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In this paper, we study the 2D stochastic quasi-geostrophic equation on
T2 for general parameter o € (0, 1) and multiplicative noise. We prove the ex-
istence of weak solutions and Markov selections for multiplicative noise for
all « € (0, 1). In the subcritical case & > 1/2, we prove existence and unique-
ness of (probabilistically) strong solutions. Moreover, we prove ergodicity
for the solution of the stochastic quasi-geostrophic equations in the subcrit-
ical case driven by possibly degenerate noise. The law of large numbers for
the solution of the stochastic quasi-geostrophic equations in the subcritical
case is also established. In the case of nondegenerate noise and @ > 2/3 in
addition exponential ergodicity is proved.

1. Introduction. Consider the following two-dimensional (2D) stochastic
quasi-geostrophic equation in the periodic domain T? = R?/ (27w Z)?:

a0(t,§) «
(1.1) &y - —u(t,&) - VO(,8) —k(=2)"0(t, &) + (G(O)n)(1, &),
with initial condition
(L.2) 0(0,8) =60(%),

where 6 (¢, §) is a real-valued function of £ € T2 andt>0,0<a <1,k >0 are
real numbers. u is determined by 6 via the following relation:

(1.3) u=(uy,uz) = (—Ry0, R16) = R6.

Here, R; is the jth periodic Riesz transform and 7(z, &) is a Gaussian random
field, white noise in time, subject to the restrictions imposed below. The case o« = %

is called the critical case, the case o > % subcritical and the case o < % supercriti-
cal.
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In the deterministic case (G = 0), such equations are important models in
geophysical fluid dynamics. Indeed, they are special cases of general quasi-
geostrophic approximations for atmospheric and oceanic fluid flows with small
Rossby and Ekman numbers. These models arise under the assumptions of fast
rotation, uniform stratification and uniform potential vorticity. The case o« = 1/2
exhibits similar features (singularities) as the 3D Navier—Stokes equations and can
therefore serve as a model case for the latter. For more details about the geophys-
ical background, see, for instance, [6, 42]. In the deterministic case, this equation
has been intensively investigated because of both its mathematical importance and
its background in geophysical fluid dynamics (see, e.g., [5, 7, 8, 23-26, 44] and
the references therein). In the deterministic case, the global existence of weak so-
lutions has been obtained in [44] and one most remarkable result in [5] gives the
existence of a classical solution for ¢ = 1/2. In [26], another very important result
is proved, namely that solutions for « = 1/2 with periodic C*° data remain C*
for all times.

There is another model considering a simplified geophysical fluid model at
asymptotically high rotation rate or with small Rossby number. This geophysi-
cal model with random perturbation has been studied in [2, 22] and the references
therein. The equation is of a different type compared with our equation.

In this paper, we study the 2D stochastic quasi-geostrophic equation on the torus
T? for general parameter « € (0, 1) and for both additive as well as multiplicative
noise. Here, since the dissipation term is not strong enough to control the non-
linear term, we have to work in L? and to prove appropriate L”-norm estimates.
This leads to considerable complications in comparison to the stochastic Navier—
Stokes equation, for example, when one wants to prove L”-norm estimates for the
weak solutions (see Theorem 3.3), which are essential to obtain pathwise unique-
ness, and the improved positivity lemma to obtain uniform L”-norm estimates (see
Lemma 5.5 and Proposition 5.6) which will be used to prove ergodicity.

Main results for general o € (0, 1): We prove the existence of weak solutions for
multiplicative noise (Theorem 3.3). In order to prove the existence of (probabilis-
tically strong) solutions and ergodicity in subsequent sections, we need L? norm
estimates for the solutions, which are obtained using the L”-1t6 formula proved in
[29]. But these L”-norm estimates we cannot prove by Galerkin approximation;
instead, we use another approximation which can be seen as a piecewise linear
equation on small subintervals [see (3.4)]. To piece together martingale solutions
on each subinterval and to get the existence of a martingale solution for the approx-
imation, we first use the measurable selection theorem to find a martingale solution
measurable with respect to the initial condition and apply a classical theorem from
[48] (see Theorem 3.2). Using an abstract result for obtaining Markov selections
from [20], we prove the existence of an a.s. Markov family in Appendix C (Theo-
rem C.5).

Main results for the subcritical case o > 1/2: We obtain pathwise uniqueness
in a larger space by using L”-norm estimates (Theorem 4.2) and, therefore, get a
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(probabilistically strong) solution (Theorem 4.3) by the Yamada—Watanabe theo-
rem. In particular, it follows that the laws of the solutions form a Markov process.
Subsequently, in Section 5 we use a coupling method to study the long time behav-
ior of the solution for the 2D stochastic quasi-geostrophic equation and we obtain
ergodicity, that is, the existence (Theorem 5.12) and uniqueness (Theorem 5.9)
of an invariant measure, for the solution to the 2D stochastic quasi-geostrophic
equation (in case o > 1/2) driven by possibly degenerate noise. Furthermore, the
Markov semigroup P; converges to the unique invariant measure polynomially fast
(Theorem 5.13). Finally, we prove that a law of large numbers holds in our case,
that is, the times averages % fOT ¥ (6;)dt converge to a constant in probability if
(/2 H'! > R is smooth (Theorem 5.14).

We add a detailed discussion on our approach to ergodicity via coupling, in par-
ticular, on its justification and on its relation to other approaches in Remark 5.10
below. In this paper, we are inspired by [40] to construct an intermediate pro-
cess 0 such that & — 6 has a strong dissipation term and ||6(¢) — é(t)||H_1/z -0
as t — oo. Using this intermediate process, we can prove E|6;(z, 0(}, 93) —
0>(t,0], 9§)|I g —-1/2 converges to zero polynomially fast when time goes to infin-
ity, where (6 (¢, 9(} , 9&), Oa(t, 0(}, 95)) denotes a coupling of two solutions to (3.1)
starting from two different initial values 96 € H',i =1, 2. Then we can deduce the
uniqueness of invariant measures (Theorem 5.9). Also by a suitable choice of the
metrics the asymptotically strong Feller property of the semigroup associated with
the solution to the 2D stochastic quasi-geostrophic equation is also established
(Remark 5.10). Here, we want to emphasize that although we consider the semi-
group in H', the convergence is in H~!/? norm. Moreover, we obtain the existence
of the invariant measure, which lives on H!, by using the uniform L”-estimates
(Theorem 5.12), which require the improved positivity lemma (Lemma 5.5). Thus,
we obtain ergodicity for the solution of the quasi-geostrophic equation in the sub-
critical case (Theorem 5.13).

Additional results in the subcritical case « > 2/3: In Section 6, we prove the ex-
ponential convergence of the solution under a stronger condition on the noise and
on «. In order to prove the exponential convergence (Theorem 6.13), we first show
the strong Feller property of the associated semigroup (Theorem 6.3), which fol-
lows from employing the weak-strong uniqueness principle in [18] (Theorem 6.4)
and the Bismut-Elworthy-Li formula. As the dynamics only exist in the (analyt-
ically) weak sense and standard tools of stochastic analysis are not available, the
computations are made for an approximating cutoff dynamics, which are equal to
the original dynamics on a small random time interval. Since in our case o < 1, it
is more difficult to use the H*-norm to control the nonlinear term even though the
equation is on T2. To prove the weak-strong uniqueness principle, we need some
regularity for the trajectories of the noise. Therefore, we need conditions on G so
that it is enough regularizing. However, in order to apply the Bismut-Elworthy—Li
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formula, we also need G~ to be regularizing enough. As a result, & > 2/3 is re-
quired (see Remark 6.2 below for details). It seems difficult to use the Kolmogorov
equation method as in [10, 14] (see Remark 6.2 below).

This paper is organized as follows. In Section 2, we introduce some notation
as preparation. In Section 3, we prove the existence of weak solutions for general
parameter o € (0, 1) and multiplicative noise. In Section 4, we prove pathwise
uniqueness for all o € (%, 1). Furthermore, we get the existence and uniqueness of
(probabilistically strong) solutions for multiplicative noise in the subcritical case.
Moreover, we prove the Markov property for this unique solution. In Section 5,
we use the coupling method to prove the uniqueness of an invariant measure in
the subcritical case. Moreover, we obtain that the semigroup P; converges to the
invariant measure polynomially fast. The law of large numbers for the solution
to the 2D stochastic quasi-geostrophic equation is also established in this section.
In Section 6, for ¢ > 2/3, and provided the noise is nondegenerate, we prove the
exponential convergence to the (unique) invariant measure. Appendix A is devoted
to a measurability problem (see Theorem A.4) which arises in implementing the
coupling method in Section 5. In Appendix B, we prove existence of measurable
selections for the solutions to the martingale problem in Section 3, and finally
Appendix C is devoted to the existence of the corresponding Markov selection.

2. Notations and preliminaries. In the following, we will restrict ourselves
to flows which have zero average on the torus T2, that is,

/ 0ds =0,
T2
where d& denotes the volume measure on T2. Thus, (1.3) can be restated as
oy 0
w= (——‘”, —w) and  (—A)2y = —6.
08 9&

Set H={f € L*(T?): f» fd& =0} and let | - | and (-, -) denote the norm and
inner product in H, respectively. L?(T?), p € (0, 00] denote the standard L7
spaces on T2 with norm || - ||z». On the periodic domain T?, {sin(k, Ir2lk €
Zi} U{cos(k, -)p2lk € 72} form an eigenbasis of —A (we denote it by {ex}). Here,

Zi = {(ki, k2) € Z?|ky > 0} U {(k1,0) € Z%|ky > O}, Z2 = {(k1. ko) € 2P|~k €
Zﬁ_}, £ € T?, and the corresponding eigenvalues are |k|>. For s > 0, define

IF s = Y 1K= (f, ex)?
k

and let H® denote the Sobolev space of all f € H for which || f| g+ is finite. For
s < 0, define H* to be the dual of H~*. Set A = (—A)Y/2. Then

Iflles = [A° f].
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For s >0, p € [1, 400] we use H*'? to denote a subspace of LP(']I‘Z), consisting
of all f which can be written in the form f = A~g, g € L?(T?) and the H*?
norm of f is defined to be the L? norm of g, thatis, || f| gs.r := |A° fllLr.

By the singular integral theory of Calderén and Zygmund (cf. [47], Chapter 3),
for any s > 0, p € (1, 00), there is a constant Cg = Cg(s, p), such that

2.1) |Aul,, < Cr(s, p)|A°6] .

Fix o € (0, 1) and define the linear operator A, : D(Ay) = H**(T?) C H — H
as Aqu := k(—A)%u. The operator A, is positive definite and self-adjoint with
the same eigenbasis as that of —A mentioned above. Denote the eigenvalues of
Aq by 0 < A1 <Ay <---, and renumber the above eigenbasis correspondingly as
€1,€2,....

First, we recall the following important product estimates (cf. [44], Lemma A.4):

LEMMA 2.1.  Suppose that s > 0 and p € (1,00). If f, g € C*®°(T?) then

(2.2) 1A DN < CULfllr [ A gl 1oy + NglLrs | A F o),
with p; € (1,00],i =1, ...,4 such that
1 1 1 1 1

P P P2 Py pa

We shall use as well the following standard Sobolev inequality (cf. [47], Chap-
ter V):

LEMMA 2.2. Suppose that g > 1, p € g, 00) and
1 o 1

p 2 q
Suppose that A° f € L1, then f € L? and there is a constant Cs > 0 independent
of f such that

IfllLe < Cs|A £l

The following commutator estimate from [23], Lemma 3.1, is very important
for later use.

LEMMA 2.3 (Commutator estimates). Suppose that s > 0 and p € (1,00). If
f, g € C°(T?), then

|AS(fe) — FN 8]0 <CUV Ll | A gl o + Igles | A £l 1oa)s
with p; € (1,00),i =1,...,4 such that
1 1 1 1 1

P P P2 Py pa
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We will also use the following classical interpolation inequality (see, e.g., [9],

(5.5)).

LEMMA 2.4. For f € C®(T?), we have

(23) ”f”HA S C”f”(f;zrl—?)/(?z—?l)||f||(l;?2vl)/(72—91)’ 51 <5 < 5.

3. Weak solutions in the general case. In this section, we consider the fol-
lowing abstract stochastic evolution equation in place of equations (1.1)—(1.3):

do(t) + Ag0(t)dt +u(r) - VO(r)dr = G(0(r)) dW (1),

G- {9(0)290611,

where u satisfies (1.3) and W(¢), t € [0,T], is a cylindrical Wiener pro-

cess in a separable Hilbert space U defined on a filtered probability space

(2, F, {Fi}ier0,11, P). Here, G is a measurable mapping from H® to Lo(U, H)

(= all Hilbert—Schimit operators from U to H). Let f,,, n € N, be an ONB of U.
In the following, we assume the following conditions on G:

HYPOTHESIS G.1. () 1GO)7, .1y < }0l01> + p1|1A6* + p2, 6 € HE,
for some positive real numbers Ao, p2 and py < 2k. Moreover, for some B > 3,
||G(9)||%2(U Hp) = 031012+ 1),0 € HY, for some positive real numbers p3.

Gi) If 6,’9,1 € HY such that 6, — 60 in H, then lim,_, ||G(6,)*(v) —
GO)*()|ly =0 for all v e C®(T?), where the asterisk denotes the adjoint oper-
ator of G(6).

First, we introduce the following definition of a weak solution.

DEFINITION 3.1. We say that there exists a weak solution of equation (3.1) if
there exists a stochastic basis (2, F, {F;}ie[0,7]. P), a cylindrical Wiener process
W on the space U and a progressively measurable process 6:[0, 7] x Q@ — H,
such that for P-a.e. w € 2,

(-, w) € L>([0, T1; H) N L*([0, T]; H¥) N C([0, T]; H~F),

where § in Hypothesis G.1, and such that P-a.s.
t t
0@), ¢)+ / (AL20(s), AL2p)ds — / (u(s) - Vo, 0(s))ds
0 0

— (60, 8) + </0 G(0)dW (). 9)

fort € [0, T] and all ¢ € C1(T?).
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REMARK. (i) Note that, because divu = 0 for smooth functions 6 and v, we
have

(u(s) -VO(s), W) = —(u(s) -V, G(S)).

Thus, the integral equation in Definition 3.1 corresponds to equation (3.1).

(ii) Note that since the solution 6 € L?(0, T; H*) we only need 6,6, € H®
instead of 9, 8, € H in Hypothesis G.1(ii).

(iii) A typical example satisfying Hypothesis G.1 is the following: For y € U,

o

GO)y=> (ckA%0 +brg@)(y, fiu,  6€H,
k=1

where g is continuous function on R of at most linear growth and by, cx € C o (T?)
satisfy Y c2(§) <2k, Yy b2 (&) < M, & € T2, and 3 |A%ck|*> < M.

It is standard to show that under Hypothesis G.1 there exists a weak solution
to (3.1) by using the Galerkin approximation. However, as mentioned in the In-
troduction, we also need L” norm estimates for the solutions, more precise that
they belong to L?(2; L°°([0, T]); LP(T?)), provided so do their initial values.
This will be essential to the proof of pathwise uniqueness. For this, we have to use
another approximation instead of the Galerkin approximation and the following
theorem from [48], Theorem 6.1.2.

Let Qq := C([0, 00), H'), Qf := C([t, 00), H') for t > 0 and P () denote
the set of all probability measures on (€29, B) with B being the Borel o-algebra
coming from the topology of locally uniform convergence on $2p. Define the
canonical process x : Qo — H' as

xi (@) = o(1).
Also define the o-algebra B, := o {x(s),s <t} and B’ := o {x(s),s > t}.
THEOREM 3.2.  Fixt > 0. Let x — Q be a mapping from Qq to P () such
that for any A € B', x — Q(A) is B;-measurable, and for any x € Q
0:(yeQy:y@®)=x@)=1.
Then for any P € P(L), there exists a unique P ®; Q € P () such that
(P ®: Q)(A) = P(A), YA € B,
and for P ®; Q-almost all x € Qg
Ox = (P Q& Q)(IB)(x).

Now we will prove the existence of a martingale solution under Hypothesis G.1.
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THEOREM 3.3. Let« € (0, 1). If G satisfies Hypothesis G.1, then there exists
a weak solution (2, F,{F:}, P, W, 0) to (3.1). Moreover, assume that G satisfies
the following condition:

(Gp.1) There exists some p € (2, 00) such that for all € H* N LP(T?),
N\ P2
(3.2) /(Z|G(0)(fj)| ) défC(f |0|pd§+l>, vVt >0
J

for some constant C := C(p) > 0 and 0y € LP(T?). Then

E sup |67, < oo.
tel0,7T]

REMARK 3.4. Typical examples for G satisfying (Gp.1) have the following
form: for 6 € H*

G@O)y=> by, fi)ug®,  yeU,
k=1

where g is a continuous function on R of at most linear growth and by are C*
functions on T? satisfying Pyl b,%(é )< M.

PROOF OF THEOREM 3.3. Step 1: We first establish the existence of martin-
gale solutions of the following equation:

do(t) + Ag0 () dt + w(t) - VO(t) dt = ks * G(O)dW (1),
(3.3)
9(0) =6y € H>,

with a given smooth function w(¢) which satisfies divw(¢) =0 for all ¥ € [0, T']

and

sup Hw(f) lc3emy = C.
tel0,T

Here, ks x G(0) means for y € U, ks * G(O)(y) = ks * (G(0)(y)), where ks is
the periodic Poisson kernel in T2 given by ks )=l ¢ 72, By [20], Theo-
rem 4.7, this equation has a martingale solution P € P(C ([0, 00); H')) with initial
value 6y in the following sense:

M1) P(x(0)=6p) =1and forany n e N

p{x € C([0,00); H'): /O | A% x(5) + w(s) - Vx(s)] 1 ds

n
+_/0 ks = G(x(s))||iz(U;H3)ds < —|—oo} =
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For every ¢;, the process

(x(t), e,'> — /Ol(—w(s) -Vx(s) — Agx(s), e,'>ds

is a continuous square-integrable B;-martingale under P, whose quadratic
variation process is given by

t
/0 | ks % GY*(x())(en) |3, ds,

where the asterisk denotes the adjoint operator of k5 *x G (x(s)).
For any g € N there exists a continuous positive real function 7 — C; 4 such
that

t
EP( sup |A3x(r)[* +/ |A3x(r)|2q2|A°’+3x(r)|2dr>
rel0,z] 0

< Crq (|60 +1),

where EP denotes the expectation under P.

Indeed, we only need to check conditions (C1)—-(C3) in [20]. The demi-
continuity condition (C1) is obvious by Hypothesis G.1(ii) and the linearity of
the equation. For (C2), we have that for x € H 4

(—w - VX = Agx, x) 3 < —| A% P+ [[A3(w - Vx), A%x).

By Lemma 2.3 and because (w - VA3x, A3x) =0 for x € H* we have that for

x e H*
(A3 (w - Vx), Ax)| = [[A3(w - Vx) —w - VA3 x, Adx)|
< wllesera | A2x|[A7x].
Thus, the coercivity condition (C2) follows from the above two inequalities and

Young’s inequality. Also by Hypothesis G.1, we have for x € H*

ks * G(x)”iz(U,m) = C(S)HG(X)HiQ(U,H) = C(|A°‘x|2 +1),

and by Lemma 2.1

2 2
lw - Vx 4+ Agx |7 < 20 AaxlI31 + Cllwl s o) | Ax]” < C[A X[,

which implies the growth condition (C3).
Step 2: Now we construct an approximation of (3.1).
We pick a smooth ¢ > 0, with supp¢ C [1, 2], fooo ¢ =1, and for § > 0 let

Us[6](1) := /Ooo¢(r)(k5 * R6)(t — 87)d,
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where kg is the periodic Poisson kernel in T2 given by k}(g) =l e Z2, and
we set 8(t) =0, t < (0. We take a sequence §, — 0 and consider the equation

3.4) d0,(t) + A0, (1) dt +u,(t) - VO, (t)dt = ks, * G(6,)dW (1),

with initial data 8,(0) = ks, * 6p and u,, = Us,[6,]. For a fixed n, this is a lin-
ear equation in 6, on each subinterval [, £}’ 1] with 1y = kéy, since u,, is deter-
mined by the values of 6, on the two previous subintervals. By Step 1, we ob-
tain the existence of a martingale solution to (3.4) for fixed n. Indeed, we obtain
the martingale solution P! € P(C([0, 00), H')) with initial condition ks, * 6y on
the subinterval [0, #{'] by Step 1. Also, by Step 1, we get that for xo € By with
By :={xeQp: SUPo</ < X ()|l g3 < oo}, there exists a O, € P(C([t], 131, HY)
satisfying the following:

M1) Qy, (x (1)) = x0(t})) =1

tl‘l
on{x eC([t.15]; HY) :/tn2 | A% x(s) + Us, [x01(s) - Vx(s)| 1 ds

ty 5
+/tn Hk‘S * G(X(S))}|L2(U;H3)ds < +OO} =1.
1

(M2) For every e;, i € N, the process

Mi(t AEY, x) = (x(t A 8}), ei) — (xo0(1]), ei)

N
— / (—Us,[x0](s) - Vx(s) — Agx, €;)ds, 1>ty
n

is a continuous square-integrable B;-martingale under Q,, whose quadratic
variation process is given by

(M)t Aty x) = ,/t"

INEY

ks, * G (x(s)) (e, ds.

where the asterisk denotes the adjoint operator of ks, * G(x(s)).
(M3) Forany g € N, there exists a constant C,; depending on sup, o, " lxo ()|l 71
such that

tn
£Oo( s [N+ [N Ao ar)
i

ret!. 1]
< Cy(|8%x0 () + 1),

Now we extend Q, to a probability measure on C([t{,+00), H 1 by Qy, o
Yyl with y:C([t], 51, HY) — C([t], +00), H') by ¥x(s) := x(s A 1)), 5 €
[#]', +00). The set of all such martingale solutions is denoted by Q.. Now we
can find Qy, € Qy, satisfying (M1)—(M3) such that the map xo — Qy, from By
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to 73(98 ) is measurable with respect to By». This will be proved in Lemma B.1 in
Appendix B.
For xo € B, define Qy, := (SXOW " Thus, by Theorem 3.2 we get that there
n,

exists P! @ Q € P(C([0, 00), H')) such that
(P, ®n Q)(A)=P)(A),  VAeBy,
and for P! ®n Q-almost all x € €29

Q. = (P, ®m Q)(|B)(x).

Here, Q,, extends to a probability measure on C([0, c0), H 1Y by the following:
Let 8y, be the point-mass on C ([0, #{'], H) at X0|[o,t{l], that is,

Svo(x € C([0,#1], H') :x(t) =x0(1),0 <t <1]) = 1.

Define Q = 8, x Qx, on X := C([0,£], H') x C([t},00), H') and set X :=
{(x1,%2) € C([0,#1], H') x C([t],00), H'):x1(t]) = x2(t!)}. Then X is a
measurable subset of X and Q(X) = 1. Then Q can be restricted to X.
Finally, W:X — C([O, 00), H') defined by W((x1,x2))() := x1(t), if 0 <
t <tf, W((x1,x2)() := x2(t), if t > ]!, is a measurable map form X onto
C([0, 00), H'). Then Q| x o W~ is the desired measure, which still be denoted

Oxo-
By (M2), we have for every e¢;,i € N, that the process

M;i(t Aty x) = (x(t A1), ei) — (xo(t]), ei)

— f%(—Usn [X01(s) - Vx(s) — Agx. e;)ds
t'l

={x(t n17). i) = (xo(t]). e:)
- fmz<—U5n [X1(s) - Vx () — Agx, ¢;)ds
n

is a continuous square-integrable BB;-martingale under Q,,. Thus, by [48], Theo-
rem 1.2.10, we obtain for every ¢;, i € N, that the process

tALY
(x(t/\tf),ei)—‘/(; (—Us,[x1(s) - Vx(s) — Agx, e;)ds

is a continuous square-integrable B;-martingale under Pn1 ®n Q, whose quadratic
variation process is given by

tALy . 5
[ 16, =6 el as.
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Thus, we construct a martingale solution Pnl ®n Q0 € P(C([0,00), H)) of
(3.4) on [0, #7]. Then step by step we can construct a martingale solution P, €
P(C([0, 00), HY)) of (3.4) on [0, T for any given T in the following sense:

M1’) P,(x(0) =ks, *6p) =1 and

T
Pn{x e C([0, +o0); H') :/0 | A% x(s) + Us, [x1(s) - Vx(s) | ;1 ds

T
[, % GOy ds < oo = 1.
(M2') For every e;, the process

tNT
(x(t AT), e;)— / (—Us, [x1(s) - Vx(s) — Agx, ¢;)ds
0

is a continuous square-integrable B;-martingale under P,, whose quadratic
variation process is given by

AT . )
/0 [ ks, = GY* (x(s)) e[y ds,

where the asterisk denotes the adjoint operator of ks, * G (x(s)).
(M3') Py(Ls.(10, +00), H*) N Q) = 1.

loc

Then by the martingale representation theorem (cf. [41], Theorem 2, [11], The-
orem 8.2) we can find a new probability space (2", P, W,) and 6, such that
(0,, W,) is a weak solution of (3.4) and 6,, has the same law as P,.

Step 3: Now we show that 6,, converge to the solution of (3.1). Since we have

(un(@) - VO, (1), 0,(1)) =0,
by 1t6’s formula we have

10,17 + pic|0n|P 2| A%, > dt < pl6n|P ks, * G (0,) AWy, 6,)

p(p—1) _ 2
+ TWnlp 2“k(sn * G(en)”LQ(U,H) dt

By classical arguments, we easily show that there exist positive constants C1, C»
independent of n, such that (cf. [16], Appendix 1) for2 < p <1+ %—'; if p1 >0
and for 2 < p < o0 if p; =0, the following are satisfied:

(3.5) EP (OsupTlen ®|") =

and

w T
(3.6) EP /0 16n(5) |50 ds < Ca.
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Now we prove that the family D(6,),n € N, is tight in C([0, T]; H~P), for all
B > 3. Here, D(6,,) means the law of 6,. By (3.5) for each ¢t € [0, T'], D(6,(¢))
is tight on H . Then by Aldous’ criterion in [1], it suffices to check that for all
stopping times t, < T and 7, — 0,

(3.7) tim E” |6, (0 + 1) = 60 (ta) | -5 = 0.
We have P"-a.s.

+1n Tn+1n
Agb,(s)ds — / uy(s)-Vo,(s)ds

Tn

9n<rn+nn)—en(rn>=—/ '

Tn
T+
+f ks, * G(0,(s)) dWy(s).
Tn
It is easy to obtain the following:

(3.8) EY <Cn EP" sup |6,(0)|.

HP 1€[0,T]

Tn+Mn
/ AqOn(s)ds
Tn

And since H? C L, we obtain that for v € H>,
| - VO, )| = [(un - Vv, 0,)| < 10ullunl IVVI Lo < [Onllttnl V] 3.

Since supyg ;) [un| < C supyg 1 0x], we get that

3.9 E

Tn+0n
/ u,(s)-Veo,(s)ds
T H-B

n 2
<CnuE”" sup [6,(0)],
te[0,T]

In addition by Hypothesis G.1, we have

; 2
EP

T+
/ ks, % G(6(5)) dW (s)

H-B

n Tn+0Mn
(3.10) <CE* /t “G(Qn(s))”iz(U,H*ﬂ)ds

n

§C77n<EP" sup |t9,1(t){2+1)—>0 as n, — 0.
te[0,T]

Thus, (3.7) follows by (3.8), (3.9) and (3.10), which implies the tightness of D(6,)
in C([0, T], H™#). This yields that for each n > 0

lim sup P”( sup  6,(t) — 6,(8)| y—p > 77) =0.

6—0 n |s—t]<8,5,t<T

By this and (3.5), (3.6), it is easy to get that D(6,) is tight in L%([0,T]: H) N
C([0, T1, HP) (cf. [37], Lemma 2.7). Therefore, we find a subsequence, still de-
noted by 6,, such that D(6,) converges weakly in

L*([0,T1; HYnC([0,T], H™F).
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By Skorohod’s representation theorem, there exist a stochastic basis (Q, F,
{]-}}te[o 7] P) and, on this basis, Lz([O T1; H)YNC([0, T], H#)-valued random
variables 6, Gn, n > 1, such that 9 has the same law as 6, on Lz([O Tl; H)N
C([0,T], H#),and 6, — @ in L2([0 T1; HYNC([0,T], H#) P-as. For 6, we
also have (3.5) and (3.6). Hence, it follows that

6(-,w) € L*([0,T]; H) N L>([0,T]; H)  for P-ae. we Q.

For each 9~,1 we define i, := Us, [5,1] and for each n > 1 we define the process
- - t - t .
M, (t) :=06,(t) — ks, * 6 +/0 Agb,(s)ds +/O iy (s)-Vo,(s)ds.

In fact M, is a square integrable martingale with respect to the filtration
{Gn} =0 {Oa(s), s <1}.

For all r <t € [0, T], all bounded continuous functions ¢ on C([0,r]; H#) N
L%([0,r]; H), and all v € C*°(T?), we have

E({My(t) = My (r), )¢ Balio,)) =0
and

~ ~ ~ t ~ ~
E(((Mna), of = (01, of = [ ks, » G>*(9n>v!|?]ds)qs(enno,r])) —0

By the B-D-G inequality, we have for 1 < p < % + ﬁ ifpy>0and 1 < p <oo
if p; =0, that

-~ o~ - t ~ p
sup E|(M, (1), v)]*? < CsupE</ | ks, G)*(en)v“%,ds) < o0.
n n 0
Since 6, — 6 in L%(0,T; HYNC(0, T, H?), we also have
lim E|(M,(t) — M(t),v)| =0

n—0o0

and
lim E|(M, () — M(t),v)|* =0,
n—o0

where

~ l ~ ~
M) :=9(t)—90+/ u-Vo+ A,0ds.
0

Here, ii is defined by (1.3) with @ replaced by 6. Taking the limit, we obtain that
for all » <t € [0, T], all bounded continuous functions ¢ on C([0,r]; H —B )n
L?([0,r]; H), and v € C*®(T?),

E({M@®) = M(r), v} @l0.,7)) =
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and
~ 2 2 ! _— ~
E(((M(t),v) — (M), v) —/ 1G®) vHUds)qa(e“O,,])):o
r

Thus, the existence of a weak solution for (3.1) follows by the martingale repre-
sentation theorem (cf. [11], Theorem 8.2, [41], Theorem 2).
Step 4: Now we prove the last statement. It is sufficient to prove that

EY Sup. ”9 o), <c,

where C is a constant independent of n. We write for simplicity 0(¢) = 6,(¢),
ut) =uy(t), W) = W,(t), P = P". By [29], Lemma 5.1, or [4], Theorem 2.4,
we have

167, = lks, * 6ol

t
-2 2
+/0 [—p[wz|9(s)‘p Q(S)(A 0(s) +u(s) - V@(S))d%'

1 —
300 =1 [0 (Slks, + 60w) )P ) ds | ds

J
t
+p/(‘) /,];‘2|9(S)|p_20(S)k5n *G(@(S))dde(s)
< ks, * ol

t 1 B
+/0 PP 1)/@’9(”‘[7 2(2!’% *G(G(s))(fj)|2) d ds

J
+p£t A2|0(S)|p_29(s)k5n *k G(Q(S))dg:dW(s)

P
< |lks, *Ooll7»

+f0t<sfw\9(s)y”d5

+C(8)f< ks, * G(0(s))(f)] ) /zd&“)ds

p—2
+P](; [H‘2|9(S)| 0(s)ks, *G(Q(S))dr‘;:dW(s),

where in the first inequality we used divu = 0 and [|0|P"20A%*0 > 0 (cf.
[44], Lemma 3.2) as well as Young’s inequality in the second inequality. Then
by the Burkholder—Davis—Gundy inequality and Minkowski’s inequality, we ob-
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tain

E sup [0(5)]7,
s€[0,1]

< El6oll7»

+E/0t<s/T2|0(s)|pd$ +C/<%:|kan *G(@(s))(fj)|2>p/2d§>ds
+ pE(/Ot </T2|9(s)|l"1 (;Ucan * G(G(s))(fj)|2)1/2d$>2ds)1/2

< E|l6oll7,

i [[(e [ ool as + C/(;\kgn ‘ G(G(s))(f/)!2>p/2d$> ds

(3.11)  + pE sup |6(s)]%,"
s€[0,1]

: (/Ot (/11‘2 (Z|k5n * G(Q(S))(fj)|2)p/2 d§>2/” ds)l/Z
J

<E|6oll?,

v [(e [ oo as+c (;Iwa))(fj)lz)”zdg)ds

+ C(TE ||9()||”‘1(/t(/ <Z|G(9( ))(f‘)|2)p/2d€)d)l/p
Sil[g,)t] VL 0 T2 ; > / y
t
<E|6oll7, +¢E sup 1|9<s>||{p+clE/ [6(s)]7,ds +Ca
s€[0,1] 0

t
< Ell6oll7, +¢E sup ||9<s>||€p+01/ E sup [6(s)|7,do + Ca.
s€[0,¢] 0 s€[0,0]

Here, in the fourth inequality, we used (Gp.1) and Young’s inequality. By Gron-
wall’s lemma, the assertion follows. [

4. Existence and uniqueness of probabilistically (strong) solutions in the
subcritical case. In this section, we assume « > 1/2 and prove pathwise unique-
ness for equation (3.1), and hence by the Yamada—Watanabe theorem the existence
of a unique (probabilistically) strong solution to (3.1) in the subcritical case. Let
us first give the definition of a (probabilistically) strong solution to (3.1).
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DEFINITION 4.1. We say that there exists a (probabilistically) strong so-
lution to (3.1) over the time interval [0, T] if for every probability space
(2, F, {Ft}sero,1], P) with an F;-Wiener process W, there exists an F;-adapted
process 6 :[0, T] x Q — H such that for P-a.e. w € Q

0(-,w) € L0, T; HYNL*(0,T; H*) N C([0, T]; HP)
and P-a.e.

O@) ¢)+/I(A1/29(s) A1/2(p)ds—/t<u(s).V(p 0(s))ds
, | 1Aa Ay A ,

“4.1) .
= 0.0 +([ GO©)awe).¢)

forall r € [0, T]and all ¢ € C'(T?) (assuming also that all integrals in the equation
are defined).

THEOREM 4.2. Assume o > % If G satisfies the following condition:

|AT2(Gw) — GW) |, . < BIAT 2w —v)?

(GL.1)
+B1A P — )

for all u,v € H%, for some B € R independent of u, v, and B < 2k, then (3.1)
admits at most one probabilistically strong solution in the sense of Definition 4.1
such that

sup |0(1)|,, <00, P-as.
1€[0,T]

for some p € ((a — %)_1, 00), and

E sup |A*1/29(t)|2 < 00.
1€[0,T]

REMARK. The examples in Remark 3.4 with g being a Lipschitz function on
R satisfy (GL.1) since

[A 260 = G 7y0x,my = 2142 (bulgw) — g @)
k
2 _ 2
< /;22%:bk(g(u) g(v)) d&

<Clu—v?

<C|A =)+ | 2w —v).
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PROOF OF THEOREM 4.2. Let 6y, 6, be two solutions of (3.1), and let {e; }reN
be the eigenbasis of A, from above. Then their difference 6 = 61 — 6, satisfies for
¥ e Cl(T?)

t t t
<w,9(t)>—/ (u-VW,Ql)ds—/ (uz-Vglf,G)ds—i—Kf <0,A2“1//>ds
42) 0 0 0

t

:fo (. (G(61) — G(62)) dW).

Here, u1, us, u satisfy (1.3) with 6 replaced by 61, 6>, 6, respectively. Now set
or = {er,0(1)), or = (A_lek, 0(t)). Itd’s formula and (4.2) yield

t t
d)k(ﬂk:/ ¢kd<pk+/ @k dor + {9k, i) (1)
0 0
= 2/0[(u - Ver, 01) (AT, ex) + (ua - Ver, 0)(AT16, e
(4.3) — (A% e, 0)AT16, ex)ds
! 1
+2/0 (A710, ex)lex, (G(61) — G(62)) dW (s))

t
+/0 (GO1) — G(02)"ex. (G(O1) — G(02)" A ex)y, dis.

Here, (@x, ¢x)(t) denotes the covariation process of @i, ¢r. The dominated con-
vergence theorem implies

t t
Z/ (u-Vek,91)<A_19,ek)ds—>f potl - VO, AT10) i ds, N — oo,
k<N 0 0

t t
Z/ (uz-Vek,9)<A_19,ek)ds—>f il - VO, A710) i ds, N — o0
k<N 0 0

and

t t
Z/<A2aek,e)(A—le,ek)dHf(e,AM—le)ds, N — co.
k<N 0 0

Furthermore, since
t
[ 187120 |47 2(G0) — GE) 7.1 s

t
= Csuplo ) [ 1AT2(G0) = GOy ds < 0o,
s=<
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we obtain

Z/ A0, ex)ler, (G(O1) — G(62)) dW (s))

— M, ;=/ (A7120, ATY2(G(6)) — G(62))dW (s)), N — oo,
0
in probability. Finally, the following inequality holds:
> / (GB1) — G(02) ex, (G(61) — G(62)" A~ e, ds

k<N

t
= [1a72(G0) = GO}, 0.5

Thus, summing up over k < N in (4.3) and letting N — oo, we obtain

t
|A_1/2(9|2—|-2K/ |A%=129]? ds
0
t
<2M(r) +2/0 Ho (- V0L, AT'0)y + iy fuz - VO, ATI0), ds

+ [ 1AT2660) — G0} s
By [44], we have
(- VoL, A7) =0
and
|1_y(u2- VO, A7'0), |
< llualie 0o [VAT'O] oy < Clluallo 01l 1o | VA0 s

< Cllallze | A0 31510 < CliG2 1o HA P N e

<e[AT129) + Cloal | A

where %—F % =1for pe ((«— %)_1, +00),r = ot—l/aTl/p' Here we use divu, =

0 in the first inequality, that H'/? < LP1 continuously in the second inequality,
the interpolation inequality (2.3) in the fourth inequality and Young’s inequality in
the last equality.

Now by (GL.1) we have

t t
|A_1/29|2§2M(f)+_/0 C||92||’Lp|A_1/29|2ds+,3/0 A2, —92)|2ds'

Let

7, := inf]

1.
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1

Then by the weak continuity of 6, 7, are stopping times with respect to

Figy (Frg i=y=y Fs) and [|62(t A r”])IILp < n for large n. Furthermore, let r,f
be a localizing sequence of stopping times for M and 7, := r,} A t,%. Then, since
M (t A T,,) is a martingale with respect to F; 4, we get

) AT, ) AT, )
E|A"Y20( A1) §Cn’E/ |A~1/2g) ds+,3E/ |A~120]" ds
0 0
t
:C(n)/ E|AY20(s A ty)[* ds
0

t
+ ,8/ E|A20(s A1) |* ds.
0

By Gronwall’s inequality, we get |A~1/20(t A 1,)|*> =0 P-a.s., and recalling that
1, — T P-a.s. as n — oo, we obtain that 6(¢) =0 P-a.s. for t < T. By the weak
continuity of 6, we obtain the zero set does not depend on ¢, thus completing the
proof. [

REMARK. From the proof of Theorem 4.2, we immediately obtain that if there
exists a probabilistically strong solution 6 in the sense of Definition 3.1 satisfying

sup [0(0)]|,, < o0, P-as.
tel0,T]

for some p € ((« — %)_1, +00) and G satisfies (GL.1), then for any other solution
6 such that

E sup }A_l/zé(t)]2 < 00,
t€l0,T]

it follows that 6 = 6, which implies that

sup Hé(t)”L,, < 00.
t€l0,T]

THEOREM 4.3. Assume o > % and that G satisfies Hypothesis G.1, (GL.1)
and (Gp.1) for some p € (o — %)_1, 400). Then for each initial condition 6y €
LP, there exists a pathwise unique probabilistically strong solution 6 of equation
(3.1) over [0, T'] with initial condition 6 (0) = 6y such that

E sup |A_1/29(z‘)|2 < 00.
t€[0,T]

Moreover, the solution satisfies

T
E sup H@(t)”i,,—i—E/ |Aa9(t)|2dt<oo.
1€[0,T] 0
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PROOF. By Theorem 4.2, Theorem 3.3 and the Yamada—Watanabe theorem
(cf. [45] or [33, 43]), we get that for each initial condition 6y € L?, there exists
a pathwise unique probabilistically strong solution 6 of equation (3.1) over [0, T']
with initial condition 6 (0) = 0y such that

sup [0(0)]|,» < oo, P-as.,
1€[0,T]

and

E sup |[A™"20(1))* < 0.
tel0,T]

By the remark before Theorem 4.3, the first result follows. By Theorem 3.3 and
(3.6), the last part of the assertion follows. [

THEOREM 4.4 (Markov property). Assume o > % and that G satisfies Hy-

pothesis G.1, (GL.1) and (Gp.1) for some p € (o — %)_1, 400). If 6y € L?, then
for every bounded, B(H)-measurable F : H — R, and all s,t € [0,T], s <t

E(F(6(0))|F;)(@) = E(F(6(t,5,0(s)(®))))  for P-a.s.w € Q.

Here, 0(t,s,0(s)(w)) denotes the solution to (3.1) starting from 6(s) at time s
satisfying

E sup |A™'20()) < o0.
tels,T]

PROOF. By Theorem 4.3, we have 6(t) = 0(¢,s,6(s)) P-as. Then by the
Yamada—Watanabe theorem in [45], we have P-a.s.
E(F(6(1))|F;s)(w) = E(F(0(t,s,0(s))) | Fs)(w)
=E(F(H(O(s), W(-+5) — W(5)))|Fs) (@)
=E(FH@O(s)(@), W(-+s5) — W(s5))))
=E(F(0(t,5,0(5)(@)))),
where H is the functional obtained by the Yamada—Watanabe theorem such that
H(6(0), W) is a strong solution to (3.1). [
We set for B(H)-measurable FF: H — R,andt € [0, T],x € LP
P,F(x):=EF(0(,x)).

Here, and in the following, we use (¢, x) to denote a solution with initial value x.
Then by Theorem 4.4, we have for F: H — R, bounded and B(H)-measurable,
s, t>0,

Py(PF)(x) = Py F(x), xelLP pe((@—1)" +o0).
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5. Ergodicity in the subcritical case. Now fix o > % and we assume U = H,
W (¢) is a cylindrical Wiener process in H defined on a filtered probability space
(2, F, {Fi}i=0, P). We make the following assumptions on G.

HYPOTHESIS E.1. G does not depend on 6 and there exists o > 0 such that
G € Ly(H:; H**%%) that is,

&y = Tr(A4_2“+2“GG*) < 00.
HYPOTHESIS E.2. There exist N € N and g € L(H) such that Gg = Py.

For g9 > 0 and any W € C(R™, H~'7%0), we define

0 t
ZW)(0):= ) (g,-jﬁ,- (1) =2 /O e Mg Bi(s) ds)e Js
i,j=1
if the convergence of the sum is uniformly with respect to ¢ in every bounded time
interval, otherwise set z(W) := +o0. Here, B; (¢) := e (€is W(t))H-n-go, 8ij =
(Ge;, ej). Under Hypothesis E.1, there exists ' C € such that P(Q') =1 and for
we Y, z2(W(w)) € C([0, 00), H**#) for some 0 < ¢ < ¢, and on (Q, F, Fy, P),
z(W) is the mild solution of the equation: dz 4+ Ayz = G d W with initial condition
z(0) =0.
Now for vg € H!, W € C(R*, H~17¢0) we define

0(t. W, o) = { v(t,v0,z(W)), ifz(W)eCRT, H") form <2+o,
o, otherwise,

where v(t, vg, z(W)) is the solution to (A.1) we obtained in Theorem A.l.
Then by Theorem A.4 in Appendix A, v is a measurable mapping from Rt x
CRT, H*I*’SO) x H'into HY, (r, W, 6p) — v(t, W, 6y). We can now define

0(t, W, 60) :==v(t, W,60) +z(t, W),

which is a measurable map from Rt x C(R*, H=17%0) x H! into H!. Then for
the cylindrical Wiener process W, (¢, W, 6p) is a solution to (3.1), whose laws
Py,, 00 € H ! form a Markov process on H!, since H' is an invariant space for
(3.1) under assumption Hypothesis E.1. Let (P);>0 be the associated transition
semigroup on B, (H'). Now we want to study the long time behavior of the semi-
group P;.

REMARK 5.1. (i) Hypothesis E.1 obviously implies Hypothesis G.1, (Gp.1)
for all p € ((o — %)_1, o0) and (GL.1). For x := 6y € L?, let P, denote the law of
the corresponding solution 6 to (3.1). Then by Theorems 4.3 and 4.4, the measures
Py, x € L? form a Markov process.
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(i1) The existence of a map g such that Gg = Py is equivalent to the following
property:

PyH C Im(G).

(iii) Hypothesis E.1 is to make sure that the associated O—U process has a ver-
sion z € C([0, 00); H°(T?)) (see, e.g., [11], the proof of Theorem 5.16, and
use Sobolev embedding). If we consider the stochastic integral taking values in a
Banach space [e.g., LP(TZ), p > 1] and use the theory developed in [3], we can
change Hypothesis E.1 to the following condition: G € Lo(H; H I—ater/ 2) and for
some €1, g satisfying e1g > 2

1/2 1/2

[Zwrecar] ] +][Eear

k L1 k
By this and similar arguments as in [3], we obtain for ¢ < ¢; and eg > 2 that the
O-U process has a version z € C ([0, 00); H'19) c C([0, oo); H:%°(T?)), but in
this paper we stay in the Hilbert space framework for simplicity.

(iv) For more general noise, we do not know how to obtain Proposition 5.7 since
we cannot control E exp ||0 ||‘lL7 ». Therefore, we restrict ourselves to additive noise.

< 00.
L(@+D)/(@—1/2)

5.1. Preliminaries and some useful estimates. First, we want to collect some
useful and fundamental results about coupling from [34] and [36] which we will
use later. Let (A1, Ap) be two probability measures on a Polish space E. Let
(Z1, Z») be a couple of random variables (2, F) — E x E. We say that (Z;, Z»)
is a coupling of (A1, Ap) if A; =D(Z;) for i = 1,2, where we use D(Z;) to
denote the distribution of Z;.

LEMMA 5.2. Let (A1, Ay) be two probability measures on a Polish space
(E,B(E)). Then
A1 — Azllvar = min P(Zy # Z»),

where the minimum is taken over all couplings (Z1, Z>) of (A1, A2). There exists
a coupling for which the minimum value is attained and it is called a maximal
coupling. Moreover, the maximal coupling has the following property:

P(Z1=272,,Z1€T) = (A1 AA)T), I'e B(E).

LEMMA 5.3 (cf. [36], Lemma C.1). Let A{ and Ay be two equivalent proba-
bility measures on E. Then for any p > 1 and any measurable subset A C E

dA1\?

Al(A)”>1/(1’_1)
plp(A) .

implies

(A AAA) = (1- %)(



STOCHASTIC QUASI-GEOSTROPHIC EQUATION 1225

PROPOSITION 5.4 (cf. [40], Proposition 1.4). Let E and F be two Polish
spaces, fo:E — F be a measurable map and (A1, A2) be two probability mea-
sures on E. Set Lj = fyA;, i =1,2. Then there exists a coupling (Vi, V2) of
(A1, M) such that (fo(V1), fo(V2)) is a maximal coupling of (A1, A2).

Now we give some useful estimates which will be used in the next two subsec-
tions. Let 6,, denote the approximation in the proof of Theorem 3.3. As will be seen
below, we shall need uniform L?”-estimates, and a crucial ingredient to prove them
is the following improved version of the “positivity lemma,” that is, Lemma 3.2 in
[44].

LEMMA 5.5 (Improved positivity lemma). For @ € (0,1), and 6 € LP with
A% e L?, for some 2 < p < 00,

2
/ 191720 (KAZ“ _ —‘)9 > 0.
p

PROOF. Denote the semigroup with respect to —k A% 4 2% and —k A%® in
L? by P,O and P,l, respectively. Then we have PtO f=e¥M/p P,l f. Since
[P Fle < eI f N2
and
|2/ Flpoe < 0 e,
by the interpolation theorem, we have
[P flpn < e1P0 f Lo,
which implies that

1P £l < I fliLe.

Then we get that

d _ 24
o |PY|7, = f |PP6]|” 2(P,°9)<P,0<—KA2“ + —1)0> dx <0.
p

Letting t — 0, we obtain the result. [J

PROPOSITION 5.6. Leto > % Suppose Hypothesis E.1 holds. For x € L?, let
6 denote the solution of equation (3.1) with the initial value x. Then for2 < p < 0o

_ —p/2 2 _
E|0@)]}, < lx1f,e™ +CE[Lp(p — D27 PRED 2 (1 — e,

where Cg is the constant for the Sobolev embedding.
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PROOF. Using [29], Lemma 5.1, or [4], Theorem 2.4, for 8,, we obtain
ez, =l6&)7»

+ /St[—p/TZ|9(1)|”‘29(1)(KA2“9(1) +u(l) - Vo)) dg
+ %p(p - 1)szye(l)y"‘2(Z|k5n * G(ej)|2> ds}dl
j
+p/st A219(1)1P‘29(1)k5n *GdedW()
<le®|?, —2A1/SIAZ|9(Z)|pd$dl

R P—2( | 2)
(5.1) +js Sp(p 1)/T2|9(1)| ;‘kgn*G(ej)‘ d& dl

t b2
+pﬁ /Tz{e(m 0()ks, * G dE AW ()

t
<le®|?, —211/ /2|9(l)|”d§dl

+/ (M/ lo)|? d&

r/2
[ p(p— 1)} Af(p_z)/2f<2]k5n *G(ej)yz) dg) dl
j

t b2
+ p/s /Tz{e(l){ O(Dks, * GdEdW (1),

where we used Lemma 5.5 to get the first inequality and Young’s inequality to get
the last inequality. Here, for simplicity, we write 6(¢) = 6, (¢, x). Taking expecta-
tion, we obtain

El6 [}, < Elon) g, = Br [ [ lend]” deal

p[1 PR v
+C5[5p(p—1):| A &' Tt —ys).
Here, we use [12(Y; 1G(e))H)P/2dé < (X (Jr2 |G (e)|P &)X/ PyP/> < ChEY?.
Then Gronwall’s lemma yields that
Ele P 6. (0 P —At CP 1 -1 P/ZA p/ZEp/Z —At
1617 = 62O pe™ + C5[5p(p = 1] (I—e™™).
Letting n — oo in the above inequality, we deduce

E6|?, < lxIP e + CP[Lp(p — DIPPA PP (1 =), O
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5.2. Uniqueness of the invariant measure. In this subsection, we assume con-
ditions Hypotheses E.1 and E.2 to hold. To prove uniqueness of invariant measure
is much harder and in this section we first concrete on proving this. Existence
will be shown in the next subsection. In addition, we shall prove polynomial con-
vergence of the semigroup to the invariant measure in Section 5.3 below. If the
dissipation term is strong enough (i.e., o > %) we actually obtain exponential con-
vergence (see Section 6).

Now we build an auxiliary process 6. The aim is to find a shift 4 belonging to
Cameron—Martin space of the driving process such that E||6(t) — 6 Olg-12—0
as t — oo. Fix 6, and consider

dO(t) + Agb(t)dt +ii(t) - VO(t) dt + Ko Py (0 — 0(t, W, 6p)) dt
5.2) =GdwW (),

6(0) =6y e H',
where i satisﬁes~(1.3) with 9~rep1aced by 6 and Ky is a constant to be determined
later. Since || PyO| Lr < Cn|0]lLr for p > 2, by a similar argument as in the proof
of Theorems A.4 in Appendix A we obtain that there exists a measurable mapping
from RT x C(RY, H~'=%) x H' x H' into H', (1, W, 60, 600) — 6, W 6. 0p).
such that 6 (¢, W, 6y, 6p) is the solution of (5.2). Moreover, by the w-wise unique-

ness of (3.1) and (5.2) (which can be easily checked by a similar argument as the
proof of Theorem 4.2), we have

(6(t,60),0(t,60,00)) = (0(t, 5,6(5)),0(t, s,0(s, 00), 0(s, 60, 0p))) P-as.,

which implies that (6(t), 6(1)) = (6(t, W,00),0(t, W, 60, 00)) defines a Markov
process. Here, for simplicity, we omit W and 0(¢,s, 6(s)), 9(t~, s,0(s,0p),
0(s, 6o, 6p)) denote the solutions to (3.1), (5.2) starting from 6(s), 6(s) at time
s, respectively. 3
Now we derive a uniform | - |* estimate for 6. Here, we give formal calculations
which can be made rigorous by using Galerkin approximations:
A6 + 4|0 @) 11611 3a dt + 4Ko|0 (1) |*| Pr|? dt
< 4|80 [*(GdW (1), 6) + 4Ko|G (1) || PxBII61 dt + 616 21112, g7,y dt
<46()|HGdW (1), 6) + || dr + C(e)(16* + 1) dt.
Taking expectation and by Proposition 5.6, we obtain

(5.3) Efp|'<c.,  wvi>o,

where C is a constant independent of 7.
Define h(6,0) := —gKoPy (0 — 0) for g in Hypothesis E.2. Then for any
(t,60,00) € Rt x H' x H' and the cylindrical Wiener process W we have for
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w € Q' that Z(W(®)), z(W(w) + [3h(O(s, W(w), 00), O(s, W(®), 0o, 0))ds) €
C([0, 00), H**¢), & < 0. Then for w € ,

e(z, W)+ [ B0 W (@), 00).5(5. W (@), 00.80)) ds. o) — (W (@)
is a solution to the following equation:
dv(t) + Ag0(t) dt +uyi (1) - V(O +2)(t)dt + KoPn (D — v(t, W,00))dt =0,

where uj., satisfies (1.3) with 6 replaced by v + z. Since for every w € @’ the
above equation admits at most one solution, for w € Q' we have

6(t, W(w), 6o, fo)
(5.4)

- 9<l, W () + /0 h(0(s, W(®), 60). 6 (s, W (w). b0, o)) ds, éo>.

Now for p = é(t, W, 6o, 0p) — 6(t, W, 6), we have the following results. Here,
we want to emphasize that although the initial value 6y € H', we can only obtain
that p converges to 0 in H~'/? norm.

PROPOSITION 5.7. Fix a > 1/2. Let 8o := Any1 — 2P/2CRCE k=Pl p(p —
1)]P/2)L1_1’/25(§’/2 >0 for p= aaj}z’ where N is as in Hypothesis E.2, and Cg,
Cr are the constants for the Sobolev embedding and Riesz transform, respectively.

Then for 16011 sby-1) + 160l tn 1) < 2Co for some m > 5, Ko > Ay41 and 1 <

q < mT_l, there exists a positive constant C such that for any t > 0

EIA"2p) < ————

| p(0)] <G ThH
(where we can choose Cy large enough such that Cqy > 4C§[%p(p — 1)]17/2)\,1_17/2 X
e,

REMARK 5.8. From the condition Ay 1 — 2P/2CEC3F =P p(p — 1)]P/? x
)Ll_p / 2867 25 0, which also appears in the main theorem, we know that if the vis-
cosity constant « is large enough or &y is small enough we could even take N = 0.

PROOF OF PROPOSITION 5.7. In the proof, we omit W for simplicity. From
(3.1) and (5.2), we obtain that p satisfies the following equation in the weak sense:

do(t i
%:—Aa,o—KoPNp—ﬁ-VQ-i—u-VQ

=—Aa,o—K0PNp—u-Vp—up-V9~,



STOCHASTIC QUASI-GEOSTROPHIC EQUATION 1229

where u, satisfies (1.3) with 6 replaced by p. Taking the inner product with A lp
in H, and using that
ntlup - VO, A p) i =0
(cf. [44]), we obtain
1d
2 dt
We have

|A™2p)? = —ic| A%V 2p P — Ko| Py A2 0* — i - Vo, A o)1

-1l Vo, A7 p) ]

VA~ ol < Csllulieellpl g VA o]l 1

2 _ 2(1-1
AT o

< llulizrllollLe:

< CsCrIONL | A o) % 151/p < CsCrIONL A 0]

2

Kiva—12 2, ~r(¥ BRI ~12
= AT FplT+Ci(F) NNz [AT

where Cg, Cr are the constants for Sobolev embedding and Riesz transform, re-
spectively, and C; = CsCpg. Here, % + % =1 for p > a+1/2’ r= m
and we use Holder’s inequality and that divu = O in the first inequality and
H'/P < LP' continuously in the second inequality, the interpolation inequality
(2.3) in the fourth inequality and Young’s inequality in the last equality. Then we
obtain

d
E|A—1/20}2 < —k[A®72p P — Ko Py A 2p )

K 1—r 1n 2
+2C{<5) 16115 5| A=Y 20|
Since, because Ky > Ay, we have
_ 2 _ 2 — 2
a1 AT 20" <k |QN AT 2p|T 4 Ko| Py ATVpl

< k| ATV2p 2 1 Kol Py A2 p),

it follows that
d 12 2 K\ 12 2
I8Pk (v —2¢(5) 0l ) 1A 0P <0,
Thus, by Gronwall’s lemma, we obtain

— 2 — 2
(A7 o) <A p0)],

where

(K 17)’1 t P
[ (t,00) = —Any1 +2C 5 ;/OHG(S)”LPU[S-
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By the same arguments as in the proof of Theorem A.1 in Appendix A, we have
6, — 6 in L>([0, T], H') a.s. Letting n — oo in (5.1), by (3.11) we obtain

t
||9(z)||i,,+)\1/ / 0| d& di
0 JT2
1 P2 N2 ap
<100l + CE[5ptp = D] 27"y

t
+p/0 A2|9(1)|P*29(1)GdgdW(1).

Here, we use that [p(}; IG(ej)lz)”/zdS < (Zj(fr[zIG(ej)|pd-§)2/p)p/2 =<
chel?.

Since p = 2+

a—1/2

implies p =r, we get

K

l=p1 it
I'(¢,600) < —ANn+1 +2Cf(2> ;/0 l0Gs) |7, ds

pK =r p
< —hys1 +2C] (5) - leol?,

+2P/2CPCli P [p(p — D] PPEL?
I-p t
r(k L// p—2
+2C1<2) o Jo JPOFT0DG dEdW D).
For M(t) := p [§ [1210()|P~20(1)G d& AW (1), we have

t 2
), = pect [ ([ o) dg) as.

where we use that 3" |G (e;)[*(§) < X |G (e;)[|7 < C5&o. Then for any m > 1

(M) < CTpPm R (/Ot (/TZW(S)V"I dé)zds>m

t
< Cgmpzmsgrm*/ <f2|9(s)|2"’(”‘”dg> ds.
0 T
2m(p—1)

Since ||90||L2m([,,1) < 2Cyp by Proposition 5.6 there exists a constant C ; (Co)

independent of ¢ such that E||9(t)||i"21,,5f)p__})) < Cp,m for t > 0. Thus, for M, =
SUp,_j<;<n M(t), we have

(19> st n) < P o O
Y Tacl/2)l=r ) T (ecp=1ag /2P HICT))2mp2m
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Now define the following random times:

eM }
T =supyn:|M,| > ————ny.
bound p{ | n| 4C{7(K/2)l_p

By [35], Lemma 5, we have that if m > 1, then Tyoung is finite almost surely. Set

<T 2p+lcé7/(2m(pl))clp>
T := max , ,
bound /cl’_l)qs
then we have

t>1 = TI'(t,0p) — (=) <&,

where 80 = Ano1 — 2P/2CPClk' =P p(p — 1)],,/2)\—17/2517/2, which implies that
1¢5 1 0 p
for § € (0,6p) and ¢ > T,

A~ o) < [ATV2(00 — Bo) e

For pg € (0,m — 1), by [35],£emma 5, ETP0 is finite. Moreover, we obtain that
forl <g < mT_l, there exists C > 0 such that for any ¢ > 0

E[A"p(0)]
(5.5) <Ce ¥ + (EIA2p)N P P(x > 012

<C——,
T+ 1%
where we used (5.3) in the last inequality. [

Now we fixm > 35and 8 < ¢ < mT_3. Proposition 5.7 still holds for such m, g.
Moreover, we also have for any 7y > 0

P</ o) de= co m)

1 1)4 o]
(5.6) <c%ft E|A~"2o()dt
0

1
(to+ 1)

where h(t) =h(6(t, W, 6p), 5(t, W, 0o, 50)) and we used Proposition 5.7 in the last
inequality. Moreover, by Theorem 5.9, we obtain that there exists py > 0 such that

00 ) = g %) “12 2
P(/o ()| zC)gFE/O A 202t

<1-po,

<C

(5.7)

where C can be chosen large enough such that (5.5), (5.6) and (5.7) are satisfied.
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Now we use a similar coupling method as in [40] to deduce the uniqueness of
the invariant measure. More precisely, we have the following result.

THEOREM 5.9. Fix o > 1/2. Assume Hypotheses E.1 and E. 2 hold Let §p :=
AN41 — 21’/2CpC2p/<1 Plp(p — 1)]p/2A p/ng/Z >0 for p= = 1/2, where N is
as in Hypotheszs E.2, and Cg, Cg are the constants for Sobolev embedding and
Riesz transform, respectively. Then there exists at most one invariant measure for
the Markov semigroup P, on H'.

PROOF. Step 1. Construction of a coupling of the solutions.

For 9&,0& € H' and T > 0, we apply [40], Corollary 1.5, to (6(-, W, 9&), o(,
W,03),0(-, W,6},623)) on [0, T] and obtain (80(-,6,63),09(-,64,62),6°C, 64,
93)) on [0, T'] such that the law of (9?(-,0&, 93),50(-,9(},93)) is the same as
O, W,00),0(,W,08,6%)) and (69(-,6},63),0°(-,6,62)) is a maximal cou-
pling of (DO (-, W,63)), D@ (-, W,64,63))) on [0, T].

Then we obtain a sequence of independent versions of the mapping

(6. 60) — (67, 60.63). 63,63 63).°(-. 6. 62)).
We denote this sequence by (61, 65, 6™), and define recursively

01(nT +-,08,02) =0 (-, 01(nT), 62(nT)),
0(nT +-,63.68) = ;( 01(nT), 0, (nT)),
O(nT +-,60,03) =0"(-,01(nT), 02(nT)).

Then 6;(t,6;,62), 62(t,04,63),0(t, 6], 62) is defined for all ¢ € [0, 00) such that
(61 03.63).62(-, 63, 63)) is a coupling of (D(O(-, W,6,)), DO(-, W, 63))). We
denote the associated probability space by (2, F, F;, P). Moreover, (01 (nT, o1,
93),q2(nT,91, 02),0(nT,03,62)), is a Markov chain and 6;(-, 6}, 63), 62(-, 6;,
93), 6(-, 61, 93) satisfy the following property:

E(gd’g‘%)[f(@l, 0,,0) o Oy | Fir] = E® (kT)’GZ(kT))f(el’ 02.0),

where ®; is the shift operator.
Step 2. Introduction of [y.
We set

lo(k) = min{l <k|P;«},
where min @ = oo and

(l)ié(-,eg,eg):ezz(-,eg,leg) on(lT,kT),2 1
61T 63, 63) 7501 + 16207, 6. 63) 175801) < 2Co.

L2m(p—1) L2m(p—1)
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Then by (5.5) and the Markov property of 6;(-, 9&, 93), (-, 0&,93), §(~, 9(},93)
we have forr > [T

E(IA2(02(1.6.03) — 01 60..63)) [ 11y 000)

E(|A="2(62(1,65.65) — 61(1, 65 65)) | Lig(o0)=k)

MN

k

Il
S

Z E(|A7Y2(02(t —kT +kT,6,63) — 61(t —kT +kT,6],63))|

g (00)=k | Fk) ]

l
= > E[ENEDLEIAT2(0,(t — kT, 0,(KT), 6,(kT))
k=0

-6 (; —kT,01(kT), 92(kT)))|

’ 1{62(-—kT,91 (kT),Qg(kT)):é(-—kT,@l (kT),Gg(kT))}]
1 m m
(01 DI+ 162D 2500 .)_zco}]

l
<Y E[ECCDLEIDNAV2(@ (e — kT, W, 61 (kT), 62(kT))
k=0

—0(t —kT, W,0,(T)))|]

-1 2m(p—1)

2 1
(or DI+ 102 eI <2co))

L2m(p—1) =
1
<CY t—kT+1)4<Ct—IT+1) 7",
k=0

where we used 6; (kT') to denote 0; (kT 6&, 98) for simplicity.

Step 3. Construction of Wiener processes.

Now we want to estimate P (lo(k + 1) = 0|lp(k) = 0). As in most papers using
coupling methods for SPDEs, our tool is the Girsanov transform. Set

h(t, W)=h(0(t — kT, W,0,(kT,64,62)),
O(t — kT, W,0,(kT,61,62),0.(kT, 6],62))),

(W) = inf{t € (kT, (k + l)T]’ /f |h(t, W)|2dt > C(kT + 1)—4}.

Then by Proposition 5.4, we obtain cylindrical Wiener processes Wi, W on

(Q ]: P) such that
T (WA
(Wz, wit [ W1>dr),
kT
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is a maximal coupling of (D(W), D(W + fkt}(W)A' h(t, W)ydt)) on [kT, (k+ 1)T].
If [p(k) = 0, by construction in Step 1, we have

P(lo(k + 1) = 0|Fxr)
= P(0(t,6,68) = 021,68, 603) for t € [kT, (k + 1)T]| Fir)
(5.8) > P(O(-— kT, W1,60,(kT,64,63),62(kT, 65, 63))
0(- — kT, Wa, 62(kT, 6;,63)) for t € [kT, (k + 1)T])

%

~ T (WA
P(W2:W1+/ h(t, W1)dt and ‘L’1(W1):(k+l)T>,
kT

where we used that (67(-, o1, 98), 0(-, 61, 93)) is a maximal coupling of (é(- —
kT, W1,01(kT, 0,03),02(kT,68,03)),0(- — kT, W2, 02(kT, 63, 63))) in the first
inequality and (5.4) in the last inequality.

Now set A := {W|ty(W) = (k+ )T}, A1 :==D(W), Ay :=DW + [Z"
h(t, W)dt). Then the Novikov condition is satisfied for A; and A, which by the
Girsanov transform implies that

dAy _ (W) 1 pnan ,
(d—Az>(W)_eXp<_/kT e Wydwa) =5 [ he )| dt).

Thus, we have

dA1\? o (W) = -
/(dA;) dA1 < E(Mpeld heWPdry o CET+177

where My = exp(—2 [ h(t, W) dW (1) =2 [5 |h(z, W) |2 dr) and EM; < 1.
By this, (5.7), (5.8) and Lemmas 5.2 and 5.3, we obtain

P(lo(1) =0) = (A1 A A2)(A)
1/ [(dA1)> - 2. P T
=5 ([ () am) mear= e

Step 4. Estimate for P(lo(k + 1) # 0, lo(k) = 0).
By (5.8), we obtain

(5.9

P(lo(k + 1) # 0| Fxr)

~ T (WA
5P(W2=W1+f h(t, W])dtandfl(W1)<(k+1)T)
kT

- T (WA
+P<W2#W1 +/ h(t, Wl)dl‘>.
k

T
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Since (W,, W) + for'(W‘)/\'h(t, W) dr) is a maximal coupling, it follows from
Lemma 5.2 and the construction of 7; that

T (WA
<W275W1+/ h(t, Wl)df)

= ”Al - A2||Var

dA1 // dA1 >1/2
dA —1< dA —1
- 2\// dA2 2 dA2 !

< STk + 1)/,

(5.10)

Since by the Markov property of (6 (-, 0(} , «93), 6 G, 9(} , 6’3)), we have
~ T (WpA-
P(W2=W1+/ h(t, Wy)dt and‘E1(W1)<(k+1)T)
kT

< P(0(-— kT, Wa, 0, (KT, 6, 63))
=6(-— kT, Wy, 61(kT,6,63),02(kT, 64, 63))

and 7 (W) < (k + 1)T)
L/ (T .
< P(/ IhGe, w2 dt > CkT + 1)—4>
kT

(k+DT s Lo _ ~
gp(/ RO, W, 00), 8(t, W, 80, 62)) 2 di > C(KT + 1) 4),
k

T
by (5.6) and (5.10), we obtain
(5.11) P(lo(k 4+ 1) # 0 and [o(k) =0) < C (kT 4 1)79/2,

where C depends on C.
Step 5. Estimate for Ely(c0)4.
Since lo(k) = 0 implies [p(/) =0 forany 0 </ <k < oo,

P(lp(c0) #0) < > P(lp(k + 1) # 0 and [y (k) = 0).

k=0
By (5.9) and (5.11), we obtain

2 o0
P(lo(00) #0) <1 = E2eC 4 C Y (T + 17"
k=1
Then there exists Ty such that for 7 > Ty we have

2 _
(5.12) P(lo(00) = 0) > po = %e—c.
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Now fix T = Ty. Define
o :=inf{n € N|lp(n) > 0}.
It follows from (5.11) that
P(oc=k+1)<CkT +1)79/2.
Now for 1 <gq; <% —1,
(5.13) Eo?15.00 < K1,

where K is a constant. For §:=min{n € N|||6; (nT)||i’§’,§f’p‘_}3+||92(nT)||i’§,§f’,,__}f <

2Cy}, by Proposition 5.6 we obtain that there exist y > 0 and ¢ > 0 such that

2 —1 2 —1
(5.14) E(e”®) < c(1+ 001221 4 o) 2mr= 1)y

L2m(p—1) L2m(p—1)

(cf. [36], [38], (1.56)), where we used Co > 4CE[L p(p — 1)1P22 P20/ Set

30 =94,
Ok41 := 00 if 6y = o0; Ok+1:=0 0 Dg 7 + 8 else,
Sk 1= 00 if o, = o0; Sk =80 Py 1 + 0% else,

where @, is the shift operator. Set  := o0 + § o @, 7. If [o(0) = 0, by the Markov
property, (5.13) and (5.14)
E(’?q' 1r;<oo) = C(E(Uql 1(r<oo) + E((8 o cI)rrT)qI 150<I>U<oolrr<oo))
=< C(E(Uql 10<oo)
+cE(L+ 010D 5t + 1020 T | Fantr ) Lo <oc)

2m(p—1 2m(p—1
< C(1+ 0017 atms) + 1621 7mt00)).

where we used Proposition 5.6 in the last inequality. Since 8 = 6x—1 +no Ps,_, 7,
we obtain for 1 < g1 <4 —1,

k—1
E(CSZI 16k<oo) =< (k + 1)(11—1 (E(Sql + Z E(U o q)(SnT)ql 1no<l>5nr<oo)

(5.15) n=0

< Clk+ DT (L4 07 [ at ) + 1631 ntr))-
Moreover, if §; < 00, then oy = 0o deduces that /o(co) = dy. Define
ko := inf{k € Zt|0j4+1 = oo}.
Then (5.12) implies that

(5.16) P(ko>n) <(1— po)".
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By (5.16), we obtain kg < 0o a.s., which implies [y(c0) < oo a.s. Moreover, we
have for 1 <gqp <4 —1,

o0

E(lo(00)*) < Y E(8% 15, <00 lkg=n)-

n=0
Then by Holder’s inequality, we have for o+ L/ 1, p1, p} > 1, satisfying
P2 <% —1

o0
E(lo(oo)qZ) < Z(E8r11714218n<00)1/171 P(k() — n)]/p/l )
n=0
By (5.15) and (5.16), we obtain

o0
E(lp(c0)?) < c(Zm + 1% (1 — po)"/p1>(1 Nl e 2] It
n=0
< Q.

Step 6. Conclusion.
By Step 2 and Step 5, we have forf > 0 and 1 < ¢ < % -1

E|AT'2(02(t,65.605) — 61(t.65.65))]
< E(|A7Y2(02(t. 05, 65) — 01(t. 06 600)) | Ligtoor=1)
+CP(lp(c0) > 1+1)"?

2 1 2m(p—1 _ _
< C(L+ 00350 + 0917 ) + 1 = 1)1+ 4 (4 1) 7272,
where we used Proposmon 5.6 in the first inequality. Choosing [ = [’ +1] we ob-

tain for 1 < g3 < -1

1 E|A_l/2(9z(f,9é,95) —61(1,64.69))|
oA 012m(p=1) | 502 (p—1) —g3
<C(+ 67 2 + 1621 )t + D75,

1.2m(p—1) L2m(p—1)

Thus, for i € C(H") with Cy = SUPy yeH! % < 00, we have
| Py (x) — P (y)|
(5.18) < CyE|AV2(62(t, x, y) — 01(2, x, y))|

2 -1 2 —1 _
< CCy(L+IxT50 s + Iy I 7b ) (¢ + 1) 7%
By Proposition 5.6, we obtain that for 2 < p; < oo

E|60@|5%, < lx)1F3,e

P2 1 /2 —p2/2cp2/2 — At
+Cg [Epz(pz—l)] A E (1 —e ™.
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Since for any invariant measure 4 on H! and any ¢ > 0, there exists b, > 0 such
that u(x € H': ||x||L,,2 > b.) < &, we obtain that for any L > 0

[ ALydu< [

{e:llx b3, <be)

(E[6) |30 A L)dpi+ Le

St | ] P12 2 pa) gt
<bge ! +CS 51’2(1’2— 1) )‘-1 5() (1 —e M )
+ Le.

Letting t — o0, & — 0 and L — oo, we obtain that for any invariant measure

P2 pa[ 1 m/2 —p2/20p2/2
619 [ e B Imn -] e

Then by (5.18), (5.19) for any invariant measures (1, (2 we obtain for i €
C(H") with Cyy < +ooand 1 < g3 < -1,

] [wem@n - [ve@naan

1 2 —1 _
<ccy (14 [t Do + [ 150 Dea@n )@+ ne.
Letting t — oo, we get that 1 = pup. U

REMARK 5.10. (i) The coupling method has been introduced, for example,
in [13, 30-32, 36] to study ergodicity for stochastic partial differential equations.
In these papers, they decompose the process into the sum of a strongly dissipative
process h and another finite dimensional dynamics / driven by a nondegenerate
noise. The process is uniquely determined by the nondegenerate part [ which can
be treated by probabilistic arguments. However, in our case, we cannot decompose
the process into the two desired parts since the uniqueness of the process & depends
on the L?-norm estimate, which cannot be obtained for 4.

(ii) It is not clear how to directly use the results in [40] for the following two
reasons: Although we consider the semigroup in H'!, the convergence we used in
Theorem 5.9 is in H~!/2. In [40], only one state space has been considered. If we
choose the general Hilbert space in [40] as H!, we cannot get the estimate (5.5) for
the H'-norm. If we choose the general Hilbert space in [40] as H ~!/?, the estimate
(5.5) does also not hold for rough initial values in H —1/2 The second reason is
that, since Theorem 5.9 depends on the L”-norm estimate, we can only prove
E|61(z, 0&, 93) — 0,(¢, 0&, Qg)ll g —-1/2 converges to zero polynomially fast instead
of exponentially fast, when time goes to infinity, where (6 (¢, 0(} , 93), O (t, 9(; , 0&))
denotes a coupling of two solutions to (3.1) with different initial values 96 eH',
i=1,2.
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(iii) In the situation of Theorem 5.9, we also obtain that P, on H! is asymptoti-
cally strong Feller. In fact, for x, y € H', define d,, (x, y) := 1 An|A™2(x — y)|.
For any two probabilities on H 1 u1, w2, we denote the set of positive measures on
H! x H! with marginals @ and wp by C(ue1, u2). Define the Wasserstein distance

lir — p2llg:=  inf / d(x, y)u(dx,dy).
neC(pi,m2) JH x H1

By definition and (5.17), we obtain
| PuCx. ) = Pu(y. ), <nE|ATV2(02(n, x, y) = 01(n, x, )|

< C(llxll 2mo-1, 1yl p2mp—1 )nn =93,
Then we have

lim limsup sup || P,(x,) — Py(y,)|, =0,
y—0 n—oo yEB(x,y) "

where B(x, y) denotes the ball in H! with center x and radius y, which implies
that P, on H'! is asymptotically strong Feller.

(iv) It seems difficult to directly verify the gradient estimate for the semigroup as
[21] did for the 2D Navier—Stokes equation. By their method, we need to consider
an infinitesimal perturbation to the initial condition and to estimate the derivative
of the solution D6 with respect to the initial value, which requires a good estimate
for Eexp||60 ||§,,. However, this cannot be obtained for o > % Even if the noise
is nondegenerate and we use the Bismut-Elworthy-Li formula to compute the
gradient of the semigroup, the ergodicity results only holds for o > % by delicate
estimates (see Section 6). We cannot directly use the criterion in [27], since it is
not clear how to verify the e-property in [27] for the semigroup associated with the
2D stochastic quasi-geostrophic equation.

5.3. Existence of invariant measures for o > % Assume that G satisfies con-
dition Hypothesis E.1.

LEMMA 5.11. Leta > %.If6p € H',t > 0, then:
i) E(0MI?) + E [51A%0() |12 dr < 160> +t Tt[GG*],

(ii) for§ <1 and g > %gf% p =1, we have

E/, |AST0 () 2 dr<C<ftE||9(r)||q dr+1><Cf(||9 174 +1)
0 (1+|A36(r)|2)p+1 — 0 L4 = OllLq s

(iii) forq > Z“J_rz, there exist 0 < §1 <1 —a and 0 < vy < 1 such that
200—1

EM}A@W)&,V? dr] < C+0(I60ll7y +1).
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PROOF. (i) is well known and follows from It&’s formula applied to |0 (¢) |2. By
Theorems A.1, A.2 in Appendix A, we obtain 6 € C([0, c0), H') N L2 ([0, 00),

loc
H'*®) P-as. By a similar argument as in the proof of Theorem 4.2, we obtain for

s<1
Ld| AP0 + | AP*90 7 di + (A% (u - VO), APT26)d1
=(A%0, A°GdW,)+ 1 TH{GG*A®] dt.
Then we apply Itd’s formula to the function (1 4 |A%9|?)~7 and get

1 1
(L+1A0@P)P  (1+][A%6]%)7

t |A8+a9|2 t <A87a(u Vo), A5+a9>
= pK/ sgp1 4 T p_/ 3012y p+1
o (1+[A°0]5)Pt 0 (1+[A%0]5)Pt
/t (A%0, A°G dW,) /r Tr[G G*A%)
— — r
p 0 (1 + |A89|2)p+1 P 0 (1 + |A89|2)p+1

|G*A259 |2
+1asopyp2

t
+w@+nAa

where the last term is meaningful since |G*A2%0|*> < |A‘39|2||A5G||%2(H’H). For

20042 2 _
q4 = 55=7 and o 1= 7= 200 — 1, we have

(A% (u - VO), A2T96)| = |(A°*V - (uh), A°T0)|
< C}A‘s_“+1+(’9| . ||9||Lq|A5+“9|
< Cllo17 P A% + | ASHea
where we used divu = 0 in the first equality and Lemmas 2.1 and 2.2 in the first
inequality and Young’s together with the interpolation inequality (2.3) in the last

inequality.
Hence, we obtain

t |A5+a0|2 ¢ . ,
EA (1+|A89|2)p+1 drfC(\/O E||9||qul’+l‘>ECI(||90”L4+1),

where we used Proposition 5.6 in the last step.

(iii) Since by Young’s inequality for some yg > 0, we have

Stap|2
| AS+eg 20 <C[ |A°t0)
= LT asep)yrh

14 |A59!2}
we obtain for § + o > 1

t
E[/ | pd+ag2 dri| <Cc+0)(l6oll%, +1). O
0
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THEOREM 5.12. Let«a > % and suppose Hypothesis E.1 holds. Then (P;);>0

is H'-Feller, that is, for every t > 0 and { € Cp(HY), Py e Cp(HYY. Further-
more, there exists an invariant measure v on H'! of the transition semigroup
(Py)i=0. Moreover, there are 0 < 81 <1 —a and 0 < yg < 1 such that

'/|A‘31x|2y0 dv < 0.

PROOE. Choose xo € H' and define for 7 > 0

Lo,
=?/0Pr8der.

By Lemma 5.11(iii), we have for ¢ > 1 that
/|A51x|2V°M,(dx) <C.

This implies that {u,|r > 0} is tight on H'. By Theorem A.3 in Appendix A,
we obtain that (P;);>0 is H !_Feller. Hence, any limit point of u; is an invariant
measure for (P;);>9. U

Combining Theorem 5.9 and Theorem 5.12, we obtain the following results.

THEOREM 5.13. Fixa > 1/2. Assume Hypotheses E.1 and E.2 hold. Let 9 =
AN+1—2P/2CPCP+ 1= p[p(p—l)]p/zk p/zé’p/ >0 for p=_~ 1/z,whereN
is as in Hypothesis E.2, Cs, Cg are the constants for Sobolev embeddmg and Riesz

transform, respectively. Then there exists exactly one invariant probability measure
v for P;.

Moreover, for & C(H") with Cy :=sup, 1 0L

i’;m(ﬁ,_ })) duy < 0o for some m > 35, the fol-
—19.

lowing polynomial bound is satisfied for 1 < q3 < "¢~

< oo and any ini-

tial distribution wy on H' with Sl

‘ [ Py motn — [wewvan

(5.20)
2m(p-1) 3
<y (14 [ eI non )@+ ne,

PROOF. (5.20) can be easily deduced from (5.18) and (5.19). [

5.4. Law of large numbers. In this section, we establish the law of large num-
bers for the solution of the stochastic quasi-geostrophic equation. The proof is
mainly inspired by the approach used in [28].
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THEOREM 5.14. Fix a > 1/2. Assume Hypotheses E.1 and E.2 hold. Set

2p - —p/2 op/2
80 = np1 = 2PPPCRCS P p(p — DIPAATIREN? > 0 for p = 2,
where N is as in Hypothesis E.2, Cs, Cr are the constants for the Sobolev em-

bedding and Riesz transform, respectively. Then for W € C(H") with Cy =

Y (O)=¥ Wl
PPyt ATy

< 00 and any initial distribution uo on H' with

2m(
S llx ”Lme)P 1 do < oo for some m > 35,

1 T
lim —/ VY (6(s))ds :/de in probability.
oo T Jo

T—

PROOF. (5.20) implies that for ¢ € C(H") with Cy <00

T
(5.21) lim 7/0 Elﬂ(@(t))dt—/l//(x)v(dx) =

T—o00

Now we want to prove that for bounded € C(H 1y with Cy <0

(5.22) Tli_)m()()‘%E(/(;T Vv (0(1)) dt)2 — </ w(x)v(dx))z‘ =

We have
2

leE(/OTz/f(e(t))dt> :%E(/Tw(g(t))dt/ l//(@(s))ds>
=73 / / V(00w (0(s))]dr ds

_ﬁfo /O(MOPS’th_SI//)dldS.

Moreover, we have that for B := {||x||  2n-1) < R},

’%‘/()T/()I<M0Ps,w(Pt_sw—/w(x)v(dx))>dtds
%/()T/Ot<uops,1B¢(pt_“p_/w(x)v(dx)»dtds
n %/OT /OT<MOPS, lguw(P,_sw—/W(x)v(dx))>dtds

=Ir+1r.

By (5.20), we obtain that there exists 77 > 0 such that for any 7" > T

%fOTP,w)—/wdv

(5.23) sup <eé.

xeB
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Thus, for the first term we have the following:

Iy = / (T—s)<M0PS, 131//[ — /()T_S(P,w—fw(x)v(dx)) dt]>ds
< ‘ﬁ 0T1 s</1,0PTS, 131//[;/0 ( —/W(x)v(dx))dtbds
+ ‘%/Tjs@opr_s, 13111[% [ (Pv = [wewan)at)as

2
2 T
<4V llze T +ell¥llLee,

where we used (5.23) in the last step. For the second term by Proposition 5.6, we
have

4 00
Iy ”w”L / f “)dsdt

= IIWIILw

Choosing R large enough, we obtain for any & > 0 that there exists 7y such that
for T > Ty

‘%/OT /0[<M0Ps,w<P,_sw—/w(x)v(dx)>>dtds <

The latter implies

im_ %E(foTw(e(t) dt) (/w(x)v(dx)>

< hm ‘ /w(x)v(dx)f / (o Ps, Yr)ydtds — </w(x)v(dx))

- ‘/ ¥ ()v(dx)
=0.

Tli_)moo’ﬁ 0 tdt[;/o (MOPS,W)ds—/w(x)v(dx)”

Now by (5.21) and (5.22) we obtain for bounded v with Cy, < oo,

1 T
lim — f ¥ (0(s)) ds = / Wdv i probability.
0

T—o00

In general, we can remove the restriction of the boundedness of ¥ by defining
Y1 =% ALV (—L)for L e R*. Since for x, y € H!

YL () — ¥ (| < [v(x) — ¥ ()] < Cy | ATV (x -
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we have

1 (T
(5.24) lim —f VL (0(s))ds =f1/fL dv in probability.
T—oo T Jo

Since [ || dv < 00, it is clear that

lim /dev=/wdv.
L—o0
Applying (5.21) for |y — |, we have

o 1T .
lim lim E_./o WL(G(S))—1//(9(s))\ds=Lll)mOO/|wL—1//|dv=0.

LsocoT—oo0 T

Now the result follows by taking the limit on both sides of (5.24). [

6. Exponential convergence for « > % Under the conditions (Hypothe-
ses E.1, E.2) on G we only obtain the semigroup converges to the invariant mea-
sure polynomially fast [see (5.20)]. In this section, we prove that the convergence
is exponentially fast, however, under stronger conditions for « and G. We assume
that o > %, and that G satisfies:

HYPOTHESIS E.3. There are an isomophism Qo of H and a number s > 1

such that G = Ay (s+a)/ (za)Q(l)/ 2, and furthermore, G satisfies (Gp.1) for some

fixed p € (o — %)_1 , 00) (Which is, e.g., always the case if Qo =1).

For x := 6y € L?, let Py denote the law of the corresponding solution 6(-, x) to
(3.1). Since Hypothesis G.1, (Gp.1) and (GL.1) are satisfied under Hypothesis E.3,
by Theorems 4.3 and 4.4 the measures Py, x € L?, form a Markov process. Let
(Pr);>0 be the associated transition semigroup on By, (H ), defined as

6.1) P (@) (x) := E[p(0(z, x))], xelL?, ¢peBy(H).

REMARK 6.1. If Hypothesis E.3 is satisfied with s > 3 — 2«, then Hypothe-
ses E.1, E.2 hold for G and (Gp.1) holds for any p € (0, 00).

6.1. The strong Feller property for o > % In this subsection, we prove that its
transition semigroup has the strong Feller property under Hypothesis E.3.

REMARK 6.2. (i) Since in our case o < 1, the linear part (—A)* in (1.1)
is less regularizing. As G = Ay (se)/ (ZO’)Q(I)/ 2, we get the trajectories z of the
associated O-U process to be in C ([0, 00), Hs 20— 1=20) for every g9 > 0 (cf. [11],
Theorem 5.16, [14], Proposition 3.1). However, in order to prove the weak-strong
uniqueness principle (see Theorem 6.4 below) and the strong Feller property of the

semigroup associated with the solution of the cutoff equation (see Proposition 6.5
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below), we need z € C ([0, 00), H¥t1=2+91) for some o > 0. Therefore, we need
s+20¢—1>s5s+1—«, that is, o > % The situation of the 3D Navier—Stokes
equation is different. While in our case the needed regularity of z is higher than
the regularity of our solution space C((0, co), H®) for the cutoff equation (6.2),
for the 3D Navier—Stokes equation the needed regularity of z is the same as for the
solution of the cutoff equation.

(i1) Since o < 1, we cannot apply the same type of estimate as in [18] (cf.
[18], Lemma D.2). Instead, we use Lemma 2.1 and choose suitable parameters
(s, o1, 02) such that the approach in [18] can be modified to apply here [see (6.6)—
(6.10) and so on].

(iii) It seems difficult to use the Kolmogorov equation method as in [10, 14] or
a coupling approach as in [39] in our situation. In fact, to get a uniform H*-norm
estimate for the solutions of the Galerkin approximations of equation (1.1) for
some s > 0, the regularity, needed for the trajectories of the associated Ornstein—
Uhlenbeck (O-U) process z is higher than H*, which is entirely different from the
situation of the 3D Navier—Stokes equation. According to the method in [10, 14]
and [39], we should use the solutions’ H*T%-norm to control the H*t%-norm of
the derivative of the solutions as required for the Bismut-Elworthy-Li formula. In
particular, the associated O—U process z should be also in H*T%. However, under
Hypothesis E.3 for the noise, the O-U process z is only in L>([0, T], HST2*~1),
As a consequence, for their method to apply here, we need even o > 1.

Fix s > 1 as in Hypothesis E.3 and set WW := H® and |x|yy := || x|/ gs. In this
subsection, we choose

Q:=C([0, 00); HF)

for some 8 > 3 and let B denote the Borel o -algebra on €.
Now we state the main result of this section.

THEOREM 6.3. Fixo > % Under Hypothesis E.3, (P;);>0 is VWW-strong Feller,
that is, for every t > 0 and W € Bp(H), Py € Cp,(W).

We shall use [18], Theorem 5.4, which is an abstract result to prove the strong
Feller property. In order to use [18], Theorem 5.4, we follow the idea of [18],
Theorem 5.11, to construct P,gR). We introduce an equation which differs from the
original one by a cut-off only, so that with large probability they have the same
trajectories on a small random time interval [see (6.3) below]. We consider the
equation

(6.2) dO(t) + Ag0(t) dt + xr(1013,)u(t) - VO() dt = GdW (1),

where g :R — [0, 1]is of class C*° such that xg(|0|) = 1if |§] < R, xr(|6]) =0
if 6] > R + 1 and with its first derivative bounded by 1. Then, if we can prove the
following Theorem 6.4 and Proposition 6.5, Theorem 6.3 follows.
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THEOREM 6.4 (Weak—strong uniqueness). Fix o > % Suppose Hypothe-
sis E.3 holds. Then for every x € W, equation (6.2) has a unique martingale solu-
tion PX(R), with

PPC([0,00); W)] = 1.
Let tp: Q — [0, 0o] be defined by
tr(w) ;= inf{r > 0: |w (1) |3, > R},

and tg(w) := oo if this set is empty. If x € VW and |x|12/\, < R, then

(6.3) lim P& g =el=1,  uniformlyinh e W, |hlw < 1.
E—>
Moreover,
(R)
(6.4) E" [p(@) lep=n] = EP* [@(@) rp=1]

foreveryt >0 and ¢ € By(H).

PROOF. Let z denote the solution to
dz(t) + Agz(t)dt = GdW (1),
with initial data z(0) = 0 and let v}(CR) be the solution to the auxiliary problem

dv® (1)

(6.5) + A ® @) +uP @) - VR @) + 20)) xr ([v® +2[5) =0,
with v® (0) = x. Here, u™® (1) = u ) (¢) + u;(t), u,w and u; satisfy (1.3) with
6 replaced by v® and z, respectively. Moreover, define (%) := v® 4 z, which is
a weak solution to equation (6.2). We denote its law on 2 by PX(R). By Hypothe-
sis E.3, the trajectories of the noise belong to

Q= N CP([0, 00); D(AD)),
BE(0.1/2),n€l0, (s+a)/(20)~1/(2))

with probability one. Hence, the analyticity of the semigroup generated by A,
implies that for each w € Q*, z(w) € C([0, c0), Hst2e—1=¢0) for every gg > 0.
Now, for w € Q* we prove that equation (6.5) with z(w) replacing z has a unique
global weak solution in the space C ([0, 0o0); W). First, we obtain the following a
priori estimate for suitable 1,02 > 0 withoy <s,oo +o1=1,s4+01 —a+1<

s+2a—1<s+a,whereweusedthata>gsince0<61<3oz—2:

3
T

= xr (0P LAV - (BB A+ )
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<Cy (| (R)| )|As7<x+l(u(R)9(R)){ . |As+av(R)|
<C R(|9(R)| )|As—a+l+019(R)||A029(R)| . }As+av(R)|
(6.6) <Cy (|0(R)|$/v)(|As—a+l+a| U(R)| + {As_“+1+‘7'z|) . |As+av(R){
<Cy (’0(R)‘ )(C’ASU(R)‘l_rl ‘As—i-ozv(R)‘Vl + ‘As—oH-l—i-alZ’)
. |AS+Olv(R)|

< CXR(|9(R)‘12/V)(’ASU(R)|2 + |As—oe+1+olz|2) n g|As+oev(R)|2

£|As+aU(R){2’

where r| := . Here, in the first equality, we used divu = 0, and in the
second inequality we used Lemmas 2.1 and 2.2, and in the fourth inequality we
used the interpolation inequality (2.3) and that s —a + 1+ 0] <s + 20 — 1,
and in the fifth inequality we used Young’s inequality and in the last inequal-
ity we used [ASv(®| < |ASOB)| 4 |AS~@H1+91 7| Then as in the proof of The-
orem A.1 in Appendix A, we prove (6.5) has a weak solution in L*°([0, T], W) N
L2([0, T, HST).

Continuity. For each w € Q*, o1 and o, as in (6.6), since s —a + 1 + 0] <
s 4+ 2a — 1, we have z € C([0, 00); H*~@+1+1) Since s > 3 — 3a, multiplying
the equations (6.5) by %AZ“ ~—®)y(R) | we obtain

1—a+o
o

K d

2d }AS (R)| +|As o (R)|

‘Q(R)| )(AS —ay . ( (R)Q(R))’As—ai)(R)>
W)‘AS oH-l( (R)G(R))| ) |As—otl')(R)|
6.7
( ) )‘AS oz+1+<719(R)HA029(R)‘ ’As o (R)‘

|9(R)’ )(|AS+°‘U(R)| + ’ASU(R)’ + |As—a+1+mz|2)

+ = |AS o (R)|

Here, 7P = % and in the first equality we used divu = 0, in the second in-
equality we used Lemmas 2.1 and 2.2, and in the third inequality we used the
interpolation inequality (2.3), that s —a + 1 + 01 < s + « and Young’s inequality.

As fOT |AST*y(®) ()2 dt can be dominated by (6.6), we get an a priori estimate
for the time derivative j—tv(R) in LZ(O, T; H~%). Then by [49], we obtain v® ¢
C((0,T], W).
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Uniqueness. Let vy, vy be two solutions of equation (6.5) in C ([0, c0); W) and
set w :=wv; — vy and uy, = u| — un, where uy, uo satisfy (1.3) with 6 replaced
by 61 = vy 4+ z, 62 = v2 + z. Then by a similar argument as in the proof of Theo-
rem 4.2, we have for small 0 < &) < 2o — 1 — 01) A o1 with o7 as in (6.6)

1d ,
EE‘ S_O{LU|2+K}ASU)‘2

=—(xz(10113y) = Xr (10213) (AT 72 (uy - V1), A1)
— xr(O21) (A2 w1 - V), A'w)
— x&(10213) (A7 (uy - V6,), A'w)
=1+1+1l.
As

Ixr(16115y) — xr(16213)] < CRwlw[110.r+11(16113y) + 110.+11(162131)],

we get for o1, 02 as in (6.6),

I'=—(xr(1611y) = x&(1255)){A° 172V - (u161), A* )

< C[1o.r+11(1615y) + Lio.r+11(16213y)]
(6.8) X [wly|AST2HFEHIET g [ A%20, [| AT |

< C(R, 611w, 162lw) lww|A* 1w

a2, K

< C(R, 1011w, [02lw) | A w]” + 2wy,
where in the first equality we used divu; = 0 and in the first inequality we used
Lemmas 2.1 and 2.2, in the second inequality we used that s —2a+¢&1+1+07 < s,

that is, &1 < 2a — 1 — o7 and in the third inequality we used the interpolation
inequality (2.3) and Young’s inequality. In a similar way, we obtain

1< | ASw|| A2 (uyw)|
< C|Asw|[|As—2a+l+alglHAs—slw| + |As—2a+1+alw”Asel|]

K
< C(R.1611w)| A w|* + 2B

where in the first inequality we used divu; = 0 and in the second inequality we
used Lemmas 2.1 and 2.2 and s — &1 > 1 — o1, and in the third inequality we used
the interpolation inequality (2.3) and Young’s inequality. Similarly,

I < C(R, 162lw) | A°~w|? + %|w|%/v.
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Then we obtain
1d

5 {AS_"‘w|2 +K}Asw|2

3k
§C<R, sup 61(t)],y, sup yez(z)\w)|z\5—aw|2+—|w|iv.
t€[0,T] t€l0,7T] 4

Gronwall’s lemma now yields that | A>~*w| = 0, which implies w = 0.
So, equation (6.5) has a unique global weak solution in the space C ([0, c0); W).
Next, we prove (6.3). In order to do so, it is sufficient to show that PX(R)[‘CR <
e]<C(e, R)withC(e, R) | Oase | 0, forall x € W, with |x|$/v < %. So, fixe >0
small enough, let O, g := sup,jo ¢ |A* " T12(1)| and assume that ©2 , < £.
Setting ¢(t) := |v(R) |12,V + ®g’R, by (6.6) we get ¢ < C(R). This implies, together
with the bounds on x and ©, g, that
sup]\G(R)(t)ﬁ/v <R

t€l0,e
for & small enough. It follows that T > €. Hence,

R
PPrp <e] < P)SR)[ sup | AT ()2 > —]
t€[0,¢] 8

Letting € | 0, we have P;R)[rR < &] — 0, and the claim is proved, since the prob-
ability above is independent of x.
Finally, the same arguments as in the proof of Theorem 4.2 imply that

0(t Atr(0FN)) =0B (1 ATg(6F)) Vi, P-as.

Moreover, since 6 is H-valued weakly continuous, we obtain tg OB = 72(60).
O

In order to apply [18], Theorem 5.4, we now only need the following result.

PROPOSITION 6.5. Fixo > % Suppose Hypothesis E.3 holds. For every R >

0, the transition semigroup (Pt(R))tZ() associated to equation (6.2) is VW-strong
Feller.

PROOF. We shall provide formal estimates, that can, however, be made rigor-
ous through Galerkin approximations. Let (X, F, (F;):>0, P) be a filtered proba-
bility space, (W;);>0 a cylindrical Wiener process on H and, for every x € W, let
GJER) be the solution to equation (6.2) with initial value x € WW. By the Bismut—
Elworthy-Li formula,

D, (PR y)(x) = %Ep[w(efm(t)) /O t(G_lDyG)ER)(l), dW(l))},
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where Dy(Pt(R)w) denotes (D(Pt(R)Iﬂ), y) for y e H, DyGJER) = DQJER) -y and

DG)ER) denotes the derivative of Q)ER) with respect to the initial value. Then for
IV lloo <1, by the B-D—G inequality

[(PRY) o+ 1) — (PP (x0))|
1/2
5— sup EP[</ |G~ th9(0+nh(1)| dl) }

I pelo,1]

The proposition is proved once we prove that the right-hand side of the above
inequality converges to 0 as ||y — 0.

Fix x e W, h € H and write § = Q(R), v=v® 4y =u® DO = D, for sim-
plicity. The term D6 solves the following equation:

d 2
— D6 A (D8
dt T (D9)

—[x&(1053)[Du - VO +u - VDO + 2xx(1013) (0, DO)ywu - V6],

with initial value D6(0) = h and Du satisfying (1.3) with 6 replaced by D6. Mul-
tiplying the above equation with A% D@ and taking the inner product in L?, we
have

d
EE|ASD9|2+/<|AS+°‘(DQ)|2

—([x&r(1053)[Du - VO +u - VDO + 2, (1013) (0, DO)yu - V6],
A% D6).
For the first term on the right-hand side, we have for |6 |%/V <R
((Du - VO, A* D) = [[AS™*V - (Dub), A*T*D6)|
< C|A*=oFHo1g| A2 DG - |AST DO
(6.9) + C|AS* oI Dyl | A%20| - | AT DO
<e|Ate Do
+ C(C(R) + | A T[> + |As—@H1+9121%) | A% Do |?

for o1, 07 as (6.6), where we used div Du = 0 in the first equality and Lemmas 2.1
and 2.2 in the first inequality as well as the interpolation inequality (2.3) and
Young’s inequality in the second inequality.

The second term can be estimated similarly. For the third term, by Lemmas 2.1
and 2.2, we have

(- VO, A® D) = [[A*~%V - (uB), AT D6)|
(6.10) < C|AS~FIHo1g||A%20| - | AST D
< C(|AS+0£U} + |AS7(X+1+O'1Z|)
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where in the first equality we used divu = 0. Then we obtain
1d 2 2
——|A*DO AT (DO
T | I”+«| (D9)|

= SIATDO + C(CR) +]A™ v + [A 412 )| A" Do

From Gronwall’s inequality and (6.6), we finally get

t
f A+ (D)) di
0
t
§C|Ash|2+exp<C/ (C(R) + | A | + |z\s—°‘+1+<’lz|2dz))|ASh|2
0
s1.12 512 ! s—a+1+o0y |2 5312
< C|A%H| +exp<C<|A P+ [(cw+a Ig] dl)>>|A WP
0
Since by s —a + 14+ 01 <s + 2«0 — 1, z is a Gaussian random variable in

C ([0, o0); HS~F1+91) (cf. [9], Proposition 2.15), by Fernique’s theorem we could
choose #y small enough and obtain

fo 2 2
E/ |AST(DO))|dl < c(to, R)|A*R|",
0

which, as G~! = Qo 1 2A”“", implies the assertion for #y. For general ¢, by the
semigroup property the assertion follows easily. [

6.2. A support theorem for o« > 2/3. A Borel probability measure © on H
is fully supported on W if u(U) > 0 for every nonempty open set U C W. Set
W) = HS~*H1491 where o7 is the same as (6.6) and we will use it below.

LEMMA 6.6 (Approximate controllability). Let R >0, T > 0. Let x € W and
y €W, with Ayy € W1, such that

R
2 2
|x|wf3, |Y|W§E-
Then there exist (a control function) w € Lip([0, T']; W) and
6 € C([0, TT; W) N L*([0, T]; H*™),

such that 6 solves the equation

t
0(t) —x —f—/ Al0(r) + XR(IQI%/V)M(r) -Vo(r)dr
6.11) 0
=w(t) dt-a.e.t €[0,T],

with0(0) =x and 6(T) =y, and

2
(6.12) sup |0(1)], < R.
t€l0,T]
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PROOF. First consider w = 0. By similar arguments as in Theorems A.l
and A.2, there exist a unique solution 6 € C([0, T], W). Then by a similar cal-
culation as (6.6), we get

d
2100y + K| A%, < C(R).

Hence, 0 (t) € H* for almost every ¢ € [0, T] and, by solving again the equation
with one of these regular points as initial condition and using Lemmas 2.1 and 2.2
we have

d
E|Aa+g0{2 +K|A2(x+3‘0}12/v — XR(|9|12/\})<ASV X (ue), A20[+S9>

< Cxr(1013)| A% T50||AST1H30 |10 1o
<C(R)|AS+C{9| +2|AS+20{9{

where 03 = % < 2o — 1 and we used divu = 0 in the first equality and H®* C L?
and the interpolation inequality (2.3), Young’s inequality in the last step. Then by
a boot strapping argument, we find a small 7, € (0, 1) such that |9(t)|)2/v < R and
Ay0(Ty) € W for all ¢ < T,. Define 0 to be the solution above for ¢ € [0, T%] and
extended by linear interpolation between y and 8(7y) in [Ty, T]. Then obviously
(6.12) follows.

Next, if we set

n:=80+ Aud + xr(101})u-VO,  T.<t<T,

w:=0fort <T, and w(t) = f}* nsds for t € [Ty, T], we also have (6.11). It re-
mains to prove that n € L°°(0, T'; W). For the first two terms of 7, this is obvious.
For the nonlinear term, we have that
2
lu- VO, = |V - @b)l,,, <C[A* 0]y,

for any 6 € Wi, where in the first equality we used divu = 0 and in the last step
we used Lemma 2.1. [

Let! € (0, ;) and p > 1 such that/ — % > 0. Under Hypothesis E.3, we see that

for every oy < S+°‘ 1

o z(-,w): Wl,p([o’ TI; D(Agl)) N C([O, Tl D(Agl-i-l—l/p—s))

is continuous, for all ¢ > 0 (cf. [12]), where z is the solution to the following
equation:

the map

(6.13) z(t) + /0[ Agz(s)ds = w(t).

In particular, it is possible to find a1 € (0, ) and p such that the above map is

continuous from W"? ([0, T]; D(A%")) to C ([0, T]; H~%+1%91) since o« > % and
o1 <3a—2

sta—1
2a
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LEMMA 6.7 (Continuity with respect to the control functions). Let [, p and
a1 be chosen as above, and let w, — w in W-P([0, T1; D(AY')). Let 6 be the
solution to equation (6.11) corresponding to w and some initial condition x € VW
(the solution exists by the same arguments as the proof of Theorem A.1), and let

v =inf{r > 0:]0(1)[}, > R},

where as usual we set inf @ = o0o. For each n € N, define similarly 6, and t,
corresponding to w, with the same initial condition x. If t > T, then t, > T forn
large enough and

6. —6  inC([0,T]; W).

PROOF. Set v, : =6, — z, foreach n € N, and v := 6 — z, where z,,, z are
the solutions to (6.13) corresponding to w,, w, respectively. Since w, — w in
whr (o, T1; D(Ag")), we can find a common lower bound for (7,),en and T by
(6.6). For every time smaller than this lower bound #y, by (6.6), we have

sup |[A%6, <R, sup|A'6)P<R,  sup|atTettoig|<cC,
(0,10) (0,10) (©,1)

and

sup |As—a+1+61Z‘ <C,
(0,10)

1) 2 o 2
/ | AT, (1)|"dl < C(R), / |ASTu(D)|"dl < C(R),
0 0
where C(R) is a constant depending only on R. Moreover, we obtain for ¢t < tg

d
= val?y + 26| A% (v, — V) |3,

= (i - VO, A% (v —vp)) — (- VO, A% (v — vy))
= [((uy, — ty) - VOu, A% (0 — v,)) + {1 - V(v — ), A% (v — vy,))

+((ug, —1z) - VO, A% (0 =)+ (- Vi(za — 2), A (v —vp))],

where u,, , u,, satisfy (1.3) with 6 replaced by v,, z,, respectively. For the first
term on the right-hand side, we have

(@, — ) - VO, A% (v — )|
= [(A*TOV - ((uy, — uy)0y), AT —vy))|
< C|AS+(¥(U _ ,Un)HAS—OH—l—FO'] (U _ U”)||A629n|

+ C|AS+O£(,U _ vn)||AS*a+1+019nHA02(v _ vn)|

< §|AS+“(U — )P+ C(CR) + [ A, ) [A% (v — vy)

+C|Asfoz+1+61 Zn|2}AS(U _ vn){z.



1254 M. ROCKNER, R. ZHU AND X. ZHU

Here, o1, 07 are as (6.6) and we used div(u,, — u,) = 0 in the first equality and
Lemmas 2.1 and 2.2 in the first inequality and the interpolation inequality (2.3)
and Young’s inequality in the last step. The other term can be estimated similarly.
Then we obtain

d
yrle val3y + 26| A% (v, — V)3,

<Kk|A* (v — v)|$/v
+ C(CR) + [ A%0a[3, + [A%V ) (Iv = valdy + | A0+ (2 — 2,)]7).

Then Gronwall’s lemma yields that
t
0=y = Ouexp(C [ (CCR)+ (A%, + 4% )

t
x /O (C(R) + |A%v,[3,, + | A%0]},) dl,

where ©, = supy 71|A° T (z — z,)|. We conclude 6, — 6 in C([0, T]; W).
Now, since T > T, if § = sup, (9,7 |A*O(t)|?, then S < R and we find § > 0 (de-
pending only on R and S) and ng € N such that @,% < éand |v, — vlg/v < ¢ for all
n > np, and so

100 |y < [va(®) — 0D}y + O + 0|, <2V + /S < VR —3.

Then 1, > T foralln >ng. O

THEOREM 6.8. Fix o > % Suppose Hypothesis E.3 holds and for x € W let
P, be the distribution of the solution of (3.1) with initial value 6 (0) = x. Then for
every x € WWand every T > 0, the image measure of Py at time T is fully supported
onW.

PROOF. Fix x € W and T > 0. We need to show that for every y € VW and
e >0, Pl — ylw <¢e] > 0. Let y e WN D(A,) such that A,y € W and
|y — ¥lw < §. Choose R > 0 such that 3|x[3,, < R and 3|y[3,, < R. Then by The-
orem 6.4,

_ & _ £
P07 — ylw <] = Px[wr Sy < 5} > Px[wr ~Shw < 5> T]

_ &
= PX(R)[WT — Yl < 5 TR > T]

By Lemma 6.6, there is a control @ € Wl”’([O, T];_D(Agl)), with [, p and
o chosen as in Lemma 6.7, such that the solution 6 to the control problem
(6.11) corresponding to @ satisfies 8(0) = x,60(T) = y and |9(t)|12/v < %R. By
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Lemma 6.7, there exists 8 > 0 such that for all @ € WP ([0, T; D(A%Y)) with

€
0(T,w) — 5|, <= and  sup |0(, a))|W <R,
2 1€[0,T]
where 6 (-, w) is the solution to the control problem (6.11) corresponding to @ and
starting at x. Hence,

_ £ _
Px(R)|:|0T —Ylw <3 R> T} = PO = @lyiogo.ry pacty <51

where n; =6, —x + fé(AO,@S + XR(|9s|%/V)M -Vb)ds, hence Oy = 6(T, n), and the
right-hand side of the inequality above is strictly positive since by Hypothesis E.3
n is a Gaussian process in D(Ag'). U

THEOREM 6.9. Let o > % and suppose Hypothesis E.3 holds. Then there
exists a unique invariant measure v on W for the transition semigroup (P;);>0.

Moreover:

(1) The invariant measure v is ergodic.

(i1) The transition semigroup (Py);>0 is W-strong Feller, irreducible and, there-
fore, strongly mixing. Furthermore, P;(x,dy),t > 0,x € W, are mutually
equivalent.

(iii) There exist 0 < §; < “t2=1

and 0 < yy < 1 such that
/|A§1x|12,7\;°dv < 00.

PROOF. By similar methods as the proof of Theorem 5.12, we obtain the ex-
istence of the invariant measures. In fact, under Hypothesis E.3, we could choose
the following approximation:

A0,y (1) + Agby (1) dt + un (1) - VO, (1) dt = ks, * GAW (1),

with initial data 6,(0) = x € H®, u, satisfying (1.3) with 6 replaced by 6, and
ks, is the periodic Poisson kernel as in the proof of Theorem 3.3. By the same
arguments as Theorems A.1 and A.2, we obtain that there exist a unique solution
to the above equation with 6, € C ([0, co), H*) N Lloc([O, 00), H¥T%) P-a.s. Then
do the same calculations for 6, as in Lemma 5.11, we obtain that there exists
O<y < 1,0<Sl < s + a — 1 such that

t .
E[ [/ a3, dr} < +n(lxlL, +1).
0

| L.
—;[)Prader.

Choose xo € H' and define
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Since by similar arguments as in the proof of Theorem A.1, we have P-a.s. 6, — 6
in L2([0, T], H) and for 2a81 < 81,0 <y < 1

1 t
/|Ailx|i,ﬁ°m<dx>=;ExOU0 |Agle|§;;>dr],

by the above estimates we have for ¢ > 1
2
/|Ai‘x|1}/§)ut(dx) <C.

This implies that w, is tight on H®. Hence, any limit point of u, is an invariant
measure for (P;);>¢. Therefore, by Doob’s theorem, the strongly mixing property
is a consequence of Theorem 6.3 and Theorem 6.8. [

REMARK 6.10 (Mildly degenerate noise). We can also consider the ergodicity
of the equation driven by a mildly degenerate noise as in [15]. For this, we have to
use an extension of the Bismut-Elworthy—-Li formula. We have the same problem
as explained in Remark 6.2. So, we can just get the result for « > 2/3.

6.3. Exponential convergence for o > % In this subsection, we assume that

o> % and s > 3 — 2«. Then under Hypothesis E.3 the associated O-U process
z € C([0, 00), H*1%) for some 0 < 89 < s + 2 — 3.

LEMMA 6.11.  Fix a > 2/3. Let 6 denote the solution of (3.1) and take p >
30%2, then for every Ry > 1, there exist values T1 = T1(Ry) and C1 = C1(Ry) such

that if sup,cio. 1, ||9(t)||{,, < Ro, and sup,¢[o.7y |AST2e=1=¢2(1)|2 < Ry for some
0<e<3a—2-— %, then |AS136(T))|? < C) for some § > 0.

PROOF. For v =6 — z, we have the following estimate:
1d
P + k| A% =(—u - V(v +2),v)=(—u- Vz,v)

< C|IVzllz=[lv]* + vl - Iz]],

which implies that there exist @0 = C’O(Ro) > 0 and for P-a.s. w, 30 < fp(w) < 1
such that
|A%0(1)|* < Co.

Forany 7 > 0 with7 —a + 1 4+ 03 <s+2oe—1—8f0r03=%,wehavethe
following a priori estimate for v, r = m:
d. - .

— AT + 26| ATH |
dt

(6.14) <2|(AT7*V - (uh), ATT)|
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< C’Af+av| . |Af—a+1+a39’ . ||9||LP
K F 2 P2 F— 2
< Z|A’+"‘v| + Cl161} | A V] + C|AT=EF1Fo3 2216113,

where we used divu = 0 in the first inequality and Lemmas 2.1, 2.2 in the second
inequality and the interpolation inequality (2.3) and Young’s inequality in the last
inequality. We choose the approximation v, as in the proof of Theorem A.1 with
initial time ¢t = O replaced by initial time ¢ = #y(w). Then by a similar argument as
in the proof of Theorem A.1 we have the following L”-norm estimate of v,

d -1
Ellvnllfp < CplIVzlloo(lvallLs + lzllellvallyy ).

Thus, we have
d
Ellvnllu < ClIVzlloo(lvnllr + lzllzr).

Then by Gronwall’s lemma and s > 3 — 2«, we obtain the uniform L?-norm
estimates as (A.6) for v,. Moreover, by (6.14) and Gronwall’s lemma, we ob-
tain the uniform H®-norm estimates as (A.7) for v,. By a similar argument
as in the proof of Theorem A.l, we have v, converges to some process v in
L?([ty, T1, H) such that § + z is the solution of (3.1) in [fg, T]. Then by the
uniqueness proof in Theorem 4.2, we have v = v, which implies for P-a.s. w,
v e L ([t, 00), HY)NLZ. ([ty, 00), H**). Therefore, (6.14) also holds for v with

loc
7 = o, which implies that

|A0‘v(t)| —i—/c/t |A2°‘v(l)|2dl < (]A"‘v(to)|2 + C(Ro))(exp[C(Ro)t] + 1),
0

loc

which implies that there exist C1 = Ci(Ro) > 0 and Ty(Ryp) such that |A"‘v(To)| <
C1(R0) Moreover, there exists 11 = 11 (w) > fo(w) such that |A2°‘v(t1)| < (). Us-
ing (6.14) for 7 = 2« and by similar arguments as above, we obtain that there
exists Ty = To(Rp) independent of @ such that |A2“v(To)| < C1. Then we pro-
ceed analogously and obtain that there exists 77 = T1(Ro) > To(Ro) such that

[ASTSu(T))| < C) forsome 0 <8 <3a¢—2—o03 —e. [

LEMMA 6.12. Let @ > 2/3. Suppose Hypothesis E.3 holds with s > 3 — 2a.
Then for each R > 1 there exist T| > 0 and a compact subset K C VV such that

inf  Pr,(x,K)>0

lxlzp <R
for p in Lemma 6.11.
PROOF. Define K := {x:|ASTx|? < C‘I(Ro)}, where él(Ro), 8 comes from
the previous lemma. By Lemma 6.11, for R < Ry, we have

inf  Pr(x,K)> inf (1 — Px[ sup \AS'FZ"‘_I_'Sz(t)|2 > Ro]

IxllLp <R IxllLp<R 1e[0.7]

oot - )
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Under Hypothesis E.3, since z is a Gaussian process, one deduces that there exist
n, C > 0 such that

P sup [AF2TIE () > Ry| < ce RO/
t€[0,Tq]

(see, e.g., [17], Proposition 15). Also by Theorem 3.3, we obtain

Ey[su o I? C(R
sup Py [ sup 0|7, >R0] sup x[supejo, 7,y 10 l7 ] el )
o<k rel0.Til Ixl p <R Ro Ro

Choosing Rg big enough, we prove the assertion. [

The exponential convergence now follows from Lemma 6.12 and an abstract
result of [19], Theorem 3.1. For p > 7= let V: LP — R be a measurable func-

tion and define ||@||v :=sup,c;» |{¢}2’3‘ and [vIlv := supgy<i1{v, @) for a signed

measure v.

THEOREM 6.13. Let o > 2/3 Assume that Hypothesis E.3 holds with s >
3—2x and let V(x) =1+ ||x||L,, for p > Then there exist Cexp > 0 and
a > 0 such that

P80 = 1 = 1 P26y — sty = Coxpl1 + ol )™

forallt > 0and xoy € L?, where || - ||lvar is the total variation distance on measures.

3a2

PROOF. By [19], Theorem 3.1, we need to verify the following four condi-
tions:

1. the measures (P;(x, -));~0.xeLr are equivalent,
2. x = P;(x,T) is continuous in W for all ¢ > 0 and all Borel sets I" C H,
3. for each R > 1 there exist 77 > 0 and a compact subset K C W such that

inf  Pr,(x,K) >0,

lxllLp <R
4. there exist k, b, ¢ > 0 such that for all r > 0,
ER[lom)|L,] < klxllf e +c.

Condition 1 can be verified by [19], Lemma 3.2, and P;(x, W) =1 for x € L?
since for fixed ¢ > 0 the solution 6 will go into H* space if the initial value x € L.
Other conditions can be verified by Theorem 6.9, Lemma 6.12 and Proposition 5.6.

O

REMARK 6.14. For o > %, we could get a better result following a similar
argument as in [46]. Namely, there exist Cexp > 0 and a > 0 such that

” Pt*‘SXO :““HTV ”P 8xg — IU“HV = CCXP(l + |x0|2)eiat
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for all + > 0 and xo € H. Here, P; could be every Markov selection obtained in
Theorem C.5 associated to the solution of equation (3.1). The reason why o > ?T
is needed is as follows.

As in Theorem 6.3, we can prove Py is H®-strong Feller with s > 3 — 3. And
for a solution 6 of equation (3.1) starting from x € H, we can only prove that it
will enter H* under Hypothesis E.3. If the process 6 enters H*, we can prove that
it satisfies the above four conditions. Hence, to obtain exponential convergence for
every x € H, we need the process starting from x € H to enter H*. Hence, we

need3—3a<s§a,thatis,a>%.

APPENDIX A

In this appendix, we construct a measurable map associated with the stochas-
tic quasi-geostrophic equation, which will be used in the proof of Section 6. This
proof is similar as done in [50], Section 3. Here, we give it for the reader’s conve-
nience.

Assume that for any m <2 + o, z € C((0, 00), H™) with o in Hypothesis E.1.
Then consider the following equation:

dv
dt

For (A.1), we obtain the following existence and uniqueness result if the initial
value starts from H'!.

(A.1) + AqV + (uy 4+ uz) - V(v +2) =0.

THEOREM A.l. Fixa > 1/2. Suppose that for any m <2 +o,z € C((0, 00),
H™). For any vg € H', there exists a unique solution v € L3, ([0, 00); HYnN

L%OC([O, 00); H11%) of equation (A.1) with v(0) = vg, that is, for any ¢ € cl(T?)

{v(®), o) = (vo, ¢)
! 1/2 1/2 !
+ [ (a0, AlPg)ar = [, +ud ) - Vo, e+ @)ar =0,
where uy, u, satisfy (1.3) with 6 replaced by v, z, respectively.

PROOF. We construct an approximation of (A.1) by a similar construction as
in the proof of Theorem 3.3.
We pick a smooth ¢ > 0, with supp¢ C [1,2], f5° ¢ =1, and for § > 0 let

Usl61(2) := /OOO ¢ (v) (ks * R-0)(t — 87) d,

where ks is the periodic Poisson kernel in T2 given by lgg(g“) = e“sm,{ e 72,
and we set 8(t) = 0,1 < 0. We take a zero sequence §,,n € N, and consider the
equation

(A.2) dvn(t) + Agy (1) dt + un(t) - V(va(t) + z) dt =0,
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with initial data v,(0) = vo and u, = Us,[v, + z]. For a fixed n, this is a linear
equation in v, on each subinterval [tx, tx4+1] with # = kJ,,, since u,, is determined
by the values of v, on the two previous subintervals. By a similar argument as
in the proof of Theorem 3.3, we obtain the existence and uniqueness of a solution
vy € C([0, T1, HYHNL2([0, T1, H9) to (A.2) (for more details, we refer to [50]).
Now we take any p satisfying Tz—l < p < 0o. From now on, we fix such p and
we have H! C L? by Lemma 2.2. Since the periodic Riesz transform is bounded
on L?, we have fort > 0

(A.3) sup| Us01],» < Csup ||0]lzr,
[0,7] [0,7]

and also
t t

(A4) /0 ||U5[9]H€p dt < C/O ||9||’L’,, dr.

By Lemma 5.5, we obtain for v, the following inequality by taking inner prod-
uct with |v,|?~2v, in L%:

d _
Euvnuip +2x1loall?p < Pl - V(Wi + 2), [0a]? 03|
(A.5)

p—1
< plIVzllcollunliLellvallz,

where we used divu, = 0 and Holder’s inequality in the last inequality. Therefore,

t
o1, = Ol + [ 202, d
< g/t(uunup,, +llvall?,) dt + pCle) /t IVzIZ P~ Dlval7, de
- 0 L L 0 o0 L

t t t
sefo ||vn||§pdr+p0<s)fo ||VZ||§O/<P—”||vn||§pdr+C/O 12112, dr,

where we used (A.4) in the last inequality. Then Gronwall’s lemma and H' C L?
yield that for any 7 > 0

(A.6) sup v, (0)],, <C,
tel0,T]

where C is a constant independent of .
Moreover, we get the following estimate by taking the inner product in L? with
Aey, for (A.2), multiplying both sides by (v, Aex) and summing up over k:

1d
§E|Avn|2 + K|A1+“vn|2
<A (uy - V(up 4 2)) || AT, |

< C|AY 0, |[|A>7% (4 2)[llun Nl e 4+ | A0y |[lvg + 2l e ],
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where 01 =2/p < (2a — 1) and we used Lemma 2.1 in the last inequality. Hence,

we obtain that for r = 240‘,
a—1—0q

1 t
5(\Avn(r)yz— |Avn(0)]2)+/</0 |AF, [P dr
t
scfo | AT, |[[AZ2 T (v, + 2) [Nl |l e + | AZ 0wy |lv, + 2l r] dT
t
SE/ ’A1+avn‘2df
2 Jo

+C[ sup (Joa(®) + 2@ + [va @) +2@[7,) +1]
t€(0,T]

t
x [ 1au P4 a2t e,

where we used (A.3), (A.4), the interpolation inequality (2.3) and Young’s inequal-
ity in the last inequality. By Gronwall’s lemma and (A.6), we get that for vg € H'

T
(A7) sup |Avn<t)|2+;<f0 Ay, PdT < C,

0<t<T

where C is a constant independent of n. Now decompose v,, as
t t
v, (t) = v — /0 Ay, (s)ds — /(; (un(s) - V(va(s) +z(s))) ds.
By (A.7), we obtain

<C
w1l2(0,7,H-®)

H/O Aqup(s)ds

and

<C.
wl20,T7,H-3)

H/(; (tn(s) - V(va(s) +2(s))) ds

So, we have proved

lvnllwizqo. 1. m-3) < C,

where C is a constant independent of n. By the compactness embedding
wl2(0, 71, H=3) n L*([0, T], H'™®) < L*([0,T], H') we have that there
exists a subsequence of v, converging in L*([0,T], H") to a solution v €
L2([0, 00); HY N LE ([0, 00); H'F®) of equation (A.1). Thus, (A.7) is also sat-
isfied for v. Uniqueness can be deduced from a similar argument as in the proof of

Theorem 4.2. [

THEOREM A.2. Fixa > 1/2. Suppose that for anym <2+ o, z € C([0, 00),
H™). The solution v obtained in Theorem A.1 is in C ([0, c0); H').
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PROOF. It is sufficient to show that

d
Ad—l; e L} ([0, 00); H™%).

For ¢ smooth enough, we have

‘<% A§0>‘ = k[~ A%, A™) — (1 - V(A@)), v+ 2)

< [e]A 0] + C[AT (- v+ 2)[|A%]
< C[|AM |+ [A*T v+ 2)|Ilv + zll e ]| A%

’

where 0 < o] <20 — 1, p = U% and we used Lemma 2.1 in the last inequality.
Then

dv
IAZ| = Clo+alir + DIA ]+ Clu+ 2l a2 rg)
H—a
By (A.6) and (A.7), we obtain for 0 < T < 00
T dv 2
/ A—(7) dt < o0,
0 dt H—

which implies that v € C ([0, 00); HY. O

THEOREM A.3. Fixa > 1/2. Suppose that foranym <2+ o, z € C([0, 00),
H™). For any fixed t > 0, the map vy — v(t, vo) is a continuous map from H' into
itself, where v(t, vg) is the solution of equation (A.1) with v(0) = vg.

PROOF. Let vy, vy be two solutions of (A.1)and { = v —vp,01 = v +2z,00 =
vp + z. Then ¢ satisfies the following equation:

d
<E¢"") (A%, A%p) = —(u1 - VE, ¢) — (g - Vo, ),

where u1, u; satisfy (1.3) with 6 replaced by 61, ¢, respectively.

Taking ¢ = Aeg, multiplying both sides by (¢, Aex) and summing up over k
we have the following estimate since v; € C ([0, 00); H') N leoc([O, 00); HT%),
i =1, 2, by Theorems A.1 and A.2:

1
= —(A(u1 - V), AL) — (ug - VO, A%C)
< ClA™ L |[|A* 7 ueb)| + [ 4> 10))]
< C|A1+a§|HA2_“+01§||A0292| + {AZ_W+6192||A02§‘|
+ |A2fa+0191”Aazd + |A27(x+01§HA0291H
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K 14+«o
—|A

< 2| ¢
+ C[|AO|" + | AO " + |Al+"‘v2|2 + \AZ—‘””IZF + |AS+°‘v1\2]|A;|2,

where r = 20{3%(71,02 =1 — o7 for some 0 < 07 < R — 1) and we used

Lemma 2.1 in the second inequality and Lemma 2.2, the interpolation inequal-
ity (2.3), H! ¢ H2 and Young’s inequality in the last inequality. Then Gronwall’s
lemma yields that

| 2

2 2 r r r
A¢I2 < C|AZ )] exp{/o A0 + A6 (D))

+ [ AT | A ()P + |A1+°‘v2(r)]2dr}.
Thus, the result follows. [

Now for vg € H', W € C(RT, H~17%0) we define

o (6. W, vo) = { v(t, vo, z(W)), if z(W) e C(RT, H™) form <2+ o,
o, otherwise,

where v (¢, vo, z(W)) is the solution to (A.1) we obtained in Theorem A.1.
Combining Theorems A.1-A.3 we obtain the following results.

THEOREM A.4. Fixa >1/2. v:RT x CRT, H™'7%) x H' > H', (1, W,
vo) > v(t, W, vg) is a measurable map.

PROOF. By Theorems A.1-A.3 1 +— v(t, W, vg) and vo — v(t, W, vp) is con-
tinuous. Then it is sufficient to prove that if z, — z in C(R*, H™),m <2 + o,
v, > vin C([0, T], Hl), where v, = v(-, vo, 2n), vV = v(-, Vo, 2). By the same ar-
guments as in the proof of Theorem A.1, we have the following estimate:

sup [Av,|? < C(T), sup |Av|*> < C(T),
[0,T] [0,T]

and
T | 5 T | 5
/ A, (D7 dl < C(T), / AT (D)7 dl < C(T).
0 0

Since v, v, € C([0, +00), HY) N L2 ((0, +00), H'T¥), we obtain

loc
%]A(v — vn)}2 + 2K|A1+"‘(vn — v)|2
= (1, +1z,) - V(0n +20), A% (v = vy))
—((uy +uz) - V(v +2), A0 — vy))

= [<(uvn - uv) : V(vl’l + Zn)’ Az(v - vn))
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+{(uy +uz) - V(vg —v), A*(v —v,))
+ (g, — uz) - V(v + 20), A% — v,))
+{(uy +uz) - V(zg —2), A2 —vp))],

where u,, , u;, satisfy (1.3) with 6 replaced by v, z, respectively. For the first
term on the right-hand side, we have

(G, — ) - V(n + 20), A2 = vp))]
= (AT - (0, — ) 0+ 20))s AT @ = vy))
< C|A"*( — ) |[[AZF7 (0 — v [| A% (U + 20)|
+ C| A (0 — v [| AP (v, + 2,) || A2 (0 = vy)|
< ZIA”“(v — o)+ C(CT) + |A 0, )| A — v

+ | A2, P A — v

Here, 01, 02 are as (6.6) and we used div(u,, — u,) = 0 in the first equality and
Lemmas 2.1 and 2.2 in the first inequality and the interpolation inequality (2.3)
and Young’s inequality in the last step. The other term can be estimated similarly.
Then we obtain

d
E|A(v — vn)|2 + 2K|A1+°‘(vn — v)|2

< k| A, —v)|* + C(C(T) + |AF0, [ + |ATH)?)
X (|A@ = )|+ [A7* 9 2 = 2)]).

Gronwall’s lemma yields that

t
AW =) (0)]* <O, exp(C/O (C(T) + | A, > + A0 dl)
t
x/ (C(T) + | A0, ? + |AT v ) di,
0
where ©,, = supjg 7 |A2~%F91(z — z,)|. Then the results follow. [

APPENDIX B

In this appendix, we prove the following lemma to complete the proof of Theo-
rem 3.3.

LEMMA B.1. Forany xg € By defined in the proof of Theorem 3.3, there exists

Oy, € Qx, such that the map xo > Qy, from By to 77(98) is measurable with
respect to Btil.
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PROOF. Let Bl be the Borel o-algebra on By = {x(- )1[0, 1) + x(1f) x
l[tn 00) ()X € Bo} with the topology induced by SUPo</ <7 lx(#)|l 3. Since

{sup0<,<, lx(@) |l g3 < a} € Btn we know Btn - B,i:. It suffices to prove that if

for {x,,,m e NU{0}} C BO, Supoyng [xm (t) — x0@) || g3 — O and Q,, € me,
then for some subsequence my, Q. weakly converges to some Q € Q,,, be-
cause then [48], Lemma 12.1.8, Theorem 12.1.10, implies the existence of

a Oy € QXO(')1[0,:{‘](')"‘xO(’?)l[t;‘,oo)(') such that the map x¢ +— xO(')l[O,t?](') +

x(tf)l[,iz,oo)(-) = Oy, from By to I§0 toP(Qg‘) is measurable with respect to
Byn. Moreover, by Qy, € Qx,, the result follows.

Step 1: We prove that (Q,;)men is tight in S := C([t], +00), HYN Lloc([t?,
+00), H?) for some q € N. Define for each m € N,

o
M™(t,x) =Y M"(t,x)e;,
i=1
where M" is given in the proof of Theorem 3.3 (Step 2) with x( replaced by x;,.

Then (M™(t, x)) (=1 is a continuous H3-valued B;-martingale with respect to Q,,
and the following equality holds in H!:

NS
x(1) = xp(t]) — /t" ? (Agx(s) 4+ Us, [xn]1(s) - Vx(s))ds

1
+ M" (1), Onm-as.
By Hoélder’s inequality and (M3), (M1) for Q,,, we have

Y
EQ'"[ sup < /|t — slylﬂ
sl 5] H!

iy
< CE9n [/ | Aax (r) + Us, [xm](r) - Vx(r)| 4 d”]
i

B.1)

aXx(r) + U(S,, [xm1(r) - Vx(r)dr

(B.2)
<CE®| sup [x(m)[7s(1 + sup o)1) ]
<r<t{

1y <r<ty
Clm() 1) (14 sup Jn 7).
O<r=t}
where C is independent of m. For t] <s <t <ty and g € N, we have

t q
E%n | M™(t, x) — M™ s, x)||Hq1 < C, En (/ | A (ks, *G(x(r)))”iz(U;H)dr)
N

t
Squt—S|q_1/s EOn ||G(X(”))||iq2(U;H)d’"
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t
_ 2
<Cylt —sl? 1/ E2n(|x(n)|™ +1)dr
)

< Cylt — s4(| A3 xp ()4 + 1),
where we used Hypothesis G.1 in the third inequality and (M3) in the last inequal-

ity. By Kolmogorov’s criterion for any 8 € (0, qu ), we get

IM™ (2, x) — Mm(s,x>||;1>

B (A i) +1)

(B.3) EQ’"< sup
s#te(t] ty]

Combining (B.1)-(B.3) and O, ({x:x(s) = x(t3),s € [t;, +00)}) = I, we obtain
for,31=1—%andanyT>O

< sup ||x(t)_x(s)“H1)<oo

s#1E[!T] It —s|A

sup E O

meN

Thus, by (M3) for Q,, and [20], Lemma 4.3, (Q,;)menN is tight in S.

Without loss of generality, we assume that Q,, weakly converges to some prob-
ability measure Q in S. We need to prove Q € Q.

Step 2: By Skorohod’s representation theorem, there exist a probability space
(Q, B, P) and S-valued random variable %, and X such that:

() Xy, has the law Q,, for each m € N;
(ii) X, — xin S, P-a.e., and X has the law Q.

First, we easily deduce that
Q(x (1) = xo(tf)) = P(x(t]') = x0(1]))
— Tim_ Qu(x(tf) = ¥ (1)) = 1.
O(x(t) =x(t5),t > 15) = P(R(t) = X(t5), t > 13)
= lim Q0 (x(t) =x(1).1 = 15) = L.

For g € N, set

o= s x5+ / )50 [

re[t1 2

Then
E9(,(0) = E” (D) < liminf £ (& () <liminf C (Jn (1) s + 1)

2
< C([lxo() I +1)-
Thus, (M1) and (M3) follow.
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Now we want to show that (M; (¢, x)) (=0 in the proof of Theorem 3.2 (Step 2)
is a continuous B;-martingale with respect to Q, whose square variation process is
given by

Nz

M0 = [ s, <6 () el ds.

Since SUP)<; <1 |xm (1) — x0(t)|| 3 — 0 and X,,, — X in S, we have

lim E” / |(Us, [xm1(5) - VI (5) + A (5)

m— 00 !

— Us, [x0](s) - VX(s) — AgX(5), ;)| ds

-~ rth
< Jim_ EP [ 51{(U, Lin)(5) = Us, [x0](5)) - Vi (5)
+ Us, [201(5) - ¥ (En (s) = £(5))
+ Ay (X (s) — X(5)), ei)| ds
= 0,

which implies that for ¢ > #{
(B.4) lim_ EP|M™(t, %) — Mi(2,%)| = 0.
Then we obtain for 1] <s <1,
EC(M;(t, x)|Bs) = Mi(s, x).
On the other hand, by the B-D-G inequality, we have
p Y Lop - 2
sup EX M (t, %) | < Csupfn E" (|| ks, * G)* (Zm(5))(en)];]) ds < +oo0.
m m l’l

By (B.4), we have

lim EP|Mi(t, %) — Mi(t, 5> = 0.

m— 00

Then we obtain

t
EQ<M,.2(z, x) — /, | ks, * G)*(x(r))(ei)H%]drlBS)
1

= Miz(s,x) — /t‘” | ks, * G)*(x(r))(ei)H%]dr.
1

Now the results follow. [
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APPENDIX C: MARKOV SELECTIONS IN THE GENERAL CASE

In this appendix, we will use [20], Theorem 4.7, to get an almost sure Markov
family (Py), ;2 for equation (3.1). Here, we will use the same notation as in [20].
Below we choose

H=Y=L*T?
and
X = (H2+2cx)* X* = H2+2¢x.

Then X is a Hilbert space and X* C Y compactly. Let £ = {e;, i € N} be the or-
thonormal basis of H introduced in Section 2. We define the operator A as follows:
for 6 € C*°(T?)

A©) := —k(=A)*0 —u - V0,

where u satisfies (1.3). Then by Lemma C.3 below, A can be extended to an oper-
ator A: H — X. For 0 not in H define A(0) := o0.
Set

Q:=C([0, 00); X),

and let B denote the o -field of Borel sets of 2 and let P(£2) denote the set of all
probability measures on (€2, 3). Define the canonical process x : 2 — X as

xi(w) =w(t).

For each t, B, =0 (x5:0 <5 <t). Given P € P(Q2) and ¢ > 0, let P(-|5;)(w)
denote a regular conditional probability distribution of P given B;. In particular,
P(-|B;)(w) € P(L2) for every w € 2 and for any bounded B-measurable function
f on Q

E'LfIB1= [ F0IPW@IB).  Pas.
and there exists a P-null set N € B; such that for every w not in N
P(:|B)(®) 5, =0 (= Dirac measure at w),
hence,
P({y:y(s) =w(s),s €[0,t1}|B;)(w) = 1.
In particular, we can consider P (-|B;)(w) as a measure on (', B'), that is,
P(1B)(w) € P(Q'),

where Q! := C([t,00); X) and B! ;=0 (x5:5 > 1).

We say P € P(S2) is concentrated on the paths with values in H, if there exists
A € B with P(A) =1 such that A C {w € Q:x,(w) € H,Vt > 0}. The set of such
measures is denoted by P (2). The shift operator @, : @ — Q! is defined by

O (w)(s) =w(s — 1), s>t

Following [20], Definitions 2.5, we introduce the following notions.
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DEFINITION C.1. A family (Py)xegy of probability measures in Pgy(2),
is called an almost sure Markov family if for any A € B, x — Py(A) is
B(H)/B([0, 1])-measurable, and for each x € H there exists a Lebesgue null set
Tp, C (0, 00) such that for all # notin Tp_ and P,-almost all w € Q2

P(1B) (@) = Py o @, .

We now introduce the following notion of a martingale solution to equation
(3.1) and write x(¢) instead of x;.

DEFINITION C.2. Let xg € H. A probability measure P € P(S2) is called a
martingale solution of equation (3.1) with initial value xg, if:

M1) P(x(0)=xg9)=1andforanyn € N

P{x € Q:/(;n | A ()|« ds —i—/OnHG(x(s))HiZ(U;H) ds < +c>o} =1,

(M2) for every [ € &, the process

t
Mi(t, x) ==x (x (1), )5 —/0 x(A(x (), {)xx ds

is a continuous square-integrable B;-martingale under P, whose quadratic
variation process is given by

t
)10 i= [ |G ) DI ds,

where the asterisk denotes the adjoint operator of G (x(s));

(M3) forany p € N, there exist a continuous positive real function ¢ — C; , (only
depending on p and A, G), a lower semicontinuous positive real functional
Np :Y — [0, oo], and a Lebesgue null set Tp C (0, o0) such that for all
0<s€[0,00)\Tp and forallt > s

EP|: sup |x(r)|2p+/l/\fp(x(r))dr

rels,t]

Bs} <Crs(lx®) [ +1).

First, we prove the following lemma.

LEMMA C.3. Forany 01,6, € C®(T?),
[(=2)*01 — (=A)*02|x < C1161 — 62,
lui - VO1 —uz - VOr|ix < C2(161] + 1621)161 — 62|

for constants C1, C». In particular, the operator A:C*>(T?) — X extends to an
operator A: H — X by continuity.
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PROOF. We only prove the second assertion, the first can be proved analo-
gously. By the Sobolev embedding theorem, we have

luy - VO —uz - Voo |x
= sup [(u1 - VO —uz - Vo, w)|

weC®(T?):||lw| 42424 <1

= sup |(u1 - Vw, 61) — (uz - Vw, 62))|

weC®(T2):|wll ;2420 <1

= sup (w1 —u2) - Vw, 01)+ (uz - Vw, 6; — 6,)|

weC®(T2):|wll ;2420 <1

<c| sup IVwlieers) | (111 = ual - 1011+ 161 = 62] - )

weC™®(T2):|wl ;2420 <1
< C(l61] +1621)161 — 62].
In the last inequality, we use (2.1) and the constant C changes from line to line.

O

In order to use [20], Theorem 4.7, we define the functional A/; on Y as follows:

2

N](@) ::{’Aae if@eH“,
+o00, otherwise.

It is obvious that AV} € {2, defined in [20], Section 4. We recall that a lower semi-
continuous function A/: Y — [0, co] belongs to 4? if N'(x) = 0 implies x = 0,
N(cy) < 2N(y),Yc >0,y € Y and {y € Y:N(y) < 1} is relatively compact
inY.

THEOREM C.4. Let @ € (0,1) and assume G satisfies Hypothesis G.1 with
p1 = 0. Then for each xo € H, there exists a martingale solution P € P(S2) start-
ing from xg to equation (3.1) in the sense of Definition C.2.

PROOF. We only need to check (C1)—(C3) in [20], Section 4, for the above A
and G.

The demi-continuity condition (C1) holds since Lemma C.3 and Hypothesis G.1
imply demi-continuity of A and G.

The coercivity condition (C2) follows, because noting that for 0 € X*

(u-V0,0)=0,
we have

(A@©),0) = —N1(6).
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Also the growth condition (C3) is clear since by Lemma C.3

and

|A®) | = Clo?

GO 1,1y = CU1OT+1). O

The set of all such martingale solutions with initial value xq is denoted by C (xg).
Using [20], Theorem 4.7, we now obtain the following.

THEOREM C.5. Let o € (0,1). Assume G satisfies Hypothesis G.1 with
p1 =0. Then there exists an almost sure Markov family (Py,)x,eH for equation
(3.1) and Py, € C(x¢) for each xo € H.
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