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1. Introduction

The classical linear model for the regression of a univariate response Y on a
vector X of p predictors X) (j =1,...,p) can be written as

Y = py + B7(X — px) + ¢, (1)

where py and px are the marginal means of Y and X, and § € R? is a vec-
tor of unknown regression coefficients. We assume that the error € ~ N1 (0, 02),
that X ~ Np(pux,X) with ¥ > 0 and that e is independent of X. The assump-
tion of multivariate normality is used primarily to facilitate our theoretical de-
velopment. Simulation results indicate that modest deviations from normality
do not affect our results qualitatively, provided that the linear model (1) still
holds. Let 03 = var(Y), so that 02 = 02 — 8753, and let A = var(X|Y) =
Y —oxyoky /0%, where oxy = cov(X,Y) € R? and 8 = X" loxy. We assume
also that the data (Y;, X;), (¢ = 1,...,n), consist of n independent copies of
(Y, X).

Least squares is surely the most common method of estimating S when
n > p, but there seems to be no corresponding widely used estimator when
n = O(p). In particular, when n < p, 8 is unidentified in the cases model
Y; = py + BT (X — pux)+e (i =1,...,n), and additional structure or regular-
ization is required. Several regularizing methods exist and their appropriateness
depends on application-specific requirements. The introduction of shrinkage or
sparsity in estimators of 8 via penalized least squares is now a widely accepted
constraint to facilitate progress. Frank and Friedman (1993) introduced the
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bridge estimators for which ridge regression (Hoerl and Kennard, 1970) and the
lasso (Tibshirani, 1996) are special cases. Alternative penalty functions have
been proposed, including the smoothly clipped absolute deviation penalty (Fan
and Li, 2001), the elastic net penalty (Zou, 2005), and the adaptive lasso penalty
(Zou, 2006). Methods to estimate a sparse § that incorporate regularized esti-
mators of var(X) have also been proposed (Witten and Tibshirani, 2009; Jeng
and Daye, 2011). Working in the context of high-dimensional linear models with
nonstochastic predictors, Shao and Deng (2012) showed that the ridge estimator
of B typically does not give rise to an Lo-consistent estimator of the popula-
tion fitted values, even with a sparsity condition imposed on the projection of
[ onto the row space of the design matrix. While these various methods have
been shown to perform well in certain settings, there is a need to develop new
methods for high-dimensional regressions when shrinkage or sparse estimators
of 8 perform poorly.

Cook, Forzani and Rothman (2012) recently studied dimension reduction
in high-dimensional regressions by modeling the inverse regression of X on
Y as E(X|Y) = E(X) + T'[g(Y) — E{g(Y)}], where I" € RP*? is unknown
with rtank d < p, ¢ : R — R? is an unknown vector-valued function and
var(X|Y) = A € RP*P ig positive definite. It follows from Cook (2007) and Cook
and Forzani (2008) that R(X) = (TTA7IT)"'TA~1{X — E(X)} is the minimal
sufficient reduction for the regression of Y on X. Cook, Forzani and Rothman
(2012) studied the asymptotic properties of several estimators of R(X): given a
user-specified weight matrix /V[7, they used weighted least squares to construct
an estimator T of T', leading to the estimator }AEW (X) = (fT/Wf)_lfTW(X—X)
of R(X). They studied several cases, including when W was the inverse of the
residual sample covariance matrix from the regression of X on Y, and when
W was a sparse estimator of é_l. Conditioning on the observed values of the
responses, they showed that Ry (Xy) — R(Xy) depends on four terms that
converge to 0, where X is an independent copy of X. This convergence rate
depends on the rate at which W converges to its population value W, the agree-
ment between W and A~!, and the signal rate in the regression. They showed
also that root-n consistent estimation of R(Xy) is possible when p/n — [0,1),
the signal rate is abundant and XY is normal (Cook, Forzani and Rothman,
2012, prop. 6.2). However, they did not consider convergence rates of actual pre-
dictions of Y, reasoning instead that the regression of Y on R could be studied
using graphical methods or addressed using non-parametric methods when the
dimension of R is small, as often seems to be the case.

In this article we use various estimators of § in model (1) as essential in-
gredients for predicting Y at a new independent observation Xy of X from
an abundant regression, in which the addition of predictors accumulates infor-
mation on the response. Since the regressions we consider are allowed to be
abundant, we do not impose sparsity on [ or constrain it otherwise. Instead,
we study predictions based on the least squares estimator of § when n > p+ 2,
a natural estimator of 5 when ¥ is known, estimators of 5 based on the Moore-
Penrose inverse of sample versions of ¥ and A, and ultimately an estimator of
B based on a sparse estimator of A~!.
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Our study links with the approach of Cook, Forzani and Rothman (2012)
in the following ways. Our assumption of multivariate normality of (V;, X;)
means that if we condition on Y;, then we cover a special case of the their
model with F(X|Y) = I'(Y — puy ); however, unlike Cook, Forzani and Rothman
(2012), our technical results do not condition on Y. This also allowed us to
consider estimators not covered by Cook, Forzani and Rothman (2012) and to
study directly the convergence rates of prediction of Y. The closest point of
commonality between the two studies is described in the preamble to Section 4.
Taken together, the two studies indicate strongly that when appropriate it is
better to deal with abundant regressions in which n < p through restrictions on
the conditional variance of X |Y rather than the marginal variance of X.

2. Preliminaries

Let Y and X denote the sample means of ¥ and X, and let 3 denote a generic
estimator of . Specific instances of 3 will be studied in subsequent sections.
The predicted value Yy of Y at a new observation Xy on X is then Yy =
Y—FBT (X —X). Since the term Y will be common to all estimators considered,
we judge the relative merits of different estimators of 8 by studying the order
of Dy = T(Xny — X) — BT (Xn — pux) as n and p approach infinity in various
alignments. If Dy = O,{r(n,p)} and r(n,p) — 0 as n,p — oo then the sample
predictions converge to the population prediction at rate at least —!. When
details permit, we will consider the order of the variance V' = var(Dy). If
V = O{r?(n,p)}, then again the sample predictions converge to the population
prediction at rate at least 7—!. Additionally, all estimators 3 are independent
of X and consequently there is no predictive bias since then E(Dy) = 0.

Information about the response accumulates as new predictors are added to
an abundant regression. Several of the estimators we consider depend explicitly
on a measure of the rate at which this accumulation occurs, which we refer to
as the signal rate h(p). We assume throughout this article that h(p) = O(p),
since this seems appropriate for most applications. Let R?., denote the usual
squared population multiple correlation coeflicient for the regression of Y on X.
Then the signal rate can be expressed as

o) = TS loxy Ry )
012/ 1- R?,X

We see from the first expression for h(p) that if oxy falls in a reducing subspace
of A with eigenvalues that are bounded away from 0 and oo then h(p) < |loxy ||
as p — oo, where the notation a,, < b,, means that a,, = O(b,,) and b,, = O(ay,).
If, in addition, sufficiently many elements of oxy are non zero then we can
have h(p) < p. We refer to regressions as abundant if h(p) — oo and as sparse
if h(p) < 1. Clearly, a regression is abundant if and only if R?  — 1. When
considered in the context of model (1), the signal rate (2) is the same as the
signal rate defined by Cook, Forzani and Rothman (2012, §4.2).
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Let omax(A) and @min(A) denote the largest and smallest eigenvalue of the
matrix A, and let ||v|| denote the length of a vector ||v||. The signal rate is
minimized over the directions oxy /|[oxy| when oxy lies in the span of the
eigenvector corresponding to @max(A). In that worst case scenario, h(p) =
loxy ||?/¢emax(A), and ||oxy||? needs to increase faster that @max(A) to have
an abundant regression.

The forms for h(p) stated in the next two lemmas may provide additional
intuition. In preparation, let p(u,v|w) denote the matrix of conditional corre-
lations between the elements of the vectors u and v given w. Unconditional
correlation matrices are written without the conditioning argument, and ordi-
nary pairwise correlations result when u and v are scalar variables. Let w, =

Z?:l p2(X(]) ’ Y)/{l - p2(X(j)a Y)}
Lemma 2.1. Assume that the eigenvalues of p(X, X|Y") are bounded away from
0 and oo as p — co. Then h(p) < wp.

This lemma says essentially that if the conditional correlation matrix p(X,
X|Y) is well behaved as p — oo and a sufficient number of predictors are
marginally correlated with Y then the regression is abundant. For instance,
if the marginal correlations p?(X () Y") are bounded away from 0 and 1 then
h(p) = p.

The next lemma describes the change in & when adding a single new predictor
X ®+1) to a regression with p predictors X.

Lemma 2.2. Let « denote the coefficient of Y in the population regression of
X®+) on X and Y, and let R? denote the squared population multiple correla-
tion coefficient for the regression of X ®+1) on X given Y. Then

2 2

h(p+1) = h(p) + Var(;)(/pﬂ)) (1 632)'

The result in this lemma indicates that conditional collinearity, as measured
by R?, between the predictors X in the regression and the new predictor X ?+1)
may result in a substantial increase in the signal rate, provided that there is a
sufficient relationship a? between the new predictor and the response adjusting
for the predictors already in the regression.

3. Forward regression estimators
3.1. ¥ known

Let oxy = > i (X; — X)(Y; = Y)/(n — 1), which is an unbiassed estimator of
oxy relative to theA joint distribution of X and Y. In this section we consider the
natural estimator 3 = £~ 'Gxy, assuming that ¥ is know. Although this setting
is used primarily as a reference point, ¥ could be known in some computer
experiments where the predictors are generated as inputs to a computer code.

Proposition 3.1. Assume that model (1) holds and that ¥ is known. Then with
B =X"1Gxy, we have V < p/n.
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As a consequence of this result, we see that knowledge of ¥ does not really
suggest advances in methodology since we may still need n > p for useful
results. The lack of progress here may be a reflection of the fact that model (1)
is conditional on X while the estimator is based on marginal moments. If this
is so, then better rates might be obtained by using an estimator of X, even if
is known.

3.2. ¥ estimated

We divide the discussion of the case when 3 is estimated by the relation-
ship between n and p. Consider first regressions in which n > p + 2. Let
S = (X — X)(Xi — X)T/(n — 1). Then X1 exists with probablhty 1

and we can use the usual ordinary least squares estimator B =5~ Gxy. Let

k* = p/{nh(p)}.

Proposition 3.2. Assume that model (1) holds and that n > p + 2. Let B =
Y% xy. Then V =0{k*(n+1)/(n—p—2)}.

This proposition implies that if p/n — 7 € [0,1) then V = O(k?). From the
definition of k we see that there is a synergy between the sample size and the
signal rate, the signal rate serving to multiply the sample size to produce an
effective sample size of nh(p). For instance, if h(p) =< p then V = O(n~!) and
we obtain the usual root-n convergence rate, although we need not have n > p.
These results suggest that we might reasonably expect useful predictions in an
abundant regression with, say, n = 1000 and p = 750. On the other hand, if the
regression is sparse then V' = O(p/n) and we are back to the usual requirement
that n > p. Consider next regressions in which h(p) < pandn—p =c > 2,
where ¢ is a constant. In such regressions, p/n — 1 and V' = O(1), which suggest
that we might not obtain useful prediction in abundant regressions when, say,
n = 1000 and p = 997, depending on the size of V.

Comparing Propositions 3.1 and 3.2, we conclude that if 3 is known it can still
be better to form B using ¥ instead of its known population value. While this
result might seem counterintuitive, it appears to be an instance of the general
paradox described by Henmi and Eguchi (2004).

We turn next to regressions in which p > n. It follows from classical results
in linear model theory that a best linear unbiassed pred1ctor can be estimated
by taking [3 to be any solution of the linear equatlons 2[3 = oxy (Christensen,
1987, §VI.3). Here we use the specific estimator ﬁ S oxy, where A~ denotes
the Moore-Penrose inverse of A.

Proposition 3.3. Assume that model (1) holds, that n < p, and that the eigen-
values of X are bounded away from 0 and oo as p — co. Let [3 S Gxy. Then
V <1 if either (a) n/p — r € [0,1) or (b) p—n is constant, so n/p — 1, and

h(p) < p.
This proposition requires that the eigenvalues of ¥ be bounded, which is
required also by current methods for estimating a sparse covariance matrix. It
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indicates that we should not necessarily expect useful predictions when n <
p and the Moore-Penrose inverse is used in 3, since then V converges to a
positive constant. Of course, we could obtain good predictions if that constant is
sufficiently small, but generally the result is not promising for the use of Moore-
Penrose inverses. The primary issue is apparently that predictions outside of
span(X (W, ..., X®)) can be relatively variable, as discussed in the next section.
The results of this section exclude regressions in which n = p+j for j = 0,1, 2.
Ifn=p+1orn=p+2then ¥~ still exists with probability 1, but the variance
of ¥=1 does not exist (von Rosen, 1988), which can lead to erratic results in
practice. Similar comments apply when n = p (Cook and Forzani, 2011). The
methodology discussed here should be avoided when n =p+j for j =0,1,2.

3.3. Prediction at estimable functions with 3 estimated

It seems reasonable to expect that we may get useful results when predicting at
estimable functions 87 X ; that is, at points X that are linear combinations
of X1,...,X,. This ensures that the predictions are unbiassed. If n > p then
span(X; — pux,..., X, — ux) = RP and the restriction places no constraint on
Xn. If n < p then we must have Xy —pux € span(X; —px, ..., X, —ux) so the
restriction to estimable functions in some sense keeps X close to the observed
predictors. R R

Assuming that Xy[(X,%) ~ N,(X,3) ensures that 37 Xy is an estimable
function and that the distribution of Xy is similar to_ the observed data. Under
this assumption, if n < p then Xy — X € span(X), so Xy can always be
represented as a linear combination of the observed predictors. The reasoning
in the asymptotic analysis of the predictions follows the same general steps as
given previously in Section 3.2, but the details are different and the cases n > p
and n < p can be addressed at the same time.

Proposition 3.4. Assume model (1) and that, given (X, i), the new predictors
Xn|(X, %) ~ Ny(X,X). Let B =X"0xy. Then V < min(n,p){nh(p)} "t +n"1.

According to this proposition, if n > p then V' < x2, which is the same rate ob-
tained in Proposition 3.2 when p/n — r € [0,1). If n < p then V < h=(p) +n~*
and the convergence rate depends on the relationship between the signal rate
and the sample size. In particular, V < n~! if h(p) < p. Overall, Proposition 3.4
indicates that we can get favorable convergence rates for predictions at points
that are close to the observed data.

4. Alternative estimators when n < p

The ordinary least squares estimator performs well asymptotically when n >
p+ 2, as indicated in Proposition 3.2, and the estimator = Y~ oxy performs
well when n < p and Xy|(X,%) ~ N,(X,¥), as described in Proposition 3.4.
In this section consider the class of predictors that may be suitable for settings
where n < p and Xy ~ N,(px, X).
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Since X! = A7l — A~ loxy ok A7 /[02 {1 + h(p)}], the coefficient vector
can be expressed as § = A~ 10xy/{1 + h(p)}. Let 6% denote the ‘marginal
sample variance of Y and let A = 3 — UXyoxy/oy, so that (n — 1)A follows
a Wishart W, (A, n — 2) distribution. Let Q be an estimator of A=, Then we
consider estimators of 3 of the form

B =06xy/{1+h(p)}, (3)

where h(p) = UXYQUXY / 62 and 6% is the marginal sample variance of Y.
If n > p+ 2 and Q = A-! then the estimator in (3) is equal to ordinary
least squares estimator S 15 xy whose behaviour was characterized in Propo-
sition 3.2. Otherwise, (3) represents a new class of estimators that may have
advantages over the previously discussed estimators when n < p. We discuss
the estimator with € oc A~ in §4.1. The general behaviour of the estimator is
characterized in §4.2.

The reduction R 77 (X), studied by (Cook, Forzani and Rothman, 2012) and

described in the Introduction, simplifies when f =Y — Y, A is non- singular and
W = A~L. Under those conditions

The coefficient vector B = 3*16?(3, /{6y h(p)} for this reduction is proportional
to 3 in (3) when Q= 3_1, but otherwise they differ. The reduction coefficient
vector B is invariant to scale changes in V', which is appropriate for a reduction
but not for estimation of 3; B is not and was not intended to be an estimator of
B since the linear model (1) played no direct role in the study by Cook, Forzani
and Rothman (2012). If p/n — r € [0,1) and model (1) holds then, from
Proposition 3.2, Dy = O,(k) and, from Proposition 6.2 of Cook, Forzani and
Rothman (2012), }AEW (X~n)— R(XnN) = Op(k). This indicates that BT (XN —X)
and }A%W (X) have the same convergence rate, although this result is not implied
directly by Cook, Forzani and Rothman (2012).

4.1. Qx A~ and A = 621,

Recall from Proposition 3.3 that we obtained the weak result that V' =<1 when
n < p, the eigenvalues of ¥ are bounded and the Moore-Penrose inverse of 3
is used in 8 = ¥~ 0xy. We were surprised to find that stronger results can be
obtained when the unbiassed version the Moore-Penrose inverse of A is used in
(3) instead.

Proposition 4.1. Assume that model (1) holds, that n+1 < p withn/p — r €
(0,1) and that A = §°I,. Let Q = [p(p—n+1)/{(n—1)(n—2)}]A~. Then with
3 as defined in (3), we have Dy = O,{h™'/2(p)}.
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The scaled version of the Moore-Penrose inverse used in this proposition is
unbiassed, E(Q) = A~!. The proposition requires that A = 621, since this is
the only case for which we have the technical equipment to compute the required
moments of 2. We anticipate that a similar result holds for a general A with
bounded eigenvalues. Nevertheless, comparing the results of Proposition 4.1 with
the corresponding result Dy = O,(1) from Proposition 3.1 for 3 known suggests
that knowledge of A may be more useful than knowledge of X. We elaborate on
this point following Corollary 4.1.

4.2. General Q

There are many regularized covariance estimators we could use in place of (AZ;
Pourahmadi (2011) gives a review of several methods. In some applications, it
may be reasonable to assume that A~ is sparse or approximately sparse. A nat-
ural estimator that exploits this condition is that obtained by L;-penalized like-
lihood (Yuan and Lin, 2007; Friedman, Hastie and Tibshirani, 2008; Rothman
et al., 2008). Let diag(A) denote the diagonal matrix with diagonal elements
the same as those of the square matrix A. We define this estimator by

O, = argminfir{Odiag™"/*(A)Adiag ™ /*(A)} —log O] + A Y I65]],  (4)
i£]
ﬁ;l = diagY/?(A)O,diag /%(A),

where A > 0 is a tuning parameter. The penalization is done on the inverse
correlation scale, as suggested by Rothman et al. (2008). This ensures that our
estimator is invariant to scaling of the variables. We used the graphical lasso
algorithm (Friedman, Hastie and Tibshirani, 2008) to compute the inverse corre-
lation matrix estimator © z, selecting A by k-fold cross validation to minimizing
prediction error. The QUIC algorithm of Hsieh et al. (2011) could also be used
and performs similarly. R

We need to gauge the rate at which 2 converges A~! to characterize geller—
ally the asymptotic behaviour of predictions based on (3). Let S = AY2(Q
A™HAY2? and let ||S|| denote the spectral norm of S. The rates given in the next
proposition require Q) to be chosen so that || S||2 = Op(w?) and ||E(S?)|| = O(w?)
as w — 0. The rate w™! depends on the particular estimator, but the conditions
are not harsh and hold for many estimators, including when 0= A_

Proposition 4.2. Assume that model (1) holds and that 3 is estimated as given
in (8). Assume also that ||S||* = Op(w?) and [|[E(S?)| = O(w?) asw — 0. Then

D = Op(k%) 4 O {kh™Y2(p)} + O,(w) + O, (n~1/?).

We know from Proposition 3.2 that Dy = Op(k) when n > p + 2. Although
Proposition 4.2 holds regardless of the relationship between n and p, it does
not reduce to Proposition 3.2 when n > p+ 2 and Q~! = A~! because of
additional bounding necessary to incorporate a general 2. The main purpose of
Proposition 4.2 is to address the case where p > n.
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Corollary 4.1. Under the conditions of Proposition 4.2, if p > n then
Dy = 0,(k?) + 0y(w) + Op(n~/2). (5)
If, in addition, A is known then
Dy = Op(k?) + Op(n1/2). 6)

In reference to the rate in (5), k2 > n~/?2 if and only if p/h > \/n, and then
the rate reduces to Op(w) + Op(k%). On the other hand, if p/h < \/n the rate
reduces to O, (w) + O, (n~/2). If h(p) < p and A is known then the rate in (6)
reduces to O,(n~'/?). This rate stands in contrast to the rate O,(1) when X is
known in Proposition 3.1. In effect, knowledge of A is much more important for
prediction than knowledge of X.

The next corollary addresses the estimator A in the context of Proposi-
tion 4.2.

Corollary 4.2. Under the conditions of Proposition 4.2, let Q= ﬁ;l with
A =< (logp/n)'/2. Assume that, as p — oo, the eigenvalues of A are bounded

away from 0 and oo and that the number of non zero off-diagonal elements of
A=Y is bounded. Then, when h(p) < p, Dn = Op(rfl/2 1og1/2 D).

Since ﬁ;l requires that the eigenvalues of A be bounded, the condition
h(p) < p will hold when |joxy|| < p so that many predictors are marginally
correlated with the response. The condition that the number of non zero off-
diagonal elements of A:l be bounded is perhaps the most stringent theoretical
condition required for A;l. This condition could be relaxed to allow the number
of non-zero off-diagonal elements in A~ to grow slowly (Rothman et al., 2008).
We expect that with additional assumptions, a convergence rate bound depend-
ing on the row sparsity of A~! could be obtained (Ravikumar et al., 2011). The
alternative sparse estimator of A~! proposed by Cai, Liu and Luo (2011) could
also be explored within this context to achieve rates of convergence depending
on the appr0x1mate row sparsity of A~!. Our conclusions from a variety of sim-
ulations is that Ay N ! also works well when there are many non zero off-diagonal
elements.

5. Simulation
5.1. Overview

Let BB 5y be the proposed estimator of 8 obtained via (3) using Q= ﬁfl

where \ is selected with 5 fold cross validation, minimizing prediction error.
When p > n + 2, let BA be the proposed estimator obtained via (3) using

Q=[p(p—n+1)/{(n—1)(n-2)}A".
To illustrate regress1ons with p > n, we set n = p/2 and evaluated the
performance of BA(/\ , ﬁA, and 52 =5 oxy. For p < n, we set n = 2p and

compared ﬂA & to [32 =S Gy



Prediction in abundant high-dimensional linear regression 3069

For each of 100 replications, we generated a realization of n independent
copies of the random vector (Y, X). Multiple joint distribution specifications
were considered. Performance was measured with the prediction error, defined as

1000

L ST (X — X) — BT (X — )} (7)
k=1

1000

where X,k =1,...,1000 are independent copies of X.

We selected the tuning parameter for 33(;\) from {10751957 : j =0,... 12}
when p < 128 and from {1073%%% : j = 0,...,8} when p > 128. In the simula-
tions with n = 2p, there were no selected tuning parameters on the boundaries
of these sets. When n = p/2, there was a small fraction of selections on the
lower boundaries, especially at sample sizes n = 8 and n = 16 for which there
was limited information for 5-fold cross-validation.

5.2. Inverse regression simulation
5.2.1. Model description

In this simulation, Y is standard normal and
X =0oxyY +e¢, (8)

where e ~ Np(0,A), e LY and 8 = A toxy /(1+ 0% A7 toxy ). We generated
oxy to have round(p®) nonzero entries, where @ = 1/2 and 1, with values
independently drawn from the standard normal distribution. Two covariance
structures for A were used, Ay = I, and Ay with entries d9;; = a 0.9li—Jl
where we set a = (1 +0.9%)/(1 — 0.9%) to make the expected signal rates, over
simulation replications, similar for A; and As, both being proportional to p®.
We used p = 16,32, 64, 128, and 256.

5.2.2. Results when n = p/2

For Ay with n = p/2, we plotted the average prediction error curves for 337
33(5\), and 35, in Fig. 1a for h =< p'/? and in Fig. 1b. for h =< p. All three
estimators appear to give consistent predictions as n and p grow and BE( 5) ber-
forms best, which is expected since Afl is diagonal. As our theory suggests,
faster convergence occurs when h =< p. Propositions 4.1 and 4.2 guarantee pre-
diction consistency as p — oo in this setting for 33 and 33(5\). Since ¥ has
unbounded eigenvalues, Proposition 3.3 does not apply, and we do not have
theory to guarantee consistency for Bi,.

For Ay with n = p/2, we plotted the average prediction error curves for
B@, Bg(”, and Bi, in Fig. 1c for h = p'/? and in Fig. 1d. for h =< p. We see
that the three estimators give consistent predictions as n and p grow, where
again BE( N performs best, which is expected since A !is tri-diagonal. We do
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F1G 1. Average prediction error for the inverse regression simulation based on 100 replications
for Bg_ (solid), B (dashes), and BE(A) (dots), with n =p/2.

not have theory to guarantee consistency for BA in this case because Ay is not
proportional to I,.

5.2.3. Results when n = 2p

When n = 2p, we plotted the average prediction error curves for BE(S\) and

Bﬁ*l in Fig. 2a and 2b for Aj; and in Fig. 2c and 2d for A,. A pattern similar
to the n = p/2 case is illustrated: 33(5\) performs best and both estimators

appear to give consistent predictions as n increases. Proposition 3.2 guarantees
consistency for B¢_, under these settings as p — oco.

5.2.4. Results when ¥ and A are known

We also investigated the prediction performance of the estimator X~ 'Gxy of
[ that uses the known X, and of the estimator of 8 that uses the known A,



Prediction in abundant high-dimensional linear regression 3071

(a). A1, h = pt/? (b). Ar,hxp
035 7 0.12
0.30
0.10
£ 025 8
5 g 0.08 |
£ 020 g
K S 0.06 1
g | 3
° 0.15 3
g g 0.04 <
$ 0.10 - g ..
< <
0054  ‘e.. 0.02
oL, ®.
0.00 | . : —9 0.00
4 5 6 7 8 4 5 6 7 8
loga(p) logz(p)
(c). Ao, h < pl/2 (d). Ag,hxp
0.12 -
0.10
s 8
e € 0.08
S S
k3] k3]
3 3 006 o,
(=% o .
(0] (0]
g § 0.04 |
o
E 2
0.02
0.00
4 5 6 7 8 4 5 6 7 8
logz(p) loga(p)

F1G 2. Average prediction error for the inverse regression simulation based on 100 replications
for Bg_1 (solid) and 630\) (dots), with n = 2p.

obtained via (3) with © = A~L. For the same simulation as described in Section
5.2.1, we plotted the average prediction error curves for A; in Fig. 3a and 3b
for n = p/2; and in Fig. 3¢ and 3d for n = 2p. Proposition 3.1 guarantees
the inconsistency of using the known X under these settings, which is clearly
illustrated, and Proposition 4.2 guarantees the consistency of using the known
A, which is also clearly illustrated. The curves for A, were essentially the same
as those for A; and consequently they were omitted.

5.3. Elliptical t regression simulation
5.3.1. Model description

Let T = (Y, XT)T and let t%(u1, =) denote the k dimensional elliptical ¢ distribu-
tion with v degrees of freedom and parameters 1 € R¥ and = € R¥** (Muirhead,
1982). This implies that E(T) = p and var(T) = v/(v — 2)=, when v > 2. In
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this simulation, T ~ t§+1(u, =), where u = 0 and, representing = according to Y’
and X, Zyy =1, 2xy = oxy, Syx = E§Y and =x x = X. As a consequence,
Y| X follows an elliptical ¢ with v +p = 5+ p degrees of freedom. We generated
oxy in the same way as in §5.2 and set ¥ = I, + axya§y, which has the same
spirit as setting A = I, in the multivariate normal simulations of §5.2. Since
B =X"toxy, we have that E(Y|X) = 87X and var(Y|X) = g(X)(1 - 8730),
where g is some function. We used p = 16, 32, 64, 128, and 256.

5.8.2. Results

When n = p/2, we plotted the average prediction error curves for Bﬁv Bi,, and
B&)\) in Fig. 4a for h =< p'/? and in Fig. 4b. for h =< p. The estimators appear
to give consistent predictions as n and p grow with slightly worse absolute

performance as compared to the multivariate normal simulations presented in
Fig. 1.
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When n = 2p, we plotted the average prediction error curves for Bi,l and
B&;\) in Fig. 5a for h =< p'/? and in Fig. 5b. for h =< p. Both estimators ap-
pear consistent, but perform worse than in the multivariate normal simulations
presented in Fig. 2.

We also ran this simulation using the t§+1(u,5) distribution and noticed
similar patterns to those illustrated above, but we recommend that our proposed
methods only be applied to distributions that have fourth moments.

Following a referee’s suggestion, we also ran this simulation using the tf“ (1, =)
distribution. We were unable to compute Bg( 5 because of numerical instability.
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(dashes), using the forward regression simulation based on 100 replications with n = p/2.

The estimators B@,l, B& and B@, performed very poorly: most of their average
prediction errors were between 10* and 107. This may not be surprising since in
this case E(Y]X) and var(Y|X) exist, but the expectation of our performance
criterion (7) does not exist since neither E(X) nor var(X) exists.

5.4. Forward regression simulation

To illustrate Propositions 3.3 and 3.4, we constructed a simulation where var(X)
has bounded eigenvalues as p grows. Specifically, X ~ N,(0,1,) and Y = 8T X +
€, where € ~ N1(0,1 — 873) and € Il X. This implies 0% = 1, 8 = oxy,
A =T, 4+ (1= pTB)71AT and h = (1 — B¥B) BT 3. For h = p'/? and p, we
set all elements of 3 equal to [{p(h+1)}~1h]*/2, and used p = 16, 32, 64, 128, 256,
and 512 with n = p/2.

In addition to the prediction error, we measured performance with the sample
prediction error, defined by (7), where the predictions were at 1000 independent
copies of Xy ~ N, (X, i) We plotted the average prediction and sample predic-
tion erros for 35, in Fig. 6a for h = p'/? and in Fig. 6b. for h = p. The prediction
error curve appears inconsistent and bounded as Proposition 3.3 guarantees and
the sample prediction error curve appears consistent as Proposition 3.4 guaran-
tees.

6. Data analysis
6.1. Overview

We illustrate an abundant regression with data introduced by Seebg et al. (2007),
where the percentage of fat in beef or pork samples is predicted with absorbance
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spectral measurements. There are p = 100 wavelengths and n = 103 cases of
which 54 are pork samples.

6.2. Pork samples

The pork samples provide an illustration of a regression with p > n. Many regu-
larized regression procedures could be applied, including penalized least-squares,
principal component regression, and partial least squares. Such alternative meth-
ods could perform well depending on characteristics of the regression. For in-
stance, penalized least squares may be appropriate when f is sparse, but we do
not anticipate sparsity for these data, as discussed in §6.3. Partial least squares
might perform well when oxy lies in the span of the first few eigenvectors of 3,
although Chung and Keleg (2010) showed recently that its estimator of the co-
efficient vector in the linear regression of Y on X is inconsistent unless p/n — 0.
__ We restrict comparisons of our proposed methods to the standard estimator
B since it is the default option in many software packages when p > n. We
performed leave-one-out cross validation to compare the prediction performance
of Bz and Bg_. Due to numerical instability, 63( N could not be computed for
values of A that cross-validation recommended. To circumvent this instability, we
considered a similar estimator 53 5 ) obtained by replacing A > iy |0:5] n (4)
with A", oy 9% (Rothman et al., 2008). For each excluded case, we selected the

tuning parameter for ﬁﬁ( SR) using 5-fold cross-validation on the remaining 53
cases, where validation prediction error was minimized and the optimal tuning
parameter value was selected from {10719+0%7 ; j = 0,1,...24}. There were no
selections on the boundary of this set.

The average squared prediction error, computed from the 54 left out cases,
was 5.60 for 8g_, 3.46 for 83 and 2.79 for ﬂ&(X,R)' These prediction errors are
represented with boxplots in Fig. 7a.

6.3. Pork and beef samples

Analysis of both the pork and beef samples illustrates a regression where p ~ n.
We exclude the shortest and longest three wavelengths from the analysis to avoid
the moment issues mentioned at the end of §3.2, leaving p = 94 and n = 103.
The ordinary least squares fit is excellent in this case; the fit is represented with
a response versus fitted values plot in Fig. 7b.

Our interest is to investigate the presence of abundance. Let a subscript of
[7] indicate that an estimate is based on the first j predictors and let § =
Y15 xy. We will see how the estimate h(j) = %}EU]BU]/(&%’U] - B[:;]E[j]ﬁ[j])
increases as j increases from 1 to p. Although these spectral predictors have a
natural ordering, we will also consider random orderings in our investigation. To
establish a benchmark comparison, within each of 500 replications we randomly
selected o x 100 percent of the predictors and randomly permuted their case
orderings. In this way the selected predictors with permuted case orderings had
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no contribution to the regression and only the remaining (1 — ) x 100 percent of
the predictors could be relevant. The estimated signal rates fz(j), (j=1,...,p)
were then computed within each replication. We report ha (7), defined as the
average fL( j) over the 500 replications with case orderings permuted for a x 100
percent of the predictors.

Using the natural predictor ordering, we plotted ﬁ(j), fLo,l(j), fLO,5(j), fALO,g(j),
and hy (7) versus j in Fig. 8a. We only show j = 1,...,80 for ease of illustration.
It is clear that h(j) is growing rapidly as j increases indicating that an abundant
signal is plausible in this regression. Permuting 10 percent of the predictors’ case
orderings has only a small effect on the signal rate estimate, while permuting
90 and 100 percent strongly attenuates the estimated signal rate.
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We randomly permuted the predictors within each of 500 replications and
plot the average value of h(j) versus j as well as ho.1(4), hos(4), ho.o(j), and
hi(j) versus j in Fig. 8b. We again see the same pattern as with the natural
ordering.

7. Discussion

A referee requested that we contrast our approach with that in an arXiv paper
by Dicker (2012), who considered four methods of prediction in high dimensional
linear models, including the ordinary least squares estimator B = f]*EXy that
we addressed in Propostions 3.2 and 3.3. Although stated a bit differently, our
results in Proposition 3.2 are consistent with those in Dicker’s Proposition 2
for the case when n > p + 2 (Dicker’s d = p + 1). However, our results in
Proposition 3.3 do not agree with those in Dicker’s Proposition 2 for the case
when n < p. In developing his result for n < p, Dicker claimed in effect that,
for any full rank matrix A € RP*P,

AT Gxy = (ATSA) ATy (9)

Choosing A = ¥ enabled Dicker to restrict attention to the case ¥ = I,
without loss of generality. Equation (9) holds when S > 0, but not gener-
ally otherwise because the Moore-Penrose inverse is not equivariant; that is,
(ATSA)~ # A71X~A"T (Cook and Forzani, 2011). Consequently, we find
Dicker’s result for n < p to be of uncertain value. Dicker also considered James-
Stein and Ridge estimators, which we did not evaluate since they are outside
the scope of this article.
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Appendix A: Preliminary results

In this appendix we give a series of preliminary results that will be used in
the proofs of Appendix B. All notation is as provided in the body of the paper
unless indicated otherwise. We also use additional notation: a,, =<, b, means that
an = Op(by,) and b, = Oy(an), W, (2, d) stands for the p-dimensional Wishart
distribution with covariance matrix ¥ and d degrees of freedom, and x? stands
for the chi-squared distribution with d degrees of freedom. We let F' denote the
n x p matrix with rows (X; — X)T, (i = 1,...,n), let K,, denote the p x p
commutation matrix, let € denote the n x 1 vector with elements consisting of
the errors ¢; from model (1), so that & ~ N,,(0,021,), and let vec : RPX4 s RPY
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denote the operator that maps a matrix to a vector by stacking its columns. We
used Z as local notation whose definition varies depending on the proof being
developed.

The following algebraic relationships follow from the definition of h(p) =
oty A7 oxy /0¥ and from the identities 8 = S~ loxy, 0% = 02 + fTE8 and
Y = A+ oxyoky /0%, which implies that

Y= AT Aloxyoky AT (02 4ok AT oxy).
tr(XA™Y) = p+h(p) <p, (10)
tr(ATY2SATYH2 < p 4 B3 (p), (11)
BTSATISB = h(p)oy = h(p), (12)
BISATISATINS = okyAT'SAloxy < B3 (p) (13)
oxyE loxy = okyATloxy — (0ky AT oxy)? /(0% + oky A oxy)
= oyh(p)/(1+h(p))
0! = oy —p"up
012/ — O';;YEilO’XY
= oy /(1+h(p)).
AS a consequence,
o = oy X toxy /h(p) = BT ZB/h(p) < b~ (p). (14)

The next series of results gives various moments involving o xy. All operators
are with respect to the joint distribution of X and Y.

E(@xy) = oxvy (15)

var (Gxy) = (03S+oxyoky)/(n—1) (16)
E(Gxyoxy) = (03S+noxyoxy)/(n—1) (17)
E(@XyA™0xy) = of{h(p)(n+1)+p}/(n-1) (18)
var(oxy A oxy) =< h%(p)/n. (19)
W' (p)E (6%y A ' oxy —oxy A loxy) =< K7, (20)

with k2 = p/{nh(p)}.
Proofs of relationships (15)—(20) involve the moments of the Wishart matrix

W=(n—1)%=FTF~W,(Z,n—1): E(W) = (n—1)% and var(W) = (n —
(I + K, p)(X®XE) (Magnus and Neudecker, 1979, Corollary 4.2). Results (15)
and (16) follow from the identity Gxy = (n—1)"}(W g+ Fe¢), the independence
of Fand ¢, 8 = X loxy and 02 = 02 + BTSA3. These imply that E(Gxy) =
EWpB)/(n—1) =oxy, and

var(Gxy) = {var(WB) +o?E(W)}/(n - 1)?
{(87 ® L var(vec(W)) (8 ® L) + 07E (W)} /(n — 1)?
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= {(B" @ L)y + Kpp)(B@E)(BO L) + 03}/ (n—1)
= {(B"2B+ 0T +2BATEY/(n 1),

where the final step, which implies (16), makes use of properties of K, , from
Magnus and Neudecker (1979, Theorem 3.1).

Result (17) is a direct consequence of (15) and (16), and (18) follows from
(17) using that the trace is a cyclic operation, the definition of h(p) and (10).
Result (20) follows from (18) and the definition of h(p).

We now justify the final relationship (19). Let

U=AY2WAY2 W, (ATYV2EATY2 0 — 1),

The mean and variance of a quadratic form in e are given by (Magnus and
Neudecker, 1979, Corollary 4.1)

E(eTAe) = o?tr{A}
var(eTAe) = 20Mr{A?},
where A is an n-dimensional symmetric matrix, and var(\Te) = o2AT\ for

A € R". Using these moments, the independence of F' and ¢, writting oxy =
(n —1)"YWB + Fe), and letting V = (n — 1)*var(c%, A 16xy) and G =
FTA'F, we have

v

(n— 1)4{Vaer€‘X (6§YA*16XY) + Exvarg x (&;T(YA%axy)}

= vary {c2tr{G} + BT WTAT'WB} + Ex {20tr{G"}
+402B"WTATT FFT AW B}

= var{tr(c?U + BTAYV2U2AY?8)} + 20 E{tr(U?)}
+40?E(BT AVPUB AV B)

= T+ 1II+1I1, (21)

where the term labels — I, IT and I11 — are defined implicitly. Using the moments
of a Wishart matrix, it can next be shown that I/(n — 1)* < h%(p)/n, I1/(n —
1)* < 1/n and I11/(n —1)* < h(p)/n. The conclusion follows because h(p) is
a monotonically increasing function of p. We conclude our discussion of (19) by
giving the details on the orders of the terms in (21).

Using an expression for E(U3) from Letac and Massan (2004, page 295), we
have

117

e oln Bt (ATV2EATY?) fontr(ATV2EATY2)2) 8Ty

+nBTSATISBtr(ATY2EATY2) 4 n2BTEATISATIR]
= nilh(p),

where the final relationship follows from the definition of h(p), (10)—(14) and
p/{h(p)n} = O(1). The calculations for the term I1/(n — 1)* follow similarly.
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Using an expression for E(U?) from Letac and Massan (2004, page 308), we
have

(n—1) = otn 7 2 (ATV2EATY?) foptr(AT/2EAT/2)?
n
= 1/n,

where the final relationship follows from (10), (11), (14) and p/{h(p)n} = O(1).

The evaluation of the term I/(n — 1)* is more involved. For this term it is
sufficient to consider the orders of Iy = (n — 1) *var{tr(c2U)} and Iy = (n —
1) ~4var(BT AY2U2AY2B). Now, I = o(n — 1)"vecT (I,)var{vec(U) }vec(I,).

€

Using an expression for var{vec(U)} from Magnus and Neudecker (1979, Theo-
rem 4.4), it follows that I; = O(1/n), again using (11), (14) and the fact that
p/{h(p)n} = O(1). Let Z = X7Y2X, o7y = cov(Z,Y), Wi ~ Wy(I,,n — 1)
and oy be an orthonormal basis for spant(cxy). For the term I, from A =
¥ — nyo'g;Y/O')% and 0% =02 + BTYB =0 + J)T{YE’laxy, we have

A7 = 2T s loxy ok 2T (<0 + oky Y loxy)
= Y 42 V2% ,y0L, Y202
This allows us to express
BTAV2U2AV2E = BTAV2ZUAVZATAV2UAY?S
— BTS2 AR 2, w28
= oLy WiBY2ATISY2 W0,y
= oy Wiozy +(05yWiozy)*/o?.

Now, let P = o2y 0Ly /||ozy||? be the projection onto ozy and let Q = I,—P =
opod denote the orthogonal projection. Then,

opyWiozy = obyWi(P+Q)\Wiozy

(0zyWiozy)?/llozy||® + o4y Wiooo Wiozy

and then since ||ozy ||> = BT,
BIAVRURAY2G = (0fy Wiozy){(BTS6) " + 0%} + a4y Wioeog Wrozy .

We next make use of certain orthogonality relations. Write W; = NNT where
N e RP*(=1) is a matrix of independent standard normal variates. Define
N1 = NTozy /(BTE8)Y2 € R®=Y and Ny = NToy € R=DxP=1) 6 that N,
and Ny are independent and each comprised of independent standard normal
variates. Then we have

FIAYRU2AY2E = (BTSA(NT N (BTS6) ™ + 0%}
+ (8TSB)NT NoNg' N,
= Ty +T5.
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To study the order of var(I3) is enough to study the order of the variances of
Ty and Ty. Since NI Ny ~ x2_,, E(N{ N1)" < n", var(N{ N7) = 2(n — 1) and
var(NT Np)? < n®. As a consequence, using (14) and 0% = o2 + 3133,

var(Th) =< {(878) ™" + 072} 0" < h(p)*n®.

Since N{' NaNj Ni|Ny ~ N'Nix2_, and p/{h(p)n} < O(1), we have

var(Ta) = vary, (E(T2|N1)) + En, var(T2|Ny)
(7S5 (p — 1Pvar(NT Ny) + 2(87S8)2(p — DE(NT Ny )2
= p2n + pn2
= h3(p)n3.

This implies that the order of Iy is h?(p)/n and, together with the order of I,
the order of I/(n —1)* is h?(p)/n.

Appendix B: Proofs

Proof of Lemma 2.1. Let pxy denote the px 1 vector of correlations p(X @), Y),
let 7xy denote the p x 1 vector with elements p(X ), Y) /{1 — p?(X W), Y)}1/2
(j =1,...,p), and recall that px x|y is the p x p matrix of conditional predictor
correlations given Y. Using the relationship

PAXDY) =1 —var(XD|Y) /var(X D)),

which follows from the joint normality of (X(),Y), the signal rate can be ex-
pressed as

h(p) = okyAloxy /ot = phy {diag /*(2)Adiag (D)} pxy
= phy{diag /*(2)diag"?(A)px x|y diag"/?(A)diag /2 (2)} L pxy

T -1
TXyPxx|yTXY:

Consequently, orby (px x v )rkyTxy < h(p) < oy (px x|y )T Xy XY - O

Proof of Lemma 2.2. For notational convenience we use the subscript 1 to de-
note X and the subscript 2 to denote the added predictor XP*!. Now, it can be
checked that

Al <A11 A12)_1
Ao Ag
AL 0 L1 (AR ARATL AL AR AL
(5 0) o (MiRp TR ) e

where Agy = var(XP*1Y) is a scalar, Aj; = var(X|Y) € RP*P, and

C = Doy — At AT Ayy = Aoa(1 — Ry y)
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with Ryq)y being the multiple correlation coefficient from the regression of X P+l
on X given Y. To get h(p + 1) we need to pre and post multiply A~! by
(01y, 09y ) /oy and its transpose. Using (22) after some simplifications we get

(ohy AL A1z — 09y )?

h(p+1) = h(p)+
v ) (®) 0%A22(1 - R§1|Y)
— )+ 3 {(oly Al Avz — ooy ) /0T )
Aaz (1- R§1|Y) '

The lemma follows since

E(X2|X1,Y) = E(X2) + Ap A X: — E(X1)}
— (A21Af o1y — 0ay) [0y )]{Y —E(Y)}
and thus the term {(o7y AT' A2 — 09y') /0% }? is the squared coefficient of Y in
the population regression of X5 on X; and Y. O

In Propositions 3.1, 3.2, 3.3, 4.1 and 4.2 we studied the order of V under
model (1) for a new independent X ~ N(ux,X). In order to do that we write

Dy = B"(Xn—X)-BT(Xyn — px)
= (B-B)T(Xn —px)+ B (ux — X)
= I+1I. (23)

Squaring Dy and expanding to get V = E(D%), the cross product term have
mean 0 because Xy is a new independent observation. Now, since X is inde-
pendent of 3,

Vo= E{(B-B8)"(Xn —px) - BT(X - ux)}?
= B((F- 55 - )} + - BFTER) (24)
= I+1II (25)

Proof of Proposition 3.1. In this case B = Y715 xy with ¥ known. Re-expressing
(24) by using (15) and (17),

_ P 1 . PN
V = E{@Gxy —oxy)'2 I(UXY_UXY)}‘FEE{ Y oxy}
n+1 _ _
— mtr{(oﬁlp—l—nz 10Xy0§y)}—a§yz Loxy
n+1 _
n+1

= m(agp +26755).

Since T34 is bounded, the conclusion follows. O
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For Proposition 3.2 and 3.3, = W-Wg + W~ FTe, with W = FTF ~
W, (2, n — 1). Substituting S into the first term I of V' from (25), we have

I = E{T(I, - W W)S(I, - W W)} + E{tr(FW - SW~FT)}o?
E{sT(I, - W™ W)X(I, — W~ W)B} + tr{SE(W ) }o?.

In a similar way we have n I = E(BTWW ~SW W B) +tr{SE(W~)}o2. Plug-
ging I and IT in (25),

V = E{TU, - W W)S(I, - W W)B}+ (1 +n Htr{SEW)}o?
+n 'EBTWWIESW W) =T, + Th + Ts. (26)

where the three terms — T3, T and T5 — are defined implicitly.

Proof of Proposition 8.2. Since n > p + 2, W~ = W', This implies that T} =
0 and T3 = n~1B8TEB = O(n~?') since BTEp is bounded. Term T, involves
tr{SE(W™)} = te{E(W; )}, where W; ~ W, (I,,n — 1). Using Theorem 3.1
from von Rosen (1988), E(W; ') = (n —p — 2)7'I, and thus 7> = o?p(n +
1)/n(n — p — 2), which implies the desired conclusion from (14). O

Proof of Proposition 3.3. In the justification of this result we use bounding and
the first moment E(W; ) = (n — 1)/{p(p — n)I,} (Cook and Forzani, 2011,
Theorem 3.1). Let ¢max and @min be the largest and smallest eigenvalues of
Y. In the following all inequalities become equalities when ¥ = I,, s0 ¢max =
Pmin = 1.

Write W = SV272ZT512 where Z € RP*(™=1) is a matrix of indepen-
dent standard normal random variables. Then the matrices W, WW ™ and
WW=XWW ™ can be bounded above as follows

W

EI/QZ(ZTEZ)72ZT21/2
w;?ﬂzl/?z(sz)—?szl/2
kT S

IN

and therefore )
n—
BW™) < ppt———
W) p(p—n)

Now,

WW- = 2VY2zzT5z(z7%z)27T%'?
= 2Y2z(z%sz)"tzTeY? (27)
oninS?2(272) 2782,
WW-SWW~ = xV2z(zT2z)"1z"5272(z"%z)" 2% /?
PrmaxWW ™, (28)

IN

IN

where we used (27) for the last matrix. The distribution of Z(Z72)~1Z7 is in-
variant under orthogonal transformation of the columns of Z. Consequently,
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its expectation is of the form cI,, and it follows that ¢ = (n — 1)/p since
E(Z(ZzT2)71ZT) = cI, implies cp = tr{E(Z(Z7Z)"'ZT)} = n — 1. There-
fore E(WW ™) < ¢! (n — 1)/pX. In the same way, letting Z, € RP*(P—n+1)
be orthogonal to Z, we get E(Zo(Zd Zo) ™1 Z8) = (p — n + 1)/pl,. Plugging Z,
into (27),

(I, —WW)S(L, - WW)=x"Y2720(28>"20) 1 28 Zo(28 271 20) 1 2L 27 1/?
and therefore we get
E((Iy =WWI)E(L, =WW7)) < @naPima®—n+1)/p%.

Lower bounds can be established similarly by replacing ¢min with @max. We
next use these bounds to obtain orders for the three term on the right hand side
of (26), finding that Ty < (p —n+1)/p, To < o?n/(p — n) < n/{h(p)(p — n)}
by (14) and, using (28) and tr{X} =< p, T3 < p~!, which imply the desired
conclusions. O

Proof of Proposition 3.4. In this case we write
Dy = B'(Xy-X)-pB"(Xy —px)
= (B-8)"(Xy - X) = "(X - ux).
For a new observation Xy|(X,%) ~ N(X, ),
Vo= B{B-HTEE-B)} + 0S8
Substituting B =W~WpS + W™ Fe into the expression for V', leads to

V = E{8T(I, - WW)S(I, - W W)B8} + E(eT FW-SW~FTe) + n~ 15758
= {nh(p)} 'E{tr(WW )} +n~ 1,

where we use that & = W/(n — 1) implies i(Ip —WW~) =0, the independence
of € and F to compute the second expectation, W = FFT and (14). The result
is now a consequence of the fact that tr{WW~} = min(p,n — 1), which is trivial
for n > p and it follows from (27) for n < p. O

Proof of Proposition 4.1 and Proposition 4.2. For both Propositions 4.1 and 4.2,
we require the order, as n,p — oo, of Dy from (23) for 8 given in (3) with Q
as defined in its corresponding propositions. Define

B = h'{1+h@)} =101+ 0%y A oxy /o) and
B = h'){1+h)}=n0""p)(1 +5%y Wxy/6%).

The analysis is facilitated by using the representation 3 = B 06xy /h(p).
B =1, and we will show later that
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(k% + n~1/2) under the conditions of Proposition 4.1 and  (29)
(w4 k% +n~1/2) under the conditions of Proposition 4.2, (30)

and as a consequence in both cases B =, 1.
Turning to the first term I of the representation of Dy from (23), we have
letting ey = Xy — pux ~ N(O,Z),

I=h'B Yo%y Q—0kyA Ven +h "B (B - B)B lokyA ey
=1 + L. (31)

Using var(ey) = ¥ and (13) it follows var(h=t(p)okyA~ten) < 1 and thus
Iy = O,(k? + n~1/2) under Proposition 4.1 and Iy = O, (w + % + n~1/2) under
Proposition 4.2. To find the order of I; we represent it in three terms, Iy = I11+
Lo+ 113, a8 [11 = k1 (p)(Gxy — {XY)TA_lEN, o = h_l(p)U;(y(ﬁ — A Nen
and I13 = h"1(p)(Gxy — oxv)T(Q — A~1ey. Each term has mean 0, we and
compute their orders individually: Using (15), (17), (11) and (13),

V&I‘(Ill) = h72(p)E{(8XY — ny)TAileil(axy — ny)}
R 2(p){o3tr(ATIE)? + oLy ATISA o xy )/ (n — 1)
= W72 (p){p+ 207 (p)}/n = K* [h(p) + 7,

—1/2 -1/2

and therefore 111 <, h K+n

For the term I15 under Proposition 4.1 we use an expression for var{vec(Q)}
from Cook and Forzani (2011, Theorem 3.1),

var(vec(Q)) = (12 + Ky p) + dvec(I,)vec” (1), (32)

where ¢ =< 1/n = 1/p and d < 1/n? < 1/p2. Then, using the independence of {)
and EN,

var(lis) = h2(p)var(cky (Q — A Vey)
h=2(p)E{(e} ® o'y var{vec(Q)}en @ oxy)}

< h2(p)p 'E{fenenckyoxy)}
+h72(p)p *E{(en ® oy )vec(Ip)vee” (I)(eny @ oxy)}
h=2(p)p Mtr{Slokyoxy

since for this case 0%y oxy < h(p), tr{Z} = p + 0%y oxy /0% =< p+ h(p) and
k2 =< h=1(p).

For I15 under the assumptions of Proposition 4.2, recalling that S = Al/Q(ﬁ—
A~HAY? with |E(S?)|| = O(w?), we have

var(liy) = h°E{oky (2 - A" )en))
h2(p)oLy A“V2E(SATY2E A2 A 20y
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{1+ h(p)}okyATVPE(S?) AT 20xy
20~ (p)oky A oxy [E(S)]I,

IAIA

since @max(A~Y2XAT1/2) = 14h(p). Using the definition of h(p) and the order
of |E(S?)]|, we get I12 = O, (w).

It can be shown that the term I13 has smaller order than I1; and I;5 and, as
a consequence, we have I = O, () under Proposition 4.1 and I = O,(w + % +
h=1/2k +n~1/2) under Proposition 4.2.

Turning to term I1, we have IT = BT, Q(ux — X)/h(p). The first fac-
tor B~1 =, 1 and consequently it is sufficient to consider I1; = UXYQ(MX —

X)/h(p).

For Proposition 4.1 the conclusion follows since IT; = O,(n~'/2), which is
no greater than I = O, (k). To see that IIy = Op(n~'/2) we write var(Il;) =
E{var(Ili|oxy,X)} +var{E(I];|oxy, X )} and study the two terms in this de-
composition separately. Let Z = ux — X. Using the independence of Q, oxy
and X, (32) and (17), and considering that E(Z7Z) = tr%/n, we have

E{var(IL,|5xy, X)} = E{(Z7 @ 6%y var(vec(Q))(Z @ Gxy)}/h2(p)

= B{Z" Zo%yoxy)}/{ph*(p)}
tr(X) tr{o} 2 + nokyoxy }/{pn(n — 1)h*(p)},
From the definition of h(p), tr(X) < p and p/{nh(p)} < 1, E{var(I;|5xy, X)} <
(nh)~!. Now, using again the independence of Z and oxy and (17),

var{E(I,|Gxy, X)} = var(Gky A" Z) /W2 (p)
=E(0%y A" var(2)A™ G xy ) /h? (p)
=BGy ATIEA T oxy) /{nh?(p)}

= tr{ATIEAT (0} B + nokyoxy)}/ {n(n — DR (p)},
(33)

X

which implies var{E(II;|Gxy, X)} < n~!, using (11), (12) and p/{nh(p)} < 1.

Using Lemma F.3 of Cook, Forzani and Rothman (2012), the order of I,
under Proposition 4.2 is O, (w) plus the order of IT; = 5% A~ (ux — X)/h(p),
which does not depend on Q. This is exactly the variance computed in (33) and
it is of order n=/2. Thus IT = O,(w + n~/?). Combining this with the order
of I establishes the claimed order for Dy.

It is left to prove(29) and (30). To prove (29) we use the independence of )
and 0xy, (20), the definition of h(p) and p/{nh(p)} = O(1) to get

E(a)TWﬁaXY) = h(p). (34)
From the independence of Q, Gxy, (19), (32) and (34),
var(6y Qo xy) = var(6ky A ' Gxy)

+E ((6%y © 5y )var(vec() Gxy © 7xy))
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X

2 (p)/n+E (6%yaxy)’ /n
= h2(p)/n + var (G%yGxy) /n+ (BGEyoxy))” /n
= h2(p)/n. (35)

Now, 62 = 02 +0,(n~/2) implying B— B =< h=(p)(6%, W xy —0Ly Qoxy).
Then, (29) follows from (20) and (35).

Using Lemma F.3 of Cook, Forzani and Rothman (2012), (30) for Proposition
4.2 is of order w plus the order of the same terms where we replace 0 by A.
The order of those terms is a direct consequence of (19), (20) and the fact that
0% =02 + 0,(n~1/2). O
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