z;)+)o<i<r has finite values as (Z7)o<;<r is continuous. There-
fore, taking the supremum in the left-hand side, applying Gronwall’s lemma and
taking the expectation, we deduce that E[supy., -7 (Z)4] is finite. Taking directly
the expectation in (14), we see that o

Bl sup (),

(15)
<E[(X0)+] —|—A/Ot(1 +2E[ sup (), |)ds +ae() +41'/2,

0<r<s
for all ¢ € [0, T']. In particular, if E[(Xo)+] < a, e(t) < g,(t) for all t € [0, T]
[where g, is given by (9)], and R¢ is the deterministic hitting time

R¢ = inf{t €[0,T] :E[ sup (Zf)+] > ga(t)} (inf @ = +00),

0<s<t

then, for any t € (0, R® A T,

E[ sup (Zf)+]

0<s<t

t
<a —I—Af (142g4(5))ds + aga(t) + 41172
0

2As
]l -«

r2A
<(a+(4+AT1/z)t1/2)[l+/ exp(
0 l—«

=1 —a)ga(t) + aga(?)

= ga(1).
The strict inequality remains true when ¢ = 0 since E[(X¢)+] < a < g,(0). Now,
by the continuity of the paths of Z¢ and by the finiteness of E[supy,~7(Z})+],
we deduce that E[supy,,(Z)+] is continuous in 7. Therefore, if R® < T, then

E[supg<s<ge(Z5)+] must be equal to g(R¢), but by the above inequalities, this
sounds as a contradiction. By (11), this proves the announced bound.

) ds} 4+ agy(t)

4. Existence and uniqueness in small time. The main result of this section
is the following.

THEOREM 4.1. Suppose there exist B, > 0 such that P(Xg € dx) < (1 —
x)dx for any x € (1 — ¢, 1] and that the density of X¢ on the interval (1 — ¢, 1] is
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differentiable at point 1. Then there exist constants A1 > 0 and Ty € (0, 1], depend-
ing upon B, e, o, A and K only, such that I'(H(T1, A1)) C H(T1, A1). Moreover,
foralley,e; € H(Ty, Ay),

IT(en) = T(€D 37,4, < 3lle1 — e2ll3ur. )

Hence, there exists a unique fixed point of the restriction of I to H(T1, A1), which
provides a solution to (3) according to Definition 2.2 up until time Ty (such that
[0, T1] > t — E(M;) is in the space H(T1, Ay)).

4.1. Representation of I'. Let T > 0. As a first step toward understanding the
map I defined above, we note that, given e € L(T, A), using the definitions we
can write

L(e)(t) =E(M;) = E(Z 1[o,t](rf))

k>1

'
= Z/ P(tf,, € (s, 1]t = 5)P(tf eds) +P(zf <1),
0
k>1

where P(z{ € ds) is a convenient abuse of notation for denoting the law of 7}
and B(R) > A P(zf, | € Alt{ = s) stands for the conditional law of 7 | given
7 = 5. Here, B(R) is the Borel o-algebra on R. Moreover, observing that the
solution X to (6) is a Markov process (which restarts from 0 at time 7y when
k > 1), we may write

T'(e)(t) = E(M})

t )
=3 [ P < - sIXE" =0)P(sf € ds) + P(cf <),
0
k>1

where e stands for the mapping ([0, T —s] 2t e(t+5) —e(s)) € L(T —s, A).

With this decomposition it is clear that in order to analyze I"(e), and more im-
portantly the derivative of I"(e) [recall we are looking for a fixed point in H(T', A)],
we must analyze the densities of the first hitting times of a barrier by a nonhomoge-
neous diffusion process with a general Lipschitz drift term. Indeed, formally taking
the derivative with respect to ¢ in (16) introduces terms involving the density of z{,
where we recall that

t
7y =inf{r > 0: X;_ > 1} =inf{t > O:Xo—i—/ b(X{)ds+ W, >1 —ae(t)}.
0

The analysis of such densities is well known to be a difficult problem. These prob-
lems remain even in the case where b = 0. However, the fact that e is continuously
differentiable at least guarantees that the densities exist. In the case b = 0, we refer
to [Peskir and Shiryaev (2006), Theorem 14.4]. In the general case, existence of
these densities will be guaranteed in the next section by Lemma 4.2.
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4.2. General bounds for the density of the first hitting time for a nonhomoge-
neous diffusion process. Fix T > 0, and for e € C 1[0, T'] consider the stochastic
process (x;)o<:<r which satisfies

(17) dx; =b(x{)dt +ae' (t)dt + dW;, t€[0,T], x5 <1as.,
together with the stopping time
t“:=inf{r € [0, T]: x/ > 1}, (inf @ = 00).

Here, @ € (0, 1) and the drift b is globally Lipschitz, exactly as above.

LEMMA 4.2. Lete €Cl[0, T]. Suppose there exist 8, & > 0 such that P(xo €
dx) < B(1 —x)dx forany x € (1 — ¢, 1] and that the density of xo on the interval
(1 — &, 1] is differentiable at point 1. Then:

(i) For any t € (0, T1], the law of the diffusion x; killed at the threshold is
absolutely continuous with respect to the Lebesgue measure.
(i1) Denoting the density of x; killed at the threshold by

1
dy

pe(t, y) is continuous in (t,y) and continuously differentiable in y on (0, T] x
(=00, 1] and admits Sobolev derivatives of order 1 in t and of order 2 in y in any
LS, ¢ > 1, on any compact subset of (0, T] x (—00,1). When xo <1 —¢ a.s. it is
actually continuous and continuously differentiable in y on any compact subset of
([0, T] x (=00, I]) \ ({0} x (=00, 1 —¢]).

(iii) Almost everywhere on (0, T] x (=00, 1), p. satisfies the Fokker—Planck
equation:

(19 3pelt.y) +3,[(b() + e (1)) pe(t. )] — 182, pe(t, y) =0,

with the Dirichlet boundary condition p.(t,1) = 0 and the measure-valued ini-
tial condition p.(0,y)dy =P(xo € dy), pe(t,y) and 9y p.(t,y) decaying to 0 as
y — —00.
(iv) The first hitting time, T°¢ has a density on [0, T], given by
d

1
(20) EP(re <t)= —anpe(t, 1), tel0,T],

the mapping [0, T] > t — 0y p.(t, 1) being continuous and its supremum norm
being bounded in terms of T, «, ||€’||0o.7> B and b only.

(18) Pe(t,y) == —P(x{ edy,t <1°), tel0,T],y<l1,

Lemma 4.2 is quite standard. The analysis of the Green function of killed pro-
cesses with smooth coefficients may be found in [Garroni and Menaldi (1992),
Chapter VI]. The need for considering Sobolev derivatives follows from the fact
that b is Lipschitz only. The argument to pass from the case b smooth to the case b
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Lipschitz only is quite standard: it follows from Calderon and Zygmund estimates,
see [Stroock and Varadhan (1979), equation (0.4), Appendix A], that permit the
control of the LS norm of the second-order derivatives on any compact subset of
(0, T] x (—o0, 1). A complete proof may be also found in the unpublished notes
of Delarue et al. (2013).

When yo = xo for some deterministic xo < 1, the conditions of the above lemma
are certainly satisfied. Therefore, for e € C 110, T it makes sense to consider the
density p.(t,y),t € (0, T], y <1 of the process killed at 1 started at xo. We will
write p,(t, y) = p:°(t, y) in this case. The following two key results on dype(t, 1)
are standard adaptations of heat kernel estimates [see, e.g., Friedman (1964), Chap-
ter 1] for killed processes. The first one may be found in [Garroni and Menaldi
(1992), Chapter VI, Theorem 1.10] when b is smooth and bounded. As explained
in the beginning of [Garroni and Menaldi (1992), Chapter VI, Section 1.5] it re-
mains true when b is Lipschitz continuous and bounded. The argument for remov-
ing the boundedness assumption on b is explained in Delarue and Menozzi (2010)
in the case of a nonkilled process. As shown in the unpublished notes [Delarue
et al. (2013), Corollary 4.3], it can be adapted to the current case. The second
result then follows from the so-called parametric perturbation argument follow-
ing [Friedman (1964), Chapter 1]. Again, the complete proof can be found in the
unpublished notes [Delarue et al. (2013), Corollary 5.3].

PROPOSITION 4.3. Let e € C'[0, T']. Then there exists a constant (T (de-
pending only on T and the drift function b) which increases with T such that for
all xg < 1,

(1 —XO)2>

x 1
0,720, D] <kl sop + 1) exp(— —

Sorallt <min{[(]|€|lco.7 + Dk (T)172, T}. In particular, k (T) is independent of .

PROPOSITION 4.4. Let ej,ex € C'[0,T] and let A = max{|le]lloo,T,
||e/2||oo’T}. Then there exists a constant k (T) (depending only on T and the drift
Jfunction b) which increases with T such that for all xo < 1,

|8yp2?(t, D — 3yP§2°(t, 1)|

1 1 — x0)?
<k(T)(A+ 1>$exp<—%)ﬂeﬁ L

for all t < min{[(A + Di(T)]72, T}. In particular, k(T) is independent of
e and e;.
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4.3. Applicationto I". In this section, we return to the setting of Section 3, and
apply the results of the previous subsection to complete the proof of Theorem 4.1.

The first result ensures the differentiability of I'(e¢) whenever e¢ € L(T, A),
which is the first step in showing that I" is stable on the space H (T, A) for some A
(recall that H is simply a growth controlled subspace of L£).

PROPOSITION 4.5. Let e € L(T, A) and Xg be such that there exist B, & > 0
withP(Xg € dx) < B(1 —x)dx for any x € (1 —e¢, 1], and suppose that the density
of Xo on the interval (1 — ¢, 1] is differentiable at point 1. Then the mapping
[0, T] >t ['(e)(t) is continuously differentiable. Moreover,

i[l"(e)](t):—ft 3, p09 (1 —3s, 1)—[F(e)](s)ds—18 pe(t, 1),
dt 02 °7¢ 2 e
t€l0,T],

represents

1)

where p. represents the density of the process X° killed at 1 and p((go’s)

the density of the process X ¢ killed at 1 with X Sts =0.

PROOF. We first check that I'(e) is Lipschitz continuous on [0, T']. Consider-
ing a finite difference in (16) and using (20), we get, for ¢, + h € [0, T],

()t +h) —T(e))
h
= Z/t+ fftg <t+h —leSns =0)P(zf €ds)

k>1
(22)

t+h— s
- = / / 3y L0 (r, 1) drP(zf € ds)
k>1 !

1 pr+h

- = dype(s, 1) ds.
2 Jt

By Lemma 4.2(ii), we can handle the two last terms in the above to find a constant
C > 0 (which depends on e) such that

L'(e)(r +h) =T'(e)(?)

t+h s s
< Z/ P <1+ h—s|XE =0)P(zf e ds)

k>177
+Ch(14T(e)(T)),

the last term in the right-hand side being finite thanks to (14) and the argument
following it. Moreover, by (14) and Gronwall’s lemma, we deduce that

<h|X$" =0)

S‘

lim sup P(zf
hNOo<s<T—h
(23) . )
=lim sup IP’( sup Z¢" >1|X"S—O)=O,
INOQ<s<T—h  ‘o<r<h
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where Z¢" is given by (11). Therefore, there exists a mapping n:Ry — R4
matching 0 at 0 and continuous at 0 such that

L(e)(t +h) —T(e)(t) <n(M[T(e)(t +h) =T (e)(®)] + Ch(1 + T'(e)(T)).

Choosing & small enough, Lipschitz continuity easily follows.
As a consequence, we can divide both sides of (22) by & and then let & tend
to 0. By (23), we have for a givent € [0, T),

t+h
lim i~ ]Z/ rfus <t+h—s|X€nS 0)P(zf € ds)
N o
s s I'(e)(t+h) —T(e)t
<11rn[ sup P(z&" <h|XE =0) @0 + 1) (e)():|:0.
NOLo<s<T—h h

Handling the second term in (22) by Lemma 4.2 and using the Lebesgue dominated
convergence theorem, we deduce that

—F(e)(t)— Z/ —3yp9 (1 — s, I)P(f,feds)—%aype(t, D).

k>1

By Lemma 4.2, we know that 0, pgo S)(-, 1) and 9y p.(-, 1) are continuous (in 7).
This proves that (d/dt)I"(e) is continuous as well.
Formula (21) then follows from the relationship

(24) T(e)(t) = tfeds), tel0,Tl.
AL :

The second idea is to show that the difference between the derivatives of I"(e;)
and I"(e2) is uniformly small in terms of the distance between two functions e
and e; in the space H (T, A) in small time.

PROPOSITION 4.6. Let T > 0 and Xqo be such that there exist B, & > 0 with
P(Xo € dx) < B(1 —x)dx for any x € (1 — &, 1], and suppose that the density of
Xo on the interval (1 — ¢, 1] is differentiable at point 1.

Suppose e, ey € H(T, A) for some A > 0. Then there exists a constant k(T),
independent of A, B and ¢, and increasing in T, and a constant k (T, B, €), inde-
pendent of A and increasing in T, such that for any ey, e3 € H(T, A),

d
sup | [T (e) =T (e)])| = (4+ DR B.e)ile = &

O<s<t1dS

fort <min{[(A + D« (T)]72,T}.
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PROOF. We have by (21)
d
‘E[F«zl) - F<e2>]<r>‘
1 1
<5 [ _Iops = dupE)e DIPCY € dv)
d
(25) 2/ [0, P0) = 3,p 0 = 5, D] T(e1)(s)
+ 5/0 0, p9(t — s, l)I‘— [(e1) —T(e2)](s)|ds

1
= E(Ll + Ly + L3).

Suppose t < T and v/t < [(A + D (T)]7 !, where «(T) is as in Proposition 4.4.
The value of « (T') will be allowed to increase when necessary below. Considering
the first term only, we can use Proposition 4.4 to see that

Lo (1—x)?
Li §(A+1)ﬂ/<(T)< lgﬁe"p<_ oY )(1—x>dx)H ~ oo

l—siex (_(1—)6)2
—00 \/; P k(T)t

We deduce that there exists a constant < (7', 8, ¢) > 0, which is independent of
A and which is allowed to increase as necessary from line to line below, such that

00 2
Li<(A+ l)ﬂfc(T)«/?(/O zexp(—%) dz) ley — e o.s

T (A+ 1)K(T)( )P(Xo edx>) lel — 2]l .-

1 2
(26) +(A+ 1)K(T>$exp(—ﬁ) ley — €5 s

< (A4 DR(T. B.e)t|e] — éh -

We can then use Proposition 4.4 again to see that

1
Ly < (A+ D«(T) sup [s‘”%xp(—m)]l“(el)(t)He/l — &l o+

O<s<t
By Proposition 3.1 [since e; € H(T, A)], we deduce that
27) Ly < (A4 De(T)Vi|e} — &5,

where «(7") has been increased as necessary, and we have used the elementary
inequality exp(—1/v) < v for all v > 0. We finally turn to L3 in (25). By Proposi-
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tion 4.3, we have that

0, pS)(t — 5, D] <k(T)(A+1) ! exp(— ! >
28) (t—s) k(T)(t —s)

<«k(T)(A+1),
again by increasing « (7). Thus, from (25), (26), (27) and (28), we deduce

d
J[Ten = T(e)]®)| = (A+ DR(T, B, e)Vile) — e,

F(61) —T(ex)](s)|ds.

By taking the supremum over all s <t in the above, we have, for ¢t < (2«(T)(A +
1))~! [which actually follows from the aforementioned condition ¢ < (x(T)(A +
1))~2 by assuming w.l.o.g. k (T') > 2],

d
sup | —<[Te1) = T(€2)](5)] < 2(A + DE(T. B, )V e} — e .-

0<s<t

O

We can then finally complete this section with the proof of Theorem 4.1.

PROOF OF THEOREM 4.1.  Choose A1 = 2supg, <1 [(d/d)T"(0)(#)|+ 1. Note
that A depends on 8. Then choose 77 < min{[(A + 1)/{(1)]*2, 1} such that

(29) VTik(1, B, e)(A1+ 1) < 4,

where k(1) and k£ (1, B, ¢) are as in Proposition 4.6. By that result, if e € H(T7, A1)
then

d d d
’EF(e)(t)‘ = Er(e)(t) <Vik(T1, B, &) (A1 + DA + EF(O)U)

forall t <min{[(A| + 1)K(T1)]_2, T1} = T1. By definition, we have 77 <1 so that
k(Ty) <x(1) and k(Ty, B, e) <k(1, B, ). Therefore,

d - d
EF(e)(t) <Vik(1, B, &) (A1 + DA + EF(O)O)

for all t < T). Hence, forall t < T}

d Aq d
Srem =+ s (ST00) <4
2 0<t<1 dt

by (29), so that I'(e) € H(T1, A1).
To prove that I is a contraction on H(77, A1), first note that for e € H (T, Ay)

l€' 00,7, = Nellauran = 2[€' oo 7,
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by the mean-value theorem, since e(0) = 0 and 7 < 1. Thus, for any e, e; €
H(Ty1, Ay)

”F(el) - F(EZ)”H(Tl,Al) = 2||F(61)/ - l_‘(62)/”0011
<2VTik(Th, B, &) (A1 + D]ej — 5] o 1,

1
< sller — e2ll3 (A1)

by our choice of 71 and using Proposition 4.6 once more. Since H (77, A1) is a
closed subspace of C 10,77 (a complete metric space), the existence of a fixed
point for I" follows from the Banach fixed-point theorem. [

5. Long-time estimates. In order to extend the existence and uniqueness
from small time to any arbitrarily prescribed interval, we need an a priori bound
for the Lipschitz constant of e: ¢ — E(M;) on any finite interval [0, T'], which is
given by Theorem 2.3. The purpose of this section is to prove this result.

As already mentioned, the key point is inequality (5). Loosely, it says that,
in (1), the particles that are below 1 — dx at time ¢ receive a kick of order
aP(X; € dx) < dx. In other words, only the particles close to 1 can jump, which
guarantees some control on the continuity of e. Precisely, Proposition 5.3 gives a
bound for the 1/2-Holder constant of e. Inequality (5) is proved by using a priori
heat kernel bounds when « is small enough, this restriction determining the value
of o in Theorem 2.3. Once the 1/2-Holder constant of e has been controlled,
we provide in Lemma 5.5 a Holder estimate of the oscillation (in space) of p in
the neighborhood of 1. The proof is an adaptation of Krylov and Safonov (1979).
Finally, in Proposition 5.6, a barrier technique yields a bound for the Lipschitz
constant of p in the neighborhood of 1.

In the whole section, for a given initial condition X¢ = xo < 1, we thus assume
that there exists a solution to (3) according to Definition 2.2, that is, such that
e:[0, T] >t +— E(M,) is continuously differentiable.

5.1. Reformulation of the equation and a priori bounds for the solution. In
the whole proof, we shall use a reformulated version of (3), in a similar way to
Proposition 3.1 [see (11)]. Indeed, given a solution (X;, M;)o<;<r to (3) on some
interval [0, T'] according to Definition 2.2, we set Z; = X; + M;, t € [0, T']. Then
(Z1)o<i<1 has continuous paths and satisfies

t
(30) Z: = Xp —i—/ b(X;)ds + alE(M;) + W;, tel0,T],
0
where
31 M;=|( sup Z = sup |(Zg)+|.
' KOgsrg)t S>+J OgsgtL ’ +J

The following is easily proved by adapting the proof of Proposition 3.1:
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LEMMA 5.1. There exists a constant B(T, «, b), only depending upon T, «,
b and nondecreasing in o, such that

(32) sup e(r) = e(T) §E[ sup (zt)+] < B(T, a, b).

0<t<T 0<t<T

A possible choice for B is
E[(Xo)4]+4TV2 4+ AT <2AT>
= exp .

B(T,«,b) = 1
—a

l—«o
5.2. Local Holder bound of the solution. We now turn to the critical point of
the proof. Indeed, in the next subsection, we shall prove that, for o small enough,
the function ¢ — e(¢) = E(M;) generated by some solution to (3) according to Def-
inition 2.2 (so that e is continuously differentiable) satisfies an a priori 1/2-Holder
bound, with an explicit Holder constant. This acts as the keystone of the argument
to extend the local existence and uniqueness result into a global one. As a first step,
the proof consists of establishing a local Holder bound for e in the case when the
probability that the process X lies in the neighborhood of 1 is not too large.

LEMMA 5.2. Consider a solution (X;)o<i<t to (3) on some interval [0, T],
with T > 0 and initial condition Xy = xo < 1. Assume in addition that there exists
some time ty € [0, T] and two constants ¢ € (0, 1) and ¢ € (0, 1/a) such that for
any Borel subset A C [1 — ¢, 1],

(33) P(Xy € A) = c|A],
where |A| stands for the Lebesgue measure of A. Then, with

_expA)[(B+5c+8c"HA+4Q2+c+e 1))
B 1 —ca

Bo

’

it holds that, for any h € (0, 1),

BoexpRAh)h'/? < ¢)2

to + h) — e(ty) < Boh'/2.
oth<T =e(to+h) —e(ty) < Bo

PROOF. By the Markov property, we can assume fy = 0, with T being under-
stood as T — tp. Indeed, setting

(34) X=Xy 1€[0.T — 1],
we observe that, for r € [0, T — 19],
i t
X0 =X, + /0 b(Xf’O) dr + oE(Myyqy — My,)

(35)
+ Wiy — Wiy — (Myyqy — Myy).
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Here M;,,, — M, represents the number of times the process X reaches 1 within
the interval (zg, t + fo]. Therefore, this also matches the number of times the pro-
cess X%o hits 1 within the interval (0, #], so that X %0 indeed satisfies the nonlinear

equation (3) on [0, T — fp], with X gt‘) = X, as initial condition and with respect to

the shifted Brownian motion (Wt% = Wiyt — Wig)o<i<T—1,- In what follows, 1g is
thus assumed to be zero, the new T standing for the previous T — g and the new
X matching the previous X, and thus satisfying (33).

For a given h € (0, 1), such that 2 < T, and a given By > 0 (the value of which
will be fixed later), we then define the deterministic hitting time:

R =inf{r € [0, h]: E(M,) = e(r) = Boh'/?}.

Following the proof of (14) [see more specifically (12)], we have, for any ¢ €
[0, A R],

M; < sup (Zs)+

0<s<t

t
< o)+ A [ (14 (20 + M) ds +ae(t) +2 sup W

O<s<t

t
§(X0)+—|—2Af (1+ My)ds +aBoh'? +2 sup |W;|
0

0<s<t

t
§(X0)++2Ah+2A/ M, ds +aBohV/? +2 sup |W,,
0

0<s<t

where we have used (31) to pass from the first to the second line. By Gronwall’s
lemma, we obtain

M, < exp(zAh)[(X0)+ +2Ah+aBoh' /2 +2 sup |Ws|]
0<s<h

(36)
< (Xo)4 + exp(zAh)[4Ah +aBoh'? +2 sup |WS|],
0<s<h
as exp(2Ah) <14+ 2Ahexp(2Ah) and (Xg)4+ < 1.
Assume that Byexp(2Ah)h!'/? < £/2 < 1/2. Then, by Doob’s L? inequality for
martingales,

Y PM, =k <Y P(exp(ZAh)[4Ah +2 sup |WS|] >k — 3/2)

k=2 k=2 O=s<h
(37) < 26xp(2Ah)]E[4Ah +2 sup |W; |]
0<s<h

< exp(2Ah)[8AR 4 8h!/?].
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Moreover,
P(M; = 1)
< P((X0)+ + expQAM)[4Ah +aBoh'/? +2 sup |W,|]>1)

0<s<h

<P(Xo e[l —e, 11, Xo+ expQAm)[4Ah +aBoh'/2 +2 sup [W;|]>1)

0<s<h

+ P(exp(ZAh)[4Ah +2 sup |WS|] > e /2)

0<s<h

=1+ I,

where we have used By exp(2Ah)hl/ 2<g /2 in the third line.
By Doob’s L! maximal inequality, we deduce that

(38) I <2exp(2Ah)e 'E[4Ah 4 2|Wj|] < expQAh)e ™ [8Ah + 4h'/?].

We now switch to /. By independence of X and (Wy)o<s<7 and by (33),

&
I < c/ P(exp(zAh)[4Ah+aBohl/2+2 sup |Ws|] zx)dx
0

0<s<h

400
< c/ P(exp(2Ah)[4Ah +aBoh'? +2 sup |Ws|] > x) dx
0

0<s<h

= cexp(zAh)E[4Ah +aBoh'2+2 sup |Ws|].

0<s<h
By Doob’s L? inequality,
Iy < cexpRAR)[4Ah + aBoh'? +4n'/?].
Together with (38), we deduce that
P(M; > 1) <expRAh)[4(c +2e AR 4+ 4(c + e~ Yh'/? 4 caBoh'/?].
From (37), we finally obtain, for t < R A h,

E(M;) =) P(M; > k)
k>1

<expQRAM[42+c+2e " NAR+4(2 +c 4+ Y2 4 caByh'/?]
<expQAD)[(8 +5c +8e Ah +4(2+c + e Hh'/?] + caBoh'/?,
provided By exp(2Ah)h'/? < /2 < 1/2, which implies
caByexpAh)h'? < caBBoh'/? + cAh,
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using the fact that exp(2Ah) <1+ 2Ahexp(2Ah). Therefore, if R < h, then we
can choose r = R in the left-hand side above. By continuity of e on [0, T], it then
holds e(R) = Byh'/2, so that

(1 — ca)Boh!/? < exp(2AR)[(8 +5c + 8¢ AR +4(2 4+ c + e~ Hn!/?]
<expA)[(8+5c+8 A +42+c+e A2,
which is not possible when

5 expM)[(B+5c+8 HA+4Q2+c+e 1]
0= .
1 —ca

Precisely, with By as above and By exp(2Ah)h1/ Z<g¢ /2itcannothold R <h. [

5.3. Global Holder bound. In this subsection, we shall prove the following.

PROPOSITION 5.3. Let € € (0, 1). Then there exists a positive constant o €
(0, 1], only depending upon ¢, K and A, such that. whenever a < oy, there exists
a constant B, only depending on a, ¢, K and A, such that, for all positive times
T > 0 and initial conditions Xo = xo < 1 — &, any solution to (3) according to
Definition 2.2 satisfies

Bh'/2 <¢)2
to+h<T

for any h € (0,1) and ty € [0, T]. Note that B above may differ from By in the
statement of Lemma 5.2. The constant ay can be described as follows. Defining Ty
as the largest time less than 1 such that

(1 —¢e)exp(ATy) <1—7¢/8, AToexp(ATy) <¢/8,

} = e(to + h) — e(to) < Bh'/?,

oo can be chosen as the largest (positive) real satisfying [with B(Ty, g, b) as in
Lemma 5.1]

aoB(Tp, g, b) < e/4,
@022 (') exp(—1)[e! + B(To, a0, b)] < 1,

ao[c' Ty % +2%2(¢')*"? exp(— 1) B(To, w0, b)] < 1.

Here, the constant ¢’ is defined by the following property: ¢’ > 0, depending on K
only, is such that for any diffusion process (U;)o<;<1 satisfying

dUtzF(f, Ut)dt'i‘dW[, tG[O, 1],

where Ug =0 and F:[0,T] x R — R is K-Lipschitz in x such that F(t,0) =0
forany t € [0, 1], it holds that

lJP’(Ued)<C/ < x2> eR,te(0,1]
- —=€X - > ) ) .
dx e WVt P\7er *
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The proof relies on the following.

LEMMA 5.4. Given an initial condition Xg =xo <1 — &, with e € (0, 1), and
a solution (X;)o<i<1 to (3) on some interval [0, T] according to Definition 2.2,
the random variable X, has a density on (—oo, 1], for any t € (0, T]. Moreover,
defining Ty as in the statement of Proposition 5.3 and choosing o < « satisfying

a1 B(To, a1,b) <¢e/4,
it holds, for x € [1 — /4, 1),

1 1
P(X, € dx) < 22()? exp<—§)[e—1 +B(To,a,b)]  ift <Tp,
X

1 _ 1
TPB(X, edx) =Ty V20322 exp<—§>B(T0, ab)  ift>T,
X

where the constant ¢’ is also as in the statement of Proposition 5.3.

Before we prove Lemma 5.4, we introduce some materials. As usual, we set
e(t) = E(M;), for t € [0, T], the mapping e being assumed to be continuously
differentiable on [0, T']. Moreover, with (X;)o<;<7, We associate the sequence of
hitting times (tx)x>0 given by (4). We then investigate the marginal distributions
of (X;)o<s<r. Given a Borel subset A C (—o0, 1], we write in the same way as in
the proof of (16)

P(X; € A)=P(X, € A, 11 > 1)
(39

t
+ E / P(X; € A, tkq1 > t|tr = 5)P(7¢ € ds),
0
k>1

where the notation P(-|7;x = s) stands for the conditional law given 13 = s. Follow-
ing (34) and (35), we can shift the system by length s € [0, T']. Precisely, we know

that (XES = Xs4r)o<r<T—s satisfies
(40) Xh =X, + /O ' b(X%)du + ae® (r) + Wyyr — Wy — M,
with
e (r):=e(s+r)—e(s), Mfs =My, — M; and
r,fs := inf{u > rkﬁi] Xsqu— > 1}

for k > 1, (r;" := 0). Conditionally on 7x = s, the law of (X)qs)()srs’[‘_s until 7;*
coincides with the law of (Zﬁ‘“o)og <75 until the first time it reaches 1, where, for
a given Fg-measurable initial condition ¢ with values in (—oo, 1), (an’g)OS,ST, s
stands for the solution of the SDE:

A r A
(41) Zfs'§:§+/0 b(ZE4)du +ae™(r)+W,,  rel0,T —sl.
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Below, we will write Z¢ for Z2°¢. By (39),

P(X; € A) <P(Z; 7X0 ¢ A) + Z/ Zﬁs_’? € A)P(tx € ds)
k>1
(42)

(2} € A) +/ P(ZF0 € A)e/(s) ds,

for any Borel set A C (—o00, 1], the passage from the first to the second line fol-
lowing from (24).

PROOF OF LEMMA 5.4. Given an initial condition xg € (—oo, 1 — ¢] for € €
(0, 1), we know from Delarue and Menozzi (2010) that 2f° has a density for any
t € (0, T] (and thus Z, p 9 as well for 0 < s < t). From (42), we deduce that the
law of X; has a density on (—oo, 1] since P(X; € A) =0 when |A| =0, where |A|
stands for the Lebesgue measure of A. Moreover, there exists a constant ¢’ > 1,
depending on K only, such that, for any t € [0, T A 1]:

1 ¢ [x — 9712
43 —P(Z edx) < — ( —f)
( ) dx ( x) \/; c/t
where ;" is the solution of the ODE:
d
(44) — 9 =b(D;) + ae' (1), t€[0,T],

dt

with z?go = xg. Above, the function [0, T] > ¢ > e(¢) represents [0,T] > ¢ +—
E(M;) given Xy = xg, which means that the initial condition x¢ of X¢ upon which
e depends is fixed once and for all, independently of the initial condition of .
In particular, as the initial condition of ¥ varies, the function ¢ does not. We em-
phasize that ¢’ is independent of ¢ and can be taken to be that defined in Proposi-
tion 5.3. Indeed, we can write P(Z)° € dx) as P(Z° — 90 € d(x — 9;°)), with

d(Z° = o) = F(t, Z;° = 9°)dt +aW,,  t€[0,T], 2y’ — 03° =0;
F(t,x) =b(x +9,°) — b(s;"), 1€[0,T],x eR.

We then notice that F(z,-) is K-Lipschitz continuous (since b is) and satisfies
F(t,0) =0, so that, referring to Delarue and Menozzi (2010), all the parameters
involved in the definition of the constant ¢’ are independent of e. The fact that cis
independent of e is crucial. As a consequence, we can bound (1 /dx)IP’(Z, p 0 ¢ dx)
in a similar way, that is, with the same constant ¢’ as in (43): forany0 <s <t < T,
witht —s <1,

1 ns ¢ [x — 0 ]2>
45 — P+ ed _E T Tl ),
“45) dx ( © x) t—s exp( c'(t—s)
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where 9950 is the solution of the ODE:

d d
= b(07*) + aaeﬁ‘ (), 1el0,T—s],

with ﬁg“o = 0 as initial condition.

Bound of the density in small time. Keep in mind that Xg = xg <1 — ¢. There-
fore, by the comparison principle for ODEs, ;" < z?tl_e for any 7 € [0, T, so that
by Gronwall’s lemma

970 <0/7¢ < (1 —e+ AT +ae(T)) exp(AT).
By Lemma 5.1, we know that e(T) < B(T, «, b), so that
(46) 0" < (1 —e+ AT +aB(T,a,b)) exp(AT).
Now choose Tj as in Proposition 5.3, that is, Ty < 1 such that
(1 —e)exp(ATp) <1—-7¢/8, AToexp(ATp) <¢€/8,

and then take o1 € (0, 1) such that

a1 B(Ty, ay, b)exp(ATy) <e/4.
Then, whenever o < «y, it holds that

90 <1—¢g/2, tel0, ToAT].

Therefore, for x > 1 — g/4,

47) ( b = ﬁfo]z) < ( i > tel0,ToAT]
exp[ ————— exp( — , , .
P c't =exp 16¢'t 0

Similarly,
9P <36/8<3/8,  0<s<t<TyAT.

Indeed, e (T — s) < e(T) for s € [0, T], so that (46) applies to ﬂtﬁi’f with 1 — ¢

therein being replaced by 0. Therefore, for x > 1 — ¢/4, it holds that x — z?,ji’so >
3/4—-3/8=3/8>1/4, so that

a9 oo L) cop(- L) osicisnar

exp| ———— expl ——— ), <s<t< .
P ca—s ) =P\ 160 —y) 0

In the end, for x € (1 —¢/4,1) and t < Ty A T, we deduce from (42), (43), (45),

(47), (48) and Lemma 5.1 again, that

1
49)  ——P(X; edx) < Cwole ™ 4 e(T ATo)] < cwole™! + B(Ty, a, b)],

where

1 1
) = sup[t_l/2 exp(—mﬂ = 44/’ sup[u exp(—u?)] = 2%/2V/¢' exp<—§>.
c

t>0 u>0
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Bound of the density in long time. We now discuss what happens for T > T and
t € [Ty, T']. Then

1
—P(X;ed
dx (X; €dx)
1 ﬁt_TO 1 ﬁt—TO
(50) = EP(XI €dx, 1, < To) + EP(XI €dx, 1, > To)
=m + 7y,

with 7" = inf{u > 0: X,z 4u— > 1) = inf{u > 0: X, > 1}. The above ex-
pression says that we split the event (X; is in the neighborhood of x) into two
disjoint parts according to the fact that X reaches the threshold or not within the
time window [t — Tp, t]. We have chosen this interval to be of length Ty in order

to apply the results in small time.

. . c fr—
We first investigate m>. The point is that, on the event that rlt > Ty and

within the time window [t — Tj, t], X behaves as a standard diffusjon process
without any jumps, namely as a process with the same dynamics as ZF-To Xi-Tp
Following (43), we then have

1 At X _
Ty = d—]P’(Zt;; 05710 gy, tlﬁt o To)
x
n X
< d—]P)( ﬁt To TO c dx)
(51) . 1
A Ty,2

<sup—P(Z;, " ed

zliIl) dx ( To X)
< C/TO_ 172,

We now turn to 7. Here, we write

1 _
1 = —P(X; €dx, ‘L'lﬁt o < To)

dx
1 ﬁf TO ut TO
=Zd P(X;edx,t, " <To<t,")
k>1 X
To 1 _
:Z/ —P(X, edx, Ty < i 0 |7f T = s)P(c] 0 € ds)
k>1 0 dx

To 1 attorier, _
= Z/ —]P’(Z;Otts 0.0 edx, Ty < t,f;lTO)IP’(t,?I o ¢ ds),

since on the event {IEZ_TO <Ty < r,f:lro}, given that the kth (and last) jump of
X in the interval [t — Tp, t] occurs at time ¢t — Ty + s with s € [0, Ty], we have
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. . . Aﬁx - ,0
that the process X, for r € [t — Tp + s, t] coincides with the process Z, 0 for

u €0, To — s]. Thus,

o1 _ atorr 7.0 -
m<y, / d—IP’(Zt;()*_’STO € dx)P(r]' ™ e ds)
k>1 0 X
(52) R
TO 1 "js-H—T ,0
=, EP(ZT()—S " edx)e' (s +1t—To)ds.

By (45), we have

TO 1 S hs+t— ,O
/ IED(Z“‘+ " e dx)e'(s +1 — To) ds
0

E To—s
i 70
<fT° ¢ ( [x_zaﬁojf’ ]2> '(s+1t—Ty)d
———€X — e (s — S.
“Jo JTp—s P c'(To—s) 0

Recalling that =T (s) =EWM;4—1, — M;_13), it is well seen that the mapping
[0, Th] 25— eh=To (s) satisfies Lemma 5.1, that is,
sup ef=To (s) = sup [e(s +1t—Tp) —e(t — To)]

0<s<Ty 0<s<Ty
=e(t) —e(t —To) < B(Tp, @, b).

Therefore, we can follow the same strategy as in short time; see (48) and (49).
Indeed, for o < a1, by the choice of T as before, it holds that

m1 < dwoB(Ty, @, b),

for x € [1 — ¢/4,1). Using (51) and the above bound, we deduce that, for ¢ €
(70, T1,

1 =172
d—IP(X, €dx) < [T, "+ woB(Ty, o, b)]. 0
X

PROOF OF PROPOSITION 5.3. Proposition 5.3 follows from the combination
of Lemmas 5.2 and 5.4. Indeed, given T and g as defined in Proposition 5.3,
then by Lemma 5.4 it follows that P(X; € A) < (1/«)|A| for any Borel subset
A C[1—¢/4,1],any o < g and any ¢ € [0, T']. The result follows by Lemma 5.2,
with B being given by Byexp(2A) with ¢ in By replaced by /4. [

5.4. Estimate of the density of the killed process. In light of the previous sub-
section, for a solution (X;)o<;<7 to (3) such that the mapping [0, T] >t — e(t) =
E(M;) is continuously differentiable, we here investigate

1

y P(X; edx,t <11), tel0, T],x <1,
X



2124 DELARUE, INGLIS, RUBENTHALER AND TANRE

where T = inf{r > 0: X;_ > 1} as usual. This is the density of the killed process
(X1 At )o<i<T, which makes sense because of Lemma 4.2.
Here is the main result of this subsection.

LEMMA 5.5. Lete €(0,1), T > 0and B > 0. Moreover, let (x;)o<:<T denote
the solution to the SDE
dx; =b(x)dt +ae'(t)dt +dW;, 1 € [0, T1; xo = xo,

for some continuously differentiable nondecreasing deterministic mapping [0, T] >
t — e(t) satisfying

e(0) =0, e(t) —e(s) < B(t —s)/?, 0<s<t<T.

Then there exist two positive constants i and nr, only depending upon T, B, ¢,
K and A, such that, for any initial condition xo <1 — ¢,

(53) pt.y) <pur(l—=y)",  te€l0,T]yell—¢e/4,1],
where p(t, y) denotes the density of x; killed at 1 as in (4.2).
PROOF. First step. The first step is to provide a probabilistic representation

for p. For a given (T, x) € (0, +00) x (—o0, 1), we consider the solution to the
SDE:

(54) dY, =—[b(Y;) + ae (T —1)]dt +d W, tel0, T, Yo=y,

together with some stopping time p < pg A T, where pg = inf{t € [0, T]:Y; > 1}
(with inf @ = 4+00). Then, by Lemma 4.2 and the [t6—Krylov formula [see Krylov
(1980), Chapter II, Section 10],

d(p(T —1,Yy))
= —3,p(T —1,Y)dt — [b(Y,) + ae' (T —1)]9, p(T — 1, Y,) dt
+ 505, p(T — 1, Y))dt + dyp(T — 1, Y,)dW,
=b'(Y)p(T —1,Y,)dt + d,p(T —1,Y,)dW,,

for 0 <t < p. Therefore, the Feynman—Kac formula yields

(55 p(T.y) = E[p(T — ¥t exp(— [ b’(Ys>ds)1Yo - y],

the indicator function following from the Dirichlet boundary condition satisfied
by p(-, D).

Second step. We now specify the choice of p. Given some free parameters L > 1
and § € (0, ¢/4) such that L§ < ¢/4, we assume that the initial condition y in (54)
isin (1 — 4, 1) and then consider the stopping time

(56) p=inf{r [0, T]:Y, ¢ (1 — L8, 1)} A 8%
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Assume that 82 < T. By (55), we deduce that

(57) p(T,y) <exp(K8*)(1-P(Y,=1)) sup p(t,2),
(t,2)€Q(8,L)

with
OB, L)={(t,2) € [T — 8%, T] x [1 — L8, 11}.

The point is then to give a lower bound for P(Y, = 1). By assumption, we know
that e is (1/2)-Holder continuous on [0, T']. Therefore, since Yo =y € (1 — 4, 1),
we have, for any ¢ € [0, p],

Y,>1—86—ms>—aBs+W,,
with
(58) m= sup |b(z)]|.

0<z<l
Therefore, for mé < 1,
Y, >1-25—aBs+ W, t € [0, pl,
so that
(59) {Y,=1}> { sup W, > (2+a8)5} m{ inf W, > (2+aB—L)5}.

0<t <52 0<r<s?

Choosing L =3 + a5 and applying a scaling argument, we deduce that
IP’([ sup W; > (2+ aB)a} n { inf W,>Q2+aB— L)a})

0<r<82 0<r<s?
(60) = ]P’({Oséltlgl W, > (2 —I—ozB)} N {O;Izlgl W, > —1})
=:c"€(0,1).

We note that the above quantity ¢’ is independent of § and 7. Moreover, we deduce
from (59) that P(Y, = 1) > ¢” and, therefore, from (57) that

p(T,y) <(1-C") exp(KcSz) sup sup p(t,z),
z€Z(LS) tel0,T]

with Z(r) = [1 — r, 1], for r > 0. Choosing § small enough such that (1 —
c"yexp(K8%) < (1 —c”/2), we obtain

C//
p(T,y>s(1——) sip sup p(t.2), vy eZE).
z€Z(LJ) tel0,T]

Modifying ¢” if necessary (¢” being chosen as small as needed), we can summarize
the above inequality as follows: for § < ¢”,

(61) p(T.y)<(1—¢") sup sup p(t.2),  yeZ().
z€Z(LJ) tel0,T]
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We now look at what happens when T' < §% in (57). In this case, we can replace p
in the previous argument by p A T. Observing that p(T — p AT, Y,a7) = 0 on the
event {p > T}U{Y, 7 = 1} (since p(0,-) =0on [1 —¢/4, 1]) and following (57),
we obtain, for y € Z(§),

62)  p(T,y) <exp(K&*)[1 =P({Ypar =1}U{p=T})] sup  p(t,2),
(t,2)€Q'(8,L)

with Q'(8, L) = {(¢t,z) € [0, T] x [1 — L3, 1]}. Now, the right-hand side of (59)
is included in the event {Y,,7 = 1} U {p > T} so that (60) yields a lower bound
for P({Y,n7 =1} U {p > T}). Therefore, we can repeat the previous arguments in
order to prove that (61) also holds when 7" < 82, which means that (61) holds true
in both cases.

Therefore, by replacing T by ¢ in the left-hand side in (61) and by letting ¢ vary
within [0, T'], we have in any case,

sup  sup P(t,y)i(l—C”) sup sup p(t,2).
veZ(§)te[0,T] z€Z(LS) tel0,T]

By induction, for any integer n > 1 such that L"§ < rq, with ro =c¢” A (g/4),

sup sup p(t,y) <(1—=c")" sup sup p(t,2).
veZ(§)te[0,T] z€Z(L"8) tel0,T]
Given 6 € (0, r9/L), the maximal value for n is n = [In[ro/8]/In L]. We deduce
that, for any § € (0, ro/L),
(In[ro/81/InL)—1

(63) sup sup p(t,y)<(1—-<") sup sup p(t,2).
yeZ(8) te[0,T] 2€Z(/4) 1€[0,T]

Following (43), we know that

cr [Z_ﬁtx()]Z
(64) sup sup p(t,z) < sup sup |—exp| —— )|,
z€Z(g/4) t€[0,T] 2€Z(g/4) t€[0,T] NG crt

for some constant c7 only depending upon T and K and where (9;°)o<,<7 stands
for the solution of the ODE

dd ,

E:b(l‘},)—i—ae (1), t €0, T]; 99 = xo.
Pay attention that we here use the same notation as in (44) for the solution of the
above ODE but here e(¢) is not given as some E(M;). Actually, we feel that there
is no possible confusion here. Notice also that e is fixed and does not depend upon
the initial condition x.

By the comparison principle for ODEs and then by Gronwall’s lemma, we de-

duce from the fact that e is (1/2)-Holder continuous that

970 <9)7¢ <[l —e+ At + Bt'/?]exp(Ar),  t€[0,T].
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Using the above inequality, we can bound the right-hand side in (64). Precisely,
the above inequality says that the exponential term in the supremum decays expo-
nentially fast as ¢ tends to O so that the term inside the supremum can be bounded
when ¢ is small; when ¢ is bounded away from O, the term inside the supremum is
bounded by c7 /+/1. It is plain to deduce that

(65) sup sup p(t,z) <cr,
z€Z(e/4)t€l0,T]

for a new value of cr, possibly depending on & as well. Therefore, for é €
(0,r9/L), (63) yields

cr §\"
sup sup p(t,y) <-——~(—]) .
yeZ(8)tel0,T] (I=¢")\ro

with n = —In(1 — ¢”)/In L. This proves (53) for y € (1 — r9/L, 1). Note that 7 is
here independent of 7', contrary to what is indicated in the statement of Lemma 5.5.
However, we feel it is simpler to indicate T in nr as the constant B in the sequel
will be chosen in terms of 7' thus making 1 depend on 7. Using (65), we can easily
extend the bound to any y € (1 — ¢/4, 1) by modifying if necessary the parameters
wr and nr therein. This completes the proof. [J

5.5. Bound for the gradient. Here is the final step to complete the proof of
Theorem 2.3.

PROPOSITION 5.6. Lete € (0,1), T > 0 and B > 0. Moreover, let (x;:)o<t<T
denote the solution to the SDE

dx; =b(x)dt +ae (t)dt +dW,, t €10, T1, xo = xo,

for some continuously differentiable nondecreasing deterministic mapping [0, T] >
t — e(t) satisfying

e(0) =0; e(t) —e(s) < B(t — )/, 0<s<t<T.

Then there exists a constant Mt > 0, only depending upon T, B, ¢, K and A, such
that, for any initial condition xo < 1 — ¢ and any integer n such that n > [4/¢],

MTninT
1 —exp[- M7 (1 +aCr)n~!]

|9y p(t, D] < (I+aCr), 1€[0,T],

where p(t,y) is the density of x; killed at 1 as in (4.2), nt is as in Lemma 5.5, and

Cr = sup €'(1).

0<t<T
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PROOF. We consider the barrier function

(66) q(t,y) =0Oexp(KD)[l —exp(y(y —1)], =0,yeR,

where y and © are free nonnegative parameters. Then, for 7 >0 and y < 1,

3iq(t.y) + (b(y) + e (1)dyq(t, y) — 332,q(, y)

= Oexp(K)exp(y (v — D) (= (b)) + ae' @)y + 3v%) + Kq (@, ).

Keeping in mind that sup,, .7 €'(t) = C7 and choosing

(67) y =2(max(m, 1) + «Cr),
where m = sup, - |b(z)| as before, we obtain, for 7 € [0, T] and y € (0, 1),
—(b(y) +ae' )y + 1y > —2(max(m, 1) + «Cr)* +2(max(m, 1)+ «Cr)* = 0.
Thus, fort € [0, T] and y € (0, 1),

0,q (1. y) + (b(y) + e (D)dyq (1. y) = 35,4 (1. y) = Kq(t.y) = =b'(1)q(t. ),
which reads

(68) g (t, ) + 0, [(b() + @' (0)q(t, )] = 335,4(, y) = 0.
For a given integer n > [4/¢], we choose ® as the solution of

2(max(m, 1) + aCT))} —np
- p =urn” T,

(69) 8[1 — exp(

with ur and n7 as in the statement of Lemma 5.5. Pay attention that the factor
in the left-hand side cannot be 0 as max(m, 1) > 0. Notice also ¢ thus depends
upon n. By Lemma 5.5, we deduce that

1 1
q<t,1——>2p(t,1——), 0<t<T.
n n

Now, we can apply the comparison principle for PDEs [see Lieberman (1996),
Chapter IX, Theorem 9.7]. Indeed, we also observe that ¢ (0, y) > p(0, y) = 0 for
yel[l —1/n,1] and g(¢,1) = p(t,1) =0 for ¢ € [0, T]. Therefore, by (68), we
have

1
0) Pty =qCy.  rel.Thye[1- 1]
Since p(t,1) =0=¢(¢, 1), we deduce

9y p(r, )| < [8yq (1, 1)

_ 2pr@max(m, 1) +aCr)n ™7
1 —exp[—2(max(m, 1) + aCr)/n]

(71)

exp(Kt).
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We now complete the proof of Theorem 2.3. We make use of Proposition 4.5.
Recall (21)

/ r1 0,s) / 1
e(t):—f anp (it —s, e (s)ds—iayp(t,l), tel0,T],
0

where p represents the density of the process X killed at 1 and p©* represents
the density of the process X Is driven by el =e(-+5) — e(s) [see (40)] killed at 1
with X gs =0 as initial condition.

By Proposition 5.3 and Lemma 5.1, we know that, for a given s € [0, T) and
for the prescribed values of «, the mapping [0, T — 513 r > e (r) is 1/2-Holder
continuous, the Holder constant only depending upon T, «, €, K and A (Proposi-
tion 5.3 permits to bound the increments of " on small intervals and Lemma 5.1
gives a trivial bound for the increments of e® on large intervals). Therefore, by
Proposition 5.6, we know that

Mpn™17T

0,p (1 —s, 1| <
9 | 1 —exp[-M7' (1 + aCr)n=1]

(1 +aC7),
(72)
tels,T],

for n > [4/¢] and for some constant M7 only depending upon T, «, €, K and A.
The same bound also holds true for 9, p(z, 1).
We deduce that, for any ¢ € [0, T'] and any n such that n > [4/¢],
Mopn™IT e(T)+1
- (1 +acn DEL
1 —exp[-M7 (1+aCr)n~!] 2

et) <

By Lemma 5.1, we have a bound for e(T) = E(Mr), which means that we can
bound (e(T') + 1)/2 in the right-hand side above by modifying the constant M.
Recalling

Cr = sup €(1),

0<t<T

we deduce that
(73) Cr(l —exp[- M7 (1 +aCr)n']) < Mz (1 +aCr)n™".

Choosing n large enough such that the right-hand side is less than (1 + «C7)/2
(so that n depends on T') and multiplying by «, we get [since « € (0, 1)]

aC 1

TT <5 +aCr exp[- M7 (1 +aCr)n~"].
This shows that « Cr must be bounded in terms of M7 and n. Precisely, we have

aCr < 14 2sup[rexp[—M;' (1 +r)n~]]:= R < 4o0.

r>0
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By (73), we deduce that

Cr < sup
0<r<R

[ M1 +r)n=17 i|
1 —exp[- M7 (1 +rn—111

which is independent of « (for o € (0, g]), as required. [

6. Proof of Theorem 2.4. In this section, we put everything together to arrive
at our goal, which is the proof of Theorem 2.4. We first need the following lemma,
which is a corollary of Theorem 2.3. The point is that the result will allow us to
reapply the fixed-point result on successive time intervals, since it guarantees that
the conditions of the fixed-point result are satisfied at the final point of any interval
on which we know there is a solution.

LEMMA 6.1. For any T > 0, initial condition Xg = x¢9 < 1, and o < «ay,
where ag = ag(xo) is as in Theorem 2.3, there exists a constant Cyen(T) depending
onlyon T, xo, K and A such that any solution to (3) on [0, T'] satisfies

1
dy
forallye (1 —¢/8,1)andt €0, T], with e =min(1, 1 — xp).

P(X: edy) = Caen(T)(1 — ),

PROOF. We assume that (X;)o</<7 is a solution to (3) with X¢ = xp up until
time 7', and set e(¢t) = [E(M;). Following the notation of Section 4 (see also the
last part of the proof of Theorem 2.3), fory <land¢ <T, let

1
p(t,y) = d—IP’(Xz edy,t <1),
y

1
PO, y) = EIP(X?" edy,t < rlﬁlegS =0).
By Theorem 2.3, we know that e is Mr-Lipschitz continuous, so that by (70),

1
p(tvy)fq(tvy)’ te[ovT]’yel:l_;’li|9

where n stands for [4/¢] and g is given by (66), with y and ® being fixed by (67)
and (69), with Ct = M. By the specific form of ¢, this says that there exists a
constant C’T, depending only on T, xo, K and A, such that

p(t,y)SC/T(l—y), t €0, T],ye[l—%,l],

using the elementary inequality 1 — exp(—x) < x for x € R. Clearly, the same
argument applies to p9) (r — s, y), that is,

(0,s) / &
pUt =5, =Crl=y), Oss<i=T.yell-c 1|
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Now, following the proof of (39), we get forr € [0, T] and y € [1 — &/8, 1],

1 ! ,
S edy) = pt. )+ [ p OV =53¢ () ds
dy 0
(74) ,
< Cr(1+e(M)1 - y),
where we use Lemma 4.2 for justifying the passage to the density in (39). By
Lemma 5.1, this completes the proof. [

Finally, we can then prove the main result of the present paper:

PROOF OF THEOREM 2.4. 'We would like a solution up until fixed time 7 > 0.
The idea is to iterate the fixed-point result (Theorem 4.1), which is possible thanks
to Lemma 6.1. Indeed, by Theorem 4.1, we have that there exists a solution to (3)
with Xo = x¢ up until some small time 77 > 0. By Lemma 6.1, we thus have that

1 e
(75) PO €)= CaT(1 =), ye@—gﬂ}

where ¢ = min(1 — xqg, 1). If 71 > T we are done. If not, we have the above density
bound for (1/dy)P(X7, € dy). We also know from (74) and Lemma 4.2 that the
density of X, is differentiable at y = 1. Therefore, we can apply Theorem 4.1
again to see that there exists a solution to (3) on some interval [T7, T1 + T»] start-
ing from X7,. As T, only depends upon X7, through ¢ (this is the statement of
Theorem 4.1) and Cgen (77) and as these quantities can be bounded in terms of 7,
e, K, A only, we then see that

T > ¢(T)

for some constant ¢ (T') that refers to 7', «, €, K, A only. Now we know that there
exists a solution to (3) with Xg =xg on [0, T1 + T>]. If T} + T>» > T we are done.
If not, by Lemma 6.1 once again,
1

dy
and we can then repeat the argument n times to get a solution up until time 77 +
-+ T,, where all Ty > ¢ (T) for k > 2, that is, each time step is of size at least
¢ (T). It is then clear that there exists n > 1 such that 71 +--- + T, > T, and so
we are done for the existence of a solution.

Uniqueness of the solution proceeds in the same way. Given another solution
(X7, M])o</<7 on the interval [0, T'] in the sense of Definition 2.2, it must satisfy
the a priori estimates in the statements of Theorem 2.3 and Lemmas 5.1 and 6.1. In
particular, dividing the interval [0, T'] into subintervals of length ¢ (T') [except for
the last interval the length of which might be less than ¢ (7")], with the same ¢ (T)
as above, we can apply the contraction property in Theorem 4.1 on each subinter-
val iteratively. Precisely, choosing A accordingly in Theorem 4.1, we prove by
induction that the two solutions coincide on [0, ¢ (T)], [0, 2¢(T)], and so on. [

€
P(X7,41, € dy) = Cagen(T1 + T2)(1 — y), yE€ [1 3 1},



2132 DELARUE, INGLIS, RUBENTHALER AND TANRE

Acknowledgement. The authors would like to thank D. Talay for his involve-
ment in a number of fruitful discussions.

REFERENCES

BRUNEL, N. (2000). Dynamics of sparsely connected networks of excitatory and inhibitory spiking
neurons. J. Comput. Neurosci. 8 183-208.

BRUNEL, N. and HAKIM, V. (1999). Fast global oscillations in networks of integrate-and-fire neu-
rons with low firing rates. Neural Comput. 11 1621-1671.

CACERES, M. J., CARRILLO, J. A. and PERTHAME, B. (2011). Analysis of nonlinear noisy in-
tegrate & fire neuron models: Blow-up and steady states. J. Math. Neurosci. 1 Art. 7, 33.
MR2853216

CARRILLO, J. A., GONZALEZ, M. D. M., GUALDANI, M. P. and SCHONBEK, M. E. (2013). Clas-
sical solutions for a nonlinear Fokker—Planck equation arising in computational neuroscience.
Comm. Partial Differential Equations 38 385-409. MR3019444

DELARUE, F. and MENOzZ1, S. (2010). Density estimates for a random noise propagating through
a chain of differential equations. J. Funct. Anal. 259 1577-1630. MR2659772

DELARUE, F., INGLIS, J., RUBENTHALER, S. and TANRE, E. (2013). First hitting times for gen-
eral non-homogeneous 1d diffusion processes: Density estimates in small time. Technical report.
Available at http://hal.archives-ouvertes.fr/hal-00870991.

FRIEDMAN, A. (1964). Partial Differential Equations of Parabolic Type. Prentice Hall International,
Englewood Cliffs, NJ. MR0181836

GARRONI, M. G. and MENALDI, J. L. (1992). Green Functions for Second Order Parabolic Integro-
Differential Problems. Longman, Harlow, UK. MR1202037

JOLIVET, R., LEWIS, T. J. and GERSTNER, W. (2004). Generalized integrate-and-fire models of
neuronal activity approximate spike trains of a detailed model to a high degree of accuracy. J. Neu-
rophysiol. 92 959-976.

KISTLER, W., GERSTNER, W. and VAN HEMMEN, J. L. (1997). Reduction of the Hodgkin—Huxley
equations to a single-variable threshold model. Neural Comput. 5 1015-1045.

KRYLOV, N. V. (1980). Controlled Diffusion Processes. Applications of Mathematics 14. Springer,
New York. Translated from the Russian by A. B. Aries. MR0601776

KRYLOV, N. V. and SAFONOV, M. V. (1979). An estimate for the probability of a diffusion process
hitting a set of positive measure. Dokl. Akad. Nauk SSSR 245 18-20. MR0525227

LEWIS, T. J. and RINZEL, J. (2003). Dynamics of spiking neurons connected by both inhibitory and
electrical coupling. J. Comput. Neurosci. 14 283-309.

LIEBERMAN, G. M. (1996). Second Order Parabolic Differential Equations. World Scientific, River
Edge, NJ. MR1465184

OSTOJIC, S., BRUNEL, N. and HAKIM, V. (2009). Synchronization properties of networks of elec-
trically coupled neurons in the presence of noise and heterogeneities. J. Comput. Neurosci. 26
369-392. MR2505036

PESKIR, G. and SHIRYAEYV, A. (2006). Optimal Stopping and Free-Boundary Problems. Birkhduser,
Basel. MR2256030

RENART, A., BRUNEL, N. and WANG, X.-J. (2004). Mean-field theory of irregularly spiking neu-
ronal populations and working memory in recurrent cortical networks. In Computational Neuro-
science 431-490. Chapman & Hall, Boca Raton, FL. MR2029670

SACERDOTE, L. and GIRAUDO, M. T. (2013). Stochastic integrate and fire models: A review on
mathematical methods and their applications. In Stochastic Biomathematical Models. Lecture
Notes in Math. 2058 99-148. Springer, Heidelberg. MR3051031

STROOCK, D. W. and VARADHAN, S. R. S. (1979). Multidimensional Diffusion Processes.
Grundlehren der Mathematischen Wissenschaften | Fundamental Principles of Mathematical Sci-
ences] 233. Springer, Berlin. MR0532498


http://www.ams.org/mathscinet-getitem?mr=2853216
http://www.ams.org/mathscinet-getitem?mr=3019444
http://www.ams.org/mathscinet-getitem?mr=2659772
http://hal.archives-ouvertes.fr/hal-00870991
http://www.ams.org/mathscinet-getitem?mr=0181836
http://www.ams.org/mathscinet-getitem?mr=1202037
http://www.ams.org/mathscinet-getitem?mr=0601776
http://www.ams.org/mathscinet-getitem?mr=0525227
http://www.ams.org/mathscinet-getitem?mr=1465184
http://www.ams.org/mathscinet-getitem?mr=2505036
http://www.ams.org/mathscinet-getitem?mr=2256030
http://www.ams.org/mathscinet-getitem?mr=2029670
http://www.ams.org/mathscinet-getitem?mr=3051031
http://www.ams.org/mathscinet-getitem?mr=0532498

AN INTEGRATE-AND-FIRE MODEL OF MCKEAN-VLASOV TYPE 2133

SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In Ecole d’Eté de Probabilités de Saint—
Flour XIX—1989. Lecture Notes in Math. 1464 165-251. Springer, Berlin. MR1108185

F. DELARUE

S. RUBENTHALER

LABORATOIRE J. A. DIEUDONNE

UNIVERSITE NICE SOPHIA ANTIPOLIS

PARC VALROSE

06108 NICE CEDEX 02

FRANCE

E-MAIL: Francois.Delarue @unice.fr
Sylvain.Rubenthaler @unice.fr

J. INGLIS
E. TANRE
EQUIPE TOsCA
INRIA SOPHIA ANTIPOLIS—MEDITERRANEE
2004 ROUTE DES LUCIOLES, BP 93
06902 SOPHIA ANTIPOLIS CEDEX
FRANCE
E-MAIL: James.Inglis @inria.fr
Etienne.Tanre @inria.fr


http://www.ams.org/mathscinet-getitem?mr=1108185
mailto:Francois.Delarue@unice.fr
mailto:Sylvain.Rubenthaler@unice.fr
mailto:James.Inglis@inria.fr
mailto:Etienne.Tanre@inria.fr

	Introduction
	Precisions
	PDE viewpoint and "blow-up" phenomenon
	Present contribution
	Prospects

	Main results
	Set-up
	Statements
	Illustration: The Brownian case

	Solution as a ﬁxed point
	Proof of Proposition 3.1

	Existence and uniqueness in small time
	Representation of Gamma
	General bounds for the density of the ﬁrst hitting time for a nonhomogeneous diffusion process
	Application to Gamma

	Long-time estimates
	Reformulation of the equation and a priori bounds for the solution
	Local Hölder bound of the solution
	Global Hölder bound
	Estimate of the density of the killed process
	Bound for the gradient

	Proof of Theorem 2.4
	Acknowledgement
	References
	Author's Addresses

